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Abstract

We present a Korn-type inequality in a planar setting for special func-
tions of bounded deformation. We prove that for each function in SBD?
with sufficiently small jump set the distance of the function and its deriva-
tive from an infinitesimal rigid motion can be controlled in terms of the
linearized elastic strain outside of a small exceptional set of finite perime-
ter. Particularly the result shows that each function in SBD? has bounded
variation away from an arbitrarily small part of the domain.
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1 Introduction

The space BD(Q,R?) of functions of bounded deformation, which consists of
all functions u € L'(Q2, R?) whose symmetrized distributional derivative Eu :=
5((Du)” + Du) is a finite R%&%¢-valued Radon measure, has been introduced for
the investigation of geometrically linear problems in plasticity theory and fracture
mechanics (see [3, 5]). Variational damage or fracture problems are widely formu-
lated in the subspace SBD?(2, R?) (for the definition and properties of this space
we refer to Section 2.1 below). In the spirit of the seminal work [23] the modeling
essentially concentrates on the competition between elastic bulk contributions
le(uw) || 12() given in terms of the linear elastic strain e(u) := 3(Vu® + Vu) and
surface terms that assign energy contributions on the crack paths comparable to
the size of the crack He*(J, NQ), where J, denotes the ‘jump set’ of u (see e.g.
6, 8,9, 22, 29, 38]).

A major additional difficulty of these problems compared to models in SBV
(see [4] for the definition and basic properties of the space of special functions of
bounded variation) is the lack of control on the skew symmetric part of the dis-
tributional derivative Du’ — Du. In fact, it is a natural and important question
to analyze in which circumstances the displacement field u or the absolutely con-
tinuous part of its derivative Vu can be controlled by ||e(u)||r2(q) and H1(J,).
Apart from establishing compactness results, such properties may contribute to
gain a profound understanding of the relation between SBD and SBV functions
which is highly desirable since in contrast to (S)BV fine properties in BD ap-
pear not to be well understood by now. (We refer to the recent paper [14] for a
thorough discussion and some results in that direction.)

The key estimate providing a relation between the symmetric and the full part
of the gradient is know as Korn’s inequality. In its basic version it states that for
a bounded connected Lipschitz set 2 and p € (1,00) there is a constant C'(£2, p)
depending only on p and the domain Q C R¢ such that for all u € W1P(Q, R9)
there is some A € RY? yith

skew
[Vu — Al o) < C(2,p)]le(w)]] o )- (1)

(See e.g. [36] for a proof and [12, 27, 28, 34] for generalizations of this result into
various directions.) It turns out that the statement is false in W' ie. one can
construct functions with e(u) € LY(Q), but Vu ¢ LY(Q) (cf. [13, 31, 37]). On
the one hand, these observations particularly show that BD is not contained in
BV. On the other hand, it raises the natural question if in the space SBD? an
estimate similar to (1) can be established due to the higher integrability for the
elastic strain e(u).

However, simple examples e.g. in [3] or the piecewise rigidity result proved in
[11] show that (1) cannot hold for general functions in SBD? since the behavior
of small pieces being almost or completely detached from the bulk part of the
specimen might not be controlled. In the recently appeared contributions [10, 24]
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it has been proved that for displacement fields having small jump sets with respect
to the size of the domain the distance of the function from an infinitesimal rigid
motion can be estimated in terms of the linearized elastic energy outside of a small
exceptional set . However, these Korn-Poincaré-type estimates being essentially
of the form

|[u— (A - +0)|lL2m) < C(Q)|le(w) |2 (2)

for u € SBD?*(Q) and corresponding A € RY4 ¢ € R?, are significantly easier
as in contrast to (1) no derivative is involved. The goal of the present article is to
provide a generalization of (2) to an inequality of Korn’s-type in a planar setting
where one additionally controls Vu away from a small exceptional set of finite

perimeter. Our main result is the following.

Theorem 1.1 Let Q C R? be a connected bounded set with Lipschitz boundary
and let p € [1,2),q € [1,00). Then there is a constant C = C(2, p,q) such that
for all w € SBD?*(Q,R?) there is a set of finite perimeter E C 2 with

HIOE) < CH'(Ju),  |BE] < C(H'(J)) (3)

and A € R?2 ¢ e R? such that

skew ?

() Nlu= (A -+)[Laenp < Clle(w)ll2 @),

3 (4)
(77) |Vu— Aller) < Clle(u)llzz@,

where e(u) denotes the part of the strain Eu = 5(Du’ + Du) which is absolutely
continuous with respect to L2.

Let us first mention that we establish the result only in two dimensions as
we employ a modification technique for special functions of bounded deformation
(see [24]) which was only derived in a planar setting due to technical difficulties
concerning the topological structure of crack geometries in higher dimensions.
Moreover, it is a natural and interesting question if the result also holds for the
critical exponent p = 2.

Note that we can control the length of the boundary H!(9F) of the exceptional
set F/ which is associated to the parts of {2 being detached from the bulk part
of 2 by J,. Consequently, the result is adapted for the usage of compactness
theorems for SBV and SBD functions (see [4, 5, 16]).

Although the main goal of the work at hand is the derivation of the estimate
for the derivative in (4)(ii), we also provide a generalization for the integrability
exponent ¢. In [24] the exponent was restricted to ¢ = 2 due to the application of
a BD Korn-Poincaré inequality and in [10] the arguments were based on slicing
techniques similar to those used in the proof of Sobolev embeddings and led to an
exponent q = dQle. In the present context we obtain the estimate for ¢ < oo = 2*
as in the usual Sobolev setting.



As an application we discuss that Theorem 1.1 together with an approxima-
tion result shows that SBD? functions have bounded variation outside an arbi-
trarily small exceptional set of finite perimeter (see Theorem 5.1 below). Hereby
we give another contribution to the relation between SBV and SBD functions
which appears to go in a slightly different direction than the results presented
n [14]. We note that this statement does not immediately follow from the main
theorem since a bound on Vu does not automatically ensure that v has bounded
variation due to the fact that an equivalent of Alberti’s rank one property in BV
(see [2]) is not known in BD.

Similarly as the previously mentioned results [10, 24] or the SBV Poincaré
inequality (cf. [19]), Theorem 1.1 establishes an estimate only for functions whose
jump set is small with respect to the size of the domain. Indeed, for larger
jump sets the body may be separated into different parts of comparable size (cf.
[11, 25, 27] for related problems). In the general case we expect a ‘piecewise
Korn inequality’ to hold, i.e. the body may be broken into different sets and on
each connected component the distance of the displacement field from a certain
infinitesimal rigid motion can be controlled. We defer the analysis of this problem,
for which Theorem 1.1 is a key ingredient, to a subsequent work [26].

