A SIMPLE SUFFICIENT CONDITION FOR THE QUASICONVEXITY OF
ELASTIC STORED-ENERGY FUNCTIONS IN SPACES WHICH ALLOW
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ABSTRACT. In this note we formulate a sufficient condition for the quasiconvexity at = — Az
of certain functionals I(uw) which model the stored-energy of elastic materials subject to a
deformation uw. The materials we consider may cavitate, and so we impose the well-known
technical condition (INV), due to Miiller and Spector, on admissible deformations. Deformations
obey the condition u(x) = Az whenever = belongs to the boundary of the domain initially
occupied by the material. In terms of the parameters of the models, our analysis provides an
explicit Ag > 0 such that for every A € (0, \o] it holds that I(u) > I(uy) for all admissible u,
where w) is the linear map = — Ax applied across the entire domain. This is the quasiconvexity
condition referred to above.
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1. INTRODUCTION

Since the seminal work of Ball [3], the phenomenon of cavitation in nonlinear elasticity has been
studied by many authors, with significant advances [9, 10, 15] having been made in the case that
an appropriately defined surface energy be part of the cost of deforming a material. In this note
we consider the original case of a purely bulk energy

I(u) = /QW(Vu(:c)) da, (1.1)

where as usual v :  C R® — R" represents a deformation of an elastic material occupying
the domain €2 in a reference configuration, and where n = 2 or n = 3. Our goal is to give a
straightforward, explicit characterization of those affine boundary conditions of the form

upx(x) == Az,
where )\ is a positive parameter, which obey the quasiconvexity inequality’
I(u) > I(uy). (1.2)

In the case of radial mappings [3] it is this inequality which must be violated in order that a
global minimizer of I might cavitate (i.e. where a hole is created in the deformed material),
a crucial ingredient of which is the application of a large enough stretch on 9 (i.e. taking A
sufficiently large). When deformations are not restricted to any particular type we are still
interested in whether the quasiconvexity inequality holds for a given A since it rules out the
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possibility that a global energy minimizer cavitates. Thus the largest A for which (1.2) holds
is sometimes referred to as a critical load. Our chief inspiration for this work is [14], where
bounds for the critical load are given in terms of constants appearing in certain isoperimetric
inequalities. We use a different technique to find an explicit lower bound on the critical load in
the two and three dimensional settings. The main results in this direction are summarised in
Theorems 2.10 and 3.5.

Our method also yields conditions on Vu for the inequality (1.2) to be close to an equality
in the sense that if §(u) := I(u) — I(u)) is small and positive then, in the two dimensional case

/ min{|Vu — A\1|%, |Vu — A\1|9} dz < ¢6(u), (1.3)
Q

where 1 < ¢ < 2 is an exponent governing the growth of the stored-energy function W appearing
n (1.1). See Theorem 2.11 for the latter. The corresponding condition in three dimensions is

/ |Vu — A1|?dx < ¢d(u),
Q

where 2 < ¢ < 3: see Theorem 3.6 for details. In both cases the Friesecke, James and Miiller
rigidity estimate [8, Theorem 3.1] (see also [5, Theorem 1.1]) is used in conjunction with the
boundary condition to recover information apparently lost in deriving sufficient conditions for
(1.2). We also note that these conditions are invariant under the elasticity scaling in which a
function v(z), say, is replaced® by v¢(z) = Lv(ex), where € > 0. This is important in view of the
example in [17, Section 1]. The latter says, among other things, that, in the absence of surface
energy, a deformation which cavitates at just one point in the material can have the same energy
as another deformation with infinitely many cavities.

The setting we work in is motivated by [15] in the sense that we impose condition (INV), a
topological condition which is explained later. Cavitation problems must be posed in function
spaces containing discontinuous functions. In particular, Sobolev spaces of the form W14(Q, R")
with ¢ > n are not appropriate, since their members are necessarily continuous. In the case
g > n this follows from the Sobolev embedding theorem, while if ¢ = n then well-known results
[19, 18], applying to maps u with det Vu > 0 a.e., imply that u has a continuous representative.
Thus we work in W14(€, R"), where n—1 < ¢ < n, and in so doing we are able to take advantage
of existing results, including but not only those of [15].

The stored-energy functions we consider in the two dimensional case have the form

W(A) :=|A|?+ h(det A)
where 1 < ¢ < 2 and where h: R — [0, +00] satisfies
(H1) h is convex and C! on (0, +00);
(H2) limy— 0+ h(t) = +oo and liminf;_, hTt) > 0;
(H3) h(t) = +oo if t < 0.
In three dimensions the appropriate class of W is detailed in Section 3. In both cases we
define a set of admissible deformations

Ay = {u e WH(Q,R") : u=uy on dQ, det Vu > 0 a.e.in Q}. (1.4)

It is made clear in [3] and [16] that when A is sufficiently large there are maps ug belonging to

Ay of the form
x
up(z) = T(\xl)m,

2this is an oversimplification: see [4, Proposition 2.3] or [17] for full details
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with 7(0) > 0, such that
I(up) < I(uy). (1.5)

The growth of h(t) for large values of t is pivotal in ensuring that such an inequality can hold.
Thus the integrand W is not (W14-)quasiconvex at A1. The loss of quasiconvexity is typically
associated with so-called cavitating maps like ug, whose distributional Jacobian Det Vug is
proportional to a Dirac mass, a remark first made by Ball in [3].

For later use, we recall that the distributional Jacobian of a mapping in W1?(Q, R"), with
p >n?/(n+ 1), is defined by

(Det Vu) () = —711/ V- (adj Vu)u dz,
Q

where ¢ belongs to C5°(£2). When u is C? the distributional Jacobian coincides with the Jacobian

det Vu. The same is true if, more generally, u € W1P(Q) with p > n?/(n + 1) and Det Vu is a

function (see [11]).

The paper is arranged as follows: after a short explanation of notation, we consider the two
and three dimensional cases separately in Sections 2 and 3 respectively. Subsection 2.1 contains
the bulk of the estimates needed for (1.3); the relevant estimates in the three dimensional case
draw on these results and are presented succinctly in Section 3. Along the way, we give a slight
improvement of [20, Lemma 2.15], and, as a byproduct of our work in three dimensions we are
led to a conjecture concerning the quasiconvexity of a certain function which, to the best of our
knowledge, has not yet been considered in the literature.

1.1. Notation. We denote the n x n real matrices by R™*™ and the identity matrix by 1.
Throughout, Q C R” is a fixed, bounded domain with Lipschitz boundary, B(a, R) represents
the open ball in R™ centred at a with radius R > 0 and S(a, R) := dB(a, R). Other standard
notation includes L™ for the Lebesgue measure in R™.

