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ABSTRACT. We analyze the asymptotic behavior of a 2-dimensional integral current which
is almost minimizing in a suitable sense at a singular point. Our analysis is the second
half of an argument which shows the discreteness of the singular set for the following
three classes of 2-dimensional currents: area minimizing in Riemannian manifolds, semi-
calibrated and spherical cross sections of 3-dimensional area minimizing cones.

This paper is the fourth and last in a series of works aimed at establishing an optimal
regularity theory for 2-dimensional integral currents which are almost minimizing in a
suitable sense. Building upon the monumental work of Almgren [1], Chang in [3] established
that 2-dimensional area-minimizing currents in Riemannian manifolds are classical minimal
surfaces, namely they are regular (in the interior) except for a discrete set of branching
singularities. The argument of Chang is however not entirely complete since a key starting
point of his analysis, the existence of the so-called “branched center manifold”, is only
sketched in the appendix of [3] and requires the understanding (and a suitable modification)
of the most involved portion of the monograph [1].

An alternative proof of Chang’s theorem has been found by Riviere and Tian in [13] for
the special case of J-holomorphic curves. Later on the approach of Riviere and Tian has
been generalized by Bellettini and Riviere in [2] to handle a case which is not covered by
3], namely that of special Legendrian cycles in S° (see also [?] for a further generalization).

Meanwhile the first and second author revisited Almgren’s theory giving a much shorter
version of his program for proving that area-minimizing currents are regular up to a set of
Hausdorff codimension 2, cf. [4, 5, 6, 7, 8]. In this note and its companion papers [10, 9]
we build upon the latter works in order to give a complete regularity theory which includes
both the theorems of Chang and Bellettini-Riviere as special cases. In order to be more
precise, we introduce the following terminology (cf. [11, Definition 0.3]).

Definition 0.1. Let ¥ C ™™ be a C? submanifold and U C R™™ an open set.

(a) An m-dimensional integral current 7" with finite mass and spt(7) C ¥ NU is area-
minimizing in ¥ N U if M(T + 0S) > M(T) for any m + 1-dimensional integral
current S with spt(S) cCc ¥nNU.

(b) A semicalibration (in X) is a C' m-form w on ¥ such that ||w,|[. < 1 at every
x € 3, where || - ||, denotes the comass norm on A™7, Y. An m-dimensional integral
current T with spt(T) C 2 is semicalibrated by w if w,(T) = 1 for |T||-a.e. .

(¢) An m-dimensional integral current T supported in 0Bz(p) C R™™ is a spherical
cross-section of an area-minimizing cone if px T is area-minimizing.
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In what follows, given an integer rectifiable current 7', we denote by Reg(T") the subset of
spt(T") \ spt(0T") consisting of those points x for which there is a neighborhood U such that
T U is a (costant multiple of) a regular submanifold. Correspondingly, Sing(7") is the set
spt(T") \ (spt(0T) U Reg(T)). Observe that Reg(T') is relatively open in spt(7') \ spt(97T)
and thus Sing(T") is relatively closed. The main result of this and the works [10, 9] is then
the following

Theorem 0.2. Let m = 2 and T be as in (a), (b) or (c) of Definition 0.1. Assume in
addition that X is of class C**° (in case (a) and (b)) and w of class C**° (in case (b)) for

some positive €g. Then Sing(T') is discrete.

Clearly Chang’s result is covered by case (a). As for the case of special Lagrangian cycles
considered by Bellettini and Riviére in [2] observe that they form a special subclass of both
(b) and (c). Indeed these cycles arise as spherical cross-sections of 3-dimensional special
lagrangian cones: as such they are then spherical cross sections of area-minimizing cones
but they are also semicalibrated by a specific smooth form on S°.

Following the Almgren-Chang program, Theorem 0.2 will be established through a suit-
able “blow-up argument”: this argument is presented here but requires several tools. The
first important tool is the theory of multiple-valued functions, for which we will use the
results and terminology of the papers [4, 5]. The second tool is a suitable approximation
result for area-minimizing currents with graphs of multiple valued functions, which for the
case at hand has been established in the preceding note [10]. The last tool is the so-called
“branched center manifold”: this has been constructed in the paper [9]. We note in passing
that all our arguments use heavily the uniqueness of tangent cones for T'. This result is
a, by now classical, theorem of White for area-minimizing 2-dimensional currents in the
euclidean space, cf. [15]. Chang extended it to case (a) in the appendix of [3], whereas
Pumberger and Riviere covered case (b) in [12]. A general derivation of these results for
a wide class of almost minimizers has been given in [11]: the theorems in there cover, in
particular, all the cases of Definition 0.1.

The proof of Theorem 0.2 is based, as in [3], on an induction statement, cf. Theorem
1.8 below. Although Theorem 1.8 is already stated in [9], we will recall it in the next
section, where we also show how it implies Theorem 0.2. This and the previous paper [9]
can be hence thought as the two halves in the proof of Theorem 1.8. After introducing
some terminology, in Section 2 we will state the first half in Theorem 2.6 (which is proved
in [9]) and the second half in Theorem 2.8, and we will then show how they fit together
to prove Theorem 1.8. The remaining sections (the biggest portion of this note) are then
dedicated to prove Theorem 2.8.

Acknowledgments The research of Camillo De Lellis and Luca Spolaor has been sup-
ported by the ERC grant RAM (Regularity for Area Minimizing currents), ERC 306247.

1. PRELIMINARIES AND THE MAIN INDUCTION STATEMENT

1.1. Basic notation and first main assumptions. For the notation concerning sub-
manifolds ¥ C R?**™" we refer to [6, Section 1]. With B, (p) and B,(z) we denote, respec-
tively, the open ball with radius r and center p in R>*™ and the open ball with radius r
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and center z in R*. C,(p) and C,(z) will always denote the cylinder B,(z) x R", where
p = (x,y) € R? x R". We will often need to consider cylinders whose bases are parallel
to other 2-dimensional planes, as well as balls in m-dimensional affine planes. We then
introduce the notation B,(p, ) for B,.(p) N (p + m) and C,(p, ) for B,(p,7) + 7+. e; will
denote the unit vectors in the standard basis, 7o the (oriented) plane R? x {0} and 7, the
2-vector e; A ey orienting it. Given an m-dimensional plane 7, we denote by p, and p: the
orthogonal projections onto, respectively, 7 and its orthogonal complement 7+. For what
concerns integral currents we use the definitions and the notation of [14]. Since 7 is used
recurrently for 2-dimensional planes, the 2-dimensional area of the unit circle in R? will be
denoted by ws.

By [10, Lemma 1.1} in case (b) we can assume, without loss of generality, that the
ambient manifold ¥ coincides with the euclidean space R?*". In the rest of the paper we
will therefore always make the following

Assumption 1.1. T is an integral current of dimension 2 with bounded support and it
satisfies one of the three conditions (a), (b) or (c) in Definition 0.1. Moreover
e In case (a), ¥ C R?*™" is a C*° submanifold of dimension 2 + 7 = 2 +n — [, which
is the graph of an entire function ¥ : R?*? — R! and satisfies the bounds

||D\If||0 S Co and A := HAEHO S Co, (].1)

where ¢y is a positive (small) dimensional constant and &y €]0, 1].
e In case (b) we assume that 3 = R*™ and that the semicalibrating form w is C%#°.
e In case (¢) we assume that T is supported in X = 0Bg(py) for some py with
Ipo] = R, so that 0 € 9Bg(py). We assume also that To0Bgr(pg) is R*™~! (namely
po = (0,...,0,%[po|) and we let ¥ : R*™"1 — R be a smooth extension to the
whole space of the function which describes ¥ in Bo(0). We assume then that (1.1)
holds, which is equivalent to the requirement that R~! be sufficiently small.

In addition, since the conclusion of Theorem 0.2 is local, by [11, Proposition 0.4] we can
also assume to be always in the following situation.

Assumption 1.2. In addition to Assumption 1.1 we assume the following:
(1) 8TLCQ(O, 7T0) = 0;
(ii)) 0 € spt(T) and the tangent cone at 0 is given by O(T,0) [mo] where ©(T,0) €
N\ {0};
(iii) 7T is irreducible in any neighborhood U of 0 in the following sense: it is not possible
to find S, Z non-zero integer rectifiable currents in U with 0S = 0Z = 0 (in U),
T =S+ Z and spt(S) Nspt(Z) = {0}.

In order to justify point (iii), observe that we can argue as in the proof of [11, Theorem
3.1]: assuming that in a certain neighborhood U there is a decomposition 7' = S + Z as
above, it follows from [11, Proposition 2.2] that both S and Z fall in one of the classes
of Definition 0.1. In turn this implies that ©(S,0),0(Z,0) € N\ {0} and thus ©(S,0) <
©(T,0). We can then replace T with either S or Z. Let T} = S and argue similarly if it
is not irreducibile: obviously we can apply one more time the argument above and find a
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T, which satisfies all the requirements and has 0 < O(73,0) < O(71,0). This process must
stop after at most N = ©(T,0) steps: the final current is then necessarily irreducible.

1.2. Branching model. We next introduce an object which will play a key role in the rest
of our work, because it is the basic local model of the singular behavior of a 2-dimensional
area-minimizing current: for each positive natural number ) we will denote by B¢ , the
flat Riemann surface which is a disk with a conical singularity, in the origin, of angle 27(Q)
and radius p > 0. More precisely we have

Definition 1.3. B, is topologically an open 2-dimensional disk, which we identify with
the topological space {(z,w) € C?: w? = z,|z| < p}. For each (z9,wy) # 0 in By, we
consider the connected component ®(zg, wy) of Bg , N {(z,w) : |z — 20| < |20|/2} which
contains (zp,wp). We then consider the smooth manifold given by the atlas

{(Q(Z7w))7 (I1>x2)) : (Z7w) S %Qﬁ \ {0}} )

where (x1,25) is the function which gives the real and imaginary part of the first complex
coordinate of a generic point of B¢ ,. On such smooth manifold we consider the following
flat Riemannian metric: on each ®(z,w) with the chart (z1,z5) the metric tensor is the
usual euclidean one dx? + dz3. Such metric will be called the canonical flat metric and
denoted by eq. The coordinates (x1,x2) = z will be called standard flat coordinates.

When @) = 1 we can extend smoothly the metric tensor to the origin and we obtain
the usual euclidean 2-dimensional disk. For ¢ > 1 the metric tensor does not extend
smoothly to 0, but we can nonetheless complete the induced geodesic distance on B , in
a neighborhood of 0: for (z,w) # 0 the distance to the origin will then correspond to |z|.
The resulting metric space is a well-known object in the literature, namely a flat Riemann
surface with an isolated conical singularity at the origin (see for instance [16]). Note that
for each zp and 0 < r < min{|zg|, p — |20|} the set B, N{|z — 20| < r} consists then of )
nonintersecting 2-dimensional disks, each of which is a geodesic ball of B¢, with radius
r and center (zp,w;) for some w; € C with wZQ = zp. We then denote each of them by
B,(20,w;) and treat it as a standard disk in the euclidean 2-dimensional plane (which is
correct from the metric point of view). We use however the same notation for the distance
disk B,(0), namely for the set {(z,w) : |z| < r}, although the latter is not isometric to
the standard euclidean disk. Since this might be create some ambiguity, we will use the
specification R? D B,.(0) when referring to the standard disk in R?.

1.3. Admissible Q-branchings. When one of (or both) the parameters () and p are clear
from the context, the corresponding subscript (or both) will be omitted. We will consider
repeatedly functions u defined on 8. We will always treat each point of B as an element
of C?, mostly using z and w for the horizontal and vertical complex coordinates. Often C
will be identified with R? and thus the coordinate z will be treated as a two-dimensional
real vector, avoiding the more cumbersome notation (z1, xs).

Definition 1.4 (Q-branchings). Let a €]0,1[, b > 1, @ € N\ {0} and n € N\ {0}. An
admissible a-smooth and b-separated Q-branching in R*™ (shortly a Q-branching) is the
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graph
Gr(u) = {(2,u(z,w)) : (2,w) € Bga,} C R*™" (1.2)

of a map u : By o, — R" satistying the following assumptions. For some constants C; > 0
we have

e u is continuous, u € C** on Bg , \ {0} and u(0) = 0;

o [Diu(z,w)] < Cils| 77 ¥(z, w) % 0 and j € {0,1,2,3};

o [D3ulq B, (sw) < Cilz| 72 for every (z,w) # 0 with |z| = 2r;

e If @ > 1, then there is a positive constant ¢, €]0, 1[ such that

min{|u(z,w) — u(z,w')| : w # w'} > 4ey|z|®  for all (z,w) # 0. (1.3)

The map ®(z,w) = (z,u(z,w)) will be called the graphical parametrization of the Q-
branching.

Any @Q-branching as in the Definition above is an immersed disk in R?*" and can be given
a natural structure as integer rectifiable current, which will be denoted by G,. For @) =1
a map u as in Definition 1.4 is a (single valued) C** map u : R? D B,,(0) — R". Although
the term branching is not appropriate in this case, the advantage of our setup is that ) = 1
will not be a special case in the induction statement of Theorem 1.8 below. Observe that
for @ > 1 the map u can be thought as a Q-valued map u : R* D B,(0) — Ag(R"), setting
w(z) = 30 wen [ul(z,wi)] for 2 # 0 and w(0) = Q[0]. The notation Gr(u) and G, is
then coherent with the corresponding objects defined in [5] for general @-valued maps.

1.4. The inductive statement. Before coming to the key inductive statement, we need
to introduce some more terminology.

Definition 1.5 (Horned Neighborhood). Let Gr(u) be a b-separated @-branching. For
every a > b we define the horned neighborhood V. of Gr(u) to be

Vo= {(z,y) € R x R" : I(x,w) € By, with |y — u(z,w)| < cs|z|*}, (1.4)
where ¢ is the constant in (1.3).