The paper is organized as follows. In Section 2 we first recall the definition
and basic properties of functions of bounded variation and deformation (Section
2.1). Then in Section 2.2 we introduce the notion of John domains being a class
of sets with possibly highly irregular boundary (see e.g. [30, 33]). It is convenient
to formulate Korn’s and Poincaré’s inequality for these sets since there are good
criteria to obtain uniform control over the involved constants independently of
the particular shape of the domain (cf. [1]). Finally, in Section 2.3 we present the
modification technique proved in [24] which shows that after a small alteration
of the displacement field and the jump set the jump heights of an SBD function
can be controlled solely by |le(u)| 12y and H'(J,).

The rest of the paper then contains the proof of Theorem 1.1. We first estab-
lish a local estimate on a square and after a subsequent analysis of the problem
near the boundary of the Lipschitz set the main theorem follows by a standard
covering argument.

In Section 3 we concern ourselves with the local estimate and first see that
by an approximation argument (cf. [9, 24]) it suffices to consider SBD functions
with regular jump set. The main strategy is then to modify a function with
the techniques presented in Section 2.3. Consequently, using a Korn-Poincaré
inequality BD (see [32, 40]) we find good approximations of the displacement
field by infinitesimal rigid motions in the neighborhoods of the jumps set. Then
drawing ideas from [27] we can iteratively modify the configuration on various
mesoscopic length scales to find a Sobolev function on the square which coincides
with the original displacement field outside of a small exceptional set. Finally,
the local estimate follows by application of the standard inequality (1).

We remark that in [27] it was not possible to gain control over the full part
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of the gradient as the approximating rigid motions had to be adapted after each
iteration step leading to an continual increase of the involved constant. In the
present context, however, the affine mappings are found a priori and are fixed
during the modification procedure whereby a bound for Vu can be established
using Holder’s and a scaled Young’s inequality in the case p < 2. Although the
argument does not work in the critical case p = 2 and we do not have a result
in that direction, the proof at least shows that, if the statement is wrong, a
counterexample has to include an extremely complex crack geometry with crack
pattern accumulating on an unbounded number of different mesoscopic scales.

Section 4 contains the main estimate at the boundary. We consider a Whitney
covering of the domain and apply the result obtained in Section 3 on every square
where the jump set J, is small. Hereby we can again construct a Sobolev function
outside a small exceptional set E. For the application of (1) now an additional
difficulty occurs as we have to control the shape of domain. In this context we
show that choosing E appropriately we find that the complement is a John domain
for a universal John constant and therefore we can derive a uniform estimate of
the form (1).

In Section 5 we then give the main proof and discuss an application to the
relation of SBV and SBD functions. The standard examples for (S)BD functions
not having bounded variation are given by configurations where small balls are
cut out from the bulk part with an appropriate choice of the functions on these
specific sets (see e.g. [3, 14]). We prove that each SBD function has bounded
variation away from an arbitrarily small part of the body essentially showing that
the mentioned construction provides the only way to obtain functions not lying

in SBV.

2 Preliminaries

In this preparatory section we first recall the definition and basic properties of
functions of bounded variation and state Korn’s and Poincaré’s inequality for
John domains. Afterwards, we recall a result obtained in [24] providing modifi-
cations of SBD functions for which the jump heights can be controlled in terms
of the linear elastic strain.

2.1 Special functions of bounded variation

In this section we collect the definitions of SBV and SBD functions. Let Q C R?
open, bounded with Lipschitz boundary. Recall that the space SBV (Q, R%), ab-
breviated as SBV (2) hereafter, of special functions of bounded variation consists
of functions u € LY(Q, R?) whose distributional derivative Du is a finite Radon
measure, which splits into an absolutely continuous part with density Vu with
respect to Lebesgue measure and a singular part D7u. The Cantor part Du of



DJy, vanishes and thus we have
Diu = [u] ® Equfl | Ju,

where H?! denotes the (d — 1)-dimensional Hausdorff measure, J, (the ‘crack
path’) is an H? l-rectifiable set in €, &, is a normal of J, and [u] = u™ — u~
(the ‘crack opening’) with u* being the one-sided limits of u at .J,. If in addition
Vu € LP(Q) for 1 < p < oo and HI¥7(J,) < oo, we write u € SBVP(Q).
Moreover, SBVj..(£2) denotes the space of functions which belong to SBV ()
for every open set €' CC €.

Furthermore, we define the space GSBV (Q) of generalized special functions
of bounded variation consisting of all £%measurable functions u : Q — R? such
that for every ¢ € C'(R?) with the support of V¢ compact, the composition
¢ o u belongs to SBVj,.(£2) (see [18]). Likewise, we say u € GSBVP?(Q) for
u € GSBV(Q) if Vu € LP(Q) and H?"1(J,) < co. See [4] for the basic properties
of theses function spaces.

We now state a version of Ambrosio’s compactness theorem in GSBV adapted
for our purposes (see e.g. [4, 17]):

Theorem 2.1 Let Q C R? open, bounded with Lipschitz boundary and let 1 <
p < o0o. Let (ug)y be a sequence in GSBVP(Q) such that

Vgl Loy + 1O (Juy) + Nullpre) < C

for some constant C' not depending on k. Then there is a subsequence (not
relabeled) and a function v € GSBVP(Q) such that w, — w in L'(Q) and
Vur — Vu weakly in LP(Q). If in addition ||ug|lee < C for all k € N, we
find uw € SBVP(Q) N L>®(Q).

An important subset of SBV is given by the indicator functions yy, where
W C € is measurable with H1(0W) < oo. Sets of this form are called sets
of finite perimeter (cf. [4]). As a direct consequence of Theorem 2.1 we get the
following compactness result.

Theorem 2.2 Let Q C R? open, bounded with Lipschitz boundary. Let (W), C
Q be a sequence of measurable sets with H4"1(OW}) < C for some constant C
independent of k. Then there is a subsequence (not relabeled) and a measurable
set W such that xw, — xw n measure for k — oo.

We say that a function u € L'(Q,RY) is in BD(Q,R?) if the symmetrized
distributional derivative Eu := 3((Du)” + Du) is a finite R%:¢-valued Radon
measure. Likewise, we say u is a special function of bounded deformation if Eu
has vanishing Cantor part F‘u. Then Eu can be decomposed as

Bu = e(u) L+ E'u = e(u) L4 [u] ® &EHYY 4, (5)



where e(u) is the absolutely continuous part of Eu with respect to the Lebesgue
measure £, [u], &, J, as before and a © b = $(a @ b+ b ® a). If in addition
e(u) € LP(Q) for 1 < p < oo and H(J,) < oo, we write u € SBDP(Q). For
basic properties of this function space we refer to [3, 5.

