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Abstract

Aim of this paper is to show that it makes sense to write the continuity equation on a
metric measure space (X, d, m) and that absolutely continuous curves () w.r.t. the distance
Wa can be completely characterized as solutions of the continuity equation itself, provided we
impose the condition p¢ < Cm for every ¢ and some C' > 0.

Keywords: Absolutely continuous curve, continuity equation, optimal transport, metric
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1 Introduction

A crucial intuition of Otto [13], inspired by the work of Benamou-Brenier [6], has been to realize
that absolutely continuous curves of measures (p;) w.r.t. the quadratic transportation distance Wa
on R can be interpreted as solutions of the continuity equation

8t,LLt + V- (Ut,LLt) = 0, (11)
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where the vector fields v; should be considered as the ‘velocity’ of the moving mass u; and, for
curves with square-integrable speed, satisfy

1
/0 /|vt|2dut dt < oo. (1.2)

This intuition has been made rigorous by the first author, Ambrosio and Savaré in [3], where it
has been used to develop a solid first order calculus on the space (P5(R%), Wy), with particular
focus on the study of gradient flows.

Heuristically speaking, the continuity equation describes the link existing between the ‘vertical
derivative’ Oy (think to it as variation of the densities, for instance) and the ‘horizontal displace-
ment’ v;. In this sense it provides the crucial link between analysis made on the L? spaces, where
the distance is measured ‘vertically’, and the one based on optimal transportation, where distances
are measured by ‘horizontal’ displacement. This is indeed the heart of the crucial substitution
made by Otto in [13] who, to define the metric tensor g,, on the space (%5(R?), W5) at a measure
p = pL? considers a ‘vertical’ variation dp such that [§pdL? = 0, then looks for solutions of

6p ==V -(Vep), (1.3)
and finally defines
9:(0.80) = [ 196l dn (1.4)

The substitution (1.3) is then another way of thinking at the continuity equation, while the defi-
nition (1.4) corresponds to the integrability requirement (1.2).

It is therefore not surprising that each time one wants to put in relation the geometry of optimal
transport with that of LP spaces some form of continuity equation must be studied. In the context
of analysis on non-smooth structures, this has been implicitly done in [5,10] to show that the
gradient flow of the relative entropy on the space (Z25(X), Ws) produces the same evolution of
the gradient flow of the energy (sometime called Cheeger energy or Dirichlet energy) in the space
L?(X,m), where (X,d, m) is some given metric measure space.

The purpose of this paper is to make these arguments more explicit and to show that:

i) It is possible to formulate the continuity equation on general metric measure spaces (X, d, m),

ii) Solutions of the continuity equation completely characterize absolutely continuous curves
() € P2(X) with square-integrable speed w.r.t. Wy and such that p; < Cm for every
t € 0,1] and some C > 0.

In fact, the techniques we use can directly produce similar results for the distances W, p € (1, 00),
and for curves whose speed is in L! rather then in some LP, p > 1. Yet, we prefer not to discuss
the full generality in order to concentrate on the main ideas.

Let us discuss how to formulate the continuity equation on a metric measure space where no a
priori smooth structure is available. Notice that in the smooth setting (1.1) has to be understood
in the sense of distributions. If we assume weak continuity of (u), this is equivalently formulated
as the fact that that for every f € C°(R?) the map t | f dpe is absolutely continuous and the

identity
d
&/fdut z/df(vt)dut,

holds for a.e. t € [0,1]. In other words, the vector fields v; only act on differential of smooth
functions and can therefore be thought of as linear functionals L; from the space of differentials of

smooth functions to R. Recalling (1.2), the norm ||L¢||;, of L; should be defined as

1 . 1
Sl = sw L)~ [1afPdu,
fEC (RY)

so that being () 2-absolutely continuous is equivalent to require that ¢ — [ L¢|[, € L*(0,1).



Seeing the continuity equation in this way allows for a formulation of it in the abstract context
of metric measure spaces (X,d, m). Indeed, recall that there is a well established notion of ‘space
of functions having distributional differential in L?(X, m)’, which we will denote by S*(X) =
S%(X,d,m) and that for each function f € S?(X) it is well defined the ‘modulus of the distributional
differential |Df| € L*(X,m)’.

Then given a linear map L : S*(X) — R and p such that u < Cm for some C' > 0 we can define
the norm |||}, as

1 1
S = sw (f)~ 5 [1DfP du (15)
fes2(x)
Hence given a curve () C P2(X) such that gy < Cm for some C' > 0 and every ¢ € [0, 1] and
a family {L;}1ejo,1) of maps from S?(X) to R such that f01(||LtHLt)2 dt < oo, we can say that the
curve (u) C Po(X) solves the continuity equation

Orpe = Ly,
provided:
i) for every f € S?(X) the map ¢t — [ fdpu, is absolutely continuous,
ii) the identity
G [ £ =L, (16)
holds for a.e. t.

Then we show that such formulation of the continuity equation fully characterizes absolutely con-
tinuous curves (1) with square-integrable speed on the space (H5(X), Wa), provided we restrict
the attention to curves such that p; < Cm for some C' > 0 and every ¢ € [0, 1]. See Theorem 3.5.

Concerning the proof of this result, we remark that the implication from absolute continuity
of (u¢) to the ‘PDE’ (1.6) is quite easy to establish and follows essentially from the definition of
Sobolev functions. This is the easy implication even in the smooth context whose proof carries over
quite smoothly to the abstract setting, the major technical difference being that we don’t know if
in general the space S?(X) is separable or not, a fact which causes some complications in the way
we can really write down the equation (1.6), see Definition 3.4.

The converse one is more difficult, as it amounts in proving that the differential identity (1.6)
is strong enough to guarantee absolute continuity of the curve. The method used in the Euclidean
context consists in regularizing the curve, apply the Cauchy-Lipschitz theory to the approximating
sequence to find a flow of the approximating vector fields which can be used to transport p; to
s and finally in passing to the limit. By nature, this approach cannot be used in non-smooth
situations. Instead, we use a crucial idea due to Kuwada which has already been applied to study
the heat flow [5,10]. It amounts in passing to the dual formulation of the optimal transport problem
by noticing that

1
§W§(u1,uo) :sup/Q1<pdu1 */@d,uo, (1.7)

the sup being taken among all Lipschitz and bounded ¢ : X — R, where @ is the evolution of ¢
via the Hopf-Lax formula. A general result obtained in [5] has been that it holds

liP(Qt@)Q(x) <0
2 - )

for every t except a countable number, where lip(f) is the local Lipschitz constant f. Thus we can
formally write

1
d
/deul—/wduo:/ &/Qt%pdﬂtdt
0

€ Quole) + (18)

1 d 1
by (1o) = [ [ G@wdndrs [ LiQu)at
0 0
bl 2 I e
by (19).18) < [ P qpaee L [z, P g [ 1DQuoP dur
0 0 0



Using the fact that |Df| < lip(f) m-a.e. for every Lipschitz f we then conclude that

1! .
Jawedn— [edm<; [ L) e
0

Here the right hand side does not depend on ¢, hence by (1.7) we deduce

1
W2 (1, 10) < / (L], )? dt,

which bounds W5 in terms of the L;’s only. Replacing 0,1 with general ¢,s € [0,1] we deduce
the desired absolute continuity. As presented here, the computation is only formal, but a rigorous
justification can be given, thus leading to the result. See the proof of Theorem 3.5.

It is worth pointing out that Kuwada’s lemma works even if we don’t know any uniqueness
result for the initial value problem (1.6). That is we don’t know if given pg and a family of operators
L; from S?(X) to R the solution of (1.6) is unique or not, because we “can’t follow the flow of the
L;’s”. Yet, it is possible to deduce anyway that any solution is absolutely continuous.

It is also worth to make some comments about the assumption u; < Cm. Notice that if we
don’t impose any condition on the p,’s, we could consider curves of the kind ¢ — §.,, where v is a
given Lipschitz curve. In the smooth setting we see that such curve solves

at(s’h +V- (726’71) =0,

so that to write the continuity equation for such curve amounts to know the value of v, at least for
a.e. t. In the non-smooth setting to do this would mean to know who is the tangent space at +; for
a.e. t along a Lipschitz curve v, an information which without any assumption on X seems quite
too strong. Instead, the process of considering only measures with bounded density has the effect
of somehow ‘averaging out the unsmoothness of the space’ and allows for the possibility of building
a working differential calculus, a point raised and heavily used in [9]. Here as application of the
continuity equation to differential calculus we provide a Benamou-Brenier formula and describe
the derivative of 2WZ(-,v) along an absolutely continuous curve.