The inner product of two matrices A, B € R"*" is A - B := tr (AT B). This obviously holds
for vectors too. Accordingly, we make no distinction between the norm of a matrix and that of a

vector: both are defined by |v| := (V'l/)%. For any n x n matrix we write adj A := (cof A)7, while
tr A and det A denote, as usual, the trace and determinant of A, respectively. Other notation
will be introduced when it is needed.

2. THE TWO DIMENSIONAL CASE

The relevance of the distributional Jacobian to the loss of quasiconvexity can be seen using the
following argument, the first part of which is due originally to Ball [2]. Firstly, the convexity of
A — |A]? and of h implies that

W(Vu) > W(AL) + g[AL|772\1 - (Vu — A1) 4+ B/ (A?)(det Vu — A?),

which, when u € A, can be integrated over 2; the result is
I(u) > I(uy) + W' (\?) /Q(det Vu — det Vuy) d. (2.1)
Clearly, if the integral with prefactor h/(\?) vanishes, that is if
/Q(det Vu —det Vuy) dx =0, (2.2)

then I(u) > I(uy) follows. This can be ensured, for example, by imposing further conditions on
u guaranteeing that

/f(u(:v)) det Vu(z) dx :/ f(y) deg(u, 09, y) dy (2.3)
Q R2
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for any bounded continuous function f, where @ represents the trace of w, here assumed to
possess a continuous representative in order that the degree is well-defined. The idea behind
this originates in Sverdk’s work [18], and was later refined by Miiller, Qi and Yan [12]%. As
Sverdk remarks in [18], (2.3) clearly excludes cavitation by choosing f with support in the
created cavity. We note that (2.3) is a key ingredient in Sverdk’s proof of the existence of a
representative for u that is continuous outside a set of Hausdorff dimension n—p, where p > n—1
is the Sobolev exponent appearing in the class .AZ‘; ¢ he works in: see [18] for further details of
that rich theory. It turns out that the discrepancy between fQ det Vudx and fQ det Vuy dz
can be measured using Det Vu and interpreted in terms of cavitation provided some additional
conditions are imposed on u. To explain this we follow the approach in [14] and appeal to a
result in [15] that is couched in terms of Miiller and Spector’s condition (INV). We now recall
the definition of condition (INV), which is stated in terms of a general dimension n and domain
Q.

Definition 2.1. ([15, Definition 3.2]) The map u : @ — R" satisfies condition (INV) provided
that for every a € Q there exists an L'-null set N, such that, for all R € (0, dist(a,99Q)) \ Na,
uls(a,r) 8 continuous,

(i) u(z) € imp(u, B(a, R)) Uu(S(a, R)) for L"-a.e. x € B(a,R), and
(ii) u(x) € R™\ imr(u, B(a, R)) for L"-a.e. x € Q\ B(a, R).

The topological image of B(a, R) under the mapping u, im7(u, B(a, R)), is defined below.

Lemma 2.2. ([15, Lemma 8.1].) Let u € WH9(£; R™) with ¢ > n — 1. Suppose that det Vu > 0
a.e. in Q and that u*, the precise representative* of u, satisfies condition (INV). Then Det Vu >
0 and hence Det Vu is a Radon measure. Furthermore,

Det Vu = det Vu L™ +m (2.4)
where m is singular with respect to Lebesgue measure and for L'-a.e. R € (0, dist (a, 0Q)),
(Det Vu)(B(a, R)) = L"(im (u, B(a, R))). (2.5)

Remark 2.3. Under the assumption that the perimeter of im p(u, ) is finite it can be shown
that the singular part of Det Vu is a sum of Dirac masses. Thus the left-hand side of (2.6)
below is —1x (volume of cavities created by the deformation ). See [15, Theorem 8.4] for more
details.

Remark 2.4. Since m is singular with respect to Lebesgue measure, and in view of Det Vu > 0,
it is clear that m > 0.

Reverting to the two dimensional case 2 C R?, the assumption that v € W14(Q) for ¢ > 1
implies (by Sobolev embedding) that u|g,g) is continuous for Ll-a.e. R € (0,dist (a, 08)).
Hence, for such R, the topological image

im7(u, B(a, R)) = {y € R*\ u(S(a, R)) : deg(u, S(a, R),y) # 0}

is well-defined. Following [14], we extend u by setting it equal to uy on B(0, M)\ €, where M
is chosen so that 2 C B(0, M), and we assume that the extension satisfies condition (INV) on

30ne could also produce (2.3) without reference to either of these papers. For example, (2.2) holds whenever
u is continuous, satisfies Lusin’s N-property (i.e., u maps sets of (Lebesgue) measure zero to sets of (Lebesgue)
measure zero), and det Vu belongs to L'(Q). See, for example, [7, Theorem 5.25].

4See [15, p. 13] for a definition of u*.
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B(0, M). It is then straightforward to check, using the definition of the distributional Jacobian,
its representation through [15, Lemma 8.1] and (2.5), that

-m(Q) = /Q(det Vu — det Vuy) dz (2.6)

Finally, by applying (2.6) to inequality (2.1), we obtain
I(u) > I(uy) — K (A m(Q). (2.7)

It is clear that when A’(A?) < 0 or m(Q) = 0 we have I(u) > I(uy). Summarising the above, we
have the following:

Proposition 2.5. Suppose that W(A) = |A|? + h(det A), where h satisfies (H1) — (H3), and
where ¢ > 1. Let B(0, M) contain Q2 and denote by u® the extension of u to B(0, M)\ Q defined
by
e(g) = 4 ul@) ifze
ui(e) = { ux(x) if x € B(0,M)\ Q.
Assume that u® satisfies the hypotheses of [15, Lemma 8.1] in the case that n = 2. Then if
Jo det Vudz = [, det Vuy dz or if K'(A?) <0, the inequality I(u) > I(uy) holds.

The rest of this section handles the case h'(A\%) > 0 and m(Q) > 0, where m is given by
(2.6), which is the situation not covered by Proposition 2.5. The following is a slightly improved
version of a lemma by Zhang which, although stated here for general n, will only be needed in
the case n = 2.