We recall a Korn-Poincaré inequality in BD (see [32, 40]).

Theorem 2.3 Let Q C R? bounded, connected with Lipschitz boundary and let
P L2(Q,RY) — L2(Q,R?) be a linear projection onto the space of infinitesimal
rigid motions. Then there is a constant C > 0, which is invariant under rescaling
of the domain, such that for all u € BD(,R?)

lu = Pul| o < C|Eu[(Q),
LTI (Q)
where |Eul(€)) denotes the total variation of Eu.

We now present a density result in SBD?*(Q) (see [24]) which is a variant of
Chambolle’s original result (see [9]).

Theorem 2.4 Let Q C R? open, bounded with Lipschitz boundary. For every
u € SBD*(Q) and for every ' CC Q with Lipschitz boundary there is a sequence
of parazxial rectangles RY,..., Ry, —with || Jj" R}| < L and functions (uy), such
that u, € H'('\ U, R}) and |lu — unHLl(Q/\U;n:”l Rr) S L forn € N as well as

(i) lle(w) = e(un)ll 2@y < £, (i) Zj:”l diam(9R?) < H'(J,) + 1, (6)
where diam(OR}) denotes the diameter of R}. If in addition u € L>(Q2), then
|tnlloo < ||t|loo for all n € N.

2.2 Poincaré’s and Korn’s inequality

A key idea in our analysis will be the replacement of displacement fields in SBD
by suitable Sobolev functions and then the application of well know Poincaré and
Korn inequalities. As the estimates will be employed on different Lipschitz sets,
we need to provide uniform bounds for the constants involved in the inequalities.
To this end, we introduce the notion of John domains.

Definition 2.5 Let Q C R be an open, bounded set and let 2y € Q. We say €
is a c-John domain with respect to the John center xy and with the constant c
if for all z € €2 there exists a rectifiable curve v : (0,1,) — €, parametrized by
arclength, such that v(0) = z, y(I,) = x¢ and ¢t < cdist(y(t),00) for all t € [0,1,].

Domains of this form were introduced by John in [30] to study problems
in elasticity theory and the term was first used by Martio and Sarvas in [33].
Roughly speaking, a domain is a John domain if it is possible to connect two
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arbitrary points without getting too close to the boundary of the set. This class
is much larger than Lipschitz domains and contains sets which may possess fractal
boundaries or internal cusps (external cusps are excluded), e.g. the interior of
Koch’s snow flake is a John domain.

Although in the present work only Lipschitz sets occur, it is convenient to con-
sider this more general notion as the constants in Poincaré’s and Korn’s inequal-
ities only depend on the John constant. More precisely, we have the following
statement (see e.g. [1, 7, 20]).

Theorem 2.6 Let Q C R be a c-John domain. Let p € (1,00) and q € (1,d).
Then there is a constant C = C(c,p,q) > 0 such that for all u € WP(Q) there

is some A € REL sych that

IVu = Allzro) < Clle(u)l| @)
Moreover, for all u € WYH4(Q) there is some ¢ € R? such that
lu = ell o (@) < ClIVUll Lo,

where ¢* = dquq. The constant is invariant under rescaling of the domain.

2.3 A modification with controllable jump heights

A main strategy of our proof will be the application of Theorem 2.3 in certain
regions of the domain. It first appears that this inequality is not adapted for the
estimates in (4) as in |Ful(€2) not only the elastic but also the surface energy
depending on the jump height is involved. However, in [24] we have shown that
one can indeed find bounds on the jump heights in terms of the elastic energy
after a suitable modification of the jump set and the displacement field. Before
we can recall the results obtained in [24], we have to introduce some further
notations.

For s > 0 we partition R? up to a set of measure zero into squares Q*(p) =
p+s(—1,1)? for p € I* := s(1,1) + 2sZ*. Let

U = {UCRQ:U:<UPGIQS—(M>O: [C[S}. (7)

Here the superscript o denotes the interior of a set. For 1 > 0 we define @), :=
(—p, pw)? and consider subsets V' C @, of the form

Vo=V CQu:V =Q,\ U; X,, X; €U®, X, pairwise disjoint}.

Note that each set in V' € V?* coincides with a set U € U* up to subtracting a set of
zero Lebesgue measure, i.e. U C V, L2(V \ U) = 0. The essential difference of V'
and the corresponding U concerns the connected components of the complements



Qu\V and Q,\U. In view of the density result presented in Theorem 2.4 above,
the key step will be to prove the main result for configurations v € H*(V) for
some V € V*.

For W € V*® with the components Xj,...,X,, we define I'(W) = 90X, for
l=1,...,m. In the following we will refer to these sets as boundary components
and frequently drop the subscript and write I'(W) or just I" if no confusion arises.
Observe that in the definition we do not require that boundary components are
connected. Beside the Hausdorff-measure we define the ‘diameter’ of a boundary
component by

diam(T) := /|m |2 + |7ol2,

where 7, T denote the orthogonal projections onto the coordinate axes.

Note that by definition of V* (in contrast to the definition of U*) two com-
ponents in (I';); might not be disjoint. Therefore, we choose an (arbitrary) order
(), = (W), of the boundary components of W, introduce

o =e(W)=ni\J T

for i = 1,...,m and observe that the components (6;), are pairwise disjoint.

We fix a sufficiently large universal constant ¢ and let W* C V* be the subset
consisting of the sets, where for a specific ordering of the components (I';); we
find for all T'; a corresponding rectangle R, = R(T';) € U* such that

(i) Ty C Ry, (1) ©,C ORy, (i) diam(I;) < diam(9R;) < cdiam(T;).  (8)

In particular, the diameter of I'; and the corresponding rectangle R; are com-
parable. (Note that in [24, Section 5] we have defined the set W?* in a slightly
different way. See also (3.5) and (3.6) in [24].)

We now formulate a simplified version of [24, Theorem 5.2].

