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ABSTRACT. We study a quasistatic evolution problem for a nonconvex elastic energy
functional. Due to lack of convexity, the natural energetic formulation can be obtained
only in the framework of Young measures. Since the energy functional may present
multiple wells, an evolution driven by global minimizers may exhibit unnatural jumps
from one well to another one, which overcome large potential barriers. To avoid this
phenomenon, we study a notion of solution based on a viscous regularization. Finally we
compare this solution with the one obtained with global minimization.
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1. INTRODUCTION

In this paper we consider a quasistatic evolution problem for an elastic material described
by the deformation variable and by a further parameter which plays the role of internal vari-
able connected to energy dissipation. The energetic formulation of this problem is expressed
in terms of the elastic energy functional W, depending both on the deformation and on
the internal variable, and of the dissipation functional H, depending just on the internal
variable (see, e.g. [11], [16], [17]).
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As in [9] we assume that W and H have the following integral form

W(z,v) :Z‘/DW(Z(,T),V’U(,T)) dx

:/DH(z(x)) dx

where D C R? is the reference configuration, v: D — RY the deformation, and z: D — R™
the internal variable. We also assume that the body is subjected to volume forces f(t)
depending on time, and to a time-dependent prescribed boundary condition.

The standard method to attack the problem of the quasistatic evolution is via time-
discretization and resolution of incremental minimum problems, which in our case would
take the form

min {W(z,v) — (f(t),v) + H(z — 20) } (1.1)

among all functions (z,v) which satisfy the prescribed boundary condition at time ¢. Here
zo is the known value of z at the previous instant.

For the mechanical applications considered in [9], the convexity of W with respect to the
internal variable z is not a natural assumption. Thus, as observed in [8], the minimum prob-
lem (1.1) may have no solutions; moreover, since the lack of convexity allows the functional
to have multiple wells, a quasistatic evolution driven by global minimizers, if they would
exist, could prescribe abrupt jumps from one well to another one; therefore it is preferable
to follow a path composed by local minimizers rather than global minimizers.

In this spirit, the properties of global minimality (stability) and energy balance char-
acterizing the usual energetic solution (see e.g. [14, section 3] and references therein) are
weakened: they are replaced by a stationarity condition and an energy inequality, i.e.

(1) for every t € [0, T
dive (t) = £(1
¢(t) € om(0)
where o (t) := a_v;/( (t), Vo(t)) and ((t) := —%—‘;V(z(t),Vv(t));
(2) for every t € [0,T
W(=(t), v(t) — (£ (), 0(t)) + Varg (2:0,1) <
< Wiz0,v0) — (£(0), v0) + / (o(5). Vp(s)) ds — / [(F(), 0()) + (F(5), (5))] ds.

where Vary is a suitably defined notion of variation (see (3.1)).

Moreover in the spirit of [6], [4], [19],[1], [10], we propose a selection criterion among the
solutions of (1) and (2), based on a sort of viscous approximation. The underlying idea
is that an evolution obtained in this way does not jump over potential barriers. Given a
regularizing parameter € > 0, we first consider the e-regularized problem:

(a) equilibrium condition: for a.e. t € [0,T]

~divo(t) - eAb.(t) = £(); (1.2)
(b) regularized flow rule: for a.e. t € [0,T]

2:(t) = N (¢.(t)) a.e.in D,

(
where we look for a solution (z¢,v.) in H*([0,T]; L?(D;R™) x H*(D;RY)), and o.(t) :=
(

G (2:(1), Ve (t)), C.(t) == — G5 (2:(t), Vo(t)), and Ng(C) == 2(¢ = P(C)), Pk being
the projection onto K := 0H(0).

In Theorem 4.4 we prove that every e-regularized problem is equivalent to the following
one:
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(1) equilibrium condition: for a.e. t € [0,T]
—dive(t) — eAv:(t) = f(t) (1.3)
relaxzed dual constraint: for a.e. t € [0,T]

C.(t) —ez.(t) € OH(0);

(2)e energy equality: for every t € [0,T],
Wiz (0)v:(0) = (£(O.0:0) + [ Mz ds+ e [ zlBds+
—I—E/O (VU (), Vi (s) — Vp(s)) ds = W(z0,v0) — (f(0),v0) +

+ / (o2(s), Vp(s)) ds — / [(F (), v2()) + (£(5), (s)] ds.

where we look for a solution (z.,v.) in H([0,T]; L?(D;R™) x H'(D;RY)).

To prove the existence and uniqueness of the solutions to the e-regularized problems
we use the analysis of discretized minimum problems. We fix a time discretization of the
interval [0, 7]

O=tog<ti <---<t, =T,

and we set 7; :=t; —t;_1, for ¢ > 0. Given ¢ > 0 and an initial value (z0,v9), we define
inductively the value of an approximate solution of the e-regularized problem at time ¢;,
for ¢ > 0, as a minimizer of the functional

W(z,0) = (F(t:),0) + H(z = 2(tim1)) + 5|12 = 2(ti) |15 + 5| Vo = Vo(ti-1)][3, (1.4)

among all (z,v) which satisfy the boundary condition at time ¢;. Under suitable regularity
assumptions on W, the functional (1.4) is convex for 7; sufficiently small, thanks to the
presence of the regularizing terms 5=z — 2(ti—1)||3 and = IVo — Vu(ti—1)||3; hence the
minimizer exists and is unique. The study of the limit of the approximate solutions, when
the discretization step tends to 0 and the parameter ¢ is kept fixed, proves the existence
(see Theroem 4.6) of a unique solution of the e-regularized problem.

We come back now to the original problem: as in [4], we accept only solutions to (1) and
(2) which can be approximated by solutions of e-regularized problems; nevertheless, due
to the nonconvexity of the problem, the e-regularized solutions may develop stronger and
stronger oscillations in space as € tends to 0, and this prevents the passage to the limit of
(1) and (2) in the usual function spaces.

Therefore (1) and (2) need a weaker formulation in terms of Young measures, or equiv-
alently (see [8, section 3]) in terms of stochastic processes. In the latter formulation the
function (z(t, z),v(t,x)) is substituted by a stochastic process (Z;(z,w), Yi(z,w)), defined
on a product probability space (D x Q, P), with

mo(P) = L%, (1.5)
and (1) and (2) become
(1) equilibrium condition: for every t € [0, T
—dive(t) = £() (16)
dual constraint: for every t € [0,T]

¢(t) € OH(0); (1.7)
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(2’) energy inequality: for every t € [0,T] we have

- W(Z(z,w), Ye(z,w)) dP(z,w) — {f(t),v(t)) + Varg(Z, P;0,t) <

< W(z0,v0) — (£(0),v0) +/0 (o(s),Ve(s)) ds+ (1.8)

—/O [(£(5), @(s)) + (F(s),v(s))] ds,

where (Z;,Y}); is the stochastic process representing the evolution, v(t) is the unique
function satisfying the boundary condition and Vv (t) = bar((rp,Y¢)(P)), o(t), {(t) are
the unique elements of L?(D;RY*4) and L?(D;R™), such that

/ o(t,x)g(x) de = /DXQ %—I;/(Zt(x,w),Yt(x,w))g(x) dP(z,w),

D
¢t z)h(z) doe = /D . —a—W(Zt(:C,w),Yt(:v,w))h(:C) dP(z,w),

D o0
for every g € L2(D;RNV*4) h € L?(D;R™), and
k
Vary (Z, P;0,t) := supz H(Z;,(z,w) — Zt,_, (xz,w)) dP(z,w),
i—1 7/ DxQ

where the supremum is taken over all finite partitions 0 =ty < --- <ty =t.

In this formalism ordinary functions can be seen as stochastic processes independent of
w; in this case conditions (1’) and (2’) are exactly (1) and (2), thanks to (1.5).

In Theorem 7.16 we study the passage to the limit in the space of Young measures of
the solutions to the e-regularized problems, as € tends to 0, while in Theorem 7.13 we
show that the stochastic process corresponding to this limit is a solution of the generalized
problem (1’) and (2’).

In the last section, we compare the notion of approximable quasistatic evolution con-
sidered in the present paper with the quasistatic evolution based on global minimization
defined in [8, Definition 6.12]. More precisely we study an example in which the approx-
imable quasistatic evolution is unique and is a classical function which can be described
explicitely. Theorem 8.2 proves that this evolution cannot be a globally stable quasistatic
evolution, since it does not satisfies the stability condition.

2. MATHEMATICAL PRELIMINARIES AND NOTATIONS

For the mathematical preliminaries about functions, measures, and Young measures we
refer to [8, Section 2].

The symbol (-, ) will denote a duality pairing depending on the context.

We refer to [8, Section 3] for a presentation of compatible systems of Young measures
with probabilistic language; here we just recall the statement of the main theorem about the
correspondence between compatible systems of Young measures and stochastic processes.

