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Abstract
We present a quantitative geometric rigidity estimate for special func-

tions of bounded deformation in a planar setting generalizing a result by
Friesecke, James and Miiller for Sobolev functions obtained in nonlinear
elasticity theory and a qualitative piecewise rigidity result by Chambolle,
Giacomini and Ponsiglione for brittle materials which do not store elastic
energy. We show that for each deformation there is an associated triple
consisting of a partition of the domain, a corresponding piecewise rigid mo-
tion being constant on each connected component of the cracked body and
a displacement field measuring the distance of the deformation from the
piecewise rigid motion. We also present a related estimate in the geometri-
cally linear setting which can be interpreted as a ‘piecewise Korn-Poincaré

inequality’.
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1 Introduction

It is a subtle problem in mathematical analysis to infer global properties of a
function u from conditions on its derivative Vu given in terms of partial differen-
tial relations such as Vu € K or approximate relations such as dist(Vu, K) < 1,
where K denotes a specific set of matrices. In particular, constraining Vu to
be in, or close to, the set K = SO(d) of rigid motions, one is led to the ques-
tion to what extend such a pointwise (approximate) isometry constraint has the
global consequence of rendering wu itself (approximately) rigid. As will be de-
tailed below, notably the last decades have witnessed a tremendous progress in
establishing such geometric rigidity results; classical theorems for smooth func-
tions have been extended to Sobolev functions and even sharp rigidity estimates
have been derived for such functions. In this article we address the problem of
deriving a quantitative rigidity estimate beyond the setting in Sobolev spaces,
specifically, allowing for functions with jump discontinuities. As such a lack of
regularity impedes a direct extension, our main rigidity result has to be formu-
lated in a considerably more complex way. Moreover, major challenges arise in
our framework from the fact that the distributional derivative of the mappings
under consideration is barely a measure and from the necessity to gain control
over both bulk and surface contributions.

Our main motivation comes from variational fracture mechanics. Since the
pioneering work of Griffith [27] the propagation of crack is viewed as the result of a
competition between the surface energy and the reduction of bulk energy during
an infinitesimal increase of the cracked region. Based on this idea Francfort
and Marigo [21] have introduced an energy functional comprising elastic bulk
and surface contributions in order to tackle problems in fracture mechanics with



variational methods, where the displacements and crack paths are determined
from an energy minimization principle.

To simplify the mathematical description, problems in this context are often
studied in the case of anti-planar shear (see e.g. [16, 20]) or in the realm of
linearized elasticity (see e.g. [3, 6, 7, 19, 28, 36]) since such models are usually
significantly easier to treat as their nonlinear counterparts. In fact, in the regime
of finite elasticity the energy density of the elastic contributions is genuinely
geometrically nonlinear due to frame indifference rendering the problem highly
non-convex. Consequently, in contrast to linear models already the fundamental
question if minimizing configurations for given boundary data exist at all is a
challenging problem.

To gain a deeper understanding of nonlinear models in fracture mechanics
it is therefore desirable to identify an effective linear theory and in this way to
rigorously show that in the small displacement regime the neglection of effects
arising from the non-linearities is a good approximation of the problem. Indeed,
for elastic bodies not exhibiting cracks the passage from nonlinear to linearized
models is by now well understood via I'-convergence (cf. [15, 35]). It turns
out that a fundamental issue in this context is the derivation of suitable rigidity
estimates which, based on the deformation of a material, allow to control an
associated infinitesimal displacement field measuring the distance from a rigid
motion and being the essential quantity on which the linearized elastic energy
depends.

Rigidity estimates have a long history going back to the fundamental result
of Liouville which states that a smooth function has to be an affine mapping
if its gradient is a rotation everywhere. Various generalizations of this classical
qualitative theorem in the realm of nonlinear elasticity theory have appeared over
the last decades (see e.g. [29, 34]). For brittle materials the problem is more subtle
as additional difficulties arise from the fact that the body might be disconnected
by the jump set into various components. Chambolle, Giacomini and Ponsiglione
[8] recently showed that also in this setting a Liouville-type result holds and that
the body behaves piecewise rigidly. In fact, under the constraint that the material
does not store elastic energy the only possibility that global rigidity can fail is
that the body is divided into various parts each of which subject to a different
rigid motion.

However, the above mentioned results fall short of being useful for the investi-
gation of variational models due to the restrictive constraint on the deformation
gradient. The fundamental step towards quantitative results was a geometric
rigidity estimate by Friesecke, James and Miiller [26] which states that, loosely
speaking, if the deformation gradient of an H!-function is close to the set of ro-
tations (e.g. in an L? sense), then it is in fact close to one single rotation. This
result provides the essential relation between the deformation and a correspond-
ing displacement field and allows to establish a compactness result for a sequence
of displacements with uniformly bounded elastic energy.



Whereas this estimate in elasticity theory was generalized to various settings
including [9, 32], to the best of our knowledge a corresponding general estimate for
brittle materials has not yet been established. The farthest reaching result in this
direction seems to be a recent contribution by Negri and Toader [33] where rigidity
estimates are provided in the context of quasistatic evolution for a restricted class
of admissible cracks. In particular, in their model the different components of the
jump set are supposed to have a least positive distance rendering the problem
considerably easier. In fact, one can essentially still employ the result in [26]
and the specimen cannot be separated into different parts effectively leading to
a simple relation between the deformation and the displacement field.

The goal of the present work is the derivation of a new kind of quantitative
geometric rigidity estimate in the framework of geometric measure theory without
any a priori assumptions on the deformation and the crack geometry, i.e we treat
a full free discontinuity problem in the language of Ambrosio and De Giorgi [17].
We call this estimate for brittle materials, which we establish in a planar setting,
an SBD-rigidity result as it is formulated in terms of special functions of bounded
deformation (see [1, 3]). The result may be seen as a suitable combination of
the aforementioned estimate for elastic materials [26] and the qualitative result
in [8], being tailor-made for general Griffith models where both energy forms are
coexistent.

The rigidity result provides the relation between the deformation of a brittle
material and the associated displacements. Whereas in elasticity theory there is a
simple connection between these two objects, in the present context the descrip-
tion is rather complicated since the deformation is related to a triple consisting of
a partition of the domain, a corresponding piecewise rigid motion being constant
on each connected component of the cracked body and a displacement field which
is defined separately on each piece of the specimen. The result in the present work
proves to be the fundamental ingredient to identify an effective linearized theory.
For a detailed analysis of compactness results and the derivation of linearized
Griffith models from nonlinear energies via I'-convergence in a small strain limit
we refer to the subsequent paper [23].

One essential point in the analysis is the derivation of an inequality for the
symmetric part of the gradient. We also see that in general it is not possible to
gain control over the full gradient which is not surprising as there is no analogue
of Korn’s inequality for SBV functions. Consequently, the result is naturally an
SBD estimate. In addition, we provide an L?-bound for the configurations mea-
suring the distance of the deformation itself from a piecewise rigid motion. In
contrast to the setting in elasticity theory this is highly nontrivial as Poincaré’s
inequality cannot be applied due to the possibly present complicated crack ge-
ometry. Consequently, our findings are not only interesting in the realm of finite
elasticity, but also in a geometrically linear setting and can be interpreted as a
‘piecewise Korn-Poincaré inequality’. Moreover, we remark that our main esti-
mate can only be established under the additional condition that we admit an
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arbitrarily small modification of the deformation.

The derivation of the main result is very involved as among other things one
has to face the problems that (1) the body might be disconnected by the jump
set, (2) the body might be still connected but only in a small region where the
elastic energy is possibly large, (3) the crack geometry might become extremely
complex due to relaxation of the elastic energy by oscillating crack paths and
infinite crack patterns occurring on different scales. The common difficulty of
all these phenomena is the possible high irregularity of the jump set. Even if
one can assume that the domain can be decomposed into different sets with
Lipschitz boundary (e.g. by a density argument), there are no uniform bounds
on the constants of several necessary inequalities such as the Poincaré and Korn
inequality and the rigidity estimate [26].

To avoid further complicacies of technical nature concerning the topological
structure of cracks in higher dimensions and to concentrate on the essential dif-
ficulties arising from the frame indifference of the energy density, we will tackle
the problem in a planar setting with isotropic crack energies. However, we be-
lieve that our results can be extended to anisotropic surface terms and that the
proof provides the principal techniques being necessary to establish the result in
arbitrary space dimension. In fact, many arguments are valid also in dimension
d > 3 and we hope that our methods, in particular the modification scheme for
deformations and jump sets, may also contribute to solve related problems in
the future. One of the essential reasons why we restrict ourselves to the two-
dimensional framework is the usage of a Korn-Poincaré-type inequality (see [22])
which was only established in a planar setting due to a lot of technical difficulties
concerning the jump set geometry.

The paper is organized as follows. In Section 2 we present the main results
about geometric rigidity in SBD and also state a corresponding estimate in the ge-
ometrically linear setting which is interesting on its own and considerably simpler
to prove than its nonlinear counterpart. As the proof is very long and technical,
we give an overview and highlight the principal strategies for the convenience of
the reader in Section 2.4.

Section 3 is devoted to some preliminaries. We first recall the definition of
special functions of bounded variation and discuss basic properties. Then we
recall a (local) Korn-Poincaré-type inequality in SBD (see [22] and Section 3.3)
which measures the distance of the displacement field from an infinitesimal rigid
motion in terms of the elastic energy. It turns out that this inequality is one of
the key ingredients to derive our main result which can be compared with the fact
that in elasticity theory the linearized rigidity estimate, called Korn’s inequality
(see [10]), is one of the fundamental steps to establish the geometrically nonlinear
result in [26]. In fact, as a first approach to the main result it is convenient to
replace the nonlinear problem by such a linearized version which is significantly
easier since (1) the estimate only involves the function itself and not its derivative
and (2) the set of infinitesimal rigid motions is a linear space in contrast to SO(2).
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Afterwards we recall the geometric rigidity result by Friesecke, James, Miiller
[26] and carry out a careful analysis how the involved constant depends on the
shape of the domain. At this point we notice that easy counterexamples to rigidity
estimates in SBD can be constructed if one does not admit a small modification
of the deformation (see Section 3.5).

In Section 4 we introduce a procedure to modify sets. In this context, we
particularly have to assure that we can control the size and the shape of the
jump sets.

The rest of the paper contains the main proof of the SBD-rigidity estimate.
The main strategy of the proof is to establish local rigidity results on cells of
mesoscopic size (Section 5) which together with the Korn-Poincaré inequality
allows to replace the deformation by a modification where the least length of
the crack components has increased (Section 6). Repeating the arguments on
various mesoscopic scales becoming gradually larger it is possible to show that
the modified deformation behaves rigidly on each connected component of the
domain (Section 7).

The fact that we analyze the problem on different length scales is indispensable
to understand specific size effects correctly such as the accumulation of crack
patterns on certain scales. Moreover, we briefly note that similarly as in [24] a
mesoscopic localization technique proves to be useful to tackle problems in the
framework of brittle materials as hereby effects arising from the bulk and the
surface contributions can be separated.

Basically, this is enough the establish the requirements for compactness results
in the space of SBD functions (cf. [14]). However, as we are also interested in
the derivation of effective linearized models (cf. [23]), we have to assure that
we do not change the total energy of the deformation during the modification
procedure. In particular, for the surface energy this is a subtle problem and in
Section 8 a lot of effort is needed to show that the modified configurations can be
constructed in a way such that the crack length does not increase substantially.

2 The main result and overview of the proof

In this section we present our main rigidity estimates in the framework of brittle
materials and give and overview of the proof strategies.

2.1 The main setting
Let Q C R? open, bounded with Lipschitz boundary and for M > 0 we define

SBVi(Q) = {y € SBV(QR?) : ||Vyll < M, H'(J,) < +oo}. (2.1)

For the definition and properties of the space SBV (€, R?), frequently abbreviated
as SBV(Q) hereafter, we refer to Section 3.1.

6



Let W : R**? — [0,00) be a frame-indifferent stored energy density with
W(F)=0iff F € SO(2). Assume that W is continuous, C*® in a neighborhood
of SO(2) and scales quadratically at SO(2) in the direction perpendicular to
infinitesimal rotations. In other words, we have W (F) > cdist?(F, SO(2)) for
all F € R**2 and a positive constant c¢. For ¢ > 0 define the Griffith-energy
E. : SBVy(Q2) — [0,00) by

P = [ WOy dr+ ', 2.2

The main goal of the work at hand is the derivation of uniform rigidity estimates
for configurations with E.(y) < C. Performing the passage to the small strain
limit &€ — 0 we have to face major challenges including (1) difficulties concerning
the coercivity of the functionals due to the frame indifference of the energy density
and (2) the possible high irregularity of the jump set rendering the problem subtle
from an analytical point of view.

We briefly note that we can also treat inhomogeneous materials where the
energy density has the form W : Q x R?*? — [0,00). Moreover, it suffices to
assume W € C?*%, where C*® is the Holder space with exponent a@ > 0. In
the context of discrete systems the small parameter ¢, denoting the order of the
elastic energy in our model, represents the typical interatomic distance (compare
(2.2) with, e.g., the Griffith functionals in [24, 25]). Having also applications to
discrete systems in mind, we will sometimes refer to ¢ as the ‘atomic length scale’.

Observe that M may be chosen arbitrarily large (but fixed) and therefore the
constraint [|[Vy|lo < M is not a real restriction as we are interested in the small
displacement regime in the regions of the domain where elastic behavior occurs.
The uniform bound on the absolute continuous part of the gradient is indeed
natural when dealing with discrete energies where the corresponding deformations
are piecewise affine on cells of microscopic size (see e.g. [5, 25]). The condition
essentially assures that the elastic energy cannot concentrate on scales being
much smaller than €. This observation already shows that the atomic length
scale plays an important role in our analysis since the system shows remarkably
different behavior on scales smaller and larger than the atomistic unit.

For later we also introduce a relaxed energy functional. For p > 0, ¢ > 0 and
U C Q define fP(z) = min{ﬁ, 1} and

Py U) = 0
B0 = [ WS ek [ @D, 23)
Clearly, we have Ef(y,U) < E.(y) for all y € SBVy(Q2) and U C Q.

2.2 Rigidity estimates

We first observe that for configurations with uniform bounded energy F.(y.) the
absolute continuous part of the gradient satisfies Vy. ~ SO(2) as the stored
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energy density is frame-indifferent and minimized on SO(2). Assuming that
y. — y in L', one can show that Vy € SO(2) a.e. applying lower semicontinuity
results for SBV functions (see [31]) and the fact that the quasiconvex envelope
of W is minimized exactly on SO(2) (see [38]).

A classical result due to Liouville states that a smooth function y satisfying
the constraint Vy € SO(2) is a rigid motion. In the theory of fracture mechanics
global rigidity can fail if the crack disconnects the body. More precisely, Cham-
bolle, Giacomini and Ponsiglione have proven that for configurations which do
not store elastic energy (i.e. Vy € SO(2) a.e.) and have finite Griffith energy (i.e.
H!(J,) < +0o0) the only way that rigidity may fail is that the body is divided into
at most countably many parts each of which subject to a different rigid motion
(see [8]).

Clearly, it is desirable to establish an appropriate quantitative version of this
qualitative statement. In nonlinear elasticity such quantitative estimates are
available forming one of the starting points of our analysis. Friesecke, James and
Miiller (see [26] and Theorem 3.10 below) have extended the classical Liouville
results and showed that, loosely speaking, if the deformation gradient is close to
SO(2) (in L?), then it is in fact close to one single rotation R € SO(2) (in L?).

The overall goal of this work is to ‘combine’ the rigidity results of the pure elas-
tic and pure brittle regime in order to derive a rigidity estimate for general Griffith
functionals (2.2) where both energy forms are coexistent. As a preparation recall
the definition of the perimeter P(E, Q) of a set E C R? in 2 (see [2, Section 3.3])
and recall that we say that a partition P = (P;); of Q is called a Caccioppoli
partition of Q if 3. P(P;,Q) < +o0. Let Q, = {z € Q : dist(x,09) > Cp} for
p > 0 and for some sufficiently large constant C'.

