CONTROLLED SINGULAR EXTENSION OF CRITICAL TRACE
SOBOLEV MAPS FROM SPHERES TO COMPACT MANIFOLDS

MIRCEA PETRACHE AND JEAN VAN SCHAFTINGEN

ABSTRACT. Given n € N, a compact Riemannian manifold M and a Sobolev
map u € W"/("+1)’"+1(S"; M), we construct a map U in the Sobolev—Marcin-
kiewicz (or Lorentz—Sobolev) space W1 (n+1,00) (Bn+1: M) such that w = U in
the sense of traces on S™ = 9B" 1! and whose derivative is controlled: for every
A>0,

— u(z |n+1

N {2 e B L IDU@) > A} <o // )
sn n ‘y,z|n

where the function « : [0, 00) — [0, c0) only depends on the dimension n and on
the manifold M. The construction of the map U relies on a smoothing process
by hyperharmonic extension and radial extensions on a suitable covering by
balls.

1. INTRODUCTION

1.1. Traces of Sobolev maps. For any p € (1, 00), the classical Sobolev trace the-
ory states that a function u : S — R™ is the trace of a function U € WP (B" 1, R™)
if and only if v € W=1/PP(S"; R™), [9, §18], where, for s € (0, 1), the fractional
Sobolev space W*P(S™; R™) is the set of functions v € LP(S™; R™) whose Gagliardo

seminorm is finite:
|u(y) — u(2)[”
[ulfyen = /n/n \y—z|n+6P dydz < oo .

The corresponding problem when the Euclidean space R™ is replaced by a
compact Riemannian manifold M, which is without loss of generality embedded into
R¥ by the classical Nash embedding theorem [16], is more delicate. When p > n+ 1,
the maps u € Wlfl/p’p(S";M) are continuous. The maps u : S® — M that are
the trace of a function U € W'?(B"*!; M) are then the maps u € W'=1/PP(S"; M)
which are homotopic to a constant. In particular, if m,, (M) = {0}, that is, the n—th
homotopy group of M is trivial, then every map in W1=1/PP(S"; M ) is the trace of
a map in WHP(B"+1; M) |4, theorem 1]. When p = n + 1, a similar conclusion can
be drawn by working with maps of vanishing mean oscillation instead of continuous
maps [4] (following an idea of [19]). When p < n+1 and M is simply connected, then
each map in W'=1/PP(S"; M) is the trace of a map in W1HP(B"*1: M) if and only if
M is |p — 1]-simply connected: for every j € N, such that j <p—1, mo(M) ~ {0}
[3, theorem 1.1;[11] theorem 6.2] (see also [12]). Many things are also known when
M is not simply connected [3].

1.2. Controlled extension. In the case M = R™, the extension map v — U can
be taken to be linear — by taking for example the harmonic extension of u to the
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ball B — and then the Gagliardo seminorm of u controls linearly the Sobolev
seminorm of its extension U:

|P
(1) /leDUlp<C/n/Sn |y72‘n+p T dydz

A natural question is whether each map in W=1/PP(S"; M) has an extension
that is controlled in WP (B"*!; M). When p < n + 1 and M is |p — 1|-simply
connected, the construction of the extension by Hardt and Lin |11, theorem 6.2]
yields as a byproduct an estimate of the form . When p > n+1, by a compactness
argument(see |18, proposition 2.8] and §7| below), there is a function v : [0, 00) —
[0,00) such that if u € W!=1/PP(S"; M) is homotopic to a constant, then there
exists U € WHP(B"+1; M) whose trace on S" is u and such that

|p
p
/]Bn+1|DU| <PY /n /n |y_Z|n+p 1 dydz) ’

The norm of the extension is controlled, but not linearly.

This result does not extend to the critical case p = n + 1 when M = S™, due to
the existence of a sequence of smooth maps homotopic to a constant that is bounded
in W/ (1,41 (§n.§7) and that converges almost everywhere to a smooth map
which is not homotopic to constant [18, proposition 2.8].

The first author and Riviére [18] have proposed to control the derivative in the
weak L"*! or Marcinkiewicz space L"T1°°(B"*1), whose quasinorm is defined for
f B 5 R by

||f||Ln+1,oo(Bn+1) = i{;% /\n+1|{;p S ]Bn+1 : ‘f(x)| > >\}| ,

and thus to construct the extension in the Sobolev—Marcinkiewicz space
Wl,(n,oo)(B"+1 {U S VVll 1(Bn+1) M) : ||DUHLTL+1,Q<>(]B77,+1) < OO} ,

which is the smallest space in the Lorentz—Sobolev space scale in which radial
extensions of maps inside the ball are contained. When n € {1,2, 3}, they have
proved that there exists a function 7 : [0,00) — [0,00) such that for each u €
Wn(S"; S"), there exists U € W (n+1,20)(Bn+1.§") whose trace is u and such that
for every A > 0

@) N {2 e B ¢ [DU(x)| > )| < 7(/Sn|Du|”)

In dimension n = 2, their proof relies on a Hopf lift of the map u; when n = 3 they

use the group structure in the target manifold S* = SU(2). Their proof depends

thus strongly on the dimensions and relies on the structure of the target manifold.
In the present work, we obtain the following controlled extension.

Theorem 1. Let n € N, and let M C R” be a compact embedded manifold. There
exists a function v : [0,00) — [0,00) such that for every u € Wn/(n+1)m+1l(§n. £r),
there exists U € WhH(+1Loo) (B4 M) such that uw = U in the sense of traces and
for every A > 0,

N[z e B ¢ [DU(z)] > A} SW(/W/HWdydz)'

Compared to the result of [18], we cover maps from a sphere of any dimension
to any compact manifold and the extension is estimated in the natural trace space.
By classical Sobolev embedding theorems, theorem (1| implies the estimate and
answers positively the problem of extending it to higher dimensions [18, open
problem 1.5]. We improve thus the result of [18] both at the geometric level and at
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the analytic level. The price to pay for this generality is that the function v is an
exponential of an exponential.

Theorem [I] can be restated without relying on traces by stating that any smooth
map can be approximated by smooth map except at finitely many points whose
classical derivative satisfies the weak-type estimate. In one direction this comes
from the approximation of a map W/ (»+1):n+1(S": M) by smooth maps from S™ to
M — essentially because the maps have vanishing mean oscillation, otherwise the
density of smooth maps depends on the topology of M [6]. Conversely, a smooth
map can be obtained from as a byproduct of our construction (remark .

If, up to a bilipschitz deformation of the ambient space R”, M is a Lipschitz
retract of its convex hull then the situation becomes much simpler. An extension
with a linear seminorm estimate can be obtained by projection (see remark .
The main difficulty is thus created by the nontrivial topology of M.

Since both quantities

)|n+1
/ / 5 dydz and / | DU
n Jsn |y - Z| n Bn+1

are invariant under composition of u and U with Mébius transformations of the ball
B"t! that is, isometries of the hyperbolic space H"*! in the Poincaré ball model
(see , we perform our construction in the Poincaré ball model of the hyperbolic
space H"*! and we begin by taking Hu : H**!' — R” to be the hyperharmonic
extension of u, that is the harmonic extension with respect to the hyperbolic metric
|1, chapter V] (§3). This extension is compatible with the action of the Mobius
group. The Mébius group was already used for n = 3 and M = S3 [18, §4C].

In general, the map $Hu does not take its values in the manifold M, but rather
just in its convex hull in R¥. However it is well known that $u takes values close to
M in a neighborhood of the sphere S™. In order to obtain a controlled extension
far from the boundary, we prove a new estimate on the proportion of hyperbolic
spheres whose image is not close to the manifold M (proposition : for every
R € (0,1), one has

/R [|dist(Hu, u(S"™)) || Lo (o8,) "
0

1—r2

n+1 n,«lu
<C(1+1 ”“ // Juty) = w4 :
( TR R2 ( n Jgn |y—z\2” ves

We construct then the map U by performing radial extensions from spheres
whose image is close to the manifold M (see along a suitable covering by balls,
projecting the resulting map back to M and transferring the estimates from the
hyperbolic space H"™! back to the Euclidean ball B"*! (§6)). This strategy of
smoothing on a part of the domain and performing radial extensions on another
part of the domain goes back to the approximation of Sobolev maps by smooth
maps by Bethuel [2].

