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PRESCRIBED PATH: EXISTENCE, UNIQUENESS, AND CONTINUOUS
DEPENDENCE ON THE DATA
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ABSTRACT. Given a bounded open set @ C R? with Lipschitz boundary and an increasing family I'y, t € [0, T,
of closed subsets of €2, we analyze the scalar wave equation 4 — div(AVu) = f in the time varying cracked
domains Q\T';. Here we assume that the sets T'y are contained into a prescribed (d— 1)-manifold of class C2.
Our approach relies on a change of variables: recasting the problem on the reference configuration Q2 \ I'o,
we are led to consider a hyperbolic problem of the form ¢ — div(BVv)+a-Vv—2b-Vo =g in Q\'g. Under
suitable assumptions on the regularity of the change of variables that transforms Q\ 't into Q\ I'g, we prove
existence and uniqueness of weak solutions for both formulations. Moreover, we provide an energy equality,
which gives, as a by-product, the continuous dependence of the solutions with respect to the cracks.
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INTRODUCTION

In the study of mathematical models for dynamic crack propagation, it is important to determine the
behavior of the solutions of the system of equations of elastodynamics in domains with a time-dependent
crack (see [8]). In this paper we give a contribution in this direction, by studying the existence, uniqueness,
and continuous dependence on the cracks of the solutions of the wave equation for a scalar variable in a
domain with a prescribed time-dependent crack. This corresponds to the antiplane case for elastodynamics.

We fix a bounded open set 2 C R%, a time interval [0, 7], and a family Ty, t € [0, T, of (possibly irregular)
closed subsets of £, increasing with respect to inclusion and contained in a given C? manifold I' of dimension
d — 1. Given a tensor field A (satisfying the usual ellipticity conditions) and a forcing term f, we study the
solutions of the equation

i(t,x) — divg (A(t, 2)Veu(t,z)) = f(t,z), t€[0,T], z € Q:=Q\ Ty, (0.1)

supplemented by Dirichlet and Neumann boundary conditions on prescribed parts of 92, and homogeneous
Neumann boundary conditions on the cracks I';.

The main issue here is the fact that the domain 2; has not a regular boundary, due to the presence of the
(d — 1)-dimensional crack I';. When €, is more regular, this problem has been studied in [2, 4, 11, 12].

A notion of solution of (0.1) in a domain with a growing crack, under much weaker assumptions on the
cracks I'y, was introduced in [5] in the case of homogeneous Neumann conditions on the whole boundary of Q.
The existence of a solution with prescribed initial data was proved in the same paper, while the uniqueness
is still an open problem under those general assumptions.

In [10], a different approach is used, based on a suitable change of variables of class C?, which reduces the
domain {(t,z) € (0,T) x Q: z € U} to the cylinder (0,T) x Q. The transformed equation reads

i(t,y) — divy (B(t, y) Vyu(t,y)) + alt,y) - Vyu(t,y) = 20(t,y) - Vyo(t,y) = g(t,y) (0.2)
for t € [0,T] and y € Qp, with Dirichlet and Neumann conditions on some parts of 92, and homogeneous
Neumann conditions on the fixed crack I'g. The functions B, a, b, and g depend on A, f, and on the change
of variables. In that paper an existence result is proved. As for the uniqueness, it appears in the statement
of [10, Theorem 3.1], but the proof is missing. In our opinion, uniqueness does not follow immediately
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from the arguments used in the proof of that theorem. Indeed, the existence is obtained through a viscous
approximation, which consists in solving the same problem with the additional term

ev(t,y) —eAyo(t,y)

in the left-hand side. The solutions v. of these problems, whose existence is classical (see, e.g., [6]), are
proved to converge, up to a subsequence, to a solution v of (0.2), but there is no argument to show that all
subsequences converge to the same solution. Moreover, the proof of [10, Theorem 3.1] does not exclude the
existence of other solutions of (0.2) obtained by different methods.

In this paper we consider the same change of variables and prove existence and uniqueness of the solution
of (0.2) with prescribed initial conditions (see Theorems 2.6 and 2.10). The proof of uniqueness is obtained
by adapting a classical technique developed in [7] to the case of coefficients which satisfy very mild regularity
assumptions with respect to time.

Moreover, we prove the energy equality
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where R is a continuous remainder, which can be written explicitly as an integral involving v and Vv (cf.
Proposition 2.11). The proof is based on a regularization of © with respect to time, in the spirit of [9]. The
lack of regularity of the coefficients makes the arguments rather heavy. The energy equality (0.3) is the key
point for the proof of the L?-continuity of the functions ¢ — ©(t) and ¢ — V,v(t).

We also prove that the solution v of (0.2) depends continuously on the coefficients and on the data (see
Theorem 3.1): if B* — B, a" — a, b — b, and g" — g converge in a sense made precise in the paper,
then the corresponding solutions v™ of (0.2) converge strongly to v, meaning that v — v, v — 9, and
V" — Vv strongly in L?. The proof of the continuous dependence relies on the energy equality (0.3) and
on careful estimates of the solutions v. used in the viscous approximation of the solution v. For this reason
we reproduce the existence proof of [10], which has to be adapted to our slightly less regular situation.

Finally, we prove that the solutions of (0.1) depend continuously on the cracks I'; (see Theorem 3.1). Given
a sequence of time-dependent cracks '}, ¢ € [0,T], increasing with respect to ¢ and contained in the same
manifold I', we consider the corresponding solutions u™ of (0.1). We give some sufficient conditions on I'}
which imply the convergence of the coefficients of the transformed equations (0.2). This leads to the strong
convergence of the solutions v™ of (0.2), which, after a change of variables, yields the strong convergence of
u" to u.

In general, the sufficient conditions on I'} are expressed in terms of the diffeomorphisms used in the change
of variables. When d = 2, and I'}’ are arcs contained in a curve I', the hypotheses on I'} depend only on the
crack tips, i.e., on the end-points of these arcs (see Example 3.3).

We expect that this continuous dependence on the cracks will be an important tool for a precise mathe-
matical formulation of a dynamic model of crack evolution in the spirit of [8].

The paper is organized as follows. In Section 1 we fix the notation adopted throughout the paper and we
list the standing assumptions on the set €2, on the geometry of the cracks I';, and on the diffeomorphisms
used for the change of variables. In Definition 1.4 we specify the notion of weak solution of problem (0.1).
Then, in Theorem 1.7, we prove that its existence (and uniqueness) is equivalent to that of problem (0.2),
whose weak version is specified in Definition 1.5.

Section 2 is devoted to the study of problem (0.2). First, in Theorems 2.6 and 2.10, we obtain existence
and uniqueness of solutions in a function space larger than that of weak solutions. Eventually, in Proposition
2.11, we provide the energy equality (0.3), which ensures that the solution found is indeed a weak solution.
The energy equality gives also the continuous dependence of solutions on the data (both for problem (0.1)
and problem (0.2)), which is studied in Section 3 (see Theorem 3.1).

In the Appendix, we gather some auxiliary results and all the technical lemmas.

Explicit examples of admissible growing cracks in dimension d = 2 are presented in Examples 1.14, 2.1,
and 3.3.
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1. NOTATION AND PRELIMINARY RESULTS

The space of mxd matrices with real entries is denoted by R™*?: in case m = d, the subspace of symmetric

matrices is denoted by Rgl;,g. Given two vectors a,b € R?, their scalar product is denoted by a - b and their
tensor product is denoted by a ® b. Given two square matrices A and B in R?*?  we write A - B to denote
their Euclidean scalar product, namely A-B = A;;B;;. Here and in the rest of the paper we adopt the
convention of summation over repeated indices. We denote by A~ and AT the inverse and the transpose
matrices of A, by A~T the transpose of the inverse of A. We denote by I € R?*? the identity matrix, and
by id the identity function in R™, possibly restricted to a subset.

The partial derivatives with respect to the variable x; are denoted by 9, or D;. Given a function F': R? —
R™, we denote its Jacobian matrix by DF, whose components are (DF);; = 0;F;. If m = d, in order to
distinguish the inverse of the Jacobian from the Jacobian of the inverse, we denote the former by (DF)~!
and latter by DEF~!. For a tensor field A € C'(R?;R?*9), by div A we mean its divergence with respect to
lines, namely (div A); := 0;A4;;.

We adopt standard notations for Lebesgue and Sobolev spaces on a bounded open set of R?. The boundary
values of a Sobolev function are always intended in the sense of traces. The (d — 1)-dimensional Hausdorff
measure is denoted by H%~!. Given an open set Q with Lipschitz boundary, we denote by v the outer unit
normal vector to 0f2, defined a.e. on the boundary.

Given a normed vector space X and its topological dual X*, the norm in X is denoted by || - | x and the
duality product between X* and X is denoted by (-, -) x. We adopt the same notations also for vector valued
functions in X. Given an interval I C R and a Banach space X, LP(I; X) is the space of LP functions from
I to X. Given u € LP(I; X), we denote by @ € D'(I; X) its distributional derivative. The set of continuous
and absolutely continuous functions from I to X are denoted by C°(I; X) and AC(I; X), respectively. When
X =R™, we denote the uniform norm in C°(I;R™) by || - ||ec. Given two metric spaces Y and Z, Lip(Y; Z)
is the space of Lipschitz functions from Y to Z.

Throughout the paper we shall assume the following hypotheses on the set €2, on the geometry of the
cracks I';, and on the diffeomorphisms of €2 into itself mapping I'y into I';:

H1) ©Q C R? is a bounded open set with Lipschitz boundary 0%;

H2) 0p is a (possibly empty) Borel subset of 9Q and Oy is its complement;

H3) T is a C? manifold of dimension d — 1 contained in Q and with boundary r’;

H4) TNAQ =9l and Q\ T is union of two disjoint open sets Q7 and Q= with Lipschitz boundary;

H5) T > 0;

) T4, t € 0,77, is a family of closed subsets of ', with Iy C I’y for every s < ¢;

) @, U:[0,7] x Q — Q are continuous and the partial derivatives 9,®, 8,V, 9;®, 9;V, 9;0;®, 9,0;7,

0;0;® = 0,0;9, 0,0,V = 9,0; ¥ exist and are continuous for i,7 =1,....,d;

(H8) @(t,Q) = Q, ®(t,T) =T, ®(t,Ty) = I'y, and ®(t,y) = y for every t € [0,7] and every y in a
neighborhood of 99;

(H1
(H2
(H3
(H4
(H5
(H6
(

o

7

(H9) U (¢, ®(t,y)) =y and ®(t, ¥(t,z)) = x for every x,y € Q;
(H10) ®(0,y) =y for every y € Q;
(Hll) 8t‘1>, 8,5\11, 87,(1), 81\11, 8i8j<1>, Bzﬁj\Il, Bié‘t(b, 628,5\11 belong to Llp([O,T],CO(ﬁ, Rd)) for ’L,] = 17 . d,
(H12) there exists L > 0 such that |0;,0,®(¢,x) — 0;0:P(t,y)| < Llx — y| and [0;0:V(t,x) — 0;0, ¥ (¢, y)| <

L|x —y| for every t € [0,T], z,y € Q,and i = 1,...,d.

The differential operators D, V and div always refer to the space variable in 2. We often use the notation
1 instead of dyu.

Notice that from (H7) and (H9) it follows that det D®(¢,y) # 0 and det DU (¢, z) # 0 for every t € [0,T]
and z,y € Q. Using (H10) we conclude that both the determinants are positive. Moreover, (H4), (H7), (HS),
and (H10) imply that ®(¢, Q%) = Q*.

Given a point y € T, its trajectory in time is described by the function ¢ — ®(¢,y) € I'. We infer that its
velocity is tangential to the manifold T' at the point ®(¢,%), that is ®(¢,y) - v(®(t,y)) = 0, where v(z) is the
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normal vector to I' at . By combining this equality with the relation between v(®(t,y)) and v(y)

V(@(t,y) = LGN TV (1.1)

[(D®(t,y))~Tv(y)|

we deduce that

(D®(t,y)) "1 ®(t,y)) - v(y) =0 for y € T, or equivalently ®(t, (¢, z))-v(z)=0forzecl. (1.2)

We set
Qr :={(t,x) € (0,T)xQ : x ¢ T}
and ; := Q\ T, so that Qr = {(t,z) : t€(0,T), = € Q;}. We introduce the space
HL(Q) :={uec H () : u=0H"""-ae ondpQ},

where the equality on dpQ refers to the trace of u on Q. The space H} () is endowed with the norm
of H'(€) and its dual is denoted by Hp'(€;). The transpose of the natural embedding H}(Q;) — L*(Q)
induces the embedding of L?(£2) into Hp' () defined by (g, P () = (9,9) L2(0) for every g € L?(Q2) and
¢ € Hp ().

Given 0 < s <t <Tlet Py: HBl(Qt) — HBl(QS) be the transpose of the natural embedding H7,(€2;) —
HE (), ie., (Pa(g), Yy (0. = (9, ) u1 (o) for every g € Hp' () and p € H)(Qs). The operator Py is
continuous, with norm less than or equal to 1. In general it is not injective, since H5(£2;) is not dense in
HL (). Note that Ps(g) = g for every g € L*(Q).

Let A:[0,7] x Q — RZX4 be a time varying tensor field in  such that

sym

A € Lip([0,T]; CO(REXD)), A(t,-) € Lip(Q), and  [|0;A(t, )| =) < C (1.3)

sym

for every t € [0,T], for every i = 1,...,d, and for some C' > 0 independent of ¢ and i. We assume that the
following ellipticity condition holds for a suitable constant ¢4 > 0:

(A(t,2)€) - € > cal€|* forevery t € [0,T], x € Q, and £ € R?. (1.4)
Given
feL*((0,T); L*(Q)), u’ € H'(Q), u' € L*(Q), and wp € L*((0,T); H/?(09)), (1.5)
we study the differential equation
i —div(AVu) = f in Qr, (1.6)
with initial conditions
u(0) = u’, 4(0) =u' in Q, (1.7)
and boundary conditions formally written as
u(t) =wp(t) on IpQ for ae. t € (0,T), (1.8)
(A(®)Vu(t))-v=0 onTUINQ for ae. t € (0,T). (1.9)

To give a precise meaning to (1.6)-(1.9), it is convenient to introduce the following notation. Given
v € H'(Qy), its gradient in the sense of distributions, denoted by Vv, belongs to L?(2;; R?). We define the
function Vo € L2(Q;RY) by setting Vv = Vv on €, and Vo = 0 on T;. Note that Vo is not the gradient in
the sense of distributions on €2 of the function v, considered as defined almost everywhere on §2: indeed, the

equality
/ w-Vodr = —/ vdivw dx
Q Q

holds for w € C1(€;RY), but in general not for w € C}(Q; RY).
To prove an existence and uniqueness result for (1.6)-(1.9), we assume that there exists

w e L*((0,T); H*(Q0)) N H'((0,T); H' (Q0)) N H?((0,T); L*(Q0)) (1.10)

such that
w(t) =wp(t) on IpQ for a.e. t € (0,7T), (1.11)
(A)Vw(t)) - v=0 onT,UINQ for ae. t € (0,T), (1.12)
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w(0) = u’ on IpQ, (1.13)

where these equalities have to be considered in the appropriate sense of traces. Note that equality (1.12) for
the conormal derivative must be satisfied also on I'; \ T'g.