We then study situations where the operators L; can be given somehow more explicitly. Re-
call that on the Euclidean setting the optimal (in the sense of energy-minimizer) vector fields v,
appearing in (1.1) always belong to the L?(ju)-closure of the set of gradients of smooth functions
and that is some case they are really gradient of functions, so that (1.1) can be written as

Orpie +V - (Vypue) = 0, (1.9)

for some given smooth {¢;}+c(o,1), which means that for f smooth it holds

%/fdutZ/df(V@)dur

To interpret the equation (1.9) in the abstract framework we need to understand the duality relation
between differentials and gradients of Sobolev functions on metric measure spaces. This has been
done in [8], where for given f,g € S*(X) the two functions D~ f(Vg) and DT f(Vg) have been
introduced. If the space is a Riemannian manifold or a Finsler one with norms strictly convex, then
we have D™ f(Vg) = DT (Vg) a.e. for every f,g, these being equal to the value of the differential
of f applied to the gradient of g obtained by standard means. In the general case we do not have
such single-valued duality, due to the fact that even in a flat normed situation the gradient of a
function is not uniquely defined should the norm be not strictly convex. Thus the best we can do
is to define D~ f(Vg) and DT f(Vg) as being, in a sense, the minimal and maximal value of the
differential of f applied to all the gradients of g.

Then we can interpret (1.9) in the non-smooth situation by requiring that for f € S?(X) it
holds

d
/D_f(V¢t)d,ut < &/fd,ut < /D+f(v¢t) dpg, a.e. t,



and it turns out that this way of writing the continuity equation, which requires two inequalities
rather than an equality, is still sufficient to grant absolute continuity of the curve.

Notice that in the Euclidean setting, if the functions ¢; are smooth enough we can construct
the flow associated to V¢, by solving

d
aT(x,t,s) = Vi (T(z,t,5)),

T(z,t,t) =z,

so that the curves t — T'(x,t, s) are gradient flows of the evolving function ¢; and a curve () solves
(1.6) if and only if yy = T'(-,¢,0)4uo for every ¢ € [0,1]. Interestingly enough, this point of view
can be made rigorous even in the setting of metric measure spaces and a similar characterization
of solutions of (1.6) can be given, see Theorem 4.6.

We conclude the paper by showing that the heat flows and the geodesics satisfy the same sort
of continuity equation the satisfy in the smooth case, namely

Oepe + V- (V(=log(pe)) i) = 0,

for the heat flow, where u; = pym, and
Oppie +V - (Vypug) = 0,

with ¢ = —Q1-+(—¢°) for the geodesics, where ¢ is a Kantorovich potential inducing the geodesic.
Here the aim is not to prove new results, as these two examples were already considered in the
literature [4,5,9,10], but rather to show that they are compatible with the theory we propose.
We also discuss in which sense and under which circumstances an heat flow and a geodesic can be
considered not just as absolutely continuous curves on (Z2(X), Wz), but rather as C! curves.

2 Preliminaries

2.1 Metric spaces and optimal transport

We quickly recall here those basic fact about analysis in metric spaces and optimal transport we
are going to use in the following. Standard references are [3], [14] and [2].

Let (X,d) be a metric space. Given f : X — R the local Lipschitz constant lip(f) : X — [0, <]
is defined as

: _ = fy) - (=)
lip(f)(z) := yh_I}glc W>
if x is not isolated and 0 otherwise. Recall that the Lipschitz constant of Lipschitz function is
defined as: ) — f@)|
. y)—J\x
Lip(f) :=sup —=———+
] d(d?,y)

In particular, if (X,d) is a geodesic space, we have Lip(f) = sup, lip(f)(z).
A curve v : [0,1] — X is said absolutely continuous provided there exists f € L(0, 1) such that

d(ys, 1) < /tsf(r) dr,  Vt,s€|0,1], t <s. (2.1)

For an absolutely continuous curve 7 it can be proved that the limit

lim d(%+h, %)’
h—0 ||

exists for a.e. t and thus defines a function, called metric speed and denoted by |¥:|, which is in
L'(0,1) and is minimal, in the a.e. sense, among the class of L!-functions f for which (2.1) holds.



If there exists f € L?(0, 1) for which (2.1) holds, we say that the curve is 2-absolutely continuous
(2-a.c. in short). In the following we will often write fol |4¢|? dt for a curve  which a priori is only
continuous: in this case the value of the integral is taken by definition +oo if v is not absolutely
continuous.

The space of continuous curves on [0, 1] with values in X will be denoted by C([0,1], X) and
equipped with the sup distance. Notice that if (X, d) is complete and separable, then C([0,1], X)
is complete and separable as well. For ¢t € [0, 1] we denote by e; : C([0,1], X) — X the evaluation
map defined by

et(y) ==, vy e C([0,1], X).
For t,s € [0,1] the map restr] from C([0, 1], X) to itself is given by

(restryy), := Vitr(s—t)> vy € C([0,1], X).

The set of Borel probability measures on X is denoted by #(X) and %5(X) C P (X) is the
space of probability measures with finite second moment. We equip H2(X) with the quadratic
transportation distance W5 defined by

Wi(p,v) = inf/dQ(w,y) dy(z,y), (2.2)
the inf being taken among all v € £(X?) such that
Y = 1,
2y = v.

Given ¢ : X — RU {—o0} not identically —co the c-transform ¢¢: X — R U {—oo} is defined by

d*(z,y)
°(y) := inf —2H — .
Py) = inf —5 o(x)
¢ is said c-concave provided it is not identically —oo and ¢ = 9° for some 9 : X — R U {—oc0}.
Equivalently, ¢ is c-concave if it is not identically —oo and ¢ = ¢. Given a c-concave function ¢,
its c-superdifferential 9°p C X? is defined as the set of (z,y) such that

o) +¢°(y) = d (;’y),

and for z € X the set 9°(x) is the set of y’s such that (z,y) € 9°. Notice that for general
2
(x,y) € X? we have ¢(z) + ¢°(y) < %M, thus y € 9%p(z) can be equivalently formulated as

o) — ) < TEU _TEY gy

It turns out that for u, v € H5(X) the distance Ws(u, v) can be found as maximization of the dual
problem of the optimal transport (2.2):

1
SWa(m,v) = sup/wdu+/sacdv7 (2.3)

the sup being taken among all c-concave functions (. Notice that the integrals in the right hand
side are well posed because for ¢ c-concave and i, v € P5(X) we always have max{y,0} € L'(u)
and max{¢®, 0} € L'(v). The sup is always achieved and any maximizing ¢ is called Kantorovich
potential from p to v. For any Kantorovich potential we have in particular ¢ € L'(u) and ¢¢ €
L'(v). Equivalently, the sup in (2.3) can be taken among all ¢ : X — R Lipschitz and bounded.

We shall make frequently use of the following superposition principle, proved in [12] (see also
the original argument in the Euclidean framework [3]):



Proposition 2.1. Let (1) C P2(X) be a 2-a.c. curve w.r.t. Wa. Then there exists w € 2(C([0,1],
such that

et)uﬂ' = ¢, Vit € [O 1}

/|Nt|2dt // || dt dre (),

and in particular 7 is concentrated on the set of 2-a.c. curves on X. For any such w we also have
il = [ 1P dm(), et 0.1

Any plan 7 associated to the curve (y;) as in the above proposition will be called lifting of

(pat)-

2.2 Metric measure spaces and Sobolev functions

Spaces of interest for this paper are metric measure spaces (X, d, m) which will always be assumed
to satisfy:

e (X,d) is complete and separable,
e the measure m is a non-negative and non-zero Radon measure on X.

In this paper, for the abbreviation we will not distinguish X, (X, d) or (X, d, m) when no ambiguities
exist. For example, we write S?(X) instead of S?(X,d, m).

Given a curve (p:) C Z(X) we shall say that it has bounded compression provided there is
C > 0 such that p; < Cm for every ¢ € [0, 1]. Similarly, given w € £(C([0,1], X)) we shall say
that it has bounded compression provided t — p; := (e;)y7 has bounded compression.