Definition 1.6 (Excess). Given an m-dimensional current 7" in R™*" with finite mass, its
excess in the ball B, (z) and in the cylinder C,(p, 7’) with respect to the m-plane 7 are

E(T,B,(p), ) = (2w, ™) / ()|T“ — 72d|T| (1.5)
B.(p

(T, Cy(p, 7)) = (2w 1) / 7 — #2d|T]. (1.6)
CT(pvﬂ-/)

For cylinders we omit the third entry when 7 = 7/, i.e. E(T,C,.(p, 7)) := E(T,C,.(p,7), 7).
In order to define the spherical excess we consider T" as in Assumption 1.1 and we say that
7 optimizes the excess of T in a ball B, (z) if

e In case (b)
E(T,B,(x)) := mTin E(T,B,(z),7) = E(T,B,(x), 7); (1.7)
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e In case (a) and (¢) # C 7,2 and
E(T,B,(z)) := m%nz E(T,B,(z),7) = E(T,B,(x), 7). (1.8)

TClg
Note in particular that, in case (a) and (c¢), E(T, B,(z)) differs from the quantity defined
in [8, Definition 1.1], where, although X does not coincide with the ambient euclidean space,
7 is allowed to vary among all planes, as in case (b). Thus a notation more consistent with
that of [8] would be, in case (a) and (c), E*(T, B,(z)). However, the difference is a minor
one and we prefer to keep our notation simpler.
Our main induction assumption is then the following

Assumption 1.7 (Inductive Assumption). T"is as in Assumption 1.1 and 1.2. For some
constants () € N\ {0} and 0 < a < 2—1@ there is an a-admissible @-branching Gr(u) with
u:Bgo — R" such that

(Sep) If Q > 1, u is b-separated for some b > 1; a choice of some b > 1 is fixed also in the
case Q = 1, although in this case the separation condition is empty.

(Hor) spt(7") C V., U {0} for some a > b;

(Dec) There exist v > 0 and a C; > 0 with the following property. Let p = (x¢,y0) €
spt(T') N C 5(0) and 4d := |zo| > 0, let V' be the connected component of V, , N
{(z,y) : | — x¢| < d} containing p and let w(p) be the plane tangent to Gr(u) at
the only point of the form (zg, u(zo, w;)) which is contained in V. Then

E(TLV,B,(p),w(p)) < C}d*20®> Vo e [3dV2 d] . (1.9)

The main inductive step is then the following theorem, where we denote by 7,,, the
rescaled current (v, )37, through the map ¢, ,(q) := (¢ — p)/r.

Theorem 1.8 (Inductive statement). Let T be as in Assumption 1.7 for some Q = Q.
Then,

(a) either T is, in a neighborhood of 0, a Q multiple of a Q-branching Gr(v);

(b) or there arer > 0 and Q; > Q such that Ty, satisfies Assumption 1.7 with Q = Q.

Theorem 0.2 follows then easily from Theorem 1.8 and [11].

1.5. Proof of Theorem 0.2. As already mentioned, without loss of generality we can
assume that Assumption 1.1 holds, cf. [11, Lemma 1.1] (the bounds on A and ¥ can be
achieved by a simple scaling argument). Fix now a point p in spt(7’) \ spt(97"). Our aim
is to show that 7" is regular in a punctured neighborhood of p. Without loss of generality
we can assume that p is the origin. Upon suitably decomposing 7" in some neighborhood
of 0 we can easily assume that (I) in Assumption 1.7 holds, cf. the argument of Step 4
in the proof of [11, Theorem 3.1]. Thus, upon suitably rescaling and rotating 7" we can
assume that 7 is the unique tangent cone to 7" at 0, c¢f. [11, Theorem 3.1]. In fact, by
[11, Theorem 3.1] T satisfies Assumption 1.7 with Q = 1: it suffices to chose u = 0 as
admissible smooth branching. If T" were not regular in any punctured neighborhood of 0,
we could then apply Theorem 1.8 inductively to find a sequence of rescalings Tp,, with
p; 4+ 0 which satisfy Assumption 1.7 with Q= Q; for some strictly increasing sequence of
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integers. It is however elementary that the density ©(0,7") bounds @; from above, which
is a contradiction.

2. THE BRANCHED CENTER MANIFOLD AND THE BLOW-UP THEOREM

From now on we fix T satisfying Assumption 1.7. Observe that, without loss of generality,
we are always free to rescale homothetically our current 7" with a factor larger than 1 and
ignore whatever portion falls outside Cy(0). We will do this several times, with factors
which will be assumed to be sufficiently large. Hence, if we can prove that something holds
in a sufficiently small neighborhood of 0, then we can assume, withouth loss of generality,
that it holds on C,. For this reason we can assume that the constants C; in Definition 1.4
and Assumption 1.7 is as small as we want. In turns this implies that there is a well-defined
orthogonal projection P : V,,, N C; — Gr(u) N Cq, which is a C** map. We next recall
9, Lemma 2.1]:

Lemma 2.1. Let T and u be as in Assumption 1.7 for some Q. Then the nearest point
projection P : 'V, , N Cy — Gr(u) is a well-defined C** map. In addition there is Q €
N\ {0} such that ©(0,T) = QQ and the unique tangent cone to T at 0 is QQ [mo]. Finally,
after possibly rescaling T, O(p,T) < Q for every p € Cy \ {0} and, for every x € Bs(0),
each connected component of (x x R") NV, , contains at least one point of spt(T).

Since we will assume during the rest of the paper that the above discussion applies, we
summarize the relevant conclusions in the following

Assumption 2.2. T satisfies Assumption 1.7 for some @ and with C; sufficiently small.
Q@ > 11is an integer, ©(0,7) = QQ and O(p,T) < Q for all p € Cy \ {0}.

The overall plan to prove Theorem 1.8 is then the following:

(CM) We construct first a branched center manifold, i.e. a second admissible smooth
branching ¢ on By, and a corresponding Q-valued map N defined on the normal
bundle of Gr(¢), which approximates 7" with a very high degree of accuracy (in
particular more accurately than u) and whose average n o N is very small;

(BU) Assuming that alternative (a) in Theorem 1.8 does not hold, we study the asymp-
totic behavior of V around 0 and use it to build a new admissible smooth branching
v on some ‘B, 5 where k& > 2 is a factor of @): this map will then be the one sought
in alternative (b) of Theorem 1.8 and a suitable rescaling of 7" will lie in a horned
neighborhood of its graph.

The first part of the program is the one achieved in [9], whereas the second part will
be completed in this note. Note that, when @ = 1, from (BU) we will conclude that
alternative (a) necessarily holds: this will be a simple corollary of the general case, but we
observe that it could also be proved resorting to the classical Allard’s regularity theorem.

2.1. Smallness condition. In several occasions we will need that the ambient manifold
3 is suitably flat and that the excess of the current T' is suitably small. This can, however,
be easily achieved after scaling. More precisely we recall [9, Lemma 2.3].
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Lemma 2.3. Let T be as in the Assumptions 1.7 and 2.2. After possibly rescaling, rotating
and modifying ¥ outside Co(0) we can assume that, in case (a) and (c) of Definition 0.1,

(i) ¥ is a complete submanifold of R*™™;
(ii) ToX = R*™ x {0} and, Vp € X, X is the graph of a C*>* map V¥, : T, — (T,X)*.

Under these assumptions, we denote by ¢ and my the following quantities

c = sup{||DV,||c2= : p € X} in the cases (a) and (c) of Definition 0.1 (2.1)

c = ||dw||cr.e0 in case (b) of Definition 0.1 (2.2)
mg := max {cz, E(T,Csy,m), C2, Y, (2.3)

where C; and cs are the constants appearing in Definition 1.4 and Assumption 1.7. Then,
for any €5 > 0, after possibly rescaling the current by a large factor, we can assume

my S Eg. (24)

In order to carry on the plan outlined in the previous subsection, it is convenient to
use a different parametrization of ()-branchings. If we remove the origin, any admissible
Q-branching is a Riemannian submanifold of R** \ {0}: this gives a Riemannian tensor
g := ®*e (where e denotes the euclidean metric on R**) on the puntured disk B, \ {0}.
Note that in (z,w) the difference between the metric tensor g and the canonical flat metric
eg can be estimated by (a constant times) |z[**: thus, as it happens for the canonical flat
metric eg, when () > 1 it is not possible to extend the metric g to the origin. However,
using well-known arguments in differential geometry, we can find a conformal map from
B, onto a neighborhood of 0 which maps the conical singularity of B¢, in the conical
singularity of the ()-branching. In fact, we need the following accurate estimates for such
a map, cf. [9, Proposition 2.4]:

Proposition 2.4 (Conformal parametrization). Given an admissible b-separated c-smooth
Q-branching Gr(u) with o < 1/(2Q) there exist a constant Co(Q, ) > 0, a radius r > 0
and functions W: By, — Gr(u) and X\: By, — Ry such that

(i) W is a homeomorphism of Bg, with a neighborhood of 0 in Gr(u);
(ii) ¥ € C**(Bg., \ {0}), with the estimates

|D (¥ (2, w) — (2,0))| <CoCylz|' T forl=0,...,3, 2#0, (2.5)
[D3\II]Q7BT(Z,U,) SC’OC’i|z|_2 forz#0 and r = |z|/2; (2.6)

(iii) ¥ is a conformal map with conformal factor X\, namely, if we denote by e the
ambient euclidean metric in R*™ and by eq the canonical euclidean metric of Bo.,,

g:=We = \eg on Bg, \ {0} (2.7)
(iv) The conformal factor \ satisfies
ID'(\ = 1)(z,w)| <CoCylz)P*t forl=0,1,...,2 (2.8)

[D*Na.B, (s.0) <CoCil2]*2 forz#0 and r = |z|/2. (2.9)
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Definition 2.5. A map W as in Proposition 2.4 will be called a conformal parametrization
of an admissible @)-branching.

2.2. The center manifold and the approximation. We are now ready to state the
two “halves” of Theorem 1.8. The first one is [9, Theorem 2.6], which we recall here for
the reader’s convenienve.

Theorem 2.6 (Center Manifold Approximation). Let T' be as in Assumptions 1.7 and
2.2. Then there exist n9,7%0,70,C > 0, b > 1, an admissible b-separated ~yo-smooth Q-
branching M, a corresponding conformal parametrization ¥ : Bg5, — M and a Q-valued
map N : Bg o — Ag(R*™™) with the following properties:

(i) QQ =©O(T,0) and

|D(®(2,w) — (2,0))] <Cmy/*|[™ (2.10)
|D>W (z,w)| + |2| | D*® (2, w)| < Cmy?|z| (2.11)

in particular, if we denote by Axq the second fundamental form of M\ {0},
A (P (2,0))] + |27 Dar A (¥ (z,w))| < Oz
(il) ALs(z,w) is orthogonal to the tangent plane, at W(z,w), to M.
(iii) If we define S := Tp,,, then spt(S) N Cy \ {0} is contained in a suitable horned

neighborhood of the QQ-branching, where the orthogonal projection P onto it is well-
defined. Moreover, for every r €]0, 1] we have

19¢] 5, llo + sup p—P(p)| < Cmy'r 2. (2.12)

pEspt(S)NP~1(¥(B;))

(iv) If we define

D(r) := |IDA)? and H(r) ::/ EX
B, 9B,

"H
F(r):= tQ(?O dt and A(r):=D(r)+F(r),
0
then the following estimates hold for every r €0, 1]:
Lip(A|g,) <Cmin{A™(r), m’r™} (2.13)
m° / |z Hn o Al(z,w)| KC A™(r)D(r) + CF(r). (2.14)
B'r

(v) Finally, if we set
F(z,w) = Z [¥(z,w) + N i(z,w)] ,

then
IS = T4 (P~ (®(B,))) <CA™(r)D(r) + CF(r). (2.15)
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The second main step is the analysis of the asymptotic behaviour of A’ around the origin,
which is the main focus of this paper.

Remark 2.7. In order to state it, we agree to define W12 functions on B in the following
fashion: removing the origin 0 from B we have a C} _ (flat) Riemannian manifold embedded
in R* and we can define W2 maps on it following [4]. Alternatively we can use the
conformal parametrization W : R? = C — B, given by W(z) = (29, z) and agree that
u € WH(Bg) if uo W is in WH?(R?). Since discrete sets have zero 2-capacity, it is
immediate to verify that these two definitions are equivalent.

In a similar fashion, we will ignore the origin when integrating by parts Lipschitz vector
fields, treating By as a C! Riemannian manifold. It is straightforward to show that our
assumption is correct, for instance removing a disk of radius £ centered at the origin,
integrating by parts and then letting ¢ | 0.

Theorem 2.8 (Blowup Analysis). Under the assumptions of Theorem 2.6, the following
dichotomy holds:
(1) either there exists s > 0 such that N|p, = Q [0];
(ii) or there exist constants Iy > 1, ag,7,C > 0 and an Iy-homogeneous nontrivial
Dir-minimizing function g : Bg — Ag(R**™) such that
—mnog=0,
—g=>.,100,3;,0)], where gi(z) € R™ and (0, g:(z),0) € R* x R™ x R,
— and the following estimates hold:

G(N(z,w), g(z,w)) < Clz|o V (z,w) € By, |2| <T, (2.16)
/ |DAJ> < Cp2lotao Oty Vap<r<l, (2.17)

Br+p\BT*p
H(r) < CrD(r) Vr <l (2.18)

Remark 2.9. Note that, when Q = O(T,0), we necessarily have Q = 1 and the sec-
ond alternative is excluded. In particular we conclude that T' coincides with [M] in a
neighborhood of 0 and thus it is a regular submanifold in a punctured neighborhood of 0.

Remark 2.10. By a simple dyadic argument it follows from (2.17) and (2.18) that

IDA)? < Cr* and F(r) < Cr*ote vy <1, (2.19)
B
Below we show how to conclude Theorem 1.8 from Theorem 2.8. The remaining part of
the paper is dedicated to the proof of the latter, which will be split in six sections each
corresponding to one of the following steps.

(i) In Section 3 we will deduce an almost minimizing property for the map A in terms
of its Dirichlet energy.