Remark 1.1. For problems in a fixed domain, the usual assumption of w is
w € L2((0,T); H(20)) N H'((0,T); L*(0)) N H2((0,T); H*(Q0)) -

We have to assume more regularity, both to respect to space and time, because our method of proof uses

the equation satisfied by u — w, which has source term g := f — @ + div(AVw), and some estimates require
that g € L2((0,T); L?(Q0)).-

To give a precise meaning to (1.6)-(1.9) we consider functions u which satisfy the following regularity
assumptions:
we CH([0,T]; LA(Q).
u(t) —w(t) € Hh(Q) for every t € [0,T],
Vu e CO([0, T); L* (% RY))
w e AC([s,T); Hp' (Qs)) for every s € [0,T),
Fa(t + h) — ()] — ii(t) weakly in Hp' () as h — 0, for a.e. t € (0,7,
the function t — ||ii(t)HH51(Qt) is integrable in (0,7) .
The notation used for the weak limit in (1.18) is justified in the following lemma.

Lemma 1.2. Assume that u satisfies (1.14)-(1.19). Then for a.e. t € (0,T) we have
w(t+h) —a(t)
h

as h — 0, for every s € [0,t). In particular, t — Py (i(t)) is the distributional derivative of the function
t s a(t) from (s,T) to Hy'(Qs). Moreover,

a(t)—ﬂ(s):/ Py, (ii(1)) dr (1.21)

— Py (ii(t)) strongly in Hp' (Qs) (1.20)

for every 0 < s <t <T.

Proof. Let us fix a countable dense set S of (0,7). For every s € S let iis: (s,T) — Hp'(Qs) be the
distributional derivative of % in the space H 51 (Q25). By the standard theory of absolutely continuous functions
with values in a reflexive Banach space (see, e.g., [3]), there exists a negligible subset Ny of (s,T) such that
u(t + h) — u(t)
h
for every t € (s,T)\ Ns. Let N be a negligible subset of (0,7") containing all Ny for s € S and all the
t for which (1.18) is not satisfied. Comparing (1.18) and (1.22), we infer that Ps(ii(t)) = iis(t) for every
t € (0,7)\ N and s € [0,) N S; in particular, (1.20) is satisfied for such ¢ and s. Note that, since every
function ¢ € HL(€2;) can be approximated strongly in H}(€Q;) by functions ¢s € Hj(Qs) with s € S and
s — t~, we obtain that (t) is uniquely determined by the equality Ps:(ii(t)) = iis(t). In order to conclude the
proof of (1.20), we need to check its validity for ¢t € (0,7)\ N and so € [0,¢)\ S: taking an intermediate value
s1 € (s0,t) NS (recall that S is dense), we have the convergence (1.20) of the difference quotient to P, (ii(t))
strongly in HBl(Qsl); then, by applying the continuous operator P;,s, to both sides of such expression, we
obtain the desired strong convergence in Hp'(Qs,).

Finally, by the standard theory of absolutely continuous functions, formula (1.21) is an immediate conse-
quence of (1.17) . O

— iig(t) strongly in Hp'(Qy) (1.22)

081

Remark 1.3. Properties (1.14)-(1.18) imply that the function ¢ — Hii(t)||H51(Qt) is measurable. To prove this

fact, we first observe that for every 0 < s < T the function (s,T) 3 ¢t — Ps:(i(t)) is measurable with values in
H;'(Q,) thanks to (1.20) and to the continuity of %. Therefore the function (s, T) > ¢ ||Pst(u'(t))||H51(Qs)
is measurable, and so is the function G, defined by G4(t) = 0 if ¢ € (0, s), and G4(t) = ||Pst(ii(t))||H51(QS)
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if t € (s,T). Since every test function ¢ € H}(£;) can be approximated strongly in H7,(£2;) by functions
s € H, () with s — t~, we obtain that [Pt (6(0) -1 = 1) r-1(q,) as s — t7. By monotonicity
D s D t
with respect to s, given a countable dense subset S of (0,7"), we obtain that ||1l(t)||H51(Qf) = sup G;(t),
) ses

concluding the proof.
We are now ready to make precise the notion of solution of problem (1.6)-(1.9).

Definition 1.4. Let A, f, u°, u', w be as in (1.3), (1.5), and (1.10)-(1.13). We say that u is a weak solution
of the wave equation (1.6) with initial conditions (1.7) and boundary conditions (1.8) and (1.9) if u satisfies
(1.14)-(1.19) and for a.e. t € (0,T) we have

(). @) 3 ) + (AWTU(0), V) 2,y = ([0, @) 2y Tor every o € HE(),  (123)

where i(t) is defined in Lemma 1.2.
To prove the existence and the uniqueness of a weak solution, it is useful to perform the change of variables
v(t,y) =u(t,®(t,y)) and wu(t,z) =0t V(¢ x)) (1.24)

through the diffeomorphisms introduced in (H7)-(H12). Notice that v(t,-) € H* () if and only if u(t,-) €
H'Y(©Q;). Therefore, with this change of variables we work in the fixed set {y. This leads to consider the
problem

¥ —div(BVv)+a-Vv—2b-Vo=g inQr,, (1.25)
with initial conditions
v(0) =", 9(0) =v' in Qp, (1.26)
and boundary conditions formally written as
v(t) =wp(t) on Ipf for ae.t e (0,7), (1.27)
(B(t)Vu(t))-v=0 onToUaNQ forae. te (0,T), (1.28)
with
B(t,y) := DW(t, ®(t,y))A(t, D(t,y)) DU (t, (t,y))" = b(t,y) @ b(t,y), (1.29)
a(t,y) == =[BT (t,y)V(det D®(t,y)) + d;(b(t, y) det D(t, y))] det DU(¢, B(t,y)) , (1.30)
b(t,y) == —V(t, (1)), (1.31)
9(t,y) = f(t, ®(t,y)), (1.32)
00 =l vl =l + ®(0)- V. (1.33)

To give a precise meaning to (1.25)-(1.28), we consider functions v which satisfy the following regularity
assumptions:

v e CH([0,T]; L*(Q)), (

v(t) —w(t) € Hy(Qo) for every t € [0,T], (1.35

Vv e C°([0, T; L*(Q0; RY)) (

0 € AC([0,T]; Hp' () - (
Let us specify in what sense we study problem (1.25)-(1.28).

Definition 1.5. Let A, f, u°, u!, and w be as in (1.3), (1.5), and (1.10)-(1.13), and let B, a, b, g, v°, and
v! be defined according to (1.29)-(1.33). We say that v is a weak solution of equation (1.25) with initial

conditions (1.26) and boundary conditions (1.27) and (1.28) if v satisfies (1.34)-(1.37) and for a.e. t € (0,T)
we have

(), V) 1 (o) + (B(E)VU(L), V) L2(a,) + (alt) - VU(t),¥) L2(0,) + 2(0(t), div(b(t)¥)) £2(0y)
= (g(t),¥)r2(q, for every ¢ € HL (). (1.38)
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Remark 1.6. Take v satisfying (1.34)-(1.37). Let us check that the scalar products in (1.38) make sense
for a.e. t € (0,T). By (1.37), #(t) € Hp*(Q) for a.e. t, therefore it is in duality with ¢ € H}(Qp). In
view of (1.34) and (1.36), for every ¢ € (0,T) we have that ©(¢) and Vu(t) belong to L*(Q) and L?(Q;R?),
respectively. Thus, to ensure that the scalar products in the left-hand side of (1.38) are well defined, we need
to show that the coefficients B, a, b, and div b are essentially bounded in space for almost every time.

In view of (H7), (H11), (H12), and (1.3), it is easy to check that the tensor fields DU (¢, ®(t,-)) and

A(t, ®(t,-)), the vector field (¢, ®(¢,-)), and the function div(¥(¢, ®(¢,-))) are Lipschitz continuous from
[0, 7] to L>=(Q; RXd) | L°(Q; R?), and L>(), respectively. In particular, we deduce that the coefficients B

and b introduced Si.7;1m(1.29) and (1.31) satisfy
B € Lip([0,T]; L™ (% RE<9)), b € Lip([0,7]; L (2 R?)),  divb € Lip([0, T]; L=(2)) . (1.39)
As for the coefficient a defined in (1.30), we split it into the sum a = a; + ag, with
ay(t,y) == =[BT (t,y)V(det DB(t,y)) + b(t,y)d:(det DB(t,5))] det DE(t, B(t,y)), (1.40)
az(t,y) = ~b(t,y). (1.41)

In view of the discussion above, we infer that a; € Lip([0,7]; L°°(£; R?)), while ag, being the distributional
derivative of a function in Lip([0,T]; L>°(Q;R?)), is an element of L>((0,7T); L?(2;R?)), moreover there
exists C' > 0 such that |lax(t, )| =) < C for ae. t € (0,T).

Eventually, since by assumption f € L2((0,7);L*(Q)), also g defined in (1.32) is an element of
L2((0,7); L*(Q)) and the right-hand side of (1.38) makes sense for a.e. t € (0,7).

The relation between problems (1.6)-(1.9) and (1.25)-(1.28) is given by the following theorem.

Theorem 1.7. Under the assumptions of Definition 1.5, a function u is a weak solution of problem (1.6)-(1.9)
if and only if the corresponding function v introduced in (1.24) is a weak solution of problem (1.25)-(1.28).

Before proving the theorem, in the following lemmas we investigate the regularity properties of the functions
u and v.

Lemma 1.8. Suppose that u and v are related by (1.24) and that u satisfies (1.14)-(1.19). Then v satisfies
(1.34)-(1.37).

Proof. For brevity, throughout the proof, C' will denote a positive constant independent of time, whose value
may vary from line to line. The proof is divided into several steps.

Step 1. v satisfies (1.35). By (1.15) we have that for every ¢ € [0, 7] the function u(t, -) belongs to H(€2;).
Moreover, by (H7)-(H9), ®(¢,-) is a bi-Lipschitz diffeomorphism from €y into ;. Therefore the composition
v(t,-) = u(t, ®(t,-)) belongs to H'(Qp). Eventually, since ®(¢, -) restricted to the boundary 91 is the identity,
we get v(t,+) —w(t, ) = u(t,-) —w(t,-) =0 H* l-a.e. on dpQ, concluding the proof of (1.35).

Step 2. v satisfies (1.36). In view of the previous step, v(t,-) € H(Qq) for every t € [0,T] and, by the
chain rule in Sobolev spaces, we have Vu(t, ) = D®(t, )T Vu(t, ®(t,-)) € L*(Qo;RY). By applying Lemma
4.4 with f = Vu(t,-) and A = ®, we infer that t — Vu(t,-) is continuous from [0, 7] to L2(€; RY).

Step 3. v is Lipschitz from [0,T] to L?>(Q). Let 0 < s <t < T be fixed. By the triangle inequality, we
may write

[o(t;-) = v(s, )20y < llult, (1)) = uls, @(, )| L2 () + l[uls, @(L, ) = uls, D(s, )l L2 (00 - (1:42)

Exploiting the change of variables © = ®(¢,y), the first difference in the right-hand side can be estimated as
follows:

lu(t, ®(t,-)) —u(s, (t,-))||L2(00) < SE)pT] || det DY (T, )||1L/0<23(Q)||u(t7 ) —u(s, )2 < Clt—s|, (1.43)
T€|(0,

where the last inequality follows from the C! regularity of ¥ and from assumption (1.14) on u. By applying
Lemma 4.5 with f = u(s,-) and A = @, and exploiting the continuity (1.16) of Vu, we obtain

||U(S, (I>(t’ )) —_ ’U,(S, (I)(S, '))HLZ(QO) S CTIEH[(E)D;] ||§u(7, )||L2(Q)|t — S| S C|t — .S| . (144)

Finally, by combining (1.42)-(1.44), we conclude that v € Lip([0, T]; L*(Q0)).
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Step 4. v satisfies (1.34). Since v is Lipschitz continuous, it can be reconstructed by integrating its time
derivative, which exists almost everywhere. Therefore, to prove C! regularity, it is enough to show that the
right derivative exists everywhere and is continuous. We claim that for every ¢ € [0, T

1

E[v(t +h,) —o(t, )] — a(t, ®(t, ) + Vu(t, ®(t,-)) - ®(t,) strongly in L*(Qp) as b — 0T, (1.45)

and that the function
t e a(t, ®(t,-)) + Vu(t, ®(t,-)) - D(t, ) (1.46)

is continuous from [0, 7] to L?(Qp).
We start by showing (1.45). Fix ¢ € [0,T]. By (1.24), we can write

ot R ) = o(t, )] = [+ B B+ ) — (e, B R )] [t B+ b)) — (e, B, )] (147

By (1.14) we have that (u(t+h,-) —u(t,-))/h — u(t,-) strongly in L?(Q). By a change of variables, it is easy
to see that

%[u(t +h,®(t+h,-)) —u(t,®(t + h,-))] —u(t,®(t+h,)) — 0 strongly in L*(Q) as h — 0T,

moreover, by applying Lemma 4.3 with f = 4(¢,-) and A = &, we obtain a(t, ®(t + h,-)) — u(t, ®(¢,-)) — 0
strongly in L?(€), hence

%[u(t +h, ®(t+h,-)) —u(t,®(t + h,-))] — a(t,®(t,-)) strongly in L*(Q) as h — 0T . (1.48)

On the other hand, by Lemma 4.6 with f = u(t,-) and A = ®, we infer that
1 ~ .
E[u(t, O(t+h,-)) —ult,®(t,-))] — Vu(t,®(t,-)) - ®(t,-) strongly in L*(Qo) as h — 0T . (1.49)

By combining (1.47) with (1.48) and (1.49) we get (1.45). Finally, Lemma 4.4 gives the desired continuity of
the function (1.46). Thus we conclude that v satisfies (1.34) and that its time derivative is given by

Step 5. v € AC([0,T); Hp (Q)). By (1.19) it is enough to prove that there exists a constant C' > 0 such
that

¢
Jo(6:) = 60 oy < € [ (il Mgy + D (151
for every 0 < s <t <T. Let ¢ € Hp(Q) with |91 (,) < 1. Then we have
(5(5,) — 0ts), ) g0y = (s, B(s, ) — it D5, )), ) pa(eny) + (ilt, D(s,) — alt, B(E, ), ) 22
+ (Tuls, ®(s,)) - B(s,) = Vuls, O(t,)) - Bt ), %) 120
+ (Vu(s, ®(t,) - (¢, ) = Vult, ®(t,-)) - D(t,-), ¥) £2(0) - (1.52)
Using (1.21) after a change of variables we obtain

<7:l‘(5a (I)(Sa )) - it(t, (I)(Sa ))7 w>L2(QU) S CHU(S’ ) - ﬂ(t, ')HHEl(QS)

V(Y (s, )l a0

t t
<C [Pl Dy dm <€ [ 1ilr Do, dr (1.53)

Exploiting assumption (1.14), the Lipschitz regularity of DW considered in (H11), and Lemma 4.5 with f =
and A = U, we get

<U'(ta ¢(87 )) - U(t, ¢)(t7 ))a ¢>L2(Qo) < C”u(tv )||L2(Q) || det D\II(Sv ) — det D\I’(ta )HL“’(Q)
+ Clladt, 2@ [P (s, ) = (Wt )2 < Clt =8 (1.54)
Similarly, by the Lipschitz regularity of ®(¢, ¥(t,-)) ensured by (H11) and by (1.16), we have
(Vu(s, ®(s,-)) - D(s,-) — Vuls, ®(t,-)) - D(t,-), ) 1209y < CJt — 5. (1.55)
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Since s < t, we have H*(Q2,) C H'(Q4), in particular u(t,-),u(s,-), and ¥(¥(t,-)) all belong to H! (),
therefore we have

(Vu(s, (t,) = Vu(t, ®(t,-)), Dt 1) 12(y) = (V(uls, ) = ult, ), ®(t, Wt )W (E, ) 120y
= —(u(s,) = u(t, ), div[®(t, U(t, )Y (¥(t, )] L2(00)
< Cllu(s, ) - ult, )2 < Clt - sl (1.56)
where we have used the equality ®(¢, ¥(t,-)) - v = 0 on 9 (see (H8) and (1.2)) in the integration by parts,
and assumptions (1.14), (H11), and (H12) in the last inequality. By combining (1.52) with (1.53)-(1.56), by

the arbitrariness of the test function ¢, we obtain (1.51).
(]

Lemma 1.9. Under the assumptions of Lemma 1.8, for a.e. t € (0,T) we have
(58, )0 13 0y = (ii(E, ), (W (L, ) det DU (L, )y
+ (a(t, ), O [ (W (¢, -)) det DU(t, )] — div[ip (¥ (t, )@ (t, U (t, ) det DU(t, -)]) 12 ()
+(Vult, ), 04t (W (¢, ) D(t, U(t, ) det DU(t, )]} 2@ (1.57)
for every v € HL ().