Theorem 2.1 Let Q C R? open, bounded with Lipschitz boundary. Let M > 0
and 0 < n,p < 1. Then there is a constant C = C(Q, M,n) and a universal
¢ > 0 such that the following holds for e > 0 small enough:

For eachy € SBVy (Q)NL2(Q) with H'(J,) < M and [, dist*>(Vy, SO(2)) < Me,
there is an open set Q,, with |Q\ Q| < Cp, a modification § € SBV(Q)NL*(Q)
with || — y‘|i2(gy) + Vg - vy”%%gy) < Cep and

Ef(3,9Q,) < E.(y) +Cp (2.4)

with the following properties: We find a Caccioppoli partition P = (P;); of Q,
with 3, P(P;,Q,) < C and for each P; a corresponding rigid motion R;x + c;,
R; € SO(2) and ¢; € R?, such that the function u : Q@ — R? defined by
u(z) = 4(z) — (Rj  + ¢j) for x € P; (2.5)

0 for x € 2\ Q,



satisfies the estimates
(1) H'(J.) < C, (i1) |lull72(q,) < Ce,

A . o e (2.6)
(ii1) Z]. le(RF Vu)llzap, < Ce, () [IVulfzq,) < Ce'™

for some constant C = C(p), where e(G) = S~ for all G € R**2.

Whereas in elasticity theory there is a simple connection between the defor-
mation y and the displacement field u, in the present context the description
is rather complicated since the deformation is related to a triple (F;);, (Rj,¢;);
and u consisting of a partition, associated piecewise rigid motion and a suitably
rescaled displacement field which is defined separately on each piece of the body.
The central estimate (2.6) provides the fundamental ingredients to establish a
corresponding compactness result (see [23]) by employing a GSBD compactness
result proved in [14].

We remark that this estimate might be wrong without allowing for a small
modification of the deformation as we show by way of example in Section 3.5.
Moreover, we get a sufficiently strong bound only for the symmetric part of the
gradient (see (iii)) which is not surprising due to the fact that there is no analogue
of Korn’s inequality in SBV. However, there is at least a weaker bound on the
total absolutely continuous part of the gradient (see (iv)) which will essentially
be needed to derive a I'-convergence result in the passage from nonlinear to
linearized models in [23]. We emphasize that also (ii) is highly nontrivial as
Poincaré’s inequality cannot be applied due to the presence of discontinuity sets.

Remark 2.2 (i) The proof of Theorem 2.1 shows that the Caccioppoli partition
(P;); is in fact a finite partition. In particular, each P; is the union of squares of
sidelength ~ p and thus |P;| > ¢p for all j.

(i) In view of (2.4) and (2.6)(i) one also has

E.(9) < CE-(y).

Moreover, the estimate (2.4) can even be refined. Indeed, we obtain (see (8.14)
below)

ST+ [ I < H )+
where 9P := | J; OP;. Whereas on the boundary of the partition 9P there is a
sharp estimate for the surface energy, the passage to to a relaxed functional in
the interior of the sets is necessary due to the possible presence of microcracks
accumulating on different mesoscopic scales.

(iii) The assumption y € L*(Q2) may be dropped. In this case we obtain a
slightly weaker approximation of the form || — y||3, (0, < Cep (cf. the approxi-
mation schemes in [8, Theorem 3.1], [22, Theorem 2.3]).

(iv) The approximation preserves an L*-bound, i.e. ||yl < M implies
19l < M.



2.3 A piecewise Korn-Poincaré inequality

We now discuss a variant of Theorem 2.1 in the geometrically linear setting
which can be interpreted as a ‘piecewise Korn-Poincaré-inequality in SBD’. Let
R22 = {A € R?*?: AT = — A} be the set of skew symmetric matrices. Set

skew

Frp0) =+ |

U

V(e(Vu)()) dz + / £2(|[ul]) 2! (2.7)

JuNU

for a coercive quadratic form V, ie. V(G) > ¢|G|* for ¢ > 0 and G € RZ:2.

Furthermore, define F. = F(-, ), where f° = 1. For the definition of the space
SBD we refer to Section 3.1.

Theorem 2.3 Let 0 C R? open, bounded with Lipschitz boundary. Let M > 0,
and 0 < p < 1. Then there is a constant C = C(Q, M) such that for e > 0 small

enough the following holds:
For each v € SBD?*(Q2,R?*) N L?(Q, R?) with H'(J,) < M and

/ le(Vu)(x)|? de < Me,
Q

there is an open set Q, with |Q\ Q.| < Cp, a modification 4 : Q — R? with
|l — uH%Q(Qu) + |le(Va) — e(Vu)H%Q(Qu) < Cpe and

F2(,$) < Fe(u) + Cp

with the following properties: We find a Caccioppoli partition P = (P;); of Q,
with Zj P(P;,Q,) < C and for each P; a corresponding infinitesimal rigid motion
Ajxr+c;, Aj € RZE and ¢; € R?, such that H'(J;) < C and

(@) e(Vi)lf2q,) < Ce, (i) Zj i = (A; - =¢)l[72(p, < Ce. (2.8)

for some constant C = C(p).

To prove Theorem 2.3 one may essentially follow the proof of Theorem 2.1
with some changes, where altogether the proof is considerably simpler as a lot
of estimates and arguments can be skipped. We again observe that estimate
(2.8) together with the result of [14] is the fundamental ingredient to establish a
compactness result.

2.4 Overview of the proof

As the proof of Theorem 2.1 is very long and technical, we present here a short
overview for the convenience of the reader and highlight the principle proof strate-
gies.
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The main estimates in the rigidity result (see (2.6)) provide bounds for both
the displacement field u itself and its derivative. The fundamental ingredient
to measure the distance of the function from a rigid motion is a (local) Korn-
Poincaré-type inequality established in [22]. The other key point is then the
derivation of an estimate for the symmetric part of the gradient. Using the
expansion

le(RT(Vy —1d))|? = dist*(Vy, SO(2)) + O(|Vy — R[*) (2.9)

and recalling that || dist(Vy, SO(Q))H%Q(Q) ~ € we see that it suffices to establish
an estimate of fourth order. Indeed, also in the proof of the geometric rigidity
result in nonlinear elasticity (see [26]) one first derives a bound for || Vy — R||4L4(Q)
to control the symmetric part. The control over the full gradient is then obtained
by Korn’s inequality.

Clearly, in our framework this rigidity result (see Theorem 3.10 below) cannot
be applied due to the presence of cracks, in particular Q\ J, will generically not
be a Lipschitz set. Therefore, by a density argument we again first assume that
the jump set is contained in a finite number of rectangle boundaries. A careful
quantitative analysis shows that the constant in Theorem 3.10 depends on the
quotient of the diameter of the domain, denoted by k, and the minimal distance
of two cracks, denoted by s. In particular, C' = C(k/s) ~ 1 if k ~ s. Provided
that % is not too large, the principal strategy will be to show that possibly after
a modification we get ||[Vy — R||%OO(Q) < (C(k/s))~* which then gives

le(R" (Vy —1d))|[72(0) < € + (C(k/s)) VY = Rl[2q) < Ce (2.10)

by (2.9) and Theorem 3.10. Of course, in general we cannot suppose that % is
not large. Moreover, a global rigidity result may fail due to the separation of
the domain by the jump set. Consequently, we will apply the presented ideas on
a fine partition of the Lipschitz domain {2 consisting of squares with diameter
k. This local result will be used to modify the jump set such that the minimal
distance of each pair of cracks increases. Then we can repeat the arguments
for a larger k. The idea is that after an iterative application of the arguments
we obtain an estimate for £ ~ p which then will provide rigid motions on the
connected components of the domain (see (2.5)) with the desired properties.

In Section 4 we introduce a procedure to modify sets and conduct a thorough
analysis on how to control the size and the shape of the jump sets.

In Section 5 we construct piecewise constant SO(2)-valued mappings approxi-
mating the deformation gradient. In each square () of diameter k we may assume
that the elastic energy is bounded by ~ ek as otherwise it would be energetically
favorable to introduce jumps at the boundary of the square and to replace the
deformation in the interior by a rigid motion. (The same technique has been used
in the proof of the Korn-Poincaré inequality.) Similarly as in [26] we pass to the
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harmonic part of the deformation (denoted by ¢) and obtain by the mean value
property

Vg — RQHQm(Q) < Ck™?|IV§ — Roll72(o)

_ (2.11)
< C(k/s)k™?| dist(Vy, SO2)) 172y < C(k/s)k™'e
for a suitable Rg € SO(2), where Q C Q is a slightly smaller square. Conse-
quently, if we can assure that £ < (C(k/s))~? we obtain the desired L*>*-bound
which allows to derive an estimate of the form (2.10). We note that for this
argument we at least have to assume that k£ > ¢ which will be denoted as the
‘superatomistic regime’ (recall the discussion about the signification of ¢ after
(2.2)).

In the subsequent Section 5.2 we show that not only the distance of the
derivative from a piecewise rigid motion can be controlled but also the distance
of the function itself. On the one hand this is essential for (2.6), on the other hand
such an estimate is crucial for establishing a modification of the deformation and
the jump set. The main idea is to apply the Korn-Poincaré-type inequality proved
in [22] on the function Ry — id. Major difficulties arise from the facts that the
rotation Ry may vary from one square to another and that the inequality derived
in [22] only provides a local estimate (cf. also Corollary 3.7). Consequently, the
arguments have to be repeated for several shifted copies of the fine partition (see
Lemma 5.4). Moreover, the projections Py onto the the space of infinitesimal
rigid motions (see Theorem 3.3 below) have to be combined with the rotations
R in a suitable way to obtain appropriate rigid motions, which do not vary too
much on adjacent squares (see Lemma 5.6).

Having an approximation of the deformation by piecewise rigid motions de-
fined on squares with diameter k, we then are able to modify the function such
that the minimal distance § of two cracks of the new configuration satisfies § ~ k
(see Lemma 6.1). Now we can repeat the above procedure for some larger k such
that e/k < (C(k/5))? is guaranteed and we can repeat the arguments in (2.11).

The strategy is to end up with k ~ p after a finite number of iterations. As
the number of iteration steps is not bounded but grows logarithmically with % we
have to assure that in each step the surface and the elastic energy do not increase
too much. The crucial point is that during the iteration process the coarseness
of the partition k grows much faster than the stored elastic energy ¢ such that
the argument in (2.11) may be repeated. The details are given in Theorem 7.3.
Having an estimate for & ~ p it is then not hard to establish the desired result
up to a small exceptional set (see Theorem 7.2).

Clearly, we cannot assume that initially s > €. In this case the argument in
(2.11) can typically not be applied. As a remedy we do not employ the geometric
rigidity result directly but first approximate the deformation in each square by an
H'-function, where the distance can be measured by the curl of Vy. (See Theorem
3.1 below which was one of the essential ingredients to prove the qualitative result
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in [8].) We address this problem in Lemma 5.3 and subsequently we show that
we may modify the configuration such that § > ¢ (see Theorem 7.4).

Finally, by a density argument we can approximate each SBV function by
a configuration where the jump set is contained in a finite number of rectangle
boundaries (see proof of Theorem 7.1). Observe that standard density results as
[12] cannot be applied directly in our framework since in general an L*> bound
for the derivative is not preserved. The problem can be circumvented by using a
different approximation introduced in [7] at the cost of a non exact approximation
of the jump set, which suffices for our purposes.

The rigidity result, which we then have established, only holds up to a small
exceptional set as due to the modification of the jump set the deformation might
not be defined in the interior of certain rectangles. We emphasize that such
an estimate is not enough to obtain good compactness and convergence results,
in particular for the convergence of the surface energy further difficulties arise.
Therefore, we eventually have to construct a suitable extension to the whole
domain. A major challenge is to determine the surface energy correctly, at least
for the relaxed functional (2.3). This problem is addressed in Section 8.

For small cracks a good extension is already provided by the Korn-Poincaré
inequality [22] which is based on the derivation of a suitable modification for
which jump heights can be controlled. Near large cracks we define the extension
as a piecewise constant rigid motion such that the jump heights on the new jump
sets are sufficiently small (see the proof of Theorem 2.1). Consequently, the length
of these jumps may possibly be much larger than H'(.J,), but due to the small
jump height their contribution to (2.3) is considerably small. Finally, for the
large cracks in the domain, in particular for the boundary | J ; OP; of the partition
(P;);, we have to construct an appropriate jump set consisting of Jordan curves
which provides the correct crack energy up to a small error (see Lemma 8.1).

3 Preliminaries

In this preparatory section we recall first the definition and basic properties of
functions of bounded variation. Then we introduce the notion of boundary com-
ponents and present the Korn-Poincaré inequality established in [22]. Finally, we
recall the geometric rigidity result in nonlinear elasticity and carefully estimate
the involved constant pertaining to its dependence on the shape of the domain.

3.1 Special functions of bounded variation

In this section we collect the definitions of SBV and SBD functions. Let  C R¢
open, bounded with Lipschitz boundary. Recall that the space SBV (Q,R?), ab-
breviated as SBV (2) hereafter, of special functions of bounded variation consists
of functions y € L'(2,RY) whose distributional derivative Dy is a finite Radon
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measure, which splits into an absolutely continuous part with density Vy with
respect to Lebesgue measure and a singular part D7y whose Cantor part vanishes
and thus is of the form

Djy = [y] ® ngd_l LJya

where H%™! denotes the (d — 1)-dimensional Hausdorff measure, .J, (the ‘crack
path’) is an H¢ -rectifiable set in Q, &, is a normal of J, and [y] = y© — y~
(the ‘crack opening’) with y* being the one-sided limits of y at J,. If in addition
Vy € L*(Q) and H¥"!(J,) < oo, we write y € SBV?(Q). See [2] for the basic
properties of this function space.

Likewise, we say that a function y € L'(Q2, R?) is a special function of bounded

deformation if the symmetrized distributional derivative Fu := w is a fi-
nite Rg;ff—valued Radon measure with vanishing Cantor part. It can be decom-
posed as

Ey =e(Vy)L' + Ely = e(Vy) L + [yl © R, (3.1)

where e(Vy) is the absolutely continuous part of Ey with respect to the Lebesgue
measure L%, [y], &,, J, as before and a ®b = %(a®b+ b®a). For basic properties
of this function space we refer to [1, 3.

The general idea in our analysis will be to establish Theorem 2.1 for a dense
subset of SBV for which we can suppose much more regularity of the jump set.
For density results in the spaces SBV and SBD we refer to [12, 13] and [7],
respectively. In our framework we cannot use these results directly but have to
derive a slightly different variant of [12] in order to preserve an L>-bound for the
derivative (see the proof of Theorem 7.1).

Moreover, we recall the property that the distance of an SBV function to
Sobolev functions can be measured by the distribution curl Vy (see [8, Proposition
5.1]).

Theorem 3.1 Let () =
IVylloo < 00, HI(T,)
on J, such that

(0,1)%. Let y € SBV,(Q) := {y € SBV(Q,R?) :
< oo}. Then p, = curlVy is a measure concentrated
1] < ClIVY M,

Moreover, for p < ﬁ there is a constant C = C(p) > 0 such that for all

y € SBV,.(Q) there is a function u € H'(Q,R?) such that

IVu ~ Vgl < Clu Q) < ClIVyllH ().

3.2 Boundary components

Using a density result alluded to above it will suffice to prove the main result for
configurations where the jump set is contained in the boundary of squares. In this
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section we recall the necessary notation and definitions for boundary components
introduced in [22].

For s > 0 we partition R? up to a set of measure zero into squares Q*(p) =
p+s(—1,1)? for p € I* := s(1,1) + 2sZ*. Let

U = {UcR2:U= (Upele—(m)O: lcls}. (3.2)

Here the superscript o denotes the interior of a set. Let p > 0. We will concern
ourselves with subsets V' C Q,, := (—pu, u)? of the form

Vo= {VCQ,:V=0Q,\ U”; X;, X; €U*, X; pairwise disjoint}  (3.3)

for s > 0. Note that each set in V' € V?® coincides with a set U € U* up
to subtracting a set of zero Lebesgue measure, i.e. U C V, L2V \ U) = 0.
The essential difference of V' and the corresponding U concerns the connected
components of the complements @, \ V and @, \ U. Observe that one may
have Q, \ U-, Xi = Q. \ Uim, X; with (X4,...,X,,) # (X1,...,Xs), eg. by
combination of different sets. In such a case we will regard V; = @, \ U, X;
and V; = Q, \ U, X, as different elements of V*. For this and the following
sections we will always tacitly assume that all considered sets are elements of V*
for some small, fixed s > 0.

Let W € V* and arrange the components Xy, ..., X, of the complement such
that 0X; C @, for 1 <i <n and 0X;N0Q, # 0 otherwise. Define I';(W) = 0X;
for ¢ = 1,...,n. In the following we will often refer to these sets as boundary
components. Note that | J_, I';(W) might not cover 0OWNQ,, completely if n < m.
We frequently drop the subscript and write I'(W) or just I' if no confusion arises.
Observe that in the definition we do not require that boundary components are
connected. Therefore, we additionally introduce the subset V3 C V? consisting
of the sets where all X7,..., X, are connected.

