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Abstract

We present a Korn-type inequality in a planar setting for special func-
tions of bounded deformation. We prove that for each function in SBD2

with sufficiently small jump set the distance of the function and its deriva-
tive from an infinitesimal rigid motion can be controlled in terms of the
linearized elastic strain outside of a small exceptional set of finite perime-
ter. Particularly the result shows that each function in SBD2 has bounded
variation away from an arbitrarily small part of the domain.
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1 Introduction

The space BD(Ω,Rd) of functions of bounded deformation, which consists of
all functions u ∈ L1(Ω,Rd) whose symmetrized distributional derivative Eu :=
1
2
((Du)T + Du) is a finite Rd×d

sym-valued Radon measure, has been introduced for
the investigation of geometrically linear problems in plasticity theory and fracture
mechanics (see [3, 5]). Variational damage or fracture problems are widely formu-
lated in the subspace SBD2(Ω,Rd) (for the definition and properties of this space
we refer to Section 2.1 below). In the spirit of the seminal work [23] the modeling
essentially concentrates on the competition between elastic bulk contributions
‖e(u)‖L2(Ω) given in terms of the linear elastic strain e(u) := 1

2
(∇uT +∇u) and

surface terms that assign energy contributions on the crack paths comparable to
the size of the crack Hd−1(Ju ∩Ω), where Ju denotes the ‘jump set’ of u (see e.g.
[6, 8, 9, 22, 29, 38]).

A major additional difficulty of these problems compared to models in SBV
(see [4] for the definition and basic properties of the space of special functions of
bounded variation) is the lack of control on the skew symmetric part of the dis-
tributional derivative DuT −Du. In fact, it is a natural and important question
to analyze in which circumstances the displacement field u or the absolutely con-
tinuous part of its derivative ∇u can be controlled by ‖e(u)‖L2(Ω) and Hd−1(Ju).
Apart from establishing compactness results, such properties may contribute to
gain a profound understanding of the relation between SBD and SBV functions
which is highly desirable since in contrast to (S)BV fine properties in BD ap-
pear not to be well understood by now. (We refer to the recent paper [14] for a
thorough discussion and some results in that direction.)

The key estimate providing a relation between the symmetric and the full part
of the gradient is know as Korn’s inequality. In its basic version it states that for
a bounded connected Lipschitz set Ω and p ∈ (1,∞) there is a constant C(Ω, p)
depending only on p and the domain Ω ⊂ Rd such that for all u ∈ W 1,p(Ω,Rd)
there is some A ∈ Rd×d

skew with

‖∇u− A‖Lp(Ω) ≤ C(Ω, p)‖e(u)‖Lp(Ω). (1)

(See e.g. [36] for a proof and [12, 27, 28, 34] for generalizations of this result into
various directions.) It turns out that the statement is false in W 1,1, i.e. one can
construct functions with e(u) ∈ L1(Ω), but ∇u /∈ L1(Ω) (cf. [13, 31, 37]). On
the one hand, these observations particularly show that BD is not contained in
BV. On the other hand, it raises the natural question if in the space SBD2 an
estimate similar to (1) can be established due to the higher integrability for the
elastic strain e(u).

However, simple examples e.g. in [3] or the piecewise rigidity result proved in
[11] show that (1) cannot hold for general functions in SBD2 since the behavior
of small pieces being almost or completely detached from the bulk part of the
specimen might not be controlled. In the recently appeared contributions [10, 24]
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it has been proved that for displacement fields having small jump sets with respect
to the size of the domain the distance of the function from an infinitesimal rigid
motion can be estimated in terms of the linearized elastic energy outside of a small
exceptional set E. However, these Korn-Poincaré-type estimates being essentially
of the form

‖u− (A ·+c)‖L2(Ω\E) ≤ C(Ω)‖e(u)‖L2(Ω) (2)

for u ∈ SBD2(Ω) and corresponding A ∈ Rd×d
skew, c ∈ Rd, are significantly easier

as in contrast to (1) no derivative is involved. The goal of the present article is to
provide a generalization of (2) to an inequality of Korn’s-type in a planar setting
where one additionally controls ∇u away from a small exceptional set of finite
perimeter. Our main result is the following.

Theorem 1.1 Let Ω ⊂ R2 be a connected bounded set with Lipschitz boundary
and let p ∈ [1, 2), q ∈ [1,∞). Then there is a constant C = C(Ω, p, q) such that
for all u ∈ SBD2(Ω,R2) there is a set of finite perimeter E ⊂ Ω with

H1(∂E) ≤ CH1(Ju), |E| ≤ C(H1(Ju))
2 (3)

and A ∈ R2×2
skew, c ∈ R2 such that

(i) ‖u− (A ·+c)‖Lq(Ω\E) ≤ C‖e(u)‖L2(Ω),

(ii) ‖∇u− A‖Lp(Ω\E) ≤ C‖e(u)‖L2(Ω),
(4)

where e(u) denotes the part of the strain Eu = 1
2
(DuT +Du) which is absolutely

continuous with respect to L2.

Let us first mention that we establish the result only in two dimensions as
we employ a modification technique for special functions of bounded deformation
(see [24]) which was only derived in a planar setting due to technical difficulties
concerning the topological structure of crack geometries in higher dimensions.
Moreover, it is a natural and interesting question if the result also holds for the
critical exponent p = 2.

Note that we can control the length of the boundaryH1(∂E) of the exceptional
set E which is associated to the parts of Ω being detached from the bulk part
of Ω by Ju. Consequently, the result is adapted for the usage of compactness
theorems for SBV and SBD functions (see [4, 5, 16]).

Although the main goal of the work at hand is the derivation of the estimate
for the derivative in (4)(ii), we also provide a generalization for the integrability
exponent q. In [24] the exponent was restricted to q = 2 due to the application of
a BD Korn-Poincaré inequality and in [10] the arguments were based on slicing
techniques similar to those used in the proof of Sobolev embeddings and led to an
exponent q = 2d

d−1
. In the present context we obtain the estimate for q <∞ = 2∗

as in the usual Sobolev setting.
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As an application we discuss that Theorem 1.1 together with an approxima-
tion result shows that SBD2 functions have bounded variation outside an arbi-
trarily small exceptional set of finite perimeter (see Theorem 5.1 below). Hereby
we give another contribution to the relation between SBV and SBD functions
which appears to go in a slightly different direction than the results presented
in [14]. We note that this statement does not immediately follow from the main
theorem since a bound on ∇u does not automatically ensure that u has bounded
variation due to the fact that an equivalent of Alberti’s rank one property in BV
(see [2]) is not known in BD.

Similarly as the previously mentioned results [10, 24] or the SBV Poincaré
inequality (cf. [19]), Theorem 1.1 establishes an estimate only for functions whose
jump set is small with respect to the size of the domain. Indeed, for larger
jump sets the body may be separated into different parts of comparable size (cf.
[11, 25, 27] for related problems). In the general case we expect a ‘piecewise
Korn inequality’ to hold, i.e. the body may be broken into different sets and on
each connected component the distance of the displacement field from a certain
infinitesimal rigid motion can be controlled. We defer the analysis of this problem,
for which Theorem 1.1 is a key ingredient, to a subsequent work [26].

The paper is organized as follows. In Section 2 we first recall the definition
and basic properties of functions of bounded variation and deformation (Section
2.1). Then in Section 2.2 we introduce the notion of John domains being a class
of sets with possibly highly irregular boundary (see e.g. [30, 33]). It is convenient
to formulate Korn’s and Poincaré’s inequality for these sets since there are good
criteria to obtain uniform control over the involved constants independently of
the particular shape of the domain (cf. [1]). Finally, in Section 2.3 we present the
modification technique proved in [24] which shows that after a small alteration
of the displacement field and the jump set the jump heights of an SBD function
can be controlled solely by ‖e(u)‖L2(Ω) and H1(Ju).

The rest of the paper then contains the proof of Theorem 1.1. We first estab-
lish a local estimate on a square and after a subsequent analysis of the problem
near the boundary of the Lipschitz set the main theorem follows by a standard
covering argument.

In Section 3 we concern ourselves with the local estimate and first see that
by an approximation argument (cf. [9, 24]) it suffices to consider SBD functions
with regular jump set. The main strategy is then to modify a function with
the techniques presented in Section 2.3. Consequently, using a Korn-Poincaré
inequality BD (see [32, 40]) we find good approximations of the displacement
field by infinitesimal rigid motions in the neighborhoods of the jumps set. Then
drawing ideas from [27] we can iteratively modify the configuration on various
mesoscopic length scales to find a Sobolev function on the square which coincides
with the original displacement field outside of a small exceptional set. Finally,
the local estimate follows by application of the standard inequality (1).