Remark 1.10. Notice that by Lemma 4.5 with f=t¢ and A=, we deduce that 1(¥(t,-))€Lip([0, T]; L?(Q));
moreover, by (H11), we have ®(t, U(t,-))eLip([0, T]; L>®(Q; R?%)) and det DWeLip([0, T]; L°°(£2)). Therefore
the products ¥ (¥(t,-))det DW(t,-) and (W (t,-))(t, U(t,-)) det DU(t,-) are elements of Lip([0,T]; L*(Q))
and Lip([0, T; L?(£2; R?)), respectively, and their distributional time derivatives belong to L>((0,T); L?(f2))
and L>((0,T); L?(2;RY)), respectively.

Proof of Lemma 1.9. In view of Lemma 1.8, the function v satisfies (1.34)-(1.37). By the absolute con-
tinuity (1.37) of ¥, we infer that its distributional derivative ¥ from (0,7) to Hp'(Qp) is an element of
LY(0,T; Hp' (Q)); moreover, for a.e. t € (0,T), the action of #(t) against any test function v € H} () can
be deduced by the identity

. o1 .

<U(ta ')a w)HlD(QO) = hli)r([){ E<v(t + h7 ) - U(ta ')a w>L2(Q) . (158)
Let h < 0. Exploiting (1.50) we can write

B+ Ry — it ) = [t + by (1)) — it D, )] + [alt + hy ®(t + b)) — alt + h, B, )]

+[Vu(t + h, ®(t+h,)) - B(t+ h,-) — Vu(t + h, ®(t, ) - B(t, )]

+ [Vu(t + h, ®(t, ) - B(t,-) — Vu(t, ®(t,-)) - d(t, )] (1.59)
In view of Lemma 1.2, for a.e. t € (0,T) we get

%<’d(t—|—h,@(t,-)) —’ll(t,q)(t7~)) w>L2(SZ) - %< (t+h ) (t )71/)(\11(t’)) detD\Ij(tv'»Lz(Sl)
— (it ), v(¥(¢,-)) det DY(L, ) 1,y ash— 07, (1.60)
(€

since (¥ (t,-)) det DW(t,-) is an element of H}(€2;). By assumption (1.14) and Remark 1.10, we infer that

%(u(t +h, @t + h,-)) —ult + h, ®(t,-)),¥) L2

= %<u(t + ha ')a ¢(\Il(t + h’ )) det D\I/(t =+ hv ) - ¢(W(tv )) det qu(t’ ')>L2(Q)

— (u(t,-), Oc[tp(W(t, ) det DU(L,-)]) o) ash—07. (1.61)
Similarly, again by Remark 1.10 and by (1.16), we obtain

S| =

<$ (t+ hy ®(t + h,-)) - D(t+ h,-) — Vult + b, B(t,-)) - D(L, ), ) 12 ()
1
“h

(Vult + h, ), &(t + hy U(t + h, ) W(U(E + h, ) det DU(t+ h,-) — D(t, W(t, ) (U(E, ) det DU(E, ) 120
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— (Va(t,-), 0 [ (P (t, ) D(t, U(t,-)) det DU (t,)]) 121y ash — 0. (1.62)

To treat the last term in (1.59) we need to perform an integration by parts: if h < 0 the functions u(t+ h, ),
u(t,-), and ¥(¥(t,-)) all belong to H'(€), therefore we have

Tt 4 b, B(t,)) - Bt ) — Tult, Bt ) - B, ), 1) 220
_ %ﬁu(t - hy) — St ) p( (), T(t, ) det DU (L)) L2
— (u(t,-), — div[p(V(t, ) D(t, U(t, ) det DU(L,)]) p2() as h — 07, (1.63)

where, in the integration by parts, we have used the equality ®(¢, U(¢,-)) - v = 0 on 98 (see (H8) and (1.2)).
By comparing the limits found in (1.60)-(1.63) with (1.59) and (1.58), we conclude that the distributional
derivative ¥ is characterized by (1.57). d

Conversely, the regularity of u can be deduced by the regularity of v, as we state in the two following
lemmas. Both results can be readily obtained by following the same procedure adopted in the proof of
Lemmas 1.8 and 1.9, exchanging the role of u and v. Therefore we omit the proofs.

Lemma 1.11. Suppose that uw and v are related by (1.24) and that v satisfies (1.34)-(1.37). Then u satisfies
(1.14)-(1.19).

Lemma 1.12. Under the assumptions of Lemma 1.11, for a.e. t € (0,T) we have
(it ), o), = (0(t ), o(@(L, 1)) det DR(t, ) 1 (o)
+ (0(t, ), Bi[ip(@(¢, ) det DR(t, )] — div[ip(D(¢, ) U (t, @ (L, ) det DR(L,)]) 12 (0
+ (Vu(t, ), O[(@(t, )T (1, @ (¢, ) det DB(t, )]) 120
for every ¢ € Hp, ().

We are now in a position to prove Theorem 1.7.

Proof of Theorem 1.7. First, we assume that u is a weak solution of problem (1.6)-(1.9). In view of Lemma
1.8 the function v satisfies (1.34)-(1.37). Let ¢» € H}(Qo) be an arbitrary test function. For every t € [0,7]
the function ¥ (W (t,-)) det DVY(t,-) belongs to Hx (), thus, by (1.23), we have
<7:L(t7 ')7 ’(/}(\Il(t’ )) det D‘lj(t’ ')>H})(Qt) = <A(t7 ')§u(t’ ')a V[’(/)(\I/(t, )) det D\I/(t7 ')]>L2(Q)
+ <f(ta ')7 ¢(\I/(ta )) det D\Ij(t7 ')>L2(Q) .
Inserting this expression into (1.57), we get
<’U(t, ')7 1/}>H1D(QO) = 7<A(t7 )ﬁu(ta ')a V[i/)(‘l’(tv )) det D\Ij(t7 ')]>L2(Q)
+ <§U(t, ')7 O W}(\II(L ))(b(ta \Il(tv )) det D\Il(t7 ')]>L2(Q)

+ (a(t, ), O (U (t, ) det DU (E, )] — div[y(V(E, ) @(¢, U(Z,-)) det DU (E, -)]) 2(0)

In view of the relation (1.24) and formula (1.50), we can write Vu and 4 in terms of v as follows:
Vul(t,:) = DUT (¢, )Vo(t, U(t, ), alt,-) =0t Ut,) + Vot, Ut -) - U(t,-). (1.65)

Inserting the expressions (1.65) into (1.64), we obtain that v satisfies (1.38). The initial conditions (1.26)
follow from the regularity property (1.34) of v and the initial conditions (1.7) satisfied by w. Finally, the
Neumann boundary condition (1.28) for v is readily verified: for every ¢ € (0,T) and H% !-a.e. y € Ty U
we have

B(t,y)Vo(t,y) - v(y) = [A(t, @(t,y))Vu(t, 2(t.y))] - [DYT(t, B(t,y))v(y)]

= (¥, @(t,y) - Volt,y) [V (¢ 2, y)) - v(y)] -
Both terms in the last expression are zero for a.e. t and y: the first one vanishes thanks to the Neumann
boundary condition (1.9) satisfied by u, combined with the relation (1.1) between v(y) and v (¢, ®(¢,v));
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while the second term vanishes on T'g in view of (1.2), and on dy€ in view of (H8). In an analogous way, by
applying Lemmas 1.11 and 1.12, it is easy to show that if v is a weak solution of problem (1.25)-(1.28) then
u is a weak solution of problem (1.6)-(1.9). O

Remark 1.13. Notice that for weak solutions u of (1.6)-(1.9) the integrability condition (1.19) can be
improved. Indeed, by (1.23), by the continuity (1.16) of Vu, and by the Lipschitz regularity of A, we infer
that for a.e. t € (0,7)

5Ol < €+ 1@ Lz2c0) (1.66)
for some constant C' > 0 independent of t. Therefore, since f € L?((0,7); L*(f)), the function t
@) =1 (q,) belongs to L?(0,T). If in addition f € LP((0,T); L*(Q)) with p € (2,+00], then the func-
tion ¢ — ||1l(t)||H51(Qt) belongs to LP(0,7). The same holds true for a weak solution v of (1.25)-(1.28):
indeed, taking in (1.38) an arbitrary test function 1 € H}(£2p) with norm 1, we obtain that if the source
term f belongs to LP((0,T); L?(Q)) then & € LP((0,T); H,'(Qp)). Here, in order to derive an estimate like
(1.66) for \|i5(t)||H51(Qo), we exploit the continuity properties (1.34) and (1.36) of © and Vv, respectively, and
the regularity of the coefficients (1.29)-(1.32) discussed in Remark 1.6.

We conclude the section by presenting a possible construction of the diffeomorphisms ® and ¥ in dimension
d=2.

Example 1.14. Let d = 2 and assume that I' is a C%! simple curve in the planar domain . More
precisely, we assume that I is injectively parametrized by arc-length through a function ~: [0,¢] — R?, such
that v(0),v(¢) € 99, and y(s) € Q for every s € (0,¢). We assume that 'y = ([0, so]) with so € (0,2),
and that T'y = ([0, s(¢)]), where s(-) is a nondecreasing function of class C**([0,T]), with s(0) = s¢ and
s(T) =: sp < X.
We claim that there exist ®, U: [so, s7] x Q — Q with the following properties, for i, j = 1,2:
(i) ® and T are of class C! on [s0,s7] X © and the partial derivatives 81036, 8i8j\f/, 82»88&) = 88616,
31'33(1\’ = 335'1@ exist and are continuous;
(i) for every s € [so, s7] there hold ®(s,Q) = €, &(s,I') =T, (s, Ty) = ([0, s]), and B(s,-) = id in a
neighborhood of 99,

(iii) ®(so,-) = id in €

(iv) for every s € [sq, s7], U(s,-) is the inverse of ®(s,-) on ;

(v) 0:®, 8,T, 8;®, ;W 0;0;®, ;0,, 0;0,®, 9;0,¥ belong to Lip([so, s7]; C°(;R2));

(vi) there exists L > 0 such that |8Z—65<T>(5, x) — 81-85(T>(S7y)| < L|z — y| and |8i85\/1\1(s,x) — 8i85@(s,y)| <

L)z — y| for every s € [sp, s7] and every x,y € ).

Once proved the claim it is easy to see that the composite functions

O(t,y) = ®(s(t),y) and W(t,y) = V(s(t),y) (1.67)
satisfy (HT7)-(H12).

We conclude by constructing ®. First we consider the case of a crack growing on a straight segment:
more precisely, we assume that T'NQ = (0,¢) x {0} and that  contains a rectangular neighborhood R of the
segment (sq, s7) x {0} of the form R := (s1, 82) X (—po, po), for some 0<s1<s0<s7<52<f and 0 < py < 1. For
e > 0 small enough, we can construct a C* function A : [sg, sT| X [s1, 82] — [s1, 2] satisfying the following
properties:

(vii) A(so,2) = z for every z € [s1, sa];

(viil) A(s, z) = z for every s € [sg,s7] and z € [s1, 51 + €] U [s2 — €, s2];

(ix) A(s,s0) = s for every s € [sq, sT);
(x) |0sA] <14¢€and 0,A > e.
Let 0: [—po, po] — [0,1] be a cut-off function which vanishes in a neighborhood of {+py} and is identically
1 in a neighborhood of {0}. Finally, let F: [so,s7] X R — R be defined as F(s,y) := (1 — 0(y2))y1 +
0(y2) (s, y1), y2), where y1 and y are the coordinates of y, and let ®(s,y) = F(s,y) if y € R while ®(s,y) = y
if y € Q\ R. It is easy to verify that ®, and its inverse U, satisfy (i)-(vi).
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Let us now consider the general case. We can construct a C*° function n: [s1,ss] — R? such that
n(s) ¢ Ty for every s € [s1, s3], and we define A(s, p) := v(s) + pn(s), for s € [s1, 53] and p € R. Tt is easy
to see that the restriction of A to the rectangle R = (s1,s2) x (—po, po) defines a C*! diffeomorphism of R
into an open neighborhood U of v((so, sr)), provided that py € (0,1) is chosen small enough.

Eventually, if A=! is the inverse of the restriction of A to R, for every s € [sq,sr| we take </13(s, ) =
Ao F(s,-)oA~! in U, and we set ®(s,y) =y for y € Q\U. It is easy to see that this function, and its inverse
U, satisfy (i)-(vi).