(ii) In Section 4 we will apply the almost minimizing property and compare the Dirichlet
energy of A’ with that of a suitable harmonic extension of its boundary value on
any given ball.



2-DIMENSIONAL REGULARITY THEORY 11

(iii) In Section 5 we use the comparison above and a first variation argument to derive
a suitable Poincaré-type inequality for (.

(iv) In Section 6 we compute again the first variations of the Dirichlet energy of A and
use the Poincaré inequality to bound efficiently several error terms.

(v) Using the latter bounds, in Section 7 we will prove an almost monotonicity property
for the frequency function and the existence and boundedness of its limit, which is
indeed the number I of Theorem 2.8. The almost minimality of A’ will then allow
us to conclude an exponential rate of decay to this limit.

(vi) From the decay of the previous step we will capture in Section 8 the asymptotic
behaviour of A’ and show the existence of the map g of Theorem 2.8.

The overall strategy follows the ideas and some of the computations in [3]. However several
adjustments are needed to carry on the proof in the cases (b) and (c) of Definition 0.1. In

particular in Section 7 we need to introduce a suitable modification of the usual frequency
function to handle case (b).

2.3. Proof of the inductive step. In the next sections we will prove Theorem 2.8. We
start observing that if case (a) of Theorem 1.8 does not hold, then we are necessarily in
case (ii) of Theorem 2.8. Therefore we only need to prove that Theorem 2.8(ii) implies
Theorem 1.8(b).

We divide the proof in different steps.

Step 1. For a reason which will become clear later, it is convenient to slightly modify
the map ¢ to a multivalued map n(z,w) = >, [n;(z,w)] in such a way that n,;(z,w) is
orthogonal to M at ¥(z,w). To achieve this it suffices to project g;(z,w) = (0, g;(z,w),0)
on the normal bundle. Observe that, by the estimates on |An| and ¥, we have

| Dn|(z, w) <[Dg|(z,w) + CCylz[""|g|(2,w). (2.21)
We introduce the function H : B5 — Ag(R*™") given by

Q
H(z,w) = Z [Hi(z,w)] := Z [¥(z,w)+ni(z,w)] .

Note that, since g is Ip-homogeneous and Dir-minimizer, by [4, Proposition 5.1] there is
a constant C' such that

|gi(2,0) — g;(z,w)| > 2C |2z|"  whenever g;(z,w) # g;(z,w). (2.22)

In fact [4, Proposition 5.1] is stated for maps with domain C = R?. However, if we define
the map W : C — B, as W(z) = (2¥, 2), by the conformality of W it is easy to check
that g o W is Dir-minimizer and [,() homogeneous.

By (2.20) and (2.22), provided z is small enough we have

|Hi(z,w) — Hj(z,w)| > C|z|" whenever H;(z,w) # H;j(z,w). (2.23)
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Let a €]0, ap[ be a constant to be fixed momentarily and ¢ := Iy + @/2 > 1. Set
Ve = {H(z,w)+p € R*™: |p| < |2[5, i=1,...,Q}.

We claim that there exists s > 0 such that spt(7") N B, \ {0} C V.

In order to prove this claim, we distinguish two cases. First we consider any point
p € spt(T) Nspt(Ts) \ {0}. In this case p = ¥(z,w) + N ;(z,w) for some (z,w) €
By \ {0} and for some i = 1, .., Q. Without loss of generality, by (2.16) we can assume
2 i(z,w) = gi(z,w)| < Cla]*, Le.

p = Hi(z,w)| = |\Ci(z, w) — ni(z,w)| < [Ai(2,w) = gi(z, w)| + |gi(z, w) — ni(z, w)]
< Olz|fot 4 C|zoto, (2.24)
which in particular implies spt(7") Nspt(Ts) N By C V¢ if s is sufficiently small and we
impose % < Y-

For the second case we consider a point p € spt(7")\spt(T4) and assume by contradiction

that p &€ V. In particular, in view of (2.24) we have that

B:=Bc(p) Nspt(Ty) =0 (2.25)

if |z| is sufficiently small. By the monotonicity formula we know that | T||(B) > C|z|*;
nevertheless since B C P71 (Byy;) \ Bi), (2.25) implies ||T]|(B) < [|T — T#||(B) and from
(2.15) and (2.19) we conclude ||T||(B) < C |z|*0"2* with k = min{2n Iy, Y }. This gives
a contradiction if a < 2k.

Step 2. From the previous step we can infer that g is a constant multiple of an irreducible
function, namely there exists ' > 0 such that card(g(z,w)) = @’ for every (z,w) # (0,0)
and there exists a continuous map h : B5o — R2*" such that

g(z,w) :% > [z w)]. (2.26)
i=z, 09 =w

If this is not the case, by [4, Proposition 5.1] we can decompose ¢ in the superposition

of irreducible functions, i.e. there exists a unique decomposition g = Z;.Izl k;g; where

g; + Bg — A (R") are Dir-minimizing lp-homogeneous functions, for some choice of

positive integers J, k;, g; such that ijl kiq; = Q.

Denoting by H’ the corresponding maps

Hi(z,w) := Z [®(z,w) + (n7),(z,w)]
I=1

and by Vy; ¢ the corresponding horned neighborhoods
Vi = {(H)i(z,w) +p e R*": [p| < 2| 1=1,... .45},

it follows from (2.23) that the closures of the V; g, intersect only at the origin. Setting 7T} :=
TL V¢ m,, we infer that T' = ). T; with spt(7;) Nspt(7;) = {0}, against the irreducibility
of T'. Note that, since n o g = 0 it also follows that ' > 1.
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Having established (2.26), let us define © : Bzo — R*™™ as
O(2,w) :== U(z,0Y) + h"(2,0) VY (3, 0) € Bgy

where h™(Z, ) is the projection of h(Z, @) on the space normal to M at the point W (Z,0%").
It follows that Im(H) = Im(®) is an admissible QQ’-branching (the Holder regularity for
the graphical parametrization follows from the fact that I, > 1). Moreover, from the
homogeneity of g we easily infer that Im(@®) is [y-separated (for a suitable constant c).
Note that for (' := I + a/4 and s sufficiently small Vg NBy; C Vg ¢ N B;.

Step 3. Finally we prove the condition (Dec) of Assumption 1.7. Let (z,w) € By with

0 < |z| < /2, let V be the connected component of Vg N {(z,y) : |z — 2| < d} with
d := I#l/4 containing ©(z,w), and p € spt(T) NV with coordinates p = (z,y). Denote by
the oriented two-vector for Im(©) at ©(z,w), and consider p € [1d" "2 d].

Since B, (p) Nspt(T) C P71 (¥ (By.j425 \ Bjz-2,)), We start estimating as follows

[ =gV < [ Ry = R AT T - T (6 (Bt
B,(p) B,(p)nV

(2.15) .
< [Ty - AP+ O 2:27)
B,(p)nV

Next, note that for |z| small enough P(B,(p) N Ve,) C ¥(Bs,(z,w)).
We can consider the set of indices A C {1,...,Q} such that F(z,w) € V for i € A and
estimate as follows

/B SRRy / T — Toml2de + C g Lip(DO) 5, o)’
p(P)N

i€EA Bap(z,w)

< CZ/ Trcer = Twicul’ dC

i€A Bap(z,w)

+C{/ JT@@My—T@@deC+CUpr92, (2.28)
Bap(z,w

where 0 := min{vy, Iy — 1} and we used that |D?@|(z,w) < C'|z]?~L.
We can finally use the computation of the excess in curvilinear coordinates in [5, Propo-
sition 3.4] to get

Z/ |Tﬂ(C,w) - T\I’(C,w)|2 S C/ (|DN|2 + |C|2WO_2|N|2)
i ng(z,w) B2p(z’w)

(2.19)
< c/‘ DA+ C o220 (2.29)
Bl 1420\ Bz -2

(2.17)
< Clefore Ozt p, (2.30)
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and similarly

/B ) "f‘@(c,w) — T@(g,w)‘z < C/ (]Dn]Q + ‘C‘zwﬁ‘”‘z)
2p(2,w

ng(z,w)
<c / (IDgl? + Ic[=21gl?)
Bay(z,w)
< C 2072 p% 4 C |zHo 20 (2.31)

(observe that, in order to apply [5, Proposition 3.4] we need that n takes value into the
normal bundle).

Collecting all the estimates together, we have that there exists a suitable constant w
such that

/B " T = 7Pd|TLV| < C P22 4+ oot + O pt 2772 < [2[72%, (232)
p\P

where the last inequality is easily verified for v > 0 and |z| small enough. This shows (Dec)
in Assumption 1.7 and completes the proof.

3. DIRICHLET ALMOST MINIMIZING PROPERTY

The normal approximation A inherits from T an almost minimizing property for the
Dirichlet energy, where the errors involved are in fact expressed in terms of some specific
norms of A’ itself and of its competitors.

For techincal reasons we introduce the maps F' := 2?:1 [p + Ni(p)], where N := Alo® 1.
In order to state the almost minimizing property of A’ we introduce an appropriate notion
of competitor.

Definition 3.1. A Lipschitz map £: B, — Ag(R"*?) is called a competitor for A’ in the
ball B, if

(a) Llos, = Nlos,;
(b) spt(G(z,w)) C X for all (z,w) € B,, where G(z,w) := Z?Zl [¥(z,w)+ L£j(z,w)].

We are now ready to state the almost minimizing property for A’. We use the notation
pr,x for the orthogonal projection on the tangent space to ¥ at p. We recall that, given
our choice of coordinates, pr,s is the projection on R*™™ x {0}. Since this projection will
be used several times, we will denote it by pg. By the C%¢ regularity of X, there exists a
map ¥y € C*(R?*" R') such that

Up(0) =0, DUy(0) =0 and Gr(¥,) =X.

Next, for each function £ satisfying Condition (b) in Definition 3.1 we consider the map
L = pg o L, which is a multivalued £ : B — Ag(R*™™). We observe that it is possible to
determine £ from £. In particular, fix coordinates (£,7) € R2*" x R and let £ = Y [4],
L =>"[4], where £; = pg o £;. Then the formula relating £; and £; is

Li(z,w) = (Li(z,w), Yo (po(¥(z,w)) + Li(z,w)) — Yo(po(¥(z,w))) . (3.1)
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Proposition 3.2. There exists a constant Cso > 0 such that the following holds. If
r € (0,1) and L: B, — Ag(R*™) is a Lipschitz competitor for N with | L]s < r and
Lip(£) < C35, then
‘DN’Z < (1 + 03.2 T) ‘DZ/F + C3.2 EI‘I‘l(N, Br) + 03.2 EI"I"Q(L, Br> + 03_2 T’ZD/(T’) s
B, B,
(3.2)

where L := pg o L and the the error terms Erri (N, B,), Erro(L, B,) are given by the
following expressions:

Erry (A, B,) = A" (r)D(r) + F(r) + H(r) + mé/g rito / |n o N\| (3.3)
OB,
and
Erry(L, B,) = m,(l)/2 / |z oLl . (3.4)
By

For the proof of Proposition 3.2 we consider separately the three cases:

(a) T is mass minimizing;
(b) T is semicalibrated;
(c) T is the cross-section of a mass minimizing three-dimensional cone.

For notational convenience we set L := Lo W™l G :=Go W1
Observe also that, by Lemma A.1 and A.2, it is enough to prove that

C
|IDAJ? < (14+C37) |DL|2+C’E1"1"1(9\[,B,,)+C’Err2(L,B,,)+? LI +Cr*D/(r).
By

By B
(3.5)
Indeed Lemma A.2 implies that

D2 g(1+cr)/ |DL\2+CT/ 22 < (1—|—C’7")/ ]DL|2—|—C’7“/ ]2
B, o B,

B, B, B,

=(1+Cr) |DZ|2+C7~/ N> < (1+Cr) | |DL|?+ CErm(N, B,),
OB

By By

whereas Lemma A.1 implies

1 _
-/ L] <Cr \DL|2+C/ ]2 < Cr/ DL+ C By (A, B,).
T JB, B, 0B, B,

3.1. Proof of Proposition 3.2 case (a): 7 mass minimizing. We fix 2, £, L, G, G
and G as above. Let us set

Z:=T Ty, +Ts. (3.6)
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Since F|os, = Glop,, from [5] it follows that (T3 — Ty, ) = 0. Moreover spt(Z) C X
and therefore we must have M(T") < M(Z). Taking into account (2.15), we conclude that

M(Ty,,) < M(TLp ™ (¥(B,))) + |7 = Ty, [I(p~ (¥(B)))
< M(Tg) + 2|7 — Ty, (P (B(B,)))
<M(Tg) + CErr (N, B,) . (3.7)

Observe now that Ty, = Tp,, , and we can use the Taylor expansion in [5] to compute:

1
M(Ty,) 2 QU 5 [ IDNP =@ [ o Nt

e[ (1AuPINE + [DNT). (35)
¥(B,)

where H  denotes the mean curvature vector of M. Note that in order to apply the Taylor
expansion in [5] we need the manifold M to be C?, with an apriori bound on the C? norm.
However, if we take Tr B, \ B,/» and rescale by a factor 1/r, the corresponding rescaled
current, map and manifold fall under the assumptions of the Taylor expansion in [5]. We
can then scale back to find the corresponding inequalities for 7B, \ B, /; and sum over
dyadic annuli to conclude (3.8).

Using the conformality of ¥ we conclude

| e [ pag,
W (B) B

As for the other terms, we recall

s (2.14)
| imen | < omi [ neal < (o B, (39)
¥(B,) B
(2.13)
/ IDN|* < CLip(A]5,)? / DA < CErry(9(, By, (3.10)
¥(B,) B,

"H
/ AN < C’mo/ 2|02 ]2 = C’mo/ H) 4o < CBma, B). 3.11)
¥ (B;) B, 0o S 70

Combining the latter estimates with (3.6) and (3.7) we achieve

! |DN)? < CErr (A, B,) + M(Tg) — QH*(¥ (B, (7)) . (3.12)

2 /B,
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Next, fix an orthonormal frame £, & on B, and, using the area formula from [5], compute

M(Te) = [ Y6+ DL ) A o+ DL o)
1
<3 Joy, 22 (0 DL 4 1+ DL o)

QW)+ 5 [

|DLJ?
¥(5,)

+Q/1:(B ) ((D(moL)-&,&)+(D(mol)-&,&)) .