Beside the Hausdorff-measure |['|y = H*(T') (we will use both notations) we
define the ‘diameter’ of a boundary component by

Ploc = /|2 + mol' |2,

where 7, my denote the orthogonal projections onto the coordinate axes. We
recall that many arguments in the proof of the Korn-Poincaré inequality in [22]
relied on the fact that due to the strict convexity of | - |, it is often energetically
favorable if different components are combined to a larger one.

Note that by definition of V* (in contrast to the definition of ¢*) two compo-
nents in (I';); might not be disjoint. Therefore, we choose an (arbitrary) order
(L), = (Ty(W))r, of the boundary components of W, introduce

0, =0,(W)=TI;\ Um I (3.4)
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for = 1,...,n and observe that the boundary components (0;); are pairwise
disjoint. With a slight abuse of notation we define

Again we will often drop the subscript if we consider a fixed boundary component.
We now introduce a convex combination of |- | and | - |4. For an h, > 0 to be
specified below we set

O], = h.|Ol3 + (1 — hi) |6 o (3.5)
For sets W € V* we then define
Wz = ZFI 0;(W)lz (3.6)

for Z = H, 00, *. Note that |W ||, ||[W |4 and thus also |W||. are independent
of the specific order which we have chosen in (3.4). Indeed, for ||V || this is clear
as |0;i]oo = |Ti|oo, for ||[W]|3 it follows from the fact that [|[W ]y = H (U}, [})-

From [22] we recall some elementary properties of | - |, which will be exploited
frequently in the following.

Lemma 3.2 Let W C Q. LetT' =T'(W) be a boundary component withI' = 0X
and let © C I' be the corresponding set defined in (3.4). Moreover, let V € U® be
a rectangle with VN X # 0. Suppose that h, is sufficiently small. Then

(1) |T)« > |OR(T)|. if T is connected, where R(I") denotes the smallest (closed)
rectangle such that T' C R(T),

(i) 18], = [Tl & Ol = |},
(iii) [0(X \ Vs < Ol and [0\ V] < B,
(iv) |0(V UX)[. <[0V], + T,
(v) %|3R|H < 2|0R|w < |OR|3 if R € U* is are rectangle.

As a further preparation, we define H(W) D W € V* as the ‘variant of W
without holes’ by

HMQ:WUU;Xj (3.7)

Additionally, for A > 0 we define H*(W) D W as the ‘variant of W without holes
of size smaller than \’: We arrange the sets (I';) =1, in the way that |[';| < A
for j > I, and |I'j|o > A for j < [). Define

77777

mwy=wul ]" X, (3.8)

J=IA
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3.3 A Korn-Poincaré inequality

We start this section with the formulation of the classical Korn-Poincaré inequal-
ity in BD (see [30, 37]).

Theorem 3.3 Let Q C R? bounded, connected with Lipschitz boundary and let
P L2(Q,RY) — L*Q,RY) be a linear projection onto the space of infinitesimal
rigid motions. Then there is a constant C' > 0, which is invariant under rescaling
of the domain, such that for all u € BD(Q,R?)

lu—Pul| o < C|Eu|(Q),
LT (Q)

DuT+Du
2

where Fu = 1s the symmetrized distributional derivative.

There is also a corresponding trace estimate.

Theorem 3.4 Let Q C R? bounded, connected with Lipschitz boundary. There
exists a constant C' > 0 such that the trace mapping v : BD(Q,R?) — L'(99, R?)
1s well defined and satisfies the estimate

lvull o) < C(llullzr@ + | Eul())
for each u € BD(Q,R?).

It first appears that this inequality is not adapted for linearized Griffith en-
ergies of the form (2.7) (or their nonlinear counterparts (2.2)) as in |Eu|(2) the
jump height is involved and in (2.7) we only have control over the size of the
crack. However, in [22] we have shown that one can indeed find bounds on the
jump heights after a suitable modification of the jump set and the displacement
field. Before we can recall the results obtained in [22], we have to introduce a
further notation: We fix a sufficiently large universal constant ¢ and let W?* C V*
be the subset consisting of the sets, where for a specific ordering of the bound-

ary components (I';)]; we find for all components I'; a corresponding rectangle
R, = R(I'}) € U?® such that

(1) Tiloo < 10RIfo0 < clTilos, (id) [Olpy < |ORfp, (id2) [OR)]s < [ (3.9)

In particular, the diameter of I'; and the corresponding rectangle R; are com-
parable. (Note that in [22, Section 5] we have defined the set W?* in a slightly
different way. See also (3.5) and (3.6) in [22].) For given 7 > 0 and a rectangle
R, € U® we define 7, = T|0R)|« and let N (OR;) € U*® be the largest set in
U* with N"(OR;) C {z € R?\ R; : disto(x,0R;) < 7}, where disty(z, 4) :=
infyeamax;—12|(z —y) - ¢ for A C R? = € R?%. We can now formulate [22,
Theorem 5.2] as follows.

17



Theorem 3.5 Lete > 0 and h, > o > 0 sufficiently small. Let C; = Ci(o, hy) >
1 large, 0 < Cy = Cq(0, hy) < 1 small enough, and 7 > 0 such that Cy < T < 1.
Moreover, let ¢ > 0 be a universal constant. Then for all W € V5 and u €

HY (W) there is a set U € W with |U \ W| = 0 and an extension @ in SBV
defined by

() = {Alm to x€X, foralTy(U) with N"(OR)) C H(U), (310)
u(z) else,
such that for all T'y(U) with N"(0R;) C H(U)
/ [@)(x))[* dH' (z) < CrelOy(U)[:. (3.11)
u(U)

Moreover, one has |[W \ U| < c||U||% and
el Ul + lle(Vu)llza @y < (1 +0) (W + le(Vu)llzawy)-

Remark 3.6 (i) During the modification process in Theorem 3.5 the compo-
nents X,,+1(W),..., X,,(W) at the boundary of ¢, might be changed and the
corresponding components of U are given by X,;(U) = X;(W) \ H(U) for j =
n+1,...,m. In particular, one has |0X;(U)|. < |0X,;(W)], arguing as in Lemma
3.2.

(ii) Observe that U ¢ V2  is possible as components can be separated by
other components in the proof of Theorem 3.5. However, we can obtain a set
U' C U with |[U']], < ||U]ls and U\ U] < CIIU'||A < Cu||U'||s such that
all components of U’ are pairwise disjoint and rectangular and thus particularly
connected. Moreover, for each I'(U) the corresponding rectangle R(U) given by
(3.9) is contained in a component of U’. (Namely in the same component as
r'u).)

Recall (3.1) and define £(V') = [, le(u)|+|D?u[(V'). Observe that £(V) differs
from |Eu|(V) as we consider the measure D’u instead of E/u. We then obtain
the following corollary (cf. [22, Corollary 5.7]).

Corollary 3.7 Let e,p,h, > 0. Let U C Q, = (—p,p)?, U € W and u €
HY(U). Assume there is a square Q = (—ji, ji)*> C Q, such that (3.11) is satisfied
for all components ©,(U) having nonempty intersection with Q, where @ is the
extension of u defined in (3.10). Then there is a universal constant C' such that

[Bal(Q)” < (E(Q))* < CR?lle(Vu) |+ CCeldU N QU N Qulw

2
||L2(UQQ

where C is the constant in Theorem 3.5.

18



Now observe that by combination of Theorem 3.5, Corollary 3.7 and Theorem
3.3 one may estimate the distance of u from an infinitesimal rigid motion. We
will exploit this property in Section 5.2. [22, Lemma 6.7] provides the following
estimate for the skew symmetric matrices involved in (3.10).

Lemma 3.8 Let be given the situation of Theorem 3.5 for a function u € H' (W)
and define y = R (id+u), where id denotes the identity function and R € SO(2).
Let V C Q, be a rectangle and let F(V') be the boundary components (I'); =
(Ty(U)); satisfying NT(OR;) C 'V and (3.11). Then there is a C3 = Cs(0, hy)
such that

D oy P A < G119y = RIG gy + (6575 <l0U 1 V)

forp =24, where X; C Q,, A, € RY2 is given in (3.10).
We close this section with a short remark about the constants involved in the
above estimates.

Remark 3.9 (i) The constants C; = Cj(o,h), ¢ = 1,2,3, have polynomial
growth in o: We find z € N large enough such that Ci(o,h,),Cs(o,h.) <
C(hy)o~* and Cy(o, hy) > C(hy)o*

(ii) The constant Cy (o, h,) can be chosen small with respect to o (see (5.12)
n [22]). In particular, we can assume Cy(o, h,) < o as well as CCy(0, h,) < o
for constants C' = C'(h,,).

(iii) We find a constant C' = C(h,) such that 7 < CCs (cf. (5.2) in [22]).

(iv) If we apply Theorem 3.5 on sets W € Vi  for some § < s, where the

length of all boundary components of W is bounded from below by s, we still
obtain U € V25,

3.4 Geometric rigidity in nonlinear elasticity

The following geometric rigidity result in nonlinear elasticity proved by Friesecke,
James and Miiller (see [26]) is one of the starting points for our analysis.

Theorem 3.10 Let Q C R? a (connected) Lipschitz domain and 1 < p < oo.
Then there exists a constant C = C(§,p) such that for anyy € WHP(Q, RY) there
is a rotation R € SO(d) such that

IVy = Bl| 1y gy < Cldist(Vy, SO(d))| 1o

One ingredient in the proof is the following decomposition into a harmonic
and a rest part.
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Theorem 3.11 Let Q2 C R? open and 1 < p < co. There is a constant C' = C(p)
such that all y € WP(Q,R?) can be split into y = w + z, where w is a harmonic
function and z satisfies

||Vy — Vw||Lp(Q) = HVZHLp(Q) S OH dist(Vy, SO(2>>||LP(Q).

Note that the constant C' is independent of the domain 2. In higher dimensions
one additional needs ||Vy|« < M for M > 0.
Proof. Following the singular-integral estimates in [11, Section 2.4] we find
|Vz|lr) < c||cofVy—Vyl| Lr(). The assertion follows from the fact that |cofA—
AP < O, dist?(A, SO(2)) for all A € R**? (see also (3.11) in [26]). O
For sets which are related through bi-Lipschitzian homeomorphisms with Lip-
schitz constants of both the homeomorphism itself and its inverse uniformly
bounded the constant in Theorem 3.10 can be chosen independently of these
sets, see e.g. [26].

3.5 Geometric rigidity: Dependence on the set shape

In general, the constant of the inequality stated in Section 3.4 depends crucially on
the set shape. This will be discussed in detail in this section. As an introductory
example we consider the deflection of a thin elastic beam.

Example 3.12 Let U = (0,1) x (0,6) and let y : U — R? be given by y(z;, z3) =
(29 4+ 1)(sin(zq), cos(x1)). Then

_( (x2+1)cos(xy) sin(xy)
Vy(xq, z2) = (_(:@ + 1) sin(z) COS(«T1>>

and therefore dist?(Vy, SO(2)) = |\/VyTVy — Id|? = 22, i.e.
| dist(Vy, SO2))l[ 72w = 36°-

Let Ry € S0(2). Ry = (50 %) for 0 € 0,2 Then [Vy(o) - A >

| sin(z1) — sin ¢|? + | cos(z1) — cos ¢|%. Tt is not hard to see that it exists a C' > 0
such that fol |Vy(z)— R|?*dzy > C for all ¢ € [0, 27] and 22 € (0,6). We conclude
that

(G
IVy = Blli2w) 2 €6 2 S| dist(Vy, SO2) 22w

for all R € SO(2). A similar argument shows
..
ly — (R '+C)||%2(U) > Co > ﬁ” dist(Vy, SO@))H%Q(U)
for all R € SO(2) and ¢ € R?.
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Similar examples can be constructed in the linearized framework for the Korn-
Poincaré inequality given in Theorem 3.3. As a direct consequence we get that
the estimate (2.6) might be wrong without allowing for a small modification of
the deformation.

Example 3.13 Let € > 0. Assume without restriction that the set U = (0,1) x
(0, 6%) considered above satisfies U C Q. Define y : Q — R? by y(z) = id +e, for
r € Q\U and y(z) = (w9+1)(sin(zy), cos(xy)) for x € U. Theny € SBV?(Q) with
Jy = (0,1) x {0,e3} U {1} x (0,£3) and || dist(Vy, SO(2))||2q) = §. However,
for all R € SO(2) and ¢ € R? we have

1 1
IVy — Rllj2) = Ces, |y — (R - +0)||72) = Ce3.

Although omitted here, a similar estimate can be derived for the symmetric part
of the gradient.

Recall the definition of U* in (3.2). In order to quantify how the constant
in Theorem 3.10 depends on the set shape we will estimate the variation from a
square Q*(a) to a neighboring square Q*(b), b = a + 2sv for v = +e;, i = 1,2
proceeding similarly as in [26]. Consider y € H'(U) with U € U*. On a square
Q*(p) C U and for subsets V' C U, V € U* we define for shorthand (we drop the
integration variable if no confusion arises)

)= [ dsT.500), A=Y 50)

where I5(V) = {p € I* : Q*(p) C V}. Applying Theorem 3.10 we obtain
R(a), R(b) € SO(2) such that

/ Vy— R)P < CA(p)  for p=ab. (3.12)
Qs(p)

Likewise on the rectangle Q*(a,b) := (Q*(a) UQ*(b))° we obtain R(a,b) € SO(2)
such that

| Wy RabPd<o [ dst(95,5002) £ Ch@ +0),
Q%(a,b) Q% (a,b)
Combining these estimates we see |Q*(p)||R(p) — R(a,b)|* < C(y(a) + (b)) for

p = a,b and therefore

s*|R(a) = R(D)[* < C(v(a) +7(b))- (3.13)

More general, we consider a difference quotient with two arbitrary points a,b €
I*(U). We assume that there is a path € = (&, ..., &) such that

512(17 gm:b7

3.14
§ —&—1 = £2se; for some ¢ = 1,2, Vj=2,...,m. ( )
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Then iteratively applying the above estimate (3.13) we obtain
2 2 m
$’|R(a) = R()Pdz < Cm Y~ (&), (3.15)
7j=1
We now state a first weak rigidity result.

Lemma 3.14 Let p,s > 0 such that | :== us~* € N. Then there is a constant
C > 0 independent of p, s such that for all connected sets U € U*, U C (—p, p)?,
the following holds: For ally € H'(U) there is a rotation R € SO(2) such that

/U|Vy— R]* < C(s2yU|)2/Udist2(vy,SO(2)) < 0z4/ dist*(Vy, SO(2)).

U

Proof. The second inequality is obvious as |U| < 4u?. To see the first inequality
we fix pg € I*(U) and consider an arbitrary p € I*(U). As U is connected there
is a path £ = (£, = po, . .., &n = p) with m < |U|(2s) 2. We first apply (3.12) on
each square and then by (3.15) we obtain

L 1R = R < WIS (6 < ClUl ()
S p -
Then setting R = R(po) and summing over all p € I*(U) we derive

R <C
JAACREET Dy |

SO 6 +UIs ™ (0)) < CHI(U) [U]s(0)
< C(|U|s72)*4(0).

[Vy = R+ |R(p) — R(po)l?)

O

Remark 3.15 (i) Let U = (0,1) x (0,0). If we choose s = &, Lemma 3.14
provides a constant ~ §~2. Example 3.12 shows that this estimate is sharp
in the sense that the exponent of § cannot be improved.

(ii) Following the above arguments we find that in Lemma 3.14 one can replace
p=2Dbyany 1 < p < oo replacing [* suitably by %,

(iii) In view of the proof in the choice of R we have the freedom to select any
of the rotations which are given on each square Q*(p) C U by application
of (3.12).

We briefly note that similar calculations may be provided to estimate the
difference of rigid motions. Consider b;, by € R?, and the rectangles B; = b; +

(=i, l;) X (—my,m;) € U® for i = 1,2, where we assume without restriction that

22



Iy >mq >0, 1y > my > 0. Suppose that there is a point bys € By N By. For given
Ry, Ry, Ri» € SO(2) and ¢y, ¢, c10 € R? we set E; := |ly — (R; '+Ci)”%2(3i) for
1 = 1,2 and assume that

ly — (Riz - +c12)l|72(5,0m,) < C(Br + E).
Then we find
|By U By|(ly +15)% |R1 — Ry|* < Ch(E, + E), (3.16)
as well as

ly — (Ry - +c)|T2mupy + v = (Re - +c2) |22 (mup,) < Ch(EL + E),  (3.17)

where k = %(%)2 This estimate follows similarly as in the geometri-
cally linear seti;injg treated in [22, Section 2.2] and we therefore omit the details.
Indeed, in all the calculations, in particular in (2.10) of [22], one may replace
R2X2 by SO(2) since the estimates essentially rely on the fact that |Re;| = |Rey|

which is satisfied for both R3? and SO(2). Moreover, although we stated this

property only for two rectangles for the sake of simplicity, we remark that an

estimate of the above form also holds for sets with more general geometries.
Similarly as in (3.14), considering two arbitrary points a,b € I*(U) connected

by a path £ = (&1, ..., &y,) with corresponding estimates

I(R(&) — R(&-1)) - +c(&) — cl§-D)llzgs_, ) < CEjy;,

(here we defined @Q5_, ; = (Q*(§;-1) U Q*(§;))°) we obtain (cf. (2.20) in [22])
m 2

ly = (R@) - +e(@) gy < Cm* (D2 Eyay)
< Cm3 2:12 (Ej,l’j)Q.