We remark that in [27] it was not possible to gain control over the full part
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of the gradient as the approximating rigid motions had to be adapted after each
iteration step leading to an continual increase of the involved constant. In the
present context, however, the affine mappings are found a priori and are fixed
during the modification procedure whereby a bound for ∇u can be established
using Hölder’s and a scaled Young’s inequality in the case p < 2. Although the
argument does not work in the critical case p = 2 and we do not have a result
in that direction, the proof at least shows that, if the statement is wrong, a
counterexample has to include an extremely complex crack geometry with crack
pattern accumulating on an unbounded number of different mesoscopic scales.

Section 4 contains the main estimate at the boundary. We consider a Whitney
covering of the domain and apply the result obtained in Section 3 on every square
where the jump set Ju is small. Hereby we can again construct a Sobolev function
outside a small exceptional set E. For the application of (1) now an additional
difficulty occurs as we have to control the shape of domain. In this context we
show that choosing E appropriately we find that the complement is a John domain
for a universal John constant and therefore we can derive a uniform estimate of
the form (1).

In Section 5 we then give the main proof and discuss an application to the
relation of SBV and SBD functions. The standard examples for (S)BD functions
not having bounded variation are given by configurations where small balls are
cut out from the bulk part with an appropriate choice of the functions on these
specific sets (see e.g. [3, 14]). We prove that each SBD function has bounded
variation away from an arbitrarily small part of the body essentially showing that
the mentioned construction provides the only way to obtain functions not lying
in SBV.

2 Preliminaries

In this preparatory section we first recall the definition and basic properties of
functions of bounded variation and state Korn’s and Poincaré’s inequality for
John domains. Afterwards, we recall a result obtained in [24] providing modifi-
cations of SBD functions for which the jump heights can be controlled in terms
of the linear elastic strain.

2.1 Special functions of bounded variation

In this section we collect the definitions of SBV and SBD functions. Let Ω ⊂ Rd

open, bounded with Lipschitz boundary. Recall that the space SBV (Ω,Rd), ab-
breviated as SBV (Ω) hereafter, of special functions of bounded variation consists
of functions u ∈ L1(Ω,Rd) whose distributional derivative Du is a finite Radon
measure, which splits into an absolutely continuous part with density ∇u with
respect to Lebesgue measure and a singular part Dju. The Cantor part Dcu of
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Dju vanishes and thus we have

Dju = [u]⊗ ξuHd−1bJu,

where Hd−1 denotes the (d − 1)-dimensional Hausdorff measure, Ju (the ‘crack
path’) is an Hd−1-rectifiable set in Ω, ξu is a normal of Ju and [u] = u+ − u−

(the ‘crack opening’) with u± being the one-sided limits of u at Ju. If in addition
∇u ∈ Lp(Ω) for 1 < p < ∞ and Hd−1(Ju) < ∞, we write u ∈ SBV p(Ω).
Moreover, SBVloc(Ω) denotes the space of functions which belong to SBV (Ω′)
for every open set Ω′ ⊂⊂ Ω.

Furthermore, we define the space GSBV (Ω) of generalized special functions
of bounded variation consisting of all Ld-measurable functions u : Ω → Rd such
that for every φ ∈ C1(Rd) with the support of ∇φ compact, the composition
φ ◦ u belongs to SBVloc(Ω) (see [18]). Likewise, we say u ∈ GSBV p(Ω) for
u ∈ GSBV (Ω) if ∇u ∈ Lp(Ω) and Hd−1(Ju) <∞. See [4] for the basic properties
of theses function spaces.

We now state a version of Ambrosio’s compactness theorem in GSBV adapted
for our purposes (see e.g. [4, 17]):

Theorem 2.1 Let Ω ⊂ Rd open, bounded with Lipschitz boundary and let 1 <
p <∞. Let (uk)k be a sequence in GSBV p(Ω) such that

‖∇uk‖Lp(Ω) +Hd−1(Juk) + ‖uk‖L1(Ω) ≤ C

for some constant C not depending on k. Then there is a subsequence (not
relabeled) and a function u ∈ GSBV p(Ω) such that uk → u in L1(Ω) and
∇uk ⇀ ∇u weakly in Lp(Ω). If in addition ‖uk‖∞ ≤ C for all k ∈ N, we
find u ∈ SBV p(Ω) ∩ L∞(Ω).

An important subset of SBV is given by the indicator functions χW , where
W ⊂ Ω is measurable with Hd−1(∂W ) < ∞. Sets of this form are called sets
of finite perimeter (cf. [4]). As a direct consequence of Theorem 2.1 we get the
following compactness result.

Theorem 2.2 Let Ω ⊂ Rd open, bounded with Lipschitz boundary. Let (Wk)k ⊂
Ω be a sequence of measurable sets with Hd−1(∂Wk) ≤ C for some constant C
independent of k. Then there is a subsequence (not relabeled) and a measurable
set W such that χWk

→ χW in measure for k →∞.

We say that a function u ∈ L1(Ω,Rd) is in BD(Ω,Rd) if the symmetrized
distributional derivative Eu := 1

2
((Du)T + Du) is a finite Rd×d

sym-valued Radon
measure. Likewise, we say u is a special function of bounded deformation if Eu
has vanishing Cantor part Ecu. Then Eu can be decomposed as

Eu = e(u)Ld + Eju = e(u)Ld + [u]� ξuHd−1|Ju , (5)
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where e(u) is the absolutely continuous part of Eu with respect to the Lebesgue
measure Ld, [u], ξu, Ju as before and a � b = 1

2
(a ⊗ b + b ⊗ a). If in addition

e(u) ∈ Lp(Ω) for 1 < p < ∞ and Hd−1(Ju) < ∞, we write u ∈ SBDp(Ω). For
basic properties of this function space we refer to [3, 5].

We recall a Korn-Poincaré inequality in BD (see [32, 40]).

Theorem 2.3 Let Ω ⊂ Rd bounded, connected with Lipschitz boundary and let
P : L2(Ω,Rd) → L2(Ω,Rd) be a linear projection onto the space of infinitesimal
rigid motions. Then there is a constant C > 0, which is invariant under rescaling
of the domain, such that for all u ∈ BD(Ω,Rd)

‖u− Pu‖
L

d
d−1 (Ω)

≤ C|Eu|(Ω),

where |Eu|(Ω) denotes the total variation of Eu.

We now present a density result in SBD2(Ω) (see [24]) which is a variant of
Chambolle’s original result (see [9]).

Theorem 2.4 Let Ω ⊂ R2 open, bounded with Lipschitz boundary. For every
u ∈ SBD2(Ω) and for every Ω′ ⊂⊂ Ω with Lipschitz boundary there is a sequence
of paraxial rectangles Rn

1 , . . . , R
n
mn with |

⋃mn
j=1R

n
j | ≤ 1

n
and functions (un)n such

that un ∈ H1(Ω′ \
⋃mn
j=1R

n
j ) and ‖u− un‖L1(Ω′\

⋃mn
j=1R

n
j ) ≤ 1

n
for n ∈ N as well as

(i) ‖e(u)− e(un)‖L2(Ω′\
⋃mn
j=1 R

n
j ) ≤ 1

n
, (ii)

∑mn

j=1
diam(∂Rn

j ) ≤ H1(Ju) + 1
n
, (6)

where diam(∂Rn
j ) denotes the diameter of Rn

j . If in addition u ∈ L∞(Ω), then
‖un‖∞ ≤ ‖u‖∞ for all n ∈ N.

2.2 Poincaré’s and Korn’s inequality

A key idea in our analysis will be the replacement of displacement fields in SBD
by suitable Sobolev functions and then the application of well know Poincaré and
Korn inequalities. As the estimates will be employed on different Lipschitz sets,
we need to provide uniform bounds for the constants involved in the inequalities.
To this end, we introduce the notion of John domains.

Definition 2.5 Let Ω ⊂ Rd be an open, bounded set and let x0 ∈ Ω. We say Ω
is a c-John domain with respect to the John center x0 and with the constant c
if for all x ∈ Ω there exists a rectifiable curve γ : (0, lγ) → Ω, parametrized by
arclength, such that γ(0) = x, γ(lγ) = x0 and t ≤ c dist(γ(t), ∂Ω) for all t ∈ [0, lγ].

Domains of this form were introduced by John in [30] to study problems
in elasticity theory and the term was first used by Martio and Sarvas in [33].
Roughly speaking, a domain is a John domain if it is possible to connect two

7



arbitrary points without getting too close to the boundary of the set. This class
is much larger than Lipschitz domains and contains sets which may possess fractal
boundaries or internal cusps (external cusps are excluded), e.g. the interior of
Koch’s snow flake is a John domain.

