ON THE LANDAU-DE GENNES ELASTIC ENERGY
OF CONSTRAINED BIAXIAL NEMATICS*

DOMENICO MUCCI AND LORENZO NICOLODIf

Abstract. In the Landau-de Gennes theory, a nematic liquid crystal is described by a tensor
order parameter, Q, which, at each point of the region 2 occupied by the system, is a symmetric,
traceless 3 X 3 matrix. The free-energy density ¥ of nematic liquid crystals is expanded into powers
of the components Q;; of Q and Q;;  of its gradient VQ, and can be decomposed in the sum
¥ =g + Y of the bulk part ¥ 5(Q) and the elastic part ¥ (Q, VQ). A most common expression
for v is given by the four-constant approximation ¥g(Q,VQ) = L1Qq; ; Qik,x + L2Qik,; Qijx +
L3Q;; 1k Qij,k + LaQurQi5,1Qij,% [1, 26, 27]. For general Q-tensors, it was shown that, if Ly # 0, the
corresponding free-energy functional is unbounded from below [1, 2]. On the other hand, if Ly = 0
and L, Lo, and L3 satisfy appropriate conditions, the elastic part of the energy functional is bounded
and coercive [8, 21]. In the constrained theory in which Q has position independent eigenvalues, only
the elastic energy has to be considered, since the bulk energy is constant. For constrained uniaxial
systems, it is known that if Ly # 0, the elastic density g reduces to the classical Oseen—Frank
density and relations among Lj, Lo, L3, and L4 can be obtained so that the energy is coercive
[3, 11, 21]. In this paper we address the question of coercivity for constrained biaxial systems.
Conditions on Lj, Lo, L3, and L4 guaranteeing coercivity of the energy, and hence existence of
minimizers, are established. In particular, we shall obtain the constrained biaxial counterpart of
the classical Ericksen conditions for the constrained uniaxial case. For the proof, after deriving a
Cartesian representation for ¥ g in terms of the three orthonormal eigenvector fields of Q, we use
the identification of the order parameter space with the eightfold quotient of S3 = Sp(1) by the
quaternion group H and the description, in this model, of the condition for the frame indifference of
Landau-de Gennes energy densities as given in [29].
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1. Introduction. This paper continues our investigation on the properties of the
Landau—de Gennes elastic free-energy for constrained biaxial nematic systems started
in [29]. The principal aim of this paper is to discuss the question of coercivity for the
most common four-elastic-constant form of the Landau—de Gennes elastic free-energy
[1, 2, 18, 27] and the corresponding energy minimization problem.

Let us begin by recalling some facts about the Landau—de Gennes theory to better
illustrate our results and put them in perspective. In the Landau—de Gennes theory
[9, 17, 27], the orientational properties of a nematic liquid crystal occupying a region
Q C R3 are described by a tensor order parameter Q , the so-called Q-tensor, which is
a rank-two, symmetric, traceless tensor. This means that Q(x) defines a symmetric,
traceless 3 x 3 matrix, at each point x € ). The tensor Q contains information
about the degree of order and the deviation from isotropy of the liquid crystal at a
point in . More specifically, the eigenvectors of Q give the directions of preferred
orientation of the molecules, while the eigenvalues give the degree of order about these
directions. The state of a nematic liquid crystal is said to be (1) isotropic when Q
has three equal eigenvalues (and hence, zero), i.e., when Q vanishes identically, (2)
uniazial when Q has two nonzero equal eigenvalues, and (3) biazial when Q has
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three distinct eigenvalues. The terms uniaxial and biaxial refer to the shape and the
symmetry of the molecules of the system. Either the molecules are uniaxial, in which
case there is an axis of rotational symmetry, or biaxial, in which case there are no axis
of complete rotational symmetry; in the latter case, however, two perpendicular axes
can be defined for each of which there is a reflection symmetry. For an explanation
of the molecular arrangement corresponding to a nematic system, we refer to [6, 27].

In a general biaxial state, the tensor order parameter QQ can be written in the
form

(1.1) Q:Sl(n®n—é1)+52<m®m—%I),

where S7,55 :  — R are scalar order parameters and the triad (n, m, £ =nxm) is
a field of orthonormal eigenvectors of Q corresponding, respectively, to the eigenvalues

25— 5,

2551, _ _5i+5
3 9 )

(1'2) )\1 2 — 3 3= — .

3

Equivalently, Q = An®n+ Aom ® m+ A\3€ ® £. Notice that a different numbering
of the eigenvalues would lead to different S; and S2. In the following, we may and
do assume that Ay < Ay < A3 and A1, A2, A3 € (—3,3) (cf. [2, 23]). In the isotropic
phase, clearly S; = S; = 0. In the uniaxial phase, either S; =0, So # 0, or S; # 0,
Sy =0, or S1 = Sy, so that Q takes the form

1
(1.3) Q:s(r@@r—gl), s:Q R, r:Q S

According to the above decomposition, a tensor order parameter Q has five degrees
of freedom, two of them specify the degree of order, while the remaining three are the
angles needed to specify the principal directions.

The Landau-de Gennes free-energy functionals are nonlinear integral functionals
of the components of Q and of its gradient VQ, subject to certain invariance and
symmetry principles. In general, any density ¥ = ¥(Q,VQ) for the Landau—de
Gennes integral functionals is required to satisfy the condition of frame indifference
which amounts to

(1.4) ¥(Q,VQ) =¥ (MQM",D*), VM = (M) e SO(3),

where D* denotes a third order tensor, such that D7, = MM, MY Qi p, and Qij k
denotes 0Q;;/0xy =: 0Qy; (cf. [1]). Here and below, the summation convention
over repeated indices is assumed. Additional conditions expressing specific physical
symmetries of the material can be required on densities, depending on the cases.

A commonly used expression for the Landau—de Gennes free energy of a nematic
liquid crystal is [9, 27, 31]

(15) FIQ) = /Q W5(Q) + ¥p(Q.VQ)) dr,

where ¥p(Q) = fp(tr(Q?),det(Q)) is a function of the principal invariants of Q
that accounts for the bulk free-energy density and

(1.6) YE(Q,VQ) = LIy + Loy + Lals + LyIy
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is the elastic free-energy density. The L; are material constants and the elastic invari-
ants I; are given by

(L.7) I = Qij,jQikk s T2=QikjQijk, I3 = QijnQijn, Is = QueQijiQijik -

Observe that I} — I, = (QijQik,k)j —(Qi;Qik,j) ;, is a null Lagrangian.

For general Q-tensors, the presence of the cubic term I is responsible for the
energy F[Q] being unbounded from below [1, 2]. On the other hand, it is known that,
if Ly = 0, the elastic part of the energy,

FlQ = /Q V5(Q,VQ) de,

is bounded from below and coercive if the elastic constants L1, Ly, and L3 satisfy
8, 21]
3 1
L3 >0, —L3<Ly<2L3, L1>75L37T0L2.

In many applications, the scalar order parameters S;, Se of Q can be regarded
as independent of position, i.e., independent of x € 2, and only the vectors n and
m are allowed to vary in space [16, 21, 22]. It then suffices to consider the so-
called constrained Landau—de Gennes theory of nematic liquid crystals in which Q
has constant scalar order parameters, and hence constant eigenvalues [1, 3]. In the
constrained theory, the bulk part of the energy is constant and so only the elastic
free energy is to be considered. For the question of defects in the framework of the
constrained theory, we refer to [1, 6, 7, 27] and the literature therein.

One motivation for considering the four-elastic-constant expression (1.6) is that,
in the constrained uniaxial case in which Q has a constant scalar order parameter and
the order parameter space identifies with the projective plane RP?, then ¢¥5(Q,VQ)
reduces to the classical Oseen-Frank density [13, 30, 35],

w(r, Vr) = K (divr)®+ K (r-curlr)®+ Ks|r x curl r|* + (Ko + Ky ) [tr[(Vr)?] — (divr)?],

where the K; are elastic constants. This is achieved (cf. [3, 5, 27]) by formally
calculating the energy density (1.6) in terms of r and Vr and by then choosing the
L; and the K;, i =1,2,3,4, so that

YE(Q,VQ) = w(r,Vr).

In particular, relations among Lq, Lo, L3, and L4 can be determined so that the
corresponding energy is coercive [3, 11, 21, 34]. Note that, although the elastic energies
can be taken to be the same in the two theories, the result of the energy minimization
might be different [3]. (See [3, 28] for the related problems of line field orientability
and map lifting in the Sobolev setting.)

In the constrained theory of biaxial nematics, the order parameter space is the
set Q(A1, Az, Ag) of all constrained biaxial Q-tensors of the form (1.1) with distinct
constant eigenvalues A1, A2, A3. Any element Q € Q(A1, A2, A3) can be written in the
form Q = GAGT, for some G € SO(3), where A = diag(\1, A2, A3) is the diagonal
matrix of the eigenvalues. Thus, Q(A1, A2, A\3) coincides with the orbit of A with
respect to the SO(3)-action by conjugation on the five-dimensional space of Q-tensors,
and can be identified with the homogeneous space SO(3)/D2, where D5 is the abelian
four-element dihedral group (cf. [25, 27]). Using the identification of the unit 3-sphere
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S? with Sp(1), the Lie group of unit quaternions, and the 2:1 universal covering map
® : S — SO(3), the order parameter space of constrained biaxial nematics is then
diffeomorphic to the homogeneous manifold S?/H, where H = {+£1,+i, +j, +k} is
the non-abelian eight-element quaternion group. In this model, a configuration of a
biaxial nematic liquid crystal is described by a map from Q to S3/H.

2. Description of results. The purpose of this paper is to discuss the question
of coercivity of Fg[Q], subject to suitable boundary conditions, for the case of con-
strained biaxial systems (also called “hard biaxial” systems [22]). We will find explicit
conditions on the elastic constant Ly, Lo, L3, and L4, under which the energy Fg[Q],
and hence F[Q], is coercive. This is the content of Theorems 6.2, 6.3, 6.5, and 6.7.

The main points in our discussion are the following:

e Compute Cartesian expressions for the elastic invariants Iy, I, I3, and I4.

e Use the Cartesian expressions for I, I5, I3, and I, and the identification of
Q(M1, A2, A3) with S3/H to express the energy density 1z(Q, VQ) in terms
of maps ¢q : Q — S? and their derivatives, so that

¥e(Qe(x)), VQ(q(2))) = felq(x), Va(z))  Vz e,

for a suitably constructed energy density model fg(q, Vq) satisfying the re-
quired invariance conditions.

e Use the frame indifference to determine necessary and sufficient conditions on
the elastic constants L; for the (pointwise) expression of the energy density
model fg(q,Vq) to be a positive definite quadratic function of Vg.

e Apply the above results to the question of coercivity for the energy functional
FelQl.

e Apply the above results to the question of existence of minimizers for the
energy functional Fg[Q].

We will now address each of these issues in more detail.