We shall now recall the definition of Sobolev functions ‘having distributional differential in
L?(X,m)’. The definition we adopt comes from [8] which in turn is a reformulation of the one
proposed in [5]. For the proof that this approach produces the same concept as the one discussed
n [11] and its references, see [5].

Definition 2.2 (Test plans). Let (X,d, m) be a metric measure space and = € Z(C([0,1], X)).
We say that 7 is a test plan provided it has bounded compression and

1
/ |92 dt dm () < +oo0.
0

Definition 2.3 (The Sobolev class S?(X)). Let (X,d, m) be a metric measure space. The Sobolev
class S2(X) = S?(X,d, m) is the space of all Borel functions f : X — R such that there exists a
function G € L?(X,m), G > 0 such that:

[ 1100 - 16l dmty // ()l dt de (),

for every test plan 7r. In this case, G is called a weak upper gradient of f.

It can be proved that for f € S?(X) there exists a minimal, in the m-a.e. sense, weak upper
gradient: we shall denote it by |Df|.

Basic calculus rules for |Df| are the following, all the expressions being intended m-a.e.:
Locality For every f,g € S?(X) we have

|IDf| =0, on f1(N), VN C R, Borel with £*(N) =0, (2.4)
|Df| = |Dgl|, m—a.e. on {f =g} (2.5)

Weak gradients and local Lipschitz constants. For any f : X — R locally Lipschitz it holds
[Df| <lip(f). (2.6)

X))



Vector space structure. S?(X) is a vector space and for every f,g € S%(X), a, 3 € R we have

[D(eof + Bg)| < |al[Df] + |B]|Dgl- (2.7)

Algebra structure. L> N S?(X) is an algebra and for every f,g € L* N S%(X) we have

ID(f9)l < |fl|Dg| + |gl|Df|- (2.8)

Similarly, if f € S?(X) and g is Lipschitz and bounded, then fg € S*(X) and the bound (2.8)
holds.

Chain rule. Let f € S?(X) and ¢ : R — R Lipschitz. Then po f € S?(X) and

[D(¢o f)l = |¢'| o fIDf], (2.9)

where |¢'| o f is defined arbitrarily at points where ¢ is not differentiable (observe that the identity
(2.4) ensures that on f~1(N) both |D(¢ o f)| and |Df| are 0 m-a.e., N being the negligible set of
points of non-differentiability of ¢).

We equip S?(X) with the seminorm || f||s2 := [[|[Df|||L2(x)- In the following, we will sometimes
need to work with spaces (X, d, m) such that S?(X) is separable, we thus recall the following general
criterion:

Proposition 2.4. Let (X,d,m) be a metric measure space where m is locally bounded. If the the
Sobolev space W?(X,d, m) defined as L?NS?*(X) equipped with the norm || f (212 = || fl|Z2+ fI|Z=
is reflexive, then S%(X) is separable.

In particular, let (X,d, m) be a metric measure space satisfying one of the following properties
below:

i) (X,d) is doubling, i.e. there is N € N such that for any r > 0 any ball of radius 2r can be
covered by N balls of radius r. And m is locally bounded.

ii) The seminorm ||-||sz satisfies the parallelogram rule, and m gives finite mass to bounded sets.
We know S?(X) is separable.

Proof. In [1] it has been proved that if W12(X) is reflexive, then it is separable.

Thus to conclude it is sufficient to show that if W12(X) is separable and m gives finite mass
to bounded sets (this being trivially true in the case (7)), then S?(X) is separable as well. To this
aim, let f € S?(X), consider the truncated functions f,, := min{n, max{—n, f}} and notice that
thanks to (4.5) we have ||f, — f|lsz — 0 as n — oco. Thus we can reduce to consider the case of
f € L*NS?(X). Let B, C X be bounded nondecreasing sequence of sets covering X, and for
each n € N, Xy : X — [0, 1] a 1-Lipschitz function with bounded support and identically 1 on B,,.
For f € L N S?(X), by (2.8) we have fX,, € L N S?(X) as well and furthermore supp(X, f) is
bounded. Given that m gives finite mass to bounded sets we deduce that fx,, € WH2?(X), and the
locality property (2.5) ensures that ||[X,f — f|lsz — 0 as n — 0.

At last, still in [1], it has been shown that if (X,d) is doubling, then W12(X) is reflexive.
On the other hand, if (ii) holds, then it is obvious that W12(X) is Hilbert, and hence reflexive.
Therefore S?(X) is separable if (i) or (ii) holds. O

2.3 Hopf-Lax formula and Hamilton-Jacobi equation

Here we recall the main properties of the Hopf-Lax formula and its link with the Hamilton-Jacobi
equation in a metric setting. For a proof of these results see [5].

Definition 2.5 (Hopf-Lax formula). Given f: X — R a function and ¢ > 0 we define Q;f : X —

RU{—o0} as
2
Qi f(z) == ylél)fg Fy) + d (;73/).

We also put Qo f := f.



Proposition 2.6 (Basic properties of the Hopf-Lax formula). Let f : X — R be Lipschitz and
bounded. Then the following hold.

i) For every t > 0 we have Lip(Q:f) < 2Lip(f).

ii) For every x € X the map [0,00) 3 t — Q:f(x) is continuous, locally semiconcave on (0, 00)

and the inequality
d li 2(x
CQu + PO o,

holds for every t € (0,00) with at most a countable number of exceptions.

iit) The map (0,00) X X 3 (¢t,z) — lip(Q+f) () is upper-semicontinuous.

3 The continuity equation 0;u; = L

3.1 Some definitions and conventions

Let 1 € P5(X) be such that p < Cm for some C > 0. We define the seminorm || - ||, on S*(X) as

172 = / DF[ dp.

Definition 3.1 (The cotangent space CoTan, (X)). For u € &5(X) with p < Cm for some C > 0
consider the quotient space S*(X)/ ~,, where f ~, g if | f — g|/, = 0.

The cotangent space CoTan,(X) is then defined as the completion of S*(X)/ ~, w.r.t. its
natural norm. The norm on CoTan,(X) will still be denoted by || - || .-

Given a linear map L : S?(X) — R and u as above, we denote by | L]}, the quantity given by
UL = swp L(7) — S
270 peseon) 2

Linear operators L : S*(X) — R such that ||L||, < oo are in 1-1 correspondence with elements of
the dual of CoTan,(X). Abusing a bit the notation, we will often identify such operators L with
the induced linear mapping on CoTan,, (X).

3.2 A localization argument

In this section (p) C Po(X) is a given Wa-continuous curve with bounded compression and we
consider a functional L : S?(X) — L(0,1) satisfying the inequality

[ tnears \/ [ e dr\/ [ stz ar

with G € L?(0,1), for every f € S?(X) and t,s € [0,1], t < s. The question we address is up
to what extent we can deduce that for such L there are operators L; : S*>(X) — R such that
L(f)(t) = Li(f) for L'-a.e. t € [0,1]. We will see in a moment that this is always the case in an
appropriate sense, but to deal with the case of S?(X) non separable we need to pay some attention
to the set of Lebesgue points of L(f).

Thus for given g € L'(0,1) we shall denote by Leb(g) C (0,1) the set of ¢’s such that the limit

t+e
]l gs ds,
t—e

as € J. 0 exists and is finite. Clearly the set Leb(g) contains all the Lebesgue points of any repre-
sentative of g and in particular we have £!(Leb(g)) = 1. We shall denote its value by g, so that
g : Leb(g) — R is a well chosen representative of g everywhere defined on Leb(g).

of



It is obvious that for ¢ € Leb(g), we have:
. t+eq t+eo
lim lgs — gr|dsdr = 0.
t—&‘z

e1,6240 Jy o)
We then have the following result.

Lemma 3.2. Let (u) C P2(X) be a Wa-continuous curve of bounded compression and L :
S%(X) — L'(0,1) be a linear map such that for some G € L*(0,1) the inequality

/:L(f)(r) dr < \//t ngr\//: 1712, dr,  Vise[0,1], t<s ¥feSX),  (3.1)

holds.