The proof of theorem is robust enough to go through when M is a general subset
of R¥ which has a Lipschitz retraction from a uniform neighborhood to itself, (see
remark .

As explained above, theorem |1 gives the estimate by classical Sobolev embed-
ding theorems. In §7] we also show how our construction works when one is only
interested in the estimate .
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2. HYPERBOLIC GEOMETRY AND MOBIUS INVARIANCE

Our construction of the extension will be simplified considerably by the observation

that the integral
/ |DU |t
IBWL+1

is conformally invariant, that is, the quantity remains invariant if the canonical
Euclidean metric on the ball B"*! is replaced by a metric which pointwise is a scalar
multiple of it.

In order to work with a richer group of isometries, we shall use the metric ggn+1
of the classical Poincaré ball model of the hyperbolic space H™t'. This metric ggn+1
is defined for each z € B"*! and v,w € T,B"*t! ~ R"+! by

4v - w
g1 (z) v, w] = a—|z)?

The associated hyperbolic distance dyn»+1 between two points x,y € B"*! can be
computed explicitly by

|z —y|?
dpgnr (z,y) = aCOSh(l + 2(1 — Jz]2)(1 — \yIQ))’

while the associated measure pgn+1 is given for any Lebesgue measurable set
A C Brtl by

4 gn+1
n - 7d
(3) HH Jr1( ) /A (1 — |$|2)n+1 T,
and the dual norm |-|gn+1 is defined for z € H**! ~ B"*! and § € T/H" ™! ~
(Rn+1)* by
1— |z
() Bl = 21

In particular, it follows that for each U € VVl(l)C1 (Bn*h),

/ |DU|TL+1 = / |DU|ﬁi}_1 d/LHn+1 s
]Bn+1 Hn+1

which was already a consequence of the conformal invariance mentioned above.

The isometries of the hyperbolic space correspond to the group of Mébius trans-
formations of R™*! that preserve the unit ball B*!, or, equivalently, the unit sphere
S™. This Mobius group of conformal transformations that keep the ball invariant
can be described as |1} §2.6].

(1 —la)(x—a) |z — a|2¢1)
1+ |z?la]? =2z - a

with R € O(n+1) and a € B"*!

. mn+1 n+1 . n+1 _
ity _ | TIET 0BT i veeB () = R(

This group is isomorphic to the one obtained by restricting its elements T' defined
as above to the unit sphere S™. On the sphere this becomes

_ 2 _ _ _ 2
T:S* 58" : Vo eS" T(z) :R((l o )(Imx —(QIQ [zl “)

M(S™) =
with R € O(n + 1) and a € B"*!

For a € B"*!, we define the transformation T, € M(B"*!) for x € B"*! by

(1= [a]?)(@ — a) = |v — al%a
5 T =
5) a(@) 1+ [2]2[a2 — 22 -a
Geometrically, Ty, is the the hyperbolic translation that maps the point a to the
point 0 along the line passing through both points.
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For every T, € M(S"), T, is differentiable and for each x € S™ and v € R
we have [1}, I, (30) and (34)]

1—|af? | a()?
(6) |DTo(z)[v]] = |DTu()||v] = z _a|2| vl = — P o] -
In general for T € M(B"*!), we have

1 - |T(x)]?

DT = —.

™ D7) =T
It can be also observed that [1} I, (32)]

(1—la?)? >

T(w) — T(y)P = vy

(8) | ) (1+|z|2|a\272z~a)(1+|y|2|a|2—2y~a)| |

= [DT(2)[| DT (y)|Jx — y|* .
In view of the definition of the Mébius group M(B"*1), for every T' € B+,
(9) T(x) = T(y)]* = |[DT(2)| DT (y)| |z — y|* .

In particular, for every p € (0,00) and any measurable function u : S* — R”

)P T)( T)(y)|P
(10) / / |u vl dxdy—/ / (uo — (o T)(y)l dzxdy ;
n Jgn |x7 |2” v Jean \x— MER

that is, the Gagliardo fractional seminorm on S™ induced by the Euclidean distance
on R™*! is also invariant under the Mé&bius group.

We close this section by warning the reader that the Sobolev—Marcinkiewicz
quasinorm appearing in the conclusion of theorem [I]is not conformally invariant. In
fact, the quantities

sup \"T[{z € B"*! ¢ |DU(z)| > A}
A>0

and

sup \" T o ({z € H'™' 1 |DU(2)[gnsr > A})
A>0

are not related to each other by any inequality. We shall overcome this difficulty
in the proof of theorem [I| by showing that these quantities control each other on
hyperbolic balls of controlled radius (see (42)).

3. HYPERHARMONIC EXTENSION

Given u € L'(S™;RY), we define its hyperharmonic extension Hu : B+ — R”
for z € B"*! by

1 S A=) u(y)
o) =gy [ et = S [ .
where the Mobius transformation T, was defined in and its Jacobian determinant
was computed with (6)) [1, (27)].

When n = 1, Hu is also the harmonic extension of u (the kernel coincides with
the Poisson kernel); whereas when n = 3, $u is biharmonic in B"*! and its normal
derivative vanishes on the boundary [17; 20, VIII.9.2].

If u = 1, we obtain from the integral identity

1 (L= fa[*)"
(12) B Bl A T
S| Jon |z =yl
Lemma 3.1 (M&bius covariance of the hyperharmonic extension). If T € M(B"*1),
we have

HuoT)=(Hu)oT
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Proof. For x € B"t!, we have in view of the definition

1

(13) H(uoT)(z) = 57 Jsr

(woT)oT, ! = (uoij(lz))o(TT(m)OTOTz_l) .

[§7] Js-
We observe that

Tr(a)(T(T;1(0))) = Tr() (T(2)) =0,
and so the transformation T;(lz) oToT,; e M(B"!) preserves the point 0. Hence

TT_(lm) oToT; e O(n + 1) and thus, by a change of variable on the sphere S™ we
conclude from that

1

‘Snl Sn(uoT)oTI_ |S"|/ uo T Z(Y_)u)(T(x)) 0

Proposition 3.2 (Analytic properties of the hyperharmonic extension). Let u €
Wt (s,
(i) Hu € WHnHL(B"T1) and

n — ()"

where the constant C' only depends on the dimension n;
(i) if y € S™ and

dz < o0,

/ u(z) — uy)|"*

E
then for every a € (0,00),

lim Hu(x) = u(y) .

Ty
lz—y|<a(1—|=|)

This proposition is classical (see for example |21} proposition V.7’]). Part is a
nontangential convergence result. We prove it in this special case to show how the
Mébius covariance simplifies some parts of the argument.

Proof of proposition[3.3 We have for every z € IB%"‘H,

(1-
Hu(x) — Hu(0) = SLTL /ﬂ /w Ty =P x‘2n dy dz ,

and therefore, if v € R**1,

D($Hu)(0 |S”|2 /n /n y vdydz ,

and it follows thus that

2n
DGO < g [ [ ) —u)ldyd:

gn+1 = || at the origin, we have
| D(Hu) (@)[gpre = [DSu)(T (0)|g = Do T 1)(0)"*

° wo -1 an Py
|Sn|2/n [ o T = (o T dyd

(1 = |2P)*"uly) — u(z)|"*!
dydz .
|S”|2 /n /71 |z — y|?|x — z|” 4

Next, by Mobius covariance and since |-
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By integration over H"*!, this gives using

22 (1= oy ) — u(z)™
/Hn+1| (ﬁu”H L GhEn = |Sn|2 Br+1 Jsn Jsn |z — y|?"|x — 2|2 yazar

2n+2 |n+1 (1 _ |{E| )n 1|y _ ‘Qn d dod
n|2 _ ~|2n —_ 2l2n _ ~|2n x ydz .
TSR Jsn Jsn Iy ZI R

We observe that, by a change of variable x = T'(Z), in view of the identities

and @
/ (1= [[)" " T(y) TP
g1 | —T(y)|?x —T(2)]*"
_ (1-|T@) )" T (y) = T(2)*" ntl 4z
‘Awwﬂ@ TP T@) — T PT@ 4
B i TRy
Bnr+1

&=yl — 2P

Since we can choose a Mébius transformation T € M(B"1) such that the points
T(y) and T'(z) are antipodal, it follows that the integral does not depend on y and
z, and the required estimate of part follows.