2. EXISTENCE AND UNIQUENESS RESULTS

In this section we prove existence and uniqueness of weak solutions, both for problem (1.6)-(1.9) and
for problem (1.25)-(1.28), under an additional assumption on the velocity @ of the diffeomorphism. More
precisely, we require that there exists a constant § > 0 such that

(D(t,y) - €)* + OI¢1° < (A(t, @(t,9))€) - for every t € [0,T], y €Q, and £ € R?. (2.1)

Condition (2.1) ensures that problem (1.25) is still hyperbolic: recalling the definition (1.29) of B and
exploiting (1.4), we infer that there exists a constant cg > 0 such that

(B(t,y)€) - € > cplé|* forevery t € [0,T], y € Q, and € € RY. (2.2)
Note that (2.1) is satisfied if
|®(t,y)|> < ca—6 foreveryte[0,T] and every y € 0, (2.3)

where c4 is the constant which appears in (1.4).
In dimension 2, an example of diffeomorphisms ® and ¥ satisfying (H7)-(H12) and (2.3) can be easily
obtained as follows.

Example 2.1. Let T', Q, v, s, po, A\, 7, A, U, and ® be defined as in Example 1.14. We claim that the
composite function ®(s,y) := ®(s(t),y) introduced in (1.67) satisfies condition (2.3) provided that

15()]* < ca — 26, (2.4)

that the constant € > 0 appearing in (vii)-(x) is sufficiently small, and that |n(s)| + |n'(s)| < € for every s.
Let us prove the claim. Exploiting condition (x) and the bound for n and 7/, it is easy to show that, if € is
small enough,

0B (s, )2 < 146/(ca — 20) (2.5)

for every s € [sg, s7] and every y € Q. Condition (2.3) follows by combining (1.67), (2.4), and (2.5).

In the previous section we have already shown that problems (1.6)-(1.9) and (1.25)-(1.28) are equivalent.
Here we give the complete proof of the following result.

Theorem 2.2. Let be given A, f,u’,u' as in (1.3) and (1.5), and assume the existence of w satisfying
(1.10)-(1.13). Let B,a,b,g,v°,v* be defined according to (1.29)-(1.33). Then problem (1.25)-(1.28) admits a
unique weak solution v.

In view of Theorem 1.7, we readily obtain from Theorem 2.2 the following result.

Corollary 2.3. Let be given A, f,u,u' as in (1.3) and (1.5), and assume the existence of w satisfying
(1.10)-(1.13). Then problem (1.6)-(1.9) admits a unique weak solution u.

First, in Theorems 2.6 and 2.10, we obtain existence and uniqueness of solutions to (1.38) in the larger
class of functions v € L2((0,T); H'()) such that & € L2((0,T); L*(Qo)) and & € L2((0,T); H5"' (o)), which
is the standard space for the study of hyperbolic equations on (0,7") x . Eventually, in Proposition 2.11,
we provide an energy equality, which ensures that the solution we have found is a weak solution of problem
(1.25)-(1.28), namely it satisfies the regularity conditions (1.34)-(1.37). The energy equality will give also the
continuous dependence on the data, which will be explored in the next section.

In order to prove the existence result, it is convenient to consider the function

2(t,y) = w(t, 2(t,y)), (2.6)
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where w is a function satisfying (1.10)-(1.13). The properties of z are summarized in the following lemma,
whose proof is postponed to the Appendix.

Lemma 2.4. Assume that w satisfies (1.10)-(1.13). Then the function z defined by (2.6) satisfies

z € L*((0,7); H*(0)) N H'((0,T); H' (0)) N H?((0,T); L* () . (2.7)
z(t) =wp(t) on IpQ for a.e. t € (0,T), (2.8)
(B{t)Vz(t))-v=0 onToqUINQ forae te (0,T), (2.9)
2(0) =" on 0pQ, (2.10)

where the last three equalities are satisfied in the sense of traces.

In the following definition we introduce a notion of solution of (1.25), which is weaker that the one
considered in Definition 1.5, and is useful to obtain the existence and uniqueness results.

Definition 2.5. Let A, f, u°, u!, and w be as in (1.3), (1.5), and (1.10)-(1.13), and let B, a, b, g, v°, v!, and
z be defined according to (1.29)-(1.33) and (2.6). We say that v is a generalized solution of (1.25) with initial
data (1.26) and boundary conditions (1.27) and (1.28) if v € L*>((0,T); H*(Q0)), v—2z € L=((0,T); H5 (%)),
b € L=((0,T); L*(Q)), € L2((0,T); Hp' (0)), and

(0(1), V) i (0) + (B(O)VU(L), V) r2(0,) + (alt) - VU(t), ¥) r2(a,) + 2(0(t), div(b(t)¥)) 12(0y)
= (9(t),¥)r2(2) » (2.11)
for a.e. t € (0,T) and every ¥ € H}(Q).
We are now in a position to state the first existence result.

Theorem 2.6 (Existence). Under the assumptions of Definition 2.5, there exists a generalized solution of
(1.25), satisfying the initial conditions (1.26) and the boundary conditions (1.27) and (1.28).

Remark 2.7. Let us clarify the meaning of the initial conditions (1.26) for generalized solutions. To this
aim, given a reflexive Banach space X we introduce the space of weakly continuous functions

Cw([0,T); X) :={n: [0,T] — X: Vz*¥€ X* the function ¢t — (z*,n(t)) x is continuous}.

If Y is another Banach space such that X < Y with continuous injection, then (see, e.g., [6, Chapitre X VIII,
§5, Lemme 6])
Co([0,T]:Y) N L>((0,T); X) C Cu([0,T]; X).

In particular, when z = 0, by taking X = H}(Q0) and Y = L?(), we may apply this property to a general-
ized solution v: since v € C°([0,T7; L*(Q0))NL>®((0,T); H}5(Q0)), then it also belongs to Cy, ([0, 77]; HL ().
Therefore v(0) is an element of H}(Qp). Similarly, taking now X = L?() and Y = HBI(QQ)7 we have that
the derivative v € C°([0,T]; Hp'(Q0)) N L((0,T); L?(Q0)) also belongs to C, ([0, T]; L*(Q)). Therefore
©(0) is an element of L?()). We deduce that the initial conditions (1.26) make sense if v € HL () and
vl € L2(Qp). In general, when z # 0, the previous argument applies to the difference v — z. Thus, since
by (2.7) z € C°([0,T]; H*(Q0)) N C*([0, T); L3(), we conclude that also the initial position and velocity of
v = (v—z) + 2z are well defined in H},(Q) + 2(0) and L?(£)y), respectively.

Remark 2.8. Note that equality (2.11) can be recast in the framework of the duality between
L2((0,T); Hp' () and L2((0,T); H5(Q)): indeed, by the density in L2((0,7); H5(Q)) of the vector
space generated by D(0,T) ® Hi, (o), it is easy to see that (2.11) is equivalent to

T
| L6600 60y o + BOVoE). VEW) 12000 + (alt) - To(0), 6Oz |

+/0 2@(75)’diV(b(t)g(t)»L?(szo)dt:/0 (9(t),&(t)) L2 () dt

for every € € L?((0,T); H;,(Q0)).
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Proof of Theorem 2.6. Without loss of generality, we may restrict ourselves to the case of homogeneous
Dirichlet-Neumann boundary conditions: indeed, if v satisfies the statement, in view of the properties (2.7)-
(2.10) of z, we infer that the difference v — z is a generalized solution of (1.25) with initial conditions
0 == 0% — 2(0) € HL(p) and o' = o' — 2(0) € L?(Qp), homogeneous Dirichlet-Neumann boundary
conditions on Op§2 and 'y U OnS2, respectively, and source term § := g — h, where

h:=%—div(BVz) +a-Vz—2b-Vz € L*((0,T); L*(Q)) . (2.12)

Therefore, from now on we assume that z = 0.
The proof is based on a perturbation argument. Following the procedure adopted in [6, Chapitre X VIII,
§5], in Step 1 we study equation (2.11) with the additional terms

e(0(t), ) r2(q0) +(VO(t), V) 1200y , €>0.

Then, in Step 2, we let the viscosity parameter € tend to zero.
Step 1. The perturbed problem. Let € > 0 be fixed. We want to show that there exists a solution
ve € HY((0,T); H(Q)), with 6. € L2((0,T); Hp'(Q0)), of the equation

(Ue(t), V) 1 (o) + (BO)VV:(t), Vi) 12(00) + (alt) - Vve(t), ¥) r2(a,) — 2(b(t) - VU (1), V) r2(00)

+ e(U(1), ¥) L2(00) + £(VU(1), V) L2(020) = (9(1), V) L2(020) » (2.13)
for a.e. t € (0,T) and every ¢ € HLH(Qp). In order to study (2.13) we shall use a theorem, proved in
[6], which is stated under the assumption that the coefficients are more regular with respect to time. To
this aim, we regularize our coeflicients by using a sequence of mollifiers p,, € C2°(R) satisfying p,, > 0,
spt pn C [=1/n,1/n], [ pn =1, and we introduce three families of bilinear forms over H},(Q0) x H},(Q0) as
follows: for every n,& € H) () and every ¢ € 0,77, we set

B™(t;n,€) = (B * pn) )V, VE) 12(0) »

A?(tv 7, g) = <(a * pn)(t) : VTI7 €>L2(Qo) 3

Az (t;m,8) = (b(t) - V0, ) 2 () -
In order to define the convolutions, we have to extend B and a to a neighborhood of [0, T]. The function B is
extended by setting B(t) = B(0) fort < 0 and B(t) = B(T') fort > T. As for a, we consider the decomposition
a = ay + ag, where a1, ay are defined in (1.40) and (1.41); a; is extended by setting a;(t) = a1(0) for ¢t < 0
and a1 (t) = a1(T) for t > T, while as is set to be 0 outside [0, T]. In view of (H7), (H11), (H12), and (2.2),
it is easy to show that B™, A} and Aj satisfy the conditions (i)-(viii) in the Appendix.

Therefore we are in a position to apply Theorem 4.1, with forcing term g, initial conditions v° and !,

and k :=e. For every n € N let v» € H((0,T); H5(Q0)) be a solution to (4.1). Taking ©” as test function
in (4.1) and integrating over (0,¢) we obtain

/O [(52(5), 92() 1y ) + (B o) (8) V02 (5), V2 (3)) £2(00) + 2102 (5) 3 | (2.14)

+/ [<(G*Pn)(5)'va(3)>@?(5)>L2(Qo)—2<b(3)'V@?(S)vvg(s))L?(szo)]dS:/ {9(s), 0=(8)) L2(0) ds -
0 0

Integrating by parts with respect to time, we may simplify the first two terms as follows:

2,526y ds = 1Ol = 510 e (2.15)
| B ()P0 (5). V200 g s = (B pu) OV (0. V2 O}y
_ %((B * pn)(O)VUO’ VUO>L2(QD) — % / (0s(B * pn)(8)Vve(s), Vue(5)) 12(00) ds - (2.16)
0

Moreover, in view of (2.2), we infer that

1 n n c n
S (B % pu) OV (0), T2 (1)) 220y ds > LIV (1) s g - (2.17)
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Let us now bound from above the remaining integral terms in (2.14) and (2.16): exploiting the properties

of the convolution and the regularity of the coefficients discussed in Remarks 1.6, we can easily prove that
there exists a constant C' > 0 independent of n, €, and ¢ such that

t t

/0 (@ % pu)(s) - Tol(s), 62 (5)) 2y ds < C / 902 () 00y + 152(5) 2 o)) s
t t

/0 (9(5),52(5)) 12y 45 < ClL 1220, me15(00y) + / 162 (5)112

t t
/0 (Ou(B % pu) (5) V0 (5), VU7 (5)) 22y 5 < C / V02 (5)]12 gy s -

Note that by (1.2) we have for every n € H5(Qo)

2(b(s) - Vi, m) 2() = (b(s), VInl*) Li(ae) = —(divd(s), [n]*) L1 (o) » (2.18)
therefore there exists a constant C' > 0 independent of n, ¢, and t such that
t t
=2 [ b(s) - V(51,20 g s < C [ 162 6) oy - (219)

By combining (2.14)-(2.19), we conclude that
t
107 (D12 (0) + e8I VOZ ON72(0y) +5/0 192 ()73, (20 0

t
<+ / 152(5) 22 + 1927 (5) 1220 s

for some constants C; > 0 independent of n, €, and t.
Eventually, in view of the Gronwall’s Lemma, we infer that

Vo is bounded in L>((0,T); L*(;RY)), (2.20)
?™ is bounded in L>((0,T); L*(Q)) , (2.21)
Vev™ s bounded in L2((0,T); H(Q0)), (2.22)
uniformly with respect to n and . From these properties, using equation (4.1), we obtain also that
#"  is uniformly bounded in L2((0,T); Hp'(Q)) . (2.23)

Moreover, the boundedness of 97(t) in L?({)y) implies the boundedness of v?(¢) in L%(Qp), indeed, it is
enough to remark that

¢ t

v (t) =" +/O i(s)ds = o)Lz < 200°l72 00 +2t/0 192 (3)1172 (62 s - (2.24)
Therefore (2.20) and (2.21) imply that

v™ is bounded in L ((0,T); Hy, (Q0)) (2.25)

uniformly with respect to n and e. By (2.22) and (2.25), for fixed € > 0 a subsequence of v?, not relabeled,
converges weakly in H*((0,7); H5(Q0)) to some v. as n — +oo. Moreover, by (2.23), we infer that &7
converges weakly in L2((0,T); Hp"(Q)) to ..
Let 1 € HL () be a test function of the equation (2.13). We observe that as n — +o0
(B * pn)(t)V — B(t)V  strongly in L?(Q;R?) for every t € (0,7, 2.26)
(a* pn)(t)Y — a(t)y strongly in L?(;R?) for a.e. t € (0,T). 2.27)
Passing to the limit as n — 400 in the PDE solved by v”, exploiting the strong convergences (2.26) and

(2.27), and the weak convergence of v7, 07, and ¥, we infer that the weak limit v. solves equation (2.13),

with initial conditions v.(0) = v° and ©¥.(0) = v!.

Step 2. Vanishing viscosity. As already done in Step 1 for the sequence v, taking as test function in
(2.13) the velocity of v, itself, we derive the energy equality
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1, . 1 .
5llvs(t)lliz<go) + 5 {BO)Ve(?), Ve (t)) 12(0) +€/0 19 ()11 ) 5

1 1 . .
= §||U1||2L2(QO) + §<B(O)VU07VUO>L2(QO) +/0 [2<B(S)VUE(3)7VUe(5)>L2(Qo) —(a(s)Vv:(s), 0(8)) 2(a) | ds

+ / [200(s) - V6. (5), 52 ()) 12 620y + (9(5)s 52 (8)) 2 )] s (2.28)

and, by the uniform ellipticity (2.2) of B, the estimate

t t
1= (0122 (20) + IVV= ()12 (20) + € | 192 ()17 20y d5 < C1 + 02/0 (119 () 1122 (20) + IVVe(8)lI72(020)] d5
(2.29)
for some constants C; > 0 independent of € and t. Thus, by applying Gronwall’s Lemma, we conclude that
for every t € [0,T]
[0 (0)][7209) + I V0 (8) |72y < Cre®T . (2.30)

As already done in (2.24) for v?, we deduce from (2.30) a uniform L? boundedness for v.(t). Therefore,
there exists a subsequence v, (not relabeled) which converges as ¢ — 0 to some v € L2((0,T); H5(Q0)) N
H((0,T); L*()), in the following weak sense:

ve — v strongly in L((0,T); L*(Q0)) , (2.31)
Vo, — Vo weakly in L2((0,T); L*(Q0; RY)), (2.32)
0. — © weakly in L?((0,T); L*()), (2.33)

moreover, v € L((0,T); H5(Q0)) and © € L>=((0,T); L*()). Notice that a priori the weak limit v is not
unique, but might depend on the particular subsequence chosen.