Lemma 2.6. (Adaptation of [20, Lemma 2.15]) For 1 < ¢ <2, M >0, and A, B € R™™"™ with
0< Al <M,
C1(M,q)|B* if |B] < M,

A+ B|1— |Al"—q|A|"*A B> -
A+ B|* — [A]* —q|4] —{@@wq if |B| > M,

The constants C1(M,q) and Ca(q) are given by
1

C1(M.0) = 55y (2.8)
Ca(a) = 5y (29)

Proof. The only part which requires proof is the constant Ca(q) since it is larger than the

original version Cs(q) := m given in [20, Lemma 2.14]. The constant C5(q) appears in [20,

Eq. (2.23)] as a prefactor in the estimate
L s)BR -
—————ds > C3(q)|B|?
[t gt = Caoim
under the assumption that |B| > M. Now, in terms of 7 := |B|/M,
Q-9BE _ (-s)BP
[A+sBl*7a —  [M +s|BJ|[>
(1—s)Mir?
(14 s7)%7¢
(1— $)r>9|BJs
- (1+7)2q.
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Since 7 > 1, the quantity (1127% is bounded below by 1/2279. Upon integration, the lower
bound
1 2
1— q
(1-s)BF ,  IB
o |[A+sB|? 2(22-9)

follows. O

Let u € Ay. Applying Lemma 2.6 to A := A1 and B := Vu — A1, we find that with
M = |A| = V2],

|Vau|? > [AL|7 + g[AL|972(Vu — A1) - A1 + Fpr(Vu — A1) (2.10)
where the function Fj; : R?*2 — R is defined by

[ Ci(M,q)|B? if|B| < M,
me’{@@wq it [B| > M.

Now
[Vu — A1| > dist (Vu, ASO(2))
and since, by polar factorization,
dist (Vu, ASO(2)) = |[VVuIVu — A1| = [(A1(Vu), A2(Vu)) — (A, A)],
where 0 < A\ (Vu) < \o(Vu) are the singular values of Vu, we have
|[Vu — A1| > |A — Al (2.11)

Here, A := (A1, A2), where we leave out the dependence on Vu for clarity, and Ay := (A, \).
Next, define f; : RT — RT by

Fu(t) = min{C1(M, q)t%, C2(q)t7}, (2.12)
where C1(M, q) and Ca(q) are as in (2.8) and (2.9), respectively.

Remark 2.7. We note that fj; is continuous on R* and Oy (M, q)t*> = Cz(q)t? if and only if
t = M. Thus the growth of fp; switches from quadratic on [0, M] to g-growth on [M,+00).
We remark that the continuity is a consequence of the improved (i.e. increased) value for Cs(q)
provided in Lemma 2.6. More importantly, a larger value for C3(q) makes our estimate of the
critical load more accurate: see (2.32), for example.

Then, by combining (2.11) and (2.12) with the definition of Fj;, we obtain
Fryi(Vu — A1) > far(|A — Aol)-
Therefore, by (2.10),
[Vl > [AL]? + g[AL|7*(Vu — AL) - AL + f g5, (JA — Aol).
Integrating this, applying the definition of the stored-energy function W, using

/(Vu — A1) dz =0,
Q

and recalling that det Vu = Aj g, gives

I(u) > /Q (ALJT £ £ 5 (1A — Agl) + (A Ae)) do. (2.13)
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Then in view of the convexity of h we get

Iw) =) = [ fmld=tDdo+ [ (10wk) = h(O) do

[ £mn(18 = Raydo 502 [ (xa =22 d

As has already observed, we need only consider h’'(\?) > 0, since Proposition 2.5 covers the case

Y

h'(\?) < 0.
Note that
Fan(IA = Ao|) + B/ (X)) (A da = A%) = G (A) + Gy (A),
where
G (A) = fay(IA = Agl) + B/ (W) (A1 — M) (A2 — A) (2.14)
and
G5 (A) == A/ (AB) (AL + Ag — 2)), (2.15)

so that we have
I(u) — I(uy) > / GMA) dz + / GM(A) dz.
Q Q

The rest of this section is devoted to finding conditions on A which ensure that
/ GMA)dz >0 fori=1,2.
Q

The following result, in which inequality (2.16) is part of [2, Lemma 5.3], allows us to deal with
the term involving Qg‘. We give a short elementary proof here to keep the paper self-contained;
we also give a refined version of the estimate (2.16) which provides an ‘excess term’ (an estimate
of the difference between the two sides of the inequality (2.16)): see (2.17) below.

Lemma 2.8. Let u € WH1(Q,R?) satisfy u = uy on 0 and suppose that det Vu > 0 a.e. in €.
Then

/ (M + X2) dz > 2) £3(Q), (2.16)
where 0 < A1 < Ay denote the singé)lar values of Vu. Moreover,
/ (M1 4+ A2 —2X) dz > / ¥(u, A) dz, (2.17)
where ) !
b, ) = 222 (curl u)?

((curlw)? + max{4A2, (divu)2})3.

Proof. We first give a direct proof of (2.16).
The singular value decomposition theorem (see e.g. [6, Theorem 13.3]) yields

Vu = RD(\1, \2)Q,

A0
DA, \p) == ( 01 N )

tr Vu = tr (QRD (A1, A2)).
Since QR € O(2), it must be of the form

OR = ( coso =*£sino >

where R, (Q € O(2) and

Hence

sinoc Fcoso
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therefore
tr Vu = cos o (A1 F A\a).
It can now be checked that
tr Vu < A\ + Ao.
Then integrating the latter expression over €2 and using the fact that the weak derivative satisfies

/trVudx:/trVu,\dm:Q)\EQ(Q)
Q Q

yields (2.16).
To prove (2.17), let & € R?*2 denote by A1(£), A\2(€) the singular values of ¢ and define the
function ¢ : R?2*2 — [0, +00) by

@(&) = A(§) + A2(8). (2.18)
Notice that
() = VI + 2 det . (2.19)

Then by applying the standard identity

1
o(1) = 5(0)+9/0) + [ (129" (s)ds
to the function g(s) := ¢((1 — s)A1 + s£) defined for s € [0, 1], we obtain
©(&) = (A1) +tr (£ — A1) + (2.20)

N /01(1 _ S) QOQ(W(S))SOQ(S - )\1) ?Ew(s) + Cofw(s)) . (5 _ )\1))2

() s

—(
¥
where
w(s):=(1—-s)AL+s{ for 0<s<1.
For later use we note that the term

X(w(s),€ — A1) = Z@ENFE =D

— ((w(s) + cof w(s)) - (£ = A1))?
3 (w(s))
can be rewritten as
(atr(w(s))tr (€ — A1) — atr(¢é — A1)t (w(s)))?
3 (w(s)) '

Here, atr(n) denotes the antitrace of any n € R?*2 and is defined by atr(n) := n12 — 121. Note
that, thanks to (2.21), X(+,-) > 0 for all £ and s € [0, 1], so that by letting £ = Vu in (2.20) we
obtain an alternative proof of (2.16).

