ON THE SHAPE OF CAPILLARITY DROPLETS IN A CONTAINER

F. MAGGI AND C. MIHAILA

ABSTRACT. We provide a quantitative description of global minimizers of the Gauss free energy
for a liquid droplet bounded in a container in the small volume regime.

1. INTRODUCTION

Our aim is to provide a quantitative description of capillarity droplets in a bounded con-
tainer. We work in the classical setting of capillarity theory based on the minimization of Gauss
free energy under a volume constraint. In this framework, denoting by A and E two open
bounded sets with Lipschitz boundary in R"™ with £ C A (so that E is the region occupied by
a liquid droplet inside a container A), one looks for volume-constrained global/local minimizers
or stable/stationary points of the energy

FaalB)+ [ gla)ds,
E
where g : A — R is a bounded potential energy density and where F4 , is the surface tension
energy of the droplet,

Fao(E)=H"1ANOIE) + / odH" . (1.1)
0ANOE

Here H"~! denotes the (n — 1)-dimensional Hausdorff measure in R”, so that H" (4 N OF)
accounts for the surface tension energy of liquid/air internal interface of the droplet, while
o:0A — (—1,1) is a given function, modeling the relative adhesion coefficient between the
liquid droplet and the solid walls of the container. In this way, fa ANDE o dH" ! accounts for
the total surface tension energy of the liquid/solid boundary interface. Typically, one considers
liquid droplets under the action of gravity, a situation that corresponds to taking n = 3 and
g(z) = cx, for a positive constant c.

There is a rich variational theory concerning the functional 74 ,. A portion of the classical
literature on the problem assumes the existence and the smoothness of minimizers, and starting
from these assumptions moves to their qualitative description. An excellent overview on this
family of results is provided by the book of Finn [Fin86]. Existence theories have to be formulated
in the setting of Geometric Measure Theory, and a particularly suitable framework is that of
sets of finite perimeter and functions of bounded variation, see, e.g. [Magl2, Chapter 19]. Since
the boundary OF of a minimizer of finite perimeter F will just be a countable union of compact
subsets of C'-hypersurfaces, then one faces the problem of showing additional regularity for
minimizers, which is a crucial step for understanding the relation of the mathematical model
with the physical world.

The regularity issue can be trivialized by exploiting symmetries. For example, in the sessile
and pendant liquid droplet problems it can be proved that minimizers are rotationally symmetric,
a property which easily implies smoothness; see for example [Gon77]. In the case of a generic
container one cannot exploit symmetry to simplify the regularity problem. This regularity
problem has then drawn the attention of several authors [Tay78, CF85, GJ86, Grii87a, Gri87b,
Grii87¢c, Luc87, CM07, DPM14, DPM15].
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For example, if A has boundary of class C1!, g is bounded and o is a Lipschitz function,
then for each volume-constrained local minimizer F of F4 , there exists a closed subset > of
M = ANOFE such that M \ ¥ is a C1%hypersurface with boundary (for every a € (0,1)).
Moreover, the set of boundary points bd (M \ X) of M \ ¥ is contained in 9A, and if v denotes
the outer unit normal to G C R™, then Young’s law holds, i.e.

va(z) - vg(z) =o(x), Ve e bd(M\X).

Finally, > is empty if n < 3, it is discrete if n = 4 and it has Hausdorff dimension less than n —4
otherwise. This result was proved in the case n = 3 by Taylor [Tay78], and in higher dimension
by Luckhaus [Luc87]. Luckhaus’ result was unawares rediscovered as [DPM15, Corollary 1.4]
in a study on Young’s law for anisotropic surface energies. (We also notice that in the above
papers the regularity result is obtained with o = 1/2, although one can improve this to every
a < 1 by boundary elliptic regularity.)

Capillarity phenomena are characterized by the dominance of the surface tension energy
on the bulk/potential energy term. This is typically the case when the volume parameter m
is suitably small with respect to the various data of the problem and then the surface energy
is order m("~1/" >~ m_ while the potential energy is of order m. In the case where there is
no container, the problem of describing global minimizers in the small volume regime has been
addressed in [FM11]. There it is shown that if g is a locally bounded potential energy density
with the property that g(x) — oo as |z| — oo (in particular, the gravitational potential is not
allowed in this simplified model), then there exists mg = mqg(n, g) > 0 such that every minimizer
FE,, in

inf {P(E) +/ g(x)dz : |E| = m} )
E
with m < my is connected and satisfies, for some v, € R™,

(Foim)a gal < Cmamee wa(Przi, STy < cougmt, a2

where B = {x € R" : |z| < 1}, w, = |B|, and hd(X,Y") denotes the Hausdorff distance between
X,Y C R”, see (1.18) below. Moreover, if g € C’ﬁ)’g‘(R”) for some o > 0, then 9F,, is a C%-
hypersurface whose second fundamental form Vvg, () at © € T,0E,,, after a suitable rescaling,
is uniformly close to a suitable multiple of the identity tensor on 1, 0F,,, with the quantitative
estimate

max [m!" Vg, (2) - e(n) o5, ]| < Cln,g)m? ). (13)

In particular, E,, is convex. What is crucial here is the quantitative aspect of (1.2) and (1.3).
We are not only asserting a proximity result, we are also quantifying the distance (measured in
various ways) from being a ball. In passing, let us also mention that this kind of analysis has
been recently extended to the case of local minimizers, and even of stationary points, in [CM15].

Returning to the case where a container A is present, our goal here is to quantitatively
describe the shape of global minimizers E,, of

~v(m) = inf {]:A,U(E) + /

E
in the small volume regime. When g and o vanish identically, then (2.1) reduces to the well-
known relative isoperimetric problem in A, and global minimizers in (2.1) are called isoperimetric
regions in A. In this case Fall [Fal10] has shown that isoperimetric regions converge, as m — 0T,
to boundary points of A where the mean curvature of A achieves its maximum. When A is a
convex polytope (and again g and o vanish identically) then an analogous result was obtained
by Ritoré and Vernadakis, who showed that isoperimetric regions converge to vertices of 0A
with smallest solid angle [RV15].

g(a:)da::ECA,]E\:m}, (1.4)
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FIGURE 1. The situation in Theorem 1.1. A global minimizer E,, is confined in a ball
of radius O(m!/™) centered at a point p,, € dA such that o(p,) — oo = O(m'/™). In
particular, if o9 = o(x¢) for a unique zy € 01, then p,, has to converge to xy with
a velocity that depends on how fast o detaches from its minimum value at zy. After
a blow-up at p,, to the scale m'/™, and after a suitable rigid motion S,,, the global
minimizer is Hausdorff close to the ideal droplet K(og), and the part of its boundary
interior to A is actually C'*“-diffeomorphic (for every a € (0,1)) to the spherical cap
HnN aK(UQ)

We thus expect, also the general case where ¢ and g are non-trivial, that E,, should have
small diameter and that it should concentrate around a boundary point of A. Specifically,
(global) energy minimization should favor those points in A where o achieves its minimum
value

— mi 1,1
o0 rgknae( 1),

and correspondingly F,, should be contained in a ball of radius O(m!/") and center p,, € A
such that o(p,) — 09 as m — 0%. In particular, in the small volume regime and if o has a
strict minimum point on JA, then neither the potential energy nor the mean curvature of JA
should play a role in determining the asymptotic position of global minimizers.

Next, assuming this concentration at the boundary to happen, we would expect the blow-ups

Em — pm
ml/n

to converge (as m — 0) to minimizers in the sessile droplet problem with no gravity and constant
adhesion coeflicient og. To be more precise, let us fix a reference half-space H to be

H={zeR":2,>0}.

and given 7 € (—1,1) let us consider the variational problem
$(7) = inf {fH,T(F) . FCH,F| = 1} . (1.5)

If we set
S(ry={x€B:x,>-7} K(r)y=rTe —l—ﬂ (1.6)
o ’ TS '
then {z + K(7) : z € OH} is the family of all minimizers in (1.5), see e.g. [Magl2, Theorem
19.21]. We thus expect (E,, — p)/m'/™ to converge in some sense to K (op). Our main result,
which is illustrated in Figure 1, proves that this converge happens in a global C''®-sense, and it
also quantifies the rate of convergence in Hausdorff distance.
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Theorem 1.1. Let n > 2, A be a bounded open connected set with boundary of class Cb, let
o € Lip(0A) with —1 < o(x) < 1 for every x € OA, and let g € Lip(A). Then there exist positive
constants Cy and mg depending on A, o and g with the following property.

If E,, is a minimizer in (1.4) with m < my, then there exists p,, € OA such that

E,, C Bpm,Co ml/n 0< U(pm> — o9 <y ml/”, (1.7)
and, for a linear isometry Sy, of R™ and with M,, = ANOJE,, and My = H NJK (0y),
Mm - Mm
hd(Sm(ip),Mo) < Coml/2™. (1.8)
ml/n

Moreover, M, is a CY“-hypersurface with boundary for every a € (0,1), the set of boundary
points bd (M,,) is contained in OA, and there exist a CY-diffeomorphism fm, : Mo — M, and
Ym € OA such that

inf {Hfm — (ym + ml/"S)HC1(MO) : SR = R" is an isometry} = o(m*/™), (1.9)

as m — 0T, where this limit relation depends on A, o and g only, but not on the family of
manimizers E,,.

Remark 1.2. In the course of the proof of Theorem 1.1 we shall prove that
7(m) = ¥(e0) m" /" (14 O(m!/) (110

see Remark 4.2. When g and o are identically zero this formula was proved by Bayle and Rosales
[BRO5], and the coefficient in front of O(m!/™) was identified by Fall in [Fal10], thus leading to
the above mentioned criterion that, in the small volume regime, isoperimetric regions converge
to boundary points of maximal mean curvature.

We now describe the proof of Theorem 1.1. An initial difficulty is excluding that minimizers
break down into smaller droplets, or that they take elongated shapes with comparatively larger
diameter than volume. This issue is partially addressed by a grid argument (see in particular
step four in the proof of Lemma 3.1 below) where it is shown the existence of points x,, € A
such that

Em C B, cot/on - (1.11)
(Here B,, = x + B, is the ball of center x and radius r in R™.) Although the possibility
of replacing x,, € A by ym € dA with o(y,,) — 09 < Com!'/?" follows from (1.11) by a direct
variational argument, we are not able, at this stage of the proof, to improve the diameter estimate
from the order m/?" to the natural order m!/™. (In other words, our droplet, rescaled by a
factor m!/™ so to bring it to unit volume, could still look like a very elongated ellipsoid.) The
inclusion (1.11), with y,, € JA in place of z,, € A, is however sufficient to use the boundary
diffeomorphisms of A to map back E,, from the container into our reference half-space H.
More precisely (see Notation 3.2 below) there exist positive constants sy and r¢ such that for
every y € A we can find an open set U, C R" with B, C Uy, and a Ol _diffeomorphism
¢y : Uy — By ar, with ¢,,(0) = y and V¢, (0) an orientation preserving isometry, such that

dy(UyNH) = Byar, NA, ¢y(Uy NOH) = By 2,y N 0A.
Thanks to (1.11), we can thus consider the deformed and rescaled shapes
Gyt (Em)
Am
Clearly F,, C H and |F,,| = 1, and moreover by exploiting the minimality of FE,, and the fact
that o(ym,) — 0o as m — 0T, one can see that

Foo(Fm) = ¢(00) < Cm'/™, (1.12)

Fon = A = |65 (B) [/ = m/ (14 O(m/2) )
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so that F, is asymptotically optimal in (1.5) with 7 = 0p. We can thus exploit a qualitative
stability theorem (see Proposition 2.1-(ii)) to show the existence of z,, € OH such that
lim |(Fp, — 2m)AK (o) =0. (1.13)
m—0
The arguments described so far are contained in Lemma 3.1 below. The next step in our analysis
is Lemma 4.1, where we show that the existence of positive constants A and pg, and of elliptic
functionals ¥, such that each F,, is a (A, pg)-minimizer of the corresponding W¥,,, i.e.