2.1. Cartesian expressions. For a constrained biaxial Q of the form (1.1),
with distinct constant eigenvalues A1, A2, A3, we derive Cartesian expressions for the
elastic invariants Iy, 5,13, and I, in terms of the gradient, the divergence, and
the curl of the orthonormal eigenvector fields (n, m, £) associated with Q. More
precisely, in Propositions 4.3, 4.5, and 4.2 we compute, respectively,

1(Q,VQ) = 51(S1 — S2)((divn)® + [n x curln|?)
+ S95(82 — S1)((divm)? + |m x curlm|?)
+ 5159 ((div ) + |€ x curl€?)

1,(Q,VQ) = S1(S1 — S2) (tr[(Vn)?] + |n x curln|?)
+ S3(S2 — 1) (tr[(Vm)?] + |m x curlml?)
+ 819 (tr[(VE)?] + [€ x curl £]?)

I3(Q,VQ) = 25, (S; — S2)|Vn|? +285(S5 — S1)|Vm|? + 25, 55| Ve|?,
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and in Theorem 5.1, we compute

1,(Q,VQ) =371 81(251 — S2)(S2 — S1) (tr[(Vn)?] + (n - curln)?)
+37181(S; — S)(4S; — 5S3) |n x curln|?
+ 371 55(282 — 81)(S1 — S2) (tr[(Vm)?] + (m - curlm)?)
4+ 371 85(Sy — S1)(S1 + 4S5) jm x curl m|?
+ 371 5155(S1 4 S2) (tr[(V)*] + (£ curl£)?)
+371.8155(Sy — 551) |£ x curl £]?
+25155(S; — S2) [(m - curln)? 4 (£ - curlm)? + (n - curl £)?]

so that Yp(Q,VQ) = f(n, m,n, Vn, Vm, V£). The important fact about these new
Cartesian expressions for Iy, I, I3, I is that, unlike those computed for instance in
[29], they are written, up to a divergence term (cf. (4.3)), using only the twelve
independent quadratic first order invariants

In x curln|?, |m x curlm|?, [€ x curl£|?,

(divn)?, (divm)?, (div£)?,
(n-curln)?, (m-curlm)?, (£-curlé)?,
(m-curln)?, (€-curlm)?, (n-curlé)?,

which appear in the expansion up to second order of the elastic free-energy density of
a constrained biaxial system [16, 22, 32]. Actually, the above expression for Is was
already given in [29].

2.2. Energy density model. Using the identification of the order parameter
space Q(\1, A2, A3) of a constrained biaxial system with the homogeneous space S® /H,
to any unit quaternion g € S? there corresponds a tensor order parameter Q(q) :=
G(q)AG(q)”, where A = diag(\1, X2, A3) and G(q) = ®(q) is the orthogonal matrix
having n(q), m(q), and £(q) as column vectors, being ® : S* — SO(3) the universal
covering map of SO(3) (cf. Section 3, Equation (3.1)). This, together with the
Cartesian expressions above, allows us to express ¥g(Q,VQ) in terms of maps g :
Q — S? and their derivatives. Namely, there exists a function fg : S? x Myyxs —
[0, 4+00], such that

¥e(Q(q(2)), VQ(q(x))) = frlq(x), Vq(x))  Vze

In [29], we identified the conditions on fg, so that: (1) fg is independent of arbitrary
superposed rigid rotations (frame indifference condition); (2) fg is well defined on the
class of configuration maps Q — S3/H (residual symmetry condition). Condition (2)
is a specific physical symmetry of the material that corresponds to the “head-to-tail”
symmetry in the uniaxial case. As for condition (1), fg is said to satisfy the frame
invariance condition if, for any q € S® = Sp(1),

(2.1) fe(w,H) = fp(qw,L(¢)H®(q)") ¥ (w,H) € S® x Myxs,

where L(q) is the (orthogonal) matrix of the R-linear map w — qw on the algebra
of quaternions H, relative to {1,i,j,k}. This invariance condition is indeed equivalent
to the frame indifference condition (1.4) in the sense of Q-tensors [29]. Therefore,
the function fg(g,Vq) may be interpreted as the elastic energy density model for
the configuration maps ¢ :  — S?/H of a constrained biaxial nematic system, and
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the corresponding energy functional is well defined, for instance, on Sobolev maps
q:Q— S*/H.

In principle, using the Cartesian expression for g and the above identifications,
we could explicitly compute fgr arguing as in [29], where we computed f3 such that
I5(Q(q), VQ(q)) = f5(¢q, Vq). However, for our purposes, such computations are not
needed.

2.3. Coercivity conditions. In Theorems 6.2 and 6.5, for any given map ¢ :
Q — S?, we determine necessary and sufficient conditions on the elastic constants
L; for the (pointwise) expression of the energy density model fg(q,Vq) to be a
positive definite quadratic function of Vgq. Actually, we find necessary and sufficient
conditions on the L; under which the function fg satisfies fg(g, H) > 0, for any
given ¢ € S? and all 4 x 3 matrices H # 0 such that H” ¢ = 0. This is achieved by
first studying the positivity of the form fg(po,-) at a fixed pole py € S* and by then
exploiting the frame invariance condition (2.1) and Lemma 3.6 to prove the positivity
for any q € S3.

Note that the positivity of fz(q, Vq) holds true also for maps in W12(Q,S?/H)
by the lifting result of Bethuel-Chiron [4, Theorem 1], which asserts that if Q is
bounded and simply connected, then for every w € W12(Q,S3/H) , there exists a w €
W12(Q,S3), unique up to the action of an element of 71(S®/H) = H, such that Il o
w=w a.e. in Q, where IT : S* — S3/H is the canonical projection, and |Vw| = |V
a.e. in €. In particular, for each Sobolev map ¢ € W12(Q,S?/H), the corresponding
map 3z Q(g(x)) belongs to the Sobolev class W12(Q, Q(A1, A2, A3)).

Notice that the diffeomorphism Q(A1, Mg, A3) = S3/H establishes a bijective cor-
respondence between W12(Q, Q(A1, A2, A3)) and W12(Q,S3/H); see, for example,
[29] for details. Moreover, using the Nash-Moser isometric embedding of the Rieman-
nian homogeneous manifold S*/H =2 Q(A1, A2, A\3) into some Euclidean space RV
the elements Q of W12(Q, Q(A1, A2, \3)) are identified with the Sobolev functions
win WH2(Q,RN), such that w(x) € S*/H, for a.e. x € Q.

2.4. Coercivity of the energy functional. As a consequence of the previous
discussion, we have the following.

THEOREM A. For a constrained biazial nematic system, let ¥p(Q,VQ) be of the
form (1.6), for constants L1, La, Ls, Ly € R. Then, there exists v > 0 such that

wE(Q7 VQ) > V‘VQ‘Q? fOT all Q S W1’2(Q’ Q()‘h A27 >\3))7

if and only if the constants L, Lo, L3, and L4 satisfy the conditions established in
Theorem 6.5.

The necessary and sufficient conditions of Theorem 6.5 can be interpreted as the
constrained biaxial counterpart of the classical Ericksen inequalities [11, 34] for the
constrained uniaxial case, see (6.2) below, which can be rewritten in terms of the
coefficients L; as

2 4 2
2Ly + Lo +2L3 > §L4S, L1+ Lo+ 2L3+ §L4S >0, 2L3-— §L4S > |L2| .

Assume now that the admissible Q for the functional F[Q] satisfy Dirichlet
boundary conditions given as follows [9, 12, 20]. Let Q C R? be a bounded and
simply connected domain with smooth boundary 02. For a smooth function ¢ :
QUIN — Q(A1, A2, A3), we define the class WL};Q of admissible tensor fields by

W22 :={Q e W"(Q,Q(\1,X2,23)) : Qoo = Plon}



ON THE LANDAU-DE GENNES ELASTIC ENERGY 7

where equality is understood in the sense of traces. Therefore, for each Q € W2, the
contribution to the energy of a divergence term is a real constant c,, only depending
on .

In Theorems 6.3 and 6.7, we find sufficient conditions on the L; under which
there exists a positive constant v > 0, such that

(2.2) YE(Q(q), VQ(q)) = fr(q, Vq) > v|Vq|*> + divergence term.

As a consequence, we have the following.

THEOREM B. For a constrained biazial nematic system, let F[Q] be of the form
(1.5), and let YvE(Q,VQ) be of the form (1.6), for some constants Ly, Lo, L3, Ly € R.
Then, there exists v > 0 such that

FelQ] > u/ IVQI*dz +c,, forall QeW)?,
Q

provided that Ly, Lo, L3, Ly satisfy the conditions established in Theorem 6.7.

The sufficient conditions of Theorem 6.7 for the constrained biaxial case, can be
seen as the counterpart of the analogous conditions for the constrained uniaxial case;
cf., e.g., [15, Section 5.1], which in terms of the coefficients L; read

2 4 2
L1+L2+2L3>§L45, L1+L2+2L3+§L45>0, 2L37§L45>0.

2.5. Existence of minimizers. Now, since in the constrained theory the bulk
part of the free-energy is constant,

/ Yp(Q)dz =cp, forall Qe WhH2(Q, Q(A1, A2, )\3)),
Q

if the L; satisfy the inequalities established in Theorem 6.5, there exist constants
K > v >0 such that for all Q € W12(Q, Q(A1, A2, A\3))

. +y/ VQ2ds < FIQ] < cs +K/ VQP dx.
Q Q

In a similar way, if the L; satisfy the inequalities established in Theorem 6.7,
there exist constants K > v > 0 such that

cB+c¢+1//Q\VQ|2dm§}'[Q]ch—&—c@—i—K/QWQFdx, forall Qe W2,

Next, arguing as in [8, Section 4], it follows that the functional F[Q] is convex
in VQ (and continuous in the strong W2-topology) and hence weakly sequentially
lower semicontinuous in W12, Moreover, both classes W12(Q, Q(A1, A2, A3)) and
W;>2 are nonempty and closed under sequential weak convergence. Therefore, by
compactness of the target manifold Q(\1, A2, A3), existence of minimizers for F[Q]
is guaranteed by the direct method of the calculus of variations (see, for instance, [14,
Chapter I]). We can thus state the following existence results.

THEOREM I. Let Q C R3 be a bounded, simply connected domain with smooth
boundary 0S2. Let the elastic constants Ly, Lo, L3, and L4 satisfy the inequalities
established in Theorem 6.5. Then, the functional F[Q] attains a minimum on the
class Wl’z(ﬂ, Q(Al, )\2, )\3)) .
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THEOREM II. Let 2 C R® be a bounded, simply connected domain with smooth
boundary 0. Let the elastic constants Ly, Lo, Ls, and Ly satisfy the inequalities
established in Theorem 6.7. Let ¢ : QU IQ — Q(A1, A2, A3) be smooth. Then, the
functional F[Q] attains a minimum on the class W2

There are several interesting open questions still to be investigated. A first prob-
lem would be that of finding the necessary and sufficient conditions in Theorem B.
Another interesting question would be that of determining the precise inequalities
which guarantee coercivity under the so-called partial Dirichlet boundary conditions
or the physically relevant conical anchoring conditions proposed in [1].