Then there exists a family {L;}iepo,1) of maps from S*(X) to R such that for any f € S*(X)
we have

L(f)(¢) = Le(f), ae. t € 0,1], (3.2)
ILe ()] < 1Gelll f 1] a.e. t €[0,1]. (3:3)

Remark 3.3. As a direct consequence of (3.2), if {Et}te[o,l] ia another family of maps satisfies the

above, then for every f € S?(X) we have L;(f) = L;(f) for a.e. t € [0,1]. Thus L is unique as a
map from S?(X) to L(0,1).

Proof. For f € S?(X) consider the set Leb(L(f)) and for t € (0,1) let V; C S?(X) be the set of f’s
in S?(X) such that ¢ € Leb(L(f)). The trivial inclusion

Leb(a1g1 + a2g2) D Leb(g1) N Leb(gz),

valid for any g1, g2 € L'(0,1) and a1, a2 € R and the linearity of L grant that V; is a vector space
for every t € (0, 1).

The Wa-continuity of (u:) grants in particular continuity w.r.t. convergence in duality with
Cp(X) and the further assumption that p; < Cm for any t € [0,1] ensures continuity w.r.t.
convergence in duality with L'(X,m). Thus the map ¢ — [ |Df|?du, is continuous for any f €
S2(X). Hence from inequality (3.1) we deduce that for any f € S?(X) it holds

T < /Gl Yt € Leb(L(f)) N Leb(G?),

which we can rewrite as: for any ¢ € Leb(G?) it holds

T <G s Vf Vi

In other words, for any ¢t € Leb(G?) the map V; > f +— Li(f) := L(f)(¢) is a well defined linear
map from V; to R with norm bounded by \/G73.

By Hahn-Banach we can extend this map to a map from S? to R with norm bounded by G(t).
Noticing that by construction we have f € V; for a.e. t € [0,1] for any f € S2, the family of maps

Ly fulfill the thesis. To conclude notice that trivially it holds /G2 = |G| for £L'-a.e. t. O

3.3 Main theorem

We start giving the definition of ‘distributional’ solutions of the continuity equation in our setting:

Definition 3.4 (Solutions of d;u; = L;). Let (X,d, m) be a metric measure space, (u;) C Po(X)
a Wa-continuous curve with bounded compression and { L };¢[o,1] a family of maps from S2(X) to
R.

We say that (u;) solves the continuity equation
atﬂt = Lt7 (34)

provided:
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i) for every f € S?(X) the map ¢ — L;(f) is measurable and the map N : [0, 1] — [0, oo] defined
by

Lo L2
— = esssup L(f) — S| fI, 3.5
9 t Fes?(xX) f( ) 2” ||p ( )

belongs to L(0,1), i.e. for any f, N2 > Li(f)— 5|/ |2, a.e. t and for any other N, satisfying
this property, we have: N, < N, for a.e. t.

ii) for every f € L' NS?*(X) the map ¢ — [ fdpu is in absolutely continuous and the identity

d
5 [ £ =i,
holds for a.e. t.

Our main result is that for curves of bounded compression, the continuity equation characterizes
2-absolute continuity.

Theorem 3.5. Let (1) C P(X) be a Wa-continuous curve with bounded compression. Then the
following are equivalent.

i) () is 2-absolutely continuous w.r.t. W.

i) There is a family of maps {Li}iepo,1) from S*(X) to R such that (p:) solves the continuity
equation (3.4).

Finally, we have
Nt: ‘/:Lt|, a.e. t € [0,1]

Remark 3.6. It is obvious that if {Et}te[o,l] is another family of maps such that (p;) solves Oy =
Ly, then for every f € L' N S%(X) we have

Lt(f):i’t(f)v ae. le [071]a
thus {L;}+eo,1) is unique as a map from S*(X) to L'(0,1).

Proof. (i) = (ii) Let & be a lifting of (11;) and notice that 7 is a test plan. Hence for f € L'NS?(X)

we have
‘/f@%—/f@u

< [1 - sl < [ DSl dr de()

< \/ /] DfIQdurdT\/ | [rantyar

Taking into account that [|Df|*du, < C [|Df|*dm for every ¢ € [0,1], this shows that ¢ —
J f dp is absolutely continuous.

Define L : S*(X) — L*(0,1) by L(f)(t) := 8¢ [ f dps and notice that the bound (3.6) gives

S\// /Df|2durdr\// G2 dr, vt,s € 10,1], t < s,
t t

for Gy == || = \/ [ |3-[? dmw(7) € L?(0,1). Hence we can apply Lemma 3.2 and deduce from (3.3)
that for every f € S?(X) we have

(3.6)

|t

1 1.
Lu(f) = IFI2, < Sl aete 0,1,

By the definition (3.5), this latter bound is equivalent to Ny < || for a.e. t € [0,1].
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(ii) = (i) To get the result it is sufficient to prove that
S
W2 (g, prs) < \s—t|/ NZdr, Vt,s € [0,1], t < s.
¢

We shall prove this bound for t = 0 and s = 1 only, the general case following by a simple rescaling
argument. Recalling that

1
§W22(uo,u1) :Sip/wdﬂo+/¢cdﬂl =sup/Q1<pdm —/@duo,
%]

the sup being taken among all Lipschitz and bounded 1, ¢, to get the claim it is sufficient to prove

that )
1
/Qupdul —/wduo < 5/0 N{ dt, (3.7)

for any Lipschitz and bounded ¢ : X — R. Fix such ¢ and notice that

n—1
/deul—/soduo=n1;n30{2/<62w—c2w>dw+/de<w —w}. (3.8)
=0

Recalling point (iz) of Proposition 2.6 we have

n—1 1
- lip( Qtso o lip(Qp)*(2)
Zi_o/ (Qup = Quo)duy < Z/ / A ‘/XXM y el

where p,, = ZZL o i X 111 Fgeee

p = dpi(z) ® dt in duality Wlth Cy(X % [0,1]). Furthermore, the assumption p; < Cm for every

t € [0,1] yields p,, < Cm x L! for every n € N and thus by the Dunfort-Pettis theorem (see for

instance Theorem 4.7.20 in [7]) we deduce that (u,,) converges to p € L (X x[0,1)), dp := dp @dt,
: 20y

in duality with L>®(X x [0,1]). Being (¢, z) — M bounded (point (¢) of Proposition 2.6),

we deduce that

The continuity of (u) easily yields that (u,,) converges to

n—1 1 . 2
lim Z/(Qz‘Jrltp—Q%Lp)dM% g//o —Wdutdt. (3.9)

On the other hand we have

n—1 n—1 itl
Z/Q%‘Pd(ﬂ% — i) :Z/ Ly(Q:p)ds
i=0 i=0 "%

n— 1 n—1

i1 2
<Z / N2ds+2/ /| <,0| dps ds

< 7/ Ntzdt+/ fn(tal’)dlh
2 Jo X x[0,1]
lip(Q i )% (z)

where f,(t,x) := ——— for t € [£, 21} and dpu(t,z) := dp(z) ® dt. Recall that by points

n’ n

(1), (iii) of Proposition 2.6 we have that the f,’s are equibounded and satisfy lim,, f,(¢,2) <

flt,x) = W, thus Fatou’s lemma gives
Tin fult, ) dp < / f(t.2)d,
n=o0 Jxx[0,1] X x[0,1]

and therefore

n—1 1 1. 2
— 1 9 lip(Qtp)
Tim ;_O/Qitupd(ui:l — i) < 5/0 N; dt+//0 g dpdt (3.10)

The bounds (3.9) and (3.10) together with (3.8) give (3.7) and the thesis. O
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If we know that S?(X) is separable, the result is slightly stronger, as a better description of the
operators {L;} is possible, as shown by the following statement.

Proposition 3.7. Let (u) C P2(X) be a 2-absolutely continuous curve w.r.t. Wy of bounded
compression. Assume furthermore that S*(X) is separable. Then there exists a L'-negligible set
N C [0,1] and, for every t € [0,1]\ N, a linear map L; : S*>(X) — R such that:

i) everyt € [0,1]\ NV is a Lebesgue point of s+ |fis|?, the metric speed |jis| exists at s =t and

we have || = ||L¢||};, ,

ii) for every f € L'NS%(X) the map t f fduys is absolutely continuous, differentiable at every
t €[0,1] \ £ and its derivative is given by

G [fam=rn. wepaN.