Let us show that v solves equation (2.11). For every € > 0 we take as test function in (2.13) the product
atp, where o and 1 are arbitrary elements of C1((0,T)) and H} (), respectively (see Remark 2.8), and we
obtain

T
/0 [(0=(8), ¥} 13, (20) + (B(E)V=(2), Vi) L2(00) + (alt) - Ve (t), ¥) L2(0g) + 2(0:(8), div(b(£)1)) 12 (0)J(t) dt

T T
e / [(Voo(t), ) 12620y + (06 (), ) 12y ] @(8) dt = / (9(8), 8) 2 oy () dt. (2.34)
0 0

Let us study separately the asymptotic behavior of the terms appearing in the equality above: exploiting
(2.31)-(2.33), as € — 0 we have

T T
| 6000ty de = / (5o(6), ) 2y (E) e — — / ) 1oy (0 di
| BV, 90 oty e — / 1), V) 1200y () dt
T
/ (alt) - Vve (£), ) 120y (£) dt — / (alt) - To(t), &) 2y at) dt
0 0
|00 Tou(0) v paaalt) dt == [ (o.(0). divb(©) oa(t)dt - - / ), div (1)) 2 o ya(t)
0 0

Moreover, by combining (2.29) and (2.30), we infer that also sfo [0 132 () @t is bounded by a constant
D
C > 0 independent of € and ¢, therefore we get

T
: / [(V62(8), V) 126y + (8=(£), ) 2y ] () dt

< e / VN5 1, ) 10 a1 20yl (1)
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1/2

T
< Vellblla o) lledll 22 0. (/0 5\\735(@”%1,13(90) dt) < Vel — 0.

The last properties, together with equality (2.34), give that the distributional derivative ¥ is an element of
L2(0,T; HBl(QO)), whose action against the test function a1 is given by

| 6000 0na®de == [ UBOTo0. T9) 12000 + 20600, div(b(t)) 120 ol i

T
+ / ([—a(t) - To(t). ) sz + (90 ) 12(anla(t) dt

that is, v solves (2.11) (see also Remark 2.8). The validity of the initial conditions of v is readily verified by
taking o € C1([0, T]) vanishing at T', 1 € H5 (), and passing to the limit as € — 0 in the products

T T
| o0z . [ 0.0, .
This concludes the proof. O

Remark 2.9. Let v be a generalized solution of (1.25) and let v. be its viscous approximation solving (2.13).
By the weak lower semicontinuity of the norm, the estimate (2.30) passes to the limit, namely

1072 0) + IVOONT2(0) < liminf (|| ()12 (q) + VY (B2 (0,)] < C (2.35)

for some constant C' > 0 independent of ¢. Let now u: Qr — R be defined according to (1.24), i.e.,
u(t,z) == v(t, U(t,x)). In view of (2.35) and formulas (1.65) it is immediate to check that for every ¢ € [0, T]
we have

a1 20 + Vut) |72 < C, (2.36)
for some constant C' > 0 independent of .

The uniqueness of solutions relies on a standard technique due to Ladyzenskaya [7], which consists in
taking as test function in (2.11) the primitive of a solution.

Theorem 2.10 (Uniqueness). Under the assumptions of Definition 2.5, there is at most one generalized
solution of (1.25), satisfying the initial conditions (1.26) and the boundary conditions (1.27) and (1.28).

Proof. As already pointed out at the beginning of the proof of Theorem 2.6, we may restrict ourselves to the
case in which z = 0. Moreover, by linearity, it is enough to show that the sole generalized solution v to the
problem (1.25) with

z=g=1"=0vl=0
is v = 0. The proof is recursive: first, we show uniqueness in a small time interval [0, ¢]; the same argument
applies to [tg, 2¢p] and, in a finite number of steps, to all [0, T7.

Step 1. Let s € (0,T) be fixed and let £ € L?(0,T; H5(Q0)) be defined as follows:

— [Po(r)dr ift €0,s],
N € 0.5
0 ifte[s,T].

Note that

moreover, £ € L2(0,T; L?(Q)), indeed,
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By taking ¢ as test function in (2.11), we get

| (60000 + (BOVoD, Ve 200

+ / [(a(t) - Vo(t), £0)) 120 + 206(2), div(b(E(1)) 12 (0] dt = 0. (2.37)
0
Integrating by parts with respect to time we may write
. ’. 1
/0 <U75>H,g(90) dt = _/0 (0,0) 2(0) dt = —§HU(5)||%2(QO)’ (2.38)

where we have used the assumption v! = 0.
Let us rewrite the term involving B. As already noticed in (1.39), B € Lip([0,T]; L°°(Q;R%Zxd));

sym/ /s
furthermore, by the definition of generalized solution (recall Definition 2.5), it is easy to see that £ €

Lip([0,T); H5(Q0)). Therefore the product BVE belongs to Lip([0,7]; L%(Q)). Integrating by parts with
respect to time, we obtain

/ B()V0(1), V(W) 12y, di = / VE(), BUIVED) 12y e

1 1

=~ (BOVEO).VEO) 120 5 | (BOVED.TED 12 e, (239)
0

since by construction v = ¢(s) =0 in H}(Qp). Inserting (2.38) and (2.39) into (2.37), we get

5 1020 + 5 (BOVEW), VEO) 120y
= [ 58070, T 1200, + ate) To(0) 600 200, + 260, OO 1200 | 1. (2:0)

Let us now bound form above the scalar products in the right-hand side of (2.40). By the Lipschitz
regularity of B, there exists C' > 0 such that ||B(s, )| =, < C for a.e. t € (0,T), in particular

| Beven. vemnay at < [ IOl , - (2.41)
We split div(b€) into the sum £divb 4+ VE - b. As already pointed out in (1.39) divb € Lip([0, T]; L>=°(Q2)),

therefore we may argue for divb as for B: integrating by parts with respect to time and exploiting the
equalities v° = £(s) = 0, we obtain

/0 <©(t)a£(t) div b(t)>L2(QO) dt = —/O

S

(v(t),v(t) divb(t)) 12 (0,) dt — /Os<v(t), E()0(divb)(t)) L2(0y) dt

SC/O [EDNZ2 @) + 07200 dt (2.42)

for some constant C' > 0 independent of s. Performing first an integration by parts with respect to time
and then with respect to space, exploiting in the former the assumption v! = £(s) = 0 and in the latter the
equality b-n =0 on T'o U9 (see (H8) and (1.2)), we infer that

[ 60,60 - s z20ny de = 5 [ [ldiv b 0P sy — 2000, VEO O 00y

< C [ 0+ 160y ) (2.43)

for some constant C' > 0 independent of s.

As already done in Remark 1.6, we split a into a = aj + ag, with a1 and ay defined according to (1.40) and
(1.41), respectively. We recall that a; belongs to Lip([0, T]; L>=(Q;R?)), therefore a; € L>((0,T); L*(Q2))
and there exists C' > 0 such that ||a1 (¢, )|/~ o) < C for a.e. t € (0,T). Integrating by parts with respect to
time and exploiting the equalities a1(0) = £(s) = 0, we get

[ @) To0.60) sy dt = [ (TEW a0 0
0 0
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S

- _ /S<V§(t)7 ay (t)f(t»Lz(Qo) dt — / <Vf(t)7 al(t)f(t»Lz dt

O’ 08
- ‘/ (VE() ar (1)) L2(an) dt — / (VE(t), ar(t)u(t)) L2y dt
0 0

< C [ 10y 0y + 10Ol dt (2.44)

for some constant C' > 0 independent of s. On the other hand, performing an integration by parts with
respect to the space variable we obtain

/OS<W(t),az(t)g(t)>L2(Qo) dt = —/OS [{div az(t), v()E)) r2(ae) + (v(t)as(t), VE()) 12(ay)] dt

<c / o(t) 200y + 1€y ) (2.45)

for some constant C' > 0 independent of s. To derive (2.45) we have used the property as(t) - v = 0 on
['o UK, which follows from the definition as := —b and from the equality b(t)-v=0o0nTyUOIN.

By combining (2.40) with the coercivity property (2.2) of B and the upper bounds (2.41)-(2.45), we
conclude that

[o(s)1Z2(09) + ¢BIVEO)72(00) < 6/0 o720, + ||€(t)||§1117(90)] dt, (2.46)
where the constant C' > 0 does not depend on the parameter s chosen. Now, introducing

(0= [ “u(r)dr,

we can rewrite £(t) = z(t) — z(s) for every t € [0, 5], in particular

IVEO)B200) = [V2(5) 320 / 1€ I gy < 2511205 [ +2 / 212 gy dt - (2.47)

Moreover, as already done in (2.24), by the definition of z it is easy to show that

12(5) 220y < 2T / 140)]12 ) dt = 2T / ()12 dt (2.48)

Therefore, by combining (2.46) with (2.47) and (2.48), we obtain
()l Z2(0) + (e5 = 2C9)12(5) I3 (o) < (2TCh + 25)/0 (122 ) + 12O 7 0] dt

If s is small enough, e.g. s =t := cp/(4C), we can apply Gronwall’s lemma and obtain that

v=0 in [0,%o].

Step 2. The strategy adopted in Step 1 can be repeated in some time interval [tg, 1], and in a finite number
of steps, in the whole [0,T]. Notice that in the previous proof we have used as a key tool the fact that at
time 0 the diffeomorphism was the identity; therefore in the following step we possibly have to restate the
problem starting at the last endpoint ¢;, considering as initial set €2, . O

In order to state the next result, we need to introduce the following energy: given n € L>((0,T); H'(Qq))
with distributional time derivative 1 € L>((0,T); L*(Qp)), we set for a.e. t € (0,T)

E50n,1) = ()30 + 5 BOVHE, T(0) 12000 (2.49)

where B is the tensor field defined in (1.29).
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Proposition 2.11 (Energy equality). Under the assumptions of Definition 2.5, let v be the (unique) gen-
eralized solution of (1.25), satisfying the initial conditions (1.26) and the boundary conditions (1.27) and
(1.28). Then the energy Ep(v,-) is a continuous function from [0,T] to R. Moreover, in case z =0, it reads

Ep(v,t) = Ep(v,0) + R(v,t), (2.50)

where R s the integral remainder

R(w.): = [ [5B:)V0(s), To(s)) 120 — (als) - To(s) 05z s

+ / [—(divb(s), [0(5)|*) L1 () + (9(5),9(5)) L2 ()] ds -
0

Note that if the solution v were smooth enough, then we could take ¥ as test function in (2.11), and (2.50)
would be straightforward. In our case, the proof is rather technical: roughly speaking, we approach © with
H}(0)-valued functions by means of a double regularization process, in the same spirit of [9, Chapter 8,
Lemma 8.3].

Proof of Proposition 2.11. The energy Eg(v,t) can be written as
Ep(v,t) = Ep(v — 2,t) + Ep(2,t) — (0(1), (1)) L2(02) — (B(H)Vo(t), Vz(E)) L2(00) »

where 2 is defined according to (2.6). By the strong continuity of z (see (2.7)) and the weak continuity
of v (see Remark 2.7), we infer that Ep(z,t), (0(t), 2(t)) L2(q,), and (B(t)Vu(t), Vz(t))L2(q,) are continuous
functions from [0, T to R. Thus, Eg(v,-) is continuous if and only if so is Eg(v — z, -). Therefore, it is enough
to prove the statement in the case of homogeneous Dirichlet boundary condition. From now on we will take
z=0.

Let ¢ = tg be fixed. Let 6y denote the characteristic function of the time interval (0,ty). We want to
approximate vfy: R — H5L () by means of a suitable sequence of functions belonging to C°(R; HL ().
To this aim, we first need to define v for every ¢t € R: by time reflection, we construct an extension (not
relabeled) v € L2(R; Hj(Qp)), still satisfying v € L*(R; L?(Qp)) and 4 € L*(R; H;'(Qp)). Similarly, we
extend also the coefficients of the PDE (2.11).

For every 6 > 0, we call f5: R — R the function which equals 1 in [§, ¢y — d], 0 outside [0,¢o] and which is
linear in [0, 6] and [ty — J,%9]. As § — 0, 05 — 0y in L'(R). Let p,, € C°(R) be a sequence of mollifiers. For
brevity, in the following, we will omit the indices d and m.

In view of the definitions above, for every m and ¢ fixed, it holds

p* (Bv) € CZ(R; Hp())

where the compact support is due to the presence of 8, and the regularity follows from the equality

dk dk
o (00)] = (5F) * (6v)

and the fact that v is H},(€)-valued. Similarly, it holds
p* (00) € CZ(R; L* (),
in particular
d 12
[ 250 000y (95 =0. (251)
By differentiating the integrand in (2.51) and exploiting the properties of the convolution, we get
0= / ({0 % (89), p + (00)) r2(0y) + 0+ (89), p * (00)) 1201 | s, (2.52)
R
where p * (09) stands for the difference

p* (00) == p* (00) — p* (00) € L2(R; L*(Q)) .
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Let us now study separately the behavior of each term in (2.52) as § — 0, keeping m fixed. The first term
has the following asymptotics:

lim [ (p* (00), p* (00))12(0,) ds = lim /<p % (00), px (000)) £2(00) ds = lim / 0(0, p* p* (000)) £2(00) ds
= —(0,px px (000)) L2(020) (t0) + (0, p % p* (B00)) L2(020)(0) - (2.53)

Here we have split 6 as (0 — 6p) + 0y and used the properties

p * (60) uniformly bounded in L*(R; L?(Q)),

p* ((0 — 0p)d) — 0 strongly in L>=(R; L?(Q)),

5= (0, p* px (000)) L2(0,)(s) is continuous in R,

where the last property holds true since px p* (6pv) € C°(R; L?(Qp)) and © € Cy, (R; L2(20)) N L= (R; L2(Qp))
(for the weak continuity of © see Remark 2.7). The second term of (2.52) satisfies

gir% <p * (9’0)7 p* (97'})>L2(Qo) ds = /<p * (90’5), p* (90{)»[42(90) ds. (2.54)
—YJR R

This follows by direct computation: it turns out that p* (69) is uniformly bounded in L?(R; L?(€g)), more-
over it converges strongly in L2(R; H;'(Q0)) to p * (o9) (which, again by difference, is an element of
L?(R; L*(Qp))). By combining (2.52), (2.53) and (2.54), we infer that

0= —(0,p*p* (000))12(00)(to) + (0, p* p* (000)) £2(00) (0) + /R<p * (0o®), p * (000)) £2() ds - (2.55)

We now apply the same argument to the function
(Bpx (6V0), p* (90)) 120y € WS (R).
Starting from the identity