Theorem 2.7 Let ji,s > 0 and € > 0. Then there is a (universal) constant C' >
0 and some 5 < s such that for all W € V*, W C Q,, with connected boundary
components and for all w € HY (W) there is a set U € W? with |U \ W| =0 and
letting Q = (—ji, i)? with i = max{pu — CHYOUNQ,),0} there is a modification
u in SBV defined by

(2) = Az +c¢ xe X (U) forall Ty(U) with RNQ 0, ©)
= u(x) else,

such that for all T; = Ty(U) with RyNQ # 0

/@ NP ) < Cetiam(@R)* (10)



Moreover, one has
H'(OUNQ,) < Czl diam(0R;) < C(Hl(aw NQu) + €*1He(u)\|ig(w)) (11)
and [W\U| < C(H'(OU N Q)%

Observe that (9) implies that the domain of @ contains W UQ. Here we prefer
to present an adaption of [24, Theorem 5.2] in order to avoid the introduction
of additional technical notation which will not be needed in the following. For
the sake of completeness we briefly indicate how Theorem 2.7 follows from [24,
Theorem 5.2] (using the notation of [24]). The reader only interested in the
application of the above result may readily omit the following remark.

Remark 2.8 To see Theorem 2.7 we apply [24, Theorem 5.2] for some fixed
small h, and o. Then the definition in (9) follows from (5.9) in [24] and the fact
that R;NQ # () implies N*"(9R;) € H(U) (cf. the proof of Theorem 5.8 in [24]).
Moreover, (5.10) in [24] together with |0;(U)|. < cdiam(0R;) (cf. (5.23) in [24])
yields (10). The second inequality in (11) follows from (5.11) in [24] and the fact
that >, diam(0R;) < C||U||. and ||[W|. < HY(OW NQ,) (cf. definition (3.3) in
[24]). Finally, (8)(ii) above implies the first inequality in (11) and the additional
statement |W \ U| < C(H'(0U N Q,,))? holds by the isoperimetric inequality.

3 The local estimate on a square

This section is devoted to the derivation of a local estimate on a square. Recall
Qu = (—p, p)? for pu > 0.

Theorem 3.1 Let p € [1,2),q € [1,00) and p > 0. Then there is a constant
C = Cl(p,q) such that for all w € SBD*(Q,) there is a set of finite perimeter
E C Q, with

HIOE) < CH'(Ju), B < C(H'(J)* (12)

and A € R?2 ¢ e R? such that

skew

(@) Nlu= (A -+ agm < Crlle(w)lz@u

.. 2_1 (13)
(i) [[Vu—=Allpponm < Crr lle(w)lrz2q,,

where Q = (—fi, )2 with i = max{y — CH(J,),0}. Moreover, we obtain
uxo\p € GSBVP(Qy). If in addition u € L*(Q,), we find uxg p € SBVP(Q).
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Observe that the additional statement that wyg, p lies in (G)SBV? does not
directly follow from (13)(ii) as a Korn-type inequality for Vu does not automat-
ically guarantee that v has bounded variation. In fact, an equivalent of Alberti’s
rank one property in BV (see [2]) stating |Du|(Q) < v/2|E°u|(Q) for BV func-
tions is not known in BD. In the present context we circumvent this problem by
employing an appropriate approximation result.

We start with displacements fields u € H'(W) for some W € V* and after-
wards use a density argument to prove the general version of Theorem 3.1.

3.1 Functions with regular jump set

We first introduce some further notation. Let § € 27N small, fixed and define
s; = b’ for i > 0. In the following proofs we will consider the coverings U* (recall
(7)) consisting of dyadic squares and write U* = U* for shorthand. Moreover, we
let

Qi ={Q=Q%(p):peI'}. (14)

For each () € Q; we introduce enlarged squares Q C Q" C Q" C Q' defined
_ 17 _ 9 _ 5 :
by Q" = Q, Q" = 3Q and Q" = 7Q, where A\Q denotes the square with
the same center and A-times the sidelength of (). Moreover, by dist(A, B) we
denote the euclidian distance between A, B C R2. In the sequel infinitesimal
rigid motions Az +c, A € RY2 | ¢ € R? will appear frequently and we will often

write a(z) = aa.(z) = Ax+c for the sake of brevity. We first prove the following
result.

Lemma 3.2 Let s > 0, u > 0. Theorem 3.1 holds for all functions u €
SBD?*(Q,) such that uly € H' (W) for some W € V* with connected bound-
ary components and H'(OW NQ,) < CH(J,) as well as |Q, \W| < C(H(J,))?
for some C = C(p,q).

Proof. We first apply Theorem 2.7 on u and W with ¢ = (H'(OW N Q,))"" -
le(w) |72y to obtain sets U € W, Q and a modification u such that (9)-(11)
hold, in particular we have

HY U NQ,) < C Zl diam(9R,;) < CHYOW N Q,) < CH(J,). (15)

Let Q = (—fi, f1)? with 2 = max{u — éH'(J,),0} for ¢ large enough (depending
on @) such that using (15) we find

QcCQ, Zl diam(OR;) < Z dist(9Q, 5Q). (16)

We may assume that Q # () as otherwise the assertion of the lemma is trivial.
Then (16) implies Y-, diam(0R;) < £p = 551

11



We start with the identification of regions where J; is too large (Step I).
Afterwards, we will use (10) to apply Theorem 2.3 on these specific sets (Step II).
This Korn-Poincaré estimate will then enable us to define a suitable modification
(Step III) for which Korn’s inequality for Sobolev functions can be employed
(Step IV).

Step I (Identification of ‘bad’ sets): We first identify squares of various
length scales where J; is too large. Recalling (14) we introduce the sets

A={Q€Q: Q' CQ, H(Q'NJ)=>ces) (17)
for some ¢ = ¢(f) > 0 small to be specified below. Let A; = Jyc 4, Q. Then we

define A o
Bi={QeA: QnQ#0, QnlJ_ 4,=0}

and accordingly let B; = (UQE&_ Q)° and B} = Uges, Q'. Obviously, the sets
(B;); are pairwise disjoint. We now show that for some I € N sufficiently large
we have

) ZleQlﬂ diam(0R;) <s; forall Q€ B;,i>1,

) Bi=10 for i>1I,

(iii) Ul INQc Uizl B, (18)
. 1 / 1 S

(i) #H'(O,., B) < CH'(JaN Q).

(v) |Bl| < Cs;H (Jan Q) foralli>1

for a constant C'= C(0). We first confirm (i). We assume »_p - diam(0R;) > s;
for some @ € B;, where F = {R; : R;NQ’ # (0} and derive contradictions treating
two different cases:

a) Suppose there is some R, € F with diam(OR;) > gs;-1. Then choose
j <i—1such that ts; < diam(0R;) < s;-1 and observe that by the remark
below (16) we find j > 2. Moreover, we select ), € Q;_; such that @ C Q..
As sj_1 < 8071 diam(OR;) < 1dist(9Q,0Q) by (16), we find Q. C Q for  small
enough. Then using (8)(i) we get I'; € R; C Q. and therefore by (8)(iii)

H' (JaN QL) > H'(T)) > diam(T;) > Cdiam(dR,) > COs;_;.