W, (Fos W) < W, (F; W) + A |FAF,| (1.14)

whenever F' C H, F,, AF CC W for some open set W with diam(W) < 2pg; see Definition 2.2
and Definition 2.3 for the terminology and notation used here. Since we can show that each ¥,
is A-elliptic on a 3pg-neighborhood of F,, (for some A > 1 independent of m), the minimality
inequality (1.14) implies uniform volume density estimates at boundary points of each Fy,. In
turn, this information allows one to improve (1.13) into

lim, hd(F,y, — 2m, K(00)) =0, (1.15)

so that diam(F,) < C, and thus the natural diameter estimate diam(E,,) < Cm!/™.
The next step in our analysis is to notice that if we set
®(v)=sup{z-v:veS(on)}, vest,
then, in the terminology of [FM91], S(oy¢) is the Wulff shape associated to ® and

FH,oo(F) = ®(F) =/ d(vp)dH™ ', VFCH,
O*F

FH,00(K(00)) = (K (00)) = ¥(00)
where K (o9) is just a translation of the unit volume rescaling of S(og). In particular, by (1.12)

we have ®(F,) — ®(K(0g)) < Cm!/?* and then by the quantitative Wulff inequality from
[FMP10] we infer the existence of w,, € R"™ such that

|(Fpy — win) AK (00)| < Cmt/? . (1.16)
We now exploit a simple geometric argument from [FI113] together with the inclusion
K
(200> C F, — zm,

(which follows immediately from (1.15)) to conclude that one may as well take wy, - e, = 0, and
thus set wy,, = 2z, € 0H in (1.16). By combining this fact with the uniform volume density
estimates for F),,, we are able to quantify (1.15) and obtain

hd(F — 2m, K(09)) < Cm'/?" (1.17)

In order to complete the proof of Theorem 1.1 we are thus left to construct the diffeomorphisms
between My and M,,, and to rewrite (1.17) in terms of (E,, — ¥m)/m*/". We comment here
only on the former task, which is achieved by combining the boundary regularity theorem from
[DPM15] with a tool for constructing almost-normal diffeomorphsims between manifolds with
boundary which was recently presented in [CLM14]. The corresponding diffeomorphisms enjoy a
quite rigid structure, which should allow one to quantify more explicitly the rate of convergence
n (1.9). We leave this task for future investigations.

We now describe the organization of our paper. Section 2 is focused on the sessile droplet
problem with no gravity, see (1.5). We first discuss some stability properties, see Proposition 2.1,
and then we present an improved convergence theorem for sequence of uniform almost-minimizers
of Fp » converging in volume to K (7), Theorem 2.4. In the latter result, convergence in volume is
improved to C''-convergence, in the sense that we extract from the almost-minimality condition
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the existence of C''*-diffeomorphisms between the interior interfaces My and M,, converging
in C! to the identity map. In section 3 we begin the proof of Theorem 1.1. In particular, in
Lemma 3.1, we obtain (1.11) (with vy, € 0A in place of x,,) and prove (1.13) along the lines
described above. The proof of Theorem 1.1 is then concluded in section 4, first by proving the
uniform almost-minimality of the sets F},, (see Lemma 4.1), and then by wrapping-up the various
information collected up to that point into a final discussion. We conclude this introduction by
gathering the basic notation used in the paper.

Sets in R"™: Given x € R" and r > 0, the ball of center x and radius r is denoted by B, , =
{y e R" : |z —y| <r}, and we set B, = By,, B= By = By. Given X,Y C R", the Hausdorff
distance between X and Y is defined as

hd(X,Y) = max { sup dist(z,Y), sup dist(z, X) }, (1.18)
zeX €Y

while 1,(X) = {x € R" : dist(z, X) < p} denotes the p-neighborhood of X, p > 0.

Manifolds in R™: If M C R" is a k-dimensional manifold with boundary, 1 < k <n — 1, then
we denote by int (M) and bd (M) its interior and boundary points respectively, by v57 the outer
unit normal to bd (M) in M, and we set

[M], = M\ I,(bd (M)), p>0.

Sets of finite perimeter: Given a Borel set £ C R” of locally finite perimeter in R", we
denote by 0*FE and vg the reduced boundary and the measure-theoretic outer unit normal of
E. We have

OE = {x €R":0 < |Byy, NE| < |By| Vr > 0} o
and, up to modifying F by a set of volume zero, one can always achieve
O*E = 0F,

see [Magl2, Proposition 12.19]. We shall always assume that the sets of finite perimeter under
consideration have been modified in this way.

Acknowledgment: This work was supported by the NSF Grants DMS-1265910 and DMS-
1361122.

2. SOME PROPERTIES OF DROPLETS IN HALF-SPACES

In this section we discuss some basic properties of the variational problem
¢(r) =inf {Fy.(F): F C H,|F| =1}, (2.1)
where H = {z € R" : ,, > 0} and 7 € (—1,1). Let us recall from the introduction that if we set
S(r)y={x€B:z, >—-71}, (2.2)

then the unique minimizer K (7) in (2.1) with horizontal barycenter at the origin is given by the
formula
S(7)
K(r)=1ep+ ——7—. 2.3

e S 29
In other words, F' is a minimizer in (2.1) if and only if F' = z 4+ K(7) for some z € 9H. In
section 2.1 we discuss some stability properties of (2.1), while section 2.2 contains an improved
convergence theorem towards the ideal droplet K (7).



ON THE SHAPE OF CAPILLARITY DROPLETS IN A CONTAINER 7

2.1. Stability properties. The following proposition collects the properties of problem (2.1)
that we shall need in the study of (1.4). Property (i) consists just in the monotonicity of 1,
while property (ii) is a qualitative stability statement. In property (iii) we exploit the main result
of [FMP10] to quantify stability under a technical containment assumption. This containment
assumption is not needed, and indeed it could be eliminated by mimicking the arguments in
[FI13]. However, this more general result is not needed here.

Proposition 2.1. (i) One has /(1) > 0 for every T € (—1,1).

(ii) If {Fp}hen is a sequence of subsets of H with |Fy| =1 for every h € N and
i Frz(Fn) =¢(7),

then there exists {zp}nheny C OH such that, up to extracting subsequences, one has

(Fh + 2p) AK(7)[ = 0.

lim |

h—o00
(111) There exist positive constants e(n, ) and c(n, ) with the following property: If F C H with
|F| =1 and

Kg) c F, Fu(F) < (1 +¢e(n,1))v(r), (2.4)
then
Fun(F) = 0(r) = eln.) inf [(F ~ )AK () (2.5)
Proof of Proposition 2.1-(i). Given 7 € (—1,1), let
VO =IS@, A = PSE): e > ), Alr) = PS): fan = 7).

Since vp - (—ey) = 7 along {x, = —7} N 9S(7), by (2.3) we find that

B ~A(T) + 7 Ao(7)
P(1) = Fu-(K(1)) = V(nm D
We now notice that, if wj, denotes the volume of the unit sphere in R¥, then
1

1
Vi) = / wno1(1=p") "V 2dp, A7) = / (n — Dwn_1(1 — p?)"=/2dp,

-7 -7

while Ag(7) = wy_1(1 — 72)(*~1/2_ On noticing that

2 A
V/:AQ, (A—i—TAo)/:(n—l)l_TQ+A0—(n—1)1_7_02:nAo,
we find that
1 1—(1/n) =10 im _ A
¥ = G (VA = VT Ao Ak ) = S

where ¢ = n?V — (n — 1)(A + 7 4p). By the divergence theorem, A(0) = nV(0), where
V(0) = wy,/2, so that ¢(0) = nw,/2. Moreover, ¢’ =n?Ag — (n — 1)nAy = nAy, thus

©(T) Zn(a);jL/OTAo) :n<w—2n+sign(7)‘{x€ B:0<zx,< |T]}D >0,

for every 7 € (—1,1). This proves that ¢’ > 0 on (—1,1). O

We now discuss statement (ii). As usual the issue is ensuring compactness in volume. We
solve this problem by combining slicing with isoperimetry to prove that one can always reduce to
consider sequences of sets Fy, with uniformly bounded diameters, which therefore are compact in
volume modulo horizontal translations. The main modifications with respect to the case of the
standard isoperimetric problem, corresponding formally to 7 = 1, (see, for example, [FMPOS,
Lemma 5.1], which in turn was inspired by [FM91, Theorem 3.1]) are found in the case 7 < 0.



8 F. MAGGI AND C. MIHAILA

Before entering into the proof, it is convenient to introduce some notation and terminology in
analogy with [FMPO08]. Given F' C H and 7 € (—1,1) we define the deficit of F' (relatively to
the variational problem (2.1)) as
Fr.(F
6T(F) = il ( ) -
W(r) |[F|(n= 1)/
For every A > 0 we have §-(AF') = 0,(F) > 0. Moreover, by [Magl2, Theorem 19.21], we have
that 0,(F) = 0 if and only if |FA(z+r K(7))| = 0 for some z € OH and r > 0. Correspondingly
we define the asymmetry index of F' (again, relatively to problem (2.1)) as
|FA(z 4+ r K(1))|
||
With this terminology in force, statement (ii) is equivalent in saying that if 6,(Fp) — 0, then
ar(Fy) — 0. The key point in the proof will thus be obtaining (2.8) and (2.25) below.

ozT(F):inf{ :7‘":|F|,Z€8H}.

Proof of Proposition 2.1-(ii). Step one: As a preparatory remark, we show that if G, F C R"
with

Gl <|F|, |FAG|<e|F|,  Fus(G) < Fu (F)+ ([P0, (2.6)
for some € € (0,1), then

6 (F) + (14 9(r) e Din

|Oz.,-(F) - aT(G)| < 357 5T(G) < (1 _ 6)(n71)/n

(2.7)
Since the volume of the symmetric difference defines a distance on subsets of R", we easily find
that ||Fla,(F) — |Gla-(G)| < |[FAG|. Hence, by a,(G) < 2,

[Fllar(F) = ar(G)] < [FAG| + [[F| = [G]| a7 (G) < (1 + a-(G)) [FAG| < 3[FAG],
and the first estimate in (2.7) follows. Next we notice that

‘FT(G) _-FT(F)

G DI5,(G) = | () + [P|m=D/ G|/

P(T)
(e| F) (D) Ali(n=1)/n
< S+l
1 (n—1)/n
< (14 55) EEp,

and we conclude the proof by |G| > (1 — ¢)|F.
Step two: We claim that if F' C H with §.(F) < do(n,7) < 1, then there exists G C H with

0:(G) — ()] < Cn,7) 6, (F), 6,(G) < Cln7)or(F),  sup 1=l

i W <C(n,7), (2.8)
x?y

where dg(n,7) and C(n,7) are suitable positive constants. Without loss of generality, we may
assume that |F| =1 and F = F(1), the set of points of density 1 of F. Thus it suffices to prove

sup |z1 —y1| < C(n,T), (2.9)
z,yeG
together with
IFAG| < C(n,7) 6,(F)" "V Fu(G) < Fur(F) + Cln,7)6:(F), (2.10)

which take the place of the first two inequalities in (2.8) by step one. Let us set
v(t) = [Fn{x <t}, s(t) =H""YFn{x; =1t}), (2.11)
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so that v(t) is absolutely continuous on R with v'(t) = s(t) for a.e. ¢t € R thanks to Fubini’s
theorem. We notice that for every ¢ € R one has

sty =H" Y (Fn{x, =t}) < P(F;Hn{x; <t}),

2.12
P(F;{x1 <t}NOH) < P(F;HN{x <t}). (2.12)
Indeed, by [Magl12, Equation (16.7)] and F = F(}) one finds that
I*(FN{z <t}) =(HN{z <t} NO*F)
U{z1 <t}NOHNOI'F
(for <) ) (2.13)

U (Fn{z =t}

U (G*F N{z1 =t} N{vr = 61})
where the identity holds up to H" !-negligible sets, and where the elements of the union are
disjoint. Since the outer unit normal to F' N {z; < t} coincides with vz on the first set on the
right-hand side, with —e,, on the second one, and with e; on the third and the fourth one, the

first inequality in (2.12) follows by applying the divergence theorem on F' N {z; < t} to the
constant vector field f(z) = ey,

0 = er1-vp+H M {z =ty N F)+H" ' {z1 =t} NO*FU{vp = e1})

/Hm{xl <t}NO*F

> 61‘VF+Hn71({CCl:t}ﬂF),

/I:Iﬂ{xl <t}m<9*F
while the second inequality follows by using the vector field f(z) = ey,

0:/ en-vp— P(F;{z1 <t}NOH).
Hﬂ{x1<t}ﬂa*F

The actual proof requires a truncation of the vector field f(x). We omit the details and refer to
[Mag12, Proposition 19.22] for a complete exposition of an identical argument.