In the last step we used Holder’s inequality. Similarly as before, (3.18) also holds
for any of the other rigid motions R(¢;) z + ¢(&;) (cf. Remark 3.15(iii)).

(3.18)

4 Modification of sets

Before we start with the proof of Theorem 2.1, we first introduce a procedure to
modify sets. In particular, it will be fundamental to assure that during the mod-
ification process boundary components do not become too large or are separated
by other components.

Recall the definition of the sets U*, V* in Section 3.2. We consider a Lipschitz
domain 2 C R? and choose pq so large that Q C Q,, = (—po, t10)>. We let QF
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be the largest set in V% satisfying Q% C {z € Q : dist(z,9Q) > ¢k} for k > 0 for
some ¢ > /2 large enough.

For sets W C QF, W € V*, we assume that one component in definition (3.3)
is given by X = Q,, \ Q*. In particular, all other components X1, ..., X, satisfy
0X; C Q as QcC Q.- We again choose an (arbitrary) order of (I';);=1,.,
define (©;); as in (3.4). Recall the definition of || - || x, X = *, 00, H, in (3.5) and
(3.6). Moreover, we recall that V2~ C V* was defined as the subset consisting of
the sets where all X1, ..., X, are connected.

We now introduce a modification procedure for sets. Given a set W = @, \

Ui~ Xi € V* and some V € U* we consider the modification
’r m /
W=, X (4.1)

where X! = X; \V for i =1,...,m and X}, = V. (It is convenient to start with
index 0.) We observe that W' = (W \ V) U 9V (as a subset of R?). Therefore,
for shorthand we will write W’ = (W \ V) U 9V to indicate the element of V*
which is given by (4.1). We briefly note that then the boundary components of
W' are given by [o(W’') = Og(W’) = 9V as well as by [';(W’') = 9(X; \ V) and
O,;(W") =6;(W)\V for j > 1 (cf. also Lemma 3.2(iii)).

Having several pairwise disjoint sets (V;); C U® the modification is defined
analogously by W” = (W \ U, V;) U, 9V;.

As large surfaces of general shape may not be measured adequately in terms
of | |oo, in what follows we have to assure that boundary components do not
become too large. For 0 < s < A < k we introduce

Viug =AW € Vi, 1 23 <max{|m [;(W)], [ml;(W)[} < 2k for all I';(W)}.

By definition we have max{|mI';(W)|, |mI';(W)|} > 2s for all I';(1W) and there-
fore we write for shorthand Vi =V ;.

Although we have to avoid that boundary components become to large, it
is essential to combine small components. To this end, it is convenient to alter
configurations on sets of negligible measure.

Lemma 4.1 Lett > 2k, t’~> 0 and W € V;. 3 .
(i) Then there is a set W € V; with W C W, [W\W| =0 and [|[W|. < ||W].
such that

D, (W)NT,(W) =0 if |T;,(W)|ee < k fori=1,2. (4.2)

(ii) Then there is a set U € Vi, withU C W, [W\U| =0 and ||U]. < ||W||.
such that

ro)ynr;U)=0 foralT;(U)#T(U) (4.3)
for all T(U) with |[T(U)|s < k.
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Proof. (i) The strategy is to combine iteratively different boundary components.
Clearly, if |T';,(W)|w < k for i = 1,2 with T';, (W) N T, (W) # 0 we may replace
W by W' =W\ (X;, UX,,)° and note that W’ € V} as well as [W \ W’/| =0
and |[|[W'[|. < ||W]|. similarly as in Lemma 3.2. (Recall that 0X,, = I';, (W) for
i =1,2.) We proceed in this way until we obtain a set W € V¥ with |W \ W| =0
and |W |, < ||W||. such that (4.2) holds.

(ii) We apply (i) and then proceed to combine two components T';, (W), T, (W)
if Tj, (W) N T, (W) # 0 and min{|T;, (W)|uo, [T, (W)]eo} < k. Arguing as before
we end up with a set U satisfying |[W\U| =0, ||U||. < ||W]|. and (4.3). It remains
to show that U € V;, .. Consider some I'(U) = 0X with |I'(U)|s > k and observe
that there are T'(W) = X’ with [T(W)|s >k and T;,(W) = 0X,,, i = 1,...,m,
with [T, (W)|s < k, Ty, (W) Ny, (W) = 0 for iy # iy and T;;,(W) NT(W) # 0
such that X = X’ U, X,. But this implies |m;1'(U)| < 2k+|m,T(W)| < 2k+2t
for i = 1,2, as desired. O

In what follows we often modify sets by subtracting rectangular neighborhoods
of boundary components. In this context it is particularly important that the
components remain connected and do not become too large. By A we denote the
symmetric difference of two sets.

Lemma 4.2 Letk,t,t' > 0 witht,t’ < Ck andv > 0. Let V C QF withV € V5.

(i) Assume that for each component X; = X;(V), j = 1,...,n, there is a
rectangle Z; € U* with X; C Z;, |m0Z;| < |mi0X;| + v|0Xj|s fori = 1,2 and
max;—1 2 |m,0Z;| < 2t for all j = 1,...,n. Moreover, assume that Z; \ Z;, or
Z;, \ Zj, is connected for all 1 < j; < jo < m. Then there is a set U € V;,
U c QF, with Ui, X;(U) = U?le-ﬂ QOF and |U|l. < (1 + e)||[V]« for a
universal constant ¢ > 0.

(ii) In addition let V' € V§ be given and define W = V' \ Uj—1 Z;. Then
there is a set W € V2, with WA\W| =0, [W\W| < ct|V|]. and [|[W]. <

t+2t/

(4 e[V + V7l

As the proof of this result is very technical and in principle not relevant to
understand the proof of the main result in the subsequent sections, it may be
omitted on first reading.

Proof. (i) Let V' C Q" with components (X;)7_, and rectangles (Z;)7_, be given.
It suffices to show the following: There are connected, pairwise disjoint (X})j7_,
with X} € Z;, U, X7 = U, Z; and

| szl 0X)|,, < ijl 10;(V)|3 + v ZFI IT; 2. (4.4)
Moreover, we have X} = R;\ (A} U A%). Here R; € U° is a rectangle and A’ € U°,

i = 1,2, are (if nonempty) unions of rectangles whose closure intersect the corner
¢ € OR;, where cj, ¢; are adjacent corners of R;.
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Then the claim of the lemma follows for U = QF \ Uj—, Xj. Indeed, to
see |Ulle < (1 4+ av)[|V]. we first observe > [0X}[w < 32107 < (1 +
cv) D ;|0X;|o. Moreover, by (4.4) we get

1Tl < | szl OXjln < 1+ a)[[V]n = 1+ cv)| szl 0X; (4.5)

In the first inequality we also used |(3X§|oo < 07| < Ck and Q% € V% for ¢ >
1. (Arguments of this form will be used frequently in the following and from now
on we will omit the details.) Finally, we conclude U € V; as max;—; o |m,0Z;| < 2t/
forj=1,...,n

We prove the above assertion by induction. Clearly, the claim holds for n =1
for X{ = Z;. Now assume the assertion holds for sets with at most n — 1
components and consider V' C QF with components (X;)?_, and corresponding
(Z;)j=,- Without restriction we assume that max, -z, = max, ey 7, T2- By

hypothesis we obtain pairwise disjoint, connected sets X7, j = 1,...,n — 1,
. . . . n—1 -7 n—1 7"
fulfilling the above properties, in particular (J - X 7=U; im1 Zj-

Given Z, = (2}, 22)x (2}, 22) we set Z, = (2}, 22)x (2}, 23]. FOI] =1,...,n—1

let 7}, € U* be the largest rectangle in Z, satisfying Z; N Z, C Z U" ' 7Z;

with zi € Z’ for i = 1,2. If Zj; # 0 for some i, we let Zj = ZJ’z, othervvlse we
set Z; = 7 ﬂZ (Notethat Z’ V=2 it Z I,ZJ’Q%Q )

Let JQC{l, ,n—1} suchthatZﬂZ —@forjEJg Let J1 C {1l,...,n—
1} \ Jo such that (Zj’\Z YN {2z}, 22} =0 for j € J; and J, C {1,. n—l}\JO
such that Z, \ Z is a rectangle for j € J,. (Observe that J; N Jg =0.) Let
J3={1,....,n =1} \ (JoU J1 U Jz). Define X}, = Z, \ U;c,us, Z Moreover,
we let X; = X7 for j € JoU U Js and X} = X7\ X] for j € Jl. Clearly, by
construction the sets are pairwise disjoint and fulfill (J7_, X = Ui, Z;.

Moreover, we observe that the sets are connected and have the special shape
given above. In fact, for j € Jy U Jy U J3 this is clear. For X/ we first note that
Jy = J3UJZ, where 73’ intersects the lower right and the lower left corner of Z,

for j € J3 and j € JZ2, respectively. (It cannot happen that 7]’ intersects only
the other corners due to the choice of Z,.) We observe X = R, \ (A}, U A2) is
connected, where R, = Z,, \ U, Z; and A}, = U, s Zj for i = 1,2.

Finally, to see the properties for j € J; we first observe that S; := Z; \ X/
is a rectangle. In fact, otherwise due to the special shape of X], it is elementary
to see that (2} \ Z,) N {z],2{} # 0 and thus j ¢ J;. We get Xj = X/ N S; =
(R; N S;) \ (A} U A?) is connected and X = R;\ (121} U 121]2), where R; = S, and
Ay =A;NS;fori=1,2.

It remains to confirm (4.4). We first observe that

2:21 0;(V)]3 = %ijl T3 + %\8(ULIZ) |5 (4.6)
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(Recall that different boundary components may have nonempty intersection.)
Similarly, for the components (X}); we find

U 0%l =33 10X+ 310 (U XD,

We now treat the two terms on the right separately. By T; € U° we denote
the smallest rectangle containing X; and observe that |07} = |I'j|oc, [0T|n <
IT'j]3. Recall |0Z;|y < |0T;|% + cv|0T}|oo < (1 + cv)|Tj|y for j =1,...,n. Due
to the special shape of the components X we find [0X}|3 < [0Z;|y and thus

Z 10X |5 < (14 cv) Z; T (4.7)

Moreover, it is elementary to see that we can find a connected set Xj D X;

such that I'; := 90X satisfies |['j|% < (14 cv)|[ly and Z; € U* is the smallest

rectangle containing X;. By a projection argument it is then not hard to see that
n J—

(U, X = 100U, Z)l < 0(U,_, %)l
S |8(U::1 Xj H + CZ/Z |Fj|7-[
Consequently, we derive by (4.6) and (4.7)
\szl oX!|,, < 1Zn T3 + %\a(Un ), +cu2::1 T3
—Z |7—L+CVZ U124,

XN

as desired.

(i) Let (Y})?;l be the components of V' and let 7; € U® be the smallest
rectangle containing Y;. It is elementary to see that 7}, \ 7}, is connected for
1 §_jl, jo < n’. Thus, by (i) we obtain pairwise disjoint, connected sets (Y); with
U; ¥/ = UJT] and define V" = Qk\U] Y], By (i) for v = 0 we then also obtain
IV« <||V’||l«. Moreover, the 1soper1metrlc mequality yields [V A\ V"] < ct||V']].
since |0T}]o < 2v/2t for all j = 1,.

Let (X})7_, and U € V;, as given in (1) We define W' = (U \ U] Y u
U;il 9Y]. Clearly, we have [W'\ W| =0, |W\W| < ct|V]], and [|[W']|, <
(1+ cz/)||V|| + ||[V'||« arguing similarly as in Lemma 3.2. Observe that possibly
W' & Vs, as the components (X})’_, of U may have become disconnected. Thus,
we now construct a set W € Vﬁ({f with |W/AW| = 0.

By R; € U® we denote the smallest rectangle such that X; C R; for j =
1,...,n and observe ; R, = ; YJ’ To simplify the exposition we assume that
each of the components (X7}); has become disconnected as otherwise we do not
have to alter the boundary component in the modification procedure described
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below. Moreover, we can suppose that for each pair Y}’l, Xj’-Q, 1 <41 <1

1 < jp < n, with R;,\ Y] is not disconnected we have X7 \ Y is not disconnected.
In fact, otherwise we can pass to some Y} C Y] with [0Y}:[. < [0Y] |. such that

X, \ Y} is not disconnected and UJ.?j’U UJYJ’ = UjY_j*U UJY]’

We now proceed by induction. Let Wy = V" and TjO =Y/ forj=1,...,n
Assume there are pairwise disjoint, connected sets T;*l €Uz,j=1,...,n such
that

. n T
0 U_ 1=

forall1 < j; <n/,1 < jy < n. Moreover, assume that the set W;_; := Qk\U] Tj_l
satisfies [|[Wi_1[loe < 325 107700 + S 0X]| o and

" =< s -1 ~ 7 0 ~ 7
Vol _ X, @) T,'nX, =T 0X], (48)

J=1

-1
-1 1
Wil < U, 0T b+ 1 XN, T+ 5 > 10X 0 U Tl (49)
=1

We now construct W;. Let J' C {1,...,n'} such that T;’l N X, # 0 with
J' = JIUJL, where j € J& if and only if R \T;’1 is disconnected.

If j € Jj, we define T} = T;_l \ X/, where X] € U3 is the largest set with
X/ C X]. Tt is not hard to see that 0T} < ]87}?’1|Oo for all j € J{ and |07} |y <
0T\ Xl3 + 31075 N X]|3 + 310X/ N T} |3 As each z € R? is contained in
at most two different 81’;’1, we find ZjGJ{ %\87}4’1 NX/|x <| UjGJ{ (9T;’1 NX]|x.
Therefore, taking the union over all components we derive

Here we used (4.8)(ii) and the fact that the sets (T;’l)j are pairwise disjoint.
Observe that the above construction together with (4.8)(ii) and the special shape
of T (see proof of (i)) implies that the sets T}, j € J{, are connected. Moreover,
(4.8)(ii) holds for j; € Ji. o

We define X/ = X]\ Ujen T! € Uz, Due to the fact that X| # 0 we obse~rve
jei T;_I and X \
U et Tj_l coincide. Therefore, letting A4, ..., A,, be the connected components
of X\ UjeJé T;‘l it is elementary to see that m = #J + 1.

Up to a rotation by 7 we can assume that each A; intersects the upper and

that the number of connected components of the sets X; \ J

lower boundary of R; and that A; intersects the left boundary. For convenience

we denote the components (T;’l)je(]é by (T;;l)ﬁ’ll Suppose R; = (0,11) x (0, 12).
Let a; = inf,ca, v1 and d; = a;41 — a;, where a,,, 11 = l3. Define T}l = (lefl U

(A UAy))° and T}, = (T;;l U A;q)° for i = 2,...,m — 1. Observe that the
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sets are pairwise disjoint, connected and that (4.8)(ii) holds for j; € Ji. It is
elementary to see that [T} o < |Tyll—1|<><> +dy+dy and [T} |o < |T]€__1|oo +d;yq for
1=2,...,m — 1. Thus, we have

m—1 1
For j ¢ J' we define T} = Tj_l and observe that (4.8)(i) holds by construction

and the assumptions before (4.8). Together with (4.10) and (4.8)(ii) we then also
get

/ -1 / /
U, o3, < U, o157, + loxi\ (U oxtulU, 1), + sloxin U, 7,

This in conjunction with (4.9) for W;_; implies that (4.9) holds for W;. Moreover,
by (4.11) it is elementary to see that [[Willeo < >[0T} ] + S 10X

Finally, we define W = W,, and observe that W has the desired properties. In
fact, by (4.8)(i) we have [IWAW’| = 0 and thus |[W\W| < ct||[V"||.. Moreover, we
clearly get [|[Wloo < [[U|loo + IVl < (1 4+ e)||[V]loo + |V’ ||o- As each z € R?
is contained in at most two different 0.X/, we find by (4.9)

/ n / 0 n ' 0
Wl < 1+ U XA U, 78+ U 020 U, 7,
= [Vl + U]l < V'l + A+ ) [V ||,

m—1 _
o ST e+ X (4.11)

(3

as desired. Finally, similarly as in Lemma 4.1(ii) we obtain |m;X;(W)| < 2t + 4t/
for i = 1,2 for all j and thus W € V;/2,,. 0

5 A local rigidity estimate

We now establish a local rigidity estimate on a fine partition of the Lipschitz
domain €2. As a preparation we introduce some further notions. Recall the point
set I° = s(1,1) + 2sZ?, s > 0, introduced in Section 3.2 and the definitions
of U*,V® in (3.2), (3.3) with respect to the square @,,. We define additional
partitions. Set z; = (0,0), 22 = (1,0), 23 = (0,1), 24 = (1,1) and let I} =
sz + 2872 as well as Q5 (p) = p+s(—1,1)2 forp e I, i =1,...,4. Moreover, for
U CQlet

I;(U) = {p e I} : Q(p) C U}

for i =1,...,4. For shorthand we also write I = I§ and @)° = Q3.