This paper is organized as follows. Section 3 fixes notation and recalls some
background material, mainly taken from [29]. Section 4 computes explicit Cartesian
representations for I, I, Is. Section 5 does the same for I,. Section 6 obtains
conditions on Ly, Lo, L3, and Ly, under which the energy F[Q] is coercive.

3. Preliminaries and notation. In this section, we fix the notation and briefly
recall some background material and results to be used in the sections that follow.
The reader is referred to [29] for additional details.

3.1. Quaternions and rotations. Let H be the real noncommutative algebra
of quaternions, with the standard basis {1,i, ], k}, where multiplication is determined
by the rules i? = j2 = k? = ijk = —1. If ¢ € H, we write

q=qo+qii+q2j+aqk, qo,q1,q2,q93 €R.

The real and imaginary parts of g are gg and ¢;i+¢q2j+qsk, respectively. The conjugate
of ¢ is § = go—q1i—gaj—gsk and the norm |g| is defined by |¢* = ¢4 = Gq = g5 +qi+4¢3+
q3. The multiplicative inverse of any nonzero quaternion is ¢=! = ¢/|q|?. As a vector
space, H is identified with R* via the usual isomorphism, ¢ = qo + q1i + ¢2j + g3k +—
(90, q1,q2,q3)", which in turn induces an isomorphism between the subspace of pure
quaternions span{i,j, k} and R®. In view of this isomorphism, the elements 1,i,j, k
of H will be identified with the elements of the canonical basis ey, e, es, es of R*,
respectively. We will also use the decomposition H = R ®R? = span{1} @ span{i, j, k}
into the real and imaginary parts, and write (qo,q) for ¢ = (g0, q1,¢2,q3)7

There is a diffeomorphism between the unit 3-sphere S* ¢ R* and the group
Sp(1) = {q € H| |g| = 1} of unit quaternions. Let ¢ € Sp(1) and let Cy : H — H be
the R-linear transformation defined by C,(w) = quwg, for all w € H. The map C, is
an isometry, |Cy(w)| = |w|, and preserves the decomposition H = R & R? into real
and imaginary parts. It can then be interpreted as a rotation of R3.

Let M(q) be the 4 x 4 matrix that represents the linear transformation Cj : H —
H with respect to the standard basis {1,i,],k}. Since |Cq(w)| = |w]|, for all w € H,
M (q) must be an orthogonal matrix, that is, M(q) € O(4). The continuity of the
determinant and the connectedness of S® imply that the determinant of M(q) is
positive, so that M (q) € SO(4). The first column of M(q) is the vector representing
the quaternion ¢l1g = ¢qq = 1, that is, ep. The fact that M(q) belongs to SO(4)
now forces M(q) to be of the form M(q) = ((1) q)(()q)) , where ®(gq) is an element of
the special orthogonal group SO(3). The map ® : S* = Sp(1) — SO(3), q — ®(q),
is a homomorphism of groups which is surjective and has kernel {£1} (see [10] for
more details). In particular, two matrices ®(p) and ®(q) represent the same rotation
if and only if p = 4+¢q. The rotation matrix corresponding to the unit quaternion
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q = qo + q1i + g2j + g3k is given explicitly by

3.1) @(¢) = G(q,q) :=

@+ — (3 +ad) 2(q192 — 9093) 2(q193 + 9092)
2(qua2 +q003) @+ @G — (@i +a3)  2(q2q3 — q1)
2(q143 — qoq2) 2(q293 + q0q1) @+ a3 — (F +a3)

REMARK 3.1. In this paper, we think of vectors as column vectors. If n,m € R3,
the tensor product n ® m is the matrix nm?, so that if n = (n;,n,n3)7 and
m = (m;, my, m3)7, then (n®m)} = nym;. We denote by n-m the scalar product
and by n x m the vector product of n, m.

3.2. Models for constrained biaxial systems. In the constrained Landau—
de Gennes theory [3, 24, 25, 22|, the scalar order parameters S; and S, are required
to be constant, so that the structure of the liquid crystal at each point =z € @ only
depends on the value of the orthonormal vectors n, m at x. In particular, the
eigenvalues in (1.2) are constant. In the constrained uniaxial case, according to (1.3),
any tensor order parameter Q has two degrees of freedom given by r € S2. Actually,
if r is replaced by —r in (1.3), Q remains the same, and can then be identified with
the pair {r,—r}, r € S?, which in turn determines a point in the projective plane
RP2. In the constrained biaxial case, Q has instead three degrees of freedom.

Let Q(A1, A2, A3) be the set of all constrained biaxial Q-tensors of the form (1.1)
with distinct constant eigenvalues A1, Ag, A\3. Any element Q € Q(A1, A2, A3) can be
written in the form Q = GAGT | for some G € SO(3), where A = diag(\1, A2, A3)
is the diagonal matrix of the eigenvalues. Therefore, Q(A1, A2, A3) coincides with the
orbit of A with respect to the SO(3)-action by conjugation on the space of Q-tensors,
and can be identified with the homogeneous space SO(3)/Ds, where Ds is the abelian
four-element dihedral group [7, 25, 29]. Using the identification of S* with the Lie
group of unit quaternions, Sp(1), and the 2:1 covering map ® : S* — SO(3), the order
parameter space Q(A1, A2, Ag) of constrained biaxial nematics is then diffeomorphic
to the homogeneous manifold S?/H, where H = {41, #i, 4j, &k} is the non-abelian
eight-element quaternion group [29]. To each Q € Q(A1, A2, A3) there corresponds
a set of eight elements ¢ € S3, a right coset of H in S* = Sp(1). In this model,
a configuration of a biaxial nematic liquid crystal is described by a map from €2 to
S3/H, as opposed to the constrained uniaxial case where the order parameter space
is RP?.

REMARK 3.2. From (1.2) and the specific ordering Ay < Ao < Az of the eigenval-
ues in the representation (1.1), it follows that S; < S < 0. Moreover, according to
the analysis in the proof of Proposition 1 in [24], one can indeed conclude that either

(32) %§S2<0, or SQ§%<O

In fact, using the notation from [24], condition A\; < Ay < A3 yields that R, and Rj
are the only admissible regions.

3.3. Frame indifference. In the framework of Q-tensor theory, two observers
see the same free-energy density 1(Q, VQ). This amounts to the requirement that

(3.3) ¥(Q,VQ) =¢(MQM",D*) VM € SO(3),
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where Dj;, = MM, Mlemm; cf., e.g., [1]. Here and in the following, the symbol
“L

“1” denotes the partial derivative or
x € Q, so that Qy;r = %QW = 0L Q; -

In the constrained uniaxial case, condition (3.3) is equivalent to the well known
frame invariance

=: 9" in the kth canonical direction w.r.t.

(3.4) w(r,H) = w(Rr, RHRT) Vre$S?, HecMasys, ReSO3)

that is satisfied by an energy density in the Oseen-Frank theory of uniaxial nematic
liquid crystals [15, 19].

REMARK 3.3. The elastic free-energy densities Iy, Is, I3, I4 as given in (1.7) sat-
isfy condition (3.3) for the full orthogonal group O(3). This is a material symmetry
reflecting the lack of chirality of the molecules constituting nematic liquid crystals (cf.
[1).

In the above model for constrained biaxial systems, the Landau-de Gennes elas-
tic free-energy density ¥ (Q, VQ) is expressed as a density on maps ¢ :  — S?,
depending on ¢ and its first derivatives. In [29], we identified the conditions on a
generic energy density f:S3 x Myx3 — [0,+00), in order that:

(1) f is independent of arbitrary superposed rigid rotations (frame indifference

condition);

(2) f is well defined on the class of configuration maps Q — S3/H (residual

symmetry condition).
As for condition (1), we have the following.

DEFINITION 3.4. An energy density f:S® x Myxs — [0, +00) satisfies the frame
invariance condition if, for any q € S?,

(3'5) f(w7 H) = f(qw,L(q)H(I)(q)T) V(w7 H) €S?x Myx3,

where L(q) denotes the orthogonal matrix representing the real linear map on H
defined by w + qw , with respect to the standard basis {1,i,j, k}, and ® : S* — SO(3)
is the 2:1 group homomorphism given in (3.1).

The frame invariance and the frame indifference conditions are related as follows.

THEOREM 3.5 (see [29]). For constrained biaxial nematics, the frame invariance
condition (3.5) is equivalent to the frame invariance (3.3) in the sense of Q-tensors.

As a consequence, we have the following useful result.

LEMMA 3.6. If the condition (3.5) holds and if f(qo, H) >0 for a given gy € S?
and all H € Myx3 such that H gy = 0, then f(q,H) > 0 for any q € S* and all
H € Myy3 such that H ¢ = 0.

Proof. For any q € S3, there exists p € S* = Sp(1) such that ¢ = pgo. Let
H € Myxs such that H'q = 0. Since the conjugate p = p~! € Sp(1), by (3.5), we
have

fla, H) = f(pa, Lp)H®()") = f(q0, L(D)HO(P)"),
where L(p)H®(p)T satisfies (L(ﬁ)H@(ﬁ)T)TqO = 0. In fact,

(L@ HEP)) g0 = (LpTH@u) g0 = ®(B)H" L(p)qo
= ®(p)H pgo = ®(p)H"q = 0.
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Therefore, f(q, H) = f(qo, L(p)H®(p)T) > 0, as claimed. O

Condition (2) has to do with a specific physical symmetry of the material associ-
ated with the group H. It corresponds to the “head-to-tail” symmetry in the uniaxial
case. In order to deal with a functional defined on maps taking values in the coset
space S®/H , we also introduced the following symmetry condition.

DEFINITION 3.7. An energy density f :S® x Myx3 — [0,+00) is said to satisfy
the residual symmetry property if, for any ¢ € H , one has
(3.6) Flw, H) = flqu,L(@)H) ¥ (w,H) €S x Mays.
The above symmetry property is the counterpart of the property
w(r,H) = w(—r,—H) VreS?, H € Msys,
satisfied by the energy density of uniaxial nematic liquid crystals in the sense of
Oseen—Frank [15, 19].

REMARK 3.8. Conditions (3.5) and (3.6) are necessary for amap f : S?xMyx3 —
[0, +00) representing an energy density for constrained biaxial nematic states.