With (2.12) at hand, we now prove the existence of G C F such that (2.10) and (2.9) hold.
For t € R we set

F;:Fﬂ{l‘1<t}, Ft+:Fﬁ{l‘1>t}.
By (2.13), and by an analogous formula for F;", one has
Far(F )+ Fur(Fy) < Fur(F)+2s(t), VteR.
(The inequality sign depends on the possibility that H" 1(0*F N {z1 = t}) > 0.) By definition
of (1) we have Fp . (FX) > o(7)|FE|»=D/" so that
25(t) + (1) 0 (F) = 25(t) + Fur(F) = (1) 2 Fur(F) + Fur (F) — (7)
> Y W),  VER,
where W(y) = (1 —~)= /7 4 y(=D/n _ 1 ~ € [0,1]. We rearrange this inequality as

o) > L0

5 (V) —6(F)),  veR. (2.14)
Let us notice that we can find x(n) > 0 such that

U(v) > k(n) min{y,1 — 4}V vy eo0,1]. (2.15)
We now use the assumption that §.(F) < do(n, 7) to ensure that, if we set

() vlt) D"
2

t = inf {t eR:” > 6T(F)} , (2.16)
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then t; € R. Since v is increasing, we have x(n)v(t)»~1/" > 25 (F) for every t > t1, and thus
we can apply (2.14) and (2.15) to find that if ¢ > ¢; with v(¢) < 1/2, then

s(t) > 1/’(27) (/ﬁ(n)v(t)(”_l)/” - 5T(F)) > W w(t)=D/m. (2.17)
similarly, if we define to by

k(n) (1 - g(t))(n_l)/n > 5T(F)} , (2.18)

then ¢y € R with k(n) (1—uv(t))™=1/" > 26, (F) for every t < t,, and again by (2.14) and (2.15)

tgzsup{teR:

(T ne1)/n Y(T)k(n ne1)/n
)2 U7 (i) (1= o) = 6.7 = PO g e a0)
whenever t < ty with v(¢) > 1/2. In conclusion,
s(t) > W min{v(t),1 — o)}/ Ve (b, ), (2.20)
so that, by taking s = v’ a.e. on R into account,
U(r) k() (ta —t1) _ [ v' / ' dy
< < =C
4 = Ji, min{v,1 —o}=D/n = J§ min{y,1 — y}n-1)/n (n),

that is to — t1 < C(n, 7). Hence, the set
G’:Fﬂ{t1<:c1<t2}
has directional diameter along the x1-axis bounded by C(n, ), with

26, (F)\n/(n—1)

IF\ G| = v(t) + (1 — v(ts)) < 2 ( (2.21)
We now split the argument depending on the sign of 7.

When 7 > 0 we conclude the proof of (2.10) and (2.9) by setting G = G’. Indeed, with this
choice, (2.9) is immediate from t2 — ¢t; < C(n,7), while the first bound in (2.10) follows from
(2.21). Moreover, by (2.12),

.FH7T(F) — FH7T(G) > P(F; HnN {:Cl < tl}) — S(tl) + TP(F; OH N {a;l < tl}) (2.22)
+P(F; HNA{xy > ta}) — s(te) + 7 P(F;0H N{xa > t1}),
where P(F; H N{x1 < t1}) > s(t1) by (2.12), and similarly P(F; H N {z1 > t2}) > s(t2) (and
where the first inequality sign depends on the possibility that H"~1(0*F N {z; = t;}) > 0 for
i =1,2.) Thus 7 > 0 implies Fy ,(F') > Fu +(G), and the second bound in (2.10).

When 7 < 0 we can fix the argument by cutting F' at nearby levels of ¢ such that s(t) is
sufficiently small in terms of deficit. To make this precise, let us consider the sets

Ilz{tE]R:v(t)S%, s(t)<w(7-)<2s7-(F)},
I = {t ER:v(t) > % s(t) < w(T)gT(F) }
and define
oo inf{ft e R:w(t) >0}, if [} =0 o sup{t e R:v(t) >0}, if I, =0
L= sup]l, lffl#@ 2= ianQ, lflg?é@
We first note that
diam({0 < v < 1/2}) < C(n,71), it =0, (2.23)
diam({1/2 < v < 1}) < C(n,7), if I, =10; (2.24)
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indeed, if for example I; = (), then by s = v’ a.e. on R we find

1

- > / s(t) dt > diam({0 < v < 1/2})
2 {0<v<1/2}

YN8 (F)
2

Next we remark that if I # (), then t; € R and actually ¢} < ¢;: indeed, by the same argument
leading to (2.17) one can deduce that

1
s(t) > ¢(27') 0 (F), for every t > t; with v(t) < 3
Similarly, by arguing as in the proof of (2.19), we see that if Iy # ), then t5 € R with 5 > t, as
1
s(t) > ¢(27) 0, (F), for every t < to with v(¢t) > 3

Finally, we notice that if I; # () or Is # (), then one has, respectively,
t1 —t7 <C(n,7), t5 —ta < C(n,7).

To prove the first relation, notice that for every ¢ € (¢3,¢1) one has ¢(7)d-(F) < 2s(t), and thus
s =" a.e. on R and v(t;) = (26, (F)/k(n))” ™1 give

" 2 ho_ 0 2u(th) 1/(n-1).
NS e S T < s
similarly, for every ¢ € (t2,t%) one has ¥(7)d-(F) < 2s(t), and thus s = v' a.e. on R and
v(ts) 21— (20-(F)/r(n))™*~ 1) give
2(v(t3) —v(t2)) _ 2[(1 —wv(t2)) — (1 —v(t3))] 1/(n-1).
s T T R
With these remarks at hand we finally set

ty —tg <

t
to be inf{v > 0} — 1 if I; = () or to be any ¢ < ¢} with
or(F
sty < PO e
in case I # 0; we set
th*
to be sup{v > 0} + 1 if I = 0 or to be any ¢ > t5 with
or(F
sty < YD g <,

in case Iy # (; and finally define G by taking
G=Fn{t]" <z <t5"

Notice that the above remarks show that it must be
6 (F
Bt <O, max{s). s ) < U0
so that (2.9) holds. Since G' C G = FN{t; < 21 < ta} we have
[FAG| < |F\G'| < Cln,7)6-(F)" ",

and thus the first bound in (2.10) holds. At the same time if we write down (2.22) with ¢* in
place of ¢; and exploit the inequalities |7| P(F;0H N{x; < tI*}) < P(F; H N {z1 < t;}) (recall
the second inequality in (2.12)), then we find

Frr(F) = Fur(G) = =s(t77) = s(t3") = (1) 6-(F),

which is the second bound in (2.10). This completes step two.
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Step three: We show that if FF C H with 6,(F) < dp(n, 7), then there exists G C H with

) <
| (G) = ar(F)| < C(n,7) 6:(F),  0,(G) < C(n,7)6:(F), sup 7

up |F|1/ <C(n,7). (2.25)

Once again, we can prove this with |F| =1 and F = F (1) Similarly to step two we set
v(t) = |[FN{z, <t}|, s@t)=H"'Fn{z,=t}), plt)=H"20"Fn{z,=t}),
and notice that, thanks to F = F(1) and [Magl12, Equation (16.7)], for every ¢ € R one has
Frr(F )+ Fur(Fy) < Fur(F) +2s(t),

where now F;" = F N {z, >t} and F, = F N {x, < t}, and where the inequality sign holds
since it may happen that H"~1(0*F N {z, = t}) > 0 for some (but at most for countably many)
values of t. By setting, similarly to what done in (2.16) and (2.18),

k(n) v<t2><"_1)/n > 6:(F)}, ta=sup{1>0: rn) (1 = g(t))(n_l)/n > 6,(F)},

and by repeating the same arguments we find once again to —t; < C(n, 7). The step will be
then be completed, once again thanks to step one, by setting G = FN{z; < t2} and by showing
that t; < C(n, 7). We shall actually prove that t; < C(n,7)d,(F)" =Y. To this end, we first
notice that for a.e. ¢t € (0,¢;) and by definition of (1),
—TP(F;0H) +4(7)0-(F) = P(F;H)=9(7) > P(F;{zn > t}) — ¢(7)
P(F N {xy, >t}) — (1) — s(t)
> (1) [F 0 {an > e} — () = s(t)
=z Y1) =(r) = Cn,7)v(t1) — s(t) .
If we integrate this inequality on (0,t¢1) and take into account that fotl s(t)dt = v(ty) <
C(n,7) 6-(F)* =1 then we find, provided dy(n, 7) is small enough,
—TP(F;0H) 0y > ($(1) = 9(r)) t1 = Cn,7) §(F) tr = C(n,7) 6. (F)" "~V
1) —
POy, )b (E) 0.
When 7 > 0, then the left-hand side of this last estimate is negative, and thus we obtain

t1 < C(n,7) 6-(F)" =1 as claimed. Assuming from now on that 7 < 0, we rewrite the above
estimate as

tlzinf{t>0:

>

n/(n-1)
P(F;0H) > ¢(n,7) — C(n,7) “F)t .
1

Now, by exploiting the divergence theorem we easily see that, up to possibly excluding countably
many values of ¢, s(t) — P(F;0H) as t — 07. By combining this fact with [Magl2, Equation
19.57] we see that

P(F;0H) < P(FN{x, <t} H)=P(F;{0 < x, <t})+s(t), for a.e. t >0,
and thus 7 P(F;0H) > 7 P(F : {0 < z, < t}) + 7 s(t). In particular, for a.e. t € (0,%1),
V(1) 0, (F) = P(F;{xy,>t})+ P(F;{t >z, >0})+75(0) —(r)
P(F;{xy, >t})+ (14 7)P(F;{t >z, > 0}) + 75(t) — (1)
Frr(FN{zy, >t} —tey,) —(r) + (L+7) P(F; {t > z, > 0})
W) [F N {zy > 3| —p(r) + (1 +7) P(F; {t > 2,, > 0})
P(7) (1= o(t1) D" —4p(7) + (14 7) P(F; {t > @, > 0})
—C(n,7) 6-(F)Y" Y 4 (1 +7) P(F; {t >z, > 0}). (2.27)

(2.26)

v

AVARAVARLY
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Now, by a minor modification of [Magl2, Theorem 18.11], we find that

P(F;{t >z, >0}) > /t VS (t)? + p(t)2dt > /t |s'(t)| dt > P(F;0H) — s(t),
0 0

(where we have exploited again s(t) — P(F;0H) as t — 07) so that, integrating over (0, )
and taking (2.26) into account

t1
P(F;{t >z, > 0})dt > t; P(F;0H) — v(t1) > ¢(n,7)t; — C(n, 1) 6-(F)V "1
0

By first integrating (2.27) over (0,¢1) and by then plugging this last inequality, we find that
C(n,7)t16-(F) > (1+7) (c(n7 )ty — C(n,7) 5T(F)"/(n_1)> 7

which, for 8o(n, 7) small enough, implies t; < C(n,7) d,(F)» =1,

Step four: We finally prove the statement. Arguing by contradiction, we assume the existence
of n > 0 and of a sequence of sets Fj, C H such that 6,(Fy) — 0 but a,(Fp) > n. Without
loss of generality, we can assume that |Fy| = 1. By step two and step three we can find sets
Gp C H such that diam(Gp) < C(n,7), sup,eq, |7n| < C(n,7), |[FRAGH] — 0, Fu.(Gr) —
(1) and o, (Gp) > n/2. By [Magl2, Equation (19.58)] we have Fg (Gr) > (14 1) P(Gh)/2,
so that Fy-(Gr) — ¢ (7) implies P(G) < C(n,7). This bound, together with diam(Gp) <
C(n,7) and sup,cq, |vn| < C(n,7), implies that up to extracting subsequences and up to
horizontal translations, |G,AG| — 0 for some G C H. Clearly a,(G) > n/2, however, by lower
semicontinuity of F, » (see [Magl2, Proposition 19.27]) it must be

Fr.+(G) < liminf Fpy - (Gy) = (7).
—00

where Fp -(G) > (1) as |FRLAGy| — 0 implies |G| = 1. In conclusion, Fp ,(G) = ¢ (1) with
|G| =1, and thus G = z 4+ K(7) for some z € 0H. But then a,(G) = 0, a contradiction. O

