GEOMETRIC INEQUALITIES FOR FRACTIONAL
LAPLACE OPERATORS AND APPLICATIONS

ELEONORA CINTI AND FAUSTO FERRARI

ABSTRACT. We prove a weighted fractional inequality involving
the solution u of a nonlocal semilinear problem in R™. Such in-
equality bounds a weighted L2?-norm of a compactly supported
function ¢ by a weighted H*-norm of ¢. In this inequality a geo-
metric quantity related to the level sets of u will appear. As a
consequence we derive some relations between the stability of u
and the validity of fractional Hardy inequalities.

1. INTRODUCTION

In this paper, following the ideas contained in [17], we prove a
weighted Poincaré inequality that gives us useful informations con-
cerning the geometry of the level surfaces of stable solutions of the

fractional semi-linear equation
(—=A)’u= f(u) in R", (1.1)

where s € (0,1) and f is C! in the range of u.
For every locally integrable function u : R™ — R such that

/ | u(y) | dy < 400,
R

o Iy |2
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and s € (0,1), the following operator is well defined

<—Afwm=umu$/“3911ﬂ@2w

g | T —y |7t

= lim ¢(n, 3)/ Mdy
R7\B(z,e

e—0+ )| o=y nt2s
where ¢(n, s) is a positive constant such that for every x € R",

lim (—A)%u(z) = —Au(x).

s—1—

For the definition and the main properties of the fractional Laplacian,
we refer to [10], Section 3, and references therein.
Since in the sequel the constant ¢(n, s) does not play any particular

role, we omit it and simply assume that

(—A)Su(:p):/ Mdy

re | T —y 20T

The energy functional associated to problem (1.1) is given by

IR ) S .
p) =g [ [ Sy [ Pt (2

where F' denotes the potential, i.e. F' = —f.

Definition 1.1. We say that a function u satisfies (1.1) in the weak
sense when for every h € C°(R"),

l/ (u(z) — u(y))(h(z) = h(y))

2 |x_y|n+25

drdy = Rnf(U(y))h(y)dy- (1.3)

Moreover, we say that u is a stable weak solution of (1.1) if the second

variation of the energy is nonnegative, that is, if for every h € C§°(R"):

I (h(z) — h(y)’ o

2 drdy — W (y)dy > 0. (1.4

2// Ty e Gy = [ P @) y)dy = 0. (14)
We can state now our main result.

Theorem 1.2. Let u be a stable weak solution of (1.1) and s € (0,1).
Then, for every smooth and compactly supported function ¢ € C§°(R™),

we have
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|z —y|m 2

) ¢*(x)dxdy

. 2

(1.5)

One can consider (1.5) a fractional weighted Poincaré inequality since
it allows to control a weighted L?-norm of a compactly supported func-
tion ¢ by a weighted H*-norm of the same function ¢.

Remark 1.3. As one can see from the proof of Theorem 1.2, we can
consider stable solutions u of more general integro-differential equa-
tions, and obtain a corresponding weighted Poincaré-type inequality.
More precisely, if we consider a symmetric kernel K (z,y) of differen-
tiability order s € (0,1) with general possibly nonsmooth coefficients
(as considered for instance in [8, 9]) and u a stable solution of

[ lule) = uo) PR ey = fa),

then we can deduce the analogue of inequality (1.5) with |z — y| ™2
replaced by K (z,y).

Inequality (1.5) can be seen as the fractional analogue of the following
inequality which was studied in [15, 24, 25]:

n—1
/ S [V, [2 — V]Vl gb2d:p§/ VP |Ve|da,
R\ {Vw=0} n

i=1
(1.6)
where w is a stable solution to the local equation Aw = f(w).
Recently inequality (1.6) has been generalized to other operators. In
[17] elliptic operators of the form div(A(z)V) have been considered.
In [23] the authors take in account fractional type operators, but they
prove an inequality that is related to the solution of the associated local
problem obtained via the Caffarelli-Silvestre extension indeed, see [5].
As a consequence their inequality still involves weighted H!-norms on
the right-hand side.



Here, we are interested in the analogue inequality for solutions u
of the nonlocal problem (—A)*u = f(u) (without considering its s-
harmonic extensions) which therefore will involve fractional Sobolev
norms.

Moreover, making a particular choice of the function u, we establish
some relations between the stability of u and the validity of a fractional
Hardy inequality.