4. Cartesian representations for the first three invariants. We first collect
collect some useful formulas.

For a smooth unit vector field r = (r1,rs,r3)" : R® — S2, let the 3 x 3 matrix
Vr = (r;;), 1,7 = 1,2,3, denote the gradient of r, divr = tr(Vr) = r; ; the divergence
of r, and curlr = (r32 —re3,r13—r31,r21 —r12)’ the curl of r. Using rir;; =0,
it follows that

|curlr]? = (r-curlr)? + |r x curlr|?,
(4.1) |Vr|2 = tr[(Vr)?] + |curlr|?,
|Vr|2 = tr[(Vr)?] + (r-curlr)? + |r x curlr|?,
where |Vr|? =1, ;r;;, tr[(Vr)?] =g v, r x curlr = —(Vr)r, and
(4.2) v x curlr|? = r; kKT T -

REMARK 4.1. We recall that the term
(4.3) [tr[(Vr)?] = (divr)?] = div[(Vr)r — (divr)r]
is a divergence term.

In the constrained biaxial case, we have (1.1), where S; # Sy are nonzero con-
stants and n, m € S? satisfy n-m = 0 and depend on the position x € Q. Using
the completeness property of the eigenvectors,

(4.4) nn+mem-+£xL=1, £:=nxmecS?,
we have that

(4.5) Q= An@n+mem-+ 3R L,

with A1, A2, A3 as in (1.2), and hence

Qi; = Mmn;+dom;m; + \3lif;
Qijk AL (nin; g, + 15 50;) + Ao (mymy g, 4+ my gmy) 4+ A3 (Ll i + £i1l;) -
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Property (4.4) yields that, for each i,7,k,
(4.6) nn; g + 0,0, +mymy g +mym, g, + €€ + £, =0.
Moreover, for r,s € {n,m, £}, it follows from the orthonormality of n, m, and £ that
(4.7) ris;; = (Ii8;),j — SiTij = —SiT; ;.
4.1. The term I5. In [29], we explicitly computed the third elastic invariant
I5(Q,VQ) == Qij,k Qij k-
For our purposes, in what follows we shall denote
(4.8) A= (2M7+ Xa)3), Ag = (202 + A3)\1), Az:i= (2024 M),

The invariant I3 has the following expression.

PROPOSITION 4.2 (see [29]). Under the previous hypotheses, we have
I3(Q,VQ) = 2A;|Vn|* + 2A5|Vm|? + 2A;|Ve|?.
4.2. The term I;. We now focus our attention on the first elastic invariant

L(Q,VQ) := Qi Qi -

PROPOSITION 4.3. Under the previous hypotheses, we have

L(Q,VQ) =A;((divn)? + |n x curln|?)
+A2((divm)? + |m x curl m|?)
+As((div£)? + € x curl £]?) .

Proof. We first decompose Iy = I + I1o + I13 + I14 + I15 + 116 according to the
coefficients \;A;. Using r, o = divr, we have

Ii = M((divn)n; + n, jn;)((divn)n; + n; xny)

I = M((divm)m; + m; jm;)((divm)m; + m; ,my)

I3 = ((le E) + 62,35 )((le B)EZ + Ei,kﬂk)

Ly = MX((div n)nZ +n; ;n;)((divm)m; + m; ymy)

+((divn)n; + n; xng)((divm)m; +m; ;m;)]

115 = /\2)\3[(((11\/’ m)ml +m; ]mj)((div f)ﬂz + Ki,kek)
+((divm)m; + m, ymy)((div €)€; + £; ;£;)]

lIig = )\3)\1[((d1V€) +£; jﬂ )((le n)ni + l’li’kl’lk)
+((div £)€; + £; 1) ((divn)n; + n; jn;)].

Since rgrg o =0, by (4.2), we get
L1 = \}((divn)? + njngn, jn; ;) = A\}((divn)? + |n x curln|?)
and similarly

Io = A3((divm)? + |m x curlm|?), I3 = A2((div£)? + |€ x curl £]?).



ON THE LANDAU-DE GENNES ELASTIC ENERGY 13

The other three terms read

114 = 2/\1)\2[(div n)nim@kmk + (le m)mini,jnj + njni7jmkmi7k]
Iis = 2X\A3[(div m)mi&,kﬂk + (dlvﬂ)ﬂimmmj + mjmmlk&,k]
IlG = 2A3)\1[(dlv K)Einwnk + (le n)ni&-,jﬁj -+ Kj&-,jnkni’k] .
Now denote
aﬁv’ = NIy Iy Q:Ln =mgn; ng
. A
agn = m¢£i7k£k Ay, = Eimmmj
a, = Eini7knk G,? = niﬂmﬁj
and
by :=nyn; ;mpm; ; = m;m; jngn; ; =: b’

mo._ _ . pl
b == mym, i€l 1 = £;4; jmpmy g =: by,
I ._ _ _.

bn = Ejﬂi,jnkni,k = njni_,jﬁkﬁi,k = b?

so that the above terms become

Ly = 2\ A[(divn)a?, + (divm)a™ + b7,
LIis = 2\ A3[(divm)a™ + (div£) a, + "]
Lis = 2X\3\i[(dive)dl, + (divn)al +b].

Using (4.6), with £ = j in the term mj;m, j, we compute, for example, a]}, =
—divn — af, so that

(4.9) a® +a' = —divn, o +a"=—divm, d +d =—dive.
With the same strategy, we compute

b, = nyn;;mpmgy
= —nyn; jngn;; — (divm)m; n;n, ; — (div£) £;nn; ; —njn; ;0.4

which, on account of (4.2), reads
b = —|n x curln|? — (divm) o™ — (div £) al, — b}
In a similar way, we get

b = —jm x curlm|? — (div£) @}, — (divn) al, — b,
b, = —|€ x curl£> — (divn) a} — (divm) a® — b, .

Therefore, denoting
X:=u" =", Y=b"=0b,6 Z:=0b =b,

we obtain the system

X+7=«
(4.10) X+Y=p
Y+ Z =~

where

= —|n x curln|? — (divm) a™ — (div £) @/,
—|m x curlm|? — (div€) a', — (divn)a?,
= —|€x curl€|? — (divn) a’ — (divm) a]"

2 L
i
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which has the solution
1 1 1
(4.11) X:§(OK+5*’Y>, Y:§(5+’Y*a)7 Z:§(’Y+Oé*5)-

By replacing the expressions for «, f3,~, and using the third formula from (4.9),
we obtain
b, = i[—nxcurln]? — |m x curlm|? + £ x curl £]?
+(div £)? 4 (divn)(a} — a?) + (divm)(a]™ — a")]

and hence, by the first two formulas in (4.9), we get

1
(divn)a?, + (divm)a™ + b2, = =(—|n x curln|* — |m x curlm|?
+1€ x curl €? + (div £)? — (divn)? — (divm)?),

that gives
Ly = Mo ([€x curl €2+ (div £)* — |n x curl n|* = (div n)® — [m x curl m|” — (divm)?) .
In a similar way, we obtain

L5 = XAz (In x curln]? + (divn)? — |m x curl m|?
—(divm)? — £ x curl £|? — (div £)?),
Iig = A\sA1 (Jm x curlm|? + (divm)? — £ x curl £|?
—(div€)? — |n x curln|? — (divn)?).

Adding the six terms Iy, and using that A\; + Ao + A3 = 0, the formula for I; is
readily proved. O

REMARK 4.4. The above invariants a,a’,a, al,, al,, al are related to the lin-
ear first order invariants D;;, 4,7 = 1,2,3, introduced in [32]. According to [32],
where the oriented frame is (£, m,n) instead of (n,m,¥£), so that the role of £ and

n is interchanged, we obtain the following vector expressions for the invariants,

ay, = Doz :=myngmg , = —£ - curlm
a® = D3y :=£,mpglg o = —n - curl £
(4.12) al, = D12 :=n,€psng, = —m - curln
: m — D= — =¥ curln
Ay, 13 NaNgMg o
al, = =Dy := —m,mgls , = n - curlm
a = —D3y := —€,€gng = m - curl £.

In particular, the first of (4.9) reduces to the well-known identity divn = div(m x €)
=L curlm —m - curl£.

4.3. The term I,. Similarly, we now deal with the second elastic invariant

L(Q,VQ) := Qir,; Qijik -

PROPOSITION 4.5. Under the previous hypotheses, we have

L(Q,VQ) =A; (tr[(Vn)?] + |n x curln|?)
+A2 (tr[(Vm)?] 4+ |m x curl m|?)
+As (tr[(VE)?] + |€ x curl £]?) .
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PT’OOf. As before, we decompose IQ = 121 + 122 + [23 + 124 + IQ5 + 126- Using
that (n,m,£) is an orthonormal frame, so that rgrg, =0, for r € {n,m, £}, and
recalling the formulas

Ty Tk = tr[(Vr)?], rrRr; i) = | X curlr|?,
we get
Iy = X(tr[(Vn)?] + |n x curln|?)
I = Mi(tr[(Vm)?] + |m x curlm|?)
Iy = M(tr[(VE)?] + |€ x curl £]?)
IQ4 = 2)\1)\2[1’1 mjnk,jmi,k + nkmini,jmj’k + nkmjni,jmi,k]
Iy = 2)\2/\3[mi£jmk7j£i,k + mkeimujej,k + mkﬂjmi,j&,k]
I = 2/\3/\1[2 njﬂk,jnm =+ Ekniﬁm'nj,k =+ ﬂknjﬁmni,k] .
We now denote
Cry i= MMy ;IN; . Y i= NI, ;M g
C;n = miﬁjmk’j&yk an = mk&mmﬁj,k
CiL = éinjﬁkyjni,k C? = Kkni&,jnik

and also
d% = NpMyNyG G e = MMy 1y = d:?
dlm = mkﬂjmi,ij = Ekmj&)jmi)k =: din
diz = Eknjﬂiﬁjni,k = nkfjni,j&,k = d?,

so that the above terms become

IQ4 = 2)\1)\2 [Cfn + Cﬁ + d?n]
125 = 2/\1)\2 [C}n + Cin + d;n]
I = 2)\ ) [CiI + Cln + d%] .
Using (4.6) to replace the term m;m; j , we compute, for example, ¢, = —ny ;n;; —

¢, and readily obtain
(4.13) ¢+ = —tr[(Vn)?], " +cm = —tr[(Vm)?], )+, = —tr[(Ve)?].
With the same strategy, we compute

d:“ln = nkmjnw-mi,k = —nknjnw-ni,k — nknmmimjyk — nkeiniyjfj,k — nkni_jﬁjfi,k

that reads
m __ 2 m ! n
dr = —|n x curln|® — ' — ¢, — d}'.

In a similar way, we compute
d" = —m x curlm|? — ¢l — ¢ —d™, d=—lexcurl? —cf —c —d, .
Therefore, denoting
Xi=d" =d", Y:=d"=d, , Zz:=d =d,

we find again the system (4.10), where this time

a:=—nxcurln]? — "~ ,
B:=—|m x curlm|? — ¢ —c?,

vi=—|€ x curl£]? — ¢} — "
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By replacing the above expressions for a, 3,7 in the solution (4.11) of the system,
we obtain, for example,

1
dr = 3 [tr[(VO)?*]+ (cff — i)+ (" — ') — In x curl n|? — |m x curl m|? + [£ x curl £]°]

and hence, by the first two formulas in (4.13),

[en +cm 4+ dn] = = ((tr[(VE)*] + |€ x curl£*) — (tr[(Vn)?] + |n x curln|?)