Then (2.17) follows by calculating the terms in (2.21). Letting £ = Vu again, we have
w(s) = A1+ s(Vu — A1), and

X(w(s), & — A1) = (2.21)

atr(Vu — A1) = curlu
tr (Vu — A1) =divu — 2A
atr(w(s)) = scurlu
tr (w(s)) = sdivu + (1 — s)2A.
This gives ) )
40*(curlu
X(w(s), & — A1) = 01 —i—(s(Vu )_ M) (2.22)
Now

p*(n) = (atr(n))* + (tr (1)),
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so we have

©*( AL + 5(Vu — A1) = s%(curlu)? + (sdivu + 2(1 — s)A)2.
Since the function

p:s (sdivu+2(1 — s)A)?
is convex, its maximum on the interval [0, 1] must be max{p(0),p(1)}. Hence
©* (A1 4 5(Vu — A1) < (curlw)? + max{4)?, (divu)?}
uniformly in s. Therefore (2.22) gives
4X2(curlu)?

((curlw)? + max{4\?, (divu)?})

X(w(s), & — A1) >

T
Inserting this into (2.20), recalling that

AL+ A2 — 22X = o(Vu) — (A1),
and carrying out what becomes a trivial integration yields (2.17). g

We now return to the estimate of gﬁ‘. Indeed, since we are working under the assumption
AR/ (M%) > 0 for every A > 0, applying Lemma 2.8 gives

/ Ga (M) dz > 0, (2.23)
Q

as desired.
To deal with the term involving gf we find an explicit condition on A\ which ensures that
G (A) > 0 holds pointwise for A € RT+ where

R := {2 € R?: z1,29 > 0}.
Lemma 2.9. The function
G (A) = fyan(|A = Ao]) + B/ (%) (A1 = A) (A2 = A)

is pointwise nonnegative on RT™ provided

C1(V2), q) > W' ()\?)/2, (2.24)
and
h/(%ii)w > (g — 1)@ D/2g-0/2, (2.25)

Moreover, inequality (2.25) implies (2.24).

Proof. We divide the proof into two parts, the first of which is devoted to proving the sufficiency
of (2.24) and (2.25).

Part 1. To shorten notation set Y := h/(A?). Let A — Ag = (A1 — A\, Ao — \) = (pcos p, psin p)

and let C; := C1(v2),q) and Cy := Ca(q), as defined in (2.8) and (2.9) respectively. Let
G(p, ) := G (A) and note that (using (2.12) with M = v/2))

Cip> +Yp?sinpcosp if p < 2\

= 2.2
Glp.p) { Cop? +Yp?sinpcosp if p > V2. (2.26)
Firstly, if p < v/2X then G(p, ) > 0 if and only if C; + Y sinpcosp > 0 for all 4. Whence
Cy —Y/2 >0, which is (2.24). We henceforth suppose that (2.24) holds.

Inequality (2.25) essentially prevents G(p, u) from vanishing at any point in RT outside

the set B(Ag, vV2)\) NRT+. By symmetry, we need only consider y € [—7/4,7/4], and since

G(p, ) > 01if 0 < p < /4, we can restrict attention to —7/4 < p < 0. Moreover, since G(p,0)
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is obviously nonegative, we can also exclude pr = 0. Now, in view of (2.24), the only way G(p, 1)
can vanish is if p > v/2\. In the region p > 2\, —m/4 < <0

G(p, p) = Cap” — Y|sin pucos | p?,

and since 1 < ¢ < 2, it must be that G(p, 1) < 0 for sufficiently large p and each fixed p. Also,
since G(p, 1t) is continuous and since, by (2.24), G(v/2\, i) > 0, it follows that

p(p) == inf{p > V2X: Cap? — Y |sin pcos pu|p* = 0}
is well-defined. Thus p(u) satisfies
Cap(p)? — Y| sin pu cos p| p(p)? = 0. (2.27)
Now, if the point (p(p)cosp + A, p(p)sin g + M) lies in the interior of R™" then, by making p
slightly larger, we ensure G(p, ) < 0. Since —7/4 < p < 0, the inclusion
(P(p) cos pu+ A, p(p) sinp + A) € RTF
is prevented when and only when

p(u) = p* (1), (2.28)

where p*(u) satisfies p*(u)sinpy + A =0 and —7/4 < u < 0.
Using (2.27) and the definition of p*, inequality (2.28) is equivalent to

Co
voe—q > cos | sin p|771, (2.29)
=:e(n)
where —7m/4 < pu < 0. It can be checked that
max e = (q—1)4H/24=/2 (2.30)

(=m/4,0)
the maximum occurring at u such that cos? u = 1/q. Inequality (2.25) now follows.

Part 2 We prove that (2.25) implies (2.24). First note that dividing both sides of (2.25) by
2(2-9)/2 gives

q—1,— /
s (g 0V "

q
=wy(q

Let v(¢) = 2Iny(q) and calculate v/'(¢) = ( < >> Now 1 < ¢ < 2,502 (1 - %) € (0,1),

and hence 7/(¢) < 0 on (1,2). It follows that y is a decreasing function of ¢ on (1,2), and
since y(q) — % as ¢ — 2—, the right-hand side of (2.31) is bounded below by i. Hence (2.24)
holds. O

We now draw the preceding discussions together in the following result, whose statement, in
contrast to that of Proposition 2.5, does not rely on the imposition of condition (INV).

Theorem 2.10. Let the stored energy function W : R?X2? — [0, 4-00] be given by
W(A) :=|A|? + h(det A),
where 1 < ¢ <2 and h: R — [0, +00] satisfies (H1) — (H3). Let A > 0 be such that

1 -1)/2 _—q/2
A () (q — 1)@ V2gm2, (2.32)

Then any u € Ay satisfies I(u) > I(uy).
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2.1. Error estimates. In this section we are interested in understanding the properties of those
u € Ay such that I(u) — I(uy) is small and positive. Hence we focus on the case h/(A\?) > 0
to which the results of the previous section apply. Accordingly, we impose the hypotheses of
Theorem 2.10 and strengthen inequality (2.32) to read

1

—1)/2 —q/2
23]/ (A2)A2—4 > (q— 1)(q )/ q a2, (2.33)
The main result of this subsection is the following.