Theorem 2.1. Let T a set of indices, and let, for every t € T, V; and W; be finite
dimensional Hilbert spaces. Given two compatible systems u € SY?(D; (Vi)ier) and v €
SY2(D; (V, x W)ier), satisfying

Toxv, (Vi) = py, for everyt € T, (2.1)

there exist a probability space of the form (D xQ,B(D)®F, P), where B(D) is the Borel o -
algebra on D, (Q, F) is a measurable space, and P a probability measure with wp(P) = L2,
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and a stochastic process (Z,Y)ier with
Z; € L*(D x O, V),
Y € L*(D x Q; W),
for every t € T', such that

(7D, (Zt)ter)(P) = pp, (2.2)
for every nonempty finite subset F' of T', and
(TrDaZt;Yt)(P):Vt) (23)

for every t € T.

3. MECHANICAL MODEL

The reference configuration D is a bounded connected open subset of R? with Lipschitz
boundary 0D =TgUT';, where T'g is assumed to be a nonempty closed subset of 9D with
HI=Y(Tg) # 0, and I'; = 9D \ T'y. Without loss of generality we also assume for simplicity
that £4(D) = 1.

We indicate the deformation by v and the internal variable by z.

We denote the stored energy density by W: R™ x RV>*4 — [0, +00) and the dissipation
rate density by H:R™ — [0,+00). For every # € R™ and every F € RV>*4 we make the
following assumptions:

(W.1) there exist positive constants ¢, C' such that
c(|0] +|F[*) = C < W(0,F) < C(L+ 0] + | FI*);
(W.2) W is of class C? and there exists a positive constant M such that
O*wW

W(H’F) <M,

where % denotes the matrix of all second derivatives with respect to (the
components of) § and F;

(H.1) H is positively homogeneous of degree one and convex;

(H.2) there exists a positive constant A, such that l|9| < H(0) < \9|.

Let W be the functional W(z,v) := [, W ( ) da, for every z € L*(D;R™)
and every v € HY(D;RY), and H the funcmonal H = [, H ) dx, for every z €
LY (D;R™).

Given two distinct times s < t, the global dissipation of a possibly discontinuous function
z:[0,T] — L?*(D;R™) in the interval [s,t] is

Varg (z;s,t) = sup{ZH — z(1i-1))}, (3.1)

where the supremum is taken among all ﬁnlte partitions s =19 < < - < T =1.
Note that for z € H([0,T]; L>(D;R™)) we have

Varp (z; s,t) / H(z (3.2)

(see, e.g., [2, Theorem 7.1]).

The external load at time ¢ and the prescribed boundary datum on I'g at time t are
denoted by I(t) and ¢(t), respectively; we assume that I € H*([0,T]; H(D; RN )*), where
HY(D;RM)* is the dual of H*(D;RY), and ¢ € H*([0,T]; H*(D;RY)).

The kinematically admissible values at time ¢ for z and v are those who make the total
energy finite and satisfy the boundary condition, i.e. v = ¢(t) on I'y H? !-a.e. (in the sense
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of traces). From previous assumptions it follows that the kinematically admissible values at
time ¢ are contained in L?(D;R™) x A(t), where

A(t) = H} (¢(t) == {v e H'(D;RY) such that v=¢(t) H* '-a.e. on Ty}

Before concluding this section, we want to point out some properties of the function H
and to introduce some new notation.

From the hypotheses on H, it follows that H is L.s.c. with respect to the weak topology
of L?(D;R™) and satisfies the triangle inequality, i.e.

H(z1 + z2) < H(z1) + H(z2).
For every € > 0 we define the function H.: R™ — R as
He(6) = H(6) + |6, (3.3)
and the corresponding integral functional H.: L?(D;R™) — R as

He(z) ::/ H.(z(z)) dz. (3.4)
D
The convex conjugate H?: R™ — R of H, is

HZ(C) = sup {¢O — Hc(0)}.

ocR™

Since the convex conjugate H* of H is the indicator function of the convex set K := 0H(0)
(see [18, Theorem 13.2]), using [18, Theorem 16.4], it can be proved that

HZ(¢) = 5:1¢ = Pr(Q), (3.5)
where Pr: R™ — K is the projection onto K. Therefore H} is differentiable with gradient
Ng(¢) = 2(¢ = Px(Q)). (3.6)

In particular N§ is Lipschitz continuous.
Let H?: L?(D;R™) — R be the convex conjugate of H.. It can be easily shown (using
a general property of integral functionals, see e.g., [7, Proposition IX.2.1]) that

H:(C) = | HX((x)) dz,
20 = [ Hc@)
so that the gradient OH; is given by
OHI(Q)(z) = N (¢(z)), fora.e. xz € D. (3.7)

Therefore OH7 is Lipschitz continuous.

4. REGULARIZED EVOLUTION

In this section we give the definition and an existence result for the solution of the &-
regularized evolution problem.

We will assume that the initial condition (zq,v9) € L?(D;R™) x A(0) satisfies the fol-
lowing condition

(00, Vi) = (1(0),@) for every @ € Ht (0), (4.1)
o € OH(0), (4.2)
where oo(z) := 2% (z0(x), Voo (2)), (o(x) :== =¥ (20(x), Vug(z)), for ae. x € D.

Definition 4.1. Let ¢ > 0, I € H'([0,7]; H'(D;RN)*), ¢ € H([0,T]; H'(D;RY)),
(20,v0) € L*(D;R™) x A(0), and T > 0. Assume that (z9,vp) satisfies (4.1) and (4.2).
A solution of the e-regularized problem in the time interval [0,7], with external load I,
boundary datum ¢, and initial condition (29, v) is a pair (z.,v.) € H'([0,T]; L*(D; R™) x
HY(D;RY)), satisfying the following conditions:
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(ev0)e indtial condition: (z¢(0),v:(0)) = (20, v0);
(evl). kinematic admissibility: v.(t) € A(t), for every ¢ € [0,T];
(ev2)e equilibrium condition: for a.e. t € [0,T] and for every u € Hp, (0),
(o:(t) +eVo(t), Vi) = (I(t), a), (4.3)
where o.(t) = Q¥ (2.(t), Vv (t));
(ev3)e regularized flow rule: for a.e. t € [0,T7,
2:(t) = N5 (¢.(t)) a.e.in D, (4.4)
where (_(t) := —%—Vev(zs(t),Vvs(t)).

Remark 4.2. If I can be written in the form

(1(1),5) = /D f(ta) o) do+ [ g(t,2) - 5(z) dHOM(a),

aD
with f(t) € L}2(D;RY) and g¢(t) € L?*(OD;RY), for every © € HY(D;RY), then (ev2).
takes the form
—dive . (t) — eAv:(t) = f(t), (4.5)
[0-(t) + eV (t)] - v=g(t) H¥ '-ae only,

where v is the outer unit normal to 9D.

Indeed, choosing first @ € Hg(D;RY) in (ev2)., we obtain (4.5) and this ensures that
—divo.(t) — eAv.(t) € L?(D;RY); hence we can apply integration by parts to get (4.6).

Remark 4.3. Let us fix ¢ € [0,7] such that 2.(t) and ¥.(t) exist. Then the following
conditions are equivalent

2.(t) = No.(C.(t)) ae.in D, (4.7)
Cc(t) € OHc(2:(1)), (4.8)
C.(t) — e2:(t) € OH(2:(1)). (4.9)

Indeed, by (3.7), OH:({.(t)) = N5 ({.(t)), so that (4.7) and (4.8) are equivalent by standard
property of conjugate functions (see, e.g., [7, Corollary 1.5.2]). The equivalence of (4.8) and
(4.9) comes from the definition of H..

In the following Theorem we prove that the modified flow rule (evf%)E can be replaced by
a suitable constraint on ¢, and an energy equality.

Theorem 4.4. Let L, ¢, 2z, v, €, and T be as in Definition (4.1).

Then (ze,v.) € HY([0,T); L*(D;R™) x HY(D;RY)) is a solution of the ¢-regularized
problem in the time interval [0,T], with external load 1, boundary datum ¢, and initial
condition (zo,vo) if and only if it satisfies the initial condition (ev0)., the kinematic admis-
sibility (evl)., the equilibrium condition (ev2)., and the following conditions:

(ev3)e relazed dual constraint: §.(t) —ez:(t) € OH(0), for a.e. t €[0,T);
(evd). energy equality: for every t € [0,T],

W22 (), 0:(8)) — (1(8), v () + / H(ze(s)) ds + ¢ / ()3 ds +
—I—E/O (Vo(s), Vi.(s) — Ve(s)) ds = W(zp,v0) — (1(0),v0) +

+ / (02(s), Vepls)) ds — / (), 02 (5)) + (L(s). p(s))] ds.
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Remark 4.5. Since we are dealing with the e-regularized problem, in the energy equality
there are two extra terms proportional to € and depending on the time derivatives of z.
and Vv, ; they represent a sort of viscous dissipation.