In the following, constants which are much smaller than 1 will frequently
appear. For the sake of convenience we introduce one universal parameter. For
given [ > 1 and 0 < s,e,m <1 we let

9 =1C2s e, (5.1)
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where C,,, = Cy(m, h,) + Cs3(m, h.) +m~*Cy?(m, h,) with the constants of The-
orem 3.5 and Lemma 3.8 (for fixed h,). By Remark 3.9(i) we find some z € N
such that C,, < C(h.)m~*. Moreover, for later let 7 = Cy(m, h.) and recall
that by Remark 3.9(ii) we can assume 7 < m as well as Cr < m for constants
C = C(h,). Using only one universal parameter the estimates we establish are
often not sharp. However, this will not affect our analysis.

Remark 5.1 All the constants C' in the following may depend on h, unless they
are universal constants indicated as C\,. However, to avoid further notation we
drop the dependence here. Only at the end of the proof in Section 8, when we
pass to the limit h, — 0, we will take the h, dependence of the constants into
account.

In the following, € will represent the stored elastic energy. We first construct
piecewise constant SO(2)-valued mappings approximating the deformation gra-
dient. Afterwards, we employ Theorem 3.5 and Corollary 3.7 to find a piecewise
rigid motion being a good approximation of the deformation.

5.1 Estimates for the derivatives

We divide our investigation into two regimes, the ‘superatomistic’ k£ > € and the
‘subatomisic’ k < e. Here, recall that we call the e-regime the ‘atomistic regime’
as in discrete fracture models € is of the same order as the typical interatomic
distance (c.f. [24, 25]). We begin with the superatomistic regime.

Lemma 5.2 Letk>s>e>0withl <1 := % Let m™! € N and assume that
kTm € N. Then for a constant C' > 0 we have the following:
For all U € Vi with U C QF and for all y € HY(U) with Ay =0 in U°® and

v = || dist(Vy, SO2)) 172w, (5.2)

there is a set W € Vil with W C Q% [W\U| = 0, [(U\W)NQ*| < C k||W]l.
and

W1 < (14 Cym)|| U]« + Ce . (5.3)

Moreover, there are mappings Ry We° — SO(2),i=1,...,4, which are constant
on the connected components of Q¥(p) NW°, p € IF(QF), such that

(i) IVy = Rill72p) < Cl'y,

(@) [Vy = Rill 2w < C.

30



Proof. We first construct the set W. Let J C I*(QF) such that
| dist(Vy, SO2))172 ok vy > €k (5.5)

for all p € J. Define
W= (U@ w) vl _, 0 w)

and note that W € Vy. In particular, the property W e V3, holds since
max{|m I (U)], |7l (U)|} < 2k. The fact that we add the union of the boundary
on the right hand side assures that we do not ‘combine’ boundary components.

Moreover, we derive |[W||, < ||U|l, + Ce'~. Indeed, > pes 10Q5] < 8k - #J <

A

8k by (5.2). For all other I';(W) we find a corresponding I';(U) (without re-

A —_—

striction we use the same index) such that ©,(W) = ©,(U) \ U,c, Q*(p) and

thus |©,(W)], < |©,(U)|,. (Arguments of this form will be used frequently in
the following and from now on we will omit the details.) Furthermore, we easily
deduce |U \ W| < C k|| W||s.

Then we can find a set W € Vi with ||[W|, < (1+ Com)||W|., U\ W| <
Cuk||W ||, and W° € {2 € Q*FNW : distoo (x, 0W) < 2sm}, where disto (2, A) :=
infycamax;—12 |(z — y) - €| for A C R? z € R%

Indeed, let M(I';) € U*™ be the smallest rectangle satistfying M(I';) D {x €
R? : disteo (2, Xj) < 2sm}, where X; denotes the component corresponding to
I;(W). Clearly, we obtain |mdM(I;)| < |mI;(W)] 4+ Cym|T;(W)|s for i = 1,2,
j=1,...,n as W € V*. Moreover, it is elementary to see that M(I;,)\ M(T;,)
is connected for 1 < ji,jo < n since sm < s. Then by Lemma 4.2(i) with
Z; = M(T';) we obtain a set W € V3" which coincides with

WA\ M) =\ m(r)) (5.6)

up to a set of negligible measure. Here we used sm < k. Moreover, we have
(U\W) N Q| < Cuk|[Wl. and [[W]. < (1+ Cum)|[W],..

Boundary components of W are possibly smaller than 2s due to the modifi-
cation in (5.6). Therefore, we apply Lemma 4.1(ii) to get a (not relabeled) set
W e Vi such that (5.3) still holds and (4.3) is satisfied. Now the fact that
U € Vi, x and (4.3) imply W € Vi3,

Fix i = 1,...,4 and let ' C Q¥(p) N W° be a connected component of
Q*(p) NW°. Define F' € U* as the smallest (connected) set satisfying

F D {z: disto(z, F) < 2sm}.

Due to the construction of W we get ' W° C U. As |F| < C,k?, Lemma 3.14
for ;1 = 2k implies that there is a rotation R € SO(2) such that

IVy = Rf3ap) < Ok's™|[ dist(Vy, SO(2))[I7. ) = CUA(F),
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A

where for shorthand we write v(F') = || dist(Vy, SO(?))H%Q(F). As Vy — R is

harmonic in F', the mean value property of harmonic functions for r = sm and
Jensen’s inequality yield

4 1 _ !
9s(a) = B < |y [ (90 i d 6)
< C’((sm)_2 /F \Vy — RF) < ClPms™y(F)?

for all x € F. Consequently, as F intersects at most nine squares QF(p), p €
IFQF)\ T, by (5.5) and I = ¥ we get [Vy = R[] < Cl'm 2572 - ke < O™

as well as

IVy = Rl|zacr) < COUHVy = R[7ap) < COA(EF).

2 A
L2(F

Proceeding in this way for every connected component F of all Q¥(p), p € IF(QF),
and noting that every Q*(q), ¢ € I*(2¥), intersects at most four different asso-
ciated enlarged sets F' (Q%(q) can intersect more than one set if it lies at the
boundary of some Q¥(p)) we obtain a function R; : W° — SO(2) with the de-
sired properties (5.4). O

We now concern ourselves with the subatomistic regime.

Lemma 5.3 Let M > 0, € > 0 and s < k < €. Then for a fired constant
C = C(M) > 0 we have the following:

For allU € V§ with U C QF and for ally € HY(U) with v as defined in (5.2) and
IVyllw < M there is a set W € Vi with W € Q3% [W\U| =0, [(U\W)NQ3*| <
Cuk||W | and

Wl < Ul + Ce™ly (5-8)

as well as mappings R - Q% SO(2), i = 1,...,4, which are constant on
Qf(p) N W, p e IF(QF), such that

IVy = RillZ2qw) < Cy + Ce|lU].. (5.9)
Proof. Similarly as in (5.5) we let J C I*(QF) such that
H (DU N QH0) + | dist(Vy. SO@) gy > coek (5:10)

for all ¢ € J. Define W = Q% n ((U\ Upes Q"(q)) U Upes 0Q*(g)) and note
that the [|[W]. < ||U|l« + Ce 'y for ¢, = c.(h.) > 0 sufficiently large. Indeed,
for the subset J; C J, for which (5.5) holds, we argue as in the previous proof.
Then with J, = J\ J; we note |[W|le < [|U|lsc + Ce™ 'y + 2v/2k - #J5 and
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IWlla < Uy + Cety + 8k - #J5 — ik - #J5. This gives the desired result for
¢, large. Moreover, we get W € Vi and (U \ W) N Q%[ < C .k ||W]|..

Consider some Q = Q¥(q), ¢ € I¥(Q*). We extend y from Q N W to Q by
setting o =y on W N Q and o(z) = z for all z € Q \ W. Note that 7 € SBV(Q)
with J; = W N Q. By Theorem 3.1 we obtain a function v € H'(Q) such that
by a rescaling argument

IV — Vol ) < Che [ VOl H (Js N Q) < CME» k' #3v < CMerfr

for p < 2, where 8 = H'(OW N Q). In the second step we used 8 < Ck by (5.10)
and applied k < € in the last step. Consequently, we obtain

| dist(Vo, SO@)|I?, 5, < Clldist(Vo, SO, o,

Thus, since v(Q) := || dlst(Vv SO( ))HLQ(Q) = || dist(Vy, SO(2>)HL2(Q0W)>
rigidity estimate in Theorem 3.10 yields a rotation R € SO(2) such that

Vv = R[], g, < Clldist(Ve, SO@))I, 5 < ClQI"2v(Q)? + CeB
¥ < 0 (Q) + OB < () + Ce
< Cy(Q) + CeB.

In the second step we used Holder’s inequality and we applied (5. 10) in the
fourth step. This implies |Vy — R||LP(W0Q) < Vo - R[], ) < Cy(Q) + CeB

and proceeding in this way for all Q¥(q), ¢ € IF(QF), we obtaln a function R; :
Q3% — SO(2) such that for a constant C' = C'(h..)

IVy = BillLp ) < Cv + Cel|U],

+ Cep.

he

where R; is constant on Q¥(p) N W, p € IF(QF). Finally, by ||[Vyle < M we
derive

IVy = Rill 2wy < (M +V2)*?|[Vy = Rl [,y < Oy + Ce|lU].,

as desired. O

Given a deformation y : FF — R? for FF C R? and a rotation R € SO(2)
we define the displacement field ug := RTy — id, where id denotes the identity
function. We introduce the linear elastic strain by

R'Vy+ (Vy)'R
2

er(Vy) :=e(Vug) = —1d,

where Id denotes the identity matrix. For a general function R : F' — SO(2)
we then define for shorthand ax(F) = ||ez(Vy)||7 12(r)- Applying the linearization
formula

dist(G, SO(2)) = |er(G)| + O(|G — R)?) (5.11)
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for R € SO(2) and G € R**? we get

ap(F) :/F|eﬁ(vty)|2 SC’U/FdistQ(Vy, 50(2))+Cu/F|vy—R|4. (5.12)

Here we already see that it suffices to establish a rigidity estimate of fourth order
as in Lemma 5.2 in order to bound the symmetric part of the gradient. One of
the main ideas in the following will be to choose [ = I(s,€,m) in (5.4) such that
¥ <1 which will imply az(W) < Cyy.

5.2 Estimates in terms of the H!-norm

We now show that not only the distance of the derivative from a rigid motion can
be controlled as derived in (5.4) and (5.9), respectively, but also the distance of
the function itself. Once we have such estimates we will be in a position to ‘heal’
cracks (see Section 6 below). After the modification of the deformation v = sd
will stand for the minimal distance of two different cracks, where d represents the
corresponding increase factor. It will turn out that the least crack length will be
given by A = vm~!. Moreover, k = Am~! will denote the size of the cell on which
we apply Theorem 3.5. Define

k

Si = UpGIf(QBk) Qz (p)

and note that Q% C Ule S;. Recall (3.1), (3.7), (3.8) and the definition m =
Cy(m, hy) (see below (5.1)). We will proceed in two steps first deriving an
estimate for the total variation of the distributional derivative (cf. Corollary
3.7) and then employing Theorem 3.3. For shorthand we will write v(F) =
| dist(Vy, SO(Q))H%Q(F), 5,(F) = 31, |[Vy — ]f?iHip(F) for p = 2,4 and subsets
Fcw.

o0l

Lemma 5.4 Let k> s >0, € >0 such that | := % =dm™ for m™,d € N with
m~t,d > 1. Let \ = sdm™' = km. Then for constants C,c > 0 we have the
following:

For all W e Vi, with W C Q3% and for all y € HY (W) with

i 4 .
7 1= || dist(Vy, SO@) aqry. 61= 3 [V~ Rillbuqr

for mappings Ry We° — SO(2),i=1,...,4, which are constant on the connected
components of Q¥(p) NW®, p € IF(Q3*), we obtain:

We find sets U € Vi Ug € V™ with U C Ug C %%, |[Ug \ W| = 0 and
(W \U)NQ%*| < Cuk||U||+ such that

U]l < 1+ Cam)[[W | + Ce (7 + da) (5.13)
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as well as
1Q*(p) NUg| > emA?  for all p € J(Up), (5.14)

where J(Ug) := {p € I*(Q) : Q*(p) N Uq # 0}.

Moreover, letting Uy = UPEJ(UQ) QMp), fori=1,...,4 we find extensions y; €
SBV*(U; N S;,R?) with ; = y on Ug N'S; such that for all Q = QMp) N Uy,
pe WK, j=1,....4, with Q C S; we have that R; = Rilwor@ is constant on
wWenaQ and

(BRI G — i) (Q))? < CR2Cyn min { ek, 7(W N Q¥ (q))

(5.15)
+ 81 N QP () + oW N QP ().
where q € IF(QP*) such that Q C Q¥(q).
Proof. Similarly as in the previous proof we let J C I3*(Q3%) such that
eHU(Q (p) N OW) + || dist(Vy, SO(2)) [ 72(ge (e (5.16)

4 N
+ Zi:l ||vy - Ri||i4(Q3k(p)ﬂW) > C*El{f

for all p € J. Define W = (W \ U,es @ (0)) U U,e, 9Q%*(p) and note that
choosing c, sufficiently large and arguing as in the previous proof

W . < W]+ Ce (v + b4), (5.17)

W e Viian asAwell as |(W\ W) N Q% < Cuk||[W|,. We now subsequently

construct sets Uy O ... D U, (the inclusions hold up to sets of negligible mea-
sure) by application of Theorem 3.5 on connected components of W (Step (I)).
Afterwards, since in Theorem 3.5 the trace estimate cannot be derived for com-
ponents near the boundary, we will further modify the sets in a neighborhood of
large boundary components (Step (II)). A final modification procedure will then
assure property (5.14) (Step (III)).

(I) Begin with i = 1 and fix ¢ € I¥(2?*). Consider a connected component F
of Q¥(q)NW°. As Ry = R is constant on F we obtain ag(F) < C(v(F)+04(F))
by (5.12). Define Q,, := Q%(¢) and recall (3.7). Passing to the closure of F' (not
relabeled) we can regard F as an element of V*™ with respect to @, (recall (3.3)),
where one component is given by X = Q, \ H(F) € U*™. (Observe, however,
that Q,, \ H(F) may intersect several components of 1/.) We apply Theorem 3.5
on F'C Q, for e = ¢, 0 = m to obtain a set G € W with |G \ F| = 0 and

€llGll« + ar(G) < (1 + Cum)(e|| Fll« + ar(F)). (5.18)
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(Recall that the sum in ||F||, runs only over the boundary components having
empty intersection with 0@Q),.) Moreover, similarly as before we have

[\ G < Cuk|| Gl (5.19)

and using (3.11), (3.9)(i),(ii) for all I'\(G) € T(G) :={T'y: N*(0R;) C H(G)}
/ [5:](2))? dH (z) < COLeTH (G2, (5.20)
0+(G)

where 7 is the extension (cf. (3.10))

) y zeW,
_ 5.21
i) {R (Id+A)z+ Rz e X, for I'(G) € T(G). 2

Here recall that OR; are the rectangles given by (3.9) as well as 7, = T|0R;|o0 <
|8Rt|oo'

We proceed in this way for every connected component (F}); of all Q%(q),
q € IF(Q3) and define U, = (W \ U, F5) U, G; € V™. (Observe that one may
have H(Fj,) C H(F},). In this case the above arguments can be omitted for Fj,.)
By G we denote the set of boundary components F(Ul) which do not coincide
with some I',(G;). Note that by (5.12) and (5.17)

eflUrlle < €ellUn]ls + g, (Uh) < (1 + Cum)(e]| W] + ag, (W) (5.22)
< (14 Cum)e|| W« + C(y + 64). '
The second step follows as by construction for each F(Ul) € G there is a F(W) =
dX such that T(U;) € X (recall Remark 3.6(i)). By (5.19) we also get |[WW \
Uy| < C,k||Uy]|+. Moreover, by Remark 3.6(ii) we can replace the components of
Gj € V™ by rectangles such that the resulting set G lies in Vi, Recall that
the (rectangular) components of G} satisfy max;— o |m['(G})| < 2k.