For ¢ sufficiently small this yields Q. € A;_;. Consequently, as @) C Q., this
implies Q) ¢ B; giving a contradiction.

b) Now assume diam(OR;) < §s;1 for all R, € F. Then it is not hard
to see that B, C Q’, where Q, € Q; ; such that Q@ C Q,. Arguing as in a)
this implies H'(J; N QL) > C Y p oy diam(OR;) > Chs;_y. As before we also
derive s, < 071", diam(0R;) < o dist(9Q), 8@) and thus Q" C Q. This gives
Q. € A;_; for ¢ sufficiently small leading again to a contradiction.
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Likewise, we obtain (ii): Assume there was some @) € B; for i so large that
s; < 05. Since R; € U?® for all R;, we find some R; with B, N Q" # 0 with
diam(9R;) > 5 > s;_1. Then we can argue as in a) above to derive a contradiction.

Moreover, the definition in (17) implies (J,I'NQ C UJ;»; 4; N Q and thus (iii)
follows from the property UZ>1 ANQ = Uiz BiN Q. B

To show (iv) we define B; = {Q € B; : Q' ¢ UZ ! | Bj} as well as B = UQE&_@
and observe J,o; B = U;>; B!. Tt is elementary to see that each z € Q is

contained in at most three different sets (B!); and thus contained in at most
twelve different squares Q" with Q € (J;», B;. Consequently, we derive using (17)

WU, 5 <X ¥ #1150 < CHIGN 1)

Finally, (v) directly follows from (17).

Step II (Korn-Poincaré inequality): Recall that by the definition in (17) we
find Q' € Q for every Q € B;. Thus, using Theorem 2.3 on Q' for Q € B; we
obtain by (9), (10) and (18)(i) suitable infinitesimal rigid motions ag = aa,.c,
such that

- aolisigy < Clle@lExay +€( [
JﬁmQ/

fall #')

< C2|e(@)| 220 + CH (Ju N Q') / e
aNQ’

< Oslle(w)l|72ign + CeH (Ja mQ)Z leﬂdiam(&Rl)Q
< Cs}(le(u)lzy +eM' (Ja N Q"))

for all @ € B;. In the second step we have used Holder’s inequality. Thus,
summing over all squares in B; and recalling that each x € @) is contained in at
most four different QQ', Q € B;, we find

ZQGB 15— aqlliz (g < Csille(u)lzzq,) (19)

for all 7 > 1, where we used ¢ < C(H (Jz N Q)" ||e(u )||L2 vy (cf. (15)).

Step III (Modification): We now show that we can ‘heal’ the discontinuities
of @ in @ drawing ideas from [27, Section 6]. The strategy is to modify the
displacement field inductively. Let 1 < p < 2 be given. Recall that I € N is
the largest index such that By # () (see (18)). Define 4y = @ and assume @; has
already been constructed satisfying

. A I—-j
(i) Jo,nQcl _ B (20)
y _ ~ j i .
(i) Do 185 = aallizgy < CsF [T, 0+ 0" lle()llia,) Vi< T -
_ =~ o J _
(iid) lle(@)I}, o < Cu? [T A+ 0" lle@)ll7zq,)

k
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for some C' large enough, where for shorthand n = 02— < 1. Clearly, by
(18)(ii),(iii), (19) and Hélder’s inequality together with |Q| < 4u? we find that
(20) holds for j = 0.

We now construct ;1. We consider a partition of unity {¢o}U(vq)ges;_; C
C>(R?) with the properties

(1) @olz) + ZQeg po(z) =1 forall z € Q,

)
(i1) Q Csupp(pq) C Q for all Q € B, (21)
(iii) supp(eo) C R*\ Br_j,
(1) [V golloes IV0gllo < 572, for all Q€ By

Then we define

i (r) = (@) + Y plr)(Agr +cq — Wy(w)) =+ Y polag — i)
QeB; QeB;_,

for all z € Q. As @, is smooth in B;_; by (21)(i),(iii), (20)(i) holds. Employing
(20)(ii) for j and ¢ = I — j we obtain
11 = T5l17 ) < CZQGB 17; — aqlZz(q)

_ j o _
<0, [L (L + 1 )le()lZaq,) < COslle(w) 2a(q, .

where in the first step we used that each z € Q is contained in at most four
. 1 .o

different enlarged squares. Using n = #2~% > # and thus Csi_; < CsinPl=i7) <

Ls2n?I=3==1) for all 1 <i < I — j — 1 for # small enough we then find

1131)2“()2

%41 = ;72 < C50° IZ2(q,)-

The last estimate together with (20)(ii) for j and a scaled version of Young’s

inequality of the form (a4 b)? < ((1+0)a? + (1 + $)b?) (a,b € R, 6 > 0) yields
for § = gn! =1

ZQEB- @41 — aQ||2L?(Q’
<IN Y alagy + O i — 2
CfH L+ )@+ g0 D le(w)I22q,)
O e < €5 T+ 075 ) gy,

forall 1 <4 < I—j—1. This shows (20)(ii). To confirm (20)(iii) we first note that
by Holder’s inequality, (20)(ii) and the fact that [B; ;| < Cus;—; (see (18)(v))
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we obtain

— p / 1-E = 2
ZQGBI_J- la; — aQHLP(Q’) < C|Br| (ZQGBI_]' lla; — aQHL?(Q'))

_P

~P p 14
< CCE R e(u Wlz2qu

r
2

where we again used that each x € @ is contained in at most four different
enlarged squares. We calculate the derivative

Viij = Vipo + ZQGB] pQAg + (ag — U;) ® Vq.
—J

Now we again apply a scaled version of Young’s inequality of the form |a 4 b|P <
(L+0)a®+ (14 Hb?)? < (1 +6%)|alP + (1 + 67 %)[bfP for a,b € R, § > 0.
Consequently, similarly as before using (20)(ii), (21)(iv) and (22) we find

_ _ 1-2 4_p
le(@+0)l17,0) < 1+ 30" Dlle@)|7,, +CCn =70, 2t 2 le(u) |72 g,

= o J 1, I1—j-1
<Cu PHk:0(1+n )(1+ ) le@)520,
+

Con' 2 P lle(u)lf2 g,

— 5 Jj+
<O TI aa H)e@)lagg, -

her 2 _ 01-2 and th =5~ 1,12 2(1-5) < L=k p20-5-1) for
e, 01 and s C3i £ Cyf T TP o
Step IV (Korn’s inequality): We define & = and observe that by (20)(i),(iii)
we have iy € W?(Q) with ||e(a Ny < C/u' He(U)HLQ(QH) for some C' =
C(p). Moreover, we define F = UZ:1 B} U (Q, \ W) and observe that & = v on

Q \ E due to the construction of the functions (@;);. By (15) and (18)(iv) we
obtain

HYOE) < CH (JaN Q) + CH(J,) < CH(J,).