Although in the present work only Lipschitz sets occur, it is convenient to con-
sider this more general notion as the constants in Poincaré’s and Korn’s inequal-
ities only depend on the John constant. More precisely, we have the following
statement (see e.g. [1, 7, 20]).

Theorem 2.6 Let Ω ⊂ Rd be a c-John domain. Let p ∈ (1,∞) and q ∈ (1, d).
Then there is a constant C = C(c, p, q) > 0 such that for all u ∈ W 1,p(Ω) there
is some A ∈ Rd×d

skew such that

‖∇u− A‖Lp(Ω) ≤ C‖e(u)‖Lp(Ω).

Moreover, for all u ∈ W 1,q(Ω) there is some c ∈ Rd such that

‖u− c‖Lq∗ (Ω) ≤ C‖∇u‖Lq(Ω),

where q∗ = dq
d−q . The constant is invariant under rescaling of the domain.

2.3 A modification with controllable jump heights

A main strategy of our proof will be the application of Theorem 2.3 in certain
regions of the domain. It first appears that this inequality is not adapted for the
estimates in (4) as in |Eu|(Ω) not only the elastic but also the surface energy
depending on the jump height is involved. However, in [24] we have shown that
one can indeed find bounds on the jump heights in terms of the elastic energy
after a suitable modification of the jump set and the displacement field. Before
we can recall the results obtained in [24], we have to introduce some further
notations.

For s > 0 we partition R2 up to a set of measure zero into squares Qs(p) =
p+ s(−1, 1)2 for p ∈ Is := s(1, 1) + 2sZ2. Let

U s :=
{
U ⊂ R2 : U =

(⋃
p∈I

Qs(p)
)◦

: I ⊂ Is
}
. (7)

Here the superscript ◦ denotes the interior of a set. For µ > 0 we define Qµ :=
(−µ, µ)2 and consider subsets V ⊂ Qµ of the form

Vs := {V ⊂ Qµ : V = Qµ \
⋃m

l=1
Xl, Xl ∈ U s, Xl pairwise disjoint}.

Note that each set in V ∈ Vs coincides with a set U ∈ U s up to subtracting a set of
zero Lebesgue measure, i.e. U ⊂ V , L2(V \U) = 0. The essential difference of V
and the corresponding U concerns the connected components of the complements
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Qµ \V and Qµ \U . In view of the density result presented in Theorem 2.4 above,
the key step will be to prove the main result for configurations u ∈ H1(V ) for
some V ∈ Vs.

For W ∈ Vs with the components X1, . . . , Xm we define Γl(W ) = ∂Xl for
l = 1, . . . ,m. In the following we will refer to these sets as boundary components
and frequently drop the subscript and write Γ(W ) or just Γ if no confusion arises.
Observe that in the definition we do not require that boundary components are
connected. Beside the Hausdorff-measure we define the ‘diameter’ of a boundary
component by

diam(Γ) :=
√
|π1Γ|2 + |π2Γ|2,

where π1, π2 denote the orthogonal projections onto the coordinate axes.
Note that by definition of Vs (in contrast to the definition of U s) two com-

ponents in (Γl)l might not be disjoint. Therefore, we choose an (arbitrary) order
(Γl)

m
l=1 = (Γl(W ))ml=1 of the boundary components of W , introduce

Θl = Θl(W ) = Γl \
⋃

j<l
Γj

for i = 1, . . . ,m and observe that the components (Θl)l are pairwise disjoint.
We fix a sufficiently large universal constant c and let Ws ⊂ Vs be the subset

consisting of the sets, where for a specific ordering of the components (Γl)l we
find for all Γl a corresponding rectangle Rl = R(Γl) ∈ U s such that

(i) Γl ⊂ Rl, (ii) Θl ⊂ ∂Rl, (iii) diam(Γl) ≤ diam(∂Rl) ≤ cdiam(Γl). (8)

In particular, the diameter of Γl and the corresponding rectangle Rl are com-
parable. (Note that in [24, Section 5] we have defined the set Ws in a slightly
different way. See also (3.5) and (3.6) in [24].)

We now formulate a simplified version of [24, Theorem 5.2].

Theorem 2.7 Let µ, s > 0 and ε > 0. Then there is a (universal) constant C >
0 and some s̃ ≤ s such that for all W ∈ Vs, W ⊂ Qµ, with connected boundary
components and for all u ∈ H1(W ) there is a set U ∈ W s̃ with |U \W | = 0 and
letting Q̃ = (−µ̃, µ̃)2 with µ̃ = max{µ−CH1(∂U ∩Qµ), 0} there is a modification
ū in SBV defined by

ū(x) =

{
Al x+ cl x ∈ Xl(U) for all Γl(U) with Rl ∩ Q̃ 6= ∅,
u(x) else,

(9)

such that for all Γl = Γl(U) with Rl ∩ Q̃ 6= ∅∫
Θl(U)

|[ū](x)|2 dH1(x) ≤ Cεdiam(∂Rl)
2. (10)
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Moreover, one has

H1(∂U ∩Qµ) ≤ C
∑

l
diam(∂Rl) ≤ C

(
H1(∂W ∩Qµ) + ε−1‖e(u)‖2

L2(W )

)
(11)

and |W \ U | ≤ C(H1(∂U ∩Qµ))2.

Observe that (9) implies that the domain of ū contains W ∪Q̃. Here we prefer
to present an adaption of [24, Theorem 5.2] in order to avoid the introduction
of additional technical notation which will not be needed in the following. For
the sake of completeness we briefly indicate how Theorem 2.7 follows from [24,
Theorem 5.2] (using the notation of [24]). The reader only interested in the
application of the above result may readily omit the following remark.

Remark 2.8 To see Theorem 2.7 we apply [24, Theorem 5.2] for some fixed
small h∗ and σ. Then the definition in (9) follows from (5.9) in [24] and the fact
that Rl∩ Q̃ 6= ∅ implies N2τ̂l(∂Rl) ⊂ H(U) (cf. the proof of Theorem 5.8 in [24]).
Moreover, (5.10) in [24] together with |Θl(U)|∗ ≤ cdiam(∂Rl) (cf. (5.23) in [24])
yields (10). The second inequality in (11) follows from (5.11) in [24] and the fact
that

∑
l diam(∂Rl) ≤ C‖U‖∗ and ‖W‖∗ ≤ H1(∂W ∩ Qµ) (cf. definition (3.3) in

[24]). Finally, (8)(ii) above implies the first inequality in (11) and the additional
statement |W \ U | ≤ C(H1(∂U ∩Qµ))2 holds by the isoperimetric inequality.

3 The local estimate on a square

This section is devoted to the derivation of a local estimate on a square. Recall
Qµ = (−µ, µ)2 for µ > 0.

Theorem 3.1 Let p ∈ [1, 2), q ∈ [1,∞) and µ > 0. Then there is a constant
C = C(p, q) such that for all u ∈ SBD2(Qµ) there is a set of finite perimeter
E ⊂ Qµ with

H1(∂E) ≤ CH1(Ju), |E| ≤ C(H1(Ju))
2 (12)

and A ∈ R2×2
skew, c ∈ R2 such that

(i) ‖u− (A ·+c)‖Lq(Q̂\E) ≤ Cµ
2
q ‖e(u)‖L2(Qµ),

(ii) ‖∇u− A‖Lp(Q̂\E) ≤ Cµ
2
p
−1‖e(u)‖L2(Qµ),

(13)

where Q̂ = (−µ̂, µ̂)2 with µ̂ = max{µ − CH1(Ju), 0}. Moreover, we obtain
uχQ̂\E ∈ GSBV p(Qµ). If in addition u ∈ L∞(Qµ), we find uχQ̂\E ∈ SBV p(Qµ).
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Observe that the additional statement that uχQ̂\E lies in (G)SBVp does not
directly follow from (13)(ii) as a Korn-type inequality for ∇u does not automat-
ically guarantee that u has bounded variation. In fact, an equivalent of Alberti’s
rank one property in BV (see [2]) stating |Dcu|(Q̂) ≤

√
2|Ecu|(Q̂) for BV func-

tions is not known in BD. In the present context we circumvent this problem by
employing an appropriate approximation result.

We start with displacements fields u ∈ H1(W ) for some W ∈ Vs and after-
wards use a density argument to prove the general version of Theorem 3.1.

3.1 Functions with regular jump set

We first introduce some further notation. Let θ ∈ 2−N small, fixed and define
si = µθi for i ≥ 0. In the following proofs we will consider the coverings U si (recall
(7)) consisting of dyadic squares and write U i = U si for shorthand. Moreover, we
let

Qi = {Q = Qsi(p) : p ∈ Isi}. (14)

For each Q ∈ Qi we introduce enlarged squares Q ⊂ Q′′′ ⊂ Q′′ ⊂ Q′ defined
by Q′′′ = 17

16
Q, Q′′ = 9

8
Q and Q′ = 5

4
Q, where λQ denotes the square with

the same center and λ-times the sidelength of Q. Moreover, by dist(A,B) we
denote the euclidian distance between A,B ⊂ R2. In the sequel infinitesimal
rigid motions Ax+ c, A ∈ R2×2

skew, c ∈ R2, will appear frequently and we will often
write a(x) = aA,c(x) = Ax+c for the sake of brevity. We first prove the following
result.