Then we define U := (W \ U, F) U, G € V™. We now apply Lemma
4.2(ii) for v = 0, (Z;); the rectangular components of (G%); and V' the set whose
boundary components are given by the elements of G. We obtain a set U L ey
with ||U1]|, < ||Uyls and |U} \ U!| < C.k|U!||.. (Strictly speaking, we need to
pass from V¥ to V*/2 but do not include it in the notation for convenience. )
Likewise we observe |U/ \ W| = 0 and |[W \ U!| < C,k||U}|.. Additionally, we
apply Lemma 4.1(ii) and get a (not relabeled) set U/ € Vi such that (4.3)
and (5.22) hold. As in the proof of Lemma 5.2 this implies U] € V(Ss’:%k) since

W e st’%k), i.e. the least length of components is bounded from below by s.
In the following, by a slight abuse of notation, we say that a component
I';(U7), which coincides with some 0X; = I';(G") for some component G’, satisfies
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(5.20) if all corresponding (T, (G)), with ', (G) C X; satisfy (5.20). It is not
hard to see that (5.20) is satisfied for all boundary components with (recall (3.8))

LU NS #0, [T <& N(Tu(Th) € HS(T7),

vghere_N*(Ft((A]l)) = {x : dist(z, T,(U])) < C|Ty(U!)|o} for some large constant
C = C(h,) > 0. Indeed, assume that there is some I'y = I'; (G) C Q%(q) such
that for the corresponding rectangle R, one has N™(0R,) ¢ H(G) although the
corresponding I';(G’) = 0X; fulfills the above three properties. First, we observe
3
R, C X, by Remark 3.6(ii) and thus R, C Q3" (¢). By (3.9)(i) we get [0Rs|o <
C|ls]s. Consequently, since 7, < &|0R,|s (recall the assumption in Theorem
4
(3.5)) we have N™(0R;) C Qlk( ). Since by assumption N™(0R;) ¢ H(G), this
would imply [0H(G) N Q¥ (q)| > &.
Consequently, there is a chain of components (I'y,(U/)™, = (9X,, (Aﬁl))

7

such that Ty, (U1)N9Q, # 0, X;,(U)NN™(R,) # 0 and Ty, (U})NTy,(UL) # 0.
Thus, by (4.3) there is one T',(U}) with |T,(U])]e > ¥ such that N™(0R,) N
X.(U]) # 0. Recalling that R, C X, and 7, < C|Ty(U})| for C sufficiently
large by Remark 3. 9(111) we find N,(Ty(U1)) N X, (U!) # 0. This, however, is a
contradiction to N, (Ty(U7)) C HS (U7).

We now iteratively repeat the above construction for ¢ = 2, 3, 4 for U ! | instead
of W and obtain extensions Yo, U3, Ya as well as (U )i, and sets U4 . C U1
W (the inclusions hold up to a set of negligible measure) with U} € Vssmwk such

that (5.22) holds for a possibly larger constant replacing U; by U;. We briefly
note that the sets are elements of V™ due to Remark 3.9(iv). Moreover, for
i=1,...,4, (5.20) is satisfied for g; and all boundary components Ft(f]{) with
Ty(U}) N Si # 0, [T(0))]o < & and N.(TW(T7)) € H3(T)).

For later we also observe that due to the local nature of the modification
process and (5.18) we get

0U; N QE (@)l < ClOW N Q¥ (q)ln

; i 5.23
+Ce (v (W N QM (q) + a(W N Q¥ (q))). :29)

Although the inclusions for (U/)L, only hold up to segments, we observe that the
sets are ‘nested’ concerning small boundary components in the following sense:

Letting Uy = U/ N (Hs(U!))° we obtain

Urc...c Ut (5.24)

A

Indeed, assume e.g. there was a component X(Ui) and components Xq,..., X,
of Uy with X(Uy) c Uj_, X; and Uj_, 9X; N X (U7) # 0. Then by construction
of the sets we clearly find some X; with 9X; N X (Ur) # 0, | X(UF) \ X;| > 0
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and [0X;|c < % This, however, together with (4.3) gives a contradiction to

X(Uy) c U;;lfj In particular, (5.24) implies Hs(U}) € ... € Hs(U!) up
to sets of negligible measure and thus for ¢ = 1,...,4, (5.20) is satisfied for
g; and all boundary components T'y(U7) with T,(U) N S; # 0, [Ty(U])|s < K
N,(Ty(U7)) € Hs(U}). We want to remove the third condition. For that reason,
we subtract neighborhoods of large boundary components as follows.

() Let U* = Hs(U,) and let Ty (U*),...,Tn(U*) be the boundary com-
ponents. For T';(U*) let M(T';) be the smallest rectangle in U™ satisfying
M(T;) D {z € R? : disto(z, X;) < Ckm} for the constant C > 0 intro-
duced above, where X; denotes the component corresponding component to
[;(U*). Clearly, using the fact that Cr < m (see (5.1)) one has |m,0M(T;)| <
|, L (U*)| + Cym|T;(U*)|s < 31k for ¢ = 1,2. As the components (Xj); are
pairwise disjoint and connected, we obtain Z(I';,) \ Z(I'j,) is connected for all
1 < j1,j2 < n, where Z(I';) denotes the smallest rectangle containing X;. Con-
sequently, since the neighborhoods M(L';) \ Z(I';) all have the same thickness
~ Ckin, we get that M(T';)\ M(T},) is connected for all 1 < jy, ja < n.

Then by Lemma 4.2(ii) applied on V = U*, V' = Q5 \ U\Fj(U{)\Sg X;(U7) we
obtain sets U; with |(U7 \ Ui M(T5)) \ U;| < Cuk||V'||s. In particular, we set
U = U, and observe that U € V35, Moreover, we obtain ||U]], < (1+C,m)||V ||+
IV'|l.. As U} satisfies (4.3), we derive (9V N V') N (Q%*)° = @ and therefore
1Tl < (14+Cum)|| U4, ie. (5.22) holds replacing Uy by U (possibly for a larger
constant). Applying Lemma 4.1(ii) we get (not relabeled) sets U; € V3§ satisfying
(4.3). For later we note that U, C ... C Uy up to sets of negligible measure. This
follows from (5.24) and the fact that in Lemma 4.2(ii) the components of V' are
replaced by corresponding rectangles. Arguing as in (5.24) we also find

Urc...cU;, where U =1U;N(HS(U;))° (5.25)

In particular, this also implies H%((L) C...C Hg(ffl) up to sets of negligible
measure.
We now see that for i = 1,...,4, (5.20) holds for g; for all components satis-

fying
L(U)NS; #0, [Du(Ui)|oo < Lk (5.26)

(Strictly speaking (5.20) holds for the corresponding components of UZ) In fact,
since C|ly(U})|o < £CT for [Ty(U})| < £, due to the construction of Uj
components with |Ty(U7)]s < £ and N.(T(U!)) ¢ Hs(U}) are ‘combined’” with
k

8" . )

We apply Lemma 4.1(i) to obtain a (not relabeled) set U € Vsz; satisfying

(4.2). For each T'y(U), t = 1,...,n, let N1(I';), No(I';) be the smallest rectangles

a boundary component of U 1 which is larger than
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in U™ satisfying

N (Ty) D {z € R? : distos(z, X;) < min{ Bm|Ty(U)]oo, 2A} },
No(Ty) D {z € R? : distos (2, X;) < Bm min{|Ly(U)|oo, A}}

for some B > 0 (indgpendent of h,) and A = km, where X is the component
corresponding to I';(U). It is not restrictive to assume that

H! (Ny(Ty) N (DU \ (T(0) UOH (U))) < CBm min{|Ty(U)|o, A} (5.27)

for all Ty(U) with |Ty(0)]s < £ Indeed, otherwise we replace U by U =
(U\N;(T',)) UON; (Ty), where N3 (T';) = (No(T',)NH s (U))°, and arguing similarly
as in (5.16) and Lemma 3.2 we get |[U’||, < ||U]|l.. Let (Xy)y, Xy # X;, be the
components of U having nonempty intersection with N3 (T;). Clearly, we have
0Xy| < £. We define T = N3 (T';) U, Xy and modify U’ on a set of measure
zero by letting U” = (U’ \ T) U OT. Arguing similarly as in the proof of Lemma
4.1 we find U” € Vg5t and ||U"|. < ||U]|«. Then by Lemma 4.1(i) we find a (not
relabeled) set U which additionally satisfies (4.2). We continue with this iterative
modification process until (5.27) is satisfied for all components smaller than £

~ R 8"
Finally, by Lemma 4.1(ii) we obtain a (not relabeled) set U” € Viji satisfying

(4.3). Noting that during the modification procedure components larger than %

do not become smaller than £ we also find H §(U") c H5(U). For convenience

the set will still be denoted by U in the following.

(IIT) We now finally construct the sets Ug and U. For eacht =1,...,n define
the rectangle

— OMp)
Ze=\J ooy @0 (5.29)

We find Z; € Ni(T';) and for sufficiently small components one has Z, = (.
Choosing B sufficiently large we get X; C Z; if |[0X;|«c > £. Rearrange the
components in a way that Z, = () for ¢ > n’. This implies

Ok N\ HE(U) © U;l Z,. (5.29)

Let Y, € U*™ be the smallest rectangle containing Z, U X;. By the definition of
Ni(T'y) and Z; we obtain

for some C, = C,(B) large enough. As (X;); are pairwise disjoint and connected,
it is elementary to see that Z;, \ Z;, or Zy, \ Z;, is connected for all 1 < 1,1, < n'.
In fact, assume there were ¢ # ¢y such that mZ2,, C mZ;, and moZ;, C maZy,.
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Then due to the definition of the neighborhoods we find mX;, C mX;, and

o Xy, C maXy,. This, however, implies X;, NX;, # () and yields a contradiction. A

similar argument yields that Y, \ 'Y, or Y, \ Y}, is connected for all 1 < 1,1, < n/.
Define Uj, = U \ Uj/zl Z; and let J C T*(Q%) such that (cf. also (5.16))

HY(QMp) N oUq) > ¢\ (5.31)

for all p < J. Then let Ug = ("N U,) \ U,ei Q*(p). Observe that possibly
Ug ¢ V. Therefore, we now define a set U C Ug with connected boundary

components.

By Lemma 4.2(ii) for V = Q% \ U, X;, V' = Q% \ U, X; we obtain
a set U’ with |(U \ U;il Y;) \ U'| < Cuk||[V'||« such that U" € V™. Moreover,
recalling (5.30) as well as [0X;|o < & for t > n/, we get U’ € Vi for m
sufficiently small. Using (5.30) and the fact that U satisfies (4.3) we have ||U’]|, <
(1+Com)|[V|l« + V]|« < (1 + Cum)||U]|,. Finally, again using Lemma 4.2(ii)
we find a set U € Vi with

)(ﬂf”“ \ (UL YU Uf:n,ﬂ xull Qk(p))) \ U) <CK|UI.  (5.32)

Arguing similarly as in (5.10), (5.16) we find ||U]. < [|U"]. < (1 4+ Cum)||U]]..
This implies (5.13) since U satisfies (5.22). Moreover, we derive [(W\U)NQ%*| <
Cuk||U| . )

Define U; as in the assertion of Lemma 5.4. We see that all I';(U;) = 0.X; with
Ty(U;) N UG # 0 satisty [Ty(U;)]e < £. In fact, if [Ty(U;)] > £, we would have
X, C %K\ (H5(0;))° and thus X, C Q5% \ (Hs(U))°, where we used Hs(U") C
Hs(U) C Hs(Uy) C Hs (U;) up to a set of negligible measure (see (5.25)). (Recall

that the set U” given by the modification described below (5.27) is also denoted
by U for convenience.) Therefore, by (5.29) we get I';(U;) C X, C U?ZIZ- and

thus I'y(U;) N U5 = 0 giving a contradiction. Consequently, by (5.26)

(5.20) holds for g; for all T'y(U;) with T',(U;)) NUSN S; # 0. (5.33)

For later we recall that the corresponding components (T'y,(G)), with Ty (G) C

X,(U;) (which satisfy (5.20)) also satisfy (3.9) since G € W*™. Consider Q :=
Q;”\ (p)NU; C S;. We observe that Q consists of a bounded number of squares and
that QN Ug is contained in a connected component F of Q¥(q)N we. Indeed, this
follows from the fact that due to the construction of Ug, in particular (5.28), two
connected components Fy # Fy, Fy NS; # () for t = 1,2, for which H(F}) is not
completely contained in another component H (Fy ), fulfill dist(FyNU,;, FoNUy) >
2. This observation also implies that Q° is connected, i.e. each Q C Q shares

at least one face with the rest of Q. Consequently, Corollary 3.7 together with
(5.20) yield

(|B(R] 5 —id)|(Q))* < ONagr,(Ug N Q) + CkCrnedU; N QF (a) ;.
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where R; is the value of the constant function R;|p. Then (5.23) and (5.16) imply
|0U; N Q¥(q)|% < Ck which together with (5.12) yields (5.15). For later we note
that Corollary 3.7 also yields

(107 (5 — Riid)|(Q))* < CNag,(Ug N Q) + ChCreldUs N QF (@) (5.34)

It remains to show (5.14). Consider Q = Q*(p) with Q N Uqy # @ and show that
|Q N Ug| > emA2. First note that Q N Uq = QNU. Let I' =T(U) = 0X be the
boundary component maximizing | X NQ|w. If [T > & § we get a contradiction for
B large enough as then QN U, = (). Assume |Xﬂ@|go < A. Then (5.31) and the
isoperimetric inequality imply |Q\Ug| < C, Y, | X:(U)NQ%, < CAY, | X (U)N
Qlse < C,A? and thus |Q N Ug| > emA? for m small enough. Therefore, we may
assume that

e=1m""]A> I > [XNQlx > A (5.35)
for ¢ > 0 small enough. It is not hard to see that [(No(I") \ X)N Q| > CBme\2.
Indeed, an elementary argument yields | Na(T )N Q| > CBm&2. Moreover, if we
had |Q \ X| <« Bm&\?, we would get Q € Ny(T') and thus Q N Uy = @ by the
construction of Ugy. We can assume that No(I') N 0H 5 ( ~) = () since otherwise
a component larger than 2 intersects Q and we derive Q NU; = ( as before.
By (4.2) this also implies that all components X;(U) with X;(T) N Ny(T) #
satisfy X J((? )NT = (. Thus by the isoperimetric inequality and by (5.27) we get
INo(D)N QN T| > |(No(T) \ X) N Q| — C(BAm)?. This implies

QNUgl=1QNT| > |QNTUNNoT)| > |(No(T') \ X) N Q| — C(BAm)?
> —CB?X°m? + CZBm\? > em)\?

for m sufficiently small. 0
Remark 5.5 (i) For later we observe that there is a set U € Vi, with
(@) 1T < 1+ Cam) Wl + Ce™ oy +64), (1) [|UT |3 < Cul| UYL (5.36)

which coincides with the set U; considered in the previous lemma up to a set
of negligible measure. In fact, we apply Lemma 4.2(i) on the rectangles (Z,),

considered in (5.28) and find pairwise disjoint (Z/)7", with U;ilz = U?I:1 Z.

We define
5k / >\
=1 <U Z UpEJ Q >
where J as in (5.32). By Lemma 4.2(i) we get (i) and U¥ € V3, since |m;07Z;| <

2-34k+C,mk < 70k for i = 1,2. Moreover, (5.36)(ii) is a consequence of Lemma
3.2 and the fact that (Z;);, (Q*(p))pes are rectangles.
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Clearly U; € U". Moreover, we see that |[U” \ U;| > 0 can only happen if
there is a square Q*(p) C U and components (X;(U)); of U such that Q*(p) C

U, X:(U). Since we can suppose [0X;(U)]q < % (otherwise the components are
contained in some rectangle Z;), this yields a contradiction to (4.2).
(ii) For i = 1,...,4 we have

10U, N US |3 < Cu(IW ] 4+ Ce (v + 64)).

In fact, recalling (5.33) we get that all Ty(U) with Ty(U;) NUS # 0 fulfill (5.20)
and (3.9). Thus, we obtain |0:(U;)|% < Cu|0;(U;)]. and the claim follows from
(5.22) replacing U; by Uj.