We recall now the fractional Hardy inequality with best constant.
For fractional Hardy inequalities we refer to [11, 12, 13, 19, 20, 22],
and in particular we refer to [19] for the best constant in the case of
the entire space, and to [20] for the best constant in general domains.

More precisely, see Theorem 1.1 in [19], there exists a constant C
such that: for every ¢ € C§°(R")

/Rn . o) =W 4 > C/Rn 2| 2 (@)de. (17)

|z —y|" 2

Moreover the optimal C' for which the above inequality holds is given

by

T n+2s 2 T n+2s

e gt D) T (252)
[ (=2)? 0(—29)

In addition we prove the following result.

(1.8)

Theorem 1.4. Let s € (0,1), and 0 <y < 2s. We have:

i) | « |7 is a stable solution of (1.1) with f(p) = —B(’y,s)pl_%,
if and only if there exists a contant C' such that s-fractional
inequality (1.7) holds;

ii) There exists a positive constant n, depending only on n, s,y

+o0
n=n(n,s,”) = / PG (), (1.9)
0

where

_ 1— <6, y/> n—1/,/
G(T) - Aﬂ:l (1 . 2T<€, y/> + 7_2)77.-';25 dH (y )7

e € R", | e|=1, such that : if | x |7 is a stable solution of (1.1)
2s
for f(p) = —B(v,8)p" ", then the following weighted fractional
4



Hardy ineuality holds: for every ¢ € C§°(R™),

0 [ lel e, (e

= / (/ %C@ wy(y)dy,

where w,(z) = |z|207Y.

(1.10)

There is a wide literature on Hardy-type inequalities (see, for in-
stance [22] and references therein). Concerning Hardy inequalities of
fractional order and their generalizations to weights, we recall the fol-
lowing recent works [11, 12, 13].

To prove Theorem 1.4, we apply inequality (1.5) to a suitable radial
function u, which is a stable solution of (1.1) for a certain nonlinear
f. The main tool we use is a representation formula for the fractional
Laplacian of radial functions, established in [18].

More precisely, in Lemma 3.1 we will establish that the function

2s

u(z) = || is a solution of (1.1) for the nonlinearity f(u) = —B(vy,s)u'~ 7,
where (7, s) is a constant which expression is given in (3.3). Plugging
this particular choice of u and f in the definition of stability (see for-
mula (1.4)), we obtain a relation between the stability of u(z) = |z|”
and the validity of a fractional Hardy inequality.

We remark moreover that, in order to obtain further results, our
approach could be revisited making use also of some ideas contained
in the seminal paper [21] and in the successive develops, see e.g. [6],
mainly applied to local linear operators.

Now , we comment on the geometric informations contained in in-
equality (1.5). The inequality proved in [24], [25] for stable solutions w
to semi-linear equations for the classical Laplace operator Aw = — f(w)

in R, can be written, see e.g. [14], as

n—1
/ <| Vo \2Zk3+|vT|wu2> 2z [ |Vup|vel
R\ {Vw=0} — Rn
(1.11)
for every ¢ € C§°(R™), where k;, ¢ = 1,...,n — 1, are the principal
curvatures of the level surfaces of the function v and V1 denotes the

tangential gradient along the same level sets.
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In the fractional case we get that (see Corollary 2.1),

[ 60+ 200 | 9t 1 Vut) | 0 By

T—y |n+2s
¢(z) — ¢(y)
< Vu(z) [ + | Vu(y) ). dady,
[ Vula) P+ | Vaty) B ey
(1.12)
where n(z) = |§ZE3| is the unit normal to the level surface {u = ¢}

at each point = € {u = ¢}, where the gradient of u does not vanish and
Co={(z,y) e R*" x R" : Vu(z) # 0, Vu(y) # 0}.