To prove part , we first note that for each € H"*! and y € S,

_ .TQ n
- @ o W(U(Z) —u(y)) dz,

Hu(z) — u(y)
and therefore by Jensen’s inequality
1 (1 — ="
[87] Jon |z —af?
For x € H"" y € S"if |z —y| < a(l —|z]) and 2z € S" \ {y}, then 1 — |z| < |z — x|
and |z — y| < a|z — z|. This gives the following:

A=z ulz) —u@)" (1= 2" = y*" Juz) — uly)["

[9u(z) —uly)["* < lu(z) — u(y)|[" ! dz.

o —af ERER B
< (1 fafryr 2z = P oy = 0 Ju(z) — uly)
B |z — [ |2 —y|>

b

- u(z) — u(y)|"**
< 22n 1 1+ a2n 1— |z 2\n |

<2 (14 o) (1 - oty M
and given the finiteness hypothesis of part , the conclusion follows from Lebesgue’s
dominated convergence theorem. O

4. GOOD AND BAD POINTS

Given a map u : S* - M C RY, we cannot expect that the hyperharmonic
extension Hu satisfies fju(]H[”“) C M. Since the manifold M is compact, the
nearest point projection 7, is well-defined and smooth in a neighborhood of radius
¢ around M. We would like to choose as an extension mps o $(w). This will work
when the original map « does not oscillate too much — for example if ||y n)nt1)n41
is small enough — but shall not do it in the general case.

We shall consider that a given point x € H"*! is good for the map $(u) if

dist (Hu(x), u(S™)) <
If u(S™) C M, this will imply in particular that
dist (Hu(x), u(S™)) < dist(Hu(z), M) <. .
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Other points in H**! are bad points. We study in this section the structure of the
good and bad sets.

4.1. Compactness of the bad set. We begin by showing that for every u €
Wm’”H(S"; R”), the bad set of HHu remains away from the boundary sphere S™.

Lemma 4.1 (Compactness of the bad set). If u € Wa+1"T1(S": R¥), then
(i) for each x € H"*1,

d (ﬁ ( ) (S 42n / / |n+1 dd )n+1

ist(Hu(x), u z .
(5 L. /. |y 4% i

(ii) for every a € H"H1,

lim dist (Hu(x), u(S™)) =0

dyn+1(a,z)—00

This lemma is the consequence of the fact that the map $Hu is essentially an
extension by convolution of the map w, which has vanishing mean oscillation (VMO)

(see |7, (7)])-

Since the set of bad points
{z eB" . dist(Hu(z), w(S")) >},

is a closed subset of the hyperbolic space H"*! (by continuity of the function $u in
the open ball B"*1), lemma implies that this bad set is compact.

Proof of lemma[{.1 For every x € H"™! ~ B"*! in view of (12), the definition of
the hyperharmonic extension and Jensen’s inequality, we have

(14)

dist (Pu(z), u(S™) < — [ QZlzE)9ul@) Zu(@)]

Bﬂ o PEFED

(1 — =) [u(y) — u(2)]
dyd
|Sn|2 /n /n “T*y|2n|ﬂ? Z|2n ydaz
(1= |z2)2"u(y) — u(z)|" ! .
‘Sn|2 /n /n |z — y[2n]z — 22" dydz) .

We observe that, if | — y| < |x — 2|, by the triangle inequality

(L= l2) |y =2l < A+ ]al) |z =yl (Jo =yl + |z = 2]) < 4o —yllz -] .

Since the above left-hand side and the right-hand side are invariant under permuta-
tion of y and z, we have for every € H"*! ~ B"*! and y, z € S",

(1= [a)*"|uly) —w(@)" _ o uly) —u(z)"*
|z —y[?" e — 2f*" - ly — 2"

(15)

The assertion (ij) follows then from the inequalities and .

In order to prove (fiil), since the closed unit Euclidean ball B**! is compact, it
suffices to prove that for every sequence (x;)ren of points in the open ball B"+1
converging to an arbitrary point z € S", one has

(16) kli)rrgo dist (Hu(zy), w(S™) =0.

We note that for every y,z € S\ {z},

1— 2\2n _ n+1
- (L ) uty) — u(2)
k—00 |2k — y|2? |2k — 227

=0.
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In view of the convergence , of the bound and of the assumption u €
WS RY), by Lebesgue’s dominated convergence we obtain

1_ 2n n+1
i [ [ O
n Jon \fﬁk— 2" | — 2"

k—o0

form which the convergence and @ follow. ]

Remark 4.1. If 7y is a Lipschitz retraction from a neighborhood of size ¢ of M to
M and if the Gagliardo seminorm of the map wu is small, that is,

|U |n+1 +1
n
|S"|2 /n/n \y—z|2" dydz < ¢ ,

where the constant is coming from lemma (4.1 E . then an extension U can be
constructed by setting U = mps o Hu. One has then U € WHn LB +L: M) and the
norm of the extension is controlled linearly:

n+1
/ |DU[" ! < C’/ / luly) — ula)" dydz,
Bn+1 n Jgn |y — Z|2n

for some constant ¢’ = C L™t > 0 where C is the constant of proposition and
L is the Lipschitz constant of m; (see [18, proposition 2.6 and theorem 4.4]).

4.2. Estimate on the density of spheres in the good set. We are interested
in controlling the norm of the extension in terms of the norm of the original function.
In this respect lemma is not good enough: the estimate (i) cannot be used unless
the Gagliardo fractional seminorm |u] it is small cnough the bad region
is bounded with an estimate obtained by Lebesgue’s dominated convergence that

depends not only on the Gagliardo fractional norm |u] n+1, but also on the

WA
modulus of integrability of the integrand in the latter seminorm (see remark [4.2| .

Several quantitative estimates on the bad set are already known. First, the
measure of the bad set can be bounded by the Hardy inequality:

s ({o € B - dist(U), u(S™) = o) < Ln1+1 /H U ()" dpe

< © / |DU
Lt Hn+1

The W +1 or conformal, capacity of the bad set relative to the ball is controlled

naturally
1 n+1
=t [ IpU

this gives a control on the hyperbolic diameter of the connected components of the
bad set [15, theorem 8.2]. One has [5, proof of lemma 1.3]:

Hn+1 d'anJrl .

Capyyi,n+1 ({96 c B! - dist(U(:c),u(S”)) > L}’BnJrl) <

U —-U n+1
(18) / sup U(rz) (@)l dz <C |DU|" T
sn re(0,1) (In1/r)™ Bt

from which an estimate about an average diameter of the bad set follows

/ sup {(In1/r)™" : dist(U(rz),w(S")) > ¢} dz < rg1/ | DU
S L Bn+1

n re(0,1)

We give a new quantitative estimate on the fraction of the spheres of radius
between 0 and p which are bad. This estimate will only depend on the parameter ¢
and on the Gagliardo seminorm |u|W +armt1- It is a crucial new ingredient in our
construction of the singular extension.
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Proposition 4.2 (Estimate on the density of spheres in the good set). There exists
C > 0 such that for every p > 0 and for every a € H"*! we have

1 [7
;/O ||dlst(55u7U(S”))||Loo(aw"+l(a)) dr

|n+1 n-1¢-1
dy dz) .
<o (LM

By the classical Chebyshev inequality, proposition [4.2|implies that the proportion
of bad spheres of whose radius is between 0 and p is bounded from above by
| | WA "*1/(Lp1/(n+1))

When the bad set is connected, propos1t10n@ gives an estimate on the hyperbolic
diameter of the bad set. Compared to , the radial and spherical coordinates are
reversed in the supremum and in the integral in proposition [£.2}

Proof of proposition[{.4 When p < 1, the estimate follows from lemma . We
assume thus that p > 1.