We conclude this section by showing the validity of property (iii) in Proposition 2.1. To this
end, it is convenient to define ® : S"~! — (0, 00) by setting

O(v) :sup{x-y:x € S(T)} :sup{w'yz x| < 1,2, > —7'}, vesht,
and then consider a corresponding anisotropic perimeter functional ® defined by setting
®(F)= [ Sr()ar € 0.3],
o*F

whenever F' is of locally finite perimeter in R”. It is immediate to check that

O(—ep) = —7, dv)=1ifv-e, > —7, (2.28)
so that
®(K(r)) =P(K(r);H) + 7 P(K(7); 0H) = (1), (2:29)
while
B(F) = / B(vp) dH"\ + 1 P(F;0H) < Fy.(F), VYFCH,  (2.30)
HNo*F
where of course we have used that F' C H implies vp = —e,, for H" t-a.e. z € 0*F NOH (see,

e.g., [Magl2, Exercise 16.6]) as well as that ® < 1 on S" 1.
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Proof of Proposition 2.1-(iii). By (2.29), (2.30) and the main result in [FMP10] we have that if
F C H with |F| = 1, then for some w € R"

Frr(F) = 4(r) > ®(F) = ®(K(1)) > co(n) B(K (7)) [FA(w + K(1))[?, (2.31)

for some positive constant cy(n). Of course w = z +te, where z € 0H and t € R. If t < 0, then
by F' C H we obtain

[FA(w + K(7))| = [(w+ K(M)\ F| = |[(w+ K(7)) \ H| = [(ten + K(7)) \ H]

= |K(r)n{0 <z, < —t}. (2.32)

By combining (2.31), (2.32), and (2.4) we find that
e(n,7) > co(n) |K (1) N {0 <z, < —t}|?,
so that if e(n, 7)/co(n) < (|K(7)]/2)? then |t| < to(n,7) < 1 and thus |K(7)N{0 < z,, < —t}| >
¢(n,T) |t|; by combining this last inequality with (2.32) and (2.31) we thus conclude that if ¢ < 0,
then
Frar(F) = 0(r) = e(n, 7) [t (2.33)
We now prove that (2.33) holds even when ¢ > 0. In this case we use w + K(7) C {z,, > ¢} and
the inclusion K (7)/2 C F' in (2.4) to deduce that
K
FAw + K@) 2 [\ (w+ K@) 2 [F\ o, > 0] 2 |5 0 e, < )]

By (2.4), (2.31) and the last inequality, if £(n,7) is small enough then we are able to infer that
t <to(n,7) < 1/2 and then to exploit an elementary lower bound of the form

(K (7)/2) 0 {zn <t} = ¢(n, 7) T,

for t € (0,to(n,7)) CC (0,1/2), to conclude that (2.33) holds. This said, by combining the
bound

|(z+ K(1)AF| < |[(w+ K(1))AF |+ |(z+ K(7))A(w + K(7))|

< (w4 K(1))AF| 4+ C(n,7) |t]
with (2.31) and (2.33) we conclude the proof of (2.5). O

2.2. An improved convergence theorem. Thorough this section, we set H = {x, > 0} and
K = K(7) for some fixed 7 € (—1,1), see (1.6). Our main result, Theorem 2.4 below, consists in
showing that if F}, is sequence of almost-minimizing sets in H which converges to K in volume,
then M, = H N OF}, is a C1®-hypersurface with boundary for h large enough, and there exist
Cle-diffeomorphisms fj, between Mj, and My = H N 0K such that f;, — Id in C' and enjoys
certain precise structure properties. In order to formulate this result in rigorous terms we need
to set some definitions.

Definition 2.2 (Elliptic integrands). Given an open set €2 one says that ® is an elliptic integrand
on Qif ®: Q x R" — [0, 00] is lower semicontinuous with ®(z, ) convex and one-homogeneous
on R™ for every z € Q. If F is of locally finite perimeter in Q and W C € is a Borel set, then
we define

B(F W) = / (@, vi(2)) dH " (z) € [0, 9] (2.34)

wno*F

Given A > 1 and £ > 0 we let £(Q, A\, ¢) denote the family of those elliptic integrands ® in Q
such that ®(z,:) € C%1(S"!) for every z € © and such that for every z,2’ € Q, v,/ € "L,
one has



ON THE SHAPE OF CAPILLARITY DROPLETS IN A CONTAINER 15

FIGURE 2. A competitor F/ of F in (2.35) can have a different trace along 0H, but
must agree with I’ outside of an open set W CC Q with small diameter. The boundary
of F' and W are depicted, respectively, as a black line and as a dashed line.

[V2®(z, v) — V20(x, /)|

v —v|

VO(z,v)| + [V?®(z,v)] + <A,

[l
)\ b
where V® and V2® are taken with respect to the v-variable, and with v+ = {y € R” : yy-v = 0}.

V2@ (2, v)[r,7]| > vrevt,

The following minimality condition is tailored to the description of capillarity problems, in
the sense that one considers subsets F' of an half-space which minimize an elliptic integrand with
respect to local perturbations which are allowed to freely modify 0F N 9H. In other words, we
impose a Dirichlet condition inside of H, and a Neumann/free-boundary condition on 0H; see
Figure 2.

Definition 2.3 ((A, pp)-minimizers). Let € be an open set in R", H be an half-space in R"”,
and let ® € E(QN H, A\, {). Given A > 0 and pg > 0, a set F' C H of locally finite perimeter in
Qs a (A, po)-minimizer of ® in (2, H) if

S(F;HNW) < ®(F; HNW) + A|FAF|, (2.35)
whenever F' C H is such that FAF' cC W with W CC Q open and such that diamW < 2 py.

We are now ready to state the following theorem, which is the main result of this section.

Theorem 2.4. Let H = {z, > 0} and K = K(7) for some fized 7 € (—1,1). Given A > 1,
A >0, po >0, and a € (0,1) there exists Cy, depending on n, T, A\, £, A, po and « with the
following property.

If Q is an open set such that K CC Q, {®p}reny C E(Q, N ), and, for each h € N, F}, is
a (A, po)-minimizer of ®p, in (, H) such that |F,AK| — 0 as h — oo, then My, = H N OF}, is
a compact connected orientable CY“-hypersurface with boundary for every o € (0,1) and for h
large enough, and there exists a diffeomorphism f, : My — My, My = H NOK such that

Ifnllcreom) < Cas Jim [ fo = Tdllcr(ag) = 0.

Moreover, there exists e, — 0 as h — oo such that if we set
up = (fn —1d) = [k - (fn —1d)Jvk
for the tangential displacement of fr, then
sptup C Mo N {x, <en}, hllrgo llunllcr(agy = 0-
Remark 2.5. Theorem 2.4 works as well if we just assume that My is a C%!-hypersurface

with boundary such that bd (My) C 0H. We have decided to focus on the case relevant to the
capillarity problem, where Mj is a spherical cap, just for the sake of definiteness. Considering a
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sequence of elliptic energies ®;, is necessary in view of the application of this result to sequences

1/

of m,"-blow-ups of global minimizers in (1.4) as m;, — 07.

The rest of the section is devoted to the proof of Theorem 2.4. The following lemma allows
us to exploit [CLM14, Theorem 3.5] for constructing the diffeomorphisms fj,. Let us recall that
if M C R" is a k-dimensional manifold with boundary, then we denote by int (M) and bd (M)
its interior and boundary points respectively, by v57 the outer unit normal to bd (M) in M, and
we set [M], = M \ I,(bd (M)) for every p > 0.

Lemma 2.6. Under the assumptions of Theorem 2.4, there exist positive constants pg € (0,1)
and L (depending onn, 7, X\, £, A, and pg) and L, (also depending on « € (0, 1)) such that, for
h large enough and for every a € (0,1), My, is a compact connected orientable CY®-hypersurface
with boundary with

bd (M) # 0, hlim hd(My, My) =0.
—00
Furthermore, if we set vy, = vr, , then
van, () = vag, (Y)| < Lz —yl,
var, () - (y — )| < Lz —yf?,

In addition, the following holds:
(i) if n =2, then bd (Mp) = {po,qo} and bd (My) = {pn,qn}, with

Va,y € Mp,. (2.36)

i [pr,— pol + lan — aol + 115, (om) — 57, (o) + 55, (0) — 55, (a0)] = O:
if n > 3, then there exist CL*-diffeomorphisms fo,n between My, and My such that
[ fonllcrama (o)) < La s
hhjgo | fo,n — Idll et ba (a10)) = 0,
i (lvag, (fon) = vanllorpa (o)) = 0
(257, (fon) = vig, lorva (vo)) = 05
where, by definition, vy, = vi.
(ii) for every p < pf there exist h(p) € N and {thn}p>p(p) C C2*([Mo),) such that
[Mhlsp € (Id + thn vag )([Molp) € My, Vh = h(p),

e < sy i == .
hilllll(bp) [nlletean,) <L dm ([ dnlleras),) =0

(2.37)

Proof of Theorem 2.4. By combining Lemma 2.6 with [CLM14, Theorem 3.5] we find that for
every 11 € (0, pp) there exist h(u) € N and, for each b > h(u1), a CH?-diffeomorphisms f}, between
My and M, such that

fn = fo, on bd (M), frn=1d 4+ ¢ v, on [Mo), ,

sSup HthClva(Mo) S C()é ’ hhm Hfh - IdHCI(MO) = 07
e o (2.38)
Jun| Co JNlfon —1) - viglcowamy . iEn=2,
alrel < — .
e [ fo,n = Ld]l 1 (ba (a0)) ifn>3,

where, in the case n = 2, fy 5, is defined by the relations fo 4 (po) = P, for(q0) = gn. Of course
(2.38) implies the conclusions of Theorem 2.4. O
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We now focus on the proof of Lemma 2.6. The proof is based on the regularity theory for
(A, po)-minimizers of elliptic integrands as discussed in [Magl2, Part III] and in [DPM15]. Given
the regularity theorems, the argument is rather standard and so we limit ourselves to describe
the main points.

Proof of Lemma 2.6. One deduces that hd(Mp,, My) — 0 by |FRAK| — 0 and by the uniform
density estimates satisfied by the sets Fj, (recall that the functionals ®;, are uniformly elliptic),
see for example [DPM15, Theorem 2.9]. Let us now set

there exists r, > 0 such that M, N B, ,,
is a C''-manifold with boundary s.t. bd (M) C 0H |’

for the regular part of M, and (M) = Mj, \ Reg(My,) for its singular set. For x € Q and
r < dist(z, 092), define the spherical excess of Fy, at the point x, at scale r, relative to H as

Reg(Mh) = {ZE € My, :

H : 1 ’VFh - V|2 n—1 n—1
exc” (Fp,x,r) = 1nf{ — —l——dH"" v eSS } .
T By NHNO* F, 2

By (for example) [DPM15, Theorem 3.1] in the case x € M), N OH, and [DS02] in the case
x € My N H, there exists g = €g(n, \) > 0 such that

(M) = {x e My : liminfexcH(Fh,a?,T) > 80} . (2.39)

r—0t

This characterization of the singular set allows to deduce easily that for every 7 > 0 one has
Y(My,) C I:(X(My)) provided h is large enough. In our case My is just a spherical cap, and so
we have ¥(Mp) = (). In particular, Mj, is a C1:®-hypersurface with boundary for every a € (0,1).

In fact one has more precise information. We first describe the argument qualitatively.
Consider for example a point x € My N H, and fix » > 0 such that dist(x,0H) > r and
exc’(K,z,r) < /2. The Hausdorff convergence of M} to My, and the fact that almost-
minimizers converging in volume also converge in perimeter, implies the existence of x;, € M,NH
such that z;, — = and exc (F},, z5,7) < g9. One can thus apply the e-regularity criterion to
K and to F}, to find that they are both epigraphs of C1:®-functions v;, and v defined on a same
(n — 1)-dimensional disk or radius cor, with v, — v in C! and ¢y = co(n, @). By patching this
local graphicality property on a uniform scale one come to prove conclusion (ii) in the lemma.
This kind of argument is described in great detail in [CLM14, Theorem 4.1, Lemma 4.3, Lemma
4.4, Theorem 4.12] and so we do not further discuss this point.