Lemma 3.2 Let s > 0, µ > 0. Theorem 3.1 holds for all functions u ∈
SBD2(Qµ) such that u|W ∈ H1(W ) for some W ∈ Vs with connected bound-
ary components and H1(∂W ∩Qµ) ≤ CH1(Ju) as well as |Qµ \W | ≤ C(H1(Ju))

2

for some C = C(p, q).

Proof. We first apply Theorem 2.7 on u and W with ε = (H1(∂W ∩ Qµ))−1 ·
‖e(u)‖2

L2(W ) to obtain sets U ∈ W s̃, Q̃ and a modification ū such that (9)-(11)
hold, in particular we have

H1(∂U ∩Qµ) ≤ C
∑

l
diam(∂Rl) ≤ CH1(∂W ∩Qµ) ≤ CH1(Ju). (15)

Let Q̂ = (−µ̂, µ̂)2 with µ̂ = max{µ − ĉH1(Ju), 0} for ĉ large enough (depending
on θ) such that using (15) we find

Q̂ ⊂ Q̃,
∑

l
diam(∂Rl) ≤ θ

24
dist(∂Q̃, ∂Q̂). (16)

We may assume that Q̂ 6= ∅ as otherwise the assertion of the lemma is trivial.
Then (16) implies

∑
l diam(∂Rl) ≤ θ

24
µ = 1

24
s1.

11



We start with the identification of regions where Jū is too large (Step I).
Afterwards, we will use (10) to apply Theorem 2.3 on these specific sets (Step II).
This Korn-Poincaré estimate will then enable us to define a suitable modification
(Step III) for which Korn’s inequality for Sobolev functions can be employed
(Step IV).

Step I (Identification of ‘bad’ sets): We first identify squares of various
length scales where Jū is too large. Recalling (14) we introduce the sets

Ai = {Q ∈ Qi : Q′ ⊂ Q̃, H1(Q′ ∩ Jū) ≥ c̄si} (17)

for some c̄ = c̄(θ) > 0 small to be specified below. Let Ai =
⋃
Q∈Ai Q. Then we

define

Bi =
{
Q ∈ Ai : Q ∩ Q̂ 6= ∅, Q ∩

⋃i−1

j=1
Aj = ∅

}
and accordingly let Bi =

(⋃
Q∈Bi Q

)◦
and B′i =

⋃
Q∈Bi Q

′. Obviously, the sets
(Bi)i are pairwise disjoint. We now show that for some I ∈ N sufficiently large
we have

(i)
∑

Rl∩Q′ 6=∅
diam(∂Rl) ≤ si for all Q ∈ Bi, i ≥ 1,

(ii) Bi = ∅ for i > I,

(iii)
⋃

l
Γl ∩ Q̂ ⊂

⋃
i≥1

Bi,

(iv) H1
(
∂
⋃

i≥1
B′i
)
≤ CH1(Jū ∩ Q̃),

(v) |B′i| ≤ CsiH1(Jū ∩ Q̃) for all i ≥ 1

(18)

for a constant C = C(θ). We first confirm (i). We assume
∑

Rl∈F diam(∂Rl) > si
for some Q ∈ Bi, where F = {Rl : Rl∩Q′ 6= ∅} and derive contradictions treating
two different cases:

a) Suppose there is some Rl ∈ F with diam(∂Rl) > 1
8
si−1. Then choose

j ≤ i − 1 such that 1
8
sj < diam(∂Rl) ≤ 1

8
sj−1 and observe that by the remark

below (16) we find j ≥ 2. Moreover, we select Q∗ ∈ Qj−1 such that Q ⊂ Q∗.

As sj−1 < 8θ−1diam(∂Rl) ≤ 1
3

dist(∂Q̃, ∂Q̂) by (16), we find Q′∗ ⊂ Q̃ for θ small

enough. Then using (8)(i) we get Γl ⊂ Rl ⊂ Q′∗ and therefore by (8)(iii)

H1(Jū ∩Q′∗) ≥ H1(Γl) ≥ diam(Γl) ≥ Cdiam(∂Rl) ≥ Cθsj−1.

For c̄ sufficiently small this yields Q∗ ∈ Aj−1. Consequently, as Q ⊂ Q∗, this
implies Q /∈ Bi giving a contradiction.

b) Now assume diam(∂Rl) ≤ 1
8
si−1 for all Rl ∈ F . Then it is not hard

to see that Rl ⊂ Q′∗, where Q∗ ∈ Qi−1 such that Q ⊂ Q∗. Arguing as in a)
this implies H1(Jū ∩ Q′∗) ≥ C

∑
Rl∈F diam(∂Rl) ≥ Cθsi−1. As before we also

derive si−1 < θ−1
∑

l diam(∂Rl) ≤ 1
24

dist(∂Q̃, ∂Q̂) and thus Q′∗ ⊂ Q̃. This gives
Q∗ ∈ Ai−1 for c̄ sufficiently small leading again to a contradiction.
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Likewise, we obtain (ii): Assume there was some Q ∈ Bi for i so large that
si ≤ θs̃. Since Rl ∈ U s̃ for all Rl, we find some Rl with Rl ∩ Q′ 6= ∅ with
diam(∂Rl) ≥ s̃ ≥ si−1. Then we can argue as in a) above to derive a contradiction.

Moreover, the definition in (17) implies
⋃
l Γl∩ Q̂ ⊂

⋃
i≥1Ai∩ Q̂ and thus (iii)

follows from the property
⋃
i≥1Ai ∩ Q̂ =

⋃
i≥1Bi ∩ Q̂.

To show (iv) we define B̂i = {Q ∈ Bi : Q′ 6⊂
⋃i−1
j=1B

′
j} as well as B̂′i =

⋃
Q∈B̂i Q

′

and observe
⋃
i≥1B

′
i =

⋃
i≥1 B̂

′
i. It is elementary to see that each x ∈ Q̃ is

contained in at most three different sets (B̂′i)i and thus contained in at most
twelve different squares Q′ with Q ∈

⋃
i≥1 B̂i. Consequently, we derive using (17)

H1
(
∂
⋃

i≥1
B′i
)
≤ C

∑
i≥1

∑
Q∈B̂i
H1(Q′ ∩ Jū) ≤ CH1(Q̃ ∩ Jū).

Finally, (v) directly follows from (17).

Step II (Korn-Poincaré inequality): Recall that by the definition in (17) we
find Q′ ⊂ Q̃ for every Q ∈ Bi. Thus, using Theorem 2.3 on Q′ for Q ∈ Bi we
obtain by (9), (10) and (18)(i) suitable infinitesimal rigid motions aQ = aAQ,cQ
such that

‖ū− aQ‖2
L2(Q′) ≤ C‖e(ū)‖2

L1(Q′) + C
(∫

Jū∩Q′
|[ū]| dH1

)2

≤ Cs2
i ‖e(ū)‖2

L2(Q′) + CH1(Jū ∩Q′)
∫
Jū∩Q′

|[ū]|2 dH1

≤ Cs2
i ‖e(u)‖2

L2(Q′) + CεH1(Jū ∩Q′)
∑

Rl∩Q′ 6=∅
diam(∂Rl)

2

≤ Cs2
i

(
‖e(u)‖2

L2(Q′) + εH1(Jū ∩Q′)
)

for all Q ∈ Bi. In the second step we have used Hölder’s inequality. Thus,
summing over all squares in Bi and recalling that each x ∈ Q̃ is contained in at
most four different Q′, Q ∈ Bi, we find∑

Q∈Bi
‖ū− aQ‖2

L2(Q′) ≤ Cs2
i ‖e(u)‖2

L2(Qµ) (19)

for all i ≥ 1, where we used ε ≤ C(H1(Jū ∩ Q̃))−1‖e(u)‖2
L2(W ) (cf. (15)).