Since T,(a) = 0 and since T, is a hyperbolic isometry we have T, (GIB%E,HHH (@) =
8IB§EIH+1 (0). In view of the covariance of the hyperharmonic extension $u under such
maps T, (see proposition , we observe that

I list (85 (u), u(S™ )| e gopzn (ayy = Ilist () 0 T u(S™) | o (s o
= [[dist (5w 0 Ty 1), u(S™))| e (o ) -

By conformal invariance of the Gagliardo fractional seminorm |u|yy n/(m+1).ns1 (S€€
(10))), we can thus also assume that a = 0.

By elementary integral inequalities and the definition of the hyperharmonic
extension Hu (1I]), we have successively, for each x € H"t! ~ B +1

dist (Hu(z), u |Sn| / Sulz) — u(T; ' (2))] dz

(19) u(T; M (y) — w(T; ' (2)) dy| d=

|S"| sn |S | Jsn
1 — —
< W/ / (T, (y) — w(T, ' (2))| dzdy .
|S| sn Jsn

By a change of variable, in view of the derivative formula for M&bius transformations
@ we have

» B (1= b)) =)
/n [T ) = (T ) dzdy = / / S aya

and therefore, for each z € H*t! ~ B+1,

dist (Hu(x), u(S" — |2*)?" Hu(y) — u(2)]
|S"|2 /n /n dydz

=P [ =Pl — 2
(= Jol)°r My = 2l futy) —u()]
- T [ =y — 2" =
n n |y_Z|n+1

We observe that for every x € B"*! and every y, z € S”,
(1= [z*) = yI* = [a]* = [2* — |2 < 2min(jz -y, |z — z])
and that, by the triangle inequality

ly — 2] < |z —y|+ |z — 2| < 2max(|x — y|, | — 2|) .
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We have thus
(1= [y — 2|
o~y — 2P

22n 1+

P min(fe — yl, [ — 2))2" ! max(|z — y, o — 2)

o= yPrla— 2"

92n—1+ 2

<

2
min(|z — y|, |z — z|) max(|jz — y|, |z — 2|) 751

24n—2

<

2n?2 47
[z —ylle =2 (|2 = y[ + |z — 2]) =+

and therefore, for each z € H*+! ~ B!

dist(Su(z), u(S")) _ 24! / / [y, 2) dud
n ydz ,
T=TF = T Jon S jo— gl — ol — ol + o — o) PE 1

where the function f:S™ x §” — R is defined for each y, z € S™ by
u u(z
= W=
ly — 2|+
We fix e € S™ and we define then the symmetric decreasing rearrangement of f
with respect to the first variable to be the function f* :S™ x S — R such that for
each A > 0 and z € S", f*(-,2)"}((\, 00)) is a geodesic ball centered at e that has

the same measure in S" as f(-, 2)~*((\,00)). By the classical Hardy—Littlewood
rearrangement inequality [8] (see also [13| theorem 3.4]), we have, for every z € S™,

01 / [y, 2) —
s* |z —yl o — 2| (|lo — y| + o — 2[) =+~

dy

< / [y, 2) .
57 |y —[alel |z — 2| (ly — |zle| + |z — 2[) =~
We also define the the symmetric decreasing rearrangement of f* with respect to
the second variable to be the function f**:S"™ x S — R such that for each A > 0
and y € S, f**(y,-)"1((\,o0)) is a geodesic ball centered at e whose measure in

S™ is the same as the measure of f*(y,)"1(()\,00)). By the Hardy-Littlewood
rearrangement inequality again, we have, for every y € S™,

(22) / I"(y.2) dz

2n2 _
— |alelle — 2| (ly — |zle] + |z — 2[) =1

S/ [y, 2) :
n ” 1
5" Jy — \rIeIIZ*\ZIEI(Iy*Ix\ HIZ*ISUI@I)"“

The combination of the rearrangement inequalities (21)) and (22]) implies that for
every x € H" ! ~ B+l

dist (Hu(z), u(S™))

1—|z[?

2477471 k3
. |Sn|2// (%) g
n s |y — lalel | = |ele] (ly — |ole] + |z — |we]) »FT~

We now observe that for each y € S” and x € H**+! ~ B!,

(23)  3ly — [zlel = (ly — el — le — |zle]) + 2(y| — [|zle]) = |y —el +1 = |«]

dz .
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and thus for every z € H*+! ~ Bn+!

dist(Hu(z), u(S™))

(24) -

SC’1// G P 1dydz.
mI8 (L= [+ le —y)(X —[z| +|e — z)(1 — |2| + e —y| + [e — 2|) =T~

If we set R = tanh £, so that IB%H;%"H = IB%ZH, we have by definition of the Poincaré
metric and by (24)), for every x € H"*! ~ B!

B | dist($Hu, u(S™)) || o< (o8, (0))

p
[ st S s o b = [ R dr

R Kk
< 01/ / / F(@.y) 5 dydzdr.
o Jsndsr (l—r4le—y)(I—r+le—z)1—r+le—y|+|e—z))m !

By the Holder inequality on (0, R), we have for each y,z € S™,

I |
0 (I=rtle—y)A-r+le—z)(A-r+le—yl+]e—=z

R 1 e 1 =T
< d) (/ d)
B (/0 (L—rtle—yhr? o (T—r+le—zmt "

dr

)%*1

R 1 n—1
X (/ dr) s
o (L—r+le—yl+e—z])*!
Co
< 2n(n—1) °

C(I—R+le—y)™T(Q—R+le—z)TT(1—R+|e—y|+|e—z|) n

By the Holder inequality on S™ x S™ we deduce

, A
(25) /0 Idist (S, u(S™ )| < e oy A < O / S )

n+1

X (/ / 1 dydz)
nlsn (I—R+le—y)A—R+|e—z))(1—R+|e—y|+|e— z|)22
By the Cavalieri principle and by definition of f, we obtain

/ ‘f**|n+l _ / ‘f*|n+l — / ‘f|n+1
Sn X S'n. Sn X S'n. Sn X S'n.

uy) — u(z)"*
:/n /n —|y—z|2" dydz .

The second integral in is bounded by

1
C// dydz
s Jio—esiy—el A= R+ Je—y) (A= R+ Je—y|+le— 221 Y

1 1
<C dy < Cg (1 1
= 5/S7L(1—R+|efy|)” v= 6(“14%*)

e’ +1

=Ce(ln +1) <Cs(p+1),

since R = tanh £. The conclusion follows because p~*(p + 1) ~ (14 pn%l)_1 for
p>1. O



CONTROLLED SINGULAR EXTENSION OF CRITICAL SOBOLEV MAPS 13

Remark 4.2. The strategy of proof of proposition also works on the Euclidean
space and allows to prove that if v € W1 " (R") and n,(z) = n(z/r)/r" with
p € C.(R™), then

1R N d
(26) —/ |dist(n, * v, v(R ))||Loo7r
p

In &
P

_ n+1 %
<— (/ / bl —vi) dydz) "
1+ (In B)7 Ve Jae oy =2

5. CONCENTRATION OF SINGULARITIES

In the previous section, we have established the set of bad points is compact and
that the set of good points contains many hyperbolic spheres of controlled radius.
We would now like to propagate the good values from the boundary of hyperbolic
balls that contain bad points.

5.1. Extension on a hyperbolic ball. Our first tool is an estimate of the ra-
dial extension: starting from a map in Wl’”"‘l(@Biﬂ"H(a),R”), we extend it by
homogeneity inside. The exponent is n + 1 critical: this extension is not in the
space V[/L”Jrl(IBEE,Hn+1 (a),R¥) because of this singularity at a, but this singularity is
however compatible with a Marcinkiewicz weak L™*! estimate on the derivative.

Lemma 5.1 (Radial extension). Letn > 1, a € H"*', p > 0 and 7, , be the nearest

point projection from IB%EI"H (a)\ {a} to 8153%1"“ (a). If u € I/Vl’”‘H(8IF_‘EI21"+1 (a); RY),
then

(i) wom,, is weakly differentiable in B§n+l(a),

(i) for every X\ >0,

n 1 sinh(p) n
A g ({2 GIB%I;H (a) : [D(uomy,)(z)| > A}) < e /¢9]B§"“|DU| A

(iii) for every 6 >0, uom,, € W17"+1(B§"+1 \BE"™) and

tanh (£
|D(uomq )" dpgzn+1 = sinh( )IDM | Du|™ L.
a,p HH p 5
Ban+ \ gL tanh (5) oBu"+

The nearest point projection 7, , can be described geometrically as follows:
starting from a one follows the geodesic passing through = € I[B]};Wl (a); ma,p(x) is

the intersection point of this geodesic with GIEBEITLH. Alternatively, in exponential
coordinates around a,
p
Tap(T) = —

a7p( ) \l‘|
H" L
P
good values on the whole IBBHP'H"+1 (a). This will allow us to fill in balls whose boundary
consists of good points.