Moreover, by definition (17) we find some iy € N with s;, < ¢H'(Jz N Q) for a
sufficiently large ¢ such that B; = ) for all i < ig. Thus, using (15), (18)(v) w
find

U BI<CH (L@ se < CH'(L)si, < C(H (1)

=10+1

This together with |Q, \ W| < C(H(J,))? yields |E| < C(H*(J,))* and shows
(12). We now apply Poincaré’s and Korn’s inequality (see Theorem 2.6) and find
A € R22 ¢ € R? such that by a standard rescaling argument

skew?
194 = Al < 198 — Al < Clle(@lmg) < Cod~llew) 20,
lu = (A - +0) Lagrmy < 18— (A - +0)l 1o < Cpi~ p+1|| (@)l o0
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for g < ;%’p. Then (13)(ii) holds for p € (1,2) and the case p = 1 directly follows.
Likewise, (13)(i) also holds for ¢ € [1,00) since p € [1,2). Clearly, we obtain
uxg\p € SBVP(Q,) due to the regularity of E. O

3.2 General case

Combining Lemma 3.2 and the density result for SBD functions (Theorem 2.4)
we can now give the proof of Theorem 3.1.

Proof of Theorem 3.1. Let p € (1,2), q € [1,00) and let u € SBD?*(Q,,) be given.
Choose @), CC Q,, with dist(0Q,,,9Q),) < CH'(J,). We apply Theorem 2.4 on
@), to find sets W, = @, \ ;" R} for paraxial rectangles (R7); with

HY(OW, N Q) < cz;”:"l diam(9R?) < CH'(J),  |Q,\ Wal < C(H'(,))?

for all n sufficiently large and a sequence u, € H'(W,), n € N, with |u, —
ull i,y < £ and le(un) — e(uw)|| 2w,y < 2.

Possibly replacing the rectangles by infinitesimal larger ones we can assume
that there is some sequence (s,), such that W, € V*» with connected boundary
components. We then employ Lemma 3.2 (on Q),) and find A, € R**?, ¢, € R?
as well as exceptional sets E, D Q) \ W, with H'(9E,) < CH'(J.), |En| <
C(H*(J,))? such that

(@) Nun = (An - +e)ll Lz, < Cnrlle(w)lr2qu, (23)

(i) 1Vun = Aull o,y < Crv ez,

where Q = (—fi, i)? with i = max{u—CH'(J,),0} independently of n. First, by
Theorem 2.2 we find a set £ C @, with H'(OE) < CH'(J,), |E| < C(H'(J,))?
such that xg, — xg in measure for n — oo for a not relabeled subsequence.
Moreover, letting v, (z) := (un(2) — (Anz + )X g\g, (¥) for z € Q, we apply
Ambrosio’s compactness result in GSBV (see Theorem 2.1) to find a function
v € GSBV?(Q,) such that passing to a further (not relabeled) subsequence we
obtain v, — v in L' and Vv, — Vv weakly in LP. In particular, we derive

. o 2
(@) vl o(@\my < liminfoso f[onllioq,) < Cplle(u)llrz@,),

g o 2_
(@0) [1V0ll ooy < liminfusos [ Voullzrg,) < Cue™ lle(w)z2q,).

Consequently, to finish the proof it suffices to show v = (u — a)xQ\ p for some
infinitesimal rigid motion a = as.. (Observe that as before the assertion then
holds also for p = 1.)

Possibly passing to a further subsequence we can assume Y g, — x g pointwise
a.e. and thus we find a measurable set F with [F| > 0 such that F ¢ Q \ E,
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F C Q\ E, (up to a set of negligible measure) for n large enough. By (23)(i)
and Holder’s inequality this implies

145 - +enllorry < Clle()lzz@u) + Cllunllir < C

for C' = C(p) > 0 large enough. Consequently, we obtain A, — A, ¢, — ¢ for
some A € R22 and c € R%. As UnX g, — UXG\p I L'and v, v = VX p D
L', we conclude v = (u — (A - +¢))x g\ p-

To see the addition statement that uxg z € SBVP(Q) if u € L*(€2), we
observe that |A,|, |c,| < C and [|u, || < ||t]|so (see Theorem 2.4) imply ||vy,|loo <

C independently of n € N and the claim follows from Theorem 2.1. O

Remark 3.3 We briefly note that a similar estimate can be obtained for func-
tions in the generalized space GSBD? (see [16]) since the approximation result
used in the proof of Theorem 3.1 is also available in the generalized setting (see
[29]).

4 Estimate at the boundary

In this section we give a refined estimate which holds up to the boundary of
Lipschitz sets. This together with a standard covering argument will then lead
to the proof of the main theorem. We first give an elementary estimate about
the difference of infinitesimal rigid motions which we state in arbitrary space
dimensions.

Lemma 4.1 Let p € [1,00) and ¢ > 0. Then there is a constant C' = C(p,¢c)

such that for allz € R4, R >0 and Q C Q% := z+ (=R, R)? with |Q)] > R and
all affine mappings a : R* — R? one has

lallzr@z) < Cllallze@)-

Although similar estimates have already been used (see e.g. [10, 24, 27]) we
include the elementary proof here for the sake of completeness.
Proof. We first note that by an elementary translation argument it suffices to
consider cubes Qg := (—R, R)? centered at the origin. Assume the statement was
false. Then there would be sequences (Ry)r, (% )r with Q, C Qr,, || > cRY
and a sequence of affine mappings (ay ) with

laklle@r,) > FllakllLry)-

We define by(x) = ai(Rix) as well as Q) = Rika and obtain by transformation

10kl Lo (@) > Kbkl 2o ()
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Then we define the affine mappings ¢, = and derive

by,
Ibk 1P (@y)
1= llexllze@n) > Kllerllze@y)-

As (cx)r are affine, we find that |[c||w1s(,) is uniformly bounded and thus a
compactness result yields (after passage to a not relabeled subsequence) ¢ — ¢
in LP(Q;) for some affine mapping c. Moreover, there is a measurable function f
with f >0, || fllz1(@,) = € such that xq —* f weakly in L>°(Q1). Consequently,
we find 1 = ||¢||tr(qg,) and 0 = ||c- f|| 11 (o) which gives a contradiction. O

We are now in a position to give the boundary estimate. By d(A) we denote
the diameter of a set A C R2.