By conformality the second summand in the last inequality equals % / B |DL|?>. We inte-

grate by parts the third summand. Recall that no L = po N on ¥(0B,) = 0(¥(B,)):
since o N is orthogonal to &; the boundary term vanishes. Moreover, since the origin is
a singularity, we must in fact integrate by parts in B, \ B. and then let ¢ — 0. A specific
choice of & is & = A™'2DW - ¢;, where e, e, is the parallel frame on B naturally induced
by the standard flat coordinates. It then turns out that

|De,&1 + Dey ol (¥(2,w)) < Cmgl* |20 L

In particular |Dg, & + Dg,&s| is integrable on B, and we can therefore conclude

9 1
M(To) - QAW (B,) <; |

v(

|DL|2+Q/ <770L7D€1£1+D52€2>
B:) @ (B,)
1
§§ / |DL|* + CErro(L, B,). (3.13)
By
Combining (3.12) and (3.13) we conclude (3.5).

3.2. Proof of Proposition 3.2 case (b): 7T semicalibrated. We proceed as in the
previous step and define the current Z as in (3.6). If S is any current such that

0S=T—7Z =Ty, —T;= Trigs, — Ta,
then the semicalibrated condition gives
M(T) <M(Z) + S(dw),

where w is the calibrating form. In particular, in order to conclude the proof it suffices to
find an S such that

|S(dw)| < C Erry (N, B,) + C Erra(£, B,) + g/ |£]? - (3.14)

T

combining the latter inequality with the estimates of the previous subsection we reach the
desired inequality.
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We first define H; : [0,1] x ¥(B,) = Ag(R*™) for i = 1,2 by

[0,1] x O(B,) > (t,p) — Hy(t,p) : Z[[p+tN (p)] € Ag(R*™)

[0,1] x ®(B,) 3 (t,p) — Hy(t,p) : Z[[]H— (1—1) Li(p)] € Ag(R*™).

We choose S := S; 4+ 53, where S; := Ty, for ¢+ = 1,2. Thanks to the homotopy formula in
[5], we get

951 = TF|\II(BT) - QM] - THl\[o,uxxp(aBT)?

05 =Q IIM]] - TG|\I'(BT) + TH2|[O,1]><\II(E)BT)'
On the other hand since N = L on ¥(0B,), we conclude 95 = 0(S1+ S2) =T — Z.

We next estimate |S;(dw)| and |S(dw)|. Since the estimates are analogous, we give the
details only for the first. We start from the formula

1 (dw) [P(BT/Z G(t,p), dw((H)i(t,p))) dH?(p) dt,

with
Gi(t,p) = (& +1 Ve Ni(p)) A (&2 +1 Ve, Ni(p)) A Ni(p)
=& A& A Ni(p) + Eilt,p),
and
|Ei(t,p)| < C (IDN|(p) + [DN*(p)) IN|(p). (3.15)
Next we note that
dw((H1)i(t,p)) = dw(p) + I(t, p), (3.16)
where I(t,p) can be estimated by
1(t,p)| = |dw((H1)(t, p)) — dw(p)| < C || D*w]|z |N|(p). (3.17)

Therefore, we have

Q
\Z@tp dw((Hy)i(t.p) >]< (60 A & A Ni(p), do(p) + [[dwll = 3 |Eilt. )
i=1 i=1
Q

£ (Nl + 1B 1) ¢.p)

< Cmy” [no N|+ C|NJ*(p) + C|DN|(p) |N|(p) + Cr|DN|*(p),
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where we have only used the bound |N|(p) < Cr on ¥(B,). Arguing similarly for S,
(observe that we have the bound |L|(p) < Cr) and estimating |N||DN| + |L||DL| <
r Y(|N|* + |L|*) + Cr(|DN|* + |DL|?), we achieve

15, (dw)] + S (dw)] < Ol /

¥ (Br)

(InoN|+noLl)+Cr / (IN? + |LJ?)
¥(Br)

+(J7~/ (IDN|* + [DLJ?),
¥(Br)
and we conclude as above by a change of variable and Theorem 2.6.

3.3. Proof of Proposition 3.2 in case (c): 7T is the cross-section of a three di-
mensional area minimizing cone. Recall that in this case spt(7) C 0Bg(po), where
po=(0,...,0,R) = Repyp and R7! < 'm(l)/ ?. For the computations of this subsection it is
indeed convenient to change coordinates so that py is in fact the origin, whereas ¥(0,0)
is the point (0,...,0,—R). In these new coordinates we then have M, spt(T),Im(F) C
0BR(0). These coordinates will however be used only in here, whereas in the next sections
we will return to the usual ones.
We introduce the following notation: C(r) is the cone over ¥(B,) with vertex 0, i.e.

C(r):={m e R : pec[0,1], p € ¥(B,)},

with the orientation compatible with that of 0x [M]. We extend F to F : C(r) —
Ag(R™2) by setting F(pp) := p F(p) for every p € ¥(B,).

In order to estimate the Dirichlet energy of N in terms of that of L, we construct a
suitable function K : C(r) — Ag(R™"?) (depending on L and N) such that K|sc) =
F locr): we can then test the minimizing property of 0 T comparing its mass with that
of the current

Z:=0xT ~Tp+Tkg=0x(T—Tr,, )+ Tk

which is easily recognized to satisfy 0Z = 9(0x T'). In particular, using the minimality of
0x T, we conclude

RTM(0% Tpiy, ) < RT'M(Tk) + CErry (A, B,) . (3.18)

We consider the space of parameters [0,1] x B, and recall that the points in B¢, are
identified by two complex coordinates (z,w) € C x C. For the definition of K we need to
introduce the following sets

2r —1

Ay ::{(p,z,w)e[o,l] XB,:1—r<p<1, |7| SMTT}, (3.19)
1—

A, ::{(p,z,w)e[(),l] XB.:1=2r<p<1l-—r |z STp}’ (3.20)

B:=[1-2r1] x B, \ (41 UA,), (3.21)
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We then define the function # : [0,1] X B, — Ag(R""?) given by

(p L(z,w) ifp<1-—2r,
Tz )/ :
pll(ﬂ)%<pf27,_17 (p-igr)—l)l/Qw> if (p,Z,/LU) € Al,
}[(pv Zaw) = 2rz (21r)'/° . (3'22)
—pl(p) £ (15, mw) if (p, 2, w) € A,
a1z A (32, ) if (p,2,w) € B.
where [1,l5 : R — R are the affine functions
t -1 2t —
L) =TT and () = T (3.23)
r r

The following are simple properties of # which can be easily verified:
(1) H(1, z,w) = N(z,w) for every (z,w) € B,, as (1,z,w) € Ay and [;(1) = 1;
(2) H(p, z,w) = pN(z,w) for every p € [0, 1] and for every z with |z| = r, as L|sp, =

Nop, and la(r) = 1;
(3) # is well-defined and continuous, as # = 0 in A; N Ay from [;(1 —r) =0,

H(p, z,w) = p =L oy <_ gl Z) in A, NOB,

and

H(p, z,w) = p%ﬁly\[ <Q7 ri/o w) in A, NOB.

ERERE

The competitor map K : C(r) — Ag(R™*?) is now given by
Q
K(pp)==> [pp+ Hi(pp)] with H(pp) := 3 (p, ¥ (p)).

i=1

Note that by (1) and (2) above it follows that K|scty = Flac()-
We start now estimating the masses of the various currents introduced above. Since
spt(Tr) C OBR(0), it follows that M(0x Tr) = RM(TF)/3 and, by the expansion of the

mass of Tr, we have that
1
M(Tryy,,) = QH* (¥(B,)) + 3 |DN(|? — CErry (A, B,) . (3.24)
Br
Combining the latter estimate with (3.18) we conclude

IDN* < 6R™'M(Tx) — 2QH*(¥(B,)) + C Err (A, B, ) . (3.25)

By

For what concerns the mass of Tk, recalling that p + spt(L(p)) € 0Bg(0) for every
p € ¥(B,), we deduce that

(1 —2r)>M(Tg)
3

M(TKLBRU,QT)) = M(OX( TgLBR(lfgr)) =R
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and

M(Tq) < QH*(¥(B,)) + !

|DL|* + Erra(L, B,).
2 Jp,

In particular we conclude
6R'M(TxBpra_o) <2Q(1 —2r)*H*(¥(B,))+ [ |DL]>+Errs(£,B,). (3.26)

By

Next we pass to estimating M(Tx L Bg \ Br1-2,)). In order to carry on our estimates we
use the area formula for multifunctions, cf. [5]. In particular we fix an orthonormal frame
&1, & for M as in the proof of case (a) and we let £3 = R719; be normal to them in TC(r),
i.e. pointing in the radial direction of the cone. We then have

M(TxL(Bg \ Bra-2r)) / Z (& +DH; - &) N (& + DH; - &) N (& + DH, - f3)| :
(A)

Using the Taylor expansion for (A), cf. [5], we can bound
R'M(Tx,L(Br\ Bri-2)) < QR 'H*(C(r) N B; \ Bi_y,)

! d
vont [ [ lmo i

+QR” / / Z Ve (no H), &) t?dt + CR™ / / |DH|?t*dt .
1-2r J W (B;) 1-2r J¥(By)
(3.27)
The linear terms can be integrated by parts: since V,(no H)(tp) = 4(no H)(tp), we have

[Q/B)dt o) = [ (ne ) =020 e m(@=200).0)

—2/ / {((no H)(tp),p) tdt (3.28)
1-2r J®(B,)

/ / ng (no H),&) t2dt = / / ((no H), Hp) t%dt. (3.29)
1-2r J®(B,) 1-2r J®(B,)

Therefore, by a simple change of coordinates we can estimate

R_IM(TK L(Bgr\ BR(l—r))) < < (1 — (; — QT)S)

1
+Cmé/2/ (Imoall + I o £]) + Cmy® IDH2(t, z,w) dzdt  (3.31)

1-2r J B,

H*(¥(B,)) (3.30)

1
+Oml: / 2P0 o 3| (t, 2, w)dz dt (3.32)
1-2r J B,
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In order to bound the various integrands of (3.30), we start with the following general
remark. Assume that x : [1 —2r, 1] x B, — [0, 4+00) has the structure

rz 2r)'/Q :
X1 pfgr_p (p-if2r)—1)1/‘;’ w) if (p7 Z,U)) S A17

TZ )/ :
x(p:x,y) = x2 (125, ((12,2,)1/@ w) if (p,z,w) € Ay, (3.33)
rz o/ .
X3 m; |Z|1;2Qw> if (pWZ?w) € Bv

for some x1, x2, x3 : B, — [0, +00). Then one can compute the integral of y in the following
way:

1
/ / X(t,z,w)dzdt:/ X(t,z,w)dzdt—i—/ X(t,z,w)dzdt—l—/X(t,z,w)dzdt,
1-2r J By Ay Az

B
and one can easily compute that

1
/ X(t,z,w)dzdt:/ / X1(t, z,w) dzdt
A1 1-7r J Biyor-1
tr2r=1
1 1
2 2 r\/e
=/ / Xl( rz_ (27 1w)dzdt
1—r JBiior s t+2r—1 (t+2r—1)"e
tr2r-1

bot2r —1\?
:/ <+—T) / Xl(z,w)dzdtgfr/ X1(z,w)dz dt . (3.34)
1 2r B, B,

T

Similarly

/ X(t, z,w)dz dt < r/ X2(z, w) dt, (3.35)
Az

r

and

1 r
/X(t,z,w)dzdt:/ dt/ fals/ X3(z,w)dz
B 1-r 2ol 7 9B,

2

1—r
S N Y N RO SETey (P VER T ERCED
1-2r J1t T 9By oB;

By direct computations one verifies that the integrands in (3.30) are all bounded from
above by functions y with the structure (3.33): in particular,

(i) [z o H|(t, z,w) < x(t, z,w) if we choose

Xl(zaw) :X3(va) = |Z|70_1|7709\£|<Z,1U) and X?(va) = |Z|70_1|770L|<:L"y);
(i) |DH|?(t, z,w) < x(t, z,w) if we choose

C
X1(2,w) = Xa(2,w) = SN (2,w) + C DA (2, w)

C
X2(z,w) = ﬁ|L|2(2,w) + C|DL*(z,w).
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for some dimensional constant C > 0.
It then turns out from (3.34), (3.35), (3.36) and (i), (ii), (iii) that

6R"M(TxL(Br\Bra_n)) < Q (1 - (1-2r)°)H*(¥(B,))
+ C Erry (N, B,) + CErry(L, B,.) . (3.37)

Summing (3.37) and (3.26) we conclude
6R 'M(Tg) < 2QH*(¥(B,)) + | |DL|*+ CErry(N, B,) + CErry(£, B,).
By

Combining the latter estimate with (3.25) we conclude the proof.

4. HARMONIC COMPETITOR

The most natural choice for the competitor £ is a suitable “harmonic” extension of the
boundary value A|sp,. Following the ideas of [3] we estimate carefully the energy of such
competitor. To this purpose it is useful to introduce “polar” coordinates with center 0 in B
and split accordingly the Dirichlet integrand in radial and angular parts. More precisely,
consider (zg,wo) = ((£0,¢0), wo) € OB, and take, locally, the standard flat coordinates
z = (21, x9) of Definition 1.3. We then denote by v the exterior unit vector normal to 0B,
at (20, wp) and by 7 the corresponding tangent unit vector obtained by rotating v of an
angle m/2 in the counterclockwise direction, namely

0 0 0 0
o -1 — -1(_,r_~ __
v = || (fo—ax1 + Co—axz) and T = |2| < Coaxl + foax2> ‘

The directional derivatives of any (multi)function f on 98 gives then two (multi)functions

Dyf:Z[[Df,;-u]] and DTf:Z[[Dfi-T]] .