Proof of Theorem 4.4. Suppose that (z.,v.) satisfies (ev0)., (evl), (ev2). and (ev3).. As
‘H is positively homogeneous of degree one, by a general property of integral functionals
(see, e.g., [7, Proposition IX.2.1])

OH(2:(t)) C OH(0) = {¢ € L*(D;R™) : ((x) € OH(0) for a.e. x € D}, (4.10)
for a.e. t € [0,T]. Hence from (4.9) we derive (ev3)..
Since 'H is positively homogeneous of degree one, we have ((,z) = H(z), for every
z € L*(D;R™) and ¢ € OH(z). Therefore, by (4.9),
H(2:(t)) = <Cs(t) —eze(t), 2:(1)), (4.11)
for a.e. t € [0,T].

Choosing @ = v(t) — ¢(t) in (ev2). and using (4.11) we obtain
(

G (z(1), Voe (1)), 2 (1)) + (G (2 (1), Voe (1)), Voo (t) — Vo(t))) +
—(L(t), v (t) — @(t)) + H(2:(1)) + (4.12)
+5H28(t)|‘§ + 5<v'ba(t)7 v'ba(t) - VQO(t)» =0,

for a.e. t € [0,T]. By integration of (4.12) from 0 to ¢, we obtain (ev4)..

Conversely, suppose that (z.,v.) satisfies (ev0)e, (evl)e, (ev2)., (ev3). and (ev4).. Then,
by derivation with respect to ¢ of (ev4)., we obtain (4.12), which gives (4.11), thanks to
(ev2)e. Combining (4.11) with (ev3)., it immediately follows (4.9) for a.e. t € [0,7], and
hence (ev3).. O

We conclude by stating the existence theorem for the solutions of the e-regularized prob-
lems, which will be proved in the next section.

Theorem 4.6. Let ¢, 1, ¢, z9, vo, and T as in Definition 4.1. Then there exists a
unique solution of the e -regularized problem in the time interval [0,T] with external load 1,
boundary datum @ and initial condition (zg,vo) .

5. PROOF OF THEOREM 4.6

The proof is obtained via time-discretization, resolution of incremental minimum prob-
lems, and passing to the limit as the time step tends to 0.

5.1. The incremental minimum problem. In this section we study the incremental
minimum problem used in the discrete-time formulation of the evolution problem.

Let us fix a sequence of subdivisions of [0,7], 0 =2 <t < ... < ") = T such that
Tn = SUD;—1, . k(n) 78 — 0, as n — oo, where 78 := ti —¢i-1 for every i = 1,...,k(n).
We assume that 7, < 17 for every n, where M is the constant appearing in (W.2).

For every ¢ =0,1,...,k(n) we set I :=[(t}) and ¢}, := p(t}).

For every n, we define (2¢,v}) € L?*(D;R™) x A(t!) by induction on i: set (22,00) :=
(20,v0), and for i > 0 we define (z%,v%) as the solution (see Lemma 5.1 below) to the
incremental minimum problem

min {W(z,v) — (I%,v) + H(z — 257 1) + Vv — Vol t3}, (5.1)

Z—Zl 1”2

27” 27’I

among all z € L?(D;R™) and all v € A(t}).

Lemma 5.1. Let € > 0, then for every n and every i > 0 there ezists a unique solution to
(5.1) in L?(D;R™) x A(t).
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Proof. Let (zx,vr) € L?(D;R™) x A(t!) be a minimizing sequence. By the bounds on W
and the assumption on I, we have

c(llzell3 + IVorl3) = C" (L + [Jokll g ) < W2k, vr) — (I, v} < C7, (5.2)

for suitable positive constants ¢, C’. Since vy € A(t), using Poincaré inequality we can
deduce from (5.2) that (zx,v)x is a bounded sequence in L?(D;R™) x HY(D;RY).
Define now W.(0, F) := W (6, F)+ﬁ|9—90|2+25n |2, for every 0,600 € R™ F, Fy €
RM*4_ From the boundedness of the second derivative of W, guaranteed by (W.2), and
since 7, € (0,e/M) by our assumption on 7,, it easily follows that the functional in (5.1) is
strictly convex, and hence weakly lower semicontinuous on L?*(D;R™) x H'(D;RY). Now
the existence of minimizers comes from the direct methods of the Calculus of Variations;
the uniqueness is a consequence of the strict convexity of the functional. (I

Now we derive Euler conditions for the minimizers.
Theorem 5.2. Let € > 0, then for every n and every i > 0 we have
H(Z+ 28 — 2078 —H(2E — 2570 — (18, a) >

n n

> (—8% (2, Vo), 2) — (% (2, V), Vi) + (5.3)
-7 A R ;(val — Vot va),

for every z € L*(D;RN) and @ € Ht (0).
Hence we can deduce the followmg FEuler conditions:

——( Vi) — (2’ — 2t e oM (2 — 27T, (5.4)

n

(D (21, Vi) + = (Vol, — va;l) Vay = (I,,,a) for every @ € Hf (0). (5.5)

Conversely, conditions (5.4) and (5.5) imply that (% is a solution of (5.1).

77/7 n)
Proof. Since for every zZ € L*(D;R™), @ € Hll (0) and s > 0, 2! + sz € L*(D;R™) and
vl + st € A(t), the minimality property of (2" leads to
W(vavn) <l:zv n> +H( - :7, 1) + 27—1
<W(z —1—32 vl sT) — <l;,vn+su>—|—H(z +s7 -2+ (5.6)
+355 Vol 4+ sVii— Vol 3.

7l7 n)

Vol — Vol 3 <

Z —Zl 1”2

27”

27} Z +SZ_Z71 ||2 27”

Hence from the convexity of H we can deduce for every s € (0,1)
s[H(z, + 2 — 2571 = H(z) — 257D > W(zh,h) +
~W(2! + 82,0 + sit) — (1L, vh) + (15,00 + sat) + 5eT |28 — 257113 + (5.7)
Vol — Vol 3 - Vol 4+ sVii — Vol 3.

2t sz — 23+

27” 27’I 27”

Taking the derivative of (5.7) with respect to s at s =0 we obtain (5.3). For @ =0, (5.3)
is
Mz +2 =2 Y) = Hlz, — 2 1Y) 2 (=G5 (20, Von) = (2 — 20 1), 2),

for every z € L*(D;R™), i.e. (5.4). Taking Z =0 in (5. 3) we obtain (5.5).
Conversely, (5.4) and (5.5) imply the minimality of (2%, v?), thanks to the strict convexity
of the functional. g

Remark 5.3. (5.4) is equivalent to
L (2l — 27 = OHE (=D (2L, Vul)). (5.8)

7
Ty VT
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Indeed, since OH is positively homogeneous of degree 0, (5.4) can be rewritten as

— O (2, Vok) = (= ) € OH(E (2l — 27Y),

00 T\
which is equivalent to

O (21, Voh) € OM( (4 - 2i7))

This is equivalent to (5.8), thanks to a general duality formula (see, e.g., [7, Corollary 1.5.2]).

Since A(t},) = ¢}, + Ht, (0), for every n and every i = 0,1,...,k(n), there exists u, €
H{, (0) such that v}, = ¢}, + uf, .
Set, for every n and every i =0,1,...,k(n),

Ghim (a4, Vi + Vi),
o= B eh Vi + V).

Let define the piecewise constant interpolations (2,,w,): [0,T] — L?(D;R™) x Hllg (0) and
(Cyon): [0,T) — L2(D;R™) x L2(D; RVN*4) as

zn(t) = 2L, un(t) i=ul, ()=, on(t)i=ob, forth <t<tifl
where we set th™ T = T 4 L. Set 7,(t) := t, whenever ¢, <t < 1. We introduce
also the piecewise affine interpolations 27 : [0,7] — L*(D;R™), wuy: [0,T] — Hp (0),
wn [0, T) — HY(D;RN), 12:[0,T] — HY(D;RY)*, defined by

i+1

i
Zn

22 (t) 1= 2 + (¢ — th) B,

wh (1) =, + (¢ = th) S, )

O (1) = i + (¢ — th) S, o
o (8) o= 0+ (¢ — 1) ot

for t1, <t < titl.
Observe that, thanks to Remark 5.3 and to (3.7), we can conclude from the construction
of 2% that

Y () (5.10)

- T
i
ty, —tn

Analogously we can deduce from the definition of uf, that

. i _ygyi—! i i—1 B i1~
(o + (Tt 4 Yoty va) = (157, 4), (5.11)

ti —t

for every @ € Hf (0).

5.2. A priori estimates. Now we obtain an a priori bound on the piecewise constant
interpolations, from an energy estimate for the solutions of the incremental problems.
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Since u® ! + ¢, € A(t)), from the minimum property of (z%,u’, + ¢) we deduce the
following inequality:

W(zy,, ty, +¢3) = (L ug + 9p) + H(E = 2,70) +

—|—271 Vui — Vul™l 4 Vel — Vei=1)2 <

Z - Z ”2 27-1

SWETL U o) = (el e + (5.12)

29 . .
oIV = Vi = [ o)t ) s+
tr

n

—/ (1(s), 6(5) d”/tvn (W (i1 Vil 4 Vep(s)), Vebl(s)) ds.