—(tr[(Vm)?] 4+ |m x curlm|?)),

N | =

which gives

Iy = Mg ((tr[(V)?] + |€ x curl £?) — (tr[(Vn)?] + [n x curln|?)
—(tr[(Vm)?] 4+ |m x curlm|?)) .

In a similar way, we get

L5 = Ao ((tr[(Vn)?] + [ x curln|?) — (tr[(Vm)?] 4+ |m x curlm|?)
—(tr[(V€)?] + |€ x curl £]?)),

Ig = A3A1 ((tr[(Vm)?] + [m x curlm|?) — (tr[(V€)?] + |€ x curl £|?)
—(tr[(Vn)?] + |n x curln|?)) .

Adding the six terms Iy, and using that A; + Ay + A3 = 0, we obtain the required
formula for Io. O

REMARK 4.6. In the uniaxial case, taking for example A\; = Ay, by (1.2) we get
S1 = S2 and hence the representation (1.3) holds with s := —S; and r = £, where
£ is the eigenvector corresponding to As. In this case we have A\; = Ay = —s/3 and
A3 = 2s/3. Moreover, the coefficients A; defined in (4.8) satisfy A; =0, A =0, and
A3 = s%. By Propositions 4.3, 4.5, and 4.2 we thus recover the well-known formulas
for the first three elastic invariants in the uniaxial case:

I = $2((divr)? + |r x curlr?), I, = s*(tr[(Vr)?] + |r x curlr|?),
Iy = 25* (tr[(Vr)?] + (r - curlr)? + |r x curlr|?).

In the biaxial case, recalling the formulas (1.2) we deduce that the coefficients A;
in (4.8) satisfy

(414) Al = Sl(Sl — Sg) R AQ = SQ(SQ — Sl) , Ag = 5152 .
Therefore, the formulas from Propositions 4.3, 4.5, and 4.2 read, equivalently,

L(Q,VQ) =51(S1 — S2)((divn)? + |n x curln|?)
+92(S2 — S1)((divm)? + |m x curlm|?)
+5152((div £)? + [£ x curl £]?),
L(Q,VQ) = 51(S1 — S2)(tr[(Vn)?] + |n x curln|?)
+52(S2 — S1) (tr[(Vm)?] + |m x curlm|?)
+5155 (tr[(VE)?] + |€ x curl €]?),
Ig(Q, VQ) = 231(51 — 52)|Vn|2 + 252(52 — 51)|Vm|2 + 23152‘V€|2 .
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5. Cartesian representation for the fourth invariant. In this section we
focus on the fourth elastic invariant

Iy = Qi Qi1 Qij -

According to [16, 32, 33], the following twelve independent quadratic first order in-
variants,

N:=|nxcurln?, M:=|m x curlm|?, L :=[£ x curl£|?,
(divn)?, (divim)?, (dive)?,
(5.1) (n-curln)?, (m-curlm)?, (£-curlé)?,

(m-curln)?, (£-curlm)?, (n-curlf)?,

are needed to describe, up to a divergence term, the expansion to second order of the
elastic free energy density of a constrained biaxial nematic system.
For simplicity, let us denote AL := (s - curlr)?. From Equations (4.12), we get

A = nanyLalsng ong A} =nangnynsmg oms

(5.2) AP =m m. ngnsmg ,ms, AR =m.mgm,ms€g €5~

Afl = Eaﬂvmﬁm5£ﬁ7a£57W Afn = fafngyfgngyangﬁ .

From the above formulas, one recovers, in particular, the following relations (see, for
instance, [32]):

(5.3) N=A2+A}, M=AP+A", L=A%+AL.
We have the following.
THEOREM b5.1. According to the previous notation, we have:

I, = 371 51(251 — SQ)(SQ — Sl) |Vn|2 + 251(52 — 51)2 N
+371 52(252 — Sl)(Sl - Sg) \VmP + 253(52 - Sl) M
+371 5152(51 + SQ) |V£‘2 — 25%52 L
+28152(S1 — S2) [AR, + A + A%].

REMARK 5.2. In the uniaxial case, taking for instance A\; = A\ as in Remark 4.6,
we get

1
(5.4) I, = 253(|£ x curl £]? — §|V£|2),

and hence, by using the third equation in (4.1), we recover the known formula for the
uniaxial case:

I = 253(§|r x curl r|? — étr[(Vr)Q] - é(r : curlr)2> .
In the biaxial case, by applying the third identity in (4.1) to r € {n,m, £}, I,
takes the equivalent form
Iy =371 81(251 — 82)(S2 — S1) (tr[(Vn)?] + (n - curln)?)
+3715,(S; — S2)(4S1 — 5S52) [n x curln|?
+ 371 55(282 — 51)(S1 — S2) (tr[(Vm)?] + (m - curlm)?)
(5.5) + 371 85(Sy — S1)(S1 + 4S3) |m x curlm|?
+ 371 5155(S1 + S2) (tr[(Ve)*] + (£ curl £)?)
+371.5155(Sy — 551) |€ x curl £>
+25155(S1 — S2) [Ap, + AP + Af).
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Proof of Theorem 5.1. Using that

Qi = Amng + domymy + A3€i€y, ,
Qi = M(mnj;+n,n;)+ A(mm;; +m; ;m;) + A3(£:€;; + £;,145) ,
Qijr = M(mngy +mn;,n;) + Aa(mym; , +m; pm;) + A3(£ily k + £i i €5)

we first write as before the formula

Iy = a1 A} + g A3 4 a3 A3 + aqas M daAs + aadig

(56) 2 2 2 2 2
+ a23>\2)\3 =+ a31>\3>\1 —+ a21)\2>\1 —+ 0432)\3)\2 —+ alg)\l)\g .

The first coefficients are
(5.7) a1 = 2N, oy = 2M, as = 2L.
In fact, we have, for example,
a; = myng (nyn;; +n;n;)(nn; ; +n, gn;) = 2mngn; n; , = 2N,

where the last identity follows from (4.2), with r = n. Next, we write the fourth term
as

(5.8) o123 = 4(By + Bm + By),

where we have set

Bn = nlnkmimj,lfj&-‘k s
(5.9) By, = mmy£;; m;n;
Bl = Elﬂkninj,lmjmi7k .

The other terms can be written as follows:
LEMMA 5.3. According to the notation (5.2), we have
Q19 — QQ:LTL - 4A? Q21 — QQnm - 4A2n

g3 = QQ?L - 4Ag1 3o = QQin - 4Afl
agr =208 —4AE oy =200 — 4AR

where the coefficients Q0 are
Q%L = MyMEN; N g Q? = NyNEINy g g
e [
(5.10) Q;n = Elﬂkmj7lmj7k Qm = mlmkﬂﬁlﬂj’k
[ —
Qn = nlnkﬂ%lﬂj,k an = Zleknj,lnj,k .
Moreover, on account of (5.9), we have

O = AP~ B, Q" =A-B,
Q}m :Af;_Bl Q?m:Anm_Bm

QL =A" - B, Qr=A, -B.
Proof. We first write
19 = 4A:Ln + QQ?n o1 = 4A:Ln + QQ:LH

Qo3 = 4AT + 20" e = 44! + 20
31 — 4A£1 + ZQ% Q13 — 4A2ﬂ + ZQ?
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where we have set

A7 i=nmpnn; mim; ;, AP :=mmpm;m;;n;n;
o [
A;n = mlmkmimj’lﬁjﬂi’k Am = Ellkﬁiej,lmjmi’k

[ ._ —
Ay, =400 0, g, Al =mmynn; 0; ) .
Using that m;n;; = —m; ;n;, we have
n n
Ay, = —nngnn;m; m; ;= —A}

on account of (5.2). By cyclic permutations of the letters n,m, and I, we also obtain
A =A™ AL = AL
Using that m;n; , = —n,m; j, on account of (5.2) we also have
AY = —mymyn;n;m; m; , = —Ap"
and again by cyclic permutations
Al =N, AP =-—AR.
Moreover, multiplying by n;n; =1 and by (4.6), we have
Q= mymgn;n;(n;n; ;) = —mymem;m, yn;n;; —mymn;n; €€, . = —A" — By,
on account of (5.9), and correspondingly
Qr=-A —-B, Q =-A"-B,.

Similarly, multiplying by m;m; =1 and by (4.6), we have

m n
Q= nnm; m;(m;m; ;) = —nyngn;n; ymm;; —nnymm; ;4 , = —Ay — By,
and hence also
l m n l
Qm:_Al _Bm7 1 :_An_Bl.
The above relations readily follow. a

Next, we claim that
(5.11) QU4 =N-N, Q"+Qr=M-M, O, +0Q =L-L,

where
N :=|Vn]*, M:=|Vm|*, L:=|V?>.

In fact, by using (4.4) and (5.10), we have, on account of (4.2),

Q’Zﬁb = (6lk —nng — Elek)l’lj,lnj,k
= n;En;p —mngngn;; — £€n;m;
- N-N-Q,

where d;; denotes the Kronecker tensor. The other equations are proved similarly.

We are now able to compute the terms B, B;,, and B; in (5.9).
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LEMMA 5.4. We have
B,=2""N-M-L)+M+L- AP - AL,
B, =2"Y(M—~L-N)+L+N-A4— A},
B=2"Y(L-N-M)+N+M- AL — A,
Proof. By the previous lemma, we know that
AR — QM =B, = AR - QL

(5.12) AP — Qb =B, = AP -Qn,
A, —Qr =B = A — Q.

By summation, we thus have
2(Bp + By + B)) = A —Q,

where we have set
A= AF + AR AR AP+ AL+ AL
and
Q=00 + QM+ Q"+ Q™ + QL 4 QL
By (5.3), we know that
A=N+M+1L,

whereas by (5.11)
Q=N+M+L-(N+M+0L),

which implies
1
(5.13) Bn+Bm+Bl=(N+M+L)—§(N+M+L).

From (5.12), we also have

By + By = AP — Q8 + AL —Qp
B+ Bn, = Af — Q' + A} — QI

and hence, by (5.11),

B+ B =AP+A, -~ N+N
B+ B, =AM +A} —M+M
By, + B, =A +A™ - L+L.