Theorem 2.11. Assume that (2.33) holds. Then there is a constant ¢ = c¢(2,\,q) > 0 such
that for every u € Ay

/min{|Vu—)\1]2,\Vu—)\1|q}dac < co(u), (2.34)
Q

where §(u) := I(u) — I(uy). Moreover,

2 2
N / 22" (curlu) _d
Q ((curlw)? + max{4\?, (divu)?})?

x < 0(u). (2.35)

The proof of Theorem 2.11 is given in stages below. In view of

/ GMA) d + / GM(A) dz < 5(u), (2.36)
Q Q

the idea is that if 6(u) is small then the same must be true of the two (necessarily nonnegative)
terms in the right-hand side of (2.36). The first inequality, (2.34), follows from a smallness
assumption on fQ G (A) dx: see Proposition 2.14 below, while inequality (2.35) is a consequence
of small [, G3(A) dz and follows in a straightforward way from (2.17).

We remark that an inequality like (2.35) is not available in the three dimensional case, or
at least we could not derive it. The chief difficulty is the lack of an explicit expression for
AL(€) + Xa(€) + A3(€) for € € R3*3: cf. (2.18) and (2.19).

We now turn to inequality (2.34). To this end we introduce the function g: [0, +00) — [0, +00)
defined by

t2
3 if 0<t<1,
g(t) == q (2.37)
1 1
e, 11 it t>1.
q 2 q

For later use we notice that g is convex.
Lemma 2.12. Let (2.33) hold. Then there is a constant co = co(A, q) > 0 such that

G (A) > cog(|A — Ag]) on R (2.38)
where g is as in (2.37).

Proof. 1t is clear from the last part of the proof of Lemma 2.9 that inequality (2.33) implies that
(2.24) holds with strict inequality. Thus

GMA) > c|A = Ag> i [A— Ag| < V2 (2.39)

for some constant ¢ > 0.
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Reusing the notation A — Ag = p(cos p,sin i) and G(p, i) := Gi'(A), the case p > v/2\ can
be handled as follows. Let € > 0 and write
G(p, p) = Cap” — Y |sin pucos | p?
= (Cy — €)p? — Y|sin pucos p|p® + ep?,
where Y := h/(\?). By applying the reasoning in the proof of Lemma 2.9 to the function
G(p, p) := (Cy — €)p” — Y| sin pucos p|p?,
we see that G(p, ) > 0 provided

Cg — € _ _
e > (g — 1)a=D/2ga/2, (2.40)

Inequality (2.33) clearly implies that Cy exceeds the right-hand side of (2.40) by a fixed amount;
thus, if € > 0 is sufficiently small, inequality (2.40) holds. Hence

GMA) > e|A — Agl?  if [A — Ag| > V2. (2.41)
Inequalities (2.39) and (2.41) are easily combined to give (2.38). O

We will see that inequality (2.34) is a consequence of the L?+ L rigidity estimate [5, Theorem
1.1], or of [13, Proposition 2.3]. We recall here the following variant (see [1, Lemma 3.1]) which
is suitable for our purposes.

Lemma 2.13. Let U C R" be a bounded domain with Lipschitz boundary. Let A > 0 and g be
as in (2.37). There exists a constant ¢ = c¢(U, \,q) > 0 with the following property: for every
v € WHI(U;R™) there is a constant rotation R € SO(n) satisfying

/ g(|Vv = AR|) dx < c/ g(dist(Vu, ASO(n))) dx.
U U

Proof. Once we observe that, thanks to [8, Theorem 3.1] we can find ¢ = ¢(U) > 0 such that for
every w € WH2(U;R™) there is a constant rotation R € SO(n) satisfying

/ |Vw — AR*dzx < c/ dist?(Vw, ASO(n)) dz,

U U

the proof then closely follows that of [1, Lemma 3.1]. O
Proposition 2.14. There is a constant ¢ = ¢(Q, A, q) > 0 such that

/ min{|Vu — A1, |Vu — A\1|7} dx < cd(u). (2.42)
Q

Proof. Throughout this proof ¢ denotes a generic strictly positive constant possibly depending
on Q, A, and ¢. By (2.23) and (2.36) we have

/ G (A) dz < 6(u).
Q

Hence on recalling that
A — Ag| = dist (Vu, ASO(2)),
and by appealing to Lemma 2.12, we get

o / o(dist (Vu, ASO(2))) da: < 6(u).
Q
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Then Lemma 2.13 provides us with ¢ > 0 and R € SO(2) such that

/ g(|Vu — AR|) dz < cé(u). (2.43)
Q
We claim that
11— R> < cd(u). (2.44)
By virtue of the convexity of g, combining Jensen’s inequality with (2.43) gives
1
g (EQ(Q) /Q |Vu— AR| daz) < co(u). (2.45)

Set @ := u/\ and Z := #Q) Jo(@ — Rx)dx. Then by Poincaré’s inequality together with the
continuity of the trace operator we obtain

/ i — Rx — 2| dH? gc/ |V — R|dz,
o0 Q
and hence, since 4 = x on 0f2, we deduce that
/ (1 — R)x — 2|dH' < c/ Vi — R|dx. (2.46)
o0 Q

Arguing as in the proof of [1, Lemma 3.3], we apply [1, Lemma 3.2] to deduce that there exists
a universal constant ¢ > 0 such that

11— R gamin/ (1 - R)x — z|dH . (2.47)
2€R? J90
Combining (2.46) and (2.47) gives

1-R| < c/|Vﬂ—R|dm
Q

= ;/ﬂyw—mmx,

and therefore

1-R]*<c (»CQEQ) /Q |Vu — AR dm>2 : (2.48)

Then to prove (2.44) we need to distinguish two cases.
(i) / |Vu — AR|dx < L2(Q).
Q

By definition g(t) = t?/2 for t < 1, so that (2.45) and (2.48) immediately yield
1
2

(ii) / |Vu — AR|dz > L(Q).
Q
When ¢t > 1 we have g(t) > 1/2, then
1-R* < 2(1P+|RP)

cq <£21m/Q\Vu—>\R|dx>
c6(u),

A

IN

hence the claim is proved.
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We now notice that the convexity of g together with its definition entails
g(s+1t) < c(g(s) + t2) for every s, >0

and for some ¢ > 0. Indeed we have

#9(*5)
207 (g(s) + 9(1))

< 2071 (g(s) + t;)

Then choosing R as in (2.43) and combining the latter with (2.44) implies

g(s+1)

IN

IN

/g(|Vu—)\1|)d:L‘ = /g(|Vu—)\R+)\R—)\1|)d:U
Q Q

IN

c </ g(|Vu — AR|) dz + A? |1 — R|2>
< 05(15)2.
Finally, since we can find ¢ > 0 such that
min{t?, 1} < cg(t) for every t >0,
we obtain
/ min{|Vu — A1, |Vu — A\1|7} dz < ¢d(u),
which is the thesis. )
Remark 2.15. Using (2.49) and the definition of g we obtain

/ \Vu—/\1|2dxSc/g(|Vu—)\1])dx§c5(u).
|Vu—A1|<1 Q

Then recalling that ¢ < 2, Hélder’s inequality combined with (2.50) yields

q
2

/ Vu — AL|9dz < £2(Q)'72 (/ |Vu)\1|2d:z:) < cd(u)i.
|[Vu—A1|<1 [Vu—A1|<1

On the other hand we clearly have
/ |Vu—)\1]qu§c/g(|Vu—/\1|)dx§05(u).
[Vu—A1|>1 Q
Therfore (2.51) and (2.52) together give
/ |IVu—A1|Tdx < ¢ (5(u)% + (5(u)>,
Q
which on applying Poincaré’s inequality finally implies

=l gy < ¢ (6)F +0(w).