The Euclidean counterparts of and are

In particular, if the map u takes good values on 0B (a), then u o m, , takes

n n p n
o B Do) > A} < 25 [ b,

and
[ Ipwem )t <pm? [ Dt
B, \Bs d IB,



14 MIRCEA PETRACHE AND JEAN VAN SCHAFTINGEN

Proof of Lemma[5.1. We first note that the map u o 7, , is weakly differentiable in
BE"" (a). In order to prove assertion (), we shall prove (i) in order to remove the
singularity at a.

Without loss of generality, we assume that a = 0. We set R = tanh £, so that in
the Poincaré ball model of the hyperbolic space, ]B%]SIWrl (0) ~ B%"'(0). We can then

write explicitly for each z € IB%EITL+1 (0) ~ B%F1(0),

(o mo)(@) = u(7e)
and thus
(27) D070, ()] = %mum,p(wm |

For A > 0, we compute now by integration in spherical coordinates and by (27),

g1 ({ €BE(0) ¢ [D(u o )|t (z) > A})

ondl Bqr({z € 0B,(0) : (1—1%)|D(uoma,)|(z) > 2A})
=ont /0 A=) dr
o [FH ({2 € 0BR(0) : (1—7?)|Dul(z) > 2xr/R})r"
=ont /o =2y dr
i [P H"({z € OBR(0) : (1 —r?)|Dul(z) > 2XAr/R})r"
§2+/0 2R dr

By Fubini’s theorem we obtain

pzss ({z € BE™(0) ¢ |D(uo ma,p)|wnsr (x) > A})

28 on+l n
R OB R (0) ﬁf R\D;;(m)\ (1 -Tr )

For every « € 0By (0), we compute, by a change of variable s =

_r _
1—r2>

r’ T "ol+?
/ R|Du(@)| (1 —r2)ntl drg/ R|Du(a)| (1 2) (1 —1r2)2 dr
eSS T " FEr > w " "

(29) T

/RlD’;\(z)l nq Rn+1|Du($)|n+1
= S s = .
0 (n + D)antigntt

Therefore, by inserting the latest estimate into (28)), we reach the inequality

N g ({2 € BE™ ¢ [D(wo g )|t () > A})

n + 1 OBRr

2R sinh(p) /
- @@ D njl _ D nj,rl
(n + 1)(1 — RQ) /é)]BH"’+1 | u|H 1 n+1 Jogumt | U|H v+1

and the inequality is proved. Since n > 1, this implies that |D(u o m,,)| €
L' (B7%"1(0)), and since points are removable for weakly differentiable maps starting
from dimension 2 (see |14, theorem 1.1.18]), u o 7, , is weakly differentiable on the
whole ]B%TIL%JFI(O)7 proving ({i}).
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We finally prove .

|D(uo ma )|ty dpgnr = / |D(uom,,)|"
Br(0)\Ba(0)

/ / |Du|”'H dr
OBR(0)
2R

o R n+1 n
ST MG e P K

tanh 2

— ginh 1 2 D n+1 )

sinh(p) ntanhg /&)BH”'“' Ui
P

/B[,t”"“ (O\EF" " (0)

O

Remark 5.1. Lemma [5.1] allows to construct directly an extension in the space
Whntl00) (B"*1; M), without control on the norm. If Hu is the hyperharmonic
extension of u € Wn/(n+1):n+1(S™: M) given by (L1)), then Hu € WL+ (B RY).
Bhy 1emma there exists p such that dist(u, M) < ¢ in H*+! \IBSIEIWrl (0). We define
then

u(x) otherwise ;

U(x) = {”M(“(”O,ﬁ(w))) if z € B;(0)

since U € Whn+heo) (Bl R¥) and since dist(U, M) < ¢, we can define U =
7y o U € Whintlheo)(Brtl: o). However the estimate satisfied by the map U is

n+1
A YISy T D
(]__ ) n+1 sn+1 Jgn+1 |y Z| n

for every A > 0, where the radius p coming from lemma [£.1] depends unfortunately
on the modulus of integrability of the integrand of the Gagliardo seminorm.

5.2. Iterating radial extensions. The idea to construct the extension is to apply
the radial extension of lemma on good spheres given by lemma In practice,
this is more delicate. Indeed, good spheres may overlap and the radial lemma
cannot then be applied on overlapping balls simultaneously. We shall apply thus
lemma [5.1] sequentially. A new problem arises, namely after lemma [5.1] has been
applied at least once, the resulting map is not anymore in the Sobolev space
Whntl(Hn+ RY). The next proposition applies lemma in such a way as to
avoid a given set of singularities.

Proposition 5.2 (Tterating radial extensions). Let U € Wb (H' 1, RY), S € H',
NCRY, p>0andd € (0,p). If

#(SNBE " (a)) < 4% :
DU € L™ (B (a) \ Uypes BE " (0)
and

[{r € (p,2p) : U@BE " (a)) 2 N}| <2

then there exists a function V € W,b! (H"™*1; R¥) and a set R C SN IB%EH;H(a) such
that

(i) for each b€ R, BE"" (b)) B " (a),

(i) Vignsnggr @) = Ul g o) -
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|:| Good region: Sobolev estimate, values in N

[ | Singular region: Sobolev—Marcinkiewicz estimate, values in N

D Bad region: values outside NV

FIGURE 1. Proposition [5.2] transforms the map U on the left into
the map V on the right by propagating by radial extension the
values on a sphere of radius p, in which U takes good values and is
controlled in the Sobolev space, ensuring that the resulting function
takes value into N inside the ball of radius p and is controlled in
Sobolev norm outside a small ball in which the singularity is also
controlled.

(iii) for each b € S\ R,
V|]B]§Hn+l(b) = U‘B]gpﬂrl(b) .

(iv) UTHN)UBS (@) S VT,
(v) for each A >0,

AN g ({2 € BE ™ (a) : |DV(@)|gnss > A})
< 4 sinh(2p) /
(n + 1)p BH;;L+1 (a)\Ubes IB]H'/H»I (b

)

DU, dpagnss
)

(vi) / | DV [ dpaggna
IB];H;L+1 (a)\Ubesu{a,}\R ]BE;HH+1 (b)
4 sinh(2 tanh
< (1+ sinh(2p) In an (Pg) )/ |DU ﬁﬁl dpgn+r
tanh (5) BE @)\, o BE T ()

As illustrated on figure [I} the new map V coincides with the map U inside
IB%EH: i (a), and out of the preexisting singularities S of u, those in S\ R are erased,
whereas those in R are preserved . Moreover the map V' has by a larger good
set in which it takes values in IV than U, at the price of a singularity created at the
point a, controlled in the critical Sobolev—Marcinkiewicz space (v)). The Sobolev
norm is controlled away from the new set of singularities R U {a} (vi).