We remark that if I' is a smooth regular path on the level surface
Y. = {u = ¢} such that I''(0) = v, and v is any unit tangent vector
v € T3 where T, is the tangent space at x, then

n(L(t)) — n(z) = th(v)v + o(t)

as t — 0, where k is the curvature along the tangent direction v. In
particular
| n(T(t) — n(z) [*= k(v)*t* + o(t?)
ast — 0.
For a nonlocal notion of directional curvatures of a surface we refer
to [1]. We observe now that there is a close relatiozn (at least asymp-
[n(z)—n(y)|

lw—y[nt+2s
inequality (1.12) and the quantity 37" k? involved in (1.11).
Indeed, see Lemma A.4 in [7], if ¥ is a smooth hypersurface of di-

totically as s — %) between the quantity appearing in our

mension n — 1, and v is a smooth choice of the normal vector to X.
Then

lim (1 25)/ W) —v) - v(@),;, _ o ni K (),

sl ’Q? _ y’n+2s

where w,, denote the volume of the unit ball.

z)—v(y))v(z)

Basically, the quantity fz (V(Ix—yln +5—dy describes how the normal

vector varies in an average sense, taking into account also interactions

”coming from far”, that is interactions with all points y € ». The
3
verges, up to a multiplicative constant, to the sum of the square of the

aforementioned result tells us that, when s — =, that quantity con-

principal curvatures.



In the classical case, the geometric inequality (1.11) has been used,
see [14, 15] and reference therein, to prove the 1-dimensional symme-
try of stable solutions to the semilinear equation —Au = f(u) in low
dimensions. We say that a function u is 1 — D if it depends only on one
Euclidean variable, or equivalentely if its level sets are hyperplanes. In
[15], by choosing a suitable test funtion ¢ with compact support in a
ball of radius R in (1.11) and using an energy estimate for the solution
u, the authors proved that the right-hand side of (1.11) tends to 0 for
R — oo, which implies that all the principle curvature k; of the level
sets of u must be identically 0.

For the fractional case, the analogue of this 1 — D symmetry result
for stable solutions of the equation (—Au)® = f(u) has been proven to
be true in dimension 2 for any power 0 < s < 1 [4, 23] and in dimension
3 for 1/2 < s < 1 [2, 3]. The proofs of all these results make use of
the extension established in [5], which allows to study the fractional
equation (1.1) by studying a local Neumann problem in the half-space
R’fl. In [23], the authors used a geometric inequality analogue to
(1.11) for the extended problem in the half-space, while in [4, 2, 3] a
different approach based on a Liouville type result is used.

One could try to see whether our fractional geometric inequality (1.5)
implies 1 — D symmetry for stable solutions of equation (1.1), at least
in low dimensions. This would give an alternative proof of the above
mentioned results, without using the Caffarelli-Silvestre extension.

Unfortunately, this is not the case, since in order to deduce 1 — D
symmetry from inequality (1.5) we would need some decay estimates of

Vu, that are not satisfied by the solution of our problem (see Remark
3.3).

2. PROOF OF THEOREM 1.2

We start by a very simple observation due to the linearity of the
fractional Laplacian. If u is a solution of (1.1), then its derivatives u,,

satisfies the linearized problem
(_A)Sul“i = f/(u)uxz (2'1)

We can now prove Theorem 1.2.



Proof of Theorem 1.2. We start with some easy computations which
will be useful in the sequel. By symmetry between x and y, we have
that the two following identities hold:

/n(—A)Su(:E)v(x)dx = /Rann Mv(x)dmdy

|z —y|+*
1 (u(r) —u(y))(v(x) —v(y)) .
9 /Rann |z — y[nies drdy,
(2.2)

and

[ =) ),

|z —y|" 2

L) ) ) - i) g,

2 |z —y|+ee

(2.3)

For the convenience of the reader, we split the proof in three steps.
Step 1. We start by multiplying equation (2.1) by u,,¢* and we get

(—A) g, (g, %) = f'(u)uz, 0" (2.4)



Integrating the left-hand side of (2.4) and using (2.2) and (2.3), we
deduce that

[ 8 () 0 67 )
Y R Y IR TCRCETE R CRETE P

2 |z — g+
1 / (u, () — s, (y)) (ua, ()0 (7) — s, ()% (@) + us, (y) 9% (%) — ua, (¥)9*(y))
2 Jrrxre |z — y|t2s
® dzxdy
1 Uas () (U, (2) — s, (y)) (0% (2) — 6°(y))
"2 /IR”X]R” [ — y|rt2e ey
TR
1 (uz, () —uZ, () (¢*(x) — $°())
* 4 /]Rnx]Rn |z — y[rt2s oy

(2.5)

We integrate now also the right-hand side of (2.4) end we sum in ¢ to
deduce

; /R" Rn ¢* () D ECACRIAD) dxdy+

2 |z =yl

2
n 1/ (IVu(@)]” = [Vu()]*) (6*(x) — 6*(y))

4 ‘Z’ _ y‘n+2s

= /. () (@)|Vu(@)[*¢* () da.

dxdy

Using again (2.3) in the second term on the left-hand side, we conclude
n 2
1/ ng(x) D ic1 (Ugl (z) — ui(?J))
2 R xR" |JZ - y|n+2s

+1/ [Vu@)| ([Vu(z)] = [Vuly)]) (¢*(z) — ¢*(y))

2 |£L’ _ y|n+23

dxdy+

dxdy

= /. f'(w) (@) Vu(@)[*¢* () da.