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

If A satisfies (2.33) then from (2.53) we can conclude that u) is the unique global minimiser of

I among all maps u in Ay and, moreover, that u) lies in a potential well.
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3. THE THREE DIMENSIONAL CASE

In this section we seek conditions analagous to those obtained in the two dimensional case en-
suring that u) is the unique global minimizer of an appropriately defined stored-energy function.
For simplicity we focus on the following W : R3*3 — [0, +o0c] given by

W(A) :=|A|? +~|A]” + Z(cof A) + h(det A), (3.1)
where 2 < ¢ < 3, v > 0 is a fixed constant, Z : R3*3 — [0, 4-00) is convex and C', and h has
properties (H1)-(H3).

Applying [14, Lemma A.1] to A — |A]7 gives
|Vul? > [A1]7 + g[A1]|772A1 - (Vu — A1) + &|Vu — A1]9, (3.2)
where
2270 < < g2 (3.3)
Moreover, we clearly have
Y| Vu|? > Y AL2 4 2901 - (Vu — A1) 4+ | Vu — A1 (3.4)
Therefore, by gathering (3.2) and (3.4) and appealing to the convexity of Z and h, we obtain
W(Vu) > W(Vuy) + ¢A17 2L - (Vu — A1) + 5| Vu — A1]?

+ 2901 (Vu — A1) +7|Vu — A\1? (3.5)

+ DaZ(cof A1) - (cof Vu — cof A1)

+  B'(A\¥)(det Vu — \3),
for any u € Ay, where A, is the class of admissible maps given by (1.4) with n = 3. Integrating

(3.5) and using the facts that both Vu and cof Vu are null Lagrangians in W14(Q, R3) for ¢ > 2,
we obtain

I(u) — I(uy) > /Q (k|Vu = A1|? 4+ 5|Vu — A2 + W (\3)(det Vu — )\3)) dx (3.6)

By analogy with Proposition 2.5 we can deal with the case h/(A3) < 0 by imposing condition
(INV) on a suitably defined extension of u, as follows.

Proposition 3.1. Suppose that W : R3*3 — [0, +-00] is given by
W (A) := |A|? + ~|A]* + Z(cof A) + h(det A)
where 2 < q < 3, v > 0 is a fized constant, Z : R3X3 — [0, 4+00) is conver and C*, and h has
properties (H1)-(H3). Let B(0, M) contain 2 and denote by u® the extension of u to B(0, M)\
defined by
e(p) . W) ifzel
““V—{w@)qxemQMnQ
Assume that u® satisfies the hypotheses of [15, Lemma 8.1] in the case that n = 3. Then if
Jqdet Vudz = [, det Vuy dz or if h'(A\?) <0, the inequality I(u) > I(uy) holds.

Proof. By (3.6) it is enough to show that h/(A%) [, (det Vu — A*) dz > 0. The argument which
precedes Proposition 2.5 implies that the integral term is not greater than zero, which when
coupled with the assumption h'(\3) < 0 easily gives the desired inequality. O

Let 0 < A1 < Ay < A3 be the singular values of Vu and define the vectors A := (A1, A2, A3)
and Ag := (A, A, A). Recall that
|[Vu — A1| > |A — Agl;
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then (3.6) implies
I(u) — I(uy) > / (KIA = Aol + y[A — Ag[? + K (A (MA2dg — A?)) do (3.7)
Q

The next three results are devoted to the case h'(\3) > 0.

Lemma 3.2. Let W be as in (3.1) and let u € Ay. Then

I(u) = I(uy) > / (FAA) + FAA)) de, (3.9)
Q
where
FMA) := kA = Ag|?+ (X3 (M = A (Aa — A (Az — \)
and

Fo(A) s=7[A = Ao + AW (M%) Y (i = M)A = ).
1<J

Proof. For brevity we write A; := A\; — A for i = 1,2, 3. It follows that
3
det Vu — \3 = 5\15\25\3 + A Z 5\15\3 + A2 Z 5\1 (39)
i<j i=1

Inserting this into (3.7) gives

)~ 1) = [

3
i (ff(A) +f§(A)) dz 4+ 20 (\®) /Q Z;)\ dz.

Since the last integral may be written as

3
/ijidx:/()\1+)\2+)\3—3)\)daz,
Q55 Q

we can apply [2, Lemma 5.3] again to deduce that
/(/\1 + A2 4+ A3) dx > 3N L3 ().
Q

Hence since h/(A\%) > 0, (3.8) holds. O

By analogy with the strategy leading to Lemma 2.9, we now find conditions on A in terms of
Kk, v and g ensuring that

AA) >
f{\(A) 20 for every A€ RTTT,
F3(A) >0

where R+ := {z € R3: 2, > 0 for i = 1,2, 3}.

Lemma 3.3. The functions F(A) and F3(A) are pointwise nonnegative on R¥++ provided

K _ _
o 2 (02 (.10
and
vy 1
N () > 3 (3.11)
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Proof. In the following we let Y := h’(\3) > 0 for brevity. We write
(5\1, A2, 5\3) = p(cos ¢sin b, sin ¢ sin 6, cos h),

where p > 0 and 0 < 0 <7, 0 < ¢ < 27. In terms of p,0 and ¢ we have F}(A) = Fi(p,0, ¢),

where
3

Fi(p, 0, ) == rpt + YT'O sin 2¢ sin 20 sin 0. (3.12)

Since the singular values of Vu are ordered as A1 < Ay < A3 the same applies to the 5\2 for
i =1,2,3; hence in particular A\; < Ap. The latter implies ¢ € [r/4, 57 /4]. Now if sin 2¢ cos 6 > 0
then the stated result would be immediate from (3.12). Therefore we assume sin2¢ cosf < 0 in
what follows, which in view of the restriction 7/4 < ¢ < 57 /4 implies either that ¢ € [7/2, 7]
when cosf > 0 or that ¢ € [7/4,7/2] U [, 57 /4] when cosf < 0. For later use we will let S be
the set of (6, ¢) satisfying these restrictions.
Let
p(0,¢) :==inf{p>0: Fi(p,0,$) =0}
and note that p is well-defined because, in view of

Y
Fi(p,0,9) = p? (Fc - p4

where ¢ < 3, there is always at least one positive solution to the equation Fi(p,0,¢) = 0.
Moreover, it is clear that p satisfies

3—q

| sin 2¢ sin 26 sin 9[) ,

4Kk _, -
Va3
Y p
Next, let us call p*(0,¢) > 0 an exit radius if
Ao + p*(cos @ sin ¢, sin fsin ¢, cos @) € ORTT.