Fixed ¢ € [0,T], iterating (5.12) we obtain
W (2 (), 20 () + @(7n(6))) — (L (£)), 2 (£) + (7 (£))) + Vs (250, ) +
Tn (t) Tn (1)
£ 22(s)||2 ds + £ w2 (s)||? ds
5 [ IR s [ Vi )l ds <
Tn(t)
< W(z0,10) — (1(0), v0) + ¢ / IV ()2 ds + (5.13)
Tn(t)
+ / (2 (2, (5), Vaun(s) + Vp(5)), Vep(s)) ds +

Tn(t) .
—/O [((s), un(s) + ¢(s)) + (Us), p(s))] ds,

where we have used the identity

Ve(t) dtf3, (5.14)

-Vt = T
for every i =1,...,k(n).

Using the fact that SUPc(o,7] ||l(t)||(H1)*, SUPc(o,7] Ve ()2, fOT ||l( ||(H1 dt and
fOT IV@(t)||2 dt are bounded, the growth hypothesis on W, (W.1), and the fact that
z, € L*([0,T]; L*(D;R™)), u, € L>=([0,T); H'(D;RY)) (since they are piecewise con-
stant functions), (5.13) leads to

&(|zn(®)ll2 + [IVun (t)ll2)* < C S[tépT](l +1zn(s)ll2 + [Vun(s)l2),
se|0,

for suitable positive constants ¢, C. Since this can be repeated for every t € [0,T], we can
conclude that there exists a positive constant C., depending on € but independent of n,
such that

T
sup [|za(®)ls < Co, Varu(za:0,T) < C., / Iz 2 dt<C; (5.15)
te[0,T] 0

T
sup [V (t)l2 < C, / Vg (t)]3 dt < Ce, (5.16)
t€[0,T] 0

for every ¢ € [0,T7].
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5.3. Passage to the limit. To establish the convergence of the interpolations we need the
following Lemma, based on Gronwall’s inequality.

Lemma 5.4. The sequences (zpn)n, (Un)n satisfy

SUP [2n(t) = 2m(t)l]2 — 0O,
tel0,T

sup ”un( ) = U ()| 1 — 0,
te[0,7)

as n,m — 0.

Proof. From the construction of 2’ and using (5.10), (5.11), we can deduce that, for

every z € L*(D;R"), @ e H{ (0),
(Vul + V! Vi) — (Vul 1+ Vil =t Va) + (20, 2) — (2071 2) =
= —Ta[(o?, Vi) — (I, )] + TIN5 (E), 5).

Fixed t € [0,T7], for every n, there exists i such that ¢! < ¢ < ¢! summing for j from 1
to 7 we obtain

n? n7

(2n(t), 2) — (20, 2) + (Vun(t) + Vo (ra(t)), Vi) — (Vug + Ve(0), Vi) =
= 1277 (N (7Y, 2) — (o0, @) + (174, @) + (5.17)

€<NI€((C$L) - NIE((C%_l)72> - <Uf1 - O-Zz_lu V&> + <l$1 - l£_17a>] =

M =

/0 (e (N5 (Cn(8)), 2) — (on(s), Vi) + (U(ra(s), @)] ds + Ru(t),

where

Rat) = =1 [ WNR(G0),3) ~ (0a(5), 9 + (), 0] ds +

+ 1) T[eNR(G) = N (671 2) = (oh — o0 Vay + (1, - 1571 ).

Observe that, since %—Vg, %—V}f are M -Lipschitz thanks to (W.2),

1€a(8)ll2 < J\N{(l +lza(s)ll2 + [Vun(s) + Ve (rals))l2), (5.18)
lon(s)llz < ML+ [[zn(s)ll2 + [Vn(s) + Vo (rals))ll2), (5.19)

for a suitable positive constant M and for every s € [0,T]. Hence from (5.15) and (5.16),
we can deduce that

t
[ 160l ds < 81Cer, (5.20

t
/ o lon(s)ll2 ds < MC,. (5.21)
Tn(t

Since N§ is 1/e-Lipschitz, and OW/00, OW/OF are M -Lipschitz, thanks to (5.20) and
(5.21) we can estimate R, (t) in the following way
[Ra(t)] < 2Bema(ll2]l2 + [ Vl2), (5.22)

for a suitable positive constant (., depending on & but independent of ¢ and n.
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Let n,m > n be two different indexes. Subtracting term by term the equations corre-
sponding to (5.17), we obtain, for every Z € L?(D;R™) and @ € H}, (0),

(2at) = 2 (), 2) + (Ve (t) = Vt(t) + Vep(ra(t)) — Vep(rn(t)), Vi) =
= %/0 [e(NF(C(8) = Nic(Cn (). 2) = (n(s) — om(s), V)] ds+  (5.23)

+/ (U(7n(s)) = Utm(s)),q) ds + Ry (t) — R (t).
0

Now using again the fact that N5, OW/90 and OW/JF are Lipschitzian, and the estimate
(5.22), we can deduce that

(zn(t) = 2m (1), 2) + (Vun(t) = Vum(t) + Ve(ma(t)) — Ve(rm(t)), Vi) <

<2 [ [120(6) = 2n(6) ~ [Vua(6) = Va9l + (520
+ V(7 (5)) = Veo(mm ()2 + 1 (s) = Ln(8) [l 1)+ ] ds +

+ -+ 7in) P 2]12 + V),

for a suitable positive constant ..
Since ¢ € H([0,T); H*(D;RY)) and 1 € H'([0,T]; H'(D;RY)*), there exists a positive
constant «, such that

Ve (tr) = Ve(ta)lla < alty — taf /2, (5.25)
12(t2) = Ut2) | ey < alts — ta] /2, (5.26)
for every t1,t2 € [0,7T].
It follows that
IV (ru(t)) = V(T ()2 < a((72)"> + (1) /%) (5.27)
(7 (£)) = UTm (D)l 1y < ((70) 2 + (7)), (5.28)

for every ¢ € [0,7] and every n,m.
If we choose Z = z,(t) — 2 (t) and @ = w,(t) — upn(t), taking into account (5.27) and
(5.28), (5.24) gives

12n(t) = 2m (D)2 + [V (t) = Vun @2 <

= 7_5/0 [Hzn(s) —zm(9)]l2 + [Vun(s) — Vum(s)HQ} ds + 54((7’”)1/2 4 (Tm)l/Q)7

€

for a suitable positive constant & independent of ¢, m and n.
Applying Gronwall’s inequality we conclude that

sup |[|zn(t) = zm(t)[l2 — 0,
t€[0,T]
sup ||V (t) = Vaun(t)[2 — 0,
t€[0,T]
for n,m tending to oo. Since wun(t) — u,(t) € HE (0), applying Poincaré inequality we
obtain
sup ||un(t) — um(&)||gr — 0 (5.29)
t€[0,T)

as n,m tend to oco. (I
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From Lemma (5.4), we can deduce that there exist
z:[0,T] — L*(D;R™),
w: [0,T] — HY(D;RY),
bounded, such that

sup ||z (t) = 2(t)l]2 — 0, (5.30)
t€(0,T]
sup ||un(t) — w(®)| g — 0. (5.31)
t€[0,T]
Moreover u(t) € Ht (0), for every t € [0,T7].
Set
¢(t) == =Gy (2(1), Vau(t) + Ve(t)) (5.32)
o(t) == Q¥ (z(t), Vu(t) + V(). (5.33)
Thanks to (5.25) and to the convergence of z,, u,, we have
sup [|¢,,(t) = ¢(#)[l2 — O, (5.34)
te[0,T]
sup [lon(t) —a(t)]2 = 0, (5.35)
t€[0,T]

as n tends to oo.

Thanks to (5.15) and (5.16), we have that (25 ), and (uy ), are bounded sequences
in HY([0,T); HY(D;RY)) and H'([0,T]; L?>(D;R™)), respectively; hence there exist 2,
such that, up to subsequences, z;, — 2 and uyp — @ weakly in H'([0,T]; L?(D;R™)) and
HY([0,T); H'(D;RY)), respectively.

Moreover using the identities

t
zn (t) = z4(t) +/ 25 (s) ds,
Tn(t)
t
Vg (t) = Vg, (t) + / Vus (s) ds,
7n (1))
for every ¢ € [0,T], we deduce that

sup ||z (t) — zn(t)]l2 — 0,
t€(0,T

sup ||Vud (t) — YV, (t)||2 — 0.
te[0,T)

Hence we can conclude that 2 = z, Vi = Vu and the whole sequences z; and u;, satisfy
zn — z weakly in H'([0,T]; L*(D;R™)), (5.36)
uh — u weakly in H'([0,T]; H(D;RY)). (5.37)
It is immediate to see that (ev0). follows from the construction of (z,,v,) and from
(5.30), (5.31).
Since u(t) € Hp (0) for every t € [0,T] also (evl). is immediate.
We prove now (ev2).. From the construction of uy and (5.11), it follows that
(on(t) + Ry (t) +e(Vag (1) + Vi (1), Va) = (U (1) + R, (t), @), (5.38)
for every @ € H{ (0), where RY(t) := o}t — o}, and R (t) := Iith = I for ¢} <t < tif!.
Thanks to (5.26), sup;cjo,7] | RL (¢)|| 11y — 0. Using the fact that N is 1/e-Lipschitz,
(W.2), the hypothesis on ¢, and (5.15), (5.16), we deduce that sup,c(o 7y || (t)[l2 — 0.