The Dirichlet integrand |D f|? enjoys then the splitting
IDfI* =D, fI* + [D-fI*.
For the rigorous justification of these identities see [4].

Proposition 4.1. There are constants C > 0, o > 0 such that, for every r € (0,1) there
exists a competitor L: B, — Ag(R*™) for A with the following additional properties:

(i) Lip(£) < Cy, || £llo < Cr.

(ii) The following estimates hold:

|IDL|? < C’r/ |DA|* < CrD/(r) (4.1)
B OB,
[ Hno L] < C’T'yo/ Inoa|+CH(r). (4.2)
B, 0B,
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(iii) For every a > 0 there exists by > 0 such that, for all b € (0,by), the following
estimate holds:

(2a+b)/ IDEJ? Sr/ |D7N|2+M/ A2 + CrioD (r) (4.3)
- 9B, r 9B,

Using this competitor in Proposition 3.2, we then infer the following corollary.

Corollary 4.2. For every r € (0,1) the following inequality holds
D(r) < CrD'(r) + CH(r) + CF(r) + Cmy* / Imoa. (4.4)
0By

For every a > 0 there exists by > 0 such that, for all b € (0,by) and all r €]0,1]

D(r) < (1+Cr) [m /6 1D %Hm} +C Equi(r) + Cr' "D (1),

(4.5)
with
Eont(r) < A(ry™D(r) + F(r) + H(r) + myr™ /B moad.

Proof of Corollary 4.2. Recalling that H(r) < Cr||a||35 < Cr’*t" we easily infer that
A(r) < Cr? and thus the inequalities follow readily from Proposition 3.2 and Proposition
4.1. U

4.1. Proof of Proposition 4.1: Step 1. First of all we observe that it suffices to exhibit
L, as L can be recovered from it via the formula (3.1). Moreover, it suffices to show the
estimates with A( in place of A’ in the right hand side, because we obviously have || < ||
and |DN| < |DA(|. Next we wish to relate o £ and 1 o £ for two maps satisfying the
relation (3.1). Note that by a simple Taylor expansion we have

mo L] <ClmoL|+CG(LmoL),

where the constant C' depends on the C? norm of ¥,. In particular we record the following
conclusion:
[ Ertmecizo [ pimezivo [ rze. (4.6)

By T

In this step we exhibit an “harmonic”! competitor # which satisfies all the requirements
of the proposition except for the Lipschitz estimate. In fact we will show that there is a

We remark that the competitor used here does not coincide, in general, with the Dirichlet minimizer
with boundary value N|sp,. .
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W2 map # : B, — Ag(R**") such that

Hlop, = Nlop,  and ||| =5, < QN =5, (4.7)
pap <cr [ DA (4.8)

B, 0B,

[ e tmes <o [ noxg (49)
By 0B,

/ |z|7°_1|7-[|2 SC’WO/ |9§[|2 (4.10)
B 0B,

_ _ b _
2a+o) [ pir<r [ D, 4+ Letd) [ 1. (4.11)
By 9B, r 9B,

In these estimates we do not use any of the particular properties of A’ and indeed for any
Lipschitz multivalued map A : B, — Ag(R**™) there is such an “harmonic” competitor.
Therefore, given the scaling invariance of the estimates, we will assume without loss of
generality that r = 1.

Let D, := {|z| < r} denote the disk of radius r in R?, which we identify with the complex
plane. We start by defining the “winding map” W : D; — 8 given (in complex notation)
by

W(z) := (29, 2).

We then consider the multivalued map U := Ao W. Let 6 — u(f) be its trace on 0D;(0),

which we parametrize with the angle 6 € [0, 2x]. According to [4, Proposition 1.5] we can
J

decompose u in a superposition of simple functions u(f) = > 5_,

=1,
Qj .
ui(0) = ﬂ%‘ (9+Q—fm)ﬂ ,

where the 7; : [0, 27r] — R*"™ are periodic Lipschitz functions. Next consider the Fourier’s
expansion of each ~;

u;(0) such that, for every

v;(0) = % + Z (aj; cos(l) + bj;sin(19)) ,

=1
and its harmonic extension, which in polar coordinates (p, ) reads as

[e.9]

G(p,0) = % + Z p' (@ cos(16) + bj; sin(16)) . (4.12)

=1

We then can define the “harmonic” competitor for U, which is the @-valued map

JQ |
— )
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and the “harmonic” competitor for A, which is # = 9 o W~ Observe that the first
claim in (4.7) is obvious, whereas the second claim follows from the maximum principle
for classical harmonic functions.

Simple computations and the conformality of W see for instance [4, Proof of Proposition
5.2], yield

J o
/ |D5{|2:/ 1DV =7 Y i(lagl® + [bl) (4.13)
By Dy j=1 I=1
[ Do =555 L + ) (411
. T Q g Qj 3,1 7, ) .

J 2 o0
|1 @30 (0 3 (s 1)) (4.15)
dB; et -
Clearly, (4.8) follows from the first and second inequality, with the constant C' = QQ; <
QQ, assuming that Q; = max{Q,...,Q;}. (4.11) follows from the fact that, for any
chosen a > 0, if by is sufficiently small and 0 < b < by, then

2
QQ;
The latter claim is elementary and the reader can consult, for instance, Step 2 in the proof
of [4, Proposition 5.2].

Observe next that 1o 7 is the classical harmonic extension of the single-valued function
1 o U|gp,. We then have the classical estimates

(2a+ )l < +QQjlala+b)  VleN.

10 Ve (n,10) + 1m0 VL)) < Cllno Ulrion,) -

In particular we conclude easily
[0 i + 0 Hli vy < C [ o,
1

because the change of variables W1 is smooth on By \ Bjj. The integrability of |z[7~!
on B gives then

|27 m o 9 (2, w)| dz <Cm o H| L(s, ) + Clln o Hllipns, )
By
which in turn completes the proof of (4.9).
A similar argument proves (4.10). Using the classical theory of single valued harmonic
functions we see indeed that |[(;l|r2(s,) + |Gl (B, ,2) < Cllvillz2(a8,) and thus, using the
fact that W is smooth on B; \ By /2, we conclude that

141 2oe (5, ) + 11710 28118, ) < € . Euie
1

From this we easily conclude (4.10).
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4.2. Proof of Proposition 4.1: Step 2. We keep the notation of the previous paragraphs
and assume that Al is defined in By, after scaling. The specific scaling that we are using
is the one which preserves the Lipschitz constant and is given by

N(z,w) — T_lii[(rz,rl/éw)
and by abuse of notation we keep the symbols A, Z, etc. for all the rescaled maps.
Under this scaling we then have the estimates ||A(||p~ < Cm(ll/ r0/2 and Lip <
. 1

()
A(r)™ and we want to show that we can modify # to a competitor £ with Lip(£) < C5,,
satisfying

Llog, = Non, and 1Ll 2o (1) < ClIA | L (081) (4.16)
DL < C(1+77) | |DH|)* + CA(r)"/ | DA(|? (4.17)
B1 By 0B,
/ PR < C / AP (4.18)
B, 0B,
[ Ertmezize [ mon. (4.19)
B 0B1

Observe that the harmonic functions ¢; defined in (4.12) are Lipschitz in every ball D;_,
for 0 <t < 1 with an estimate of the form

.. c.. - CA(r)m
1DG (01 < —Lip(7;) < —Lip(A) < %

They are not Lipschitz up to the boundary 0D; because the Dirichlet to Neumann map

v; — %(1, -) does not map L* into L. However we have the estimate

1Dl e (1) < Collvsllwreony) < CpA(r)™

for every p < co. In particular, we can bound
161 —=t,) = yillwirop,) < Cat”A(r)™,

(4.20)

which in turn implies

max |(;(1 — t,0) — ;(0)] < Cot"2A(r)™ . (4.21)
Choose t := A(r)"™” and define a new map &; as
Cj(pae) forpfl_t

fj(p, 0) =

el —t,0) + Uy 0)  forl-t<p<l.

Now, (4.20) and (4.21) imply that || D¢;|| < CA(r)™. Moreover we obviously have

[ o< [ bl onmr ([ pgEs [ pyP)
Dy Dy 0Dy 0D,
§/ \DC]-]2+C'TA(7“)’7°/ | D2 (4.22)
D 0B,
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We can now define two “intermediate” maps

V(p,0) = XJ: i [[59‘ (pl/%’ : gimﬂl

=1 i=1

and £° := Y% o WL Tt is then immediate to see that £° enjoys the bound Lip(£°) <
CA(r)™”? on the domain B; \ By/4 and that all the estimates (4.16), (4.17) and (4.19). On
the other hand the differential D£° is singular in the origin and in fact it is rather easy to
see that we have the bound

DLz, w)|? < cyz|2—2/<QQ>/ DL (4.23)
B1

In order to produce £ we need to smooth the singularity of £° at the origin. There are

several ways to do this and we present here one possibility. First of all we fix 2 < p <

2Q0Q/(2QQ — 2) and observe that (4.23) yields the estimate

p/2
/ DLz, W) < c(/ D) (4.24)
Bs 4 B

Next we define

1
M|DL%(z,w)| := sup - DL (2, w)|
p<1/4 P~ JB,(z,w)

and let
A= {(z,w) : M|DL(z,w)| > ¢y}

where ¢ is a constant to be chosen later. Observe that, given the Lipschitz bound for £°
outside the origin, for r sufficiently small the set A is contained in B, /,. Arguing as in the
proof of [4, Proposition 4.4] we have the Lipschitz estimate Lip(£°) < C'¢y on By \ A, where
(' is a dimensional constant. We can then use the Lipschitz extension of [4, Theorem 1.7]
to extend £° to £ on A so that Lip(£) < Cc¢y. Choosing ¢y accordingly we achieve the
desired Lipschitz bound on B;. As for (4.16) and (4.18) observe that the extension satisfies

||EH%00(BI/2) < C||}[H%oo(33/4)

and coincides with £y on By \ Byje. As for (4.19), it would suffice to show that o £| <
C|noa|. This can be easily achieved in the following way: we make a Lipschitz extension
of £°, subtract from each sheet the average and then sum back to each sheet a Lipschitz
extension of n o £0.

As for (4.17) we compute

/|Dzy2 g/|DL°|2+ccg|A| < /|DL0|2+CC§—P/ DO
B34

§/|DL0|2<1—I—ch_p</|DL0|2>p/21>. (4.25)
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Observe that p/2 —1 > 0 and that by (4.22) and (4.8)

[1pep < [1psp s cavy® [ ipap<c [ pap <o
BBl 831
so that

_ _ . (48) _
IDLI*> < (14 C7r°) |DH|?* + C’r"/ |IDN)? < |DH|?* + C’r“/ |DN|? .
By By OB1 B 8B,

5. OUTER VARIATIONS AND THE POINCARE INEQUALITY

In this section we begin to exploit the first variations of the area functional on 7' in
conjunction with the estimates of the previous section. The main conclusion will be the
following Poincaré inequality:

Theorem 5.1 (Poincaré inequality). There exists a constant Cs1 > 0 such that if r is

sufficiently small, then
H(r) < Cs517D(r). (5.1)

We record however the two main tools used to prove Theorem 5.1, since they will be
useful in the future. The first one is an elementary computation. In order to state it we
introduce the quantity

/6 Z N j, DU j) - (5.2)

Br =1

Lemma 5.2. H is a Lipschitz function and the following identity holds for a.e. r € (0, 1)
H(r)

H'(r) = .

+2E(r). (5.3)

The second identity is a consequence of the first variations of 7" under specific vector
fields, which we call “outer variations”: such variations “stretch” the normal bundle of M
suitably and they are defined using the map A’. In the case of semicalibrated currents it
is convenient to modify the Dirichlet energy suitably to gain a new quantity which enjoys
better estimates. Thus, from now on € will denote D in the cases (a) and (c) of Definition
0.1, whereas in the case (b) it will be given by

Q(r) :=D(r) + L(r)

m+ [ " Z 61(p) A DeNi(p) A Ni(p) + De, Ni(p) A &a(p) A Ni(p), do(p)) dp.

Proposition 5.3 (Outer variations). There exist constants Cs3 > 0 and k > 0 such that,
if r > 0 is small enough, then the inequality

2(r) — E(r)] < Cs.3Eov(r) (5.4)
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holds with
Eov(r) = AV (D) + 0 0D/ () 4 B(r) 0 L7 o ((B,)).
(5.5)
Moreover
IL(r)| <Cmy> > °D(r) + Cmy” F(r). (5.6)

5.1. Proof of Lemma 5.2. The Lipschitz regularity of H follows from the Lipschitz
regularity of 4. Consider next the map i, : B — B given by i,(z, w) = (rz,r/?w). By a
simple change of variables we compute

H(r) = / IR )

The formula (5.3) is then an elementary computation using the chain rule for multifunc-
tions, cf. [4].

5.2. Proof of Proposition 5.3. The inequality (5.6) is a simple consequence of

L(r)| < Cm." / DA < Cmnl? / 22| DA + Ol / 2022
B’r B'r B’V‘

In order to show (5.4) we fix a test function ¢ € C°(R), nonnegative, symmetric, with
support in | — 1, 1] and monotone decreasing on [0, 1]. We then follow [8, Section 3.3] and,
having fixed r, we define the vector field X? on V,, via

X(p) = ()P —P(p)  where  o(W(zw) = (L)

For r small enough, by (2.13) we can argue as in [8, Section 3.3] and deduce via the change
of coordinates given by W, that

STr(X) = /% (Y DA+t [ o (B) 52 (A, DuACy) + 300 Emn?, (5.7)
with

" (2.14)
et = | [ oino M) <Om [ o) < €AMW D)+ CF ().
' (5.8)

g < C [ ol JAmP NP < CF(), 59)
M
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e <C [ (Iel(IDNF V]| Au| + [DNT) + Dl (IDNF N + IDN] IV | Au) )

1) —1 /14l . L 22
SC/BT [<|Z—‘zm + |D9\£|4> — 7t (B o | DA — r ! (2 | D) v Iﬂf WO]

(2.13)&(2.12)

< CAP()DO) + CF) - CAG [ o) R

—crlﬂomo/ () | Dage. (5.10)
B,
)

(We recall that ¢’ <0 on [0, 1])).