Proof. Let {f,}nen C S?(X) be a countable dense set and N C [0, 1] the set of ¢’s such that either
the metric speed |/i;| does not exist, or ¢ is not a Lebesgue point of s + |fis]? or for some n € N
the map s — f f dus is not differentiable at t. Then by Theorem 3.5 we know that A is negligible.

For n € Nand t € [0,1] \ W, inequality (3.6) gives, after a division for |s — ¢| and a limit s — ¢,

the bound
d . .
5 [t < iy [ 102 < Clinly| [ D8

This means that the map S?(X) > f, — % [ fn dpe can be uniquely extended to a linear operator
L; from S*(X) to R which satisfies || Ly ||, < |ful.

For f € L' N S?*(X) denote by I; : [0,1] — R the function given by I;(t) := [ fd(u: — o).
Then the map f — Iy is clearly linear and satisfies

I (1 |</|f% F(70)| d(y / Df|(72) I%\dsdﬂ()<\ﬁ\|fllszy// 5ul2 dre (7).

Hence given that we have I, (¢ fo Ly(f,)dt for every n € N and that {f,,} is dense in L*NS?(X)
w.r.t. the (semi)distance of Sz( ), from the bound N; < || for £L'-a.e. t, we deduce that I;(t) =

fot Li(f) dt for every f € L' N S?(X) and every t € [0, 1].

Along the same lines we have that

176 = 1501 < [ 1760) = fowlant) < [[ 105160l ardm(r) <

< ws—t / / a2 dr dre (7)) 12 =\/0|s—t| / url2 ] £ s
t t

| 2

and therefore for every ¢ € [0, 1] Lebesgue point of s + |ji5]* and such that || exists we have

lim

s—t

=0 < e sl
=

Taking into account that, by construction, we have limg_,; W = Li(f,) for every t €

[0, 1]\ and the density of { f,, }, we deduce that lim_,; %:t[f(t) = Ly(f) for every f € L'NS?(X)
and t € [0,1] \ NV .

It remains to prove that ||L[|%, = [f| for ¢t € [0,1] \ V. From Theorem 3.5 we know that
= |f1¢| for L'-a.e. t and to conclude use the separability of SQ( ) to get

1 *
UILall2)* = sup Lu(fn) — an||u, = csssup Li(f) - Hf||m = a.e. t,
neN €S2(X)

so that up to enlarging N we get the thesis. O
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3.4 Some consequences in terms of differential calculus

As discussed in [13], see also [3], the continuity equation plays a key role in developing a first
order calculus on the space (Z5(R%), W3). In this section, we show that the continuity equation
plays a similar role on metric measure spaces, where no smooth structure is a priori given. The
only technical difference one needs to pay attention to is the fact that only curves with bounded
compression should be taken into account.

We start with the Benamou-Brenier formula. Recall that on R?, and more generally Rieman-
nian/Finslerian manifolds, we have the identity

1
W2 (o, p11) :inf/ /|Ut\2dutdt, (3.11)
0

where the inf is taken among all 2-a.c. curves (y;) joining ug to p1 and the v;’s are such that the
continuity equation
atllzt +V- (vt,ut) = 0, (312)

holds. We want to investigate the validity of this formula in the metric-measure context. To this
aim, notice that formula (3.11) expresses the fact that the distance W5 can be realized as inf of
length of curves, where this length is measured in an appropriate way. Hence there is little hope to
get an analogous of this formula on (X, d, m) unless we require in advance that (X, d) is a length
space. Furthermore, given that in the non-smooth case we are confined to work with curves with
bounded compression, we need to enforce a length structure compatible with the measure m, thus
we are led to the following definition:

Definition 3.8 (Measured-length spaces). We say that (X, d, m) is measured-length provided for
any po,p1 € Po(X) with bounded support and satisfying pg, u1 < Cm for some C' > 0 the
distance Wa(po, 1) can be realized as inf of length of absolutely continuous curves (u) with
bounded compression connecting g to py.

On measured-length spaces we then have a natural analog of formula (3.11), which is in fact a
direct consequence of Theorem 3.5:

Proposition 3.9 (Benamou-Brenier formula on metric measure spaces). Let (X, d, m) be a measured-
length space and pg, p1 € Po(X) with bounded support and satisfying po, p1 < Cm for some C > 0.

Then we have .
W2 (o, 1) = in / (LI, )2 dt,
0

the inf being taken among all 2-absolutely continuous curves (u) with bounded compression joining
to to p1 and the operators (L) are those associated to the curve via Theorem 3.5.

Proof. By Theorem 3.5 we know that for a 2-absolutely continuous curve () with bounded

compression we have || = [ L[}, for a.e. ¢t € [0,1], the operators {L;} being those associated
to the curve via Theorem 3.5 itself. The conclusion then follows directly from the definition of
measured-length space. O

We now discuss the formula for the derivative of ¢ — W3 (i, v), where (p;) is a 2-a.c. curve
with bounded compression. Recall that on the Euclidean setting we have

d1

agwﬂﬂtﬂ/) = /V% “vp dp, ae.t,

where ¢, is a Kantorovich potential from p; to v for every ¢ € [0, 1] and the vector fields (v;) are
such that the continuity equation (3.12) holds. Due to our interpretation of the continuity equation
in the metric measure setting, we are therefore lead to guess that in the metric-measure setting we

have
d1_,
&§WQ (e, v) = Le(ipe), a.e. t. (3.13)
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As we shall see in a moment (Proposition 3.11) this is actually the case in quite high generality,
but before coming to the proof, we need to spend few words on how to interpret the right hand side
of (3.13) because in general we don’t have ¢; € S?(X) so that a priory ¢, is outside the domain
of definition of L;. This can in fact be easily fixed by considering ¢, as element of CoTan, (X), as
defined in Section 3.1. This is the scope of the following lemma.

Lemma 3.10. Let (X,d,m) be a m.m.s. such that m gives finite mass to bounded sets and ¢ a
c-concave function such that 9°p(x)NB # O for every x € X and some bounded set B C X. Define
©p, = min{n, p}.

Then ¢, € S*(X) and (pn) is a Cauchy sequence w.r.t. the seminorm || - |, — 0 for every
w € Po(X) such that p < Cm for some C > 0.

Proof. We first claim that supp ¢ < oo. Indeed, if not there is a sequence (y,) C B such that
©%(yn) > n for every n € N. Hence for every x € X we would have

, 1
e(z) < inf d*(z,y,) — ¢°(yn) < inf = (d(z, B) + diam(B))2 —n = —00,
neN neN 2
contradicting the definition of c-concavity. Using the assumption we have

@ = inf TED _ ey > 05

14 e 2 =7

— sup ¢°. (3.14)
B

This proves that ¢ is bounded from below and that it has bounded sublevels. Hence the truncated
functions ¢, are constant outside a bounded set. Now let z,2’ € X and y € 9°p(z) N B. Then we

have
p(z) — (') < z.y) ; d(@'y) < d(z,2") <d(x,B) —;d(m .5) + diam(B)) :

Inverting the roles of z, x’ we deduce that ¢ is Lipschitz on bounded sets and the pointwise estimate

lip(p)(x) < d(x, B) 4+ diam(B), Vo e X. (3.15)

It follows that the ¢,’s are Lipschitz and, using the fact that m gives finite mass to bounded sets,
that ¢,, € S?(X) for every n € N.

To conclude, notice that the bound (3.15) ensures that for any p € %5(X) we have lip(p) €
L?(u). Thus for pu such that g < Cm for some C > 0 we have |Dyp| < lip(p) p-a.e. and thus
|Dg| € L?(11) as well. Now observe that

lom =l = [ IDePdn,
Wwﬁ‘é‘Pn}

and that the right hand side goes to 0 as n,m — oo, because by (3.14) we know that U,{yp =
ont=X. O

Thanks to this lemma we can, and will, associate the Kantorovich potential ¢ as an element of
CoTan,(X): it is the limit of the equivalence classes of the truncated functions ¢,.

Recall that for p,v € H5(X), there always exists a Kantorovich potential ¢ from p to v such

that &
p(x) = inf ) _ ©°(y), Vo e X, (3.16)

yEsupp(v) 2
hence if v has bounded support, a potential satisfying the assumption of Lemma 3.10 above can
always be found.
We can now state and prove the following result about the derivative of WZ(-,v). It is worth
noticing that formula (3.17) below holds even for spaces which are not length spaces.