We now exploit the same argument at the boundary. Given z € 0H, r > 0 and v € S"~!
with v - vy =0, set

ngr:{yeH:|(y—x)-v\:0,\y—x\<r}, Cg,r:{y+tV:y€DZ,r7’t’<r}'

Let us fix € My N OH, and consider 7, > 0 such that exc” (K,z,r,) < €0/2. By exploiting
a boundary e-regularity criterion [DPM15, Theorem 3.1], we come to prove that for every z €
My N OH there exist v, € S"~! with v, - vg = 0 and functions vy, v € CH*(DY, . ) such that
vp — v in CY(DYe, . ) with

Clicor, N Fn = {y €Cryr iy ve >y —(y- V:E)Vx)} )
and with an analogous relation between K and v. In particular,

C% A M,NoH = {z Fop(2) vg 2 € Dy N aH} :

T,co T

(2.40)

T,co e

Cre ﬁMgﬂ@H:{z—kv(z)yx:zeDchOrIﬂaH}.

Let us now cover the (n — 2)-dimensional sphere My N OH by finitely many cylinders satisfying
(2.40). By exploiting the fact that v, — v in C! (see [CLM14, Lemma 4.3] for the details of
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such a construction) we can show that the normal projection over My N OH defines a C°-
diffeomorphism between M} N OH and My N OH. Denoting by fo 1 the inverse of this map, we
complete the proof of conclusion (i).

Summarizing we have proved the validity of conclusions (i) and (ii). The fact that M}, is
compact and connected is also easily inferred by covering a neighborhood of My by finitely many
cylinders of graphicality for both M} and My and by recalling that hd(Mj,, My) — 0. Let us
finally consider the vector fields vy, = vF, and v, and notice that

{ vi(z) —vi(y)l < Lz -yl
vic(@) - (y = 2)] < Lz =y,

for a suitably large constant L. By arguing as in [Magl2, Theorem 26.6] we see that if x;, € M},
and z, — x, then x € My and vy, () — vi(z); by exploiting this fact and (2.41) we easily
deduce (2.36). O

Ve,y € K, (2.41)

3. CONVERGENCE IN VOLUME TO THE IDEAL DROPLET

Throughout this section A denotes an open bounded connected set with boundary of class
CH!, while 0 : 9A — (—=1,1) and g : A — [0,00) are Lipschitz functions. The minimum value
on 0A of ¢ is denoted by oy,

0p =mino.
0A

and we denote by K = K (0g) the reference unit volume droplet associated to Fp 4, as in (1.6),
where H = {z € R" : x,, > 0}. The goal of this section is showing that minimizers E,, in the
variational problem (1.4), which we recall was defined by

Y(m) = inf { Fa o (E) + /

E

are such that ¥, (Ep)/|Ym(Em)|Y/" — K in volume as m — 0. Here the maps t,, are defined
on neighborhoods (of uniformly positive diameter) of E,, and converge in C! to the identity
map.

g(a:)dac:ECA,]E\:m},

Lemma 3.1. If A is an open bounded connected set of class CY', o € Lip(04;(—1,1)) and
g € Lip(A) with g > 0, then there exist positive constants Cy and mq (depending on A, o and
g) such that if E,, is a minimizer in (1.4) with m < mg, then there exists y,, € 0A such that

En C By, cymi/m 0 < o(ym) — 00 < Com*/?" (3.1)
Moreover, for every e > 0 there exists m. < mq (depending on A, o, g and ) such that
Gy (Em)
inf |F,A K)|l < h Fo=_ym T 3.2
ZIG%H! mA(z + K)| <e, where ™ el (B (3.2)

where ¢y, is defined as in Notation 3.2 below.

Notation 3.2. (See Figure 3.) By compactness of A, we can find rg, sg > 0 (depending on A)
so that for every x € JA there exist an open neighborhood U, of 0 € R™ with ESO C U, and a
CYl-diffeomorphism ¢, : U, — By 2y, such that ¢,(0) =z, V¢, (0) is an orientation preserving
isometry, and

¢x(UpgNH) =Bgo,NA, ¢x(Uy NOH) = By 2y, N 0A. (3.3)

Thanks to the fact that L = V¢, (0) is an orientation preserving isometry one has L=! = L*,
det L = 1, cof (L) = [det(L)L~!]* = L, and thus the Jacobian of V¢,(0) and its tangential
Jacobian on ant hyperplane v corresponding to v € S*~! are given by

Jpa(0) = det Vo, (0)| =1, J” ¢,(0) = |cof (Va(0))v] =1. (3.4)
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A
Up oo

B A

H‘;///:\ ;

FIGURE 3. A summary of Notation 3.2. The map ¢, is such that ¢,(0) = z. The
constants rg and sg are independent of x € 0A.

In particular, there exists a constant C; depending only on A such that
Sz — Lllco,) < Cis,
17%¢2 — Llcosnp,) < C s,

for every s < s¢ and for every (n — 1)-rectifiable set ¥ in R™. We can also assume C} s¢ as small
as needed depending on A. For example, we can certainly entail J¢, > 1/2 on By,.

Ipzllcriw,) + 16z leri (8,2, < Crs { (3.5)

Remark 3.3. We recall that O(m!/?*) in (3.1) is not optimal, and that it will be improved
to O(m!/™) in the next section. By being able of immediately obtain the latter information
we could simplify some technicalities in Lemma 4.1 below. However, this limitation seems an
unavoidable consequence of the grid argument used in step five below.

Proof of Lemma 8.1. In the course of the argument, C' denotes a generic constant whose value
depends on A, g and 0. The values ryp and sy introduced in Notation 3.2 as A-dependent
constants will be further decreased depending on A, g and o.

Step one: We show that

v(m) < ¢ (00) m("_l)/”(l + le/") , Ym<mg. (3.6)
To this end, given m < my it suffices to construct £ C A such that

El=m,  Fao(E)<¢(oo)m™ V"1 +Cm/m).

Let us fix € 0A such that o(x) = 09 = ming4 o, and correspondingly set U = U, and ¢ = ¢,.
We can find top > 0 (depending on A and op) such that Ky = t K C Bg, for every t < tg, and
thus, by (3.3),

E(t) = ¢(Ki) C B NA, vt € (0,tp) .
By the area formula |E(t)| = fKt J¢, and since J¢p > 1/2 on Bs, by (3.5), we find that
t € (0,tg) — |E(t)] is strictly increasing. In particular, we can find mg such that

(0,m0) = {|E(t)| : t € (0,%0)},

and for every m < mg there exists a unique ¢(m) < to such that m = |E(¢(m))|. We notice that
t(m) < C'm!/™: indeed, since K; C Bcy and |Ky| = " for every t > 0, by (3.5) we find

m = |E(t(m))| = /K J¢ > (1—Ct(m)) |Kymy| = (1 — Ct(m)) t(m)" > t(”;)" ,
#(m)

where the last inequality follows up to further decreasing the value of ¢y (depending on A and
00). By the area formula,

Faol(E(t = JOK G JOK G ap ! Jé,
A<<»+ngtémm 6 *émwf@) 6 +/gw>¢

K
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so that (3.5), Fr.o(Kt) = t""14(00) for every t > 0, and

oo ¢r —o(z)llcornn,) < C's, Vs < sg. (3.7)
give us

Fao(E(t)) +/ g < (1+Ct)P(Ky, H)+ (o0 +Ct)H" 1 (0H NOK,) + C | K|
E(t)
= Fho(Ki) + CtP(K;) + Ct" < (o) t" ' + Ot

which combined with t(m) < C'm!™ leads to (3.6).
Step two: We show that, if E C A with diam(E) < rg, then

Fao(E) > (o) |[E|"D/™ (1 — C diam(E)) . (3.8)

Indeed let r = diam(E). If E C By, for some z € A with dist(z,0A) > r, then F5 o(FE) = P(E),
and thus
Foa(E) = P(E) = nw,/™ [E|" /" > 4 (a0) | B/, (3.9)

where we have applied the isoperimetric inequality and the fact that nwy/™ = P(1) > ¥(oo)

thanks to Proposition 2.1-(i). Since (3.9) implies (3.8), and since E C A with diam(E) < r, we
are left to consider the case when

E C B; o, for some x € 0A.

Set U = U, and ¢ = ¢,. Since r < rq it makes sense to define F = ¢~ 1(FE). Since F C B¢, by
the area formula and by (3.5) one has

Fao(E) = / JIE paH 1 + / a(¢) JOF pdH
HNO*F OHNO*F
> (1-Cr)P(F;H) + (o(z) = Cr)H" " Y (OHNI*F) > Fr oo (F) — Cr P(F).
By [Magl2, Proposition 19.22] we have Fp 5, (F) > (1 + 09)P(F')/2, thus
Fao(E) > (1= Cr) Frgy(F) > (1= Cr) (o) [F|"H/m.
Finally, since |E| = [}, J¢ implies |F|("=1)/" > |E|(»=D/n(1 — C'r), one finds (3.8).
Step three: We prove that if m < mg, then

P(Ey,) < Cm® 1/, (3.10)
We are going to deduce this from (3.6) and the general inequality
P(E)<CFas(E), VECA,|El=m<mg. (3.11)

Let us prove (3.11). This is obvious if ¢ > 0, as in this case,
P(E) = P(E; A) + P(BE;0A) < o5 ' (P(E; A) 4+ 09 P(E;04)) < 05 ' Fas(E).

Let us now assume that o9 < 0, and consider the relative isoperimetric problems

. P(E; A)
Aa(m) = mf{anl(a*EmaA) . |E| :m,EcA},
. P(E;A) |A|

so that ug > 0 (as A is a connected bounded open set with Lipschitz boundary). Let us first
show that for all 7 > 0 there is m; (depending on A and 7) such that

, Ym < mq . (3.12)
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Indeed, since OA is of class C1'!, one can construct 7' € Lip(R"; R") with T' = —v4 on 0A and
|| <1 on R™ By the divergence theorem, if E is a competitor in A4(m), then

Lip(T) m!/"
WU O*ENDA) < P(E; A) + ’ / divT‘ < P(E; A)+Lip(T) m < (1 + M) P(E; A),
E HA
so that (3.12) follows immediately. Let us now consider 7 > 0 and a > 0 such that
(I1+7)acyg=—(a+o00—1). (3.13)

(The reason for this choice will become apparent in a moment.) Notice that (3.13) is equivalent
to requiring
1—o09
@=———
1+ (1 +7 )O’ 0
which is certainly possible (by op > —1) as soon as 7 is small enough depending on o(y. Let
mo < my for m; =my(A,7). By (3.12), if E C A and |E| = m < my, then

>0,

P(E) = P(E;A)+ (1—00)H" '(0"E N 0A) + ogH" ' (0*E N 0A)
= Fao(E)+(a—(a+o0—1))H" 1 (0"ENDA)

< Fao(E)+ ——— P(E; A) — (a+ 0o — YH" (9" E N 0A)
Aa(m)
< Faoo(E)+ (14 71)aP(E;A) — (a+ 09— DH"H0*ENJA)

14+ (14+71)a)Fae(E) <A+ (1+7)a)Fas(E),
where in the identity on the last line we have used (3.13). This completes the proof of (3.11).