[ 45 B0+ 090105 (6V0) 120, (5) ds =0
R

we infer that

0= /R[<Bp*(Wv),p*(ew»m(go)+2<p*(B@W),p*(ew»mmo)] ds -
2.56
+/R[2<p*(Bew),p*(éw)m(m)+2(Bp*(9W)—p*(Ber),p*(evu)>Lz(Qo) ds,

where p * (V) is well defined in L2(R; L2(Q;R?)) as the difference between p* (0Vv) and p * (OVv).
Notice that since B € Lip(R; L (€; R4X4)) C Lip(R; L2(Q; RZX4)), we have that B € L>(R; L2(Qo; R4X4)),

sym sym sym

moreover there exists C' > 0 such that || B(s, -)||L(q,) < C for a.e. s € R. We now pass to the limit as § — 0:
exploiting in (2.56) the properties

Bp * (0 — 6)Vv) — 0 weakly in L?(R; L*(Q0; R%)),

p* ((0 — 09)Vv) — 0 strongly in L*(R; L*(Q0; R?)),

p* (0 —00)V) — 0 weakly in L*(R; L*(9;RY)),

p* (B( — 0y)Vv) — 0 strongly in L>=(R; L*(Q9; R?)),

p* (0Vv) uniformly bounded in L*(R; L?(Q9; RY)),

s (p* (p* (BOVv)), V) 200 (s) is continuous in R,

p* (0 — 0p)Vu — 0 strongly in L?(R; L*(Q9;RY)),
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we obtain

0 = /R [<Bp* (B0V0), p * (B0V)) 12 (00) + 2(p * (BOVV), p % (00V0)) 12(00) | ds
—2(p* (p* (BOVv)), V) 120, (to) + 2{p * (p* (BOVv)), V) 12(0y)(0) (2.57)

—I—/ [2(Bp * (00Vv) — p* (BOV), p* (00VV)) L2(0)] ds -
R
Since the restriction fgv solves the PDE (2.11), we infer that for every & € L?(R; H}(£)) it holds

/R [<905’§>H}_.,(90) +(BV(0ov), V&) 12(0,) + (a - V(00v), &) 12(q,) + 2<90@,diV(b§)>Lz(Qo)} ds

_ / (609, €) L2
R

(see Remark 2.8), in particular, by taking £ = p* (p* (6p0)) and exploiting the properties of the convolution,
we obtain

/R [(p* (B09), p* (800)) L2(02) + (P * (BOGV V), p * (00VD)) 120y ] ds

[—<p * (00@ . V’U), p * (90@))[/2(90) — 2<p * (bgov), p * (HOVU»L?(QO)} ds (258)

[
+ [ [-20p % (B0 divt). p x Goi)) oy + % (Gog).p (601) 1200 ds.

By combining (2.55), (2.57) and (2.58) we conclude that

(0, px px (B00)) 2 () (t0) = (0, p % p ¢ (B00)) 2 () (0)

+(Vv, px (p* (BOVV))) 12(00) (to) — (Vv, px (p* (BOVV))) 12(0,) (0)
_/R[;@p*(eovU),p*(eow)m(Qo)+<Bp*(90Vv)p*(BGOW),/?*(%W)MQ(Q@ ds  (2.59)
+ [ (=% (a- F0).p = (005D 1200y = 20 (4000).p B0V ) 2]

+/R [=2(p * (600 div D), p * (B00)) L2(02g) + (P * (B0g), p * (000)) L2(2)] ds5 -

Let us now perform the second passage to the limit: we let the index m associated to the convolution p,,
tend to +oo. Let us study separately the asymptotics of the terms appearing in (2.59). The left-hand side
converges to

1. 1. 1 1
5”””%2(90)@0) - 5””“%2(90)(0) + §<Vv, BVv) 2(0,)(to) — §<V% BVv) 2(0,)(0) - (2.60)

Here we have used the weak continuity of © and Vv (see Remark 2.7) and the fact that p * p is still a
smooth even mollifier with integral 1/2. By the strong approximation property of the convolution and by



THE WAVE EQUATION ON DOMAINS WITH CRACKS GROWING ON A PRESCRIBED PATH 23

the dominated convergence theorem, it is easy to check that in the right-hand side of (2.59) we have

to
lim (Bp* (60Vv), p* (00V)) L2(0,) ds = / (BVv, V) 120, ds,
R 0

m——+00
to
lim {(p* (Boa-Vv),p* (000))12(0y) ds = / (a-Vv,0)r2(0y) ds,
m— 00 R 0
to (2.61)
liI_Ii_l <p * (901'} div b), p* (901'))>L2(QO) ds = / <diV b, |®|2>L1(Qo) ds 5
to
III_I# <p>|< (609),p* (90’[})>L2(QO) ds = / <g,1.}>L2(QO) ds.
m=teo JR 0
For the remaining two terms of (2.59) we claim that
1 [t
lim (p* (b0oD), p* (00V)) 12(0) ds = -5 / (divd, [0*) 10y ds , (2.62)
lim (Bp x (00Vv) — px (BOVV), p* (00V)) 12(0,) ds = 0. (2.63)

m——+oo R

Once proved the claim we are done: indeed, the results obtained in (2.60)-(2.63) combined with the equality
(2.59) imply the statement (2.50).
Set for brevity

C:=px(b0pg0) —bp=* (6p0), n:=px*(6p0).
Thus

/R<p * (bOo0), p * (90V’0)>L2(Q0) ds = /RKb n, V’I]>L2(QO) + (¢, Vn>L2(QO)] ds. (2.64)

Integrating by parts (recall that by (H8) and (1.2) b satisfies b - v = 0 on the boundary of ), it is easy to
see that the first term in the right-hand side of (2.64) gives the desired limit in (2.62). Therefore it is enough
to show that the second term vanishes as m — +oo. Exploiting the equality

Vin(s) = (p* (00V0))(s) = (p* (00V))(s) + p(s — to) Volto) — p(s)Vu(0)

we may rewrite
/%memwﬁ=—/@m*@ﬁ@ﬁmm+/Km@—%WNW—P®VWWwa@~
R R R

Note that, since p and 6y have compact support, for m big enough ¢ and C are identically zero out of the
interval I := (—2T,2T). As m — +o0, it is easy to check that ¢ — 0 strongly in L%(I; L?(Qo; R?)). Therefore
it is enough to show that also the derivative ¢ converges (weakly) to zero in L2(I; L?(Qo;R?)). Notice that
by (H11) and (H12) we know that b € Lip(T; L*(€;RY)) C Lip(T; L*(Q;R%)), so that b € L°(I; L*(Q;R%))
and there exists L > 0 such that ||b(s, N o) < L for a.e. s € I. Therefore, for a.e. t € I, we may write

$() = (5 (b00) — b+ (B00) — b+ (B%) ) (1)
::Ama—@Mﬁ%@w@w4wmu—w%@w@memu—g%ww@n@

= tods' —si[b(s)_b(t)] s—t)ds — o —s)v(s)ds
= [ ittt = B s = s [ ot )i ds.

By the L*> boundedness of [[0[|12(q,), the aforementioned properties of b, and the bounds
[l [ od <400,
R R

we deduce that ¢ is uniformly bounded in L2(I; L?(Q0; R%)). In order to verify that the weak limit (which
exists up to subsequences) is zero, let us study ¢ as an element of L?(I; HBl(QO;Rd)), which, after an
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integration by parts in time, can be written as
C(t) = —p(t — to)b(to)d(to) + p(t)b(0)0(0) + p(t — to)b(t)0(to) — p(t)b(¢)5(0)

N . . o (2.65)
+/ 0(s)p(t — s)(b(s) — b(t))ds + / (s)p(t — s)(b(s) — b(t))ds.
0 0

We want to show that ¢ converges strongly to 0 in L2 (I; Hgl(Qo; R%)), as m — +o0o. The only difficult

term is the first integral on the right-hand side of the previous formula. Approximating b by convolution
with respect to time we obtain a sequence B € C°(I; L*($; Ii&d)) such that limy B¢ (s) = b(s) in L?(Q; R?) for
a.e. s € I , and such that [|By(s,-)||r=) < L for every s € I. For a.e. t € I we write

/ "i(s)olt — $)(b(s) — b(1)) ds = / "i(s)o(t — 5)(b(s) — Be(s)) ds + / " 5(s)p(t — ) (Bu(s) — Bu(t)) ds
0 0 0

+ /Oto o(s)p(t — 8)(Bi(t) — b(t)) ds =: Fi(t) + Gu(t) + Hy(t).  (2.66)

By Fubini theorem, we obtain
to .
/I | F(t) 220y dt < 4T (max p?) / 10()(b(5) — Bu()) 2 s - (2.67)

Since & € L>(I; L*()) and [|b(s) — Bk(s) Lo (0) < 2L, we have the inequality [|0(s)(b(s) — B(s))[132(q) <

AL?|[9]17 < (1.12(qy))- On the other hand, for a.e. s € I we have limy, o(s)(b(s) — Br(s)) = 0 in L2(Q;RY) by the

dominated convergence theorem in , since b(s) — Bi(s) — 0 in L2(Q;R%) as k — 400 and is bounded in
L>(Q; R?). Therefore, by the dominated convergence theorem in I, for m fixed the right-hand side of (2.67)
tends to zero, consequently

/1 1F(t) 22y dt — 0 as ks — +oo. (2.68)
To prove that
/I | (0)]25 dE — 0 sk — +o00 (2.69)

it is enough to observe that t — fg" o(s)p(t — s)ds is in L>(I; L?(Q)), while, for a.e. t, B(t) — b(t) in
L?(;R?) as k — +o0 and is bounded in L>°(£; R?).
By (2.68) and (2.69), for every € > 0 we can fix k € N such that

T T
/0 | F(t) 2y dt + / VH(8) |2y it < < (2.70)

In view of the continuity of G, we can determine mg such that for p = p,,, with m > mg we have

H /Oto o(s)p(t — 5)(Br(s) — Be(t)) ds‘

The inequalities (2.70) and (2.71) imply that the left-hand side of (2.66) tends to zero in L?(I; L?(Q;R%)), in
the limit as m — 4o00. Since the sum of the other terms in the right-hand side of (2.65) converges strongly
to 0 in L*(I; Hp' (Q0; RY)), we conclude that ¢ converges strongly to 0 in L2(I; H;' (Q0;R?)) as m — +oc.

For brevity, we omit the proof of claim (2.63): exploiting the Lipschitz regularity of B, the result follows
in a similar way as already done for the claim (2.62).

This concludes the proof of the representation formula (2.50), and gives the desired continuity of Eg(v, -)
in [0, 7). O

(2.71)

L2 (Q)

We are now in a position to prove Theorem 2.2.

Proof of Theorem 2.2. The proof consists in showing that generalized solutions of (1.25) (cf. Definition 2.5)
are indeed weak solutions (cf. Definition 1.5). In view of Theorems 2.6 and 2.10, we know that problem
(1.25) admits a unique generalized solution v. In order to prove that v is a weak solution, we need to check
that it is more regular, more precisely that it satisfies (1.34)-(1.37).
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Let us first consider the case in which w, and hence z, is zero. As pointed out in Remark 2.7, v belongs to
C°([0,T]; L*(Q0)) N Cyw ([0, T); H5(20)) and its derivative © belongs to C., ([0, T]; L(Qp)); in addition, thanks
to Proposition 2.11, Vv and v are (strongly) continuous from [0, T'] to L?(Q; RY) and to L?(£2), respectively.
Therefore the properties (1.34)-(1.36) are readily verified. Eventually, since both ¢ and ¢ are elements of
L2((0,T); H;' (Q0)), we infer that & € WH2((0,T), Hp'(Q)) which is contained into AC([0,T]; H;' (),
thanks to the reflexivity of Hp,'(Qo). This gives (1.37) and concludes the proof. The general case, when
z # 0, can be deduced by difference, exploiting the regularity of v — z that we have just proved and the
regularity (2.7) of z. O

3. CONTINUOUS DEPENDENCE ON THE DATA

In the next theorem we exploit the energy equality (2.50) to derive the continuous dependence on the
data, both for problem (1.6)-(1.9) and problem (1.25)-(1.28).

The manifold T introduced in (H3), the initial crack Iy, and the Dirichlet boundary datum wp are kept
fixed. We consider a sequence I'}' of families of closed subsets of I', with I'} C I'? for every s < t, as well as a
sequence f" of source terms and a sequence (u®", u'™) of initial data. The convergence of the corresponding
solutions will be obtained under the assumptions detailed in the following theorem.

Theorem 3.1. Let ®, U: [0,T] x Q — Q be two functions satisfying (H7)-(H12) and (2.1). Let f €
L2((0,T); L*(Q)), u® € HLH(Q0) + w(0), and u' € L*(Qp). For every n € N, assume that there exist
two functions ®", W": [0,T] x Q — Q satisfying (H7)-(H12) and (2.1) with Ty replaced by T'%, and let
e L2((0,T); L32(Q)), u®™ € HL(Q) + w(0), and ul™ € L*(Qp). For every n € N, let u™ be the weak
solution of problem (1.6) with growing crack T, forcing term f", initial position u®™, initial velocity u'™,
and Dirichlet-Neumann boundary conditions as in (1.8) and (1.9) with Ty replaced by Ty. Similarly, let
v™ be the weak solution of (1.25)-(1.28), where the coefficients (1.29)-(1.33) are constructed starting from
O" U 0" and ub™. Assume that there exist two constants C > 0 and 6o > 0 such that the following
inequalities hold for every n € N:

det D®"(t,-) > 69 for everyt € [0,T], (3.1)
[|@™(t,-) = @™ (s, )| Lo () 10:P"(t,-) = Q@™ (5,)||Loe() < Clt —s|  for every t,s € [0,T7], (3.2)
[@"(t,-) — d"(s, ey <Clt —s| for everyt,s €[0,T], (3.3)
Haizij)"(t, Ny <C  for every t € [0,T7]. (3.4)
Furthermore, assume that the following properties hold as n — 4o00:
O (t) — (t) strongly in L*(KRY), for ae. t € (0,T), (3.5)
09" (t) — 8;®(t)  strongly in L*(Q;R?Y), for a.e. t € (0,T), (3.6)
6%@"(1&) — 6%@(1?) strongly in L*>(S;RY), for a.e. t € (0,T), (3.7
" (t) — ®(t) strongly in L2(4RY), for ae. t € (0,T), (3.8)
" — f strongly in L*((0,T); L*(Q)), (3.9
u?" —u®  strongly in H'(Qp), u'™ —u'  strongly in L*(Q) . (3.10)

Finally, assume that (3.1)-(3.8) are valid also for the sequence U™ with limit W. Under these assumptions,
for every t € [0,T] we have:

u™(t) — u(t) and @™ (t) — u(t) strongly in L*(), Vu"(t) — @u(t) strongly in L*(;RY), (3.11)
V"™ (t) — v(t) strongly in H'(Q), and ™ (t) — 0(t) strongly in L*(Qp) , (3.12)

where u and v are the weak solutions of problems (1.6)-(1.9) and (1.25)-(1.28), associated to the limit diffeo-
morphisms ® and U.