The claimed formulas follow by subtracting each of the above lines from (5.13). O
Now, by (5.8) and (5.13), we obtain

Moreover, by Lemmas 5.3 and 5.4, on account of the relations (5.3) we find

arp=(N—-M+L)+2(A-2N-L)
agd—(M—L—‘rN) (—2M N)
(5.15) azi = (L — N + M) + 2(A — 2L — M)
asg =(M+L—N)+2(N-M-A)
azy = (L+N7M)+2(M A)
a3=(N+M-L)+2(L - A)
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where, for simplicity, we have denoted
A= A%+ AP+ A
In fact, as for the first expression, we have
a2 =(N—M+L)+2(AP+ A8 — A} —N—L)

and by (5.3) we replace —A} = —N + AL, As for the fourth expression, we have
instead
g1 = (M+L—N)+2(A2+ A4 — AP —M-L)
and this time we replace A} = N — AR and A%, =L — A% . The other identities in
(5.15) follow by similar computations.
By (5.6), (5.7), (5.14), and (5.15), the elastic functional Iy on Q takes the form

Ii = X32N + A32M + A} 2L
FA1 Aoz [4(N + M+ L) — 2(N + M + L)]
+A2A [(N = M + L) +2(A — 2N — L)]

+A2A3[(M — L+ N) +2(A — 2M — N)]
+A2X\ [(L — N + M) +2(A — 2L — M)]
FMA [(M 4+ L—N)+2(N—-M—A)]
XN [(L+N—M)+2(M—L—A)]
AN [(N+M — L) +2(L—N—A)].

Writing the above formula as
ILi=ecxnN4+evM+coL+eyN+ceyy M+cp L+ cp A,
we now compute the coefficients of the terms A, N, M, L, N, M, L. We have
ca =201 — A2) (202 + 202 45X )0)

which, by the relations (1.2), and using that A\; + A2 + A3 = 0, can be expressed in

terms of Si1,S> as
CA = 25152(51 - SQ) .

Moreover, we similarly have

cN =2 (2/\? + )\g — 3/\%)\2) = 251(52 — S1)2
v =2 (2)\% + )\g - 3)\%/\3) = 25%(52 — Sl)
cr, =2 (2)\% —+ )\il’) — 3)\%)\1) = —25%52 .

Finally, we get:

en = A (=222 + A2+ A1) =371 81(25) — S2)(S2 — S1)
ear = Aa(—203 + A2 4+ Mad3) = 371 95(285 — 51)(S1 — S)
cr, = )\3(—2)\3 + /\? + )\3)\1) =31 (Sl + 52)815'2,

which completes the proof of Theorem 5.1.
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6. Coercivity conditions. Let ¢vg(Q,VQ) = LiI; + Lols + L3Iz + Lyl be
the elastic free-energy density of a biaxial nematic liquid crystal considered in (1.6),
where the L; are material constants and the I; are the elastic invariants (1.7).
Davis and Gartland [8] proved that, if Ly =0 and

3 1
(61) L3 >0, —L3<Ly<?2Lg, L1>—5L3—1—0L2’

compare [21], the energy functional Fr[Q] := fQ YE(Q,VQ)dx, defined on general
Q-tensors, is sequentially weakly lower semicontinuous in W2, provided that the
domain  has smooth boundary. In fact, if (6.1) holds, there exist two positive
constants K > p > 0, such that

K|VQ|?> > L1, + Loy + Lals > n|[VQJ?.

In the constrained case, one expects that coercivity holds true for suitable ranges
of the L;, even in the case L4 # 0. This is indeed what happens in the uniaxial case.
It is well known, in fact, that the general form of the Oseen—Frank energy cannot be
recovered when L4 = 0. Let us first recall the computation for the coercivity property
in the constrained uniaxial case [3, 11, 21, 15, 34].

6.1. The uniaxial case. According to Remarks 4.6 and 5.2, if A\; = Ay the
density ¥r(Q,VQ) reduces to the Oseen—Frank energy density w(r, Vr) of nematic
liquid crystals:

w(r,Vr): = K;(divr)? + Ka(r - curlr)?
+K3|r x curlr|? 4+ (Ky + Ky) [tr[(Vr)?] — (divr)?]

provided that one chooses
2 2 2 2. 3 2 2, 3
K1 = LlS +L2$ +2L3$ — *L45 y K2 = 2L38 — §L4S y
K3 :=L15> 4 Los®> 4+ 2L3s% + gL433 . Ky:=Los®.
We now recall that necessary and sufficient conditions for
w(r, Vr) > v|Vr|? for some v >0
are the Ericksen inequalities
(62) 2K, >K2+K4, K3>0, Ky > ‘K4|
To prove this, using the frame invariance (3.4) and arguing as in Lemma 3.6, it suffices
to consider the case when r = rq := (0,0,1)7. Since (Vr)Tr = 0, it follows that the
gradient matrix Vr has the third row equal to zero, and hence we can write
w(rg, Vr) = f(rg, Vr),

where, for every G = (G;) € M35 such that GTry = 0, we have set

flro,G) =Ky (G +G3)* + Kz (G} — G3)° + K3 [(GL)2 + (G2)?]
+2(Ky + K4) [GIG2 — GLGE] .
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Writing

f(ro,G) =K1 [(G1)* 4 (G3)?] +2(K, — K» — K4)G1G3
+K, [(G5)? + (G1)?] + 2K4G3GT + K3 [(G3)? + (G3)?],

it follows that the quadratic form f(rg,G) is positive definite if and only if
K1>0, |K1—K2—K4|<K1, K2>0, |K4|<K2, K3>0.

The above system is equivalent to the Ericksen conditions (6.2), which can be rewritten
in terms of the coefficients L; as

2 4 2
(63) 201 + Lo +2L3 > §L4S7 L1+ Lo+ 203+ §L4S >0, 2L;— §L48 > |L2‘ .

Now, assume that in addition a Dirichlet type condition similar to the one de-
scribed in the introduction holds. By (4.1) and (4.3), for any v > 0, we can write

w(r,Vr) =v|Vr]?+ (K; —v)(r-curlr)? + (K3 — v) |r x curlr|?
+(K1 —v) (divr)? + (K + K4 — v) [tr[(Vr)?] — (divr)?],

where the last term is a null Lagrangian. This yields the coercivity property
/ w(r, Vr)dr > 1// |Vr|? dz + ¢, for some v >0 and c € R,
Q Q

provided that K; > 0, Ko > 0, and K3 > 0, which in terms of the coefficients L;
takes the form

2 4 2
(64) Li+ Lo+ 2L3 > §L4S, Li+ Lo+ 2L3 + §L4S > O7 2L3 — §L4S >0.

Notice that the coercivity conditions K;, Ko, K3 > 0 are weaker than the Er-
icksen conditions (6.2), whence the system (6.4) is weaker than the system (6.3).
Depending on the sign of Lys, the above formulas may be further simplified.

6.2. Coercivity of Is. We now briefly recall how in [29] we proved coercivity
for the integral

Z3(Q) ::/QI;),(Q,VQ)dx.

First, recall that, according to the model for constrained biaxial nematic systems
discussed in Section 3, to any unit quaternion (u,v) = (u,v1,ve,v3)T € S there
corresponds a tensor order parameter

Q(u,v) = Mn(u,v) @ n(u, v) + Aam(u, v) @ m(u, v) + Asl(u, v) @ €(u, v),
such that
Q(u,v) = G(u, v)AG(u,v)T, G(u,v) € SO(3), A = diag(\1, \2, \3),

where n(u,v), m(u,v), and £(u,v) agree with the columns G;(u,v), Ga(u,v),
and G3(u,v) of

u? + v} — (v3 +v3) 2(vive — uvs) 2(v1v3 + uvs)
(6.5) G(u,v) = 2(v1v2 + uvs) u? 4+ v3 — (v? 4+ v3) 2(vovz — uvy)
2(v1vg — uvs) 2(vous + uwy) u? 4+ v3 — (v? 4 v3)
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In [29], we showed that
IB(viQ) > 8.5 |V(’LL, V)|27 Q= Q(ua V)v

where, according to the alternative in (3.2), by assuming S; < Sz < 0, we have set

Sy if i§Sz<0
(6.6) S = 27 S#40.
S, if 82371<0

To prove the claim, we assumed that (u,v) = pg := (1,0,0,0)T, so that n =
(1,0,0)7, m = (0,1,0), £=(0,0,1)T. Since |(u,v)| =1, the 4 x 3 gradient matrix
V(u,v) satisfies (V(u,v))? (u,v) =0, which implies that the first row of V(u,v) is
zero, that is d;u = 0 at pg, for i =1,2,3. At pg, we thus have

0 —82-1)3 87;'02
(67) (%n =2 6ﬂ)3 ; 611’1’1 =2 0 , 81£ =2 —6ivl s
—8{()2 81-1)1 0

which yields
|Vn|? = 4(|Vua|? +|Vus)?), |Vm|? = 4(|Vui |2 +|Vus|?), [VE? = 4(|Vor >+ Vo ?).
As a consequence, by Proposition 4.2, for Q = Qg := Q(pg), we obtain
68) £ 15(Qo,VQ) = (s + Ag)|Vorl? + (As + A1)|Voaf? + (A + Ao)| Vsl
where, according to (4.14),
(6.9) (Ao+A3) =53, (As+A) =57, (Ar+A)=(S—5%).

It then follows that

IS(QOa VQ) = f3(p07 v(uvv))ﬂ

where, for every 4 x 3 matrix H = (H]Z)7 1 = 0,1,2,3, 7 = 1,2,3, such that
HTpy =0, i.e. HJ(»J =0 for all j, we have set

3

3 3
(610)  falpo, H) =8 [S3 D (H})? + 83 D (HD? + (81 — $2)° Y (HD)?]

j=1 j=1 j=1

By frame indifference, on account of Lemma 3.6, we are thus reduced to prove
that, for every H € My,y3 such that H py =0,

(6.11) fa(po, H) > 8 5% |H|*.
Now, if the first alternative in (6.6) holds, we have

(Ao+A3) =53, (As+Ar)>455, (A1 +A9) > 53,
whereas, if the second alternative holds,

(As+ A1) =57, (Aa+A3) =457, (A1+As) > ST,

which yield the coercivity condition (6.11).
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6.3. A first general case. Let the functional F[Q] be as in (1.5), where the
elastic energy density is of the form (1.6), for some constants L; € R.

In the constrained biaxial case, according to Remark 3.2, we may assume that
S < S3 < 0. In addition, the alternatives (3.2) hold. Let us denote

M—As 2h A+ Ao
A2 — A3 A +2X
With this notation, for the two related cases in (6.6), we have

S S
71<52<0<:>0>2 52§?1<0<:>1<0§2.

0:=051/8 = > 1.

REMARK 6.1. In the following proofs, we shall use the fact that a quadratic func-
tion of the form Qi(x,y) = ax? + by? — 2txy is positive definite if and only if
a >0, b>0and t> < ab. Furthermore, assuming a < b < ¢, a quadratic form
Q2(z,y,2) = ax?® + by? + cz? — 2t(vy — vz + yz) is positive definite if and only if
a >0, t2 < ab, and abc + 2t3 — (a + b + ¢)t> > 0. Notice that if a = b = ¢, the
last inequality reads as (a —t)?(2t +a) > 0, whence the quadratic form Qq(z,y,2) =
a(z? + y* + 2%) — 2t(xy — vz + y2) is positive definite if and only if a > |t| and
a—+ 2t > 0.