Step four: With the goal in mind of bounding the diameter of F,, in terms of m, we now estimate
the normalized volume error one makes in boxing F,, into a (properly centered) cube @, of side
length r. More precisely, we show the existence of positive constants Cy and r; < ¢ (depending
on A, o and g) such that if m < mg and r < r1, then

1/n

En\Qil _ g, (m
m T

oy (3.14)

)N/ (n—1)
for a cube @, of side length r. Indeed, by applying [FM12, Lemma 5.1] to Eﬁ,%) (the set of points
of density one of E,, in R™), we find that for every r > 0 there is a partition of (Lebesgue almost
all of) R™ into a family Q of open parallel cubes with side length r such that

(1)
E, Ey 1 _
[Bw| _ |Bm] > — Y H"YEY N0Q), (3.15)
r r 2n
QeQ
and it is actually clear from the proof of that lemma that these cubes can be chosen so that
HHOQNIA) =H" 1 (OQNI*E,,) =0  forevery Q € Q. (3.16)

If r1 is small enough in terms of A, ¢ and g and C' is the constant appearing on the left-hand
side of (3.8) (see step two), then we can entail (1 — Cr) > 0 with (1 - Cr)~! <1+2Cr for
r < r1. Up to also requiring that r1 < ro/+/n, by applying (3.8) to E = E,, N Q we find that

Y(00) |Em NQI" V" < (142Cr) Fao(EnNQ). (3.17)
By [Magl2, Equation (16.4)], ESY N A = EYY, %" 1(0*QAdQ) = 0, and (3.16), we have
P(EnNQ;A)=P(Ep;QNA) +HH0QNEY), vQeQ,
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and thus, taking also into account the H" l-equivalence of the sets A N 9*(E,, N Q) and
Q NIOANI*E,, (which follows by (3.16)),

Fao(EmNQ) :P(Em;QmA)+/ o+ H"HBQNEV).
QNOAND* Eyy

By this last identity, by adding up over @ in (3.17), and by (3.15) one finds
P(o0) Y [Enn Q"M < 14C01) > Fao(EmnQ)

QeQ QeQ
- (1+Cr)(]-",40 )+ > HY maQ))
QeQ
< (1+C7’)(’y(m)—/ g+2n%>
<

m
(1+ CT)('y(m) + 07) .
By step one, see (3.6),

W(oo) Y |Emn Q" Vm < C % + (14 Cr)¢p(oo) m" D" (1 Cm'/™),
QeQ

so that, first dividing both sides by m("~1/" and then subtracting 1)(oy), we have

¢(00)( Z (w)(n—l)/n B 1) <c mi/n Lo+ ml/n)
vee " ' (3.18)
<C (m;/n + r) .

Now let {Q:}Y, ={Q € Q: |E,, N Q| > 0}. (Notice that N < oo as only finitely many cubes
from Q can intersect A, thus F,,.) We can order these cubes so that

Bl o
< =l ‘Emm U @<

| Em|
2 , '
i=M-+1

M-—1
=1

By concavity,

Z(W) (Z‘E mQ’)(”l (ZlE 0Q1>n1>/n7

1=

and since t(*~D/7 4 (1 — )(»=D/7 _ 1 > ¢(n) t™=D/" for every t € [0,1/2], (3.18) gives

M-1
| By N Qi (n=1)/n mi/n
( ZZ:; m ) =C ( r + T) ’
and, by an analogous argument,
N
|Ep N Qi (n=1)/n mi/n
(iz%;l m ) SC( T +T>'
In conclusion,
. 1/n n/(n
]Em;QM\ _ Z |Emﬂ: Qi < C(mT_i_T) /( 1)’

A M
and (3.14) is proved.
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Step five: From now on we shall always assume that

mo < 2. (3.19)
with r1 as in the previous step. We claim that for every m < myg there exists x,, € A such that
| B\ By, c(nymiszn| < Cym! /2011 (3.20)

where C3 = C3(A, 0, g). To prove this we apply step four with 7 = m!/?" (as we can as 7 < 7,
by (3.19)) to find a cube @, of side length r such that @, N A # §) and

ml/n\n/(n—1)
B\ Q] < Com (r+ =)

Since Q. N A # (), there exists x,, € A such that Q, C By, c(n)r, and thus (3.20) is proved.

< Oy mIH1/200-1)]

Step six: We prove if m < mg and if x,, is defined as in step five, then
Em C By, ci/on s (3.21)

for a constant C' = C(A,0,g). To prove our assertion it suffices to show that given a sequence
my — 07, then, possibly up to extracting subsequences, one has

E, C Bxh where Ep =FE,, , Th=Tn,, (3.22)

1/2n
,Cmy ’

for some constant C. Up to subsequences we may assume that z;, — xo for some zg € A. We
now distinguish two cases.
Case one, xo € A: We set, for C(n) as in the left-hand side of (3.20),
dist 0A
I= <C(n) m}/%, 20 (:if’ )> ;
and, for every r € I, we let

| En \ Bay.rl mp, \ 1/n
BR=En0 By, wlr) = oS () = <|Eh!> (3.23)
If E’,’; denotes the dilation of E} by a factor Aj(r) with respect to the point xo, then
|Ep| = my,, E; C on,xh(r) dist (z0,04)/2 Vrel, (3.24)

provided h is large enough. Indeed the inclusion follows by noticing that, for h large,
E}, C Buyyr C Bagrtfon—a0l © By dist(zo,04)/2
Now, since up(r) is decreasing in r, by (3.20) we find
up(r) < up(C(n) m}/%) < (s mi/z(n_l) , Vrel, (3.25)
so that, for h large enough,
1 1/2(n—1)

)\h(r):W§1+Cuh(r)§l+th <2, (3.26)
and thus X
E; C B, dist(zo,04) C 4> Vrel. (3.27)
By (3.24) and (3.27) we can exploit the minimality of Ej to deduce
Fao(En) +/ 9 < Faol(Ep) +/ g=P(E})+ / g. (3.28)
Ej, B} Ey

We notice that by g > 0, E} = xq + A\, (r)(E} — x0), and (3.26)

Lo [ o< mor [ owoexw-soyan- [ o

I8 I8
h h
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IN

¢ (Igllcoqa) mn un) + [

9(wo + Ay — 20)) — 9(y) dy)
E

T
h

< (Iglloouay mn wn(r) + Lin(a) n(r) =11 [y = ool dy)
h
< Cmpup(r). (3.29)
At the same time, since H" 1 (E, N 0By, ,) = —mp u)(r) for a.e. r > 0, we have
P(ER) = An(r)""' P(EpN Byyy) < (1+ Cun(r) (P(Ep; Bayr) + my, |uh (r)])
< P(Ep; By, r) + Coy, (|ug,(r)| + m,zl/n up(r)) (3.30)
where we have also used the fact that P(Ep; By, ,») < P(Ey) < Cmglnfl)/n. By combining
(3.28), (3.29) and (3.30) we find that for a.e. r € I,
P(ER; A) + / o < P(Ep; By, ») + Cmy, (\u%(r)] + mgl/n uh(r)) ,
DANO*E),
that is
Cmn (It ()] +m /" wn(r)) = P(Eps A\ Bu,») +/ o)
DAND* B,

for a.e. 7 € I. By adding up H" Y(E, N 0By, ) = my [u),(r)| to both sides and using that
By, » NOA = () implies 0A N 0*Ey, = 0ANO*(Ep, \ By, r), we conclude

Cmy, (|u}L(7“)| + mfll/n uh(r)) > P(Ep\ By, A)+ / 0=Fao(Ep\ By, r) (3.31)
HANO*E,
> CUP(BR\ Buyy) > Ol Ml "y ()00

for a.e. r € I, where in the last line we have used (3.11) and the isoperimetric inequality. Thanks
to (3.25), provided h is large enough, one has

1/n
nwn/

5 uh(r)(”_l)/”, Vrel,

Cup(r) <

so that, for a.e. r € I,

’ nw}z/n (n—1)/n (n—1)/n . 1/ny _
€y ()] = "l (D e [mgan) Y () < ~C.

By integrating this inequality over (C'(n) m}/ . r) and by (3.25), one finds that for every r € I

(mp un(r)™ < (mpun (C(n)my ™)™ = C(r — C(n)ym)/*")
< (Cs m,llﬂl/Q(n_l)])l/" — C(r — C(n)m}/%) .

For a suitably large value of C, we find that
Uh(’l”*) =0 ) if Ty = C’(n) m}ll/2n + C’*(m};r[l/z(”*l)})l/n 7
/

where 7, € I provided h is large enough in terms of C,. Since r, < C m}ll
proof of (3.22) in case one.

Case two, xg € 0A: Let ro, so, U = Uy, and ¢ = ¢, be as in (3.3). For a constant N > 2 to
be determined later on in terms of n and A, let us consider L > 0 (depending on N, n and A)
such that

" this completes the

BSCOJ"O/L - ¢(BS()/N)‘ (3.32)
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As in case one, we define E} = Ej, N By, ,» and up(r) = |Ey \ By, »|/mp, for every r € I, where
now — with C(n) as in the left-hand side of (3.20) — we take

I= (C(n)mi/zn,;—%> .

For h large enough and r € I, by (3.32) we have
Ej, C By y NAC By oy NAC ¢(Bgyn)NA,
so that it makes sense to consider
¢~ (E}) C Byyyn N H C Byyyo N H. (3.33)
We claim that for every h large enough and for every r € I there exists A\, (r) € (1,2) such that
Ej = o(Mn(r) o~ (E}))

satisfies R R
|Er| =myp,, E; C A, 1 < Ap(r) <14 Cup(r). (3.34)
Indeed, by (3.33) we find
Ao (ER) CHNBygy o CHNBy,y CHNU, VA <2, (3.35)

so that ¢(A¢~1(E7)) is defined for every A < 2. If wl(A) = [p(A ¢~ H(E}))|, A < 2, then we have
wi (1) = [Ep| = mp (1 — up(r)) < mp,
while at the same time, if 1 < A < 2 then by (3.5) and (3.35) we find
) = [ ez (= CusaNe T B = (L Cusa\' [ 07 (@) do
Ao~ 1(E) E}
dx > 0180 A"
By J¢(¢_1($)) 1+ CISO
that is, by (3.25) (which still holds for every r € I even with the new definition of I)
MZ(A) 1—Cisg n — C1sg 1/2n n
> 1-— A — (1 - A
mp, _1—|—0180( ()) _1‘|‘Cl ( Cam )

In particular, up to further decreasing the value of sy and for every h large enough, one can
always find A\j (1) € (1,2) such that

wh (A (r)) > mp > w (1)
Since wj (A) = A" f¢_1(EZ) Jp(Az) dz is a continuous function, we find Ay (r) € [1,2) such that

== (1 — 0180))\n

A" ER (3.36)

= i) = Mo | g, TOOR) 82 = )" 36007 0) J67 () dy

so that
i un(r) = my, — | Ef| = / o (r), ) dy. (3.37)

Eh
where we have set

v y) = A" TeAGTH(Y) TN (Y) — 1,y € Bagary NANE[L2).
Now, if y € E7, then |¢~!(y)| < so/N by (3.33), so that for every A € [1,2) and y € E} we find

vy = N =1+ (J606 ) — Jo(o7 W) T6 W)
> n(h=1) =2 [Jo0s (W) — Jol6~ )] Jo (1)
> n(A-D)-CO-D W= (n-Ci3) (A -1),
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where Cy = Cy(n, A). Provided we pick N suitably large in terms of n and A we thus find
v(Ay) >A—1, Vye E; e (1,2),
and thus deduce from (3.37) and |E}| > my, /2 that if h is large enough, then
A(r) <14 Cup(r), Vrel.
This completes the proof of (3.34). By (3.34) and the minimality of Ej we obtain
FaolBn)+ [ 9= FaslED)+ [ 0. (3.38)

Ej, Ey

On the one hand

oo [0 < [ (000 0) (0wt +1) - o)
< ¢ [ (o(o0nr)o™ ) =) v+ [ a(w) o)) dy
<

CLinle) [ [o(n(ro @) =s]dy+ lgllcoiny [ o)) dy

< OO~ 1) |} < Cmnun(r):
on the other hand, by repeatedly applying the area formula and by [Magl2, Proposition 17.1]
P(Ep; A) = A (r)" ™! / (ST OED g) (A(r) (@) T Fr () dH T (x)
Ano* B
and since for every (n — 1)-rectifiable set ¥ C By, 2,, N A we have
(I P) (¢ (@) TZp(x) =1,  for H' l-ae. z € X,
by Ap(r) <14 Cup(r) we find
P(Ep; A) < (14 Cuy(r)) P(Ej; A),  Vrel,

and similarly, since o is a Lipschitz function,

/ a§(1+Cuh(r))/ o, Vrel.
dANO*EY DANO*EY

By combining these estimates with (3.38) we thus find

P(Eh;A)+/ o< (1+cuh(r))(P(E;;;A)+/

)+ Cmn(),
dAND*Ej, DAND*E,

and thus, rearranging terms and for a.e. r € I,

P(Eh§A\B$hﬂ“) +/

o < C (m uf ()| + wn(r) Fao () +mi un(r)) . (3.39)
(0AN0" i)\ By r

Since F4,, < P on any subset of A and since perimeter decreased under intersection with convex
sets, we have