From (5.14) we deduce that fOT V@2 (t)|3 dt is uniformly bounded with respect to n
and then Vep — V¢ weakly in L*([0, T]; L2(D; RN *)).
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Thus t — o, (t)+R%(t)+e(Vas (t)+ Vs (t)) weakly converges in L2([0, T]; L2(D; RV *4)
to t = o(t)+e(Vu(t)+Ve(t)); t — U, (t))+ R (t) strongly convergesin L2([0,T]; H'(D;RN)*)
to U(t) as n — 4o0.

Therefore from (5.38) we can obtain (ev2),.

Finally we prove (ev3).. From the construction of z; and (5.10), it follows that
52(t) = N2 (Cu(6) + RE(H) ae.in D,

where RZ(t) := N5 (CiH1) — N&(¢Y), for 8, < t < i+l
Repeating the previous argument we deduce that sup;co 7 [|R7(t)|l2 — 0, as n — o0,
so that, taking into account (5.34), we conclude that

sup [|25 (t) — Ni(¢(t))[[2 — 0. (5.39)
te[0,T)

In particular this implies that 22 converges strongly in L*°([0,T]; L?(D;R™)) and the
limit must coincide with %, thanks to (5.36); hence from (5.39) we obtain
2(t) = N (¢(¢)), ae.in D,
for a.e. t € [0,T].
5.4. Uniqueness. It remains to show that the solution of the e-regularized problem is
unique.

Let (z1,v1), (22,v2) be two solutions of the e-regularized problem in the time interval
[0,T] with external load I, boundary datum ¢, and initial condition (zq,vp), and set

Ci(t) = =Gy (zi(1), Voi(1)),
oi(t) = G (zi(1), Vi (1),
for i =1,2.
In particular the following equations hold for a.e. t € [0, T:
zi(t) = Nk (¢i(t)) a.e. in D,
(oi(t) +eVv(t), Vay = (I(t),a) for every @ € Hp (0),
for i =1,2.
Hence, for a.e. t € [0,T], for every z € L*(D;R™), and every @ € Hyf (0), we have
(Voi(t) — Voo(t), Va) + (21(t) — 22(t),2) =
= —2(o1(t) = o2(t), Vi) + (N (1 () — N (C2(1)), 2).

Therefore, by integration and (ev0)., we obtain
<V’U1(t) - va(t), V&) + <Z1(t) - Zg(t), 2> = (540)

[ 1= 21~ 02060, Vi + (N5 61 (9) = N (Ga(o0). 3] s

We observe that vy (t) — va(t) € Hf (0), for every t € [0,7]. Hence we can take z =
z1(t) — z2(t), @ = v1(t) — va2(t), and we derive from (5.40) the following estimate:

121() = z2(t)[|2 + VUi () = Voo (t)]l2 <
MT/ [(I21(5) = z2(s)ll2 + [ Voi(s) — Vva(s)ll2)] ds,
0

for a suitable positive constant M’ and for a.e. t € [0,T].

Hence Gronwall’s inequality guarantees that z1(t) = z2(t) and vy(t) = va(t), for a.e.
t € [0,T]; since, for i = 1,2, z; and v; are absolutely continuous functions from [0, 7] into
L?(D;R™) and H*(D;RY), respectively, we have the thesis.
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6. SOME PROPERTIES OF THE SOLUTIONS OF THE REGULARIZED PROBLEMS

In this section we want to point out some useful properties satisfied by the solutions of
the e-regularized problems.

Remark 6.1. In the special case of I = 0, Ty = 90, @(t,x) = F(t)x, for F(t) €
H([0, T]; RN*4) | for every t € [0,T] and a.e. x € D, and vo(x) = F(0)z, 20 = 0y € R™,
the solution (v., z.) of the e-regularized problems satisfies the following properties:

(1) ve=¢
(2) x> z.(t,x) is a.e. constant on D, for a.e. t € [0,T].

Indeed the Cauchy problem

{ 0-(t) = N (— ¥ (0-(t), F(t)))
0.(0) = 6,

has a unique solution 6. : [0, 7] — R™, since the right hand side is Lipschitz.
The function (z.(t),v.(t)) = (6-(t),p(t)) satisfies conditions (ev0)., (evl)., (ev2)e,
(ev3)e, and (ev4), hence by uniqueness it is the solution of the e-regularized problem.

Using the energy equality, we can prove the following bounds on the solution of the
e-regularized problems.

Lemma 6.2. Let ¢, 1, zp, vo, and T > 0 be as in Definition (4.1). Then there exists a
positive constant C', independent of €, such that

T
sup [lze(t)]|l2 < C',  Varg(z:;0,T) <, 8/ 12-(s)3 ds < C', (6.1)
te[0,T) 0
T
sup [|Vo. (b)) < ', 5/ Vo (s)]|2 ds < C". (6.2)
te[0,T] 0

Proof. The proof can be obtained from the energy equality for (z.,v.) reasoning as in the
second step of the proof of Theorem 4.6.
O

Remark 6.3. From (6.1) and (6.2) we can deduce that, for every sequence ¢ — 0, we have
exze, — 0 and e, V., — 0 strongly in L2([0,T]; L*(D; R™)) and L2([0,T]; L?(D; RN *4)),
respectively. In particular
erze, () — 0 strongly in L?(D;R™), (6.3)
ex Ve, (t) — 0 strongly in L?*(D;RY), (6.4)

for a.e. t € [0,T].

7. APPROXIMABLE QUASISTATIC EVOLUTION

In this section we give the definition of approximable quasistatic evolution in terms both
of stochastic processes and of compatible systems of Young measures. We prove an existence
result and that this evolution satisfies suitable properties of equilibrium, dual constraint and
an energy inequality, so that it can be considered as a solution of our evolution problem.

7.1. Approximable quasistatic evolution in terms of stochastic processes. Here we
give the definition using a probabilistic language.

A probability space of the form (D xQ, B(D)®F, P), where B(D) is the Borel o-algebra

on D, (Q,F) is a measurable space, and P a probability measure on B(D) ® F satisfying
7p(P) = L%, will be called (D, £%) -probability space.
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Definition 7.1. A stochastic process (X¢)ic[o,7] defined on a (D, £4)-probability space
(D x Q,B(D) ® F,P) is said to be 2-weakly* left continuous if for every finite sequence
t1 <--- <ty in [0,T] we have

(WD,XS{,---,X j)(P)A(TrDaXtU"'vXt )(P)

Sn n
as j — oo, whenever s] — t; and s <t; for i=1,...,n.

Definition 7.2. Given a subset © of [0,7] satisfying £([0,7]\ ©) = 0, a stochastic
process (X)iepo,7] defined on a (D, £%)-probability space (D x Q,B(D) ® F, P) is said to
be ©-2-weakly* approximable from the left if for every t € [0, T]\ O there exists a sequence
s’ in © converging to t, with s/ <t and

(7p, X 4i)(P) = (7p, X¢)(P) 2-weakly* (7.1)
as j — 0.

Remark 7.3. Note that the notion of 2-weakly* left continuity is much stronger than O-
2-weakly* approximability from the left: indeed the first one requires that the convergence
condition is satisfied not only for a single time but for every finite sequence of times, and
does not depend on the choice of the sequence s! approximating ¢;.

Definition 7.4. Given a boundary datum ¢ € H'([0,T]; H*(D;RY)), an external load
1€ HY([0,T); H'(D;RY)*), an initial condition (29, vo) € L?(D;R™) x A(0) satisfying (4.1)
and (4.2), and T > 0, an approzimable quasistatic evolution of stochastic processes in the
time interval [0,77] is a pair of stochastic processes (Z, Y¢)¢cjo,7) on a (D, L4)-probability
space (D x Q,B(D)® F, P), with Z; € L?(D x Q;R™) and 2-weakly™* left continuous and
Y; € L?(D x Q;RV*4) | for which there exist a positive sequence ¢; — 0 and a subset
O of [0,7] with 0 € © and L£([0,7]\ ©) = 0, such that the solutions (z.,,v.,) of the
e-regularized problems satisfy the following conditions:

(a) for every finite sequence t1 < --- < t, in ©, we have
(TDy 2e, (t1), -y 22, (b)) (P) = (7D, Z4yy ..., Z¢, ) (P) 2-weakly*
as k — oo;
b) for every t € O, there exists a subsequence (g;t); of (ex)x, possibly depending on
y kt ) y g
t, with
(7D, ze,, (1), Ve, (1)) (P) = (7D, Z1, Y)(P)  2-weakly™,

as j — oo and

limsup[(or, (), V@(£)) + 1(1), v, (1))] =

ek
= lim[(o.,, (1), Ve (t)) + (L), ve,, (1))];
Kkt J J
J
(¢) (Z1,Y)iepo,r) is ©-2-weakly™ approximable from the left, for every ¢t € © (6.3)
and (6.4) hold, and for every t € © \ 0 (4.3) and (4.4) hold for every ¢y.