We next drop the superscript from X° and we distinguish two situations:

e In the cases (a) and (c) of Definition 0.1, we denote by X+ and X7 the projections
of X on the normal and the tangential bundle of 3, respectively. Then 67(XT) =0
and therefore

16T (X)| < [0T#(X) — 6T(X)| 4 [6T(XH));

4 .

E;,rz E‘r,rg
e In case (b), since 6T'(X) = T'(dw 1X), we estimate
0T p(X) — Tp(dw 1X)| < [6Tp(X) — 6T(X)| + |T(dw 1X) — Tp(dw 1X)] .

o
Errg

In both cases we have

Err§ <@ |divsX| d||T| —1—@/ |diVTFX| d| Tx||
)

spt(T)\Im(F (F)\spt(T)
4 Qe / X|d|T — T

where we use the convention that w = 0 in the cases (a) and (c). We then can estimate

Erg < C / (@) [p - p()| + 9(PP)) T — T

(2.12)&(2.15) .
CA™()D(r) + CF(r) + Crim / Vom®)lp - p@)dIT - Trll -

J/

S(p)
(5.11)

In case (b) we have that

r(dw 1 X) / Z&wgl A (& + D N; &) AN; , dwlp + Ni(p).
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Clearly
Q
[Todo 1 X) = [ ¢ 36+ DaN) A (6 + Do) A N dolp)
=1

< Clld]; / oINP?

and we can therefore conclude
Q
‘TF(dWJX) - / © > (&1(p) A De,Nilp) A Ni(p) + De, Ni(p) A &a(p) A Ni(p), dw(p))
Mo

<Cldwo / IN|IDNP + Clldw]o / ol o N| + Clde]; / oINP.

Letting ¢ converge to the characteristic function of the interval [—1, 1], we reach the conclu-
sion (5.4). The only term which needs some care is the term S(¢) in (5.11). Note that we
can approximate the characterstic function of [—1, 1] with an increasing sequence of func-
tions ¢; with the property that |¢| < Cj, 0 < ¢; <1 and ¢; =1 on [-1+1/4,1—1/4].
Then we would have

. ) ' d
limsup S(p;) < Climsup 2|7 — Tell(¥(B, \ Bra-yzp))) < O[T = Tr| (2(B,).
J J

by the monotonicity of the function r +— ||T'— Trg||(¥(B,)).

In the cases (a) and (c) we follow the same argument, but we need to bound the additional
term Errg. In order to deal with the latter term we argue as in [8, Section 4.1]. In particular
we bound

Fn? < ‘/divfo d||T||‘

g/ |divzX| d||T| +/ |divg, X | d|Te||
spt(T)\Im(F) Im(F)\spt(T)

(&

-

Iy

+| [ ) e, (5.12)
- }g g
where h(vy A vy) := 3.7, A (v;,v;). Since the projection on the normal to X is a C%%

map, X+ enjoys the same C* bounds as X and I; can be controlled as Err}. The term I,
can be estimated using

X ()] = ¢ [pr,s: (0 — p())| < Ce(R) ¢ lp — () < Cmy olp—p@)* VYpex.

In particular we achieve I, < CH(r), which concludes the proof.
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5.3. Proof of Theorem 5.1. In order to prove the theorem we start estimating the error
term F.

Lemma 5.4. There exist a constant C54 > 0 (depending on ~y) such that
F(r) < Cs4r " H(r) + Cs47° D(r) Vr e (0,1). (5.13)

Proof. Using (5.3) and an integration by parts we infer that
"H H(p) | " H H "2E
(0, _Hp) -/ 1(@) o <r>_/ O g 514
0 o dp p ri=0 o pLo

0 pz_'YO o pl_’YO
The Cauchy—Schwarz inequality yields then the following bound for every e:

Yo

€ r H(r) rD'(r)
B <2 [ e [ oo =S4 T (5.15)
Therefore, by choosing € = /2, we deduce (5.13) from (5.14) and (5.15). O

Proof of Theorem 5.1. In view of Lemma 5.4, for r sufficiently small, the almost minimizing
condition (4.4) reads as

D(r)SCrD’()JrC ()+C 0/ |noa.
OB,
Dividing by the radius and integrating we get

(D/ 2<7())+)070 1/8B |770-N:|> dp

11 0 A(|

‘Z|1*'YO
’I‘

"D(s

(5.13)

< CD(r)+CF(r)+C 1/2/

“2) D) + C (AP D) + F(r) < CD(r) + CroHr) . (5.16)

Therefore, using Lemma 5.2 we deduce that

) _ [ 25 dt<c/D

+C / (S + 7 D) + 477 = Tl (¥(5,) )

" ep@) 0 B L 0D + O + 0T - Tl (07 (2 (8,)
(2.15)&(5.13) H(r)

< CD(r)+C

rl= ’

For r sufficiently small this concludes the proof. O
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6. INNER VARIATIONS AND KEY ESTIMATES

Using the Poincaré inequality in Theorem 5.1, we can give very simple estimates of
the error terms in the “inner variations” of the current 7. The latter corresponds to
deformations of T along appropriate vector fields which are tangent to M. In order to
state our main conclusion we need to introduce yet another quantity

G(r) = /83 1D, . (6.1)

Proposition 6.1 (Inner Variations). There exist constants Cs1 > 0 and n > 0 such that,
if r > 0 is small enough, than the following holds

ID'(r) — 2G(r)| < CEn(r). (6.2)
where
m.?
Erv(r) =T D(r) + D)D) 4+ /a moadtziw)
LT Tl ((B,))). (63

For further use we summarize in the next lemma a set of inequalities which will be used
in the next sections and which are direct consequences of all the conclusions derived so far

Lemma 6.2. There exist constant Cgo > 0 and n > 0 such that for every r sufficiently
small the following holds:

F(r) 4+ rF'(r) <Csor°D(r) (6.4)
IL(r)| <Cs2rD(r) (6.5)
/()] <G (H(r) D'(r))” (6.6)
Eov <Cs2 D'(r) + Co2 F(r) + Co2rD"(r)D'(r) + Co2 v Epp(r), (6.7)
Erv(r) <Csar*'D(r) + Coo D(r)"D'(r) + Co2 Epp(T), (6.8)
where
Euorlr) = [ mo LT~ T 7 ({5,
rt= Jop. dr

Moreover, for every a > 0 there exist constants by(a), C(a) > 0 such that

D(r) < 2 ala D BE) o) Wb < bo(a), (6.9)

~ 2(2a+0b) r(2a+b)
An important corollary of the previous lemma is the following

Corollary 6.3. There exists a constant Cg3 > 0 such that, if n is the constant of Lemma

6.2, then for every 0 < v < n and r sufficiently small, the nonnegative functions gVD((?)
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rffw"&% are both integrable. Moreover, if we define the functions
" 5[\/(5)
b)) = d 6.10
v(r) /0 5 D(s) 5, (6.10)
" gov(s)
by = d 11
ovlr) = | g s, (611)
(r) =X (r) + Xov(r), (6.12)
then
E(’I“) S CG.S r’. (613)

6.1. Proof of Proposition 6.1. We evaluate the first variation of 7" along a suitably
defined vector field X. To this aim we fix a function ¢ € C(] — 1,1[), symmetric,
nonnegative and identically one on | —1+1/j,1—1/4[ and with the property that |¢/| < C'j.
Then we introduce the vector field Y: M — R"*? defined, for every (z,w) € B\ {0}, by

Y(®(2,w)) = o) D, ¥ (z,w) € Ty myM,

and extended to be 0 at the origin.

Next we define the vector field X;: V,, — R"2 by X,(p) := Y (p(p)). Note that X;
is the infinitesimal generator of a one parameter family of diffeomorphisms ®. defined
as ®.(p) := I'(p(p)) + p — p(p), where T'. is the one-parameter family of biLipschitz
homeomorphisms of M generated by Y. In fact, since I'; fixes the origin, we can consider
it as a C*7 map of M \ {0} onto itself. Note moreover that X; is Lipschitz on the entire
B.

Observe that, by Lemma 5.4 and the Poincaré inequality, F(r) < C'r% D(r), so that
A(r) < CD(r). Moreover,

(DAY |(2 (2, w)) + |diva Y[(®(z,w) < ~Cr 22| ¢/ (B + Crto(E),  (6.14)

where we recall that ¢’ <0 on [0, 1].
If  is small enough, by (2.13) we can argue as in [8, Section 3.3] and deduce that

5
< Z Err}

k=1

1

Q
: /M<\DN|2divMY—QZ<DNZ-: (DNZ--DMY»)

i=1

where the error terms can be bounded in the following manner.
First of all,

Err! = Q ‘/ ((Hm,mo N)divaY + (DyHp,mo N))
M

<ortmi [ (o(2) P o atte.w)| = ' (£) =P o Az )

(2.14) 1/o /(|2
< Cr'DY(r) — Cmy T”O_l/ r e (B o (2, w)]

T
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where in the first inequality we used (6.14) and the fact that

(Dy Hui,mo NY < [Y[[DHuml o N| < CEG(E) 2072 Ino .

As for Erry, and Err} we have

Errl = C /M A [2(DY| NP + V] |N]|DN])
I o A e 1A DA
<omy [ [ (~o(5) + o)) T + () PUD]
2
< COmyr ' D(r) — Cr* / r_lgb'(%) ‘Zl'{(\ld%

T

9

and
Eury <€ [ ([¥]|Au|IDNP (V] + [DN]) + [DY (1] [DN] INF + [DNT))
M
2

O L R O Ko

< Or'D(r) — CD(r)" /%

The errors Err, and Errl are the same as Err§ and Errg respectively, in Section 5.2,
evaluated along a different vector field. Proceeding in the same way as in the estimate of

Err], we deduce

Err! :/ |divsX;| d||T| +/ |divg, X;| d||Tp|
spt(T)\Im(F Im(F)\spt(T)

< ¢ D(r) +O/ad||T—TF|| |

J/

5(#)

where a(p) = ¢(p(p)) and o(¥(z,w)) = r2|z|¢(r|z|) — r'¢'(r!|z|). In particular
using (2.15) and the fact that —¢’ < Cj on [0, 1], we infer

5(6) < Crv'D(r) + CLIT — Tel|(p™ (B(B, \ Bra-yjp)).

As for Err?, we observe that it only appears in the cases (a) and (c) and arguing as in

Section 5.2 we can bound it as
Bt < 11+ | [ O TR} T .

P
Ip)

where h(v; Avy) == 37, As (v, v;) and I, enjoys the same bounds as Err?. Following the
argument of [8, Section 4.3] we can see that I, enjoys the same bounds as Err; and Err}.
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To conclude the proof notice that, with analogous computation as in [4, Proposition 3.1],

ds e= 0/ (DN oT) / (22 (DNi: (DN; - DpY')) — |DN|2CUVMY> . (6.15)

However, by the conformal invariance of the Dirichlet energy, we have

/|DNOF /|D oF

where I'. is the one parameter family of diffeomorphisms generated by the vector field

Y: B — B defined by
Y(z,w) = L2l o) (M) v
r r
Hence

. E_O/M\D(NOFE)P:/% <2§;<D9\£i: <D9\£i-DY>)— mm%w?) . (6.16)

de le=

where the differentiation is taken with respect to the (local) flat structure of 8.
In particular we conclude

%EZOA!D(NOFE)P:L |T2| (|T|)(2,D A2 — |DAC?). (6.17)

Collecting together (6.15), (6.17) and the error estimates, and letting ¢ converge to the to
the indicator function of [—1, 1] (namely letting j 1 co) we conclude the proof.

6.2. Proof of Lemma 6.2. The lemma is a very simple corollary of the estimates proven
so far. (6.4) is a simple consequence of the Poincaré inequality (5.1) and of (5.13). Similarly,
by Lemma 5.4, we have that A(r) < C'D(r), and therefore (6.7) follows in view of (6.4).
The same arguments hold for (6.8). Next for (6.5) we can estimate as follows:

L)l < Cmif [ (a0 (DA < Omyf ( [ mo dt)ﬁgém
B, 0

b Cmy” (051 /TtD(t) dt) ’ Dz(r) < Cmy*rD(r). (6.18)
0
Similarly
Ll <Cmi [ 130103 < Cmi (D) HG)): (6.19)
Finally, we notice that Proposition 6?1 implies
‘%(r)—/%r 2 <O&vy(r).
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Therefore, using the almost minimizing property in (4.5) and the Poincaré inequality we
infer that

r D'(r) a(a+b)H(r)
(2a+0) r(2a+0b)

Absorbing the error term 772 D/(r) and dividing by (1 + C'r?) we get

D(r) < rD'(r) a(a+b)H(r)
2(2a+0) r(2a+b)

from which (6.9) follows straightforwardly by noticing that Eqgu(r) +rD(r) < Cr &y (r).

+C(a)r Ev(r) + Equ(r) + Cr' oD/ (r).