Remark 3.2. Notice that for every n € N, ®"(0, -) = id, therefore, assumptions (3.5) and (3.6) imply that
P (t) — B(t), 9;P"(t) — ;®(t) strongly in L*(Q;RY) (3.13)

for every t € [0,T], ¢ € {1,...,d}. Moreover, in view of (3.8) the convergence (3.5) is valid for every time.
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Before proving the theorem, we go back to the two-dimensional Example 1.14 and we present a possible
sequence of diffeomorphisms ®" and ¥ satisfying (3.1)-(3.8).

Example 3.3. Let d = 2. We consider a C*! simple curve I in the planar domain €, injectively parametrized
by arc-length through a function v: [0,¢] — R?, with ¢ := |I'|. We assume that v(0),v(¢) € 99Q, v(s) € Q for
every s € (0,¢), and I'y = ([0, so]) with sp € (0,¢). Let M > 0 and 0 < § < c4/2 be fixed, and let Sy 5 be
the class of functions with the following properties:

s € CM([0,T]), s(0) = s, 0< 8(t) < (ca—26)"/2 for every t € [0,T],

T
I8l <M,  sup / (gt dt < M.
soeHC‘cl‘«o,T)) 0
elloo<1

Let s™ : [0,T] — R be a sequence of functions in Sass. In view of Examples 1.14 and 2.1, for every
n € N the functions ®"(t,y) := ®(s"(t),y) and ¥ (t,y) := W(s"(t),y) defined according to (1.67) satisfy
(H7)-(H12) and (2.3). Moreover, it is easy to verify that the sequences ®” and ¥" satisfy the uniform bounds
(3.1)-(3.4). The set Su,5 is compact: indeed, by the Ascoli-Arzela theorem and by the compact embedding
of BV into L' (see e.g. [1, Theorem 3.23]), we infer that there exists s € Sps,s such that, up to a subsequence
ng, as k — 400 we have

s (t) — s(t) and $"(t) — s(t) for every t € [0,T], §"(t) — §(t) for a.e. t € (0,T).
In particular, as k — +oo we conclude that the sequences ®"*(t,-) and ¥"*(¢,-) satisfy (3.5)-(3.8) with
D(t,-) := P(s(t),) and V(¢, ) := U(s(t), ).
We conclude the section with the proof of Theorem 3.1.
Proof of Theorem 3.1. The proof is divided into several steps: in the first step we prove that the statement
for the sequence u™ follows from the statement for v"; in Step 2 we show that we can restrict ourselves to

the case of homogeneous Dirichlet boundary conditions; finally, in the subsequent steps, we prove the strong
convergence of v™ towards v under the assumption wp = 0.

Step 1. (3.12) implies (3.11). Fix t € [0,T] and assume that (3.12) is satisfied. We claim that as n — 400
Vun(t) — Vu(t) weakly in L2(Q:;R?),  u™(t) — u(t) and @™(t) — (t) weakly in L2(Q), (3.14)
IVu™ ()l L2 = [IVu®)lz2@), " Oll2@) = lu®)lL2@), 14" (@)lL2@) = @)Lz @) - (3.15)

Let 2} denote the set Q\ I'}. In view of the energy bound (2.36) valid for weak solutions and the bounds
(3.1)-(3.4) on the coefficients, we infer that Vu"(t), u™(t), and 4" (t) are bounded in L?(Q;R%), L?(Q), and
L?(9)), uniformly with respect to n and t. In particular, up to subsequences, they converge weakly in these

spaces. To determine the weak limits, fix a smooth test function ¢ € C°(Q\ I';RY). By the change of
variable formula (1.65) we obtain that

<§un (t)a §0>L2(Q) = <(D\Pn(tv .))Tﬁvn (ta \I]n(ta ))7 90>L2(Q)
= (DU (£, " (t,-))"VV"(t,-), p(@"(, ) det DB™(t,-)) L2 (0
- <(D\II(t7 (b(t’ ')))Tﬁv(tv ')’ (p(q)(t, )) det D(I)(ta ')>L2(Q) = <§u(t)7 (p>L2(Q))

as n — +o00. For the convergence we have used the assumptions on the diffeomorphisms W™ and the strong
convergence in H!(Qg) of v towards v (see (3.12)). The same argument applies to u"(t) and " (t), which
converge weakly in L?() to u(t) and 1u(t), respectively. Therefore (3.14) is proved. With the same techniques
we derive (3.15): exploiting the strong convergences (3.12) and (3.13), we get

IVa" ()1 20) = (DT (t, )"V (& U ()| 220

- / (DU (2, 8" (¢, )))"F0" (¢, ) det DE" (1, ) dy
Q

E /Q (DU (¢, B(t, ) Vo(t,)[* det DB(t, ) dy = [Vu(t)|3q -
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Similarly we prove that ||u"(t)||2Lg(Q) converges to Hu(t)||2L2(Q) and ||un(t)||§2(m to \|u(t)|\%2(m. By combining
(3.14) and (3.15) we get (3.11), observing that the limit does not depend on the subsequences.

Step 2. Preliminaries about (3.12). In order to deal with the sequence of problems (1.25)-(1.28) constructed
starting from ®", U* f? %" and u'", it is worth recasting assumptions (3.2)-(3.10) in terms of the
corresponding coefficients (1.29)-(1.33), which will be denoted by B", a™, b, g", v*", and v*". It is easy to
check that for every n € N we have

1Bt ) L= (20)s 18" (E )l o= (20)s [ iV O™ (& )l Lo @0), 107 (F )| Lo (00) < € forace. £ € (0,T),  (3.16)
IB"(t,-) — B" (5, )| oo (20): 16" (£, ) — (5, )| Lo (20) < C|t — 8| for every t,s € [0, 7], (3.17)

for some constant C' > 0 independent of ¢ and s. Moreover, in view of (3.1) and (2.1), we infer that
the ellipticity constant of B™ is bounded from below by a positive constant independent of n, t, and y.
Furthermore, exploiting Lemma 4.7, in the limit as n — 400 we have

B"(t) — B(t) and B"(t) — B(t) strongly in L?(Qo; R™*?), for a.e. t € (0,T), (
b™(t) — b(t) and a"(t) — a(t) strongly in L*(Q; R?), for a.e. t € (0,T), (3.19
div b"(t) — div b(t) strongly in L*(Qq), for a.e. t € (0,T), (
g" — g strongly in L*((0,7); L*(Q)), (
vb™ — ol strongly in L?(Qo) . (3.22)

Let us now set 2"(t,y) := w(t, ®"(¢,y)). By construction, the functions 2™ satisfy Lemma 2.4. As already
noticed in the proof of Theorem 2.6, the difference v™ — 2™ is the weak solution of problem (1.25)-(1.28) with
coefficients B™, a'™, b™, initial data

0 =% — 2™(0) € Hp (), 8™ =0 —27(0) € L*(Q),
homogeneous Dirichlet-Neumann boundary conditions, and source term §" := ¢ — h™, where
h" = " — div(B"Vz") +a" - V2" — 2b" - V™" € L*((0,T); L*(Q)) .
By using Lemma 4.7, it is easy to check that as n — 400
2" (t) — 2(t) — 0 strongly in H5 (), 2"(t) — £(t) — 0 strongly in L?(€),
h™ — h strongly in L?((0,T); L*(Q)) ,

for every t € [0,T], where z and h are defined according to (2.6) and (2.12). Note that for the convergence
of h™ we have used the regularity (2.7) and the computations done in the proof of Lemma 2.4. Similarly, in
view of (3.9) and (3.10), we derive

§" — g — h strongly in L*((0,T); L*()) ,
%™ — 0% — 2(0) strongly in H' (), v — v — 2(0) strongly in L*(Qp).

0,n

%" — oY strongly in H'(Q),

Therefore, (3.12) is ensured once we prove the strong convergence of v™ and ©™ in the case of homogeneous
Dirichlet-Neumann boundary conditions, namely when w = 0. This is done in the following steps.

Step 3. The perturbed problems. We assume w = 0. For every € > 0, let v, be the solution of the perturbed
problem (2.13) and let v be the solution of the corresponding problem with coefficients B™, a™, b", g", v%",
vb". We already know that, as ¢ — 0, v, weakly converges to v (see (2.31)-(2.33) in the proof of Theorem
2.6). Here we claim that the convergence is strong, that is, for every ¢ € [0,T]

v-(t)—v(t) strongly in Hh(Qo) and o.(t)—0(t) strongly in L?(Q), ase—0. (3.23)
Moreover, we claim that there exists a sequence of parameters €, > 0, converging to 0 as n — 400, such
that for every ¢ € [0, T
v (t) —ve, (t) — 0 strongly in Hp(Q0), o7 (t) — 0., (t) — 0 strongly in L*(Qo), (3.24)

€
o () — 0" (t) — 0 strongly in H},(Qo), @7 (£) —9"(t) — 0 strongly in L*(€y), (3.25)

En

as n — 400. Once we prove the claims we are done. Indeed, by the triangle inequality we have

1imiup [0 () = v(@) || &L (220)
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< limJSruP(HU”(t) — vl Oy 00) + V2, () = ve,, D)l 1 (00) + Ve, (8) = (B[ 12 () =0
n—-+oo

and the same holds true for [[0™(t) — 0(t)|L2(qy)-
The claims (3.23)-(3.25) will be proved in Steps 4, 5, and 7, respectively.

Step 4. Strong convergence of ve. Assume w = 0 and define X¢ := v. — v. By comparing the energy
equalities (2.28) and (2.50) for v, and v, respectively, it is easy to see that

t
En(X% 1)+ / 02(5) 12 e s
t
1 . y ¥
N / |:2<BVX67VXE>L2(QO) —(a- VX, X%)12(0q) = (divd, [X[*) 1oy | ds + Re(t), (3.26)
0

where Ep is defined according to (2.49) and
Re(t) := —(0=(1), 0(t)) 12(00) — (B(E)V0:(t), Vo (b)) 12(00) + 011 22(0,) + (B(0)VV?, Vo°) £2(y)

t
+/ [<BVU€, V'U>L2(QO) — <a - Ve, @>L2(Qo) (a Vo, UE>L2(QO) — 2<d1v b, vV >L1(Q) + <g, Ve + 'U>L2(QO)] ds.
0

In view of the weak convergences of v.(t), Vu-(t), and 9.(t), and the energy equality (2.50), we infer that
R.(t) — 0 as e — 0. On the other hand, the uniform bounds on B, a, and div b, and the uniform ellipticity of

B, imply that the integral term in the right-hand side of (3.26) can bounded from above by C fg Ep(X¢,s)ds,
for a suitable C' > 0 independent of ¢ and e. Therefore, using (3.26) and Fatou’s Lemma, we infer that for
every t € [0,T]

t

limsup Ep(X°,t) < limsup (Rs(t)+0/ Ep(X®,s > <C/ limsup Ep(X*,s)ds.
e—0 e—0 0 e—0

Finally, by Gronwall’s Lemma, we conclude that lim. E5(X¢,t) exists and it equals zero. This proves (3.23).

Step 5. Strong convergence of v — v, . The functions v and v, solve two problems with different
coefficients but with the same viscosity €, > 0, whose precise value will be fixed at the end of the step. By
linearity, it easy to verify that the difference X™ := vl — v, solves

<Xn(t)»1/1>H}:,(Qo) +(B)VX"(t), Vb) 12(q,) + (alt) - VX" (t), 1) L2(0q) — 2(b(t) - vXn(t)aw>L2(Qo)

+ en(X™(t), V) L2(00) + En (VX (L), V) 12(00) = (@" (1), V) i1 (0) (3.27)
for a.e. t € (0,T) and every ¢ € H%(Qp), with initial data X%" = v%" — 40 and X1 = v1® — vl The
right-hand side of (3.27) is defined as

(@ ) e = ((¢" —9) — (a" —a) - VI —2(divd"™ — divb)dl ,¥)r2(a)
—((B" = B)VvZ +2(b" = 0)0f , Vi) 12(qy) -
In particular, the forcing term ¢" is an element of L2((0,T); H,'(€0)). Thanks to the uniform bounds (3.16)
and (3.17), the energy estimate (2.30) implies that 97 and Vo? are uniformly bounded in L>°((0,7); L*(0))

and L>=((0,T); L%(Q; R?)), respectively. Note that these bounds do not depend on the sequence ¢,,. There-
fore, by (3.18)-(3.21) we get

q" — 0 in L*((0,7); Hp'(Q)) as n — +oo, (3.28)

and the rate of this convergence is independent of the choice of £,,. We now want to write an energy estimate
for X™. Notice that, since we are dealing with the perturbed problems, the time derivatives X™ belong to
L2((0,T); H:(Q0)), thus they can be used as test functions in (3.27): integrating by parts we get

t
E(X™ 1) +2, [ IX7(5) I 0 ds = En(X7.0)

t
1. ) ' - e
+/ |:2<BVXnaVXn>L2(Qg) —{a- VX", X" 200 — (divh, [ X" *) o) + (" X™) 11 (9,) | ds -
0
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As in Step 4, the uniform bounds on B, a, and div b, together with the uniform ellipticity of B, yield

t t
SB(X”,t)+sn/ ||X”(s)\|§{]13(90)dsgé‘B(X",OH—O/ En(X ds+/ 0™ X™) 5 g0y 5
0 0

for a suitable constant C' > 0 independent of n and t. The presence of ¢, allows us to get rid of the last
term: by writing

/ (a H1 (Qo)|d5< ||q ||L2((0T)H (QO))+ ||q HLz((OT) H! (Qo))/ ”Xn“Hl Q )ds

and choosing ¢,, such that

%IIq”IIL:a((o,T);HEl(QO)) >0Vn, e, —0,
we conclude that t
Ep(X",t) < C, +C/ Ep(X™,s)ds,
with ’
Cr = Ep(X™,0) + §||anL2((O,T);H51(QO)) :

In view of (3.22) and (3.28) we infer that C,, — 0. Therefore, again by Fatou and Granwall’s Lemmas, we
have lim,, Eg(X™,t) = 0, concluding the proof of (3.24).

Step 6. Weak convergence of v™ to v. Assume w = 0. For every n € N, v™ satisfies
(0™ (1), ) 1y (o) + (B (0) V0™ (1), 1) L2(2) + (a” () - VO (), 1) L2(0q) + 2(0" (2), div(b" (1)) L2(020)
= (9" (), ") 12(02) (3.29)

for a.e. t € (0,T) and for every v € H% (). As already pointed out in (2.35), every weak solution v" has
bounded energy, namely there exists C' > 0 such that, for every ¢ € [0, 7],

||@n(t)||%2(ﬂo) + " ()13 1y SC-

Thanks to (3.16), (3.17), (3.21), and (3.22), the constant C' can be chosen independent of n. In particular,
there exists £ € L2((0,T); H5(Q0)) N H((0,T); L?(Q0)) such that, up to a subsequence,

o™ — ¢ weakly in L2((0,T); Hh(€)) and o™ — ¢ weakly in L2((0,T); L*(Q0)) . (3.30)

By combining the strong convergences (3.18)-(3.22) with the weak convergences (3.30), passing to the limit
as n — 400 in (3.29), we infer that £ € L2((0, T) 5(Q0)) and that ¢ is a generalized solution of the limit
problem (2.11), with initial conditions v° and v! By Theorem 2.10 such solution is unique, therefore £ = v.
Since the result does not depend on the subsequence, we conclude that the whole sequence v™ satisfies

v™ — v weakly in L?((0,T); H5(0)) and 9" — & weakly in L?((0,T); L*(90)) .

