THE BREZIS-NIRENBERG PROBLEM FOR
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ABSTRACT. We obtain nontrivial solutions to the Brezis-Nirenberg problem for the frac-
tional p-Laplacian operator, extending some results in the literature for the fractional Lapla-
cian. The quasilinear case presents two serious new difficulties. First an explicit formula
for a minimizer in the fractional Sobolev inequality is not available when p # 2. We get
around this difficulty by working with certain asymptotic estimates for minimizers recently
obtained in [4]. The second difficulty is the lack of a direct sum decomposition suitable for
applying the classical linking theorem. We use an abstract linking theorem based on the
cohomological index proved in [48] to overcome this difficulty.
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1. INTRODUCTION AND MAIN RESULT

For 1 < p < oo, s € (0,1), and N > sp, the fractional p-Laplacian (—A); is the nonlinear
nonlocal operator defined on smooth functions by

)
(—A); u(x) - 92 lim |u(w) — u(y)’p ]\Eu(w) — u(y)) dy, ze€ RV
N0 J B, (2)e |z — y| NP
This definition is consistent, up to a normalization constant depending on N and s, with
the usual definition of the linear fractional Laplacian operator (—A)® when p = 2. There
is, currently, a rapidly growing literature on problems involving these nonlocal operators.
In particular, fractional p-eigenvalue problems have been studied in Brasco et al. [7], Brasco
and Parini [6], Franzina and Palatucci [21], Iannizzotto and Squassina [30], and Lindgren
and Lindqvist [35]. Regularity of solutions was obtained in Brasco and Lindgren [5], Di
Castro et al. [16, 17], Tannizzotto et al. [29], Kuusi et al. [32], and Lindgren [34]. Existence
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via Morse theory was investigated in Iannizzotto et al. [28]. This operator appears in some
recent works, see [2,31] as well as [9] for the motivations, that led to its introduction.
Let Q be a bounded domain in R with Lipschitz boundary. We consider the problem

{(—A);u = A|uP2u+ |uff 2y in Q

1.1
(1) u=20 in RV \ Q,

where A > 0 and p} = Np/(N — sp) is the fractional critical Sobolev exponent. Let us recall
the weak formulation of problem (1.1). Let

[u]s.p = </R2N W d:lidy) 1/p

be the Gagliardo seminorm of a measurable function « : RY — R, and let
WeP(RY) = {ue LP(RN) : [u]sp < 00}

be the fractional Sobolev space endowed with the norm

el = (lul} + [wl2,)"",
where ||, is the norm in L? (RY). We work in the closed linear subspace

WyP(Q) = {ue WPRY) :u=0aec in RV \ Q},

equivalently renormed by setting ||-|| = [-]s p, which is a uniformly convex Banach space. The
imbedding Wy (2) — L"(Q) is continuous for r € [1,p%] and compact for r € [1,p%). A
function u € W;™*(Q) is a weak solution of problem (1.1) if

[ 1) = gl ) ) 00) =00 gy a2 anet
R2N Q

|z — y [N

+/ lwlP=2wwde, Yo e WiP(Q).
Q

See [28] and the references therein for further details for this framework. In the semilinear
case p = 2 problem (1.1) reduces to the critical fractional Laplacian problem

{(—A)su =AM+ |u/%"2u inQ

1.2
(1.2) u=0 in RV \ Q,

where A > 0 and 27 = 2N/(N — 2s). This nonlocal problem generalizes the well-known
Brezis-Nirenberg problem, which has been extensively studied beginning with the seminal
paper [8] (see, e.g., [1,10-13,18,22,24-27,45-47,49] and references therein). Consequently,
many results known in the local case s = 1 have been extended to problem (1.2). In
particular, Servadei [41,42] and Servadei and Valdinoci [43,44] have shown that problem
(1.2) has a nontrivial weak solution in the following cases:

(1) 2s < N < 4s and A\ is sufficiently large;
(17) N =4s and A is not an eigenvalue of (—A)® in §;
(iii) N > 4s.
This extends to the fractional setting some well-known results of Brezis and Nirenberg [8],
Capozzi et al. [10], Zhang [49], and Gazzola and Ruf [24] for critical Laplacian problems.
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In the present paper we consider the quasilinear case p # 2 of problem (1.1). This presents
us with two serious new difficulties. Let

Wer(RY) = {u e LP(RM) : [u]s, < oo}

endowed with the norm |||, and let

P
U
(1.3) S=  inf | ﬂ :
ueWsr®RN)\{0} |Ulpe
which is positive by the fractional Sobolev inequality. Our first major difficulty is the lack
of an explicit formula for a minimizer for S. It has been conjectured that all minimizers are

of the form cU(|z — x¢|/€), where
1 N
D Wy S

)

p' = p/(p — 1) is the Holder conjugate of p, ¢ # 0, xg € R, and ¢ > 0. This has been
proved in Lieb [33] for p = 2, but for p # 2 it is not even known if these functions are
minimizers. We will get around this difficulty by working with certain asymptotic estimates
for minimizers recently obtained in Brasco et al. [4].

Our second main difficulty is that the linking arguments based on eigenspaces of (—A)?
used in the case p = 2 do not work when p # 2 since the nonlinear operator (—A)7 does not
have linear eigenspaces. We will use a more general construction based on sublevel sets as
in Perera and Szulkin [39] (see also Perera et al. [37, Proposition 3.23]). Moreover, the stan-
dard sequence of variational eigenvalues of (—A); based on the genus does not give enough
information about the structure of the sublevel sets to carry out this linking construction.
Therefore we will use a different sequence of eigenvalues introduced in Iannizzotto et al. [28]
that is based on the Zs-cohomological index of Fadell and Rabinowitz [20].

Let us recall the definition of the cohomological index. Let W be a Banach space and let
A denote the class of symmetric subsets of W\ {0}. For A € A, let A = A/Zs be the quotient
space of A with each u and —u identified, let f : A — RP be the classifying map of A,
and let f* : H*(RP*) — H*(A) be the induced homomorphism of the Alexander-Spanier
cohomology rings. The cohomological index of A is defined by

sup{m >1: f*(wm 1) #0}, A#0

i(A) =
(4) 0. s g

where w € H!(RP) is the generator of the polynomial ring H*(RP>) = Zs[w]. For example,
the classifying map of the unit sphere S™~! in R™, m > 1 is the inclusion RP"~! ¢ RP*,
which induces isomorphisms on HY for ¢ < m — 1, so i(S™™1) = m.

The Dirichlet spectrum of (—A); in € consists of those A € R for which the problem

AP u=AuP?u inQ
u=20 in RV \ Q

has a nontrivial weak solution. Although a complete description of the spectrum is not

known when p # 2, we can define an increasing and unbounded sequence of variational

eigenvalues via a suitable minimax scheme. The standard scheme based on the genus does

not give the index information necessary for our purposes here, so we will use the following
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scheme based on the cohomological index as in Tannizzotto et al. [28] (see also Perera [36]).
Let 1
U(u) = Tl uwe M= {ueWiP(Q):|ul| =1}
P
Then eigenvalues of problem (1.4) coincide with critical values of ¥. We use the standard
notation
UVe={ueM:¥(u)<a}, ¥Y,={ueM:¥(u)>a}, a€lR
for the sublevel sets and superlevel sets, respectively. Let F denote the class of symmetric
subsets of M, and set

A = inf sup ¥(u), keN.
MeF, i(M)>k ueM

Then 0 < A} < A2 < A3 < -+ — 400 is a sequence of eigenvalues of problem (1.4), and
(1.5) Mo < Meyr = i(0*) =i(M\ Wy, ) =k

(see Iannizzotto et al. [28, Proposition 2.4]). The asymptotic behavior of these eigenvalues
was recently studied in Tannizzotto and Squassina [30]. Making essential use of the index
information in (1.5), we will prove the following theorem.