D(r)<(1+Cr) 5

-+ C’(a) 7'5[{/(7“) + (C:QM<7') + CTUD(T’) ,

6.3. Proof of Corollary 6.3. Recall first thet n < 7. We start with Egp(r). Notice
that, using H(t) < C'tD(t) together with the definition of F(r), we have

r 1 / F(T) r 1 H(t) o
/0 (tm(t)> F(t)dt < CmD(r) +C/O A D) dt < Cr

Next, by a simple integration by parts and the fact that D(r) < Cr?, we deduce

| T = Telo (W B i = 5T = Tl ((5)

* /0’” (ﬂ]é(t))l |T — Trl(p~ (®(By))) dt

@15 DWI(r)+F(r) [T/ 1 Y Lo o
<o i +/0 (m) (D(&)*" + F(t) dt < Cr"7 . (6.20)

In a similar fashion we have

[ [ mendely o [ o)
o UDW Jos, B "EEDE Jy P

’ L [ ImeN(z,w)]
+/0 (tWD(t)) o By | 2|1 =0

(2%4) C D +:57’]))2;)F<T) i /07" <ﬁ> (D(t>1+n + F(t)) dt < Cr"7 .
(6.21)

so that

" Epp(t) _
< Oy
/0 0 dt<Cr

To conclude, we estimate separately the two nonnegative functions X, and Xpy. In
particular

" Ev(t) e /’" ! - —11y/ Epp(t)
> — < Yo=Y D1 D
<Crm7 (1 + I)(t)"/Q) <Cr"T7, (6.22)
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where in the second inequality we used D(t) < C't?. Finally

EO\/(T) :/OT %dt

(6.7) " (D"t F(t 1 , Epp(t
< Coa /0 < i +<7> + 4 H(D)(t) + DD/ () + D((t))) dt
<Crm7, (6.23)

7. ALMOST MONOTONICITY AND DECAY OF THE FREQUENCY FUNCTION

In this section we study the asymptotic behaviour of the normal approximation A(.
The first step consists in proving approximate monotonicity and decay estimates for the
frequency function.

For every r € (0,1) such that H(r) > 0, we set I(r) := Tl?(gf)) where we recall that
Q(r) = D(r) in the cases (a) and (b) of Definition 0.1;
T D) 4+ L(r)  in case (c).

Furthermore we define K(r) := I(r)~! whenever Q(r) # 0. By (6.5) there exists ro > 0
such that

%D(r) <(1-=Cr)D(r) <Q(r) < (1+Cr)D(r) <2D(r) Vr <rg. (7.1)

Having fixed ro, K(r) is well defined whenever D(r) > 0 and hence, by the Poincaré
inequality, whenever I(r) is defined. Moreover, if for some p < ry K(p) is not well defined,
that is 2(p) = 0, then obviously Q(r) = D(r) = 0 for every r < p.

We are now ready to state the first important monotonicity estimate. From now on we
assume of having fixed a

Theorem 7.1. There exists a constant Cy1 > 0 with the following property: if D(r) > 0
for some r < 1y, then (setting v = 0 in (6.10) and (6.11)) the function

K(r) exp(—4r — 431 (1)) — 4 Zoy (1) (7.2)

is monotone non-increasing on any interval [a,b] where D is nowhere 0. In particular,
either there is T > 0 such that D(T) = 0 or K is well-defined on |0,70[ and the limit
Ky :=lim, o K(r) exists.

A fundamental consequence of Theorem 7.1 is the following dichotomy.
Corollary 7.2. There exists T > 0 such that
(A) either K(r) is well-defined for every r €]0, 1o, the limit

Ky = h{gl K(r) (7.3)

18 positive and thus there is a constant C' and a radius 7 such that
C'rD(r) <H()<CrD(r) Vre€o,7[; (7.4)
(B) or TLp Y (¥ (B;)) = Q [¥(B;)] for some positive 7.
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In turn, using the above dichotomy we will show

Theorem 7.3. Assume that condition (i) in Theorem 2.8 fails. Then the frequency I(r) is
well-defined for every sufficiently small v and its limit Iy = lim, o I(r) = K exists and
it is finite and positive. Moreover there exist constants X\, Cr3, Hy, Dy > 0 such that, for
every r sufficiently small the following holds:

< Crar. (7.5)

— Dy

‘D(T)

7«2]0

r2ho+1 0

7.1. Proof of Theorem 7.1. In the first step we claim the monotonicity of the function
K(r) exp(=Xv(r)) —2 oy (r) on any interval contained in [a, b] on which D is everywhere
positive. Recalling that €2 and H are absolutely continuous functions, we can compute the
following derivative: for every r € [a, b]

: H(r)\" 1 H(r) ()
K(r) = _
0=(52) e
(5<3) L 2E(r) Q2 D'(r)H L' H 7.6
< i (2B 90) — D) HO) + L) ). (7.6
Then, either K’ < 0, or the RHS of the inequality above is positive, that is
/ / (6.6) / H2<T)
D'(r)H(r) < 2E(r) Q(r) + |L'(r)|H(r) < 2E(r)Q(r) +rD'(r)H(r) + .
r
In turn, using H(r) < CrD(r) < Cr§(r), the latter inequality implies
D'(r)H(r) < CE(r) Q(r) + Cr Q*(r). (7.7)
From this we deduce
2 / 2 E2(7”)
E“(r) <H(r)G(r) <H(r)D'(r) < CQ*(r) + 5
which implies that E(r) < C€(r) and so, by (6.6),
IL'(r)| < Cmy” (D'(r) H(r))” < Cmy> Qr). (7.8)

Next using again the Cauchy-Schwarz inequality and (5.4), we have

00 H)GO)
- 2

< Q(r)E(r) N Q(r)Eov(r) H(r)G(r) ’

- 2 2 2

Q(r)E(r) < Q(r) H(r)l/2 G(r)l/2 <

4+ o

which implies
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Collecting all these estimates together and using (6.2), we conclude that, if K'(r) > 0,
then
~ (7.6)&(7.9) 1
K'(r) <

- rQ2(r)

(2H(r) G(r) = D'(r)H(r) + |L'(r)| H(r) + 2(r) Eov (1))

(6.2)&(7.8) 1

= W(QH(T)G(T) —2H(r) G(r) + Q(r) H(r) + H(r) Ev (r) + 22(r) Eov (7))
80\/(7‘) > gIV( ) EOV gIV
§2m(r) + K(r) (1+ Q0) ) <4 D ) : (7.10)

On the other hand the final inequality

> Eov(r) | & Erv(r)
K'(r) < 4TD(T) +4K(r) (1 + D(r) )
is certainly correct when K'(r) < 0, because the right hand side is positive. The mono-
tonicity of the function in (7.2) is then obvious.
Next, as already observed, either D is always positive, or it vanishes on some interval
10, 7[. If D is always positive, then K is well defined on |0, 79[ and the existence of the limit
Ko = lim, ;o K(r) is a direct consequence of (7.2) and Corollary 6.3.

7.2. Proof of Corollary 7.2. First of all observe that, if D(7) vanishes, then AL = Q [0]
on B;. In particular by (2.15) we conclude that we are in the alternative (B). We can thus
assume, without loss of generality, that D is positive on ]0, ro[. Assuming that K, vanishes
we will then reach a contradiction.

Under the assumption Ky, = 0, consider the monotonicity of K(r) exp(—4Xy(r)) —
4 ¥ oy (r) between two radii 0 < s < r and let s — 0 to get

I_((r) < 4etrtaEv(n) Yov(r) < CXoy(r),

where the last inequality holds for r sufficiently small, since ¥y (r) < Cr" (recall that we
have set v = 0). Next observe that, since the function 3oy () is non-decreasing,

F(r) 1 [ H(s)D(s) PK(s)
50 B0 e @ <C [,

Moreover, integrating by parts:

— Trl(p™ (¥(By))) ds

ds < Cro Eov( ) (711)

D

(2.15) D””( )+F 1 147 5
<C D0 +C ( (S)> (D'(s) + F(s)) d
o K

<CD"(r)+ Cr°Xoy(r) + E:é +C/ %ds

K(s)

sl=

SCDW(T)—FCTWOEO\/(T)—FC / ds < ODH<T)+OTvozov(T), (712)
0

where we have used repeatedly (7.1).



42 CAMILLO DE LELLIS, EMANUELE SPADARO AND LUCA SPOLAOR

Using the latter in the formula for £oy we also conclude
Eov(’l")

T 1 1+n sD"(s IS s Si . 1 S
SC/O D(s) <D(s) + sD"(s)D'(s) + F(s) + ds“T Tr|(p (\1;(33)))> d

< CrD(r)"? + Or° Zop(r).
Hence, for r sufficiently small,
K(r) < CEoy(r) < CD(r)". (7.13)

In particular this implies that

H(r) < CrD(r)*"2, (7.14)
Combining this with (5.4) and the Cauchy-Schwarz inequality, we deduce
1 E(r H(r) " il
ED(T) < Q(T) < 7(,. ) —l—gov(r) < (ﬁ) (fr’ D,(T)D(T) /) /2 4 Sov(r)

(7.14)
< CD(?”)H"/4 +Cr D(r)"/4D’(r) + Eov(r).

Dividing the expression above by rD(r), integrating between two radii 0 < s < r and using
the bound D(r) < C'r? we obtain

1%G)gq[(9%f+DwW*DW+igg)@gow@

Sending s — 0 we get a contradiction.

7.3. Proof of Theorem 7.3. Clearly, if (i) in Theorem 2.8 does not hold, then D is
always positive and we are in alternative (A) of Corollary 7.2. Thus K is positive and the
first statement is obvious.
Let K(r) := I(r)~' and observe that by (7.1) we have
(1= L) <T0) < 1L+ L), W< 7 <o,
which implies
1-CnrK(r) <K(r)<(1+CrK(r) V0o<r<r,
so that in particular K(r) < C K(r) < oo for every 0 < r < ry and K(r) — Ky as r — 0.
Using the monotonicity formula of Theorem 7.1 together with Corollary 6.3 we have

K(r) — Ko < Ko(exp(4r + 430y (1)) — 1) + 43y (r) exp(4r + 430y (1)) < Cr". (7.15)
Therefore
K(r)—Ko<Cr"+CK(r)r <Cr". (7.16)
To control K(r) — Ky from below we apply (6.9) with a = [ = = and b = \ <
min{"/2, by(ly)} to infer, after dividing by rD(r), that

D'(r) 2
By <+ (Io(Io + NK(r) — (21 + A)) -
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Multiplying this expression by K(r) > 0 and adding 2/r, we get

% _ ]]?)'g))Km < % 1+ Io(To + VE(r) — (2L + VK(r)] + %ZST)
< %10 (K(r) _ Iio) (I + VK(r) — 1) + %:g” (7.17)

Since (Ip + A\)K(r) converges to 1 + AKj, we easily deduce that for r small enough (I +
AMK(r) — 1 > 2 K,. Using this together with (7.16), we deduce from (7.17) that

2 D) A (g - L) L Gl o1t
P =7 (ko= g) s H et T
We next compute
) — H(r)\ 1 _ H(r) D'(r) 63&01) 2E(r)  D'(r) .
Ki(r) ( , > D(] D@ D) = rDr) D) W)
(5-4)&(7.1) 2 B D'(r) . Eov(r)
= ’I“+O D(T)K( )+OTD(’/’>
7.18 r r i
e % <K(r) - Ilo) + Céf(‘;g e i(]))v(i,)) +0—. (7.19)
Recalling that K(r) < C, we deduce
I I

Integrating (7.20) on the interval |s, r[ and using (6.13), we get

A
K(r) — Ky < — (K(s) — Ko) + Cr"
s
that is K(s) — Ky > —Cs*. The inequality |K(r) — Ky| < Cr* easily implies [I(r) — Io| <
Cr.
For what concerns the other inequalities we compute

oo (HON] _H() 2L +1  2E() 2L _2D(r) 2L Eov(r)
{1 <r210+1)} H(r) r r H(r) r = H(r) r +C H(r)
_ ; (I(r) — Io) + C gﬁv(g) , (7.21)
and similarly
HOV|' S 2 gy 1y o fov ()
{10@; (7“210“)} > . (I(r) — Iy) = C H(r) (7.22)

Using that |[I(r) — Io| < Cr?, for r small enough we have the bound rD(r) < 2I,H(r).
Hence we can use (6.13) in the integrals of (7.21) and (7.22) to deduce the existence of the
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limit
H(r)

A
<
T < Cr.

. H(s) :
Hy:= I;E)l T with

_HO

Moreover, from (7.21) we also infer that for r sufficiently small

H(r) —Cr
Ho > r2Io+1 '

> 0.

Finally the last assertion follows simply setting Dy := I - Hy and from

D(r) H(r)
H(r) H(r)
< L) = Jol gy +To | geer — Ho| < O

8. BLOW-UP AND PROOF OF THEOREM 2.8

As a consequence of the decay estimate in Theorem 7.3 we can show that suitable
rescaling of the normal approximation N converge to a unique limiting profile. To this aim
we consider for every r € (0,1) the functions f, : 9B; — Ag, (R*™) given by
N (ir (2, w))

fr(z,w) = e

where we recall that i,(z,w) = (rz,r'/?w). We recall also that Ty M = R? x {0}, and
Ty = R? x R" x {0}. In the following, with a slight abuse of notation, we write R™ for
the subspace {0} x R™ x {0}.

The final step in the proof of Theorem 2.8 is then the following proposition.

Y

Proposition 8.1. Assume alternative (i) in Theorem 2.8 fails and let Iy and X\ be the
positive numbers of Theorem 7.3. Then Iy > 1 and there exists a function fo : 0By —
Ao(R™) such that

(i) mo fo =0 and fo # Q1 [0];

(ii) for every r sufficiently small
G(fr(z,w), fo(z,w)) < CrY*S ¥ (z,w) € OB ; (8.1)

W
|w]

(iii) the Iy-homogeneous extension g(z,w) = |z|™f, (ﬁ, > is nontrivial and Dir-
minimizing.
In particular, by (iii) Im(g) \ {0} C R**™ is a real analytic submanifold.
Theorem 2.8 follows immediately from Proposition 8.1 and Theorem 7.3.