Fao(E}) < P(E}) < P(Ey) < Cm{"™ /", (3.40)
where in the last inequality we have used (3.10). By combining (3.39) and (3.40), and by adding
up my, [u),(r)] = H" (B, N 0By, ) to both sides of the resulting inequality, we eventually get

Fao(En\ By r) < Co ([ufy(r)] + my, ™ un(r))

for a.e. r € I, which is analogous to (3.31). From here we conclude by arguing exactly as in
case one. This completes the proof of (3.21).
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Step seven: We prove (3.1). We first notice that it must be B, 1720 NOA # (), for otherwise
by (3.21) we would get

Fao(Em) = P(Ep) = nwt/mm®=D/m — <¢(Jo) + (5) mn=/m
for some positive ¢ independent of m, thus contradicting (3.6): in particular,
En C By, cmisen for some y,, € 0A. (3.41)
This proves the first part of (3.1). We now prove that o (y,) — oo < Cm'/?". Let us set
o1 =maxo, co = inf{y/(1) : 7 € [00,01]},

so that ¢y > 0 as [0g,01] CC (—1,1) and 7’ is continuous with ¢/" > 0 on (—1,1) thanks to
Proposition 2.1-(i). In particular,
(1) > (00) + co (T — 00), VT € [00,01],

and since o (yn,) € [00,01], by (3.6) and (3.8) (which we can apply thanks to (3.41)), we conclude
that we have

(1+ Cm¥™) (op) > T Em)

> - D/n 2 (1- Cm1/2”)¢(a(ym))

> (1= Cm!)(b(o0) + co (o(ym) — 00)) . (3:42)

\Y

This completes the proof of (3.1).
Step eight: We prove (3.2). Thanks to (3.1) it makes sense to define
_ Gun(Em)
[ B (B[ /"
Thanks to Proposition 2.1-(ii), it is enough to fix m; — 07, set

m

Eh:Emh7 Fh:th) Yn = Ymy, 5 ¢h:¢yh7
and show that
lim Fp 6y (Fr) = ¥(00) . (3.43)
h—o0
We first notice that
-1
E 1 C
By L et < 2 [ el somy™, 4
mp mp JE, mp JE,

where we have used J¢, ! (y,) = 1 and (3.41). Similarly, by the area formula on rectifiable sets,
one sees that

P B ) = PBA)] < [ et
No* Ey,

< C ly — ynl dH" 7 (y) < C P(Ey; A)my/ ™"
ANo*Ey

and, again by (3.1),

0 Py (B 0m) — |

OANO*Ey,

IA

of < [ lest et -
OANO*Ey,

C (ly — yn| + o(yn) — 0) dH" ! (y)
0ANO* Ey,

< CP(EpoA)m)/™,

IN
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so that, thanks to (3.10)
\Fao(En) — Fitoo(¢; (Ex))| < C P(Ey)my>" < G\ DM /2.
By combining this last estimate with (3.44) and (3.6) we thus find that
$(00) < Frrog(Fr) = |6y (B Fig g0 (6, (En))

< m%l—n)/n(l + Cm}ll/2n) (¢(UO) mgln—l)/n (1 + le/n) + Cmgn—l)/n mi/Zn)
< (14 COm*" (o).
so that (3.43) follows. O

4. CL*_CONVERGENCE TO THE IDEAL DROPLET

We now conclude the analysis started in Lemma 3.1. Let us recall that so far we have proved
the existence of mgy > 0 such that if E,, is a minimizer in the variational problem

~v(m) = inf {fA,a(E) —l—/ g(zx)dx: E C A, |E| = m} ,

E
(introduced in (1.4)) with m < my, then for some y,, € 0A and setting
—1
_ E
Om = ¢ym ) Am = ’¢m1(Em)|1/n7 b = W ’
m
one has
Ey C By, cmi/en 0<o(ym)—o00 < C’ml/%,
A (4.1)
lim—llngl/z", lim |(Fp — 2)AK| =0,

ml/n m—0t

where z,, € 0H, K = K(0g), 09 = mingao; see (3.1), (3.2) and (3.44). Here, as it was
set in Notation 3.2, ¢, is a Cb!-diffeomorphism between U,, = Uy,, and By, 2., such that
®m(0) = Ym, V¢, (0) is a linear isometry of R", By, CC Up, and ¢y, (U N H) = By,, 21, N A,
where 7y and sg are positive constant depending on A, g and o (whose value will be further
decreased in the course of the proof). Moreover, we notice that, as a consequence of (3.5), one
has that

[omllcriw,) <Cy [ J¢m = lcop,) <Cs Vs <so, (4.2)
for C' depending on A only. With this situation in mind, we now improve the convergence in
volume of F}, — z,, to K into C'“-convergence. Taking into account Theorem 2.4 it will suffice
to show that the sets F, satisfy uniform almost-minimality conditions with respect to uniformly
elliptic functionals.

Lemma 4.1. Under the assumptions of Lemma 8.1, and with the notation introduced at begin-
ning of this section, there exists X\ > 1, £, A >0 and C,py > 0 (depending on A, o and g) and
elliptic integrands

\I/m S S(Bc/ml/Qn, )\,E)
such that, for every m < mg, Fp, is a (A, po)-minimizer of ¥, in (Bc/muzn,H), where
I3p0(Fm) CcC Bc/ml/Qn .

Proof. Let us set

5
Q

Gm = ¢ (Em) Q= 2 Fm:)\—.

By (4.1) and ¢,,(0) = yy, we have G, C B ,,1/2n, and thus
F, C ch1/2n/)\m C BC’/ml/Q” , Ym < my, (43)
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where in the last inclusion we have used (4.1) again. If we define, for x € U,,, y € U, N 0H,
and v € S"71,

O (z,v) = [cof Vom(z) v, om(y) = o(dm(y) Pm(y,en),  gm(2) = g(dm(2)) Jom(2),

then G, is a minimizer in the variational problem

inf{@m(G;H)—i-/ Um—i—/gm:GCHﬁUm,/ Jqﬁm:m}. (4.4)
0*GNOH G G

Indeed, if G is a competitor in (4.4), then E = ¢,,,(G) satisfies E C A and |E| = m, and, by the

area formula,
g:P(E;A)+/ 0+/g:<I>m(G;H)+/ 0m+/gm.
0ANO*E E OHNO*G G

Fao(E) -l-/
E
Similarly, if we set, for € Q,,, y € Q,, NOH, and v € S,

(i)m(xa’/) = (Anz,v), om(y) = om(Amy) , Im (%) = gm(Am ),
then F' = G/\,, C QN H if and only if G = A\, F C U, N H, with

e GH) [ ot [ g =N (BB [ ) A [
0*GNOH G 0*FNOH F

Hence the fact that Gy, is a minimizer in (4.4) implies that F,,, is a minimizer in

inf{<i>m(F;H)+/ &m+Am/gm:FchQm,/¢m:m}7 (4.5)
0* FroH F F A
provided one sets
UV (y) = TP (Amy) = | det Vo, (Am y)], Yy € Q.
It is useful to notice that by (3.5) and Ay, Fy, = Gy C Beypi/2n (vecall (4.1) and (4.3))
[om = Ul(rny <CmY?" [ Vemllpem) < CAms [¥mllciig,) <C, (46)

for a constant C' depending on A only.

We now want to exploit the minimality of F}, in (4.5) to show the following uniform almost
minimality property of Fy,: for every ' C H such that FAF,, CC B,2,, CC £, for some
z € H, one has

W, (Fn;H) <, (F;H)+ A|FAF,|,
for some ¥,,, € £(Bg Im/2ns A, ¢). Of course the difficulty here is that such a competitor F' may
fail to belong to the competition class in (4.5). However, as F is close to F,, then [ 7 ¥m should
be close to | P Ym. We should be possible to slightly modify F' into a new competitor F’ with
i} o om = J r, ¥m, while keeping track of the change in surface energy. This is what we do in
the next argument, which is loosely based on [Alm76], see also [Magl2, Section 29.6].

For a value of €y to be chosen later depending on K (thus on o¢) only, let us now decrease
the value of mg so to entail

|(Fm — 2m)AK| < g, Vm < my, (4.7)

where z,, € OH as in (4.1). Let us fix F' C H such that FAF,, CC B, 2,, CC €, for some
z € H, where pg is also to be properly chosen. We pick z,y € HNOK (independently from F,)
and fix 7p > 0 so that

By N By =0, By U By CC B 2mi/n CC HNQy Vm<mg.

/

(The last condition follows from the fact that By, CC U,,, so that we can entail K CC
By /am CC yy for every m < myg, and thanks to the fact that Am/mY™ — 1.) Notice that, up
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to decreasing the value of po, either B,_,, 2, N Byr =0, or B._,, 2, N By = 0. Without
loss of generality we assume that

EZfzm,Z £0 N E;}c,m = @ 5 (4.8)
and then we fix T' € C2°(By -,; R") with

1:/ T-I/KZ/ div T.
0K K

(The existence of T follows from = € 0K, of course.) Correspondingly, we can find ¢y > 0
(depending on 1 and ||T||¢1(gny, thus on K, thus on op) such that for each [t| < ¢o the map
ft =1d 4+t T defines a diffeomorphism of R"™ with {f; # Id} CC B, . Now let us consider

V(W) = Ym0 + 2m) = TP (Am (W + 21)) w € Qp — 2m
and define a smooth function 7 : (—tg,t9) — R by setting

= [ we [ et avEin o).

Here, thanks to (4.6), |O(t?)] < Ct? for a constant C depending on ITlc1mny and
l¥mllctt (2, thus on A and o9, only. Also,

’1—/ div(ng)’ < )/ divT—/ Y divT + T - Vo,
Fo—2zm K Fo—zm

IN

Il @) (KA - 20)] + [

Fo—zm

[ — 11+ V5]

IN

IT o1y (20 + M2 + M)

where we have used both (4.6) and (4.7). In particular, by (4.1), if we further decrease the
values of tg, mo and ey depending on ||T'||c1(gn), then we find

W) =0, O3, Lili(—tet) C. (4.9

By (4.9), up to further decreasing the value of ¢y, we can find 9 > 0 (depending on A, g and
o) such that 41 is well-defined on (—27,210) with

o) < Clof,  for every [v] < 21 (4.10)
Recalling that F' C H with FAF,, CC B.2,, CC £, we set

o= [ we [
Fro—2zm F—zm

Up to further decreasing the value of pg we find
v < [[¥mlloo@u) [FAFR| < Cwnpg < 210, (4.11)

so that by (4.10) we can compute v~ !(v) and correspondingly define I’ C H by letting

Fl— 2y = ((F e BZ,Zm,gp(J) U (fv_l(v)(Fm — )\ BZ,Zm,zp()) .