We are now in a position to prove the main result of this section. Recall the
definition A\ = sdm™' = km and (5.1).

Lemma 5.6 Let k > s,e > 0 such that | := % = dm™ for m™,d € N with
m~t,d> 1. Then for a fized constant C' > 0 we have the following:

For all W € V) with W C Q3% and for ally € H* (W) with || Vylle < C, 7 as
defined in (5.2) and

4 ~ 4 ~
6=y IVy—Rilliay, 02:=)  IIVy— Rillz2q) (5.37)

for mappings Ry : W° — SO(2),i=1,...,4, which are constant on the connected
components of QF(p) N we,pe IF(Q3%), we obtain:

We find sets V € Vs’ UJ eVXwithV C Uy and V C Q% |V \ W] = 0,
(W A\ V)NQS*| < CLk||V||. such that

VI < 1+ Cam) W]l + Ce™ (y + 64) (5.38)

as well as mappings Rj : Uy — SO(2) and ¢; : Uy — R?, which are constant on
Q}(p), p € L)), such that

(i
(13

(uii

||y - (R ' +E])H%Z(V) < CC%)P minp:274(1 + ﬁp)<"}/ + (Sp + €||W||*),
IVy = Rjll7p 0y < CCR(8p + (v + 0a + e[ WIL)), p=2,4, (5.39)
IR; Rgzll vy < COM (0, +0,(v + s+ e[W]L)), p =24,

)
)
)
) H( +81) = (Riy - 4822w,y € CCRA" min(1+3,)(y + 6, + ¢ W]l.)

(1w
for ji,5o=1,...,4, j=1,...,4, where vy =¥ and ¥5 = 1. Moreover, we have
ARy, - +e) = (Ryy -+ ioowy + 1 Rjy = Ripllzooy < CO - (5.40)

for 9 = min{9(1 +9),C2} and under the additional assumption that Ay = 0 in
W® we obtain

A ly = (Rj - +E) Loy < CY(1 +9). (5.41)
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Proof. Apply Lemma 5.4 to obtain U € Vi, Ug € V™ with |Ug \ W| = 0,
U; and extensions g; : S; N U; — R? such that (5.13), (5.14) and (5.15) hold.
Consider ) = Q?(p), p E I]’.\(Q%), j=1,...,4, with Q N U; # 0. Moreover,
let Q = QM p) NU,. As 6A < % by m < 1, we find some Q¥(q) for some

i=1,...,4 with Q C QS ( ) C S; and therefore we can apply (5.15). Recall
that R R lwong 18 constant due to the construction in Lemma 5.4 (see below
(5.33)). By Theorem 3.3 we find A € R22 and ¢ € R? such that

skew
Hyl (Id + A) _ECHiZ(Q) = HRT_i - (A ’ +C)H§,2(Q)

. . (5.42)
< C(|E(R"y; —id)|(Q))* < CK*G,

where

G = o min { ek, /(W 1 Q2(a)) + 64(W 1 Q2(q)) + el OW 1 Q¥ (q) e .

The constant C' is independent of Q as there are (up to rescaling) only a finite
number of different shapes of Q. (Also recall that each Q C @ shares at least
one face with the rest of Q.)

In the proof of Lemma 5.4 We have seen that all I'; = Ft([]) with Q Ny #£ 10
satisfy (5.20) for ; and [Ty < £ as well as N(OR,) C QF(q) (cf. (5.33)). Thus,
by Lemma 3.8 for V = Q%(q) We get

< 2 P
195 = Rl ) < CIVY = Bl g O D0 iy Xl

) (5.43)
< CCRoy(QF(q) NW) + CCpy(es™) 5" e|0U; N Qf (q)

for p = 2,4, where W, U; as defined in the previous proof and X, 4, as in (5.21).
Recall that the factor s~! appearing in the estimate is related to the fact that the
least length of boundary components of U; is s. Thus, recalling that U; fulfills
(5.23) we obtain by the definition of G

V7 — R||p ) < CCwé Q) NW) + Cles™)57'G = H,. (5.44)

We repeat the estimate (5.42) with the Poincaré inequality in SBV (see [2, Re-
mark 3.50]) instead of Theorem 3.3 and obtain by (5.34) and Hoélder’s inequality

lgi = R - =él}2iq) < ClIVE: = Rl g + C(ID(5: — RID)|(Q))?
< CA4<17>H; + CK*G,

for ¢ € R? for p = 2,4. This together with (5.42) and an argumentation similar
0 (3.16) (see also (2.11) in [22], where such an estimate is derived in the geo-
metrically linear setting) yields \*|A|* < CAN4PH2/P 4 Ok?G and therefore by
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(5.44)

A|A]? < CHy 4+ Cm™2G < CCLy(QF(q) N W) + Cm™2G =: H,,
A < CHy + COX2m™1G? < CHy 4+ CA 'm™5CeG (5.45)
< CCRo(QF(q) NW) + CVG =: H,.
Observe that Hy < C(1 +9)G. By (5.11) there is a rotation R € SO(2) such
that
IR — R(Id + A)|? = dist>(R(Id + A), SO(2))

) o \ - (5.46)
<0+ C|RAd+ A) — R* = C|A|* < CA%H,,

as éR(R(Id + A)) = 0. Likewise, as |A] < C by ||[Vyllee < C we get |R —
R(Id + A)]? < C|A]? < CA2H,. Consequently, the Poincaré inequality, (5.42)
and (5.45) yield

15 — (R - +2)[[72.5) < CK*G + CN|A[' < CK*G + O miny—s,4 H, (5.47)

2 ~
L*Q
for some possibly different ¢ € R2. Moreover, we get

N|R— R[* < CX}R— R(Id + A)|* + CX}|A[* (5.4
< CX}|R— R(Id 4+ A)|* + CN\*|A|* < CH,. '

and likewise
N|R — R|* < CH,. (5.49)

For fixed j = 1,...,4 we proceed in this way on each Q; = Q}(p), p € I} (%),
with Q;NU; # () and for the corresponding Q; = Q?)‘(p) NU; we obtain constants
Ry, R, € SO(2) and & € R? as given in (5.47)-(5.49). Consequently, we find
mappings R; : Uy — SO(2) and ¢; : Uy — R? being constant on each Q;, where
on each Q; C Q, we choose Rj = R, and ¢j = ¢;. By (5.47) and the observation
that every Q% (q) is intersected only by ~ m~2 squares Q; we obtain

ly = (Bs - +&) o) < CR min(1+dp)m>Coun™(y + 6, + e W)
< O min g a(1+ 0,)m?C (3 + 0, + €| W)

where ¥ = 1 and ¥, = . Here we used that d, < Cdy. Likewise, applying
(5.37), (5.45), (5.48), (5.49) as well as the triangle inequality we get

IVy = Rjllr < Cm 2 Con(8p +m™*0p(y + 04 + el[W]L))

‘ (5.51)
< OmC2 (5, +0p(y + 64 + €[ W]L.))
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for p = 2,4. We now consider Q; := 3\1 (p1), Q2 == ?2(p2> with Q1 N Qs #
and Q1,Q, NU; # 0. Morcover, let Q; = Qi’\(pz) N U; be the corresponding
enlarged sets. It is not hard to see that there is some Q*(p), p € J(Ug), with
Q*p) € Q1,Qs and therefore by the definition of Uy, in particular (5.14), we
derive |Q1 N Qy N Ug| > emA?. Let R;, € SO(2), ¢;, € R% i = 1,2, be the

constants constructed above. We compute

)\2||le - Rj2||p0°(QlﬁQ2) S Cm_IHRﬁ R]QHL;; Q1ﬁQ2ﬁUQ)
» (5.52)
S Om Z ||vy R ”Lp QIOQQQUQ)
and summing over all squares we get by (5.51)
1Rj, = Ryull o,y < COR(0p +0p(y + da + €| WIL)) (5.53)

for 1 < ji,j2 <4 and p = 2,4. Here we used that each Q3*(p) N U; only appears

in a finite number of addends. Note that T Qsz)IHm(QszM < Om™1? and
max;=1,2 |7 (Q1NQ2NUgQ)|
|Q1NQ2|

1 .
GinGanla) < Cm~!'. Consequently, arguing similarly as in (3.17) we find

)‘QH(le ’ +Ej1) - (Rjz ' +éj2)H2L°°(Q1ﬁQ2)

_1 _ = _ = _
< Clm=2 ) m  [(Ry, - +ei,) — (Riy - +6)172(0,00,000)-

(5.54)

Replacing (5.51) by (5.50) in the above argument we then get

_ _ 4 _
I(Rj, - +¢5,) — (Ry, - +,) |72,y < Cm™ ijl ly = (R - +e)l72wo)
< CCEnAQ ming,—o 4 (1 + 9,) (7 + 6, + €| W][.).
(5.55)

Similarly as in the proof of Lemma 5.2 (see the construction in (5.6)) we can
define V € V¥ with |V \ U] =0, V° C {z € UN Q% : disto,(x,0U) > 2s1um},
VI« < (1+Cym)||U|ls and |(W \ V)N Q*| < Ck||V].. By (5.13) this implies
(5.38). We note that in this case for components I'; = 0X; with X; C Uy it
suffices to consider a corresponding rectangle M (I';) with M(T';) C U,. For later
we observe that this construction yields

vV c Uy, (%N [ M (T))AvV] =o0. (5.56)

We now see that (5.39) follows directly from (5.50)-(5.55).

It remains to show (5.40) and (5.41). By (5.45), (5.48) and (5.52) we find
IRj, = Rillieoiinon < CA2(1+0)G + CA2m ™G for sets Q1,Qa C Uy as
considered above. Recalling the definition of G we then get

IR;, — Ryl 01y < CA+9)Am ™ Crek < Cs™ (1 4+ 0)Crie < C(140)0
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Likewise, we derive A7%||(Rj, -+8;,) = (Rj, - +C5) |7 (01n0y) < C(14-0)0 recalling
the definition of G and taking (5.54), (5.47) (for p = 4) and the triangle inequality
into account. Similarly, by (5.47) for p = 2 and the observation that d,(Q¥(q) N
W) < Ck? as ||Vylls < C we find using € < k

ARy, - +65,) — (Ryy - +8) |3 e(ingy < CAT'm 2k (G + )
< OXN P (m TG + CLk?) < CA2C2 K < CC3.

This finishes the proof of (5.40).

Finally, to see (5.41), we repeat the argument in (5.7): Let z € QNV C Q
for Q = Q?(p) . Q = Q?A(p) N Uy as considered above and let R - +¢ be the
corresponding rigid motion as given in (5.47). Since y is assumed to be harmonic
in U° the mean value property of harmonic function for » < smm and Jensen’s
inequality yield

1
1B ()| J, @)
< C|B,(z)| "1 +9)k*G < C(1 +9)m ™ *m 2s kG
< C(149)Cpm ™ m2les A2 < C(1 + 9N~

() — (Rt +2)) dt|

y(@) — (Rz+ ) < |

Here we used (5.47) and the fact that B,(z) CU°NQ forallz € QNV. O

5.3 Local rigidity for an extended function

We now state a version of Lemma 5.6 for an extension of the function y.

Corollary 5.7 Let be given the assumptions of Lemma 5.4, Lemma 5.6 and let

Uevsn UH e Vi, be the sets provided by Lemma 5.4, Remark 5.5, respectively.

Moreover, assume that 9 < 1. Then the estimates (5.39) (iii), (i) hold on U™ for

functions R;, ¢;, j = 1,...,4. Moreover, we find an extensiony € SBV?*(UH ,R?)

with § =y on U and V§ € SO(2) on UM \W a.e. such that for every Q = Q}(p),
p € L), with QUM # () we have

(@) ||VQ - RjHZL)p(Q)

(i) g — (R; - +¢;)

? )

(iii) [|g = (B; - +¢

< CC (G(N) +6,(N)), p=2,4
7200 < CA*C, min{ek, G(N)}, (5.57)
H%l(BQ) S C)\QC; min{Ekv G(N)}u

where N = N(Q) = {x € W : dist(x,Q) < Ck} and for shorthand G(N) =
Y(N) + 84(N) + eH' (N N OW). Furthermore, we have

H'(Jg) < CullW |+ Ce (v + o). (5.58)
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Proof. Recall the definition of U in (5.32) and that U; and U¥ coincide up to a
set of measure zero by Remark 5.5. In Lemma 5.4 we have defined sets (03')?:1,
Ui C...C U (see (5.25)) and corresponding extensions ¥;|u,ns;.- Moreover, in
(5.33) have seen that all I';(U;) with T';(U;) "US N S; # 0 satisty (5.20) for g; and
ITy(Ui)|oo < %. By Lemma 5.6 we get that (5.39)(iii),(iv) hold.

The goal is to provide one single extension ¢ : U# — R? and to confirm (5.57).
Define

~ 9k
- 16 ,
S = U, ¢y @ 0) © S

and let D; = (U; N US) U Ur,@ycs; X,(U;), where X,(U;) is the component cor-

responding to T'y(U;). We now show that US C |J;_, Di. To see this, it suffices to
prove

4
&OWCU_JMi:LmA. (5.59)

Fix i and assume that (5.59) has already be established for j >i. As S; NUj C
Q% H(U;) = U; UUr,(g, X:(Ui) by the definition of Uy, we find (S; N U3) \
D; € (S NU3) N Ur, )¢5, Xe(Us). To see (5.59) for i, it now suffices to show
that each I',(U;) with Ft(U) NUSNS; # O satisfies US N X,(U;) € Us_, D

Since |Ty(U;)]0 < E for all such components, we derive Xi(U;) € S for some

J=1,...,4. If j <, by the construction of the sets l~fl* D...D Uj we find
(Xt,(Uj))s such that

X,(U;) = (U; n X (U, UU X1, (U;).

As X, (U;) C SJ, this implies Xt(U)ﬂUJ C D;. The case j =i is clear. If j > i,
we obtain X,(U;) NUS € S;NUS C Ur_, Dy by (5.59). This yields the claim.
Set y =y, on Dy,NU;, y =y, on (D \_Dj+1)mUJ for j = 3,2, 1. It is not hard
to see that ¢ is defined on U (as |U# \ U5 =0) and § = y on U. Moreover, by
construction there is a set of components (X,), consisting of components of (U;);

such that . A
JyclJ oxiclJ_ U, Tt

By (5.21) we have y(z) = u;,(x) = Ry (Id + A;) x + Ry, for x € X;, where
R, € SO(2), A, € RY2 ¢, € R? and 1 < 4; < 4 appropriately. Note that due
the the definition of the extensions in (5.21) the components X; are associated
to the sets (U;);, not to (U;);. By Remark 5.5(ii) this yields (5.58) for 7.
Consider Q = Q7 (p) with QN U; # 0. Let Q = QP p) N U; and observe
QN Uyl ~ X2, Let T C {1,...,4} such that for each . € Z we can select some

- 5
Q%(q,) such that Q C ng(qb) Note that #Z > 1 is possible. It is not hard to see
that for all X; with X; NQ # 0 we get iy € Z. This follows from the construction
of the sets (D;); and the fact that Q ¢ S, implies QN S, =0 as A < k. Following
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the lines of (5.44), (5.47)-(5.49) and using H; < CG we find R* € SO(2), & € R2
such that

15, — (B -+ [2iq) < CK*G, |V = R|I}, 5, < CH, (5.60)
for . € Z. Note that for a special choice of « € Z (for « = ¢ with ¢ as considered
n (5.42)ff.) we obtain the rigid motion R; x + ¢; which we defined in Lemma

5.6. Then arguing as in (5.52) and (5.54), in particular employing the triangle
inequality and using (5.60), we derive

IRy - +) = (B - +&) |25 < Om~*k?G,

5.61
IR; = R}, 5 < Cm ' H, 00
for . € Z. Likewise we obtain by (5.20)
/ [g])? dH* < CZ/ B[P AR < CY kCpeldU, N QF(q,)|3. (5.62)
T5NQ €T beﬂQ €T

Here we used that all X, with QNX; # () satisfy [0X,|- < % and thus X; C Q¥(q).
Now we obtain

IVy — R, HLp Q) = < ZLeZ IVy, — Rj”ip(@)
<O (195~ R + IR ~ Rilltug)

for p = 2,4. Choosing the constant in the definition of N sufficiently large and
recalling the definition of G and H,, (see (5.45)) we obtain by (5.60) and (5.61)

IV5 = Ryll%,0) < COLN) + 5,(N) + eldW 1 Nyy).
Similarly, recalling A = mk we derive
17 = (Rj - +2))[[72(q) < CA*Cmin{(y(N) + du(N) + €l0W N Nlz), ek}.

Consequently, (5.57)(i),(ii) hold for .