Step III (Modification): We now show that we can ‘heal’ the discontinuities
of ū in Q̂ drawing ideas from [27, Section 6]. The strategy is to modify the
displacement field inductively. Let 1 < p < 2 be given. Recall that I ∈ N is
the largest index such that BI 6= ∅ (see (18)). Define ū0 = ū and assume ūj has
already been constructed satisfying

(i) Jūj ∩ Q̂ ⊂
⋃I−j

k=1
Bk, (20)

(ii)
∑

Q∈Bi
‖ūj − aQ‖2

L2(Q′) ≤ C̄s2
i

∏j

k=0
(1 + ηI−i−k) ‖e(u)‖2

L2(Qµ) ∀i ≤ I − j,

(iii) ‖e(ūj)‖pLp(Q̂)
≤ C̄µ2−p

∏j

k=0
(1 + ηI−k) ‖e(u)‖pL2(Qµ)

13



for some C̄ large enough, where for shorthand η = θ
1
2
− p

4 < 1. Clearly, by
(18)(ii),(iii), (19) and Hölder’s inequality together with |Q̂| ≤ 4µ2 we find that
(20) holds for j = 0.

We now construct ūj+1. We consider a partition of unity {ϕ0}∪ (ϕQ)Q∈BI−j ⊂
C∞(R2) with the properties

(i) ϕ0(x) +
∑

Q∈BI−j
ϕQ(x) = 1 for all x ∈ Q̃,

(ii) Q ⊂ supp(ϕQ) ⊂ Q′ for all Q ∈ BI−j,
(iii) supp(ϕ0) ⊂ R2 \BI−j,

(iv) ‖∇ϕ0‖∞, ‖∇ϕQ‖∞ ≤ cs−1
I−j for all Q ∈ BI−j.

(21)

Then we define

ūj+1(x) = ūj(x) +
∑

Q∈BI−j

ϕQ(x)(AQ x+ cQ − ūj(x)) = ūj +
∑

Q∈BI−j

ϕQ(aQ − ūj)

for all x ∈ Q̃. As ūj+1 is smooth in BI−j by (21)(i),(iii), (20)(i) holds. Employing
(20)(ii) for j and i = I − j we obtain

‖ūj+1 − ūj‖2
L2(Q̃)

≤ C
∑

Q∈BI−j
‖ūj − aQ‖2

L2(Q′)

≤ CC̄s2
I−j

∏j

k=0
(1 + ηj−k)‖e(u)‖2

L2(Qµ) ≤ CC̄s2
I−j‖e(u)‖2

L2(Qµ),

where in the first step we used that each x ∈ Q̃ is contained in at most four
different enlarged squares. Using η = θ

1
2
− p

4 ≥ θ and thus Cs2
I−j ≤ Cs2

i η
2(I−j−i) ≤

1
2
s2
i η

2(I−j−i−1) for all 1 ≤ i ≤ I − j − 1 for θ small enough we then find

‖ūj+1 − ūj‖2
L2(Q̃)

≤ C̄ 1
2
η2(I−i−j−1)s2

i ‖e(u)‖2
L2(Qµ).

The last estimate together with (20)(ii) for j and a scaled version of Young’s
inequality of the form (a + b)2 ≤

(
(1 + δ)a2 + (1 + 1

δ
)b2
)

(a, b ∈ R, δ > 0) yields
for δ = 1

2
ηI−i−j−1

∑
Q∈Bi
‖ūj+1 − aQ‖2

L2(Q′)

≤ (1 + 1
2
ηI−i−j−1)

∑
Q∈Bi
‖ūj − aQ‖2

L2(Q′) + Cη−(I−i−j−1)‖ūj+1 − ūj‖2
L2(Q̃)

≤ C̄s2
i

∏j

k=0
(1 + ηI−i−k)(1 + 1

2
ηI−i−j−1)‖e(u)‖2

L2(Qµ)

+ C̄ 1
2
ηI−i−j−1s2

i ‖e(u)‖2
L2(Qµ) ≤ C̄s2

i

∏j+1

k=0
(1 + ηI−i−k) ‖e(u)‖2

L2(Qµ)

for all 1 ≤ i ≤ I−j−1. This shows (20)(ii). To confirm (20)(iii) we first note that
by Hölder’s inequality, (20)(ii) and the fact that |B′I−j| ≤ CµsI−j (see (18)(v))
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we obtain∑
Q∈BI−j

‖ūj − aQ‖pLp(Q′) ≤ C|B′I−j|1−
p
2

(∑
Q∈BI−j

‖ūj − aQ‖2
L2(Q′)

) p
2

≤ CC̄
p
2µ1− p

2 s
1+ p

2
I−j ‖e(u)‖pL2(Qµ),

(22)

where we again used that each x ∈ Q̃ is contained in at most four different
enlarged squares. We calculate the derivative

∇ūj+1 = ∇ūjϕ0 +
∑

Q∈BI−j
ϕQAQ + (aQ − ūj)⊗∇ϕQ.

Now we again apply a scaled version of Young’s inequality of the form |a+ b|p ≤(
(1 + δ)a2 + (1 + 1

δ
)b2
) p

2 ≤ (1 + δ
p
2 )|a|p + (1 + δ−

p
2 )|b|p for a, b ∈ R, δ > 0.

Consequently, similarly as before using (20)(ii), (21)(iv) and (22) we find

‖e(ūj+1)‖p
Lp(Q̂)

≤ (1 + 1
2
ηI−j−1)‖e(ūj)‖pLp(Q̂)

+ CC̄η−(I−j−1)s
1− p

2
I−j µ

1− p
2‖e(u)‖pL2(Qµ)

≤ C̄µ2−p
∏j

k=0
(1 + ηI−k) (1 + 1

2
ηI−j−1)‖e(u)‖pL2(Qµ)

+ C̄ 1
2
ηI−j−1µ2−p‖e(u)‖pL2(Qµ)

≤ C̄µ2−p
∏j+1

k=0
(1 + ηI−k)‖e(u)‖pL2(Qµ),

where we used η2 = θ1− p
2 and thus Cs

1− p
2

I−j ≤ Cµ1− p
2 η2(I−j) ≤ 1

2
µ1− p

2 η2(I−j−1) for θ
sufficiently small.

Step IV (Korn’s inequality): We define û = ūI and observe that by (20)(i),(iii)

we have û|Q̂ ∈ W 1,p(Q̂) with ‖e(û)‖Lp(Q̂) ≤ Cµ
2
p
−1‖e(u)‖L2(Qµ) for some C =

C(p). Moreover, we define E =
⋃I
i=1B

′
i ∪ (Qµ \W ) and observe that û = u on

Q̂ \ E due to the construction of the functions (ūj)j. By (15) and (18)(iv) we
obtain

H1(∂E) ≤ CH1(Jū ∩ Q̃) + CH1(Ju) ≤ CH1(Ju).

Moreover, by definition (17) we find some i0 ∈ N with si0 ≤ cH1(Jū ∩ Q̃) for a
sufficiently large c such that Bi = ∅ for all i ≤ i0. Thus, using (15), (18)(v) we
find ∣∣⋃I

i=1
B′i
∣∣ ≤ CH1(Jū ∩ Q̃)

∑I

k=i0+1
sk ≤ CH1(Ju)si0 ≤ C(H1(Ju))

2.

This together with |Qµ \W | ≤ C(H1(Ju))
2 yields |E| ≤ C(H1(Ju))

2 and shows
(12). We now apply Poincaré’s and Korn’s inequality (see Theorem 2.6) and find
A ∈ R2×2

skew, c ∈ R2 such that by a standard rescaling argument

‖∇u− A‖Lp(Q̂\E) ≤ ‖∇û− A‖Lp(Q̂) ≤ C‖e(û)‖Lp(Q̂) ≤ Cµ
2
p
−1‖e(u)‖L2(Qµ),

‖u− (A ·+c)‖Lq(Q̂\E) ≤ ‖û− (A ·+c)‖Lq(Q̂) ≤ Cµ
2
q
− 2
p

+1‖e(û)‖Lp(Q̂)
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for q ≤ 2p
2−p . Then (13)(ii) holds for p ∈ (1, 2) and the case p = 1 directly follows.

Likewise, (13)(i) also holds for q ∈ [1,∞) since p ∈ [1, 2). Clearly, we obtain
uχQ̂\E ∈ SBV p(Qµ) due to the regularity of E. �

3.2 General case

Combining Lemma 3.2 and the density result for SBD functions (Theorem 2.4)
we can now give the proof of Theorem 3.1.
Proof of Theorem 3.1. Let p ∈ (1, 2), q ∈ [1,∞) and let u ∈ SBD2(Qµ) be given.
Choose Q′µ ⊂⊂ Qµ with dist(∂Qµ, ∂Q

′
µ) ≤ CH1(Ju). We apply Theorem 2.4 on

Q′µ to find sets Wn = Q′µ \
⋃mn
j=1R

n
j for paraxial rectangles (Rn

j )j with

H1(∂Wn ∩Q′µ) ≤ C
∑mn

j=1
diam(∂Rn

j ) ≤ CH1(Ju), |Q′µ \Wn| ≤ C(H1(Ju))
2

for all n sufficiently large and a sequence un ∈ H1(Wn), n ∈ N, with ‖un −
u‖L1(Wn) ≤ 1

n
and ‖e(un)− e(u)‖L2(Wn) ≤ 1

n
.