Theorem 1.1 (Nonlocal Brezis-Nirenberg problem). Let 1 < p < oo, s € (0,1), N > sp,
and A > 0. Then problem (1.1) has a nontrivial weak solution in the following cases:
(i) N =sp? and A\ < \i;
(ii) N > sp® and )\ is not one of the eigenvalues \i;
(iii) N?/(N + s) > sp?;
(iv) (N3 + s3p3)/N (N + s) > sp? and 92 € C1:L.

This theorem extends to the fractional setting some well-known results of Garcia Azorero
and Peral Alonso [23], Egnell [19], Guedda and Véron [27], Arioli and Gazzola [3], and
Degiovanni and Lancelotti [15] for critical p-Laplacian problems.

Weak solutions of problem (1.1) coincide with critical points of the C!-functional

1 A L
(1.6) Ix(u) = » lll” = = ul, — o ulys . u € WP(Q).

s

Proof of Theorem 1.1 will be based on the following abstract critical point theorem proved
in Yang and Perera (cf. [48, Theorem 2.2]).

Theorem 1.2. Let W be a Banach space, let S = {u € W : ||lu|]| =1} be the unit sphere
in W, and let 7 : W\ {0} = S, u — u/|u| be the radial projection onto S. Let I be a
C'-functional on W and let Ay and By be disjoint nonempty closed symmetric subsets of S
such that
Z(A()) = Z(S \ Bo) < 00.
Assume that there exist R >1r >0 and v € S\ Ay such that
sup I(A) <inf I(B), sup I(X) < oo,

where

A={tu:ue Ay, 0 <t < R}U{R7((1 —t)u+tv):ue Ay, 0<t <1},

B = {ru:u e By},

X={tu:uecA, |u|=R,0<t<1}.
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LetT = {y e C(X,W) : v(X) is closed and~y|, = id s}, and set

c:=inf sup [I(u).
VEL uey(X) )

Then
(1.7) inf I(B) <c¢<supl(X),
in particular, c is finite. If, in addition, I satisfies the (PS). condition, then c is a critical

value of I.

Theorem 1.2 generalizes the linking theorem of Rabinowitz [40]. The linking construction in
its proof was also used in Perera and Szulkin [39] to obtain nontrivial solutions of p-Laplacian
problems with nonlinearities that interact with the spectrum. A similar construction based
on the notion of cohomological linking was given in Degiovanni and Lancelotti [14]. See also
Perera et al. [37, Proposition 3.23].

The following compactness result, proved in Perera et al. [38, Proposition 3.1], will be crucial
for applying Theorem 1.2 to our functional 1.

Proposition 1.3. Let 1 < p < o0, s € (0,1), N > sp, and let S be as in (1.3). Then for
any A € R, I satisfies the (PS). condition for all ¢ < % SN/sp,

Notations. We use the following notations throughout the paper. For ¢ € R and ¢ > 0, we
write a? = |a|9" ' a. For 1 < ¢ < oo, ||, denotes the norm in L7(f2) and

00, g=1
¢=194q/(g—1), 1<g<oo
L, q=00

is the Holder conjugate of q.
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2. PRELIMINARIES

2.1. Minimizers for the Sobolev inequality. We have the following proposition from
Brasco et al. [4] regarding the minimization problem (1.3).

Proposition 2.1. Let 1 <p < oo, s € (0,1), N > sp, and let S be as in (1.3). Then

(1) there exists a minimizer for S;
(ii) for every minimizer U, there exist xo € RN and a constant sign monotone function
u: R —= R such that U(z) = u(|x — zo]);
(731) for every minimizer U, there exists Ay > 0 such that

(U(@) ~ U@~ (v(a) —v(y) , P-lyde Vo e WerRY
/Rw [ — gV dady =Ny [ 0P Nvde v e Wer@Y),
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In the following, we shall fix a radially symmetric nonnegative decreasing minimizer U = U (r)
for S. Multiplying U by a positive constant if necessary, we may assume that

(2.1) (—ApU=UP"1
Testing this equation with U and using (1.3) shows that
(2.2) )P = Uz = SN/

For any € > 0, the function

(2.3) Ue(z) = E(N_;p)/p U<‘5x’>

is also a minimizer for S satisfying (2.1) and (2.2), so after a rescaling we may assume that
U(0) = 1. Henceforth, U will denote such a normalized (with respect to constant multiples
and rescaling) minimizer and U will denote the associated family of minimizers given by
(2.3). In the absence of an explicit formula for U, we will use the following asymptotic
estimates.

Lemma 2.2. There exist constants c1,co > 0 and 0 > 1 such that for all r > 1,

c1 C2
(24) e = U0 S
and
ueér) 1
9 <.
(2.5) Ulr) ~ 2

Proof. The inequalities in (2.4) were proved in Brasco et al.[4]. They imply

U@r) <@ 1
U(r) — ¢y 60=sp)/(-1)

and (2.5) follows for sufficiently large 6. O

2.2. Regularity estimates. Weak solutions of the equation (—A);u = f(z) enjoy the
natural L%-estimates given in the following lemma.

Lemma 2.3. Let f € L(Q),1 < ¢ < oo and let u € WJP(Q) be a weak solution of
(—A)Su= f(z) in Q. Then

P
(26) ful, < C 111,/ %7V,
where
N((p—1 N
(p )q, 1<q< N
i N — spq sp
N
00, — < g< >
sp

and C = C(N,Q,p,s,q) > 0. In particular, if f € L>°(Q2), then
[uloe < O
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Proof. For k > 0, t € R, and a > 0, set t;, = max{—k,min{t,k}} and consider the non-
decreasing function g¢(t) = t?. Using Brasco and Parini [6, Lemma A.2] and testing the

equation (—A)Su = f(z) with g(u) € WP () gives

w(z) — u(y))P~ ! (g(u(z)) —
ot < [ () =0 oot~

|z — y|N+sp

uly
D dady = | fa)gluto)) da,
where
t 1/p
G(+) = NP gy — 2P (atp-1)/p
0= [ g - L
Using the Sobolev inequality on the left and the Holder inequality on the right we get

P < C ’f|q ’u’%|q’ .

a+p—1
(2.7) fug PP <

If 1 < g < N/sp, take
p—Dp: Np-1)(¢—-1)

o= = >0
pq’ — i N — spq ’
so that
Oé—i-p—l * /
———p.=aq =7
p

Then r = N (p—1)q/(N — spq) and (2.7) gives
77175 < CIf, el

SO
gl < O 115/
Letting k — +oo gives (2.6) for this case. If N/sp < ¢ < oo, then

(2.8) [uloe < C (Jul, + 171577

by Brasco and Parini [6, Theorem 3.1] and the Holder inequality. Noting that ¢’ < p* in this
case, Holder inequality and (2.7) with a = 1 give us
luglh < Cluglp. < CfI, [urly
=)
1/(p—1
fugly < C1f1/ 77V
Letting k — +oo and combining with (2.8) gives (2.6) for this case. O
We also have the following Caccioppoli-type inequality.
Lemma 2.4. Let f € LY(Q),1 < q < oo and let u € WiP(Q) be a weak solution of

(A u= f(x) in Q. IfulelP € WgP(Q), then

o) [ POTHOEE by <2 [ o) uto) ot da
R2N xr — Q
uWP (@) — )P
+C o 7 — g N dzdy,

where C' = C(p) > 0.
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Proof. Testing the equation (—A);

[ 5@ ety da
Q

u = f(x) with u|p|P gives

_ (u(z) = u(y)"~" (u(@) [p(@)I” = u(y) [eW)F)
- /RzN |z — y| N oy
_ [u(z) — u(y)” le(@)P
B /Rw |z — y|NFop ey
u(z) —uly))Ptu x)|P — p
210 [, W) ) ()P D)

By the elementary inequality ||a|P — [b|P| < p|a —b| (Ja[P~! + |b|P~1) valid for all a,b € R and
the Young’s inequality,

_/ (u(@) — w(@)"" uy) (e@)" — lpy))
R2N

|z — y|Ntsp

dxdy

< p/RQN lu(z) — u(y) P~ [uy)| le(@) — ()] (e@)P~! + [o(y) P~ .