Step 7. Strong convergence of vl —v". Assume w = 0 and define X" := v —v", with €, as in Step 6.
Following the same procedure as in Step 4, we get

Epn (Xt +£n/ [0Z, lHHl (9%) 45
t

= [ [ TXT T e~ XX g = (8 X P | d R0,
0

with
Ry (t) :=—(02 (t),0" (1)) r2(0) — (B"(t) VUl , V" (1)) 12 (00 + HUL”H%z(QO) + (B”(O)Vvo’”, Vuo’”>Lz(QO)

+

+ BnVUE ,V’U >L2(QO) —< V’Usn v >L2(QO) < - Vo U >L2(QO):| ds

/Ot
L

2(divd"™, 07 ©") 1) + (9", 07 4+ 0" r2(00)] ds . (3.31)
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Exploiting the uniform bounds (3.16) and (3.17), and the fact that each B™ satisfies the ellipticity condition
(2.2) with the same constant, as in Step 4 we infer that

(,c:Bn + En/ ||,U€ ||H1 )ds < C/ an ds + R ( ) (3.32)

for some C' > 0 independent of n and t.
Let us show that R,(t) — 0 as n — +oo. In view of the strong convergences (3.22) and (3.5) (whose
validity at every time is discussed in Remark 3.2), we infer that, as n — +oo,

(B™(0)V0*", Vo) 12(04) = ((A(0) = $"(0) ® &"(0)) V", Vo) 12(0) — (B(0)V®, Vo°) 12(qy) - (3.33)

In view of Steps 4 and 5, v’ (t) converges strongly to v(t) for every ¢, while, by Step 6, v™(t) converges weakly
to v(t). Thus

(0, (1), 0" () L2(0) + (B™(O)VUL, (£), VU (1)) L2(00) — [[0()[|72(0) + (BOVU(E), VO(t)) L2(00) - (3.34)

In view of (3.16)-(3.21), by dominated convergence in €2 and then in (0,7"), we can pass to the limit in the
integral terms of R,, and we get

t
/ {(B”Vv?n7Vv">L2(QO) —(a" - Vvl ,v") 200, — (@™ - VO ,'UETL>L2(QO)i| ds
0
t
—I—/ [—2<div bn,l.}gnf]n>L1(Q) + <gn71~}gn + ’l'}n>L2(QO)] ds (335)
0

t
— / |:<BV’U, vv)LZ(Qo) - 2<a . VU, U>L2(Qo) — 2<diV b, ‘1'}‘2>L1(Q) + 2<g, 1'}>L2(QO):| dS
0

By combining (3.31) and (3.33)-(3.35) with the energy equality (2.50), we conclude that R,(t) — 0 as
n — +oo for every time. We now apply Fatou and Gronwall’s Lemmas to (3.32), as in Step 5, and we obtain
that lim, Epn (X™,t) = 0. This convergence gives (3.25), since the ellipticity condition (2.2) for B™ holds
with the same constant for every n. O

4. APPENDIX

For the benefit of the reader, we recall an existence result for evolution problems of second order in time,
whose proof can be found in [6]. Let B(t;-, ), A1(t; -, ), A2(¢; -, ) be three families of continuous bilinear forms
over H}(Qo) x H}(Q0), with ¢ varying in [0, 7], satisfying the following properties, where B(-; 7, ) denotes
the derivative of B(-;7,&):

(i) for every t € [0,T] the form B(t;-,-) is symmetric;
(ii) there exists co > 0 such that B(t;n,n) > col|nl|3 () for every t € [0, T, for every n € Hh(Q);
D
(iii) for every n,& € Hp () the function t — B(t;n,€) is continuously differentiable in [0, T7;
(iv) there exists ¢; > 0 such that |B(t;n,€)| < culnll ey o) ll€ll 1, (o) for every t € [0,T1, for every
7775 € H%) (QO)a
(v) for every n,& € H () the function t — A;(¢;7n,€) is continuous in [0, T);
(vi) there exists co > 0 such that [Ai(t;n,8)| < callnllmy o)lléllz2(oqy) for every t € [0,T], for every
7775 € Hb (QO)a
(vii) for every n,¢& € H}(Qo) the function ¢t — As(¢;n,&) is continuous in [0, T7;
(viii) there exists c3 > 0 such that [Az(;n,&)| < cs|nllmy ) l€ll2(0,) for every t € [0,T], for every

77,§ S HD(Q())

Theorem 4.1. Let k > 0, v° € HL(Qo), v! € L%(Qo), g € L*((0,T); L?()), and let B(t;-,-), Ai(t;-,-),
Aa(t;+, ), t € [0,T)], be three families of continuous bilinear forms over H}(Q0) x HL(Q0) satisfying the
assumptions (i)-(viii) above. Then there exists v € H'((0,T); Hp(Q)) with © € L2((0,T); Hp'(Qo)) such
that, for a.e. t € (0,T) and every ¢ € H}(Qo),

(6(2), V)1 (o) + Bt 0(t), v) + Ar(t;0(t), ¥) + A2t 0(1), ¥)

+ k<i)(t)’w>l/2(ﬂo) + k<vv(t)a V¢>L2(Qo < ( ) > 2(Q0) » (41)
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with initial conditions v(0) = v° and H(0) = v?.

Proof. See [6, Chapitre XVIII, §5, Théoréme 1]. O

In the following lemmas we investigate some regularity properties of functions defined in Q (or [0,T] x
), when composed with suitable diffeomorphisms of the domain into itself. Let us specify the class of
diffeomorphisms under study.

Definition 4.2. We say that A: [0,7] x @ — R is admissible if it belongs to the space C*([0,T] x Q;R?)
and, for every ¢ € [0,7T], the function A(t,-) is a C? diffeomorphism of Q into itself such that A(¢,2) = Q and
A, T) =T.

Note that, according to (H7)-(H9), both ® and ¥ are admissible in Definition 4.2.

Lemma 4.3. Let A be as in Definition 4.2 and let f € L*(Q;R™). Then f(A(t,-)) is continuous from [0, T]
to L2(;R™).

Proof. For every € > 0 let f. € C2°(€2;R™) be such that ||f — f|[12(0) < €. By the assumptions on A, via a
change of variables it is easy to see that for every ¢ € [0, T] we still have || f(A(t,-)) = fo(A(L,-))||L2(0) < Cé,
for some constant C' independent of ¢ and €. Moreover the composition f.(A(Z,-)) is continuous from [0, T']
to L2(£;R™). Let t, — t as n — +oo. By the triangle inequality, we have

1f (A(tn; ) = FOAGE )Lz < NF (A, ) = fe(Altn, Do) + IF (AL ) = fe(A(E )l 2
+ 1 fe(Atn, ) = fo(A(E )2 @) < 2Ce + [ fe(Altn, ) = fe (A, )l L2 (@) -

Passing to the limit first as n — +o00 and then as ¢ — 0 we infer that || f(A(t,-)) — f(A(t, )|l L2 — 0 as
tn, — t, namely the desired L? continuity of f(A(Z,)). O

Lemma 4.4. Let A be as in Definition 4.2 and let f € CO([0,T]); L*>(Q;R™)). Then f(t,A(t,)) is continuous
from [0,T] to L*(Q; R™).

Proof. Let t, — t as n — +00. By the triangle inequality we have

1S (s Atns ) = F (& ACE ) L2y < (L (Ens Altn, ) = F(E Altn, D2 @) + 1 (8 A, ) = f(E AR ) 2 -
Via a change of variables, we infer that

Hf(tn7A(tn7 )) - f(taA(tnv ))||L2(Q) < C”f(tna ) - f(ta )HLz(Q) )
for some constant C' > 0 independent of n and ¢. Since ¢ is fixed, we can apply Lemma 4.3 to f(¢, ), obtaining
that [|f(t, A(tn,-)) — f(t,A(t,))ll£2(0) — O too, as n — +oc. This concludes the proof. O

Lemma 4.5. Let A be as in Definition 4.2. There exists a constant C' > 0 such that

1A ) = FACs Dz < CIV Sl lt = 5|
for every f € HY(Q\T) and for every 0 <t <s<T.

Proof. Tt is enough to prove the statement in H'(Q%), where QF are defined in (H4). We consider only the
case of QF. For every ¢ > 0 let f. € C*(Q") be such that || f — fo||g1(o+) < . Then

(At ) — fo(A(s,y)) = / VLA ) - Alry) dr

and hence

£0 ) = A Dy < s IAl oy [ ([ IWEOEIar) dy. @)

By applying the Holder inequality, changing the order of integration, and performing the change of variables
x = A(7,y), we deduce the estimates

L[ wramar) <o [ [ wiatar
=t - Sl[ /m IV f.(2)[? det D(A™)(7,2) dz dr
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< |t = s[*sup [ det D(ATH)(7, )| (o) IV fell72() - (4.3)

Arguing as in Lemma 4.3, by the triangle inequality, in view of (4.2) combined with (4.3), we obtain
[F(AE ) = F(AGs, D2y < Ce+ ([ f(AR, ) = fo(Als, )2 0+)
< Cle+ IV fellz@nlt —s) < Cle + (VL2 @n |t = sl)

for some constant C' > 0 independent of ¢, ¢, and s. Finally, letting ¢ — 0, we conclude the proof. O

Lemma 4.6. Let A be as in Definition 4.2 and let t € [0, T]. Then for every f € HY(Q\T)
1 ~ .

Proof. Tt is enough to prove the strong convergence in L?(Q%F), where QF are defined in (H4). We consider
only the case of QF.
Let Tj, and L be the linear operators from H'(Q%) to L?(2%) defined by

Tn(f) := l[J”(A(tJr h,)) = f(A(t,-))] and  L(f) = VF(A(t,) - AL, ) -

h
By a change of variables it is easy to see that these operators are continuous. If f € C*(Q*) we have
I ,
(W) = [ VHAC ) A+, (14)
0
thus

ITh(Pllz2@+) < Cllfllar @+
where C' > 0 is a constant independent of f. By density, this inequality is valid for every f € H'(QF).
For ¢ > 0 fixed, let f. € C'(Q7) be such that ||f — f| 1 (o+) < e. Then

ITh(f) = L2 @+y S NTh(f) = Tu(fe)ll2 vy + 1Th(fe) = L{fe) L2y + IL(f) — L{fe)l 2o+
< 2Ce + [[Th(fe) = L(f)ll 2o+ -
In view of formula (4.4) we have || Th(f.) — L(f:)|lz2(0+) — 0 as h — 0, and hence
limhsup ITn(f) — L(f)HL2(Q+) < 2Ce.

By the arbitrariness of € > 0, the proof is concluded.
O

Lemma 4.7. Let A and A™, n € N, be diffeomorphisms as in Definition 4.2, and let f and f,, n € N, be
elements of L*(Q;R™). Assume that there exist 6, > 6o > 0 such that 6 < ||det DA™ (t,)|| () < 61 for
every t € [0,T), n € N, and that, as n — 400,

" — f strongly in L*(;R™),  A"™(t,-) — A(t,-) strongly in L*>(Q;RY) for every t € [0,T).
Then, as n — +00,
(A, ")) — f(A(t,) strongly in L*(;R™) for every t € [0,T].

Proof. For every € > 0 let f. € C°(Q;R™) be such that ||f — fo|[z2(q) < . By the triangle inequality we
may write

[F* (A" (@) = FACE D)2 ) < (AR ) = FA™(E )Lz + (AR ) = fo(A" (2 ) lz2 o)
+ 1fe(A(E ) = FOAG D) + (A" () = f(A(E ) L2 @) -

We can bound the right-hand side as follows: performing a change of variables in the first three terms and
exploiting the regularity of f. in the last term, we get

[FA™(E, ) = FOA™ ()2 < CUS" = Fllz) + 1 = fellz2@)
F IV felle @A™ (£, ) = At )2,

for some constant C' > 0 independent of n and €. Passing to the limit as n — +o00 and then as € — 0, by the
strong L? convergences of A"(t,-), f", and f., we conclude the proof. O
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We conclude this Appendix by proving Lemma 2.4 on the regularity of the composite function z(t,-) :=
w(tv (I)(tv ))

Proof of Lemma 2.4. By the chain rule in Sobolev spaces, since every ®(t,-) is a 2 diffeomorphism of Q into
itself, we infer that the composite function z(t,-) := w(t, ®(t,-)) belongs to H?(Qg) for a.e. t € (0,T), and its
distributional derivatives read

Vz(t,:) = DO(t,) " Vw(t, ®(t,-)), 052(t,) = FRw(t, (L, )0i®r(t, )0; P (t, -)+07, Pk (t, ) Opw(t, B(t,)) .

Exploiting these explicit expressions for the distributional derivatives of z, the regularity assumptions (HT7),
(H11), (H12), and (1.10), we infer that also z belongs to L?((0,T); H*(2)). Arguing as in the proof of Lemma
1.8, exploiting the regularity of w and @, we infer that z € Lip([0,7T]; L?()) and the distributional time
derivative reads (t,-) = w(t, ®(t,-)) + Vw(t, ®(t,-)) - ®(t, -). By the chain rule, we infer that 2(t,-) € H'(Qp)
for a.e. t € (0,7) and, by direct computation, that 2 € L?((0,T); H'())). Let us now pass to the second
partial time derivative. Exploiting the Lipschitz continuity of ® (see (H11)) and the absolute continuity of
w and Vw from [0, 7] to L2(Q) and L?(2;R?), respectively, it is easy to prove that 2 € AC([0, T]; H=*()).
In particular 2 € L'((0,T); H1(p)) and, for a.e. t € (0,7, the action of 2(t) against any test function
Y € H'(Qp) can be deduced by the identity

(3(0), D) o) = Jim 3 (300 + B) = 3(0), W) soqey

Computing the last limit we infer that for a.e. t € (0,T")

5(t,-) = w(t, ®(t,-)) + 2V (L, D(t,-)) - D(t,-) + Vw(t, ®(t,-)) - D(t,-) + o2 w(t, ®(t, ) Pu(t, )Pr(t,-) .

Therefore, in view of (H11), (H12), and (1.10), we derive € L%((0,T); L?(f2)), concluding the proof of (2.7).
Eventually, the boundary conditions (2.8), (2.9), and (2.10) follow by (1.13) and by combining the hypothesis
(1.12) with definition (1.29), assumption (H8) and property (1.2). O
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