We first deal with the simpler case when L4 = 0, and prove the following.
THEOREM 6.2. In the constrained biaxial case, the quadratic form LIy + Lols +
LsI3 s positive definite if and only if we have:
(6.12) Lo+ L3 >0, 2L3—Ly>0 and 2L+ Ly+2L3>0.

Proof. Assume as above that (u,v) = pg, so that n = (1,0,0)”, m = (0,1,0)7,
£=(0,0,1)T and (6.7) holds true. At py, we then compute

curln = 2(—0qvy — O3v3, 102, O103),
curlm = 2(0yv1, —03v3 — O1v1, Dav3),
curld = 2(83’()1, 83’027 —81’()1 — 821)2),
and
(divn)® = 4[(9yv3)* + (D3v2)* — 205v303v2],
tr[(Vn)2] = 4[(82’03)2 + ((93’02)2 - 2821)263’1)3]
(n-curln)? = 4[(Dov2)? + (O3v3)? + 205v203v3],
In x curln]? = 4[(01v2)? + (1v3)?],
(diV m)2 = 4[(811}3)2 + (831}1)2 — 281’03831]1]
tr[(Vm)Q] = 4[(81’03)2 + (83111)2 - 2831)381’01]
(m-curlm)? = 4[(93v3)% + (01v1)? + 2050301 v1],
|m x curlm|? = 4[(0qv3)? + (D2v1)?],
(diV£)2 = 4[(811}2)2 + (621}1)2 — 281’0282111]
tI‘[(VZ)Q] = 4[(811)2)2 + (821}1)2 — 261’01621}2]
(é . curl£)2 = 4[(81’01)2 + (82112)2 + 281’01(92112]
|€ x curl£]? = 4[(93v1)% + (03v2)?)].
By Propositions 4.3, 4.5, and 4.2, and formulas (4.14) and (6.9), if (u,v) = po,

we thus have

1(Qo, VQ) = 453 [(9201)* + (93v1)?] + 457 [(F3v2)* + (01v2)?]
(6.13) +4 (Sl — SQ)2 [(81”03)2 + (82113)2}
-8 [31(51 — SQ) 821}3331}2 + SQ(SQ — Sl) (93’0181’[)3 + 5152 811)262’1)1],
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IQ(QQ, VQ) = 4522 [(82’()1)2 + (83’01)2] + 4512 [(831}2)2 + (611}2)2}
(614) +4 (Sl — 52)2 [(811}3)2 + (82113)2}
-8 [51(51 — SQ) 6211283’03 + SQ(SQ - Sl) 8311381111 + 5152 811)1(92’[12],

and, according to (6.8),
I3(Qo, VQ) = 853 [(91v1)* + (2v1)* + (8501)7]
(6.15) +8.57 [(01v2)* + (92v2)? + (D31v2)?
+8 (51 — 52)* [(01v3)* + (B2v3)” + (D3v3)?] .

We can thus write

IZ(Q()?vQ) = fi(p07v(u7v))’ i = 1a253

where, for every matrix H = (H;) € Myys, such that H7py = 0, we have set

fi = filpo, H) := 453 [(Hy)? + (H3)?] +45¢ [(H)* + (H})?]
(6.16) +4(S1 — S2)% [(HY)? + (H3)?]
-8 [Sl(Sl — Sz) H§H32 —|—S2(SQ — Sl)H?}H% + 5155 H12H21] ,

f2 = f2(po, H) —452 [( ) + (H3)?] +45% [(H)? + (H?)?]
(6.17) +4(S1 — S2)? [(H)? + Hz)z]
—8 [51(S1 — 52)H2H3 + 92(Sy — S1) HSHY + S1S2 H{ H3|

and f3 = f3(po, H) is given by (6.10). Dividing by 452 and using o = S1/Ss, we
then compute:

(L1 fi + Lafa + Lsfs) = 2Ls [(H{)* + (0H3)? + ((0 — 1)H3)?]

—2Ly [H{ cH3 — H{ (0 — 1)H3 + 0 H3 (0 — 1)H3]

+(L1+ Lo + 2L3) (Hg}) (( )H3) ] + 2L, H§ (0 — 1)H13
+(L1+ Lo +2L3) (Hgl) (O'H2) ] — 214 H21 JH12

+(L1+ Lo +2L3) (UHB) + ((o 1)H‘23)2] — 214 UHP? (0 —1)HS.

1
452

Therefore, see Remark 6.1, the quadratic form Lif; + Lofo + L3 fs is positive
definite if and only if the following inequalities are satisfied:

2L3 >0, |Lo| <2|Ls|, 8L3+2L3—6LiL3 >0

and
L1+ Ls+2L3 >0, |L1|<|L1—|—L2+2L3|

Since 8L3 + 2L3 — 6L3L3 = 2(2L3 — L2)*(La + L3), these conditions are clearly
equivalent to (6.12). The claim follows by frame indifference through Lemma 3.6. O

We now consider Dirichlet boundary conditions, specified by the admissible set
of tensor W;’Q defined in the introduction.

THEOREM 6.3. For a constrained biazial nematic system, let F[Q] be of the form
(1.5), and let Y (Q,VQ) be of the form (1.6), for some constants Ly, Lo, L3 € R,
and Ly = 0. Then, the functional F[Q] is coercive on the admissible set Wé’Q
provided that

2L3 > L1+ Lo and Ly + L+ L3>0.
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REMARK 6.4. If L; # 0, then the sufficient conditions in Theorem 6.3 are strictly
weaker than the positivity conditions from Theorem 6.2 for several choices of L; and
Lo, that depend on the sign of the sum Lj + Lo :

1. L1+ Ly =0;
2. Ly + Lo > 0 and one of the following additional inequalities holds:

L
< —Li— 2

Iitls itle Ly Litls L
2 2 2 2’

< —Ls,
9 2

3. L1 + Ls <0 and one of the following additional inequalities holds:

—(Ly+ L) < —La, —(Li+L2)< %7 —(L1+ La) < =Ly — %
The above choices are equivalent to the following complete list:
o L1+ Ly =0;
Li+Ls>0, L1 >0, Ly <0,and L1 +3Ly <0;
Li+Ls >0, L1 <0,and Ly > 0;
L1+ L, <0, L >0, and Lo <0;
Li+ Ly <0, L1 <0,and Ly > 0.

Proof of Theorem 6.53. Assuming as above that (u,v) = pg, by (4.3), the surface
terms read as

(diV 11)2 - tr[(Vn)2] = div (I)l 3 (I)l = 4(07 112(93’[}3 - ’()3[“)3'1)27 ’1}382’02 - 7}282’03),
(diV 1’1’1)2 — tr[(Vm)Q] = div ‘I)Q 5 (I)Q = 4(’01831}3 — ’1)3831}1, 0, ’U381’U1 — v181v3),
(diV E)Q — tI‘[(VE)Q} = div (I)3 3 (1)3 = 4(’()1621}2 — ’Ugagi}h 1}281’01 — U181’U2, O) .

We thus have:
(618) I1(Q, VQ) = IQ(Q, VQ) + diV(Alq)l + AQ(DQ + A3(D3) .

Denote for simplicity 2L := L; + Lo. Putting in evidence the positive factor 8 53
and replacing o = S1/Ss, by (6.18), (6.14), and (6.15), we thus obtain

1 L
- (Llll —+ LQIQ —+ Lg[g) = §1 diV(A1©1 + AQ(I)Q + qu)g) 52_2

352
+L3 ((91’01)2 + (0821)2)2 + ((0’ - 1)831)3)2]
(6.19) —2L |01v1 005v9 — 0101 (0’ — 1) 83’03 + 0009 (O’ — 1)831)3}
‘|‘(L + L3) [(821}1)2 + (83’1}1)2]
+(L + L3) 0% [(81v2)? + (D3v2)?]
+(L+ L3) (0 — 1)*[(81v3)* + (92v3)?] .

Therefore, coercivity for the functional F[Q] holds provided that the following strict
inequalities hold:

L3>0, |L|<L3, 2L+L3>0, L+Ls3>0,

which reduce to 2L3 > Ly + Lo and L; + Ly + L3 > 0. The claim now follows by
frame invariance, on account of Lemma 3.6. O
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6.4. The general case. We are now in a position to state and prove our main
results for L4 # 0.

THEOREM 6.5. In the constrained biaxial case, if Ly # 0, the quadratic form
LIy + Lolo+ LIz + Lyl is positive definite if and only if the following system holds,
according to the sign of Ly:

i) Ly >0 and

2
L1+L2+2L3+§L4(251—52) >0,

2
L% +2L1Lo + (L1 + Lz) (4L3 + g L4(Sl + Sg))

4 4
+4L§ + §LZ(251 — SQ)(2SQ — Sl> + §L3L4(Sl + 52) >0,
3L3 + L4(2Sl — SQ) >0,
4 4
403 + §Li(zsl — 59)(285 — S1) + §L3L4(Sl +Sy) — L3 >0,

4
2—7LZ(251 —55)(285 — S1)(S1 + S2)

4
—ngLi [512 — 5155 + Sg] >0.

AL3 + L3 — 3L3L3 —

il) Ly <0 and

Li+Ly+2L3 — §L4(Sl +52) >0,
L2+ 201 Lo + (Ly + Lo) (4L3 - §L4(251 - 52))
+413 — gLZ(QSQ —51)(S1 + Sa) — §L3L4(251 —S3) >0,
3L3 — Ly(S1 + S2) > 0,
412 — %LZ<252 —81)(S1 + o) — §L3L4(251 —Sy)—L%>0,

9
AL3 + L3 — 3L3L3 — %Li(&% —52)(252 — S1)(S1 + S2)

4
fngLZ [S7 — 8182+ S3] > 0.

REMARK 6.6. If Ly = 0, the positivity conditions in i) and ii) are both equivalent
to (6.12). Moreover, by (3.2), the coefficients L4(257 — S2) and L4(S; + S2) are
both negative when L4 > 0, and both positive when L4 < 0, whereas the sign of
L4(252 — S1) depends on the two regimes described in (3.2), according to the sign of
Ly. Tt also follows from the proof that, independently of the sign of L4, the last three
conditions in the above two systems i) and ii) are equivalent. This is due to the fact
that the systems (6.23) and (6.24) below have the same solutions. Finally, in both
cases the necessary condition L3 > 0 is satisfied.