Possibly replacing the rectangles by infinitesimal larger ones we can assume
that there is some sequence (sn)n such that Wn ∈ Vsn with connected boundary
components. We then employ Lemma 3.2 (on Q′µ) and find An ∈ R2×2, cn ∈ R2

as well as exceptional sets En ⊃ Q′µ \ Wn with H1(∂En) ≤ CH1(Ju), |En| ≤
C(H1(Ju))

2 such that

(i) ‖un − (An ·+cn)‖Lq(Q̂\En) ≤ Cµ
2
q ‖e(u)‖L2(Qµ),

(ii) ‖∇un − An‖Lp(Q̂\En) ≤ Cµ
2
p
−1‖e(u)‖L2(Qµ),

(23)

where Q̂ = (−µ̂, µ̂)2 with µ̂ = max{µ−CH1(Ju), 0} independently of n. First, by
Theorem 2.2 we find a set E ⊂ Q′µ with H1(∂E) ≤ CH1(Ju), |E| ≤ C(H1(Ju))

2

such that χEn → χE in measure for n → ∞ for a not relabeled subsequence.
Moreover, letting vn(x) := (un(x) − (An x + cn))χQ̂\En(x) for x ∈ Qµ we apply
Ambrosio’s compactness result in GSBV (see Theorem 2.1) to find a function
v ∈ GSBV p(Qµ) such that passing to a further (not relabeled) subsequence we
obtain vn → v in L1 and ∇vn ⇀ ∇v weakly in Lp. In particular, we derive

(i) ‖v‖Lq(Q̂\E) ≤ lim infn→∞ ‖vn‖Lq(Qµ) ≤ Cµ
2
q ‖e(u)‖L2(Qµ),

(ii) ‖∇v‖Lp(Q̂\E) ≤ lim infn→∞ ‖∇vn‖Lp(Qµ) ≤ Cµ
2
p
−1‖e(u)‖L2(Qµ).

Consequently, to finish the proof it suffices to show v = (u − a)χQ̂\E for some
infinitesimal rigid motion a = aA,c. (Observe that as before the assertion then
holds also for p = 1.)

Possibly passing to a further subsequence we can assume χEn → χE pointwise
a.e. and thus we find a measurable set F with |F | > 0 such that F ⊂ Q̂ \ E,

16



F ⊂ Q̂ \ En (up to a set of negligible measure) for n large enough. By (23)(i)
and Hölder’s inequality this implies

‖An ·+cn‖L1(F ) ≤ C‖e(u)‖L2(Qµ) + C‖un‖L1(F ) ≤ C

for C = C(µ) > 0 large enough. Consequently, we obtain An → A, cn → c for
some A ∈ R2×2

skew and c ∈ R2. As unχQ̂\En → uχQ̂\E in L1 and vn → v = vχQ̂\E in

L1, we conclude v = (u− (A ·+c))χQ̂\E.
To see the addition statement that uχQ̂\E ∈ SBV p(Ω) if u ∈ L∞(Ω), we

observe that |An|, |cn| ≤ C and ‖un‖∞ ≤ ‖u‖∞ (see Theorem 2.4) imply ‖vn‖∞ ≤
C independently of n ∈ N and the claim follows from Theorem 2.1. �

Remark 3.3 We briefly note that a similar estimate can be obtained for func-
tions in the generalized space GSBD2 (see [16]) since the approximation result
used in the proof of Theorem 3.1 is also available in the generalized setting (see
[29]).

4 Estimate at the boundary

In this section we give a refined estimate which holds up to the boundary of
Lipschitz sets. This together with a standard covering argument will then lead
to the proof of the main theorem. We first give an elementary estimate about
the difference of infinitesimal rigid motions which we state in arbitrary space
dimensions.

Lemma 4.1 Let p ∈ [1,∞) and c̄ > 0. Then there is a constant C = C(p, c̄)
such that for all x ∈ Rd, R > 0 and Ω ⊂ Qx

R := x+ (−R,R)d with |Ω| ≥ c̄Rd and
all affine mappings a : Rd → Rd one has

‖a‖Lp(QxR) ≤ C‖a‖Lp(Ω).

Although similar estimates have already been used (see e.g. [10, 24, 27]) we
include the elementary proof here for the sake of completeness.
Proof. We first note that by an elementary translation argument it suffices to
consider cubes QR := (−R,R)d centered at the origin. Assume the statement was
false. Then there would be sequences (Rk)k, (Ωk)k with Ωk ⊂ QRk , |Ωk| ≥ c̄Rd

k

and a sequence of affine mappings (ak)k with

‖ak‖Lp(QRk ) > k‖ak‖Lp(Ωk).

We define bk(x) = ak(Rkx) as well as Ω′k = 1
Rk

Ωk and obtain by transformation

‖bk‖Lp(Q1) > k‖bk‖Lp(Ω′k).
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Then we define the affine mappings ck = bk
‖bk‖Lp(Q1)

and derive

1 = ‖ck‖Lp(Q1) > k‖ck‖Lp(Ω′k).

As (ck)k are affine, we find that ‖ck‖W 1,p(Q1) is uniformly bounded and thus a
compactness result yields (after passage to a not relabeled subsequence) ck → c
in Lp(Q1) for some affine mapping c. Moreover, there is a measurable function f
with f ≥ 0, ‖f‖L1(Q1) ≥ c̄ such that χΩ′k

⇀∗ f weakly in L∞(Q1). Consequently,
we find 1 = ‖c‖Lp(Q1) and 0 = ‖c · f‖L1(Ω′) which gives a contradiction. �

We are now in a position to give the boundary estimate. By d(A) we denote
the diameter of a set A ⊂ R2.

Theorem 4.2 Let p ∈ [1, 2), q ∈ [1,∞). Let µ > 0 and ψ : (−2µ, 2µ)→ [µ,∞)
Lipschitz with ‖ψ′‖∞ ≤ c̄ and inf ψ = µ. Let

U = {(x1, x2) : −2µ < x1 < 2µ, −2µ ≤ x2 ≤ ψ(x1)},
U ′ = {(x1, x2) : −µ < x1 < µ, −µ ≤ x2 ≤ ψ(x1)}.

(24)

Then there is a constant C = C(p, q, c̄) such that for all u ∈ SBD2(U) there is a
set of finite perimeter F ⊂ U with H1(∂F ) ≤ CH1(Ju), |F | ≤ C(H1(Ju))

2 and

(i) ‖u− (A ·+c)‖Lq(U ′\F ) ≤ Cµ
2
q ‖e(u)‖L2(U),

(ii) ‖∇u− A‖Lp(U ′\F ) ≤ Cµ
2
p
−1‖e(u)‖L2(U),

(25)

for suitable A ∈ R2×2
skew, c ∈ R2.

Proof. Recall the definition of the sets Qi, i ∈ N, and the enlarged squares
Q ⊂ Q′′′ ⊂ Q′′ ⊂ Q′ in (14). Let QW ⊂

⋃
i≥1Qi be a Whitney-type covering of

U , i.e.
⋃
Q∈QW Q′ = U such that (cf. e.g. [1, 21, 39])

(i) d(Q) ≤ dist(Q, ∂U) ≤ Cd(Q) for all Q ∈ QW ,
(ii) #{Q ∈ QW : x ∈ Q′} ≤ N for all x ∈ U,

(iii) Q′1 ∩Q′2 6= ∅ for Q1, Q2 ∈ QW ⇒ 1
C
d(Q1) ≤ d(Q2) ≤ Cd(Q1).

(26)

Moreover, we consider a corresponding partition of unity (ϕQ)Q∈QW ⊂ C∞(U)
with

∑
Q∈QW ϕQ(x) = 1 for x ∈ U and

(i) Q ⊂ supp(ϕQ) ⊂ Q′′′ for all Q ∈ QW ,
(ii) ‖∇ϕQ‖∞ ≤ cd(Q)−1 for all Q ∈ QW

(27)

for a universal constant c > 0. Let

B = {Q ∈ QW : H1(Q′ ∩ Ju) ≥ ĉd(Q)} (28)
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be the ‘bad’ squares for some ĉ sufficiently small. For each enlarged square
Q′ = p+ (−r, r)2, Q ∈ B, we define PQ = (p+ (−r, r)× (−r,∞))∩U . Employing
(26)(i) it is then elementary to see that H1(∂PQ) ≤ CH1(Ju ∩ Q′) for some
C = C(c̄, ĉ). Letting P =

⋃
Q∈B PQ we obtain by (26)(ii)

H1(∂P ) ≤ CNH1(Ju) (29)

and using the isoperimetric inequality we also find |P | ≤ C(H1(Ju))
2. We let

V = U ′ \ P .

x

0γ

Figure 1: Illustration of a part of U and QW ∩
⋃3
i=1Qi. The squares in B are depicted

in dark gray and the corresponding set P in light gray. Moreover, a John curve γ
connecting x with 0 is sketched.