In Theorem (7.13) we will prove that the evolution defined in this way satisfies properties
(1.6), (1.7), and (1.8). Since the proof will be given using the language of Young measures,
we translate the previous definition in terms of Young measures.

7.2. Approximable quasistatic evolution in terms of Young measures. The defini-
tion of approximable quasistatic evolution is now presented in terms of Young measures.

We recall that a compatible system p € SY?2([0,T], D;RM) is said to be left continuous
if for every finite sequence ¢t; < --- < t, in [0,T

Fsi si = Hiyt, 2-weakly™
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as j — oo, whenever s] — ¢; and si < t; for i = 1,...,n. We denote the set of such

compatible systems by SY?([0,T], D;RM).

Definition 7.5. Given a subset © of [0,7] with £([0,7]\ ©) = 0, a family of Young
measures v € Y2(D;RM)07T] is said to be ©-2-weakly* approzimable from the left if for
every t € [0,T]\ © there exists a sequence s/ in © converging to t, with s/ < ¢, such that

v, — vy 2-weakly* (7.2)
as j — o0.

Definition 7.6. Given a boundary datum ¢ € H'([0,T]; H*(D;RY)), an external load
Il € HY([0,T); HY(D;RY)*), an initial condition (z9,v9) € L?(D;R™) x A(0) satisfying
(4.1) and (4.2), and T > 0, an approzimable quasistatic evolution of Young measures in
the time interval [0, 7] is a pair (v, pu) € Y2(D;R™ x RN*)071 » §y2([0, T], D; R™), for
which there exist a positive sequence £, — 0 and a subset © of [0,7] with 0 € © and
L([0, 7]\ ©) = 0, such that the solutions (z.,,v,) of the gj-regularized problems satisfy
the following conditions:

(a) for every finite sequence t; < --- < t,, in © we have

O(zey, (11)zer () — Moty o, 2-Weakly™,

as k — oo;
(b) for every t € ©, there exists a subsequence (ey¢); of (e)k, possibly depending on
J
t, with

6(z€kr:(t),Vv5M. (1)) — V¢ 2-weakly™®, (7.3)
J J

as j — oo and

limsup[(oe, (£), Ve (t)) + {U(t), ve, (1)) =

€k
= liml{o,, (1), V(1) + {1(0) ve,, ()] (7.4)
Kt J J
J
(¢) v is ©-2-approximable from the left, for every ¢ € © (6.3) and (6.4) hold, and for
every t € ©\ 0 (4.3) and (4.4) hold for every ¢y.

In the next subsection we will show that an evolution defined in this way, besides fulfilling
the selection criterion mentioned in the Introduction, satisfies also conditions (1’) and (2’)
suitably reformulated in terms of Young measures. In particular the technical condition
(7.4) will be crucial to apply the argument in [5, Section 7].

Before stating this result, we clarify in which sense the notions of evolution given in terms
of stochastic processes and in terms of Young measures are equivalent, and we make some
technical remarks which will be useful in the proof of the main theorem.

Remark 7.7. If (v, ) is an approximable quasistatic evolution, then mpyrm (V) = p,,
for every t € [0,T]. Indeed if t € ©, we have 6., . — p, and 0z, , vo. ,) — Vi 2-
Kt Rt ekt

) = 0z,

J .
prove the claim for ¢ € ©. Let now t € [0,7]\ O, and let s7 — t a sequence satisfying
(7.2); we have vy — vy 2-weakly* and p,; — p, 2-weakly™® by left continuity of p, but
Toxrm (Vi) = pg; for every j, hence we have the thesis for every ¢ € [0, T.

J J
. TDxRm (v:) 2-weakly* and this

weakly™; in particular mpxrm (2, | Vo, ,
A kt
J J

Remark 7.8. If (Z;,Y})cj0,7) is an approximable quasistatic evolution of stochastic pro-
cesses, the pair (v, p) € Y2(D;R™ x RVN*OT] » §¥2((0,T], D; R™) defined by

v, :=(mp, Z;,Y)(P) for everyt e [0,T]
Wy, 4 = (D, Zy4,, ..., Zy,)(P) for every finite sequence t; < --- < t, in [0,T7,
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is an approximable quasistatic evolution of Young measures.

On the other side, thanks to Remark 7.7 and Theorem 2.1, given an approximable qua-
sistatic evolution of Young measures (v, u) there exists a stochastic process (Z¢, Y¢)ie(o,1]
such that

(7p, Z,Y)(P) =v, foreveryte[0,T]
(D, Z4,,...,Zs,)(P) = py, ,, for every finite sequence t; < ..., in [0,77;

in particular (Z¢, Yy)¢cjo,7) is an approximable quasistatic evolution of stochastic processes.

Remark 7.9. If (v, u) € Y2(D;R™ x RV*)0T] 5 §Y2([0,T], D; R™) is an approximable
quasistatic evolution of Young measures, for every t € [0,7T] there exists a unique function
v(t) € A(t) such that Vu(t) = bar(rpyrnxa(vy)), where bar(mpyraxa(v;)) denotes the
barycentre of the Young measure mpypnxa(v:). Indeed, if ¢t € © this follows from condition
(b) of Definition (7.6) and [8, Lemma 4.9]; if ¢t € [0, T]\ © we observe that if s/ is a sequence
satisfying (7.2), then

Tv2(p(t)7V4p(Sj)(VSj) — Vg 2-Weak1y*;
hence we can use again [8, Lemma 4.9] to obtain the thesis.
Translating the previous remark in terms of stochastic processes we obtain the following

Remark 7.10. If (Z;,Y})ie0,r) is an approximable quasistatic evolution of stochastic
processes, for every ¢ € [0,T] there exists a unique function v(t) € A(t) such that Vo(t) =
bar((wp, Y:)(P)).

Remark 7.11. If (v, u) € Y?(D;R™ x RV*9)0T] x §Y2([0, T], D; R™) is an approximable
quasistatic evolution of Young measures, for every ¢ € [0,7] we define

ow

olta)= [ SE0.F) awio.F) (7.5)
ow

)= [ S0P dvi(0.F), (76)

for a.e. * € D. For every t € [0,7] we have that o(t) € L%(D;RN¥*4) and ((t) €
L?(D;R™): this comes immediately from (W.2), from 7p(v;) = £¢, and from the fact
that v; € Y2(D;R™ x RV¥X9)_ In the language of stochastic processes o(t) and ¢(t) can
be characterized as the unique elements of L?(D;RY*4) and L?(D;R™), respectively, such
that

ow

/Da(t,x)g(x) dr = /DXQ 8—F(Zt(x,w),Yt(x,w))g(:C) dP(z,w), (7.7)
ow

DC(t,:v)h(x) dx = /stz —W(Zt(x,w),Yt(:v,w))h(x) dP(z,w), (7.8)

for every g € L2(D;RN*4) h € L?(D;R™), where (Z;, Y)tcjo,1) is the stochastic process
corresponding to (v, ).

7.3. Properties of an approximable quasistatic evolution.

Definition 7.12. Given a stochastic process (X)icpo, 77 on a (D, L?)-probability space
(D x Q,B(D)® F,P), with X; € L*(D x Q;R™), we define the dissipation associated to
(Xt)te[o,T] as

k

Vary (X, P;0,t) := supz H(X,(z,w) — Xy, ,(x,w)) dP(z,w) < o0,
— Jpxa

where the supremum is taken over all finite partitions 0 =ty < --- <ty =t.
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The next theorem shows that an approximable quasistatic evolution of stochastic pro-
cesses satisfies suitable properties of equilibrium, dual constraint, and energy inequality.

Theorem 7.13. Let ¢, 1, (20,v0), €k, and T > 0 be as in the Definition (7.4). If
(Z+,Y4t)ieio,1) is an approvimable quasistatic evolution of stochastic processes, then the fol-
lowing conditions are satisfied:
(ev0) initial condition : (Zy,Y o) = (20,v0);
(evl) kinematic admissibility : for every t € [0,T], there exists a unique function v(t) €
A(t) such that Vo(t) = bar((mp, Y:)(P));
(ev2) equilibrium condition : for every t € [0,T] and every u € H{ (0),

(o(t), Va) = (1(t), u);

ev3) dual constraint : ¢(t) € OH(0), for every t € [0,T];
evd) energy inequality: for every t € [0,T] the map

t = [{o(t), Ve(t)) — (1), (1)),

where v(t) is the function appearing in (evl), is integrable on [0,T], and we have

—~

- W(Z(z,w),Yi(z,w)) dP(z,w) — (I(t),v(t)) + Varg (Z, P;0,t) <

< W(zo,v0) — (1(0), vo) +/0 (o(s), Vip(s)) ds +

—/O [((5), (s)) + (U(s), v(s))] ds.