Proof of proposition[5.3 We define the subset of real numbers

Hn+1

R={re(p2p) : UOB; " (a)) SN
and for each b € S, GIBBHT'HnH(a) NBs(b) =0}.
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By the assumptions of the proposition, we have immediately
P P
R >p—=—20#5>~.
Rlzp—7 #S >

By Fubini’s theorem in the Sobolev space, for almost every r € R, the map
n+1

U coincides almost everywhere with its trace on the sphere OBL i (a), one has

U € WhnHL(@BE" " (a)), DU is the weak derivative of U on dBE"" (a) and

r

/ / |DU ™! drg/ |DU|" T
R JOBE" (a) B @\, o BE T (0)

In particular, there exists p, € R such that

/ DU|’I’L+1 < i
OB (a) |R| ]Bﬂz—ﬂ;H»l(a)\U
7
<=
P JBE @\, s BE (1)

|DU|’n+1

Hn+1
beS Bs (®)

(30)
|DUT

We then define the map V : Hg:l(a) — R” for each z € Hg:l(a) \ {a} by

. n n+1
Viz) = U(x) ifzeH +:1\BH’;H* (a) ,
U(rap(x)) ifzeBr (a)\{a},
where 7, , is the nearest point projection from IB%?:H (a)\ {a} to 818“;1:“ (a) as in

the statement of lemma By lemma , the map V is weakly differentiable.
Since p,. < 2p, the conclusion holds immediately. If we define

n+1 n+1
R={beS : By (b)CB, (a)},
then ({i) also holds directly. If b € S\ R, then, since p, € R, we have
By (0) By (@) =0,

so that follows again directly from the definition of V. By definition of the set R,

™ gt K - . 1 gt
U(ath* (a)) C N, and thus V(B,, = (a)) C N. Since U =V in H**'\ B, (a),
we have

VN =U {(N)UBE (0) 2UTH(N)UBE (a)

and is proved. From lemma applied with the radius p, and by the bound
(30, we obtain then for every A > 0

A g ({2 EIB%];H”“(a) ¢ [DV(2)|mnsr > A})
< AN g ({2 € IBSI;H:“(Q) : [D(U o map)(2)|mnsr > A})
sinh(p.) "
< —t DU |55 dpgn
-~ n+1 /amag’“rl(a)' Ul dyagrs
< 4 sinh(2p)

n+1
(n+1)p /B“;IZ“ @\U, s B €

|DU|Hn+1 dNH”+1 ’
b)

)

which gives the estimate . For the remaining conclusion , we observe that

n+41 n41 n+41 n+1 n41 n+1
By, ()\Bj (a)\ |J BY" () =B (0)\B (a\JB5 (),
beS\R bes
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and thus

|DV |t

(31) / ]HI"+1 d,an+1
B, (@)\BEI T @\, o0 o BET )

|DU|]%;L11 dILLHn+1 .

/IBW’“ (@)\BE" T (a)\J, o B (0)

bes 8

In IB%HnH( Y\ BE"" (a), we apply lemma E with the larger radius p, and
smaller radius ¢ and then (30) to obtain,

(32)
|DV | dpggn1 = / | DV |2 dpggna
/IBH“@\BE;I"“(@ o BE ! (a)\BE" ! (a) s
tanh (£
= sinh(p,) In 7(§) / \DU H,LH dprggn+1
tanh (35) Jorsr+ (o)
4 sinh(2 tanh
< sinh(2p) In an ([;) / |DU H"+1 dpgn+r .
p tanh (5) B§:+1(a)\Ub€SB§H"+1(b
The conclusion follows then from and (32)). O

6. CONSTRUCTION OF THE SINGULAR EXTENSION
The last tool that we shall use is a covering lemma for the hyperbolic space.

Lemma 6.1 (Covering of the hyperbolic space). There exists a collection of points
A C H" such that

H ! = U E?nﬂ(a) and the balls ]]3%p/2 (a), a € H" are disjoint .
acA
Moreover, for every a € A and o € (p, 00)
Hn+1 JJFg(sinh )" dr

#{be A : beB, < =0
{ (@) fo (sinh 7)™ dr

This lemma is a weak form of the Besicovitch covering theorem for the hyperbolic
space; however, due to the hyperbolic geometry, the number of balls covering a
given point not only depends on the dimension of the space but also exponentially
on the radius p.

Proof of lemma[6.1] Let {BHWH( )}aca be a maximal family of disjoint hyperbolic
open balls in H"*!. Then if z € H"*! \ A, we have

By, (@) NBYy (@) £ 0,
and hence
zeB (a) .
Therefore, we have
H < | B ()
a€cA

Moreover if b e A and b € IBS]EI”+1 (a), then
L HP L

B, (b) CB,,s(a).
We have thus » o
U B, ) CBEY,u(a),
be ANBE" ! (a)
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so that, since the balls in the collection are disjoint,

HrtL

#{be A beBE ()} pnn (BE, (0) < s (BES, 0(a)

from which the desired estimate follows since for each T € (0, 00),

H”+1 tanh " 2n+1 T
pn1 (B |S”|/ A=yt ds = |S”|/0 (sinhr)*dr. O
We have now all the tools to prove the main result of the present work.

Proof of theorem [T Let u € Wn/(n+1nt1(gn. £y,

Step 1. Hyperharmonic extension. Let $u be given by the hyperharmonic
extension (see ([11)). By proposition Hu € WhrHL(Bn T RY) admits u as a
trace on OB" 1.

Step 2. Choosing a scale with many good radii. Since the manifold M is
embedded as a compact subset of R”, there exists ¢ > 0 and a Lipschitz retraction
a2 N — M, where

N ={yeR" : dist(y, M) <t} .
By the classical Chebyshev inequality and the good radii estimate (proposition ,
we have

Hn+1

2p
[{r €(0,2p) : Hu(OB, ) L N} < / ([dist (e, u(S™))| o ppen+1 (qy) AT

1
C 2 n+1 1
o (L L M)
(]__|_ 2p n+1 n Jsn |y—Z|
We take

801 n+1 [u(y) — u(z)|"*+*
(33) p= /n /n |y—z\2" dydz .

so that, for every a € H",

Hn+1

(34) {re(p.2p) : Hu@B]" " (@) ¢ N} <&

Step 3. Fixing a good covering. By lemma g . there exists a hyperbolic
ball BE"" (0) such that for every o € H** \ BE"" (0),

dist (Hu(z), u(S™)) <
Let A C H"*! be the collection of centers of balls given lemma and let S =

n+1
ANBY,, (0).

In view of the conclusion of lemma m we can partition S like in the proof of
the classical Besicovitch covering lemma and write

~ Q ~
- U S;
j=1
with
fgp/2 (sinhr)™dr

0
Op/g(sinh r)rdr ’

(35) Q<

so that if j € {1,...,Q}, a,b € S; and a # b, then IB%IQH;H(Q) OIB%IQPH;H(b) =0, or
n+1
equivalently, b ¢ IB%H i (a).
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Step 4. Improving the function iteratively on balls. In view of proposi-
tion we fix

(36) 5min<pf (sinh r)® dr p)
4f5p/251nhr ndy 2

By iteratively applying proposition we shall construct inductively maps
Uo,...,Ug € wh I(IE]I""‘1 R”) and sets Sp,...,5 C S, such that we have for

loc
g=1,...,Q

() Uy Y (V) 2 (95u) (N UUL, Uges, BE " (a)

n kT —1 n
Z HDU ||L:‘*1'1 M(Bg77+l(a)) = nj /H » |D5’Ju‘ +1 dan+1 R
a€Sy "
where

n n n+l
IIDUqILiL,m(B?w(a)) = sup Hpggss ({z € BY " (a)) : |DUG(2)|mnss > A})

¢ DU, | < Kq/ DHu|" M dpggnsr |

© /H"‘*’l\Uaes B]I}sﬂnﬂ(a)l q‘H o H"+1‘ |

(d) Uy, =w on OB™! in the sense of traces,

where

4 sinh(2p) In tanh(p) and - 4 sinh(2p) .

37 k=1+
(587) P tanh5 P

We first set Uy = $H(u) and Sy = () and we observe immediately that Uy satisfies
all the properties.

We now assume that ¢ € {0,...,Q — 1} and that Uy, ...,U, and SO, ..., 5¢ have
already been constructed. By @ and by (34] ., we have, for each a € Sq_H,

[{r € (p.20) + U,(0BF"" (a)) Z N}
< |{r € (p,2p) : Hu(OB,

Hn+1

(a)) g N} <

Moreover, since S; C S, we have for each a € §q+1, in view of the construction of A
by lemma [6.1] and the definition of 4,

#(S, B (a) < #(SNBL " (a)) < #(ANBE T (a))
5o/ (sinhr)™dr

0 <2
Op/Q(sinhr)" dr — 40

For each a € S’q, we apply proposition |5.2| to the map U, with the singularity set
Sy, and we denote the resulting map U, ; and the associated set Ry, ;. We define
now Uyqq : H' — RY for x € H*H! by

Unir(a) = Us (z) ifzeBE, " (a) for a € Sy
AR Uy(x) otherv&nse7

and
Ser1=S,US\ |J Riyy
a€8y41
By the disjointness of the family {IEB ( )}aes,, the map Ug is well-defined.
Moreover, by proposmonn , U, € [/[/11 L(Hr 1 RY).
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By proposition and by our induction assumption @, we have

g+1
n+1 _ n41
U AN 207 (v | B > mu vl U B @
a€Sq41 J=1laes§,

so that @ holds for ¢ + 1.
For each a € Sq+1, we have by proposition E .