Observe that we can assume Q /∈ B for all Q ∈ QW with Q∩ (−µ, µ)×{0} 6=
∅. In fact, these squares satisfy d(Q) ≥ cµ. Consequently, if Q ∈ B, we find
H1(Ju) ≥ cĉµ and in this case the assertion of the theorem holds with the choice
F = U .

We now see that V is a John domain with center 0 and a constant only
depending on c̄. In fact, fix some x = (x1, x2) ∈ V and Q ∈ QW such that
x ∈ Q. We consider a vertical chain C1 = {Q1

1 = Q, . . . , Q1
n1
} of squares in

QW intersecting {x1} × [0, x2] together with a horizontal chain C2 = {Q2
1 =

Q1
n1
, . . . , Q2

n2
} of squares intersecting [x1, 0] × {0} such that Qj

k ∩ Q
j
k+1 6= ∅ for

1 ≤ k ≤ nj − 1, j = 1, 2.
Now in view of (26) we see that d(Qj

k1
) ≤ d(Qj

k2
) for all 1 ≤ k1 ≤ k2 ≤ nj,

j = 1, 2, and d(Qj
k1

) ≤ θd(Qj
k2

) for all k2 ≥ k1 + l for some l = l(c̄) ∈ N.
Consequently, it is elementary to construct a curve γ starting in x, ending in 0
and intersecting the midpoints of the squares in C1 ∪ C2 such that the condition
given in Definition 2.5 holds (cf. Figure 1).
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Let G = QW \ B. For each Q ∈ G we apply Theorem 3.1 on Q′ to find
infinitesimal rigid motions aQ = aAQ,cQ and exceptional sets EQ such that by
(13)

(i) ‖u− (AQ ·+cQ)‖Lq(Q′′\EQ) ≤ Cd(Q)
2
q ‖e(u)‖L2(Q′),

(ii) ‖∇u− AQ‖Lp(Q′′\EQ) ≤ Cd(Q)
2
p
−1‖e(u)‖L2(Q′).

(30)

(For ĉ sufficiently small in (28) we can in fact assume that Q′′ is contained in the
shrinked square Q̂ given by Theorem 3.1.) Moreover, by (12) and (26)(ii) we get
that E :=

⋃
Q∈G EQ fulfills H1(∂E) ≤ CH1(Ju) and |E| ≤ C(H1(Ju))

2.
We now estimate the difference of the infinitesimal rigid motions. Consider

some Q ∈ G and let N (Q) = {Q̂ ∈ G \ {Q} : Q′′′ ∩ Q̂′′′ 6= ∅}. Recall 1
C
d(Q̂) ≤

d(Q) ≤ Cd(Q̂) for all Q̂ ∈ N (Q) by (26)(iii) which also implies #N (Q) ≤ C for
some C > 0 large enough. Then Q′′ ∩ Q̂′′ contains a ball B with radius larger
than cd(Q) for some small c > 0. It is elementary to see that choosing ĉ in (28)
sufficiently small we find |Ê ∩ B| ≤ 1

2
|B|, where Ê = EQ̂ ∪ EQ. Therefore, by

(30)(i) for p = q, (26)(iii) and the triangle inequality we derive

‖aQ − aQ̂‖Lp(B\Ê) = ‖(AQ ·+cQ)− (AQ̂ ·+cQ̂)‖Lp(B\Ê) ≤ Cd(Q)
2
p‖e(u)‖L2(Q′∪Q̂′)

and thus by Lemma 4.1

‖aQ − aQ̂‖
p
Lp(Q′) ≤ Cd(Q)2‖e(u)‖p

L2(Q′∪Q̂′) (31)

for some C = C(p). Let NQ =
⋃
Q̂∈N (Q) Q̂

′ ∪ Q′ and observe that by (26) each
x ∈ U is contained in a bounded number of different sets NQ. Moreover, we
observe that

∑
Q∈G d(Q)2 ≤ C|V | ≤ Cµ2. Summing over all squares, recalling

#N (Q) ≤ C and using Hölder’s inequality we then find∑
Q∈G

∑
Q̂∈N (Q)

d(Q)−p‖aQ − aQ̂‖
p
Lp(Q′) ≤ C

∑
Q∈G

d(Q)2−p‖e(u)‖pL2(NQ)

≤ C
(∑

Q∈G
d(Q)2

)1− p
2 (∑

Q∈G
‖e(u)‖2

L2(NQ)

) p
2 ≤ Cµ2−p‖e(u)‖pL2(U).

(32)

We observe that
∑

Q∈G ϕQ(x) = 1 for all x ∈ V . In fact, we recall that (ϕQ)Q∈QW
is a partition of unity and supp(ϕQ) ⊂ Q′′′ ⊂ U \ V for all Q ∈ B = QW \ G by
construction. Similarly as in the proof of Lemma 3.2 we define

ū(x) =
∑

Q∈G
ϕQ(x)(AQ x+ cQ) =

∑
Q∈G

ϕQ(x)aQ(x)

for all x ∈ V . Clearly, ū is smooth in V . Using
∑

Q∈G∇ϕQ = 0 we find that

∇ū =
∑

Q∈G

(
(aQ − f)⊗∇ϕQ + ϕQAQ

)
(33)
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for all functions f . Consequently, letting f(x) = aQ(x) for x ∈ Q∩ V , Q ∈ G, we
derive using once more (26)(ii),(iii) and applying (27)(ii), (32)

‖e(ū)‖pLp(V ) ≤ C
∑

Q∈G
d(Q)−p

∑
Q̂∈N (Q)

‖aQ − aQ̂‖
p
Lp(Q) ≤ Cµ2−p‖e(u)‖pL2(U).

We compute using (26)(ii), (27)(i) and (30)(i)

‖ū− u‖Lq(V \E) ≤ C
∑

Q∈G
‖aQ − u‖Lq(Q′′′\E) ≤ C

∑
Q∈G

d(Q)
2
q ‖e(u)‖L2(Q′)

≤ Cµ
2
q ‖e(u)‖L2(U). (34)

Likewise, using (33) for f = u and (30) for q = p we find repeating the Hölder-
type estimate in (32)

‖∇ū−∇u‖pLp(V \E) ≤ C
∑

Q∈G
d(Q)−p‖aQ − u‖pLp(Q′′′\E)

+ C
∑

Q∈G
‖∇u− AQ‖pLp(Q′′′\E)

≤ C
∑

Q∈G
d(Q)2−p‖e(u)‖pL2(Q′) ≤ Cµ2−p‖e(u)‖pL2(U).

(35)

As ū is smooth in V and V is a John domain with constant only depending on c̄,
we can apply Theorem 2.6 and we find A ∈ R2×2

skew, c ∈ R2 such that by a rescaling
argument

µ−
2
q
−1+ 2

p‖ū−(A ·+c)‖Lq(V ) +‖∇ū−A‖Lp(V ) ≤ C‖e(ū)‖Lp(V ) ≤ Cµ
2
p
−1‖e(u)‖L2(U)

for C = C(p, q, c̄). We now define F = E ∪ P and by (29) and the remark below
(30) we obtain |F | ≤ C(H1(Ju))

2 as well as H1(∂F ) ≤ CH1(Ju). Finally, (25)
follows from (34) and (35). �

Remark 4.3 Similarly as in the local estimate considered in Section 3 one can
show that the displacement field restricted to U ′ \ F is an element of GSBVp or
SBVp, respectively. As this property will not be needed in the following, we have
omitted the proof.

5 Proof of the main result and application

5.1 Proof of Theorem 3.1

We now combine the local estimate in Theorem 3.1, the boundary estimate (The-
orem 4.2) and a standard covering argument to prove the main result. A similar
argument may be found, e.g. in [10], where an inequality of Korn-Poincaré type
is derived.
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Proof of Theorem 1.1 We first choose finitely many U1, . . . , Un being of the form
given in (24) (possibly after application of an affine isometry) such that ∂Ω is
covered by U ′1, . . . , U

′
n. Moreover, we cover Ω\

⋃n
i=1 U

′
i with squares U ′n+1, . . . , U

′
m

such that the squares 2U ′n+1, . . . , 2U
′
m of double size are still contained in Ω.