(2.6)
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Step 2. In this second step, we use the stability of u. We recall
that since u is a stable solution of (1.1), we have for any smooth and
compactly supported function ¢,

1 _ 2
5[ A - [ e 2o, @D
O e R"

see (1.4). We choose as a test function ¢ = |Vu|¢ and we make some

computations in the first term of (2.7):

1 / (IVu(z)|o(z) — |Vuly)|oy)) dudy

92 ‘ZL’ _ y‘n+2s

2 |ZE _ y|n+28
1 2 (V@) — [Vu(y))?

= — T dxd
2 /Rann (@) |z — y|n+2s Y

2 (8() = 6(y))°
T Al et

[ s T T () 60D o,

RnxR™ |37 - y|"+28
31 — 2
(g)_/ (bg(x)(lw(l‘ﬂ |V+;t(y)|) ddy
2 Jrnxgrn |z — y|nt2s

2 (0(x) — d(y))”
3 g VP

L L= ) ) - S,

+5 ’m_y’nJrQs

2
(2.8)

Step 3. Combining together (2.6), (2.7) and (2.8), we conclude

/ (ZL (ta, () = 0, () = (|Vu()| - \V“<y>’)2) ¢ (x) ddy

|z —y|" 2

. 2
<[ v ey

We define now the set

Co = {(z,y) e R" xR" = Vu(x) # 0, Vu(y) # 0}
10
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dxdy



Corollary 2.1. Let u be a stable weak solution of (1.1) and s € (0, 1).
Then, for any smooth and compactly supported function ¢ € C§°(R"),

we have

[ @@+ e Vel || Vu) | 2= gy
R™ xR”\Co -y
o) - ot ey

|z —y [+

< /R Rn(| Vu(z) [P+ | Vu(y) [*)
(2.9)

Proof. By developing the computation in the left hand side of (1.5) we
get, for every (z,y) € R" x R\ Cy,

. < Vu(z) Vu(y)

2 1 YVu(z) |V >
V \V4 [Vu(@)]” [Vu(y)] 2
u\x U o“(x)dzd
/R”XR”\CO | ( )|| (y)| ( |Q§ _ y|n+2s ) ( ) Y

(2.10)
2
<[ a0 g,
R xR" @ — y|r+ee
On the other hand, for every (x,y) € R™ x R™\ Cy,
) (1 _(Yulw) Vuly) >) _ ‘ Vu(z) _ Vuly) [
[Vu(z)]" [Vu(y)| [Vu(z)|  [Vu(y)]
Thus, denoting (z,y) € R" x R"\ Cy, n(x) = |§ZE§;|’ we get
2
n(x
[ vuvu = )y
R™xR™\Co ’Jf ’
) (2.11)
R™ xR™ | |n+ °
Now, by symmetry, it is also true that
2
n
[ vl ey
R™ xR™\Co (212)

<[ wup

Hence, by summing respectively the right hand sides and the left hand

sides of the inequality (2.11) and (2.12), we get (2.9). O
11



3. PROOF OF THEOREM 1.4

It is well known by a straightforward calculation that if u is a radial
function, u(x) = u(|z|), then
-1
|z

Au(le]) = u"(|2]) + ———/(|]).

In particular if u(r) = r7, then
Au(lz]) = (y(y = 1) + (n = D)) 272 = (v = 2+ n)|z 7%

As a consequence,
if n > 2, whenever v > 0 or v < —n+ 2, u(x) = ¢ | = |7 is sub-
harmonic for ¢ > 0. In particular for every v > 0,

][ Wl dH ) > Jal.
9B (x.t)

If n =2 for every v € R, u(z) = ¢ | " is sub-harmonic, for ¢ > 0.
As a consequence, recalling the characterisation remarked in [16] of the
fractional operator, it follows from the representation

~arutn) =no [ f ) - W) ) )