Thanks to Remark 7.8, to prove the previous theorem it is enough to prove the equivalent
version for Young measures.

Definition 7.14. Given a compatible system p € SY?2([0,T], D;R™), we define the dissi-
pation associated to p as

k

Varg (p;0,t) := SUpZ/ H(0; —0;-1) dpy, 4, (x,00,...,0k) < o0,
i—1 Y Dx(Rm)k+1

where the supremum is taken over all finite partitions 0 =ty < --- <ty =t.

Theorem 7.15. Let @, l, (20,v0), €k, and T > 0 be as in the Definition (7.6). If (v, ) €
Y2(D;R™ x RNXHOT] 5 §Y2([0,T), D;R™) is an approzimable quasistatic evolution of
Young measures, then the following conditions are satisfied:

(ev0) initial condition : Vo = 62y .v,) 5
(evl) kinematic admissibility : for every t € [0,T], there exists a unique function v(t) €
A(t) such that

Vo(t) = bar(mpyryxa(Vy)); (7.9)
(ev2) equilibrium condition : for every t € [0,T] and every u € Hf (0),
(o(t), Vi) = (U(t), w); (7.10)

(ev3) dual constraint : ¢(t) € OH(0), for every t € [0,T];
(evd) energy inequality: for every t € [0,T] the map

t = [(o(t), V(1)) — {L(1), v(t))], (7.11)
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where v(t) is the function appearing in (evl), is integrable on [0,T], and we have
/ W(0,F) dvi(z,0,F) — (I(t),v(t)) + Varg (p; 0,t) <
D xR™ xRN xd
¢
< W(zo,v0) — (1(0), vo) —|—/ (o(s), Vip(s)) ds +
0

—/O [((5), (s)) + (U(s), v(s))] ds.

Proof. Let (v, ) be an approximable quasistatic evolution of Young measures.
Condition (ev0) follows immediately from condition (b) of Definition (7.6) and (ev0)c ,, -
3

Condition (evl) has been proved in Remark 7.9.
We now prove (ev2); we observe that condition (b) and (W.2) imply that

0., (t) = o(t) weakly in L*(D;RV*?), (7.12)
J
for every t € ©, where (5k§ ); is the sequence appearing in (b). Hence, for every ¢t € © \ 0
(7.10) follows from (ev2).,, , (7.12), and condition (c) of Definition 7.6, while for ¢t =0 is a
J .
direct consequence of (4.1), (ev0) , , and (7.12). If t € [0,7]\ ©, let s’ <t be a sequence
3

satisfying (7.2); from (7.10) for s7, we can obtain (7.12) for ¢, using the continuity of the
map 1: [0,7] — HY(D;RN)*.
We show now (ev3). As for o it is easy to see that

¢, (t) =C(t) weakly in L*(D;R™), (7.13)

for every t € ©, where (ak§ ); is the sequence in (b). Thanks to (c), (7.13) implies that
Cepo () — et 22, (t) = C(t) weakly in L?(D;R™), for every t € ©, and thus, since dH(0)
is sequentially weakly closed in L?(D;R™), we obtain from (c) and (ev3). , that

Kkt
J
¢(t) € OH(0), (7.14)
for every ¢t € © \ 0, while for ¢ = 0 it comes immediately from (4.2), (ev0).,, , and(7.13).
For t € [0,T]\ ©, (7.14) follows now easily from (7.2). ’

Finally we want to prove (ev4). First of all we observe that if (e4:); is the sequence
J
appearing in (b), we have

Ve, (t) = v(t) weakly in H'(D;RY); (7.15)
hence

(o(t), Ve(t)) — <i(t)av(.f)> = (7.16)
= limksup[@fsk (1), V(1)) — (U(t), v, (1))]

for every t € ©, thanks to (7.12), (7.15), and (7.4). Therefore the map (7.11) is measurable
on [0,T]. Moreover, from Lemma 6.2 we deduce that

[(o=(t), Ve(t)) — <i(§)7va(f)>| < (7.17)
< Vel + L) ayels

Hence, thanks to the hypotheses on ¢ and ! and to (7.16), the map (7.11) is integrable on
[0,77].
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Fix t € O and let (g4¢); be the sequence appearing in (b); since the term containing W
J
is weakly lower semicontinuous and the variation is weakly lower semicontinuous too, thanks
to condition (a) of Definition 7.6, we have

/ W0, F) dvy(z, 0, F) — (L(t), (1)) + Vars (10, 1) <
DxR™ xRN xd

< lim inf [W(zgk; (1), e, (8)) = (U(E), e, (1) + Vars (2,0, t)] .

Using (evd)e,, and (3.2), we deduce that
i

/ W(O,F) dv(x,0,F) — (I(t),v(t)) +
DxR™ xRN xd

< W(z0,v0) = ({1(0),v0) — [ {U(s),(s)) ds +

Hlimsup [ (02, (5. 99() = (5. ve,, ()] ds

J J
We can deduce, using Fatou Lemma thanks to (7.17), that

timsup [ [l (5). V(o) = (0(s). v, ()] ds <

J

< lim sup / (02, (5), V(s)) — (i(5), ve, (5))] ds <
k 0

g/ limsup[{o¢, (s), Vi(s)) — <i(8)7v€k (s)] ds.
0 k

Thanks to (7.4) this implies that

/ W(0,F) dvy(z,0,F) — (I(t),v(t)) +
DxXRm xRN xd

Varg (p;0,t) < (7.18)

< W(zo0,v0) — (1(0), vo) —/0 (1(s),p(s)) ds +
+ [ 06,99 (6)) ~ ({(s),0(s)] d.
0

Let now ¢ € [0,7]\ © and let s/ — t be a sequence satisfying (7.2); it is easy to verify
that

Varg (p;0,t) < lim inf Varg (u; 0, s7),
j

hence (ev2) for ¢ can be deduced from (7.18) for s7. O

The following result is an existence theorem for approximable quasistatic evolution of
stochastic processes.

Theorem 7.16. Given an external load 1 € H*([0,T); H*(D;RN)*), a boundary datum
¢ € HY[0,T); H(D;RY)), an initial condition (z0,vo) € L?*(D;R™) x A(0) satisfying
(4.1) and (4.2), and T > 0, there exists an approximable quasistatic evolution of stochastic
processes (or of Young measures) in the time interval [0,T].

Proof. Thanks to Remark (7.8), it is enough to prove that there exists an approximable
quasistatic evolution of Young measures. Fixed a positive sequence e — 0, let (2¢,,vs,) be
the solution of the e-regularized problem in the time interval [0, 7], with external load [,
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boundary datum ¢ and initial condition (zg,vg). Thanks to (5.15) and (H.2) we are in the
hypothesis of Helly’s Theorem for compatible systems of Young measures (see [8, Theorem
4.10]). Therefore, by passing to a subsequence still denoted by (ex)x, we can conclude that
there exist © C [0,T], with 0 € © and £([0,7]\ ©) = 0, and p € SY?2([0,T], D;R™),
which satisfy condition (a) of Definition 7.6.

Thanks to Remark 6.3, we can assume that (6.3), (6.4) hold for every ¢ € ©, by choos-
ing a subset of O if necessary; analogously we can assume that (4.3) and (4.4) hold for
every t € ©\ 0 and every e;. For every ¢ € © select a subsequence (ak;)j of (ek)k
which satisfies (7.4); thanks to (5.15) and (5.16), we can apply [8, Lemma 4.13] to the
sequence of compatible systems (5(z5k1vl,5k))k and we obtain a family of Young measures
v € Y2(D;R™ x RVX)OT] which is ©-2-weakly* approximable from the left and satisfies
(7.3), for a suitable subsequence of (5k§ )j. This proves (b) and (c).

O

8. A FINITE DIMENSIONAL EXAMPLE

In this section we will propose the complete analysis of the approximable quasistatic
evolution for a concrete case, in which the hypotheses of Remark 6.1 are fulfilled and hence
the internal variable and the gradient of the deformation are functions from [0,7] into a
finite dimensional space.