By a similar reasoning as in the proof of Theorem 4.2 we may suppose that
H1(Ju) ≤ ĉ for some ĉ = ĉ(p, q,Ω) to be specified below as otherwise we can
choose E = Ω in Theorem 1.1. We now apply Theorem 3.1 and Theorem 4.2,
respectively, on the sets (Ui)

m
i=1 and obtain infinitesimal rigid motions ai = aAi,ci

as well as exceptional sets Ei ⊂ Ui such that

m∑
i=1

(
‖u− ai‖Lq(U ′i\Ei) + ‖∇u− Ai‖Lp(U ′i\Ei)

)
≤ C

m∑
i=1

‖e(u)‖L2(Ui) ≤ C‖e(u)‖L2(Ω)

(36)

for some C = C(p, q,Ω). In fact, selecting ĉ sufficiently small we get that the
shrinked squares Q̂i given in Theorem 3.1 contain U ′i for i = n + 1, . . . ,m (cf.
(30) for a similar argument).

Define E =
⋃m
i=1 Ei and observe that |E| ≤ C(H1(Ju))

2 as well as H1(∂E) ≤
CH1(Ju) follow from (12) and the similar estimate for the sets at the boundary
(see before (25)). Moreover, we can choose ĉ so small such |E| ≤ 1

2
η, where

η := min{|U ′i ∩ U ′j| : U ′i , U ′j, i 6= j, with U ′i ∩ U ′j 6= ∅}.

Obviously η only depends on Ω. Consequently, we obtain |(U ′i ∩U ′j)\E| ≥ 1
2
η for

all U ′i , U
′
j, i 6= j, with U ′i ∩ U ′j 6= ∅. As Ω is connected, we then find by Lemma

4.1 and (36)

max
1≤i,j≤m

‖ai − aj‖Lq(Ω) + ‖Ai − Aj‖Lp(Ω) ≤ C‖e(u)‖L2(Ω)

for a constant depending only on p, q, η and m. Recalling (36) and the fact that
η, m only depend on Ω we finally obtain (4) for, e.g., A = A1 and c = c1. �

5.2 Relation between SBV and SBD functions

Finally, we present a consequence of our main result concerning the relation
between SBV and SBD functions. We briefly recall that the typical examples for
functions lying in BD but not in BV or likewise lying in SBDp but not in SBV p,
p > 1, are based on the idea to cut out small balls and to choose the displacement
field appropriately on these sets (see e.g. [3, 14]). The following result shows that
this construction essentially describes the only way to obtain functions of bounded
deformation which do not have bounded variation. In particular, we see that for
each function in SBD2 ∩L∞ there is a modification ũ in SBV such that {u 6= ũ}
is an arbitrarily small set.
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Theorem 5.1 Let ε > 0 and let Ω ⊂ R2 open, bounded with Lipschitz boundary.
Then for every u ∈ SBD2(Ω) we find an exceptional set E with |E| ≤ ε and
H1(∂E) < +∞ such that uχΩ\E ∈ GSBV p(Ω) for all p < 2. If in addition
u ∈ L∞(Ω), we obtain uχΩ\E ∈ SBV p(Ω).

Proof. The statement follows from Theorem 3.1 by an additional covering argu-
ment. Assume first u ∈ SBD2(Ω) ∩ L∞(Ω). Recalling (14) we cover Ω with
squares in Qs for s � ε to be specified below. We define the bad squares
B = {Q ∈ Qs : Q′ 6⊂ Ω or H1(Ju ∩ Q′) ≥ c̄s} for a constant c̄ > 0. We
let F = Ω ∩

⋃
Q∈BQ and observe H1(∂F ) ≤ CH1(Ju) + CH1(∂Ω) < +∞ as well

as |F | ≤ Cs(H1(Ju) +H1(∂Ω)).
Choosing c̄ sufficiently small we can apply Theorem 3.1 on each enlarged

square Q′, Q ∈ Qs \ B, and obtain exceptional sets EQ such that
(
uχQ′′\EQ

)
|Q′ ∈

SBV p(Q′) for all Q ∈ Qs\B. (In fact, for c̄ small we can assume that the shrinked
square Q̂ given in Theorem 3.1 contains Q′′.)

Letting E =
⋃
QEQ ∪ F we find by (12) that H1(∂E) < +∞ and |E| ≤ Cs

for a constant depending only on Ω and u. Thus, |E| ≤ ε for s sufficiently small.
Then defining ū = uχΩ\E in Ω \ F we derive ū ∈ SBV p(Ω \ F ) for all p ∈ [1, 2).
Observe that

D(uχΩ\E) = Dū+ (ū⊗ ξF )H1|∂F∩Ω (37)

in Ω, where ξF denotes the inner normal of F (see e.g. [4, Theorem 3.87]). As
‖u‖∞ < +∞, this implies uχΩ\E ∈ SBV p(Ω). Likewise, in the general case we
consider φ ∈ C1(R2) with the support of ∇φ compact and find

(
φ(uχΩ\E)

)
|Ω\F ∈

SBV p(Ω \ F ). Then we repeat the argument in (37) to conclude φ(uχΩ\E) ∈
SBV p(Ω). �

The above result can also be interpreted as an approximation result for SBD
functions. On the one hand, it is weaker than standard density results, see e.g.
[9], as it does not lead to a fine estimate for the surface energy. On the other
hand, whereas in results based on interpolation arguments the approximating
sequences typically only converge in Lp, in the present context we see that the
functions already coincide up to a set of arbitrarily small measure.
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for functions with a small jump set. 2014. <hal-01091710>

[11] A. Chambolle, A. Giacomini, M. Ponsiglione. Piecewise rigidity. J.
Funct. Anal. Solids 244 (2007), 134–153.

[12] S. Conti, G. Dolzmann, and S. Müller. Korn’s second inequality and
geometric rigidity with mixed growth conditions. Calc. Var. Partial Differen-
tial Equations 50 (2014), 437–454.

[13] S. Conti, D. Faraco, F. Maggi. A new approach to counterexamples
to L1 estimates: Korn’s inequality, geometric rigidity, and regularity for
gradients of separately convex functions. Arch. Rat. Mech. Anal. 175 (2005),
287–300.

[14] S. Conti, M. Focardi, F. Iurlano. Which special functions of bounded
deformation have bounded variation? Preprint, 2015.

[15] S. Conti, B. Schweizer. Rigidity and Gamma convergence for solid-
solid phase transitions with SO(2)-invariance. Comm. Pure Appl. Math. 59
(2006), 830–868.

[16] G. Dal Maso. Generalized functions of bounded deformation. J. Eur. Math.
Soc. 15 (2013), 1943–1997.

24



[17] G. Dal Maso, G. A. Francfort, R. Toader. Quasistatic crack growth
in nonlinear elasticity. Arch. Ration. Mech. Anal. 176 (2005), 165–225.

[18] E. De Giorgi, L. Ambrosio. Un nuovo funzionale del calcolo delle vari-
azioni. Acc. Naz. Lincei, Rend. Cl. Sci. Fis. Mat. Natur. 82 (1988), 199–210.

[19] E. De Giorgi, M. Carriero, A. Leaci. Existence theorem for a mini-
mum problem with free discontinuity set. Arch. Rational Mech. Anal. 108
(1989), 195–218.
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[24] M. Friedrich. A Korn-Poincaré-type inequality for special functions of
bounded deformation. Preprint, 2015.

[25] M. Friedrich. A derivation of linearized Griffith energies from nonlinear
models. Preprint, 2015.

[26] M. Friedrich. A piecewise Korn inequality for special functions of bounded
deformation and applications to approximation results. In preparation.

[27] M. Friedrich, B. Schmidt. A quantitative geometric rigidity result in
SBD. Preprint, 2015.

[28] G. Friesecke, R. D. James, S. Müller. A theorem on geometric rigidity
and the derivation of nonlinear plate theory from three-dimensional elasticity.
Comm. Pure Appl. Math. 55 (2002), 1461–1506.

[29] F. Iurlano. A density result for GSBD and its application to the approxi-
mation of brittle fracture energies. Calc. Var. Partial Differential Equations
51 (2014), 315–342.

[30] F. John. Rotation and strain. Comm. Pure. Appl. Math. 14 (1961), 391–
413.

[31] B. Kirchheim, J. Kristensen. Automatic convexity of rank-1 convex
functions. C. R. Math. Acad. Sci. Paris 349 (2011), 407–409.

25



[32] R. V. Kohn. New integral estimates for deformations in terms of their
nonlinear strains. Arch. Ration. Mech. Anal. 78 (1982), 131–172.

[33] O. Martio, J. Sarvas. Injectivity theorems in plane and space. Ann.
Acad. Sci. Fenn. Math. 4 (1978), 383–401.

[34] S. Müller, L. Scardia, and C. I. Zeppieri. Geometric rigidity for
incompatible fields and an application to strain-gradient plasticity. Indiana
Univ. Math. J. 63 (2014), 1365–1396.
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