0

that |z|7 is also s—subharmonic that is
—(=2)a >0, (3-1)
whenever

ly|”
—n+2sdy < 400,
R”\ B, () [z — |

that is whenever n+2s—n+1—~ > 1, that is when v < 2s. We recall
the result in [18], it has been proved that for every radial function u

— (=4)%u(r)

oo r
- r_zs/ (u(TT) —u(r) + (u(;) — u(r))r_”+25> (7% = 1)V BH(1)dr,
1 (3.2)

where

72 — sin® 0 + cos )12

/72 —sin? 0

do,

H(r):= 27rozn/ sin” 2 9<
0

12



n—3
T 2

where «, = (D) One can see that H is a positive continuous

=
function on [1,+00) with H(7) ~ 7% as 7 — +o00.
Using this representation formula, we deduce the following result.

_2s

Lemma 3.1. Let 0 < v < 2s, s € (0,1) and let f(p) = —B(7,8)p" 7
where

B(v,s) = /joo (TW — 1+ ((%)’Y — 1)7”“3) (72 = 1) "> H(7)dr.
(3.3)

I

Then v =| x |7 is solution of (1.1) that is, in particular,
~(=A)0(r) = Blr.s)o' > >0
Proof.
— (=4)%u(r)

=2 /1+OO ((7"7)7 —r7 4 ((;)V - TV)T’”“S) 7(r? = 1)V B H(1)dr

= 2 /1 - (TW S () - 1)T—n+2s) (72 = 1) H(r)dr

p
= By, 8)r~>",

(3.4)
where
+o0
B(v,s) = /1 (7’7 -1+ ((%)7 — 1)7'_"+25) (7 = )"V H(r)dr.
(3.5)

In particular
+o0o
B(y,s) = / (7" = 1) (L= 77" 7(72 — 1) H(r)dr. (3.6)
1

Hence, if —n +2s —+ <0, and v > 0, we deduce that f(v,s) > 0. We
remark also that if v(|z|) = |z|”, then keeping in mind (3.1) or previous
observation and (3.4), we get

—(=A)*u(r) = By, )v' 7 > 0.

Thus v is solution of



where
1—2s

f(v) = =B(y,s)v" 7.
U

We need another intermediate result summarised in the following
lemma before beginning the proof of Theorem 1.4.

Lemma 3.2. There exists a constant n(n,s) > 0 such that:
y=1|,,17—1 1- <‘§| |Z|> 2(y—1-s) 3.7
2"y Wdy n(n, s)|z| (3.7)

where

—+o00
n=mn(n,s,y) = / TG () dr
0

_ 1— <€, y/> n—1¢, 1
o= [ e ),

1 —27(e,y) +72) 2
e € R", | e |=1, is independent of e.

and

Proof. First we remark that the integral depends only on |z|. Indeed

let © = Qz' where @ is a unitary matrix, that is |[detQ| = 1. Then
after a change of variables,

Qxr' y Qz'  Qy
y=11, 17—1 <\Q$ i \y|> y—1 y—1 <|Q~T/|7 ‘Qy/|>
|Ql“| |yl —l = |Q$| Q| dy

|Q /_ /‘n+23
1 — (92 Q) — (& QT
- - Q'] |Qy’| - \/I’ 1y'T
- / P T ey = / e Tt

/

o |:L,/|'y—1| /|7—1 1- <#’ %>d
- . Y ‘l./_y/‘n+2s Yy
Hence passing in polar coordinates we get
- (&) oo - (2.9)
1,7—1 y—1 =] |y dy = :L,'y—l/ 7+n—2/ || dHn—l /d
S P ey = et [ [

+o0 1 — <%’y’>
_ |:L,|'y—1/ p’y+n—2/ - || / d?—["_l(y')d,o
0 |

yi=1 i — ey 72

(3.8)

(3.9)
14



The function

1—(Z o
F(I,p):/ <|1”| y> dHn_l(y/)

yi=1 |zl — py' "2

depends only on |z|. Indeed, for every e € {|z| = 1}

F,p) = F(la], p) = / 1—(ey)

=1 ||T]e — py' |2

dH" (')

On the other hand,

n+2s

|z —y|"" = (Jo]* + 2(z,y) + [y]*) * ,

thus

1_<67y,>
F(lx|,p) =
(2l ) /| (212 = 2plal(e, ') + ?)