= |z — y|N+op

_ p p p

< 1/ lu(x) —u(y)P (Jp() P + |e(y)] )dxdy

4 Jren |z — y|NFep

[u(y) P le(z) — @(y) P

+C o 7 — | N dzdy

1 [u(z) —u(y)[? ()P [u(y) [P le(z) — e(y) P
= — dxd C dzxdy.

z@w woy Ve YT fo T a gV W

Combining this with (2.10) gives (2.9). O

As a consequence of Lemmas 2.3 and 2.4, we have the following lemma.

Lemma 2.5. Let f € LY(Q), N/sp < ¢ < oo and let u € Wi*(Q) be a weak solution of
(=A)yu= f(z) in Q. Then

(2.11) luel? < C IR/ (Ielh, + lel?) Ve € 7 (Q) WP (@),

where C' = C(N,$,p, s,q) > 0.

Proof. Setting t; = max {—k, min {¢,k}} for k > 0 and ¢t € R, noting that u |px[? € W5 (Q),
and applying Lemma 2.4 gives

(2.12) /R N [utw) = wl)” lew(@V” ;0 < /Q F (@) u() |on (@) do

|z — y|N e

L C lu()” |x(x) — n(y)]

p
dxdy.
R2N |z — y| NP Y

Since N/sp < q < o0,
(2.13) lul, < C ‘f|;/(p*1)
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by Lemma 2.3. By (2.12), (2.13), and the Holder inequality,
/ u(z) = u(@) P |ok(2)]
R2N

|z — y| NP

p
dady < C |72/ (Ioulty + lonl?)

<CIFR/@ (1ol +lllP) |

and letting k — 400 gives

u(@) — u(y) " [o(z)[P p/(p—1) (| p
<
ey [ ORI oy < ol (lel, + el
Since
u(z) p(x) — u(y) o(y)|P / [u(@) — u(y) P |o()[P
<
/]R?N |z — y|[NFsp drdy = ¢ R2N |z — y[NFep ey
[u()|P () — e(y)P
+ /RQN 7 — [N dxdy |,
(2.11) readily follows from (2.14) and (2.13). O

Now let # be as in Lemma 2.2, let n € C*®(R¥,[0,1]) be such that
0, |x| <20

n(z) =

1, ol > 36,

and let ns(x) = n(%) for 6 > 0.

Lemma 2.6. Assume that 0 € Q. Then there exists a constant C = C(N,Q,p,s) > 0 such
that for any v € WP(Q) such that (—=A)sv € L®(Q) and § > 0 such that Bsgs(0) C €,

lons]|? < ||v||” + C |(_A)Zv‘ié(pfl) sN=sp.
Proof. We have

[v(z) —v(y)[P (@) ns(x) — v(y) ns(y) P
2.15 vns||P §/ ———"dxdy + dxdy
( ) [[ons|| ) |z — y|N+sp Ay |z — y|NFsp
[v(@) ns(z) —v(y)? _.
+2/A3 P dedy =: I1 + Iy + 213,
where

A1 = Bsps(0)° x Bsgs(0)°, Az = Bags(0) x Bags(0), Az = Bsgs(0) x Buags(0)“.
Clearly, I} < ||v||P. To estimate I, let ¢ € C§°(Bsg(0), [0,1]) with ¢ = n in Byy(0) and let
#5(z) = p(2/6). Then

v(@) ps(x) — v(y) ws(y)|” ) 1
= [ WD e 4y < fugelp < 0|50 el
2

by Lemma 2.5 applied to @5 with ¢ = oo, and ||ps||” = 6™ =P ||p||P. Since |z—y| > |y|—306 >
lyl/4 on As,

dxdy s 1P/(P=1) sN—s
I3§C|U|ZO/I;3W+S}7§C|(_A)T)U‘OO 1) D

by Lemma 2.3. O
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2.3. Auxiliary estimates. We now construct some auxiliary functions and estimate their
norms. In what follows 6 is the universal constant in Lemma 2.2 that depends only on IV,
p, and s. We may assume without loss of generality that 0 € Q. For £,6 > 0, let

Me s = UE—@,
= G.0) - U2(69)
let
0, 0<t<U.(65)
goslt) = P s (1~ UL09)),  UL(09) <t < U(5)
t+U(6) (ml5h — 1), ¢ > U.(9),
and let
0, 0<t<U.(65)
216) s = [ o P ar = dms - 0L09), U0 <1< U0
' t, t > U.(5).

The functions g.s and G.s are nondecreasing and absolutely continuous. Consider the
radially symmetric nonincreasing function

e 5(r) = Ges(U(1)),

which satisfies
(2.17) Ue5(r) =

We have the following estimates for u. s.

Lemma 2.7. There ezists a constant C = C(N,p, s) > 0 such that for any e < §/2,

(2.18) Jue 5P < SN/*P 4 C

)

<§> (N—sp)/(p—1)
)
(2.19) g2 >

(2.20) fue g7 > SV — C (7
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Proof. Using Brasco and Parini [6, Lemma A.2] and testing the equation (—A)5 U, = UZ sl
with g. 5(U:) € WiP() gives

r) = Ye - € e\T)) — ge €
1G5 (U < /R N (Ue(x) = U, (y»p\x(ﬁ’jﬁ; ) — g5 (U-(1)))

dxdy

- /RN Ua(x)pgil 96,5(U8(I)) dx
= |U.: + /RN (9e,6(Us () = Ue(=)) Us()"* ™" da.

We have [U.[P: = SN/ by (2.2),

_ 1 ) ) 5\1-® Y
U p—1 Ul = U Ul =
ges(t) —t < Ueld) me s ~(N=sp)/p (6) [1 ( € >/ (6”

e(N—sp)/p(p—1)

p—1
S sy ey

Vit >0

by (2.4) and (2.5),

/ Ug(x)l’;—l dr = E(N—Sp)/P/ U(x)pﬁ—l dr,
RN RN

and the last integral is finite by (2.4) again, so (2.18) follows. Using (2.17),

/ ue 5(x)P do > / ue 5(x)P doe = / Ue(z)P dz = €Sp/ U(x)P dx,
RN Bs(0) Bs(0) Bs¢(0)

and the last integral is greater than or equal to

d/e /e
/ UryPrN=tar > & / p=(N=s2")/(=1)=1 gp.
1 1

by (2.4). A direct evaluation of the integral on the right gives (2.19) since 6/ > 2. Using
(2.17) again,

/RN usjg(;v)p: dx > / ugjg(:v)p: dx = / U.(2)Ps dx

B;(0)

= gN/sp _ / U(z)Ps dx
B(S/s( )c
by (2.2). By (2.4), the last integral is less than or equal to

(7 _NJp-1)-1 :(p—l)c’f e\ V-1
£ /5/57’ ar N (5) ’

so (2.20) follows. O

We note that Lemma 2.7 gives the following estimate for
P |ua,6|z )

’us,é‘zg

i
Ses(A) = fues
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there exists a constant C' = C(N, p,s) > 0 such that for any ¢ < §/2,

A ) e\*”
_ 2 sp 0 € a2
S Cs log <5>+C<5> , N=wsp

A &\ (V=sp)/(p=1)
S—C€Sp+c<5> s N>$p2.