Notice that, by construction, F’ and F,, are equal on H \ (B; 25y U By2,,,7), SO that

/wm—/ wmz/ wm—/ Y
F’ F FﬂBz,2p0 meBz,2p0

+/

f,

*
m

*
¢m -
,1(U)(mezm)ﬁBz7.,—0 /(szm)ﬂBz,TO
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— /me— . wm+/fv_1<v>(szm)w;—/szm Yrm
- /me— [ wnta @) =0

Hence, F’ is a competitor for (4.5), and since By, CC H (thus By, -, CC H too) by
comparing F,, to I’ we find

A

D, (Frs Bogzyro U (Bzopy NH)) + Om (4.12)

/;ngoﬂa*FmﬁaH

< (i’m(F,§ Berzm,To U (BZ,2po N H)) + / Gm + Am Hf}mllcomm) |F/AFm| )
Bzy2p0ﬁa*FﬂaH

where in writing the second term on the second line we have taken into account that 9*F and
O0*F' are equal on B, 2,, NOH. In order to exploit (4.12) it is useful to show that

’(FIAFm) N B$+Zm77—0| + |‘i>m(Fm7 Bx-l-zm,m) - ém(FIQ Baf+zm,To)| <C ‘FAFm| . (4.13)
To begin with, by [Magl2, Lemma 17.9]
‘(F/AFm) N BIE“I‘ZWL;TO’ < ‘f'y*l(v)<Fm - zm)A(Fm - Zm)‘
< Cly Y v)| P(Fm — 2m; Bamy) < C|v| P(Fpy; H) ;

since P(Fp; H) = A" P(Gpn; H) < Cm=7/™ P(E,,), (3.10) gives P(F,; H) < C , and thus
by (4.6) and the definition of v

|(F/AFm) N Bz+zm770|

IN

C| [ tm— [ | < Clomllcotay 1P
Fr F
C |FnAF). (4.14)

A

n—1

This proves part of (4.13). To complete the proof of (4.13), given p € 0*F,, let {ri(p)}.
denote an orthonormal basis of the approximate tangent space of 0*F,, at p, chosen so that
vr, (p) = /\?:_1173 (p). Since ¥, has finite Lipschitz constant on 2, x R", one has

n—1
B (£2(2). A i) D)) = Enp,ve, ()] < Clt],

for every |t| < to. By the area formula, setting t = y~!(v) for the sake of brevity, we have
‘(i)m(Fma Bit ) — (i)m(F/; Bit 210
n—1
/ @ (o), N\ D)D) — B, v, ()| A )
Bz_‘_zm,-,-oﬂa*Fm i=1

C [y ()| P(Fii Byt s m) < C|FAF,], (4.15)

IN

IN

where in the last inequality we have argued as in the proof of (4.14). This proves (4.13), which
combined with (4.12) gives us

b, (Foni H) + / G < By (F H) + / G + C |FAF,. (4.16)
O*Fr,NOH O*FNOH

Finally, let o7, : R” — R be a Lipschitz function such that o}, = 6, on 0H and

Lip(c%,) = Lip(6m; OH) . (4.17)
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(There is a huge freedom in the choice of ¢}, and we shall exploit it later.) By the divergence
theorem

/ﬁ bm = l/‘ (—enJ;)-(—en):g/) a;en-up+—/ndw(—en0;)
o*FNOH 0*FNOH O*FNH F

= / a,’fnen-yp—l—/(—en)-vg;%,
HNOF F

so that
e P+ [ o= [ (@lar) e ve) ~ [ e Vo,
o*FNOH HNo*F F
In conclusion, if we set for x € €2, and v € R",
Uy, 1) = Sy (2, v) + 07, (2) e - v = [cof Ve (Ama )| + 07, () en - v, (4.18)

then (4.16) implies

‘I’m(FmvH)S‘I’m(F7H)+A‘FAFm|7 (4'19)
whenever F' C H is such that diam(FAF,,) < 2pg. We now claim that

V., EE(BC/m1/2"7)‘7£)7 Vm<mo,

and for suitable constants A and £. It is clear from (4.18) that ¥,, is lower semicontinuous on
O x R™ with ¥, (x,-) convex, one homogeneous and with restriction to S"~1 of class C?! for
every fixed x € §,. Similarly, one easily deduces from (4.2) and (4.17) an upper bound on
U, and Lipschitz-type bounds on U, (-,v), VV,,(-,v), ¥, (2, ), VU, (z,-) and V2V, (z,-) on
Qm x R™ (recall that here V and V? denote derivatives in the v variable). The restriction of x
t0 Be/p1/2n, and a more precise choice of 0,, come to play in order to check that

1
O N Lt | A %

whenever z € Bg 1720 and v € Sn=1 Indeed, by (3.4) and (4.1) we have

|cof (Vo (Am )| > |cof (Ve (0))v] — CAp |2| =1 — C A || > 1 — Cm!/?, (4.20)

for every x € B, /m1/2n and v € S"~1. By an analogous argument

|6 (2) = 00| = |o(dm(Amix))[cof (Vm(Am @))en] = o(dm(0))] < CAgla] < Cml/2", - (4.21)

for every z € B ,,1/20 NOH. The idea is then the following: having in mind (4.3), we first pick
C so large to enforce I3y, (Fy) CC Beyypyi/2n (in this way, all the variations considered in (4.19)
are contained in the domain of ellipticity of ¥,,); next, we define o7, as a Lipschitz-preserving
extension to R" of the restriction to B, Im1/2n of &,,, which is then truncated so to preserve the
bounds (4.21), so that

0%, (x) — o] < CmY?™ Yz eR". (4.22)
By combining (4.20) and (4.21) we find

1—
wwﬁmz1—WM_CmWn2;%h

for every x € B, /m1/2n and v € S" !, provided my is small enough. The Hessian bound is even
simpler (as it does not involve the adhesion coefficient o), and so the proof is complete. n

We are now ready to complete the proof of Theorem 1.1.
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Proof of Theorem 1.1. Our starting point is given by Lemma 3.1 and Lemma 4.1. The fact
that Fj, is a (A, ro)-minimizer of Wy, in (Bg 1720, H) With Isp,(Fin) CC Beyp1/2n implies the
existence of p; = p1(po, A\, A) > 0 and k = k(n, A\) > 0 such that if » < p;, then

|Fyn N Byy| > K |Byr NH|, Yz e HNOE,,
|Fn N Byl < (1= k) |Byy NH|, NYrxeHNOH\ Fp);
see, e.g. [DPM15, Lemma 2.8|. In particular, if we set
Ey =Fyn— zm,
then for every r < py
|E N Byy| > k|Beyr N HI, Vme?ﬂ@F;” (4.23)
|Fy, N Byr| < (1—K)|BgyrNH|, Vee HNO(H\ F)).

The density estimates (4.23) combined with the L!-convergence of % to K imply the conver-
gence of M} = H NOF}, to My = HNOK in Hausdorff distance. Indeed, let € M, be such
that
dist(z, My) = sup dist(y, Mp) = 3,
yeMy,

and let r = min{3, p1}. Since M, C HNOF? and M}, C HNOJ(H \ F), we have that both
estimates in (4.23) hold at x with 7 = min{$, p1 }. Since B, sNMy = 0, we have HNB, , C H\K
or HN B, , C K: in the first case

KBy N H| < |Fy N Byl < [Fy \ K| < e,
while in the second case one finds
K|Byy NH| < |[(HN Byy) \ Frp| <K\ Fp| < eo;

in both cases, r" < (Cegg, so that, up to further decreasing the value of £y one has " <
C|KAF}|. Since density estimates analogous to (4.23) holds with K in place of F,,, (for con-
stants p; and x depending on n and oy only) we conclude that

hd(My, M;;)" < C |F; AK], Vm < mg. (4.24)
An important consequence of (4.24) is that provided g¢ is small enough, then one has
K
5 C E . Ym < my . (4.25)

By exploiting this inclusion together with (3.6) we see that F};, satisfies (2.4), and thus conclude
by means of Proposition 2.1-(iii) that

Cm'/" > Frao(Fy) —(7) > c(n,7) inf |(F;, —2)AK[.
zE

Since, by definition of z,,,

|Fr AK| = inf |(F, — 2)AK| = inf [(F), —2)AK],
2€0H 2€0H

by also taking (4.24) we have found the quantitative estimates

IFXAK| < Cm'? | hd(My, M%) < Cm'? | ¥Ym<mg. (4.26)
Let us now go back to a simpler consequence of (4.24), namely
Isy,(F) CC B (4.27)

By setting V¥ (z,v) = V(2 + 2m,v), we find that each F) is a (A, po)-minimizer of ¥} in
(Bc, H) where ¥ € E(Bc, A\, ¢). We are thus in the position to apply Theorem 2.4 to deduce



34 F. MAGGI AND C. MIHAILA

that, for every m < myq, M}, is a compact connected orientable C1*hypersurface with boundary
for every a € (0,1) and there exists a diffeomorphism f}¥, : My — M, such that

||f7>7k®HC’17C“(M0) <Cq, rlnlgo Hf;;:, — IdHCl(MO) =0.

Notice that, by construction, this last limit relation does not depend on the specific family of
minimizers F,, that we are considering, but just on A, g and o.

We now complete the proof of the theorem. We first notice that (4.27) implies diam(F,) <
C, and thus, thanks to (4.1),

diam(¢; 1 (Ep)) < C Ay < Cml/™.

Since the maps ¢,,,! are uniformly Lipschitz, we conclude that diam(FE,,) < C m/™. In turn,
up to change our choice of y,, € A, we can improve the factor m/2" in (3.41) into m/™ and
repeat the above arguments (starting from step seven in the proof of Lemma 3.1, continuing
with the whole proof of Lemma 4.1, and including the current proof up to this point) using the
more precise information

EnC B, cmim (4.28)
in place of (3.41). In this way we improve o (ym,) — oo < Cm'/?" to
(Ym) — 00 < Cm'/™, (4.29)
we improve [m~ "\, — 1| < Cm/?" in (4.1) to
A
(# ~ 1‘ <Comin, (4.30)

(by the same argument used in (3.44)) and we replace Fy, C B,,1/20 With
F,, C Bc.

By combining this last inclusion with (4.25) (which gives 0 € F, = F,, — z,) we find that
|zm| < C, and thus

Zm Am € Bgim NOH C Bsy NOH C ¢y, (B (ym) N OA) .
In particular there exists p,, € 0A such that
2m Am = by (Pm)
and by ¢ (ym) = 0 we find |y — pm| < Cm/™. In this way (4.28) and (4.29) give us
EnCB, cpim, 0<0(pm)—o09<Cmt/", (4.31)

that is (1.7). We now prove that (1.8) holds with the linear isometry S, = V¢,.1(ym) (Sm is
a linear isometry since Sy, = R} for R, = V¢,,(0)). Indeed, by (4.26) and with the notation
M, = AN IE,,, we find

—1 _o4—1
Cm!2 > nd(Mo, M;,) = hd (Mo, Om (Mm)A Pm (pm)) . (4.32)
By
6! = ém' (Pm) = Vér' 0m) (- = pm)llcos .,y < CmP™,
pm,Cm /
and thanks to (4.30),
-1 -1 —1 _

so that by (4.32) and by linearity

Cmb/* > hd(Mo,VQS;LI(pm)(M)) .
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By |V, (pm) — Sm| < Cm!/™, (4.27) and (4.30) we find
My — pm -1 My, — pm 1/n
b (S5 () Vi (o) (5 ) ) < Ol

and thus, in conclusion,

Cmi/? > hd(Mo,Sm<M)> :

ml/n

that is (1.8). We are thus left to prove the existence of the diffeomorphism f,,, between My and
M, such that (1.9) holds. To this end, let us define

fm(x) = ¢m()‘m (fr(2) + Zm)) = ¢m(Am gm(T)) , x € My,
where
gm(z) = (@) + 2m,  x € Mo.
By construction, f,, is a Ch*-diffeomorphism between My and M,,, so that M,, is a connected

Cl @ hypersurface with boundary such that bd (M,,) C dA. Now |z,| < C, while (4.27) gives
us || fillcoaryy < C, so that

lgmllcoary) < C (4.33)
If vy, = Ry 2 (so that |vy,| < C), then we have
fm () — (ym + An(Vm + B, x)) = Om (/\m gm(x)) — ¢m(0) = Vér (0)[Arny g ()]
Vo (0)[Am (f1(2) — )]
and thUS, by H‘bmHCM(Um) < C7
[ = @+ Ao + Bon@)) ooasgy < €A (A + 165~ Wlcoay ) - (4.39)
Similarly, if 7 € T, My, then
VM fon(2) 7] = Vi (A g (2)) [An V fr (2)7]
so that
vMofm(x) (7] = Am Bnm = A Vé (/\m gm(x)) [Vf,’%(:c)[T] - T}
and hence
IV fu = Aam Banllcoaty) < € Am (A + 165 = Tl ary) ) - (4.35)
By (4.30), (4.34) and (4.35) we finally find
Hfm - (ym + ml/n(vm + R, 55)) Hc1(M0) < le/n (ml/n + ”f:;@ - IdHC’l(Mo)> = O(ml/n) )

where this limit relation depends on A, ¢ and g only, but not on the particular family of
minimizers E,, under consideration. Since x — vy, + R, is an isometry of R we have completed
the proof of (1.9). O

Remark 4.2. In Remark 1.2 we claimed that v(m) = v(g¢) m™ /" (14 O(m!/™)). By taking
into account the upper bound (3.6), we are left to show that

Fao(Em) > (o) m"=D/" (1 + O(m'/™)).
Going back to the proof of Lemma 3.1, we notice that (3.42) can be improved into

]:A,U(Em)

m(n—1)/n > (L—=Cm""™) ¢(o(pm)) ,

since now we are replacing (3.41) with Ey, C B, ,,1/n- We conclude as ¢(o(pp)) > 9¥(00).
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