IDUg1 71

T gn/ | DU, |74 dpggnta
Lnt1,00 (BH 1 (a)) B§:+1(G)\Ub63q E][g]n,+l(b) qlgn+1

and therefore, by the induction assumption

(38)
1DVl sy < 30 1 [ DU
22 POl = 20 7 e P

- 1
< nk? 1/ |D5’)u|ﬁi_+1 dpgntr .
n+1

On the other hand, by proposition for every b € Sgi1 \ Sq+1, we have
Ustilggs gy = Ualggnsa

It follows thus by the induction assumption (]ED that

1
(39) Z HDUq+1 Hz:*-l)x(IB]g“"“(a))
a€Sq+1\Sq+1
k47— 1
<t (DU, L, dpsnss
k—1 ]B]gnﬂ (a)\UbES ]B]H]n+1 (b)

The assertion (]E[) for ¢ + 1 follows now from (38)) and .
Similarly, for each a € SqH, by proposition . . we have

@ | DUy 1351, dpazn
BE T @\Upes, ,, BE )

< /i/ |DU |ni—1 d,an+1 s
B @\Uyeg, B0

beSy 9

moreover by construction U,y = Uy on H* T\ |, €3, IB%HTLH( ) and by proposi-

tionmo
ety U oB @\ U B o=ty B @) U BT )

aeSqH beSqul aeSq+1 bESq

so that

|DUq+1|£1i+11 dpuggn+a

(41) / - -
U, s, B @\, B 0)

a€Sqy1 Bap s

n+1
| DU, |ggnss dpgnsr
Hn+1
beS Bs (®)
q

/Hnﬂ\Uaequ ]Bgﬂ;l;ﬂrl (a)\U
The estimates and together with our induction assumption imply that
. ) holds for ¢ —|— 1

Finally, since the set S is finite, the maps Uy and U, coincide outside a compact
subset of H"*!, and thus share the same trace on S™.
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Step 5. Projection and Euclidean estimates. By assumption,
-1 n+1 g+t n+1 Hrtt
(Hu) " (N) 2HMI\BE(0) 2 HT (B (0) -
beS

Therefore by @, we have Ug € N almost everywhere in H"*!. Therefore, we can
set U = mproUgq. Since 7y is a retraction on N, we have U € M almost everywhere
in H"+L,

Since the retraction m,; is Lipschitz, U € V[/I})Cl (H"*1; R). We have for each

Hn+l
a€SgandzreB, (a),
1-— |x|2 (Cosh AdH”+;(“’O))2

1— |a‘2 (COSh dHTH,;(I,O))Q .

Since |dgn+1(a,0) — dgn+1(x,0)| < 4, we have thus

_ 1—|xf?
49 5 5
(42) =1 a2 =
Therefore, we have for A > 0, in view of , and ,
(43)
Nz e B () |DU(x)| > A}
A2e0 \nt+l n+1
< (1—7|a|2> ps ({z € BE (a) ¢ 26°|DU (@) [gn+s > (1 —|af*)A})

n+1

2(n+1)é
<e ||DU| L"+1,°°(]B[;ﬂ"+1 @)

On the other hand, by the classical Chebyshev inequality, we have by and ,
)\”“HH”“ VU B (@) ¢ DU )] > /\H

acS,

< py|*tt
(44) /Hn+1\Ua s u-n"+1(a)| |

DU dpgnes

/Hn“\uaesq B )
By , , and (]E[) we also deduce that

A Lz e B*T 1 |DU(z)| > A}

Q-1 _ 1 ‘n-&-l Ll
< 2(n+1)5( Q k / / ) et
(45) < Cse k¥ +n——m™— p— . z|2” dydz

n+1
<Cez(n+1 (Q+QHQ1 // |U ()| dd)n+1

w—ﬂ%
where the constant Cs comes from the Lipschitz constant of the retraction 7y, and
the estimate on the hyperharmonic extension of proposition . This implies
that U € Whr(B"+! \IB]EI_:;],M) for every p € [1,n+ 1) and that U = v on S™ in
the sense of traces.

It remains to estimate the constants in . In view of , and , we
have

Q < Cse 5> CyL
(&

2p 5p

e (&

7’<C57, HSCG 2
P P
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from which it follows by (33]) and (| @ ) that

n+1
| DU, . < Cexp Cexp 2n‘ dydz)) ,
n Jon Iy z|

for some constant C > 0. O

Remark 6.1. In general the map U which is constructed is continuous in B™ \ S,
where the set S constructed in the proof of theorem [1] is finite. By a standard
additional regularization argument it is possible to take U to be smooth in B™ \ S,
If moreover u € C™(S™; M), then U can be taken to be smooth on Bn+1\ S.

Remark 6.2. The proof of theorem [I] only requires from M that there is a Lipschitz
retraction from a uniform neighborhood N of the set M to M. In particular,
theorem (1| holds thus for compact singular spaces studied in [10].

7. EXTENSION WITH CONSTANT REGULARITY

As a consequence of theorem [1| and of the Sobolev embedding W1m(S*+1: R¥) C
Wﬁ’”H(S"‘H; R”), we have the following generalization of the controlled critical
extension result of [18]:

Theorem 2. Let n € N, and let M C R” be a compact embedded manifold. There
exists a function v : [0,00) — [0,00) such that for every u € W (S"; M), there
exists U € Wh(n+1.00) B+ M) such that we have w = U in the sense of traces on
S™ and for every A > 0,

N[ e B L |DU()] > A} < ’y(/Sn|Du|”)

Theorem [2] can also be proved directly, following the lines of the proof of the-
orem [I] in §6 above. The analytic properties of the hyperharmonic extension of
proposmon can be proved directly with a W™ bound. We give here a direct
proof of the counterpart of proposition for WLn(S™: R¥), which has a somewhat
shorter proof.

Proposition 7.1. There exists C > 0 depending only on the dimension such that
for every p > 0 and for every a € H we have

n

p 1
/O st (51, (™)) o oy dr < C (é Du|") P

Proof. As in the proof of proposition [£.2] we assume without loss of generality that
a =0 and we set R = tanh £.
By and by the Poincaré inequality on W11(S"; R¥), this implies that for
each x € B"*!,
dist (Hu(z), u(S™)) Cq
2 < 2
1— || (1= |z[?) Jon

By the chain rule and a change of variable in the integral, in view of @, we obtain

[D(uo T )| .

|D@or#way:/(umwrfﬂDxﬂ
Sn Sn

1— 2\n—1 D

jy— P

Let |Du|* : S® — [0,00] denotes the spherical rearrangement of the function
|Du| : S — [0, 00] with respect to a fixed point e € S™, that is, for each A > 0,
| Du|*(y) 71 (X, 00)) is a geodesic ball of S centered at the point e that has the same
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measure as |Dul(y) 7' ((A, 00)). By the classical Hardy-Littlewood rearrangement
inequality, we have if r = |z|

D) g, [ A AW,

1— 2 ly — re[2(n=1)

Since 1 — 12 < 2|y — re|, by (23), we now compute for every e € S* and y € B"*1,
R 2\n—2 R n—2
1-— 2
/ 7( r) dr < / —dr
o ly—refn=b o ly—rel

- /R on 23n 4 < on 23n

> r s .
o (ly—ef+1-r)" n(ly —e[+1-R)"!
We have thus proved that

/R ([dist(Hu, w(S™)l oo (omr+1) 4 < 012”_23" / | Dul*(y)
0 1— 72 - n Jon (ly—el+1—-R)n1

dy .