Proposition 3.11 (Derivative of W (-,v)). Let (u;) C P2(X) be a 2-a.c. curve with bounded
compression, v € P5(X) with bounded support and notice that t — LWZ(u,v) is absolutely
continuous. Assume that S*(X) is separable and that m gives finite mass to bounded sets. Then the

for a.e. t € ]0,1] the formula
d1
&§W22(#t, v) = Li(pe), (3.17)

holds, where ; is any Kantorovich potential from py to v fulfilling the assumptions of Lemma 3.10.
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Proof. Let N' C [0,1] be the L£'-negligible set given by Proposition 3.7. We shall prove formula
(3.17) for every t € [0,1] \ N such that 2W2(u.,v) is differentiable at ¢. Fix such ¢, let ¢; be as in
the assumptions and notice that

1 ,
§W22(Nt>y) = /aptduﬂr/w‘dv,

1
§W22(/J’S>V) Z/@tdﬂs'i'/(pcdyv Vs € [071],

and thus w2 —— )
V) — vV
2 s 5 2 > /@td(ﬂs — [ht)-

Recall that max{¢;,0} € L' (1) for every p € ZP5(X) and that ¢, € L*(u), so that the integral in
the right hand side makes sense. Put ¢, ; := min{n, max{—n, ¢;}} so that by Lemma 3.10 above

we have ¢, + € S*(X) for every n € N and ||yt — @m.tllp — 0 as n,m — oco. For every n € N we
know that <= [, dps|,_, = Li(pn,) and by Lemma 3.10 we know that Li(¢,¢) — Li(pt) as

n — 00. To conclude it is sufficient to notice that for any lifting 7 of () we have the bound

Hs — [t
n,t — ¥m d
‘/(%0 = Pmit) s _1

= s i 7l /(%t — Omt)(Vs) = (Pt — Pme)(ve) A (y)

1 s .
P //t [D(en,t = m)(ye) 1| dr dae ()

g\/][ ||D<son,t—¢m,t>|z,,,dr\/ / ][ 5,2 dr (),
t t

and that the dominated convergence theorem ensures that f,” || D(¢n —omu)|2, dr = 0asn,m —
0. O

4 The continuity equation O + V - (V) = 0

4.1 preliminaries: duality between differentials and gradients

On Euclidean spaces it is often the case that the continuity equation (3.12) can be written as
atﬂt + AV (V(Zstﬂt) = 0, (41)

for some functions ¢y, so that the vector fields v; can be represented as gradient of functions. In
some sense, the ‘optimal’ velocity vector fields (i.e. those minimizing the L?(u;)-norm) can always
be thought of as gradients, as they always belong to the closure of the space of gradients of smooth
functions w.r.t. the L?(p¢)-norm (i.e. they belong to the cotangent space CoTan,, (R?)), see [3].
Yet, the process of taking completion in general destroys the property of being the gradient of a
smooth/Sobolev functions, so that technically speaking general absolutely continuous curves solve
(3.12) and only in some cases one can write it as in (4.1).

It is then the scope of this part of the paper to investigate how one can give a meaning to
(4.1) in the non-smooth setting and which sort of information on the curve we can obtain from
such ‘PDE’. According to our interpretation of the continuity equation given in Theorem 3.5, the
problem reduces to understand in what sense we can write Li(f) = [ Df(Vé;)dus, and thus
ultimately to give a meaning to ‘the differential of a function applied to the gradient of another
function’. This has been the scope of [8], we recall here the main definitions and properties.

Definition 4.1 (The objects D* f(Vg)). Let (X,d, m) be a m.m.s. and f,g € S2(X).
The functions D* f(Vg) : X — R are m-a.e. well defined by

2 2
D*f(Vg) — 1iﬁ)1|D(g+€f)| |Dg| 7
€

2e
- . |D(g +ef)]* — |Dgl?
D Vg) :=lim .
F(vg) alm 2e
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It is immediate to check that for €1 < €9 we have

\D(g+61f)l2—\Dgl2 |D(g+e2f)> — |Dgl?
25‘1 2&‘2 ’

m-—a.e.,

so that the limits above can be replaced by inf.~¢ and sup,_, respectively.

Heuristically, we should think to Dt f(Vg) (resp. D~ f(Vg)) as the maximal (resp. minimal)
value of the differential of f applied to all possible gradients of g, see [8] for a discussion on this
topic.

The basic algebraic calculus rules for D* f(Vg) are the following:

IDE(f1 — f2)(Vg)| < [D(f1 — f2)||Dgl, (4.2)
D™ f(Vg) < D*f (Vg),

D*( )( 9) = DT f(V(=9)) = =D~ f(Vy), (4.3)

*9(Vg) = |D9|2 4.4

We also have natural chain rules: given ¢ : R — R Lipschitz we have

DE(po f)(Vg) = ¢ o fDFen"] f(vg),

L (4.5)
D*f(Vpoyg) = o gD o0 f(vg),

where ¢’ o f (resp. ¢’ o g) are defined arbitrarily at those a’s such that ¢ is not differentiable at
f(z) (vesp. g(x)). In particular, D* f(V(ag)) = aD* f(Vg) for a > 0.
Notice that as a consequence of the above we have that for given g € S?(X) the map S?(X) 5
f = DT f(Vyg) is m-a.e. convex, i.e.
DH(1= N+ MB)(Vg) < (1= ND*fi(Vg) + AD* fo(Vg),  m—ae,  (46)

for every fi, fo € S%(X), and A € [0, 1]. Similarly, f — D~ f(Vg) is m-a.e. concave.
Furthermore, it is easy to see that for g € S?(X) and 7 test plan we have
— — 1
iy [ 20990 4o < 5 [ D) dme) + 3 T ¢ / ePdsm(r). (@47)
We are therefore lead to the following definition:

Definition 4.2 (Plans representing gradients). Let (X,d,m) be a m.m.s. g € S?(X) and 7 a test
plan. We say that 7 represents the gradient of g provided it is a test plan and we have

ti [ 2002900 ) > 1 [0yl dmr) + 5 o // a2 dsm(y).  (48)

10 t

It is worth noticing that plans representing gradients exist in high generality (see [8]).

Differentiation along plans representing gradients is tightly linked to the object D* f(Vg) de-
fined above: this is the content of the following simple but crucial theorem proved in [8] as a
generalization of a result originally appeared in [4].

Theorem 4.3 (Horizontal and vertical derivatives). Let (X,d,m) be a m.m.s., f,g € S*(X) and
7 a plan representing the gradient of g.
Then

| D i eoﬁ"'<hm/f% dr(7)

10

<t [ f%%dm) < [ D* 1V d(eo)ym

£10

(4.9)

Proof. Write inequality (4.7) for the function g + £f and subtract inequality (4.8) to get

e / Fon) = 00) 4 o 1 / D(g +2)? — |Dgl? d(eo)sm

£10

Divide by € > 0 (resp. € < 0), let £ L 0 (resp. € 7 0) and use the dominate convergence theorem to
conclude. ]
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4.2 The result

We are now ready to define what it is a solution of the continuity equation (4.1) in a metric measure
context.

Definition 4.4 (Solutions of Oius + V - (Voepr) = 0). Let (u:) C P2(X) be a Wa-continuous
curve with bounded compression and {¢;}sc(0,1] € S*(X) a given family. We say that (1) solves
the continuity equation

at/Lt +V- (V¢tﬂt> = 0, (410)

provided:

i) for every f € S*(X) the maps (t,x) + D*f(V¢;)(x) are L x m measurable and the map

N :[0,1] — [0, 00] given by

1 - 1
INP o= esssup /D*f(qut)dut S, (4.11)
fes?(x)

is in L?(0,1) where esssup has the same meaning as we mentioned before.

ii) for every f € L' NS?(X) the map ¢ — [ fdu is absolutely continuous and satisfies
d

We then have the following result, analogous to the implication (i4) = (i) of Theorem 3.5.
As already recalled, even in the smooth framework not all a.c. curves solve (4.1), so the other
implication is in general false.

Proposition 4.5. Let (X,d,m) be a m.m.s. and () C P2(X) a continuous curve with bounded
compression solving the continuity equation (4.10) for some given family {¢:}iepo,1) C S?(X).
Then (pt) is 2-a.c. and we have || < Ny for a.e. t € [0,1].
If furthermore S*(X) is separable, then Ny = |fi| = || ¢, for ace. t.