Theorem 4.2 Let p € [1,2), ¢ € [1,00). Let >0 and ¢ : (—2u,2u1) — (@, 00)
Lipschitz with ||| < € and inf ) = . Let

U= {(1,22) : =2p < 21 <24, —2p < x9 < Y(21)},

24
U'={(z1,22) : —pp < x1 < p, —pp < w9 < ap(aq) } 29

Then there is a constant C' = C(p,q,¢) such that for allu € SBD*(U) there is a
set of finite perimeter F C U with H'(OF) < CH(J,), |F| < C(H'(J.))? and

. 2
(@) [lu = (A - +0)awnm < Cpslle()l2w),

) ) (25)
(i) IVu— Allpnry < Cue”'le(w)l|2w),

for suitable A € RY2 | ¢ € R2.

skew

Proof. Recall the definition of the sets Q;, ¢ € N, and the enlarged squares
QCQ"CQ"CQ in(14). Let Qw C U5, Qi be a Whitney-type covering of
U, ie. Ugpeg,, @ = U such that (cf. e.g. [1, 21, 39])

(i) d(Q) < dist(Q,0U) < Cd(Q) for all Q € Quw,
(it) #{Q e Qw2 € Q'} <N forall z €U, (26)

(iid) QNQy#D for Q1,Q2€ Qw = £d(Q1) < d(Q2) < Cd(Qy).

Moreover, we consider a corresponding partition of unity (¢g)geo, € C*(U)
with > nco,, Po(z) =1 for x € U and

(i) Q C supp(pg) C Q" for all Q € Qw,

(i) [Vqlle < cd(@)™ forall Q€ Qu @)
for a universal constant ¢ > 0. Let
B={Q e Qu:H'QNJ)>edQ) (28)
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be the ‘bad’ squares for some ¢ sufficiently small. For each enlarged square
Q' =p+(—r,r)? Q € B, we define Py = (p+ (—r,r) x (—r,00)) NU. Employing
(26)(i) it is then elementary to see that H'(0Py) < CH'(J, N Q') for some
C =C(¢ ¢). Letting P = Uycp o We obtain by (26)(ii)

HY(OP) < CNH(J,) (29)

and using the isoperimetric inequality we also find |P| < C(H'(J,))?. We let

V=U\P.
/F\
N
0

v

Figure 1: Tllustration of a part of U and QN U?Zl Q;. The squares in B are depicted
in dark gray and the corresponding set P in light gray. Moreover, a John curve
connecting x with 0 is sketched.

Observe that we can assume @ ¢ B for all Q € Qu with QN (—pu, pu) x {0} #
(). In fact, these squares satisfy d(Q) > cu. Consequently, if @ € B, we find
H(J,) > cép and in this case the assertion of the theorem holds with the choice
F=U.

We now see that V' is a John domain with center 0 and a constant only
depending on ¢. In fact, fix some z = (z1,22) € V and Q € Qp such that
r € Q. We consider a vertical chain C; = {Q} = Q,...,Q} } of squares in

) ni

Qw intersecting {x;} x [0, 2] together with a horizontal chain C; = {Q} =

..., Q%) of squares intersecting [r,0] x {0} such that @, N Q7,, # 0 for
1<k<nj—1,j=12

Now in view of (26) we see that d(Q},) < d(@7,) for all 1 < k; < ky < nj,
j = 1,2, and d(@},) < 0d(Q})) for all ky > ki + 1 for some [ = l(¢) € N.
Consequently, it is elementary to construct a curve v starting in z, ending in 0
and intersecting the midpoints of the squares in C; U Cy such that the condition

given in Definition 2.5 holds (cf. Figure 1).
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Let G = Qw \ B. For each Q € G we apply Theorem 3.1 on @’ to find
infinitesimal rigid motions ag = aa, ., and exceptional sets Eqg such that by
(13)

(1) llu—(Aq - +eQ)llLa@nrg) < Cd(Q)s|le(u)]l L2,

) 2 (30)
(i1) [[Vu— Agllrnee) < CAQ)F ™ lle(w)llrx@)-

(For ¢ sufficiently small in (28) we can in fact assume that Q" is contained in the
shrinked square @ given by Theorem 3.1.) Moreover, by (12) and (26)(ii) we get
that F 1= Jyeg Eq fulfills #H'(0F) < CH'(J,) and |E| < C(H'(Ju))*.

We now estimate the difference of the infinitesimal rigid motions. Consider
some @ € G and let N'(Q) = {Q € G\ {Q} : Q" N Q" # 0}. Recall Ld(Q) <
d(Q) < Cd(Q) for all Q € N(Q) by (26)(iii) which also implies #N(Q) < C for
some C' > 0 large enough. Then Q" N Q” contains a ball B with radius larger
than cd(Q) for some small ¢ > 0. It is elementary to see that choosing ¢ in (28)
sufficiently small we find |E N B| < :|B|, where E = Ey U Eg. Therefore, by
(30)(i) for p = ¢, (26)(iii) and the triangle inequality we derive

2
lag = agll o) = (Aq - +c@) = (Ag - +eo)ll ey < CAQ)7 [le(w)ll 2 Qug)
and thus by Lemma 4.1

lag — aglliugry < CA@QPlle()2, 00, (31)

for some C'= C(p). Let No = Ugen(o) Q' U Q' and observe that by (26) each
x € U is contained in a bounded number of different sets Ng. Moreover, we
observe that Y5, 5 d(Q)* < C|V| < Cp?. Summing over all squares, recalling
#N(Q) < C and using Holder’s inequality we then find

Z Z Z 2— p
QEG A~ QeN(Q @) llag - aQHLP(Q) <c Qeg Q) p||€<u)”L2(NQ)
1-2
2 2 2 2— P
<0(Y d(@) ) (3o N o) < CHP e
We observe that »,; pq(z) = 1forall z € V. In fact, we recall that (¢q)gecow

is a partition of unity and supp(pg) C Q" C U\ V for all Q € B= Qw \ G by
construction. Similarly as in the proof of Lemma 3.2 we define

u(zr) = deg po(@)(Agr + cq) = ZQGQ po(z)ag(z)

for all z € V. Clearly, u is smooth in V. Using ZQEQ Vg = 0 we find that

(32)

Vi = ZQGQ ((ag — ) ® Vg + padq) (33)
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for all functions f. Consequently, letting f(x) = ag(x) forz € QNV, Q € G, we
derive using once more (26)(ii),(iii) and applying (27)(ii), (32)