Let consider the case d = N =m =1, D =(0,1), and I'g = {0,1}. We assume H = |-|,
1l =0, and

W(0,) = 1)y — a®))® + (1 = n(y))y*] + b(6) for every 6.y €R,  (8.1)
where a € C?(R) is bounded with its first and second derivative and a() = 6 if 0] < 2,
n € C2(R) is a cut off-function with n(y) =y if |y| < 7+ 5¥(2), and b is a C? function
satisfying the following properties, for every 6 € R (see Figure 1):

(b.1) b(0) > ch? + d, for suitable positive constant c, d;

(b.2) b(8) + 160 + 1| > 2, for every 0 # —1;

(b.3) b has a local minimum at —1, with b(—1) = 2, a global minimum at 1, with

b(1) < 1, and a local maximum in 0, and there are no other local extrema;

(b.4) 50" + 1 is bounded and has exactly two zeros, —1 < 6; < 0 < 6y < 1, with

b'(6h) <V(2).

It is immediate to verify that such a W satisfies hypotheses (W.1) and (W.2).

Let us fix T such that 6+61+5b'(61) < T < 8+5b/(2); we will study the approximable
quasistatic evolution in the time interval [0, T] with (¢, z) := (t — 1)z for every ¢ € [0, T
and every z € [0, 1] (which corresponds to the boundary condition v(¢,0) = 0 and v(¢,1) =
t — 1), and initial condition (zg,vg) = (=1, ¢(0)).

Theorem 8.1. Let W, I, H, ¢, T, and (z0,v0) satisfy the assumptions at the beginning
of this section. Then the unique approximable quasistatic evolution corresponding to this
data s given by

v(t,z) = p(t,z) for everyt € [0,T);
-1 for0<t <5
z(t,x) = 2(t) == < z1(t) forb <t <ty (8.2)
zo(t) fort1 <t<T

where t1 := 6461 +5b'(01), for every t € [5,t1] z1(t) is the unique solution in the interval
[—1,61] of the equation

Lt —1-0(6) V(00 = 1, (8:3)
and for t € (t1,T] z2 is the unique solution of (8.3).
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FIGURE 1. The function b

Proof. We are in the case of Remark 6.1, hence the solution (v, z.) of the e-regularized
problem is

ve(t,x) == p(t,x), (8.4)
z:(t,x) = z:(¢), (8.5)
where z. is the solution of the Cauchy problem
Ze(t) = 2[ = Wo(ze(t),t — 1) — Py (— We(ze(t),t — 1))] (8.6)
z:(0) = -1, '

where P_y qj is the projection on the interval [—1, 1]. By the upper bound on 7', —Wy(0,t—
1) takes the form

g(tve) = %(t -1- 9) - b/(e)v
for every ¢ € [0,T] and for every |0 < 2. Hence the equation in (8.6) becomes

g(tv Zs(t>) -1 if g(ta Zs(t)) >1
e2.(t) = {0 it |g(t, 2 (0)] < 1 (8.7)
g(t,z(t) +1 if g(t,2.(1)) < -1

until |z.(¢)| < 2. For every ¢ let ¢ be the greatest time in [0,7] such that |z.(¢)| < 2 for
every t € [0,.]. In particular z.(f.) = 2. Since 0 < g(¢,—1) = 1t < 1 for ¢ € [0,5], we have
ze(t) = —1, for every t <5 and every . In particular we have g(5,2.(5)) =1 and t. > 5.
It is easy to see that g(t,z.(t)) > 1 for ¢t > 5. Indeed let U, be the open set {t € (5,t.) :
g(t,ze(t)) < 1} and let (o, 3) be any connected component of U,. Since g(a, z:(a)) =1,
there exists 0 < §. < 3 — « such that 0 < g(¢, 2:(t)) < 1 for every ¢ € (a, & + ¢ ) ; therefore
Ze(t) = 0 for every t € (o, v + .), in particular z.(t) = z.(«). Since g(-,ze()) is strictly
increasing (indeed %(f,@) = £), we have 1 = g(a, 2.(a)) < g(t,2-(a)) = g(t, 2(t)) for
every t € (o, + 0¢), which contradicts ¢(¢t, z:(t)) < 1. Hence U. = @ and g¢(¢,2:(t)) > 1
for every t € [5,t.]. Thanks to the upper bound on T we have g(T,2) < 1, but, if t. < T,
we have 1 < g(te, ze(te)) = g(te,2) < g(T,2) which contradicts g(T,2) < 1. Therefore

te =T for every e, and g(t, z.(t)) > 1 for every t € [5,T].
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Hence we can conclude that, for ¢ € (5,T], z. is the unique solution of the equation
eze(t) = g(t, z(t)) — 1. (8.8)
Note that
Jg

S2(t,0) = —L(1+50"(9)),

for every t and 6. Therefore from (b.4) we know that dg/00 has exactly two zeros ¢; and
0> with —1 <60, <0<6y <1.

First of all we want to show that there exists a unique solution z1(t) € (—1,61) to the
equation

g(t,2(t)) = 1, (8.9)
for t € (5,t1) where t; =6 + 601 + 5'(01). Note that g(¢1,61) = 1; since g(-, ) is strictly
increasing for every 6, we have g(t,—1) > ¢(5,—1) = 1 = g(t1,61) > g(¢,61) for every
t € (5,t1); hence for every ¢t € (5,¢1) there exists a unique z1(t) € (—1,0) solving (8.9)
(because %(t, -) never vanishes on (—1,6;)). By the Inverse Function Theorem the map
t +— z1(t) is C' and we can deduce that lim, - 21 (t) = 61 (indeed if not, let 6* be this
limit; we have —1 < 6* < 6y and g¢(t1,6*) = 1, which contradicts the fact that g(¢1,-) is
strictly decreasing on (—1,61)).

It is easy to see that for ¢ > ¢; the equation (8.9) has a unique solution: indeed we can
write

g(t,0) =1 =3 (t — 1) —4(0),

where ¥(6) := £0 4 b'(0) + 1; since, for every ¢ > t1, ¥(0) < (61) = $(t1 — 1) < :(t — 1),
for every 6 < 6, and limy_. o0 ¥(f) = 400, we deduce that the zeros of 1(t — 1) — (f)
exist and are contained in (f2, +00); since in this interval % never vanishes, we can apply
again the Inverse Function Theorem to obtain the existence of a unique continuous function
zo: (t1,T] — R solving (8.9).

We want now to show that z; is the unique approximable quasistatic evolution in [5,¢4].
First of all we observe that, since z.(5) = z1(5) = —1 and €21(¢t) > 0 = g(t,21(¢)) — 1 while
eZe(t) = g(t,z-(t)) — 1, by the comparison principle z1(t) > z.(t) for every t € [5,t1).Let
now fix n > 0 and ¢ € (5,%1); if we show that there exists ¢ such that for every ¢ < g
we have z.(t) € [z1(t) — n, z1(t)] for every t € (5,1), we can conclude that z(t) = z1(¢) on
(5,1). Let

Cy = trer%% glt,z1(t) —n) —1
m:= fél[?f% 21(¢);
we have m < 400 by continuity of %1, and ¢, > 0 because g(t,2z1(t) —n) > g(t,z1(t)) = 1.
Therefore we can find €9 > 0 such that egm < ¢,, and for every ¢ < ¢ we have z1(5) —n <
ze(5), ez1(t) < g(t,z1(t) —n) — 1 while e2.(t) = g(t,2:(t)) — 1, hence z.(t) > z1(t) — n for
every ¢ € (5,1).

Since z is left continuous by definition we can conclude that z(t) = z1(t) for every
te b, t].

Finally we show that z must coincide with zo on (t1,7].

As |ze(t)] < 2 for every t € [0,T] and every e, condition (ev3) satisfied by z can be
written as

g(t,z(t)) € [-1,1]. (8.10)

Since we have proved that g(¢,z.(t)) > 1, for every t > ¢, it follows that z satisfies (8.9),
for ¢ > t1. As this equation has a unique solution zo defined on (¢1,7T'), we can conclude
that z(t) = 22(t) for every t € (t1,T].
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O

We prove now that the approximable quasistatic evolution described in Theorem 8.1 does
not fulfill the requirements of the definition of globally quasistatic evolution given in [8,
Definition 6.12].

Theorem 8.2. The datum (—1,(0)) is stable for the considered problem, but the approz-
imable quasistatic evolution described in Theorem 8.1 does not satisfies global stability, i.e.
there exists t € [0,T], z € L*((0,1)), and @ € H}(0,1) with

W(z(t),t — 1) > /0 W(z(t) + 2(x),t — 1+ @(z)) dz + ||Z||1. (8.11)

Proof. First of all we have to verify that the initial condition satisfies the minimality condi-
tion requested in [8, Definition 6.12]. To this aim we have to check that

1
W(-1,-1) < / W(—1+Z(z), -1+ d'(z)) de+ || 2|1,
0
for every Z € L?((0,1)) and @ € H(0,1); this is immediate because W (—1,—1) = 2, while

1
/O W(=1+2(z), -1+ @ (x)) do + ||Z]|1 >

> [t 5 + e do 2,

thanks to assumption (b.2).
Let now consider t € (4,5], 2 =2, and @ = 0. We have W(z(t),t — 1) = 15(t* + 20),
while thanks to (b.3)

/ Wial e L+ ) o s~
10( 4t+34) (12 +18).
(I
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