Proof. We claim that for every f € S?(X) it holds

)

max{] / D f(Vén) dus

VRO

<l aen @)

To this aim, fix a representative of N, a function f € S2 (X) and notice that for every A > 0, by
definition of N and the second of (4.5) we have

A2 ~
A [ D580 < ISR, + 582 (114)
for £'-a.e. t. Replacing f with —f and recalling that
- [ DRV = [ DT P(To) e < [ DF1)(Tor) s

we deduce that (4.14) holds for every A € R. In particular, there is a £!-negligible set N C [0, 1]
such that for every ¢ € [0,1] \ A the inequality (4.14) holds for every A € Q. Given that all the
terms in (4.14) are continuous in A, we deduce that (4.14) holds for every t € [0,1] \ NV and every
A € R, which yields

[0 i | < 1l et

Arguing analogously with D~ f(V¢;) in place of DT f(V¢;) we obtain (4.13).
Now define a linear operator L : S?(X) — L'(0,1) as

L0 =5 [ £,
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and observe that for every t¢,s € [0,1], t < s, taking into account (4.12) and (4.13) we have

/ |L(f |dr</max{‘/D+fV¢r dy, /D fVér)dur}dr
g/t £l N dr < \//t N{f’dr\//t If17, dr.

Hence we can apply first Lemma 3.2 (with G := N) and then Theorem 3.5 to deduce that () is
2-a.c. with || < N, for a.e. t € [0, 1].

If S?(X) is separable, then arguing exactly as in the proof of Proposition 3.7 and using the
convexity (resp. concavity) of f — [ DV f(V¢,)due (vesp. f — [ D~ f(Vey)du) expressed in
(4.6) we deduce the existence of a L'-negligible set ' C [0,1] such that for ¢ € [0,1] \ N the
conclusions (i), (i¢) of Proposition 3.7 hold and furthermore

)

[ D Vo0 dm <L) < [ DU A(Ve s S €S0,
Choosing f := ¢; and recalling (4.4) we obtain
l6ell%, = Le(de) < N @ell I Lells,,  VEE[0,1]\ N,

and hence |¢¢|l,, < [[Lll}, = Ni = || for a.e. t. On the other hand, letting (fn) C S%(X) be a
countable dense set, by (4.2) we know that N7 = sup,, D* £, (V) — | £, |2, for a.e. t and thus

N, < | ¢] . for ace. t. O

The continuity equation (4.10) has very general relations with the concept of ‘plans representing
gradients’, as shown by the following result:

Theorem 4.6. Let (1) C Pa(X) be a 2-a.c. curve with bounded compression, (t,z) — ¢(z) a
Borel map such that ¢; € S*>(X) for a.e. t € [0,1] and 7 a lifting of (j1¢)-

The following are true.

i) Assume that (vestry)ym represents the gradient of (1—t)¢s for a.e. t € [0,1]. Then (u:) solves
the continuity equation (4.10).

ii) Assume that S*(X) is separable and that (u;) solves the continuity equation (4.10). Then
(restr;)ym represents the gradient of (1 —t)¢y for a.e. t € [0,1].

Proof.

(i) Let A C (0,1) be the set of t’s such that (restr;);m represents the gradient of (1 — )¢y, so that
by assumption we know that £L(A) = 1. Pick f € S?(X) and recall that by Theorem 3.5 we know
that

d
a/fdut = L(f), a.e. t €10,1]. (4.15)
Fix t € A such that (4.15) holds and notice that
B f( ’Yt+h (7t) flm) = f(o)
/fdut hm/ dm(v) l—tlhl?(} d7'rt()

so that recalling (4.9) and (4.5) we conclude.

(ii) With exactly the same approximation procedure used in the proof of Proposition 3.7, we see
that there exists a £!-negligible set A C [0,1] such that the thesis of Proposition 3.7 is fulfilled
and furthermore for every ¢ € [0,1] \ V' we have

/ D™ F(Vér) dur < Li(f) < / D*F(Vé)du,  Vf € SA(X). (4.16)
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Fix t € [0,1] \ V and observe that by point (7) of Proposition 3.7 we have that

i =tim [ e am) = 1_t>21,¢g3h//0 5al? daro(). (4.17)

Now pick f := ¢; in (4.16) and recall the identity DT f(Vf) = |Df|?> m-a.e. valid for every
f € S%(X) to deduce

_ B Htt+n — Kt o¢(yn) — ¢t(10)
/|D¢t\2dﬂt = Li(¢) —I}ﬁ%/@d W =13 hw/—d ¢(7)-

This last identity, (4.17) and the fact that ||Ly|;;, = |fu| ensure that 7, represents the gradient of

(1 —t)¢y, as claimed. O

5 Two important examples

We conclude the paper discussing two important examples of absolutely continuous curves on
P5(X): the heat flow and the geodesics. These examples already appeared in the literature [5,9,10],
we report them here only to show that they are consistent with the concepts we introduced.

We start with the heat flow. Recall that the map E : L?(X, m) — [0, 00] given by

- / IDf[ dm, if £ € $2(X),

otherwise,

is convex, lower semicontinuous and with dense domain. Being L?(X) an Hilbert space, we then
know by the classical theory of gradient flows in Hilbert spaces (see e.g. [3] and references therein)
that for any p € L?(X) there exists a unique continuous curve [0,00) 3 t — p; € L*(X) with
fo = f which is locally absolutely continuous on (0, 00) and that satisfies

d
Pt € —07 E(py), a.e. t>0.

As in [5], we shall call any such gradient flow a heat flow. It is immediate to check that defining
D(A) :={p: 0" E(p) # 0} and for p € D(A) the Laplacian Ap as the opposite of the element of
minimal norm in 9~ E(p), for any heat flow (p;) we have p; € D(A) for any ¢t > 0 and

dt Aph a.e. t > 07

in accordance with the classical case. It is our aim now to check that, under reasonable assumptions,
putting p; := pym, the curve (u;) solves

Ope + V- (V(=log pt) i) = 0.
To this aim, recall that for any heat flow (p;) we have the weak maximum principle
po < C (resp. pg > ¢) m — a.e. = pt < C (resp. py > ¢) m —a.e. for any t >0, (5.1)

where ¢, C € R and the estimate

| 183 de < B(or). (5:2)
0

Furthermore, if m € 22(X) then L?(X,m) C L'(X,m) and the mass preservation property holds:

/pt dm = /po dm, vt > 0. (5.3)

See [5] for the simple proof of these facts.

We can now state our result concerning the heat flow as solution of the continuity equation.
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Proposition 5.1 (Heat flow). Let (X,d, m) be a metric measure space with m € P5(X) and po
a probability density such that ¢ < py < C m-a.e. for some ¢,C > 0 (in particular po € L*(X,m))
and E(po) < 0o. Let (pi) be the heat flow starting from from pg.

Then the curve [0,1] 3 t — p; := pym solves the continuity equation
Ope + V- (V(=log pt) ) = 0.

Proof. By (5.3) and (5.1) we know that p; is a probability density for every ¢ and (5.1) again
and the assumptions m € (X)) and py < Cm ensure that p; € FP2(X) for every ¢t € [0,1] and
that () has bounded compression. The Wa-continuity of (u;) is a simple consequence of the L?-
continuity of (p¢) and the bounds p; < C, m € P5(X). Also, recalling the chain rule (2.9) and the
maximum principle (5.1) we have

2 _ 2 _ |Dp|? < 1 2
[1og pell, = [ [D(og pe)|” dpe = Tdm_ = [ [Dpel” dm,

so that (5.2) ensures that fol [ log p¢|2, < oo, which directly yields that point (i) of Definition 4.4
is fulfilled.

It remains to prove that for every f € L' NS?*(X) the map ¢ — [ f dp, is absolutely continuous
and fulfills

/D_f(V(—logpt))dut < %/fdﬂt < /D+f(V(—10gpt))dut.