Thus p* = p;* > 0 for at least one 7, where

(0, ¢) = | sin2¢ sin 20 sin 4|. (3.13)

A+ p1*sinfcos ¢ =0,
A+ p2*sinfsing = 0,
A+ p3*cosf = 0.
In order that F{(A) > 0 for A € R**+ it should now be clear that p must exceed the largest exit

radius, i.e., p(f, ¢) > max{p1*, p2*, p3*} for each pair (,¢) in S. Rearranging this, we obtain
the following sufficient condition:

4k
W 2 max{817 827 83}7 (314)

where

| sin 2¢) sin 26 sin 6|
§1:= sup : el
(0.0)cs, | cos¢sind|3~4
| sin 2¢ sin 26 sin 6|
8o = sup : : :
(0.6)cS, | sin@sin@[3—1
| sin 2¢ sin 26 sin 6|
§3 1= Sup —
(0,6)€ S5 | cos 0|34
Here, S; = {(0,¢) € S: pi* >0} fori = 1,2, 3.

To find s;: Let

my (6, ¢) := 4| sin @|| cos ¢|?72| cos 0| sin §|9!
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so that s; = maxg, m1. Note that p;* = —\(cos ¢sin )~ > 0 implies 7/2 < ¢ < 7, which when
combined with the restriction (0, ¢) € S implies ¢ € [r/2, 7] when cosf > 0 or ¢ € [m, 57 /4]
when cosf < 0. Thus we need only consider these values of ¢ when maximizing m1(6, ¢) over
S;. Define f(¢) := |sin ¢|| cos ¢|7~2 and note that

g = 4 Ol B 1)

where the function e is defined in (2.29) and its maximum is given by (2.30). Thus

— A(g — 1)a=D/2,~a/2 )
max my (¢—1) q [W/lgfg?/4]f(¢)

A short calculation shows that f is maximized when ¢ satisfies cos¢ = — ((¢ —2)/(q — 1))%,
which is only possible when ¢ belongs to [r/2,3mw/4]. (It is easy to check that f is monotonic

on [m, 57 /4] and that its maximum in this range is smaller than the maximum over the range
[r/2,7].) Hence

9 a=2
1(q— 2
=(g—1 L — 1
s 0= (-0t (222) 7 (3.15)
which gives

1

To find s9: We claim that s5 = s1. Let
ma (6, ) := 4| sin ¢|972| cos ¢|| sin §|97| cos b

and note that s; = maxg, mo. By definition, (6, ¢) € Sz are such that p > 0, so sin¢ < 0, from
which (given that (0,¢) € S) it follows that 7 < ¢ < 5w/4. We have ma(6, ¢) = |e(8)|f(¢),

where the function e was defined in (2.29) and

f(¢) = |sin ¢|"?| cos ¢,

It is straightforward to check that the maximum of the function f occurs at ¢ such that sin¢g =
1 1 ~

—((g—2)/(¢g —1))2 and cos¢ = —(q — 1)2, and that consequently max f = max f, where f is

as defined in the previous paragraph. It follows that so = s7.

To find s3: We claim s3 = s7. Let
m3(0, ¢) = 2|sin 2¢|| cos |~ ?sin? 0

so that s3 = maxg, m3. Define r() = |cos|?~2sin? §. Note that 7 is symmetric about 6 = /2,
so it suffices to consider just its restriction to [0,7/2]. A short calculation shows that the
maximum of r occurs at 6 satisfying sin?§ = 2/q. Thus

3
Condition (3.10) follows by inserting s; into (3.14).

Finally, (3.11) follows by writing F3' in terms of the coordinates A = Ag + p(l1,l2,l3) where
3 +13+13 =1, giving

F3(A) = p* (v + AW/ (X)) (lula + lals + Ial3) ) -

The minimum of lyly + l1l3 + l2l3 among unit vectors (1,2, 13) is —1/2. Hence f2’\ is pointwise
nonnegative provided (3.11) holds. O
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Remark 3.4. It is worth pointing out that the quadratic term in the definition of W cannot
be omitted if our method of proof is to work. Nor could this be remedied by considering any
adjusted form of FY, Fy, such as

~ Ypb oo
Fi(p,0,¢) = plux — T\ sin 2¢ sin 26 sin 0|
and
Fy(p,0,9) = p?(1 — p)k + Xp* ' (N%) (lhls + Lils + lals),

for some p € (0,1). Indeed, since ¢ > 2, the first term in 132 would be dominated by the term
involving l1ls + 1113+ I2l3 for sufficiently small p, and this would prevent the pointwise inequality
> 0.

The foregoing results imply a three dimensional analogue of Theorem 2.10:
Theorem 3.5. Let the stored energy function W : R3%3 — [0, +00] be given by
W(A) := |A|? + | A|* + Z(cof A) + h(det A),

where 2 < q < 3, Z: R3*3 — [0, +00) is convez and C', and h: R — [0, +00] satisfies (H1)-(H3).
Let A > 0 be such that

K
s (g—na2)/2,-q/2 i
h,()\3))\3_q — (q 2) q ? (3 16)
where £ is as per (3.3) and
0% 1
> —. 3.17
AR/(A3) — 2 (3:.17)

Then any u € A) satisfies I(u) > I(uy).

Let us briefly compare the result of Theorem 3.5 with [14, Theorem 4.1]. The latter asserts
that under suitable smoothness and convexity assumptions on h, a linear deformation u(z) = Lz,
u:Q — R3, is a global minimizer of I provided

B (det L)|LPP~7 < %1

Here, o and ¢; are constants which arise in their careful analysis (see [14, Section 3, Remark
2]). Inequalities (3.16) and (3.17) say, in the particular case L = A1, that the affine map wu) is
a global minimizer of I provided

W (det L)|L|>~ < min {3(3—Q)/2(q —2)2=0/24a/2; 9(363-9)/2) )\2—%}.