(2.21) Sea(N) <

3. PROOF OF THE MAIN RESULT

In this section we prove Theorem 1.1. For 0 < A < A1, mountain pass theorem and (2.21)
will give us a positive critical level of I below the threshold level for compactness given in
Proposition 1.3. For A > A\, we will use the abstract linking theorem, Theorem 1.2.

3.1. Case 1: N > sp? and 0 < A < \;. We have

1 A 1 .
_ _ p_ Ps
NOES (1 A1) Jull” ~ gz 1P

so the origin is a strict local minimizer of I. Fix § > 0 so small that Bys(0) CC €2, so that
supp us s C §2 by (2.17). Noting that

RPs .
p)— lussPs — —c0  as R — +o0,
p p W iPs

*
S

RP
Iy(Rues) = = - (JJuell” = Alues
fix Ry > 0 so large that I(Rou.s) < 0. Then let

I'={y € C([0,1], W5 (€)) : 7(0) = 0, ¥(1) = Rouc s}

and set

:= inf I t)) > 0.
¢:= Inf max A(v(1))

Since t — tRou. s is a path in I,

N/sp
s [ Nuesll” = Nuesl? s
3.1 < I\(tR, - — ’ i - — N)N/sp,
(3.1) c< max A(tRoue 5) N( fueal”, =5(A)

By (2.21),

A
S+ <C -G ]10g£|> P, N = sp?
5575(/\) <

s <2~ _ CE(N—sp%/(p—l)) e N> sp?,

so Se5(A) < S if € > 0 is sufficiently small. So
5 gN/sp
< S

by (3.1), and hence I satisfies the (PS). condition by Proposition 1.3. Then c is a critical
level of I by the mountain pass theorem.
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3.2. Case 2: N > sp? and )\ > )\ is not one of the eigenvalues )\;. We have A\ < A <
Ai41 for some k € N, and then i(¥ ) = i(M \ ¥y, ,,) = k by (1.5). In what follows

w(u):ﬁ, m(u):ﬁ, ue W)\ {0}

are the radial projections onto

M={ueWeP(Q) : flul =1}, M, = {ueWgP(Q):[ul, =1},

respectively.

Proposition 3.1. If \;, < M\p41, then U™ has a compact symmetric subset E with i(E) = k
such that
‘(—A);v’oo <C WYweE,
where C' = C(N,Q,p, s, k) > 0. In particular,
v, < C YveE.
Proof. For w € L(2) with ¢ > max {1, (p — 1) (p})'}, the equation (—A)5u = [wP~? w has
a unique weak solution u = B(w) € Wj*(Q2). By Lemma 2.3,

(3.2) 1B(w)l., < Cla) wl,,
where
N({p-1)gq ¢ _N
_JN@p—-1)—spg’ p—1 " sp
v(q) = N
q
00, _ — S Q.

sp p—1

For w € My, let J(w) = my(u) € My, where u = B(w). Testing (—A);u = |w|P~2 w with
u, w and using the Holder inequality gives

_ 1
Jull” = /Q P2 wude < [wF ful, = |ul,

1= fwl? = /RQN (u(@) = u(y)"" (w(z) - w(y)

|z — y| NP

dady < ||ul[P~" [Jw]|,

respectively, so

] 1 1
=— < ——Z = > ul|lf > ————
B3) W@ = S e S el 1B, = iy 2l 2
Let

A =7y (TAk) = {we My |lwl|f <M}
Then i(A) = i(U*) = k by the monotonicity of the index and (1.5), and A is strongly
compact in LP(Q2). By (3.3), J(A) C A and

1
k

For w e A, if p/(p — 1) > N/sp, then v(p) = oo and hence

B(w B ~
‘J(’w)’oo = ‘|B((w))‘|°° < C(p) )\i/(p 1) |w‘p _ C(p) )\]lc/(p 1)
p



14 S. MOSCONI, K. PERERA, M. SQUASSINA, AND Y. YANG
by (3.2) and (3.4). Otherwise, take max {1, (p — 1) (p*)'} < go < p and define the sequence
(g;) recursively by setting ¢; = v(qi—1) if ¢;—1/(p — 1) < N/sp, in which case

SPGi-y - sp
N(p—1)—spgi—1 ~ N(p—1)—sp
Hence gp may be chosen so that ¢,—1/(p—1) < N/sp < ¢, /(p—1) for some n > 1. Iterating
(3.2) and (3.4), and using the Hélder inequality at the last step then gives

‘B(']n_l(w))‘m 1/(p—1

— <C A p—1) Jn—l < ...
[e%¢} |B(J”*1(w))\p — (QH) k ‘ (w)’qn =

< C(qn) A C(QO) )\I(Cn+1)/(p*1) ‘w|q0 < C)\’(cn+1)/(p71)'

> 0.

qi —qi—1 =

(3.5) | J" (w)]

Let A = J"(A) C A. For each ¥ € A, there exists @ € J"(A) C A such that 0 = J (@) =
u/ |ul,, where u = B(w). Then

(Caps= CARY oo
8 wp™t (B@)pt
SO
~ ! +2
3.6 Ayl =—> <O\
( ) |( )P |oo |B(&}~)|§—1 — k

by (3.4) and (3.5). Since the imbedding WP (Q2) < LP(Q) is compact and J is an odd
continuous map from LP(Q) to Wi (Q), A is a compact set and i(A) = i(A) = k.

Let E = n(A) and note that E is compact with i(E) = i(A) = k. For each v € E, there
exists 7 € A C A such that v =3/|7]|. Then

[o]”
W) = Wy,
= g =M
so B C Uk, Since 1 = 0], < C o],
(=837
—Ay vl = % < O A2
|( )P ‘oo Hfﬁup—l — k
by (3.6). O

For v € E, let vs = vns, where ns is the cut-off function in Lemma 2.6, and let

Es ={n(vs) :v e E}.
Proposition 3.2. There exists a constant C = C(N,Q,p,s,k) > 0 such that for all suffi-
ciently small 6 > 0,
1
— <
oS

(3.8) sup U(w) < A\ 4+ CoN =P,
weks

(3.7) lwl, <C Yw € Es, 1 < q< oo,

EsNWy, ., =0,i(Es) =k, and suppw C Bays(0)¢ for allw € Es. In particular, the supports
of w and mw(uz5) are disjoint and hence 7(ue5) & Es.
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Proof. Let v € E and let w = m(vs). We have

/|v|qu:/ |v5|qu—|—/ ]v|qd:1c§/ vs|? da + C |v]_ 6™,
Q 2\ Bsg5(0) Bsgs(0) Q
S0

(3.9) / |vs|? da z/ |9 dx — C6N
Q Q

by Proposition 3.1. In particular, |vs|, > |v|; — C§Y. On the other hand,

1—Hv]p—/gv(—A);vdx§ |(—A)Zv}oo/glv|dx§6’]v|1

by Proposition 3.1 again, so |vs|, > 1/C — C§N. Since

(3.10) [vs[P < 1+ CN—sP
by Lemma 2.6 and Proposition 3.1, then
1
— — O8N
_ lushy C _ 1 (N—sp)/p
’w|1 - HU5|| > 1 -f—C(S(N_Sp)/p - 5 +O(6 )7

which together with the Holder inequality gives the first half of (3.7). By (3.9) with ¢ = p,
1
D D N N
(3.11) lvsl, = |v], — C™ > Fve &)

since £ C M. So |vs|,, and hence also ||vs|, is bounded away from zero. Since [v[,, is
bounded by Proposition 3.1 and 0 < 75 < 1, |vs|,, is bounded, so this shows that |w|, =
|v5] / llvs|| is bounded, which gives the second half of (3.7).