Taking into account the chain rule (4.5) the above can be written as

- [t rpan < § [ sdw <~ [ D 5(Vpa (5.4)

Pick f € L? N S*(X) and notice that t — [ fdu; = [ fpsdm is continuous on [0,1] and locally
absolutely continuous on (0, 1]. The inequality

d
G [ frvam| < [ 151800 dm < SUrI+ Gl

the bound (5.2) and the assumption E(pg) < oo ensure that the derivative of t — [ fp;dm is in
L'(0,1), so that this function is absolutely continuous on [0, 1].

The fact that —p, € —07E(p;) for a.e. t grants that for e € R we have

T efprdm = /5f prdm < E(p: —ef) — E(f), a.e. t. (5.5)

Divide by € > 0 and let € | 0 to obtain

_ _ 2
/fptdm<hm (pt Ef) / |D pt Ef ‘Dpt| d
dt €l0 g EJ,O

—~ [ D £ dm

which is the second inequality in (5.4). The first one is obtained starting from (5.5), dividing by
€ < 0 and letting € 1 0.

The general case of f € L' N'S?(X) can now be obtained with a simple truncation argument,
we omit the details. O

We now turn to the study of geodesics. In the smooth Euclidean/Riemannian framework a
geodesic (u¢) solves

Orpie + V- (Vg pue) = 0,
where ¢ := Q1-+(—¢°) and ¢ is a Kantorovich potential inducing (p).

We want to show that the same holds on metric measure spaces, at least for geodesics with
bounded compressions. This will be achieved as a simple consequence of Theorem 4.6 and the
following fact:
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Theorem 5.2. Let (X,d,m) be a m.m.s., (ut) C P2(X) a geodesic with bounded compression and
¢ € S%(X) a Kantorovich potential from gy to py. Then:

i) Any lifting 7 of (ut) represents the gradient of —p.
it) For any t € (0,1] the function (1 —t)Q1-+(—¢°) is a Kantorovich potential from p; to pi1.

Point (7) of this theorem is a restatement of the metric Brenier theorem proved in [5], while
point (i7) is a general fact about optimal transport in metric spaces whose proof can be found
in [14] or [2].

In stating the continuity equation for geodesics we shall make use of the fact that for u,v €
P5(X) with bounded support, there always exists a Kantorovich potential from p to v which is
constant outside a bounded set: it is sufficient to pick any Kantorovich potential satisfying (3.16)
and proceed with a truncation argument. This procedure ensures that if m gives finite mass to
bounded sets, then these Kantorovich potentials are in S?(X).

We then have the following result:

Proposition 5.3 (Geodesics). Let (X,d, m) be a m.m.s. with m giving finite mass to bounded sets,
(1) C P5(X) a geodesic with bounded compression such that po, py have bounded supports and ¢
a Kantorovich potential from pg to w1 it which is constant outside a bounded set.
Then
Ope +V - (Vdrue) = 0,

where ¢y := —Q1_1(—p°) for every t € [0,1].

Proof. The assumption that ¢ is constant outside a bounded set easily yields that ¢ is Lipschitz
and constant outside a bounded set and that for some B C X bounded, ¢; is constant outside B for
any t € [0, 1]. Also, recalling point (%) of Proposition 2.6 we get that the ¢;’s are uniformly Lipschitz
so that the assumption that m gives finite mass to bounded sets yields that sup,c(g 1) [|¢¢[|s2 < co. In

particular, the function N defined in (4.11) is bounded and hence in L?(0, 1), so that the statement
makes sense.

Now let 7 be a lifting of (y;) and notice that = is a test plan so that ¢ — [ f p, is absolutely
continuous. For ¢ € [0,1) the plan m; := (restr})ym is a lifting of s — Ht+s(1—t)- Thus by Theorem
5.2 above we deduce that m; represents the gradient of (1 — t)¢;.

The conclusion follows by point (i) of Theorem 4.6. O

In many circumstances, both heat flows and geodesics have regularity which go slightly beyond
that of absolute continuity. Let us propose the following definition:

Definition 5.4 (Weakly C* curves). Let (u;) C P2(X) be a 2-a.c. curve with bounded compres-
sion. We say that (u;) is weakly C' provided for any f € L' N S?(X) the map ¢t — [ fdu, is
Cl.

In presence of weak C! regularity, the description of the operators L; in Theorem 3.5 can be
simplified avoiding the use of the technical Lemma 3.2: it is sufficient to define L; : S?(X) — R by

d
Lf)= 5 [ Fdim, v esx),
Let us now discuss some cases where the heat flow and the geodesics are weakly C'. We recall
that (X, d, m) is said infinitesimally strictly convez provided
D™ f(Vg) = D" f(Vyg), m—a.e. Vf, g € S*(X).
We then have the following regularity result:

Proposition 5.5 (Weak C* regularity for the heat flow). With the same assumptions of Proposi-
tion 5.1, assume furthermore that (X, d, m) is infinitesimally strictly convez.

Then (uz) is weakly C*.
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Proof. We have already seen in the proof of Proposition 5.1 that for any p € D(A) = D(0~E) and
v € -0~ E(p) C L}(X,m) we have

/D‘f(V,o)dmg/fvdmg/D+f(Vp)dm.

Thus if (X,d, m) is infinitesimally strictly convex, the set 9~ E(p) contains at most one element.
The conclusion then follows from the weak-strong closure of 9~ F. O

We now turn to geodesics: we will discuss only the case of infinitesimally Hilbertian spaces, al-
though weak C! regularity is valid on more general circumstances (see [9]). We recall that (X,d, m)
is infinitesimally Hilbertian provided

If +gllg + If — gl = 2l £1% +2llgllE>,  Vf,9 € S*(X),
and that on infinitesimally Hilbertian spaces we have
D™ f(Vg) = D*f(Vg) =D g(Vf)=Dg(Vf), m—ae VfgeS*X),

so that in particular infinitesimally Hilbertian spaces are infinitesimally strictly convex. The com-
mon value of the above expressions will be denoted by Vf - Vg.
The proof of weak C! regularity is based on the following lemma, proved in [9]:

Lemma 5.6 (‘Weak-strong’ convergence). Let (X,d,m) be an infinitesimally Hilbert space. Also:

i) Let (un) C P2(X) a sequence with uniformly bounded densities, such that letting p, be the
density of p, we have and p, — p m-a.e. for some probability density p. Put p = pm.

ii) Let (fn) C S%(X) be such that:

SUP,en / |Df,|? dm < oo,
and assume that f, — f m-a.e. for some Borel function f.

iii) Let (gn) C S*(X) and g € S*(X) such that g, — g m-a.e. as n — +00 and:

sup/|Dgn|2dm<oo7 lim /|Dgn|2d,un :/|Dg|2d,u.
neN n—roo

Then
lim an~Vgndun:/Vf-ngu.

n—oo

Proposition 5.7 (Weak C! regularity for geodesics). With the same assumptions of Proposition
5.8 assume furthermore that (X,d, m) is infinitesimally Hilbertian and that for the densities p; of
we we have that ps — py in LY (X, m) as s — t.

Then () is a weakly Ct curve.

Proof. By Proposition 5.3, its proof and taking into account the assumption of infinitesimal Hilber-
tianity we know that for every ¢ € [0,1) and f € L' N'S?(X) we have

lim ffth+h - ffdut
h10 h

- / Vf - Vérdu. (5.6)

To conclude it is enough to show that the right hand side of the above expression is continuous in ¢.
Pick t € [0,1) and let (¢,) C [0, 1] be a sequence converging to ¢. Up to pass to a subsequence, not
relabeled, and using the assumption of strong convergence in L' (X, m) of p;, to p;, we can assume
that p;, — p: m-a.e. as n — oo. The proof of Proposition 5.3 grants that sup, ||¢:, ||s> < oo and
that by point (i) of Proposition 2.6 we know that ¢, () — ¢(z) as n — oo for every z € X.
Finally, it is obvious that lim,, o [ |Df|*>du, = [|Df]* du: (because weak convergence in duality
with Cy(X) plus uniform bound on the density grant weak convergence in duality with L!(X,m)).

Thus by Lemma 5.6 we deduce the desired continuity of the right hand side of (5.6) for ¢ € [0, 1).
Continuity at t = 1 is obtained by considering the geodesic ¢t — pq_¢. O

It is worth recalling that the assumptions of Proposition 5.7 are fulfilled on RCD(K, c0) spaces
when (u) is a (in fact ‘the’) geodesic connecting two measures with bounded support and bounded
density (see [9]).
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