= |£l?’_"_25/ 1 - <evy> — dHn—l(y/) _ ’x‘—n—ZSG(ﬁ)’
wi=t (1= 25(e,v) + (i) =

n+2s dHn_l (y/)

||

e
|

||

(3.10)

where

s) = 1— <67y/> n—1/, 1/
&) /|y/1 (1—2s(e,y) + sz)nz% W)

As a consequence

_(z Y 00
/ ‘x’fyflw"yfl 1 <|x|7 \y|>dy _ |x|»y—1—n72s /+ p'y+nf2G(£>dp
n |z — y|r+es 0 ||

+o0 +oo
= ‘x"yln%ﬂml/ T 2G(r)dr = ]x\27225/ T2G () dT
0 0
(3.11)
0

Now we are in position to give the proof of Theorem 1.4.

Proof of Theorem 1.4. i) In order to prove part i), it is enough to write
the stability condition (1.4) for the specific choice v(z) = |z|” and
2s
f(v) = =B(7,s)v' "7 . Indeed, we have that
2s _2s
f'w) ==1—=—=)B(y,s)v" 7,

2
15



and therefore v is stable if and only if

/R"X]Rn () — so(y)Pdmer (1 B %) B(v.5) 0*(s) .. >0,

v — y|nt2s R ||

that is, if and only if, the fractional Hardy inequality holds. We observe
that here, we don’t obtain the optimal constant C'y s indeed 1 — % — 0
as 7 — 2s. Using inequality (1.7) and comparing the optimal constant
Ch s given in (1.8) with the constant appearing above we deduce that
|z|7 is a stable solution of (1.1) for any ~y satisfying

0s.  PB1:8)

— L <y < 2s. 3.12
6(778)+OH,5 =7 ° ( )

ii) Suppose now that v(z) = |z|” is a stable solution (this is the case for
7 satisfying (3.12) above). We apply inequality (1.5) to this particular
choice of v. We calculate Vv = ~y|z|*"2z. Thus, inserting Vv in the
main inequality (1.5) we get:

n _ _ 2 _ _1\2
/ Yoy (Y Pa = Ay Py)” — (vl = Ay )
R xR"™

|z —y| e

B 2
R™ xR"™

B |z —y|+e

> ¢*(x)dxdy

(3.13)

that is, developing the calculation,

n _ _ 2 _ _1\2
/ S (a2 — |y 2y)” = (e =y
R xR™

|z — g+

) ¢*(x)dzdy

B 2
S [ ppeoldsr,,
R xR |z — y|nt2s

(3.14)
that is
[ T D ) g
R7 xR |z — y|nt2s 315
) (3.15)
~ JRrxRrn |z — y|nt2s

16



and

/ ]x\V_l\yP*Md)z(a:)dxdy
Rn xR" ‘5’7 - y‘n+2s

~ JRoxre |5’7 - y|n+28

Let us consider now

—(z Y
/ |x”771’y‘7711 <|:v\’ |y‘>dy
" | — gl

Keeping in mind the result stated in the previous Lemma 3.2 we get:

(3.16)

/ |x‘vfl‘ypflﬁ¢2(m)dmdy
RnxR® |3'j - y|"+28
_(z Y
1= {5 1)

= . || ( . |y|vlmdy> ¢*(x)dzx

=n(n,s) [ |20 )6 (2)da
R

Analogously for the right hand side of (3.16) we get
_ 2
R7xR™

|z —y[rt?
_ 2
R no o=yt

As a consequence, recalling now (3.16), we deduce that

_ 2
) [ o s < [ ey ([ HD DR g,
(3.17)

O

Remark 3.3. As explained in the introduction, inequality (1.11) has
been used in [14, 15], to prove 1 — D symmetry of stable solutions to
the semilinear equation —Awu = f(u) in R™. More precisely, choosing
the test function

1 z € B(0,VR)
op(r)={ 0 xz€R"\ B(0,R)

2log£

log]‘%z‘7 B<O’R)\B(O, \/}_%)
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and using an energy estimate for the solution u, after passing to the

limit R — 400, one can deduce that all the principal cuvature k; of

the level sets of u must vanish. In our case, if we try to insert the same

function ¢ (which seems actually the best choice for the test function)

in inequality (1.5), in order to conclude 1 — D symmetry of stable

solutions to the equation (—A)*u = f(u), we would need the solution

to satisfy some gradient decay estimates which do not hold in general.
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2]
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