Thus our result mirrors that of [14] and it produces constants which are explicit up to the
inequality (3.3) obeyed by . In fact®, x varies very nearly linearly as a function of ¢ on the
interval [2, 3], the approximation k(q) ~ 3 — ¢+ (2 — v/2)(¢ — 2) being accurate to within 0.025
for ¢ in (2,3) and exact at the endpoints.

3.1. Error estimates. In the three dimensional case error estimates follow an analogous pat-
tern to those given in Section 2.1, as we now show. Let A > 0 be such that
K
— > (q—2) D242
(3.18)
gl 1

—_ > -,
AR/ (N3) = 2

5This observation is due to Dr J. Deane, to whom the authors express their gratitude.
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Theorem 3.6. Assume that (3.18) holds. Then there is a constant ¢ = ¢(2, A, q) > 0 such that
for every u € Ay

/ |[Vu — A\1|7dx < cd(u), (3.19)
Q

where 0(u) := I(u) — I(uy).

Proof. Throughout this proof ¢ denotes a generic strictly positive constant possibly depending
on £, A\, and gq.
The second inequality in (3.18) ensures that

/ FMA)dx < 8(u) for every wu e Ay, (3.20)

while the first (strict) inequality in (3.18) yields
FMA) > ¢|A — Ag|? on RTHF, (3.21)

for some ¢ > 0. To prove (3.21) we make use of the same notation as in the proof of Lemma
3.3. Let € > 0 and observe that

Y 3
FMA) = Fi(p,0,¢) = rp? — pr sin 2¢ sin 20 sin 0|
Y 3
=(k—€)p?— Tp‘ sin 2¢ sin 20 sin 6| + ep?.
By applying the reasoning in the proof of Lemma 3.3 to the function
- Yp o . .
Fi(p,0,¢) = (k—¢€)p? — T| sin 2¢ sin 26 sin 6,

we see that Fy > 0 provided
K—e€
A3y =
Since Y := h/(A\3), by virtue of the first inequality in (3.18), up to choosing € > 0 sufficiently
small, (3.22) is clearly fulfilled.
Gathering (3.20), (3.21) and recalling that

|A — Ag| = dist (Vu, ASO(3)),

> (q—2)\02/2¢g7a/2, (3.22)

we thus obtain
/ dist 1(Vu, A SO(3)) dz < cd(u) for every u € Aj. (3.23)
Q

Then invoking the rigidity estimate [8, Theorem 3.1] we find ¢ = ¢(2) > 0 such that for every
u € A, there is a constant rotation R € SO(3) satisfying

/ |IVu — AR|%dx < c¢6(u) for every u € Aj. (3.24)
Q

We now claim that
|1 — R|? < cd(u).
Combining Jensen’s inequality with (3.24) gives

( X |Vu— AR| dx)q < cd(u). (3.25)
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Set @ := u/\ and Z := % Jo(@ — Rx) dz. Then by Poincaré’s inequality together with the
continuity of the trace operator we obtain

/ /i — R — 2| dH? gc/ |V — R|dz,
o0 Q
and hence, since & = x on 92, we deduce
/ (1 - R)z — 2|dH? < c/ Vi — R|dx. (3.26)
a0 Q

Arguing as in the proof of [1, Lemma 3.3], we apply [1, Lemma 3.2] to deduce that there exists
a universal constant ¢ > 0 such that

|1 — R| Samin/ (1 - R)x — z| dH?. (3.27)
2€R3 J90
Combining (3.26) and (3.27) gives

1-R| < c/ Vi — R|dx

Q

c

= / |IVu — AR| dz,
AJa
and therefore by (3.24) we achieve
q
1-R7<c </ Vu— AR d:v) < co(u), (3.28)
Q

as claimed.
Finally, choosing R as in (3.24) and combining the latter with (3.28) implies

/\Vu—)\1|qu = /|Vu—)\R+)\R—)\1|qdm
Q Q

c</ Vu—)\R|qu+/\q1—R]q>
Q
< co(u),

which is the thesis. O

IN

A

Remark 3.7. If A satisfies (3.18), from (3.19) we can conclude that also in this case uy is the
unique global minimiser of I among all maps v in Ay and moreover that u) lies in a potential
well.

We end this section by remarking that condition (3.17) can be removed from the statement
of Theorem 3.5 if a certain conjecture holds, namely that the function

3

A P(A) := ) M(A)A(A) = A hi(4)

1<j =1
is quasiconvex at A1 (For i = 1,2,3, \;(A) denote, as usual, the singular values of A € R3*3.)
Standard results (see, e.g., [6, Theorem 5.39 (ii)]) imply that

A ) (AN (4)
1<j
is polyconvex and hence quasiconvex, but it remains to be seen whether subtracting the term
Z?Zl Ai(A) destroys the quasiconvexity at A1. We conjecture that it does not.
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To see why the quasiconvexity of P at A1 might matter, note that from (3.9) we can write
3
det Vu — A% = A dodg + A A + 27> A,
i<j i=1

Recalling that Ni=XN-—Afori=1, 2,3, where each ); is as before, the quadratic and linear
terms in the last line can be expanded and recast as

3 3
AD XA N =AD =AY
i<j i=1 i<j i=1
whose right-hand side we recognise as AP(Vu). In summary, we have shown that

det Vi — X3 = A dods + AW (A3 P(Vu).

Inserting this into (3.6) gives (on dropping the term with prefactor ~, since it will no longer be
needed)

I(u) — I(uy) > /Q (K|Vu = AL|7 4+ B (A3 A1 deds) do + AW/ (A3) /Q P(Vu) dz

= / FR(A) dx + AR/ (A?) / P(Vu) dz.
Q Q

If P were quasiconvex at Al then the second integral would by definition satisfy

/Q P(Vu)dz > /Q POM) da

for any Lipschitz v which agrees with u) on the boundary of 2. This, when coupled with a
straightforward approximation argument based on the estimate®

|P(A)] < [A* +3)]4],
further implies
/ P(Vu)dz > / P(\1)dx
Q Q

for any u in W14(Q) with ¢ > 2. Finally, a short calculation shows that P(A\1) = 0, so that
the right-hand side of the last inequality vanishes. Thus the only condition needed in order to
conclude that I(u) > I(u)y) would be (3.16), which ensures the positivity of the integral involving
7
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6This estimate follows from the fact that A — A;(A) obeys A;(A) < |A|, which follows easily from the well-
known fact that 3°°_ \;2(A) = |A].
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