Proof of Theorem 6.5. First, we compute I, at pg, as we did for Iy,1Is, I3 in
the proof of Theorem 6.2. The mixed terms (5.2) in the expression of Iy given in
Theorem 5.1 become

AR = 4(01v2)%, AP =4(0hv3)?, AL =4(d301).
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Therefore, at pg, the functional I, takes the form

1,(Qo, VQ) = 371 51(251 — S2)(S2 — S1) [4| Vo |* + 4| Vs ]
+281(S2 — S1)? [4(01v2)* + 4(01v3)?]
+ 371 55(289 — 51)(S1 — S2) [4|Vvs]® + 4|V |?]
(6.20) +253(S2 — 1) [4(02v3)? + 4(0211)?]
+ 371 5155(S1 + S2) [4|Vvr|? + 4| Vva|?]
— 25789, [4(83111)2 + 4(83112)2]
+25192(S1 — S2) [4(01v2)% + 4(D2v3)* + 4(d3v1)?].

As before, we can thus write I4(Qo, VQ) = fa(po, V(u, v)), where, for every 4x3
matrix H = (H]’) , such that H7py =0, we have set

3 3
fa(po, H) :=37151(281 — S2)(S2 — S1) 42 Z Ha)z]
+251(5; = §1)* [4(H ;}1?)23] =
(6.21) +37155(285, — Sl)( 5) [43°7_ 1 ( H3 +4Z] 1(H1) ]

+252(52—51)[( 3)2 —|—4(H21)2

+3° 5152(51 + Ss) [42 L (HD?2+430 (H?)?)
2515, [4(H3)? +4(H2)]

+25155(S1 — 52)[ (HP)? + 4(H3)? + 4(H3)?].

Using (6.16), (6.17), (6.10), and (6.21), we thus compute

(Lifi + Lofo + Lafs + Lafs) = [2Ls + (2/3) LyS2(20 — 1)] (H{)?

4:52
+[2L5 + (2/3) LaS2(2 — 0)] (0 H3)?
+|2L3 — (2/3) L4Sz(a +1)|((c —1)H3)?
—2L, [H{ oH3 — H{ (0 — 1)Hj + oH; (0 — 1)Hj
+[L1 + Lo +2L3 — (2/3) LyS2(0 + 1)| (H3)?
+[Ly + Lo +2L3 + (2/3) LyS2(20 — 1)| (0 — 1)H})? + 2Ly Hj (0 — 1) HY
+|L1+ Ly + 2L3 + (2/3) L4S2(2 — 0)] (H21)
+[Ly + Lo +2Ls + (2/3) LyS2(20 — 1)| (0 HY)* — 2Ly Hy o HY
+|L1 + Lo + 2L3 — (2/3) LaSa(0 + 1)] (o 3?)2
+[L1 4 Ly +2L3 + (2/3) L4S2(2 — 0)| (0 — 1)H3)? — 2L, 0H3 (0 — 1) Hj .

We now set
a = 2L3 + z L4SQ(20’ 1) 5

(6.22) bi=2Ls+ 2 L4S,(2 — o)
C = 2L3 -3 L452(0 + ),

so that

Lifi+ Lafo+ Ly fs + Lafs) = a(H{)? + b(cH3 ) + ¢((0 — 1)Hj)?

—2L,y [H{ oH; — H{ (0 — 1)H5 + 0 H3 (0 — 1)Hj|

+(Ly 4 Ly +¢)(H3)* + (L1 + Ly + a)((0 — V) H})?* + 2L, Hy (0 — 1)H}
+(Ly + Ly + b)(H3)* + (Ly + Lo + a) (o H)? — 2Ly Hy o H}

+(Ly + Ly +¢)(0H2)* + (L1 + Ly + b)((0 — 1)H3)* — 2L, 0 HZ (0 — 1) Hj.

452(
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We distinguish two cases according to the sign of the coefficient Lg4, recalling that
o> 1.

In the case Ly > 0, we have L4S3 < 0, and hence a < b < ¢. By Remark 6.1,
the quadratic form (Lj f1 + Lafa+ L3 fs+ Laf4) is positive definite if and only if the
following inequalities hold:

(6.23) a>0, L3<ab, abc+2L3— (a+b+c)L3>0
and also
Li+Ls+a>0, L?<(L1+L2+&)(L1+L2+b),

where the last inequality becomes
L3+2L1Ly+ (Ly + Ly)(a+b) +ab>0.

We now observe that a + b+ ¢ = 6L3, whereas
4 4
ab = 4L3 + §L§5§(20 ~ 12— 0)+ 3LsLaS2(0 +1)

and
8

abc = 8L3 — 2—7L§S§(20 -1D)2-0)(c+1)+ §L3L§S§ (20 —1)(2—0) = (0 +1)*] .

Since (20 —1)(2—0) — (¢ +1)? = =3(0? — 0 + 1), recalling that o = S;/Ss we can
rewrite

4 4
ab = 4L§ + 5[&(251 — SQ)(2SQ — Sl) + §L3L4(51 + SQ)

and

8 8
27 3
Using that a + b= 6L3 — ¢, we obtain the system in i).

In the case Ly < 0, we have L4S; > 0 and hence ¢ < b < a. Again by
Remark 6.1, this time we deduce that the quadratic form (L f1+ Lofo+ Lsfs+ Ly f4)
is positive definite if and only if the inequalities

abc = 8L§ — Li(QSl — 52)(252 — Sl)(Sl + SQ) - L3Li [512 — 5152 + Sg] .

(6.24) c>0, L3<cb, abc+2L3—(a+b+c)l3>0,
which are equivalent to the ones in (6.23), hold true, and also

Li+Lo+c>0, L?<(Li+Lo+c)(Ly+Ly+b).
The last inequality is the same as

L3 +2L1Ly+ (L1 + La)(c+b) +¢b >0,

where
cb = 4AL%+ %Lisg(a —2)(0 +1) — §L3L452(20 — 1)
= 4L§ — gLZ(ZSQ — Sl)(Sl + Sg) — §L3L4(251 — 52) .
Using that ¢+ b = 6L3 — a, this time we obtain the system in i¢). The claim follows
from Lemma 3.6. O

We finally consider again Dirichlet boundary conditions, specified by the admis-
sible set of tensor Wé’Q defined in the introduction.
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THEOREM 6.7. For a constrained biazial nematic system, let F[Q] be of the form
(1.5), and let vp(Q,VQ) be of the form (1.6), for some constants Ly, Lo, L3 € R,
and Ly # 0. Then, the functional F[Q] is coercive on the admissible set W¥1;2
provided that the following alternative inequalities are satisfied.

a) Ly >0 and

2
L1+L2+2L3+§L4(251 —52) >0,
3L3 + L4(251 — SQ) > 0,
4 4
L3+ S L3281 = $5)(252 = §1) + 3 LaLa(S1 + S2) = (In + L2)* > 0,

. 4 .
413 4 (Ly + Lg)® — 3L3(Ly + Ly)* — ﬁLj(Qsl —55)(283 — S1)(S1 + S2)
4
—ngLi [ST — 515+ 53] > 0.

b) Ly <0 and

Li+ Lo+2L3 — §L4(Sl +S2) >0,

3L3 — L4(S1 + S2) >0,

412 — gLi(QSQ —81)(S1 + o) — §L3L4(2Sl —S9) — (L1 + L2)* >0,

413 4 (Ly + Lo)® — 3L3(Ly + Ly)* — %Li(%ﬁ —99)(285 — S1)(S1 + S2)
—%LgLi [S7 — 518+ 53] > 0.

REMARK 6.8. If Ly = 0, we recover the statement of Theorem 6.3. As before,
independently of the sign of Ly, the last three conditions in the above two systems a)
and b) are equivalent, and in both cases the necessary condition Ls > 0 is satisfied.

Moreover, if L; # 0, then the sufficient conditions in Theorem 6.7 are strictly
weaker than the positivity conditions from Theorem 6.5 for several choices of the
coefficients L, and Ls. This happens if, e.g.,

L1 >0, Ly<0, and L;+2Ly,<0
independently of the sign of L,. In fact, e.g. in the case Ly > 0, comparing the
systems i) and a) in Theorems 6.5 and 6.7, respectively, we observe that the fourth line
in i) implies the third line in a) provided that L3 > (Ly+ L2)?,i.e. L1(L1+2Ly) <O0.
On the other hand, the last line in i) implies the last line in a) provided that
AL3 4+ L3 — 3L3L3 < ALY + (Ly + Ly)® — 3L3(Ly + Lo)?,
which is equivalent to

3L3(L3 — (L1 + L2)?) > —Ly(L3 + 3L Ly + 3L3).

Since (L% + 3L1Ly + 3L3) > 0, our claim readily follows.
Proof of Theorem 6.7. If we put in evidence the factor (4/3)S3 and substitute
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o :=51/Ss, by (6.20) we obtain

SL@QYQ) 5 =a(20 ~ 1)(1—0) [Vl + [V
+60’(O’ — 1)2 [(317)2)2 + (81?)3)2}
+2-0)(c—1) [|Vv3|2 + |VU1|2]
+6(1 -0 [[(821}3)2 + (821}1)2]
+o(o+1) [|[Voi]? + [V |?]

—60'2 [(831)1)2 + (((931)2)2}
+60’(O’ - 1) [(61112)2 + (62113)2 + (631}1)2],

N

and hence, using that |Vv;|> = (81v5)% + (92v;)? + (03v5)2,

214(Q, VQ) 52_3 = (20’ — 1) (81111)2 + 0'2(2 — O') (621}2)2 — (O' — 1)2(0' + 1) (831}3)2
+(2 — O’) (82’1}1)2 - (O’ + 1) (831)1)2
+0%(20 — 1) (01v2)? — 02(0 + 1) (93v2)?
+(0 —1)2(20 — 1) (01v3)? + (0 — 1)%(2 — ) (D2v3)?.

On account of (6.19), and using the notation from (6.22), we then obtain the
formula

1 1
i VE(Q,VQ) = 1 Ly div(A; @1 + Ap®y + Azd3) Sy 2
2

+a (01v1)% + b (002v2)% + ¢ ((0 — 1)D3v3)?

—4L [—611}1 (0’ — 1) O3v3 + 0111 00209 + 002 (O’ — 1)831}3}

—|—(2L + b)(82v1)2 —|— (2L + c)(831)1)2 —|— (2L + a)(03102)2

+(2L + ¢) (603v2)? + (2L + a) ((o — 1)01v3)% + (2L + b) ((o — 1)Dav3)?.

We again distinguish two cases according to the sign of the coefficient L4. By the
Dirichlet-type assumption, we can omit to consider the divergence term.

In the case Ly > 0, we have a < b < ¢. By Remark 6.1, we are led to consider
the following inequalities:

a>0, (2L)> <ab, abc+2(2L)* —(a+b+c)(20L)> >0, 2L+a>0.

Recalling from the proof of Theorem 6.5 the formulas for ab, abe, and a+ b+ ¢, and
using that 2L = L; + Lo, we readily obtain the system a).

In the case Ly < 0, we have ¢ < b < a, and we are thus led to consider the
following inequalities:

c>0, (20L)2<cb, abc+2(20)% —(a+b+¢)(2L)?2 >0, 2L+¢>0.

Recalling the formula for be, we obtain the system b). Therefore, our conclusions
readily follow, again by frame invariance. m]
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