Combining (3.10) and (3.11) gives

~lwsl? 1t CoN—sp
|U6‘£ B i —_ O8N
k
Fix § > 0 so small that A\, + CV =P < A\pyq. Then Es ¢ M\ Uy..; by (3.8), and hence
i(Es) <i(M\ ¥y,,,) =k by the monotonicity of the index and (1.5). On the other hand,
E — Es, v+ m(vs) is an odd continuous map and hence i(Ej) > i(E) = k. So i(Es) = k.
Finally, supp 7(vs) = supp vs C suppns C Bags(0)¢ for all v € E, and

T (w) =\, + O(sN ).

supp 7 (ue,5) = supp ue,s C Bps(0),
by virtue of (2.17). O
We are now ready to apply Theorem 1.2 to obtain a nontrivial critical point of Iy in the
case where A > A1 is not one of the eigenvalues \;. Fix A such that Ay < X < A < Agi1, and
let 6 > 0 be so small that the conclusions of Proposition 3.2 hold with A\ + C6N =% < X, in
particular,

(3.12) U(w) <N Vw € E;.

Then take A9 = E5 and By = V¥, ,, and note that Ap and By are disjoint nonempty closed
symmetric subsets of M such that

i(Ao) = i(M\ Bo) =k
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by Proposition 3.2 and (1.5). Now let 0 <& <6/2,let R > r >0, let vg = m(us5) € M\ Ej,
and let A, B and X be as in Theorem 1.2.

Foruw e ¥y, ,,
1 A 1 "
I;(Tu)Z(l—) rP — — rPs,
p )\k?-‘rl p: Sps/p

Since A < Agy1, it follows that inf I, (B) > 0 if r is sufficiently small.
Next we show that Iy < 0 on A if R is sufficiently large. For w € Es and t > 0,

In(tw) gi(l—%) <0

by (3.12). Now let w € Es and 0 < ¢t < 1, and set u = w((1 — ¢)w + tvg). Clearly,
(1 —t)w + tvg]| <1, and since the supports of w and vy are disjoint by Proposition 3.2,

(1= t)w + tuolpz = (1= )7 |w]p: + 7% Jwolp:

In view of (3.7) and since

(3 13) | |p;‘ _ |u€’§‘£§ > 1 + O( (N—SP)/(P—I))
| T ugglPF SN T

by Lemma 2.7, it follows that

ulfi — (1 —t)w + tugl: J 1
P = tyw + two|PF T C

if € is sufficiently small, where C' = C'(N,Q,p, s, k) > 0. Then

RP  RP: s RP RPS
- ults <

I\(Ru) < <0

i Sy T S
if R is sufficiently large. In view of (1.7) and Proposition 1.3, it only remains to show that
sup I (X) < %SN/SP,

if ¢ is sufficiently small. Noting that
X={pr(1—-t)w+tv) wekE;,0<t<1,0<p<R},
let we Eyand 0 <t <1, and set u =7((1 —¢) w + tvg). Then
+7 N/sp

*

. . 1—M|ulP
(3.14) sup Ix(pu) < sup [’;p (1 Y |uyg) _ ]u\gz] i w

0<p<R p>0 : N Julp-

» Nt N/sp
. (||(1—t)w+tvg|] —A\(l—t)w+tvg|p>

N (1= t)w + twglh,
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Since w = 0 in Bgys(0) by Proposition 3.2 and vg = 0 in Bys(0)¢ by (2.17),

jw(z) — w(y)l” |vo(x) — vo(y)[?
3.15 1 —t)w + ty|P < l—tp/ dxdy + tP dxdy
(3.15) I( ) of ( ) A, |z —y[NHep a, T —y[NFep

(=) wiz) —to(@)l?
i /Ad v — y|NFsp dedy =: (1 —t)P I + 17 I + 213,

where
A1 = Bys(0)° x Bgs(0)¢, Az = Baps(0) x Bags(0), Az = Bags(0)° x Bys(0).

We estimate I3 using the following elementary inequality: given xk > 1 and p — 1 < ¢ < p,
there exists a constant C' = C'(k, q) > 0 such that

la +b|P < kla|P +1b|P + ClalP~?[b|? Va,beR.
Taking x = /) and, thanks to N > sp?, choosing ¢ € |N(p — 1)/(N — sp), p[, we get

Mg [ @0 T o) = vl
(3.16) <2 (1—1) /A3 ddy+t/AS dzdy

N |$_y‘N+5p |x_y|N+sp

|w(@) [P~ vo(y)? A
+C oy dzxdy =: y(l —t)P Iy +tP Is + CJ,.

Clearly, I1 +2I4 < ||w||” =1 and Iz + 2I5 < |Jvo|” = 1. By (3.7) and since
2=yl 2 lal — 05 > al/2, on Ay,

we have

C / Ue 6(y) ¢ /
J, < dxdy U 1d
V= el T S G f Mo W)Y
since (2.20) implies that |u. s P and hence also [|u. s||, is bounded away from zero if ¢ is
sufficiently small. Recalling (2. 16) it holds G s(t) <t for all t > 0, and thus

/ ues(y)idy < | Udly)tdy = N-N=sp)a/p / Uly)? dy,
RN RN RN

and the last integral is finite by (2.4) since ¢ > N(p—1)/(N — sp). So combining (3.15) and
(3.16) gives

A —(N-s
(3.17) (1 =) w+ tw||P < 5 (L=t + 17+ C eN-(N=sp)a/p,
On the other hand, since the supports of w and vy are disjoint,
(3.18) ](1—t)w+tv0\£ = (1—t)p]w\§+tp|vo\£,
(1= t)w + tvplPs = (1 — )7 |w
By (3.12), |w]p = 1/¥(w) > 1/N. By (3.7), |w

implies that so is [vg|,. if € is sufficiently small, so the last expression in (3.18) is bounded
away from zero. It follows from (3.17) and (3.18) that

P » P
|(1 —¢)w + two| —)\|(1—t)w+tv0|p 1—)\|v0]p C N-(N=sp)a/p
D < 7 +Ce .

[(1 =) w + twol,s |vo]

* *
s + tPs |voly: -

p+ 18 bounded away from zero, and (3.13)
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Since vg = ue 5/ ||ue 5], the right-hand side is less than or equal to
Ses(N) + CeN-(V=smap < g _ (é O cN=sp?) (1) _ CE(N—sp)(l—q/p)> 5P

by (2.21). Since N > sp? and ¢ < p, it follows from this that the last expression in (3.14) is
strictly less than % SN/sp if ¢ is sufficiently small.