@y <O @7 o a0 = gl < Crtle(w) e,

We compute using (26)(ii), (27)(i) and (30)(i)

2
i =l £ O3 g g ulane O3, d@e@lie

< Cpile(w) 2w)- (34)

Likewise, using (33) for f = u and (30) for ¢ = p we find repeating the Holder-
type estimate in (32)

V@ — Va7, 4 g < CZQ o Q) llag = ulljygm gy

+C ZQ ||Vu - AQHIzP (Q"\E) (35)
<O Ul gy < CH*Plle) [z

As @ is smooth in V and V is a John domain with constant only depending on ¢,
we can apply Theorem 2.6 and we find A € RY2 | ¢ € R? such that by a rescaling
argument

o e = (A 40 o) +IIVE— All oy < Clle(@)l|zovy < Cre e 2w
for C' = C(p,q,¢). We now define F' = E'U P and by (29) and the remark below
(30) we obtain |F| < C(H!(J,))? as well as H'(OF) < CH'(J,). Finally, (25)
follows from (34) and (35). O

Remark 4.3 Similarly as in the local estimate considered in Section 3 one can
show that the displacement field restricted to U’ \ F is an element of GSBV? or
SBVP respectively. As this property will not be needed in the following, we have
omitted the proof.

5 Proof of the main result and application

5.1 Proof of Theorem 3.1

We now combine the local estimate in Theorem 3.1, the boundary estimate (The-
orem 4.2) and a standard covering argument to prove the main result. A similar
argument may be found, e.g. in [10], where an inequality of Korn-Poincaré type
is derived.
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Proof of Theorem 1.1 We first choose finitely many Uy, ..., U, being of the form
given in (24) (possibly after application of an affine isometry) such that 02 is
covered by U7, ..., U,,. Moreover, we cover Q\ |J;_, U/ with squares U}, ,,...,U,,
such that the squares 2U]_,...,2U,, of double size are still contained in €.

By a similar reasoning as in the proof of Theorem 4.2 we may suppose that
H(J,) < é for some ¢ = ¢é(p,q,) to be specified below as otherwise we can
choose E = 2 in Theorem 1.1. We now apply Theorem 3.1 and Theorem 4.2,
respectively, on the sets (U;)7, and obtain infinitesimal rigid motions a; = ay, .,
as well as exceptional sets F; C U; such that

m

> (lu = aillowney + V= Aillownzy) < C - lew)llzw, < Cllew)ll 2
=1 =1

(36)

for some C' = C(p,q,Q). In fact, selecting ¢ sufficiently small we get that the
shrinked squares QZ given in Theorem 3.1 contain U/ for i = n+1,...,m (cf.
(30) for a similar argument).

Define £ = |J", E; and observe that |E| < C(H!'(J,))? as well as H!(OF) <
CH!(J,) follow from (12) and the similar estimate for the sets at the boundary
(see before (25)). Moreover, we can choose ¢ so small such |E| < 37, where

n = min{|U; N Uj| : U}, Uj,i # j, with U; N Uj # 0}.

Obviously 7 only depends on Q. Consequently, we obtain [(U;NU})\ E| > 17 for
all U, U}, i # j, with U/ N Uj # 0. As Q is connected, we then find by Lemma
4.1 and (36)

 ax lai = ajl| o) + 1 4i — AjllLe@) < Clle(w)]| 2o
for a constant depending only on p,q, n and m. Recalling (36) and the fact that
n, m only depend on 2 we finally obtain (4) for, e.g., A = A; and ¢ = ¢. O

5.2 Relation between SBV and SBD functions

Finally, we present a consequence of our main result concerning the relation
between SBV and SBD functions. We briefly recall that the typical examples for
functions lying in BD but not in BV or likewise lying in SBD? but not in SBV?,
p > 1, are based on the idea to cut out small balls and to choose the displacement
field appropriately on these sets (see e.g. [3, 14]). The following result shows that
this construction essentially describes the only way to obtain functions of bounded
deformation which do not have bounded variation. In particular, we see that for
each function in SBD?*N L™ there is a modification @ in SBV such that {u # a}
is an arbitrarily small set.
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Theorem 5.1 Let e > 0 and let Q C R? open, bounded with Lipschitz boundary.
Then for every u € SBD?*(Q) we find an exceptional set E with |E| < & and
HY(OE) < 400 such that uxo\p € GSBVP(Q) for all p < 2. If in addition
u € L*(Q2), we obtain uxo\r € SBV?(2).

Proof. The statement follows from Theorem 3.1 by an additional covering argu-
ment. Assume first u € SBD?*(Q) N L=(Q). Recalling (14) we cover Q with
squares in Qg for s < ¢ to be specified below. We define the bad squares
B={Qe 9 :Q ¢ Q or H'(J,NQ') > és} for a constant ¢ > 0. We
let F=QnN UQEBG and observe H'(OF) < CH'(J,) + CH'(0Q) < +o0 as well
as |F| < Cs(H'Y(J,) + H'(OQ)).

Choosing ¢ sufficiently small we can apply Theorem 3.1 on each enlarged
square @', Q € Q, \ B, and obtain exceptional sets Eq such that (uxon g, )|q €
SBVP(Q)') for all Q € Q,\B. (In fact, for ¢ small we can assume that the shrinked
square () given in Theorem 3.1 contains Q" )

Letting E = {J, Eq U F we find by (12) that H'(OF) < +oc and |E| < C's
for a constant depending only on €2 and u. Thus, |E| < ¢ for s sufficiently small.
Then defining @ = uxqo\g in Q\ F' we derive 4 € SBVP(Q\ F) for all p € [1,2).
Observe that

D(uxo\p) = D+ (4 ® &p) H' |orno (37)

in Q, where {r denotes the inner normal of F' (see e.g. [4, Theorem 3.87]). As
|ulle < +o00, this implies uxo\p € SBVP(Q). Likewise, in the general case we
consider ¢ € C'(R?) with the support of V¢ compact and find (¢(uxo\r))|o\r €
SBVP(Q2\ F). Then we repeat the argument in (37) to conclude ¢p(uxa\r) €
SBVP(Q). OJ

The above result can also be interpreted as an approximation result for SBD
functions. On the one hand, it is weaker than standard density results, see e.g.
9], as it does not lead to a fine estimate for the surface energy. On the other
hand, whereas in results based on interpolation arguments the approximating
sequences typically only converge in LP, in the present context we see that the
functions already coincide up to a set of arbitrarily small measure.
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