Now, we observe that

1 1
dy < Cs1 .
/Sn (ly—el+1-_Rn Y="2"1"R

Hence, by the classical Holder inequality,

R ||dist(Hu, u(S™ o At = 1 1-1
/ It B o 4, < (/ <|Du|*>”> (Cam =)
0 . _

1—1r2
=C; ( |Du|"> ' (C’gln 1R)1_% )

in view of the Cavalieri principle for the rearrangement. The conclusion follows. [

8. HIGH INTEGRABILITY CASE
In this section we explain how a controlled extension can be obtained in W1,

Theorem 3. Letn € N,, p>n-+1and M CR” a compact Riemannian manifold.
There exists v : Rt — Rt such that if u € W'=1/PP(S"; M) is homotopic to a
constant map as a continuous map, then there exists U € WhP(B" 15 M) such that
U = u in the sense of traces on S™ and

|ZD
p
/IB7L+1|DU| < 7 /n /n |y_z|’ﬂ+p 1 dydz) '

Proof. Let 6 € (0,00). Since p > n + 1 and the manifold M is compact, by the
fractional Sobolev—Morrey embedding and the classical Ascoli-Arzela compactness
theorem, the set

_ 1— p,p n+1 ‘p
Be—{uEW (B // |y_z|n+p1dydz§9

and u is homotopic to a constant map} ,

is a compact subset of C(S™; M) with respect to the uniform distance.

There exists ¢ > 0 such that a Lipschitz retraction mp; : N — M is well-defined
on

N ={yeR" : dist(y, M) <.} .

Since C*°(S™; M) is dense in C(C™; M) and since By is compact with respect to
the uniform metric, there exists maps u1,...,uqg € C*(S™; M) such that for every
u € By, there exists g € {1,...,Q} such that ||u — u4||L~ < ¢. Since maps in By are
homotopic to a constant, we can assume without loss of generality that uq, ..., ug are
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homotopic to a constant. (A map that would not be homotopic to a constant would
not satisfy ||u — ug||Le < ¢ for any u € By.) We let Uy, ...,Ug € C*(B"*!; M) be
smooth extensions of uq,...,ug such that Uy(x) = uq(x/|x|) if |z| > 1/2.

We fix now u € By and let g be given above. We take Hiu to be given by a smooth
mollification at the scale of the distance to the boundary, given for example by .
By the Morrey—Sobolev embedding, we have

dist(Hu(z), u(z/|z])) < 019%(1 - |az:|)17n7+1 .
We choose p € (1/2,1) such that
019%(1 — p)lf%l <,

we define the function 7 : B"*! — R for z € B"*! by n(z) = ((1 — |z])/(1 — p))+
and we set U = (niu+ (1—n)U,) . We observe that U € WP (B"+1; M). Moreover

[ ovr<c([ pour+ [ pu)
Br+1 Bn+1 Bn+1

< P .
= <C39 - jE{ml,%)jQ} /]Bn+1 IDU;| ) -

ACKNOWLEDGEMENT

The authors thank Augusto Ponce for fruitful discussions about the problem.

REFERENCES

[1] L. V. Ahlfors, Mébius transformations in several dimensions, Ordway Professorship Lectures
in Mathematics, University of Minnesota School of Mathematics, Minneapolis, Minn., 1981.
[2] F. Bethuel, The approzimation problem for Sobolev maps between two manifolds, Acta Math.
167 (1991), no. 3-4, 153-206.
, A new obstruction to the extension problem for Sobolev maps between manifolds, J.
Fixed Point Theory Appl. 15 (2014), no. 1, 155-183.
[4] F. Bethuel and F. Demengel, Extensions for Sobolev mappings between manifolds, Calc. Var.
Partial Differential Equations 3 (1995), no. 4, 475-491.
(5] J. Bourgain, H. Brezis, and P. Mironescu, Lifting, degree, and distributional Jacobian revisited,
Comm. Pure Appl. Math. 58 (2005), no. 4, 529-551.
(6] H. Brezis and P. Mironescu, Density in W*P(Q; N), J. Funct. Anal. 269 (2015), no. 7,
2045-2109.
[7] H. Brezis and L. Nirenberg, Degree theory and BMO. I. Compact manifolds without boundaries,
Selecta Math. (N.S.) 1 (1995), no. 2, 197-263.
(8] J. A. Crowe, J. A. Zweibel, and P. C. Rosenbloom, Rearrangements of functions, J. Funct.
Anal. 66 (1986), no. 3, 432-438.
[9] E. DiBenedetto, Real analysis, Birkhduser Advanced Texts: Basler Lehrbiicher, Birkhiuser,
Boston, Mass., 2002.
[10] M. Gromov and R. Schoen, Harmonic maps into singular spaces and p-adic superrigidity for
lattices in groups of rank one, Inst. Hautes Etudes Sci. Publ. Math. 76 (1992), 165-246.
[11] R. Hardt and F.-H. Lin, Mappings minimizing the LP norm of the gradient, Comm. Pure
Appl. Math. 40 (1987), no. 5, 555-588.
[12] T.Isobe, Obstructions to the extension problem of Sobolev mappings, Topol. Methods Nonlinear
Anal. 21 (2003), no. 2, 345-368.
[13] E. H. Lieb and M. Loss, Analysis, 2nd ed., Graduate Studies in Mathematics, vol. 14, American
Mathematical Society, Providence, RI, 2001.
[14] V. G. Maz'ya, Sobolev spaces with applications to elliptic partial differential equations,
Grundlehren der Mathematischen Wissenschaften, vol. 342, Springer, Heidelberg, 2011.
[15] G. D. Mostow, Quasi-conformal mappings in n-space and the rigidity of hyperbolic space
forms, Inst. Hautes Etudes Sci. Publ. Math. 34 (1968), 53-104.
[16] J. Nash, The imbedding problem for Riemannian manifolds, Ann. of Math. (2) 63 (1956),
20-63.
[17] M. Nicolesco, Ezposés sur la théorie des fonctions. IV: Les fonctions polyharmoniques, Actual.
sci. industr. 331 (1936).
[18] M. Petrache and T. Riviere, Global gauges and global extensions in optimal spaces, Anal.
PDE 7 (2014), no. 8, 1851-1899.

3]



26 MIRCEA PETRACHE AND JEAN VAN SCHAFTINGEN

[19] R. Schoen and K. Uhlenbeck, Boundary regularity and the Dirichlet problem for harmonic
maps, J. Differential Geom. 18 (1983), no. 2, 253-268.

[20] B.-W. Schulze and G. Wildenhain, Methoden der Potentialtheorie fiir elliptische Differential-
gleichungen beliebiger Ordnung, Lehrbiicher und Monographien aus dem Gebiete der Exakten
Wissenschaften: Mathematische Reihe, Birkhéduser, Basel-Stuttgart, 1977.

[21] E. M. Stein, Singular integrals and differentiability properties of functions, Princeton Mathe-
matical Series, vol. 30, Princeton University Press, Princeton, N.J., 1970.

MIRCEA PETRACHE, UPMC UNIVERSITE PARIS 6, UMR 7598, LABORATOIRE JACQUES-LOUIS
LionNs, PLACE JUSSIEU 4, 75005 PARIS, FRANCE
E-mail address: mircea.petrache@upmc.fr

JEAN VAN SCHAFTINGEN, UNIVERSITE CATHOLIQUE DE LOUVAIN, INSTITUT DE RECHERCHE EN
MATHEMATIQUE ET PHYSIQUE, CHEMIN DU CYCLOTRON 2, BTE L7.01.01, 1348 LOUVAIN-LA-NEUVE,
BELGIUM

E-mail address: Jean.VanSchaftingen@UCLouvain.be



	1. Introduction
	1.1. Traces of Sobolev maps
	1.2. Controlled extension

	2. Hyperbolic geometry and Möbius invariance
	3. Hyperharmonic extension
	4. Good and bad points
	4.1. Compactness of the bad set
	4.2. Estimate on the density of spheres in the good set

	5. Concentration of singularities
	5.1. Extension on a hyperbolic ball
	5.2. Iterating radial extensions

	6. Construction of the singular extension
	7. Extension with constant regularity
	8. High integrability case
	Acknowledgement
	References