3.3. Case 3: N2?/(N +s) > sp> and A = ). Let A = Ay < Agoq, let 6 > 0 be so
small that the conclusions of Proposition 3.2 hold with Ay + C6V =P < X\, 1, in particular,
U(w) < A\gyq for all w € Es, and take Ag = E5 and By = W),., @s in the last subsection.
Then let 0 < e < §/2,let R > r >0, let vg = m(us5) € M\ Ej, and let A, B and X be as
in Theorem 1.2. As before, inf I (B) > 0 if r is sufficiently small and

Ly(Rm((1—-t)w+ty)) <0 VweE;, 0<t<1
if R is sufficiently large. On the other hand,

D
L(tw) < v (1 M ) < ORPSN=P Ywe Es, 0<t<R
P U (w)

by (3.8), where C denotes a generic positive constant independent of € and §. It follows that
sup I\(A) < CRP§N P < inf I)(B)

if 0 is sufficiently small. As in the last proof, it only remains to show that (see (3.14))

11 = t)w + twol|” — A (1 — £) w + twol

3.19 sup
(3.19) (w,t)EEsx[0,1] |(1—1)

if € and § are suitably small. We estimate the integral I3 in (3.15) using the elementary
inequality

(3.20) la+bP < af’ + [b]" + C (la’~" |b] + |a| [bP~!)  Va,beR
to get

lw(z) —w(y)P lvo(z) — vo(y)[P
321) L <(1—t P/ = L dedy + P dxdy
( ) ( ) As ‘x_y‘N—f—sp As ’x—y’N+8p

w(z) P11y w(z)|vo(y)P~1!
ot [ EEE P sy v o [ FEIEREES ey

= (1—tPL+PL+CA-t)P ' +C (1 —t)Jp 1.
As before, Iy + 214, +2Is <l and forg=1,p — 1,
|w(@) [P~ vo(y)? /
J ::/ drdy < C
T ay ey
C eN—(N—-sp)q/p

<[ v
o°P Bos)<(0)

We take 6 = & with o € (0,1) and use (2.4) to estimate the last integral to get

C
dudy < o [ L)y

Bys(0)

Jq < CE(N_SP)[p (p—q—1) a+q]/p (p—l).



THE BREZIS-NIRENBERG PROBLEM FOR THE FRACTIONAL p-LAPLACIAN 19

So combining (3.15) and (3.21) gives
(3.22) (1 = t)w + too|P < (1 — )P + P + Jy + Jp_1,
where
Jgi=C(1—t)P"9J, <C(1—tp tcN=sp)lpp-a=l)atd/p(p=1)
Young’s inequality then gives

(3.23) jq < 2 (1 —t)Ps + CePhale) g

wl=

for any xk > 0, where
[N? —sp* (N +5)|[(p = 1)(p—q) = Np(N = sp)(p — ¢ — 1) (a0 — @)

Byler) = (N —sp)a+sp2(p—1) ’
and
X _N-sp? . (N —sp)(p—q)
07 N _—sp’ T Np—(N-sp)p—0q)
Then

2 .
(3.24) (1 — ) w + twollP < (1—t)P +£7+ ?ﬂ (1—t)Ps +C e (aﬂl(“)n—“ + sﬁp—ﬂ“)m—%—l)

by (3.22) and (3.23). Using N?/(N + s) > sp?, we fix a < ap so close to ap that B,(a) > 0
for ¢ =0,1,p— 1,p. By (3.8) and Young’s inequality,

(3:25) A, (1— 1) [w]’ > (1—t)? (1 - 05<N—Sp>a) > (1—¢t)P —g (1—t)Ps — ¢ esPHhol@) g=0,
By (3.24), (3.18), and (3.25), the quotient Q(w,t) in (3.19) satisfies

(1= Ak fvolp) 7 +x (1 - t)Ps 4 C e HBl@) g

* p/pg
P <
v |ps

(3.26) Q(w, 1) <

)

(=i fu

D3 pE
p; T8

where

B(a) = min {Bo(), B1(), Bp-1(a)} >0, v =max {30, 71, Yp-1} = Sj\; - 1.

As before, the denominator is bounded away from zero if € is sufficiently small, so it follows
that

sup Q(w,t) < C(th + k + PPy < §
(w,t)€E.a x[0,t0)

for some tg > 0 if k and ¢ are sufficiently small. For ¢ > ¢y, rewriting the right-hand side of
(3.26) as
1—Ag ’U0|g k(1 —t)Ps O ePHBle) =y

|Uo

v  [vol:

‘w|p§ p/P§
*717510* (1—t)Ps +1
7% Jvol 3

gives Q(w,t) < g((1 — t)Ps), where

Seco(Ag) +C (fﬂ' + €Sp+5(°‘)/<c_w)

9(r) = (1+ C-1ryp/e: ’

C= C(vaas>t0)'
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Since 0 < (1 —¢)Ps < 1, then
Q. 1) < Seen (M) + O + €7+ ),

If S€j75;,x()\k) < S§/2 for some sequence £; — 0, then the right-hand side is less than S for
sufficiently small £ and € = ¢; with sufficiently large j, so we may assume that S, co(\;) >
S/2 for all sufficiently small . Then it is easily seen that if x < (p/p}) S/2(C + 1), then
g (1) <0 for all 7 € [0,1] and hence the maximum of g((1 — #)Ps) on [tg, 1] occurs at t = 1.
So, we reach

Q(w,t) < S ca(Ag) + C PO < 5 — (2’? — C Pl 06’3(0‘)/{7> g’

by (2.21), and the desired conclusion follows for sufficiently small k£ and e.

3.4. Case 4: (N3 + $3p3)/N (N + s) > sp?, 0Q € CY, and X\ = \;. By lannizzotto
et al. [29, Theorem 4.4], there exists a constant C' = C(N,€Q,p,s) > 0 such that for any
v e WiP(Q) with (=A)yv € L®(Q),

(3.27) o(z)| < C (A 0| PV d¥ (@) vreRY,
where d(x) = dist (z, RV \ Q).

Lemma 3.3. Assume that 0Q € CY'. Given a,B > 1, there ewists a constant C' =
C(N7Q>p75aavﬁ) > 0 such that Zf BBT‘(O) C {:E €N d(l’) < OLT‘}, then fO'f' any v € W57P(Q)
with (—A)yv € L>(Q),

[o(z) — v(y)| < C[(~A); 0|V |z —y* Ve B.(0), y € 2\ By, (0).
Proof. By (3.27),
[o(z) — o(y)| < C|(~A);50] "7 (& (2) + & (y)).
Since d(z) < ar and |z —y| > (B —1)r,

d(x) < 5 7l —l,
and since d(y) < d(x) + |x — y| by the triangle 1nequality and s <1,
d*(y) < d*(z) + |z -yl
So the desired inequality holds with the constant C' (2a°/(8 — 1)® + 1). O
Let ns be the cut-off function in Lemma 2.6.