Proof of Theorem 2.8. Since we have identitified R™ with {0} x R"™ x {0}, it is obvious that
the map ¢ has all the properties claimed in (ii), namely it is Dir-minimizing, o g = 0 and
it is nontrivial. (2.16) is a corollary of (8.1) provided ag < %. Next note that (2.18) has
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been shown in Theorem 5.1. As for (2.17) observe that, if 4p < r < 1, then, by Theorem
7.3,

Dy(r—2p)*" — C(r = 2p)* ™ < D(r —2p) < D(r+2p) < Do(r +2p)*" +C(r +2p)* .
Since 21y > 2, (2.17) follows easily from

/ DA? = D(r +2p) - D(r — 2p)
Br+2p\Br 2p

provided ag < A. U

The rest of this final section of the note is devoted to the proof Proposition 8.1, which
is split in several steps. Before starting with it, let us however observe that the conclusion
Iy > 1 is an obvious consequence of the decay estimates of Theorem 7.3 and the fact that

D(r) < Cr?t20,

8.1. Step 1: uniqueness of the limit fy. For r sufficienly small and s € [§, 7], we start
estimating the following quantity:

8&ﬂ%ﬁf§v—@é&lr

Using the differentiability properties of Lipschitz multiple valued functions and the 1-
dimensional theory in [4, Section 1.1.2] (note that ¢ — A((i;(z,w)) is a Lipschitz map), we
easily infer that

2

d
%ft(sz) dt . (82)

2

d DN iz w)) -z Az w)) |
prE ) :]Z_; : ttfo _IojtftT‘
Q

_ P10 (e (2, w))

tQI()

P2Io+1 Z(a N, N ;) (i (2, w)) + Mt(;;#

7j=1

Therefore, by the change of variable (z/,w’) = i;(z,w) in (8.2) we infer that

r [T G(t) Et) | » H@)
aBlg(fr’fS) <5 9 X/Q (tzzﬁ o 210t210+2 + 1o 0 42I+3 dt
T " D’(t) D(t) 2 H(t) gjv( gov
< 92 [/2 (21&2[0“ - 2[0t210+2 + 1o 0 42Io+3 +C 12Io+1 t210+2

:f/r [l (w)/+IOH(t) (IO—I(t))+C’EIV<)+C’gOV( }dt.

2 o 2 t210 t210+3 tQI +1 tQI +2

Using Theorem 7.3, we can then conclude that

D(r) D@>+C/wwwnm+0&ww+c&wﬂdt

r2lo (£)*" t D(t) tD(t)

< Orh. (8.3)

G(fr fs)? <C

0B1
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By an elementary dyadic argument analogous to that of [4, Theorem 5.3], we then infer
the existence of fy: 9By — Ag(R*™) such that, for r sufficiently small,

||g<fr7f0)||L2(aBl) <Cr (8.4)

8.2. Step 2: uniform convergence. Set next h(z,w) := g< N(il/Q(Z’w))) It fol-

\IIO ETC

lows from (8.3) that for r sufficiently small

r (8.3)
/ h2§/ G(fi fip)?tdt < Cr*™, (8.5)
r 0 831

and from (2.12) and (2.13)
Lip(h|pp\p,) < C s ™. (8.6)

Moreover, for every p < I#l/s we claim the estimate

/ IDh2 < Cp+C2P. (8.7)
By(zw)

Indeed [Dh| < C ’D(

/B;P (va)

o )‘ and by Theorem 7.3

|To
lz|+p D |2 2
[ (1020 120
2| OBy

D
(7)) -
e D(1)\’ D) . H{)
2/| (( t2Io ) 2o n1 o t210+2) dt

z|—p

IN

< C (|2 +p)* +Clog<l ;+Z> §C\z|k+cé.

In particular, applying (8.5), (8.6) and (8.7) with p = |z|*"*, we infer that for every point
p = (z,w) € By with |z| sufficiently small

k—1
o) < |hio) - f W3 |f nf pef
B 1t (p) i=0 [V B 1t (P) B 14 (p) B 143/ (P)
ok PY DYES
|Z|1+A/4 k-1 |Z|1+A/4
< Lip(h|By(o)\B.. s () o + CZ T][ |Dh| —i-][ h
1=0 B|z‘1+>\/4 (p) B‘Z‘l+>\/4(p)

21

(8.6 k—1

1 1
2 C 2
Lorrrac ([ o) gt (f we) - e
\z\1+>‘4 2|z

=0

where we have used the standard Poincaré inequality

o’k

<Cr{ |Df| feWw'
B'r
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Lo |1/

Now choose k € N such that B2 < |21+t < |Z—1 (in particular £ < |log|z||) and

use (8.5) together with (8.7) to bound
h(z,w) < C 2|+ C llog |2|| |2 + C o] /' < C |2 (8.9)
This gives that, for a sufficiently small 7,
< 16 )
rgglxg<fra fr/2) <Cr
Thus
maxG(f, fo) < kZ (Fra-ts framam1) < Cre.

8.3. Step 3: nontriviality of the limit and other properties. To show that f, #
@ [0] it is enough to observe that, by Theorem 7.3,

2 2
[)B1|f0| :},I_I}% - 1|fr| —1_>0T21+1_H0>0

In order to show that n o fy = 0, we notice that by a simple slicing argument combined
with (2.14) there exists a sequence of radii 7, € [27%71,27*] such that

[ meag<2n [ mon <0 [ e mond
9B, B, i\By—j—1 B

o—k

< CrPD(2ry) < O et (8.10)

from which

/ |nofo|zlim/ noka|—hmrkI 1/ |n o N|
9B1 =0 JoB, k=0 9B,

. 2m+Io—1
< C lim TZOJF ol — .
'I‘k—>0

Next we show that f, takes values in R™. We start by showing that fy must take values in
ToY = R**"x{0}. Indeed, if we set f,(z,w) := N(i,(2z,w)), using (A.3) and || (i, (2, w)) <
C r'*7°2 we conclude
2
O P < iy [ I <o,
9B, r 4B,
which implies that fo(z, w) € Ag(TpX).

Next observe that f,.(z,w) =, [A i(¢-(z,w))] has the property that each A(;(i,(z,w))
is orthogonal to Tw(; (zw))M. In particular, if 2| = 1 and » | 0, the tangent planes
Ty (i, (2,w)M converge to R? x {0}: it follows, by the uniform convergence of f, to fo, that
fo(z,w) = >, [(fo)i(z, w)] for some (fo):(, w) which are orthogonal to R? x {0}. We thus
conclude that each (fp);(z,w) belongs to {0} x R™ x {0}.
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8.4. Step 4: Minimality of g. In order to complete the proof of Proposition 8.1 we need
to show that g is Dir-minimizing. Given the homogeneity of g in the radial direction, it
suffices to show that there is no W'? multifunction h : B; — Ag(R") which has the same
trace of g on dB; and less energy on B;. Assume thus by contradiction that there is an
h € Wh2(By, Ag(R™)) such that h|sp, and

/|Dh[2 < /|Dgy2 o (8.11)

for some positive § > 0. Recall the definition of W? according to Remark 2.7: using the
map W in there and the functions h o W and g o W we can use the theory of [4] and
assume that h o W is a Dir-minimizer on the euclidean disk D; C R%. Observe also that,
since n o g = 0, we must have n o h = 0 as well. Indeed since ho W = go W on 0D;, we
have noho W =mnogo W =0 on the boundary and considering that

/ > [D(hioW —mohoW)|* < / ID(hoW)|?=Q [ |D(gohoW)?,

D1 Dy Dy

the minimality of h o W forces the Dirichlet energy of o h o W to vanish identically.
Using (2.14), the decay D(r) < C'r?*/* and a Fubini-type argument we can find a sequence

of radii s; — 0 such that

/ |D fol* < limsup/ |Df,,|” <limsup <C. (8.12)
0B1 j 0B1 j

J
We now wish to “smooth” h, i.e. to approximate it with a sequence of Lipschitz maps
he such that noh. =0,

|Dh.|* — |Dh* < &? (8.13)

B1

g(an h6)2 +

0By

<. (8.14)

| php - Dh
0By

We would like to appeal to [6, Lemma 3.5], but there is the slight technical complication
that B is not regular. We postpone this technical step and continue with the argument
assuming the existence of the approximations h..

Next we would like to apply [6, Lemma 3.6] to h. and prys(fs;) =: fs,, to get a family

of competitor functions (fsj) C Wh3(By, Ag(R*™)), such that f;j|aBl = fs,lom,) and

. _ C _
Df,P< | |Dhf+e / (IDhel? + 1D f )+ = [ Glhe £ (8.15)
B1 Bl

Bl 8Bl

Lip(f,,) < C (Lip(hg) + Lip(fs,) + E sup G(fs;. hg)) (8.16)

€ 0B,
nofy=mnof,. (8.17)
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Again, this is not straightforward because [6, Lemma 3.6] is stated for euclidean domains.
We postpone this second technical problem and continue with our argument assuming the

existence of f;,.

We are now ready to define our competitor function. We set L, (2, w) := 8§O fsj (i1, (2, w))
and, observing that L, takes value in Ag(TpX), we use (3.1) to define a corresponding L, ,
which clearly is a competitor A’ in B, according to Definition 3.1. Moreover

. To+17 : R (8.6)
Llp(LSj)SCSjO L1p<f3j|Bl) < Csjn'

Therefore we can apply Proposition 3.2 with £ = Zsj. In particular, taking into account
Theorem 7.3 and (8.12), we conclude that

/ [DAC* < (1+ CSJ')/ DL, |* + Cmé/Q/ 2o Y o £, | + Cs2otT
B, B, B,,

Next, recall the inequality (4.6):

/ |Z|7°1\770sz|SC/ |Z|701‘770sz|+6'/ |20 2, 2.
B5j B.Sj st

By (8.17) the first term in the right hand side equals indeed

C’/ |Z|70*1|n o ja < CS?D(SJ-) < C’s?lﬁn.
B,

For the second term we use the Poincaré inequality

/B |z|70—1\zsj|2gcs}+”°/3 yDZsj|2+Cs].°/a L, |, (8.18)

S s Sj

whose proof will be given in Lemma A.1.

Using that
[ o1zp= [ 1A = s < o5
aBs]. GBSJ.

we easily conclude that

/B DA < (14 Csj)/ DL, |* + Cs30r. (8.19)

55 3j
21p

Changing variables and dividing by s;" we infer that

[ i< [ ip7E+os). (8.20)
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Using (8.13), (8.14) and (8.15), we conclude

B C B
/ nysj|2g/ DA+ Cs)+Ce+ = | Glfo, )2
B1 B1

0B;

C _
< | |Dg|* =0+ Cs!+Ce+ — G(fo, fs;)%
B € JoB,
where the constant C' is independent of €. In particular, if we fix € sufficiently small and
we then let s; | 0, by the uniform convergence of f; to fo on dB; we conclude
- 0
limsup [ |Df,2< [ |DgP—2.
j—ro0 By B1 2
Since however f,, — g in By, the latter inequality contradicts the semicontinuity of the
Dirichlet energy.

8.5. Step 5: Technical leftovers. First of all we show the existence of the map h. as in
(8.13) and (8.14). We consider h o W, which is defined on the closed unit disk D; C R2.
We then can apply [6, Lemma 3.5] to the latter map and generate approximations h. which
satisfy the bounds (8.13) and (8.14) with D; in place of By and h o W in place of h. The
maps h. := h. o W would then satisfy the desired estimates because of the conformality
of W™ (which keeps the Dirichlet energy invariant) and its regularity in By \ {0} (which
results into the loss of a constant factor in (8.14)). However the resulting map would not
be Lipschitz because of the singularity of W~! in the origin. To overcome this difficulty it
suffices to perturb slightly h. so that it is constant in a small neighborhood of the origin.
As for the condition 1 o h, = 0, this can easily be achieved subtracting the average to
whichever extension satisfies (8.13) and (8.14).

Secondly we show the existence of fsj. First of all we observe that the condition (8.17)
can be easily achieved after we prove the existence of a map which satisfies the other two
conditions: as above it suffices to subtract the average of this map and add back n o fsj.
At this point we observe that it suffices, as above, to compose with the map W, apply [4,
Lemma 2.14] and [5, Lemma 3.6] and compose the resulting map with W~!: indeed the
latter would coincide with h. o W on D;_. and on the complement W1 is regular.

APPENDIX A. SOME USEFUL LEMMAS.
The first lemma is a simple version of the Poincaré inequality for W2 functions.

Lemma A.1. There exists a universal constant C' > 0 such that the following two inequal-
ities hold for every f € WY2(B,, Ag) with B, C Bg:

< [ peecr [ e (A1)
B, By 0By
s [pgpecr e, (A2)
B, B 0B1
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Proof. By approximation we can assume, without loss of generality, that f is Lipschitz
and, by scaling, it suffices to show the inequalities (A.1) and (A.2) on the ball B;. Fixing
|z| = 1 and integrating along rays

1
|f(rz,rV/Qw)|? < 2|f(z,w>|2+2/ IDf(tz, t"/%w)|* dt .

Using radial coordinates we then conclude

1 1
/ 27 f]P < C |f|2+/ /rg/ IDf(tz, t/%w) 2 dt dr dz .
B1 0B1 0B1 J0O r

Using Fubini the latter integral can be rewritten as

1 t 1
/ / |Df(tz,t1/Qw)|2/ e dtdzdrg/ t/ |Df(tz,t/%w)|* dz dr .
0 0B1 0 0 0B1

This completes the proof of (A.2). The proof of (A.1) is a simple variation of this one and
is left to the reader. 0

Lemma A.2. Let L: By — Ao(R*") be Lipschitz and consider the map L: By —
Ag(R*™) defined by (3.1). Then there exists a constant C' := C(||%gl|cs) > 0 such that

G(L,L)(z,w) <CrlL|(z,w) +C|L*(z,w), V(z,w) € B, (A.3)
/ DLl < (1 —i—C'r)/ IDE[+Cr / 2. (A4)

Proof. For what concerns (A.3), observe that DW(0) = 0 implies ||[DV| po(p,) < Cr.
Therefore, by the C® regularity of ¥, we get

Q
g(L,L)(z w) = Z [V(po(¥) + £;) — ¥ (po(W))|(z, w)

< [ DW[(®(z,w)) [Z](z, w) + | As] |L[(z, w)
<Crl|L|(z,w)+C|L)?.
An analogous computation gives
/ DL’ < (1+ cm/ DR +c [ |zp
" B B

and we conclude (A.4) using Lemma A.1. O
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