Lemma 3.4. Assume that OQ € C%'. Then there exists a constant C = C(N,Q,p,s) > 0
such that for any v € Wy (Q) such that (—=A);v € L>(Q) and 6 > 0 such that Bggs(0) C
{z € Q:d(z) < 12600},

(3.28) lonsl? < ol + C (=AY o7/ 67,
Proof. Set f = (=A)sv and K = |f| < co. Then
(3.29) lu(z)] < CKY®P=1 55 vz e Bgps(0)

by (3.27), and for k = 3,5,
(3.30) o(z) —v(y)| < CKYPV |z —y|* Yz € Bis(0), y € @\ Bir1y5(0)
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by Lemma 3.3. We proceed splitting ||vns||” as in the proof of Lemma 2.6, and estimate the
integral

v(x) —v v(x z)— 1)|P
o [ MOz T -

in (2.15) using the elementary inequality
la+bP < |af’ +C (lafP~" o] + |bP) Va,beR
to get

lo(x) — v(y)[? o(x) — v(y)[P~ |o(@)|
I3 < — 77 dxdy+ C dxd
; /A o —y [N T T e =gV Y

p
3

We have I1 + 214 < [|v]|P. By (3.29) and (3.30), and since |z — y| > |y|/4 on As,

Is < CKP/0-D) 55 / drdy _ cpew/o-1) 6N
- Ay Y[V

Is < CKP/0-1) gsv / dxdy /-1 N
- As [y[Nep

To estimate Is, let s be as in the proof of Lemma 2.6. Since s = 75 in As,

[v(x) [P |os(z) — ps(y)[P / lv(x) —v(y)|P ps(y)? )
Igc/ daxdy + dedy | =: C (I + Iy).
2 < " |li7y|N+sp xray 4 |$7y|N+Sp ray ( 7 8)

By (3.29) and |¢s]/” = 6V 7P |||/ by scaling, we get

(3.31) I; < CKP/®=1) 52 || s ||P = CKP/ =D 5N
By Lemma 2.4,
v(@)[P s (z) — @s(y)|P
w<2 [ s@uestapar v [ ORI el 4y, o+ ony

Since ¢ = 0 outside Bsgs(0),
s [ 5@l de < ORI Y
Bss(0)

by (3.29) again. Changing variables gives

_ ox) [P [p(x) — o(y)|P
Ig = 6N [€ dady.
10 /R2N |z — y|N+ep e

We have |v(dz)| < CKY®=1 g5(5z) by (3.27), and d(0z) < d(0)+6 || < C6 since d(0) < 665
and Q is bounded, so the last integral is less than or equal to CKP/(P=1) 557 ||p||P. Hence
Io < CKP/(p=1) §N O

Since 9 € C11, for all sufficiently small § > 0, the ball Bggs(0) is contained in {z €  : d(x) < 12605}
after a translation. Then by Lemma 3.4 and Proposition 3.1,

lvs||P <1+ CN WYoeE,
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and using this inequality in place of (3.10) in the proof of Proposition 3.2 shows that (3.8)
can now be strengthened to

(3.32) sup W(w) < A, + CoV.
weFg

Proceeding as in the last subsection, we have to verify (3.19) for suitably small € and d.
Since the argument is similar, we only point out where it differs. Let v € E and let
w = 7(vs) = vs/ [|vs] -

As noted in the proof of Proposition 3.2, ||vs|| is bounded away from zero, so

[vs () [P~ ug 5(y)?
|z — y[N+sp

Jy <C
As

where A3 = Baps(0)¢ X Bys(0). By Lemma 3.3, (3.27), and Proposition 3.1, and since
|z —y| > |z|/2 > 06, on As,

dxdy,

we get
[os(2)P™ < fo(@)[P77 < C (Jo(x) = v@)"™ + o))
<C(|z - y|? P 4 5s(p—q)) < Clo —y|P9,
SO
J, <C ues(y)! dady < C/ U.(y)? dy < C elPlp—a=1) N+sqlat(N=sp)a}/p(p=1)
As |$|N+sq 054 Bys(0)

Then (3.23) holds with
Bo(a) = [N? + 5°p> — sp” N (N +5)](p = 1)(p —q) = Np(N — sp)[N (p — g — 1) + sq](ap — @)
(N = sp)[(N = sp) g+ sp*](p — 1)
and so does (3.25) by (3.32). Using
(N? +5°p°) /N (N +5) > sp”,
we fix a < o so close to o that f,(«) > 0 for ¢ =0,1,p — 1, p and proceed as before.

REFERENCES

[1] A. Ambrosetti, M. Struwe. A note on the problem —Au = Au+u|u|> ~2. Manuscripta Math., 54(4):373~
379, 1986. 2

[2] F. Andreu, J. M. Mazén, J. D. Rossi, J. Toledo. A nonlocal p—Laplacian evolution equation with non-
homogeneous Dirichlet boundary conditions. SIAM J. Math. Anal., 40:1815-185, 2009. 2

[3] G. Arioli, F. Gazzola. Some results on p-Laplace equations with a critical growth term. Differential
Integral Equations, 11(2):311-326, 1998. 4

[4] L. Brasco, S. Mosconi, M. Squassina. Optimal decay of extremal functions for the fractional Sobolev
inequality. preprint, arXiv:1508.00132 1, 3, 5, 6

[5] L. Brasco, E. Lindgren. Higher Sobolev regularity for the fractional p-Laplace equation in the su-
perquadratic case. preprint, cvgmt.sns.it/paper/2759/ 1

[6] L. Brasco, E. Parini. The second eigenvalue of the fractional p-Laplacian. Adv. Calc. Var., to appear.
arXiv:1409.6284 1, 7, 11

[7] L. Brasco, E. Parini, M. Squassina. Stability of variational eigenvalues for the fractional p-Laplacian.
Discrete Contin. Dyn. Syst. Series A, to appear. arXiv:1503.04182 1


http://arxiv.org/abs/1508.00132
http://cvgmt.sns.it/paper/2759/
http://arxiv.org/abs/1409.6284
http://arxiv.org/abs/1503.04182

8]
[9]
[10]
[11]

[12]

THE BREZIS-NIRENBERG PROBLEM FOR THE FRACTIONAL p-LAPLACIAN 23

H. Brézis, L. Nirenberg. Positive solutions of nonlinear elliptic equations involving critical Sobolev ex-
ponents. Comm. Pure Appl. Math., 36(4):437-477, 1983. 2

L. Caffarelli. Non-local diffusions, drifts and games. In Nonlinear Partial Differential Equations, volume 7
of Abel Symposia, pages 37-52, 2012. 2

A. Capozzi, D. Fortunato, G. Palmieri. An existence result for nonlinear elliptic problems involving
critical Sobolev exponent. Ann. Inst. H. Poincaré Anal. Non Linéaire, 2(6):463-470, 1985. 2

G. Cerami, D. Fortunato, M. Struwe. Bifurcation and multiplicity results for nonlinear elliptic problems
involving critical Sobolev exponents. Ann. Inst. H. Poincaré Anal. Non Linéaire, 1(5):341-350, 1984. 2
M. Comte. Solutions of elliptic equations with critical Sobolev exponent in dimension three. Nonlinear
Anal., 17(5):445-455, 1991. 2

D. G. Costa, E. A. Silva. A note on problems involving critical Sobolev exponents. Differential Integral
Equations, 8(3):673-679, 1995. 2

M. Degiovanni, S. Lancelotti. Linking over cones and nontrivial solutions for p-Laplace equations with
p-superlinear nonlinearity. Ann. Inst. H. Poincaré Anal. Non Linéaire, 24(6):907-919, 2007. 5

M. Degiovanni, S. Lancelotti. Linking solutions for p-Laplace equations with nonlinearity at critical
growth. J. Funct. Anal., 256(11):3643-3659, 2009. 4

A. Di Castro, T. Kuusi, G. Palatucci. Local behavior of fractional p-minimizers. Ann. Inst. H. Poincar
Anal. Non Linaire, (2015), DOI: 10.1016/j.anihpc.2015.04.003. 1

A. Di Castro, T. Kuusi, G. Palatucci. Nonlocal Harnack inequalities. J. Funct. Anal., 267(6):1807-1836,
2014. 1

P. Drébek, Y. Xi Huang. Multiplicity of positive solutions for some quasilinear elliptic equation in RY
with critical Sobolev exponent. J. Differential Equations, 140(1):106-132, 1997. 2

H. Egnell. Existence and nonexistence results for m-Laplace equations involving critical Sobolev expo-
nents. Arch. Rational Mech. Anal., 104(1):57-77, 1988. 4

E. R. Fadell, P. H. Rabinowitz. Generalized cohomological index theories for Lie group actions with an
application to bifurcation questions for Hamiltonian systems. Invent. Math., 45(2):139-174, 1978. 3

G. Franzina, G. Palatucci. Fractional p-eigenvalues. Riv. Mat. Univ. Parma, 5(2):373-386, 2014. 1

J. Garcia Azorero, I. Peral Alonso. Multiplicity of solutions for elliptic problems with critical exponent
or with a nonsymmetric term. Trans. Amer. Math. Soc., 323(2):877-895, 1991. 2

J. P. Garcia Azorero, I. Peral Alonso. Existence and nonuniqueness for the p-Laplacian: nonlinear
eigenvalues. Comm. Partial Differential Equations, 12(12):1389-1430, 1987. 4

F. Gazzola, B. Ruf. Lower-order perturbations of critical growth nonlinearities in semilinear elliptic
equations. Adv. Differential Equations, 2(4):555-572, 1997. 2

N. Ghoussoub, C. Yuan. Multiple solutions for quasi-linear PDEs involving the critical Sobolev and
Hardy exponents. Trans. Amer. Math. Soc., 352(12):5703-5743, 2000. 2

J. V. Gongalves, C. O. Alves. Existence of positive solutions for m-Laplacian equations in RY involving
critical Sobolev exponents. Nonlinear Anal., 32(1):53-70, 1998. 2

M. Guedda, L. Véron. Quasilinear elliptic equations involving critical Sobolev exponents. Nonlinear
Anal., 13(8):879-902, 1989. 2, 4

A. Tannizzotto, S. Liu, K. Perera, M. Squassina. Existence results for fractional p-Laplacian problems
via Morse theory. Adv. Calc. Var., to appear. arXiv:1403.5388 2, 3, 4

A. Tannizzotto, S. Mosconi, M. Squassina. Global Holder regularity for the fractional p-Laplacian.
preprint, arXiv:1411.2956. 1, 20

A. Tannizzotto, M. Squassina. Weyl-type laws for fractional p-eigenvalue problems. Asymptot. Anal.,
88(4):233-245, 2014. 1, 4

H. Ishii, G. Nakamura. class of integral equations and approximation of p—Laplace equations. Calc. Var.
Partial Differential Equations, 37:485-522, 2010. 2

T. Kuusi, G. Mingione, Y. Sire. Nonlocal Equations with Measure Data. Comm. Math. Phys.,
337(3):1317-1368, 2015. 1

E.H. Lieb. Sharp constants in the Hardy-Littlewood-Sobolev and related inequalities. Ann. of Math. (2),
118(2):349-374, 1983. 3

E. Lindgren. Holder estimates for viscosity solutions of equations of fractional p-Laplace type. preprint.
arXiv:1405.6612 1


http://arxiv.org/abs/1403.5388
http://arxiv.org/abs/1411.2956
http://arxiv.org/abs/1405.6612

24
[35]
[36]
[37]
[38]
[39]

[40]

[43]
[44]
[45]
[46]
[47]
[48]

[49]

S. MOSCONI, K. PERERA, M. SQUASSINA, AND Y. YANG

E. Lindgren, P. Lindqvist. Fractional eigenvalues. Calc. Var. Partial Differential Equations, 49(1-2):795—
826, 2014. 1

K. Perera. Nontrivial critical groups in p-Laplacian problems via the Yang index. Topol. Methods Non-
linear Anal., 21(2):301-309, 2003. 4

K. Perera, R.P. Agarwal, D. O’Regan. Morse theoretic aspects of p-Laplacian type operators, volume 161
of Mathematical Surveys and Monographs. American Mathematical Society, Providence, RI, 2010. 3, 5
K. Perera, M. Squassina, Y. Yang. Bifurcation and multiplicity results for critical fractional p-Laplacian
problems. Math. Nachr., to appear. arXiv:1407.8061 5

K. Perera, A. Szulkin. p-Laplacian problems where the nonlinearity crosses an eigenvalue. Discrete Con-
tin. Dyn. Syst., 13(3):743-753, 2005. 3, 5

P.H. Rabinowitz. Some critical point theorems and applications to semilinear elliptic partial differential
equations. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 5(1):215-223, 1978. 5

R. Servadei. The Yamabe equation in a non-local setting. Adv. Nonlinear Anal., 2(3):235-270, 2013. 2
R. Servadei. A critical fractional Laplace equation in the resonant case. Topol. Methods Nonlinear Anal.,
43(1):251-267, 2014. 2

R. Servadei, E. Valdinoci. A Brezis-Nirenberg result for non-local critical equations in low dimension.
Commaun. Pure Appl. Anal., 12(6):2445-2464, 2013. 2

R. Servadei, E. Valdinoci. The Brezis-Nirenberg result for the fractional Laplacian. Trans. Amer. Math.
Soc., 367(1):67-102, 2015. 2

E.A.B. Silva, S.H.M. Soares. Quasilinear Dirichlet problems in R"™ with critical growth. Nonlinear Anal.,
43(1):1-20, 2001. 2

E.A.B. Silva, M.S. Xavier. Multiplicity of solutions for quasilinear elliptic problems involving critical
Sobolev exponents. Ann. Inst. H. Poincaré Anal. Non Linéaire, 20(2):341-358, 2003. 2

Z.H. Wei, X.M. Wu. A multiplicity result for quasilinear elliptic equations involving critical Sobolev
exponents. Nonlinear Anal., 18(6):559-567, 1992. 2

Y. Yang, K. Perera. N-Laplacian problems with critical Trudinger-Moser nonlinearities. Ann. Sc. Norm.
Super. Pisa Cl. Sci. (5), to appear, arXiv:1406.6242. 1, 4

D. Zhang. On multiple solutions of Au + Au + |u|* "~y = 0. Nonlinear Anal., 13(4):353-372, 1989. 2

(S. Mosconi) DIPARTIMENTO DI INFORMATICA
UNIVERSITA DEGLI STUDI DI VERONA

VERONA, ITALY

E-mail address: sunrajohannes.mosconi@univr.it

(K. Perera) DEPARTMENT OF MATHEMATICAL SCIENCES
FLORIDA INSTITUTE OF TECHNOLOGY

150 W UNIVERSITY BLvD, MELBOURNE, FL 32901, USA
E-mail address: kperera@fit.edu

(M. Squassina) DIPARTIMENTO DI INFORMATICA
UNIVERSITA DEGLI STUDI DI VERONA

VERONA, ITALY

E-mail address: marco.squassina@univr.it

(Y. Yang) SCHOOL OF SCIENCE

JIANGNAN UNIVERSITY

Wuxi, JIANGSU 214122, CHINA
E-mail address: yynjnu@126.com


http://arxiv.org/abs/1407.8061
http://arxiv.org/abs/1406.6242

	1. Introduction and main result
	Acknowledgments
	2. Preliminaries
	2.1. Minimizers for the Sobolev inequality
	2.2. Regularity estimates
	2.3. Auxiliary estimates

	3. Proof of the main result
	3.1. Case 1: N sp2 and 0 < < 1
	3.2. Case 2: N > sp2 and > 1 is not one of the eigenvalues k
	3.3. Case 3: N2/(N + s) > sp2 and = k
	3.4. Case 4: (N3 + s3 p3)/N (N + s) > sp2,  C1,1, and = k

	References