For later purposes, it is convenient to have an extension satisfying V{(x) €
SO(2) for a.e. x € U¥\ W. Arguing as in (5.46) for all components X; we find
R, € SO(2) such that |R, — (R; + RiA)|? < C|A*. Therefore, by Poincaré’s
inequality we find for some possibly different ¢, € R?

IR, - 46 — (R (Id + Ay) - +Ric)|F2x,) < ClOX 2 [ X0l Al (5.63)
for all X; and likewise passing to the trace we get

|R: - +¢ — (R, (Id + Ay) - +R, Ct)||%2(axt) < CIOX[% [0X ] Al
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In particular, note the the constants above do not depend on the shape of X; as
the involved functions are affine. We set j : U¥ — R? by jj(z) = Ry + & for
r € X; and § = y else. First, we see that (5.58) holds since H'(J;) = H(J;).
The definition together with (5.62) yields

A2d1</ g2 dH + C _OX 20X | At
[ e s [ e O 0% %Al

< glI* dH' + Ck _[OX2 A
<[ mPantecry xR

3NQ
<CC, k:z €ldU, N Q*(q,)|x.

In the second step we used |0X¢|y; < Ck which follows from (5.23) and (5.16).
In the last step we used Lemma 3.8 similarly as in the derivation of (5.43) and
employed s > €. Using once more that [J; N Qly < 32, 10U, N Q%(q,)|n < Ck,
Hoélder’s inequality and (5.23) yield

(f i) <imo@ [

2\ e k
< COWk*Y el NQ(a) .
< CC2N min { (Yy(N) 4+ 04(N) + €|doW N Nly), ek}.
Recalling | R, — (R; + R A,)|> < C| A%, |Ay| < C and again using (5.43), (5.23)

we obtain
IV = Vil <C D 10Xi2 | A" < CC(Y(N) + 64(N) + €ldW N Nlyy)
X:NQ#AD

(5.64)

for p = 2,4, and analogously by (5.63) we get

17— dl720) < C D 10Xil& A" < COLN (Y(N) + 64(N) + €]oW N Nlyy),
XiNQ#AD

CC? \*¢k. Together with the estimates for ¢ this shows (5.57)(i),(ii). It remains
to prove (5.57)(iii). By (5.57)(i) for p = 4, (5.11) and the fact that Vg(x) € SO(2)
for a.e. x € UM\W we find |leg, (V)||72(g) < COR(Y(N)+04(N) +€| NNOW |3).
This together with (5.64), |Q| < CA\? and Hélder’s inequality yields
(1E(R]§ —id)|(@))* < COLN*(Y(N) + 64(N) + €[0W N Nly).
Then Theorem 3.4 and a rescaling argument show
15 = (B - +E)lLr0q) < CA2N — (R; - +6)| 1) + CUE(R; § — id)[(Q))”
< ONC2 (Y(N) 4 64(N) + €|]0W N Ny).

In the last step we have used Hélder’s inequality and (5.57)(ii). Similarly as
before we also derive ||§ — (R, 48|71 0g) < CORN ek O

where we employed [0X,[o < Ck = CAm™". Likewise we derive [[§ — g5 <
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6 Modification of the deformation

The goal of the section is to replace the deformation by an H'-function on U;. In
particular, we modify the deformation in such a way that the least crack length
is increased. Recall v = sd = Am.

Lemma 6.1 Let k > s,e > 0 such that | :== £ = dm™ for m™',d € N with
m~t,d > 1. Then there is a constant C > 0 such that for all W € Vissg) with
W c Q3 and for all y € H'(W) with |Vyl|lee < C, v as defined in (5.2) and
0o, 04 as given in (5.37) we have the following:

There are sets U € VI and UY € VY, with U,UY < Q% [U\ W| = 0,
[UENHAU)| =0, [(W\U)N Q¥ +|U\U| < Cuk||U]l and

Ul < (1 + Cum) [ W]l + Ce (v + da) (6.1)
as well as a function § € H*(UM) such that
(@) | dist(Vg, SO2))|72my < C min(1 + 0p)Cr (v + 6, + e[ W),
(i) || dist(Vg, SO2))[|wmy < CI(1 + ),
(iii) [[Vy = Villiz@) < CCRL(y + 02+ €| W),
(@) 1§ = yllZ2@) < CORA+ )N (7 + s+ €[ W].),

where ¥ = min{Y(1+ 1), C3} and ¥, = 1, 9, = . Under the additional assump-
tion that Ay =0 in W° we get

IVy = Vil Laqy < CCLOu+ COLI(1+9)* (v + 04 + €| W][.). (6.3)

(6.2)

Proof. Apply Lemma 5.6 to obtain sets V € V* U, € V* satisfying (5.38)
and (5.39) for mappings R; : U; — SO(2) and ¢; : U; — R? j = 1,...,4.
We first define U = V and see that the estimate in (6.1). Moreover, we recall
that Q% \ U is the union of rectangular components (see (5.56)). For the compo-
nents 'y (H*(V)),..., D, (HX(V)) welet N(I';) € U” denote the smallest rectangle
with N(I';) D X, where as before X; denotes the component corresponding to
L;(HAV)).

As ¥ =m, we find |mON(T;)| < |mL;(HMV))| + Cum|T;(HM(V))|oo for i =
1,2. Arguing similarly as in the construction of (5.6) we have that N(I';,)\N(L;,)
is connected for 1 < ji1,72 < n. We apply Lemma 4.2(i) to obtain pairwise
disjoint, connected sets (X})7_; such that (J;_, N(I';) = U}_, Yj’ and define

H _ 6k " /
Ut =0 \szlxj.

It is not hard to see that U? € V¥, . Moreover, we find U¥ C H*(U) up to a set
of negligible measure and recalling (5.56) we obtain (U#)° C Uj;. For later we
also observe that

U™ < (1 + Cam) | HXO)]. (6.4)
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This also implies |U \ U?| < C.k||U|..
3
Let Tj = Upep qar Q;A(p) and define a partition of unity (n;)j_, with n; €
J
G (U, [0, 11), supp(n;) C T and [Vl < S. Define § : Uy — R? by
~ 4 7 —
y(z) = ijl nj(@)(R;x +¢))

and observe that § € H*(U;) as the functions Rj;, ¢; are constant on each Q}(p),
p € I}(Uy). The derivative reads as

~ 4 o _ —
Vij(z) = Zj:1 (nj(2)R; + (R 2+ ¢;) @ Vn(z)). (6.5)
Since Z?:l Vn; =0 we find

Vi(z) = Ri + Zj2 (nj(@)(Rj — Ra) + (Rjz + & — (Riz + 1)) @ V(x)).

First, we compute by (5.40)

4
IV — Rillfawy <CY (HRj — Rill7eqry + wallB e — (B +01)||4L4(UJ)>
=2
4 ~ B ”[§ B ~
< CZ (HRJ' - R1’|Ai4(UJ) + p“Rj 4 — (I - +51)||%2(UJ)>,

j=

[N}

where ¥ = min{d(1+9), C3 }. By (5.11) we find é5,(R;) < C|R; — R;|* and thus

NE

_ . _ = L = _ = _
ler (Vi) 3w,y < €D (lem (R Raw) + 33l By -+ = (Ry - +@) e,

2

<.
|l

_ _ 1, = _ = _
<O (I8 = Rillisw,) + 53185 -+ = (B - +2)l[Eaw, ).

=2
Again using (5.11) and (5.39)(iii),(iv) we derive
| dist(Vg, SO(2) 2,y < C(1+9¥)CE (3 + by + €| W)
Similarly, we get
4
— = = L5 _ = _
IVG — Rl 72w,y <CD <\|Rj — Ry[ 72,y + el -+ — (R +01)|!%2(UJ)>
=2
and thus we find by (5.39)(iii),(iv)

| dist (V5. SO2)) 12201,y < CC2( + 82 + €[ W),
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where we used that d; < Cd,. This gives (6.2)(i) as (U#)° C Uj;. Likewise, we
may replace the L?, L*-norms in the above estimates by the L*-norm. Conse-
quently, by (5.40) we obtain ||VQ—R1||%OO(UJ) < CY(1499) and ||éR1(vg)||2m(UJ) <

CY which then implies || dist(Vg, SO(2)) H%oo(u,) < OY(1+9). It remains to show
(6.2)(iii),(iv) and (6.3). By (5.39)(i) and the fact that U = V' we obtain

~ 2 4 D, - 2 242
19 = yllzo@w) < ijl Clly = (Bj - +6) 12wy < COLA(L+D)(v + b4 + €| W].).
By (6.5) and the fact that Z?Zl n; =1, 2?:1 Vn; = 0 we derive

Vy(x) = Vi(x) = Zjl (ni(2)(Vy(z) — Bj) + (y(z) — (Rj + ;) @ V(z)).

Therefore, by (5.39)(i)(ii) for p = 2 we get

) 4 _ 1 = _
199 =Vl < €3, (190 = Rilwy + gl = (Bs 423l
< OO (v + 02+ | WL),

where we used that d, < Cd,. Finally, in the case that Ay = 0 in W° we obtain
by (5.39)(i)(ii) for p = 4 and (5.41)

. 4 _ Y1+ 9) = _
195 = Vyltaan <€D (IVy = Rillbswy + ==y = (B - +8) 320

< CC264+ CC2O(1+ 0)2(y + 64 + €| W)

7 SBD-rigidity up to small sets

In this section we prove a slightly weaker version of the rigidity estimate given in

Theorem 2.1 and postpone the proof of the general version to the next section.
Recall definition (2.1).

Theorem 7.1 Let Q C R? open, bounded with Lipschitz boundary. Let M > 0
and 0 < n,p,h, < 1. Let q € N sufficiently large. Then there are constants
Cy = Ci (2, M,n), Cy = Co(2, M,n, p, hs,q) and a universal constant ¢ > 0 such
that the following holds for € > 0 small enough:

For each y € SBVy(Q) with H'(J,) < M and [, dist*(Vy, SO(2)) < Me, there
is a set Q, € prq_l, § >0, with Q, C Q, |\ Q, < Cip, a modification
7 € H'(Q)NSBVar(Q,) with ly=3,)+199= V3200, < Crep, apartition
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(P); of Qy and for each P; a corresponding rigid motion R; x + ¢;, R; € SO(2)
and ¢; € R?, such that the function u : Q — R? defined by

(1) — (R, ) P
ul(z) = y(z) — (R v + &) for x € P, (7.1)
0 else
satisfies
(@) 1« < 1+ Cih)H (T) + Cip, (i) |lullfzgq,) < Coe, -

(i) S Ne(RIVu)any < Coz, (i0) [Vullfaga,) < o'

We divide the proof into three steps. We begin with a version where the least
crack length is almost of macroscopic size. Afterwards, we assume that the jump
set consists only of a finite number of cracks of arbitrary size. Finally, we treat
the general case applying a suitable approximation argument.

In what follows, constants indicated by C; only depend on M, n, ). Generic
constants C' may additionally depend on h,. All constants do not depend on p
and g unless stated otherwise. As we will eventually let h, ~ p in Section 8§, it is
essential that the constant in (7.2)(i) does not depend on h,.

7.1 Step 1: Deformations with least crack length

We first treat the case that the least crack length is almost of macroscopic size.

Theorem 7.2 Theorem 7.1 holds under the additional assumption that there is
an §y C 0, Q, € V5,1 for some s > p?tes such that y € HY(Q,), |Q]l. <
(14 Chh)H (J,) + Cip and |Q\ Q| < Cip for a constant Cy = C1 (2, M, 7).

Proof. Let y € H'(,) be given. Let p and define o = p? for some ¢ € N,
q > 2 large enough to be specified in the proof of Theorem 2.1 (see Section 8).
Assume without restriction p~! € N large. We apply Theorem 3.11 and consider
the harmonic part w of y satisfying

IVy = V||
IVy = V]|

< Clldist(Vy, SO@) 4, g, < Ce.

2
L2(Sy
4 (7.3)
L4 (Sy

In the last inequality we used ||Vy|looc < M. Let k = gp~! = p?~!. Apply Lemma
5.2 on ,NQ* for the function w and € = ép~'e, m = p, where ¢ > 0 is sufficiently
large. (Possibly passing to a smaller s we can assume that ket <s< k= pi~t)
We find a set W C Q3% W € ViTsy,y such that

Wl < (14 Cap)l[ €yl + Ce'e < (14 Cip) [l +p (7.4)

23



by (5.3) and |(Q, \W)NQ*| < C1k < Cyp. (Here and in the following we choose
the constant ¢ = ¢(h,) always larger then the constant C.) Moreover, there are
mappings Ry : We — SO(2),i=1,...,4, which are constant on the connected
components of Q¥(p) NW°, p € I¥(2), such that by (5.4)(i) fori=1,...,4

IVy — RillJ2w) < Ce + C||Vw — Ril[72yy < Cl*e < Ce'7, (7.5)

where | = ks™' < Ce™ . Moreover, as ¥ = 1°C2 st < C(p)s 0 < C(p)e'~i7 <
1 for n, e small enough (recall (5.1)) we also get

IVy = Rill1sqw) < Ce + ClIVw = Ryl s < Ce (7.6)
by (5.4)(ii). Now we apply Corollary 5.7 on W C Q3% for k = p?=!, A = 3y,

m = 3p and € = ép~'e. We obtain a set 2, € V3" with Q, C Q%% |Q,\ Q,| =0
such that by (5.13), (7.4) and (7.6) we find

1]l < 1+ Cip) W]l + Ce e < (1+ Crh)H (J)) + Cip (T.7)

and |(€, \ Q,) N Q| < C1k. This together with the assumption |Q\ Q| < Cip
and the fact that |Q\ Q%% < C(Q)k yields |2\ Q,| < C1p. Moreover, there is a
set QFf € V* with H*(Q,) € Q@ and mappings R; : Q@ — SO(2), ¢; : @ — R?
being constant on Q?Q(p), p E [jg(ﬂ?’k), and an extension § € SBVy(Q],R?)
such that by (5.57)(ii) we derive

15 = (Rj - +¢)T2p) < C*p7*Cyle + e[ W) < Cp*~°Cpe (7.8)

where €, = C'= is the constant defined in (5.1). Here we used that each x € W' is
contained in at most ~ p~? different neighborhoods N(Q) considered in Corollary
5.7. Moreover, the constant ¢ was absorbed in C. Similarly, recalling ¥ < 1 we
get by (5.39)(iii),(iv), (5.57)(i) and (7.5), (7.6)
IVg — Rj“%zmg) + 1R, — Rj2||%2(951) < Cp?Clet™,
IVg — Rj”i%ﬂ{f) + 1R, — Rjg”i%%f) < Cp~°Cle, (7.9)
H(le ) +EJ1) - (Rjz ) +5j2)”%2(95) < Cp2q730§€’
forj=1,....,4and 1 < ji, 75, < 4.
Denote the connected components of (Q[7)° € U by (P/"); and define P; =

PHNQ,. Let J; C I9(9) be the index set such that Q¢(p) C PH for all p € J;.
We now estimate the variation of the rigid motions defined on these squares. Let

Q1 = Q%(p1), Q2 = Q°(p») for p1, pa € J; such that QN Qy # 0. Let R, = ]:24‘@
and ¢; = ¢4, for ¢ = 1,2. Then we find some j = 1,...,4 such that R; is

constant on @ U @y and thus ¢®|Ry — Ro? < CY |R; — Rt||’L’p(Q1UQ2) for
p = 2,4. Using the arguments in (3.16) and (3.17) we get

0'|Ry — Ro*+[|(R1 — Ry) - +c1 — call22(0,000)

_ (7.10)
<O IR - +E) = (R +6) agyuan:
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Consequently, considering chains as in (3.14) and (3.18), respectively, following
the arguments in the proof of Lemma 3.14 and (3.18) and recalling Remark
3.15(ii), we obtain R; € SO(2), ¢; € R? such that

9= (R ) 3o < Ol = (Ra - +20)Eagop
FOEY B4 = (R, ) e,
N9 = Rl g, < CIIV3 - B

HLp pH)

2p = B
oo lejmg 1, = RhHLp piy P= 2,4.

In the first estimate we used Holder’s inequality (cf. (3.18)). Summing over all
connected components, (7.8) and (7.9) implies

>l = (Re - ) agem) sc<p, Q).

(7.11)

Z Vg — R ||L4 PH) < C(p,q Z IV — R HL? PH) < C(p, ) -
for C(p,q) large enough. Defining u as in (7.1) (for § = y) and taking also
(7.7) into account, we immediately get (7.2)(i)(ii),(iv). Finally, (7.2)(iii) is a
consequence of the linearization formula (5.12) and (7.11). O

7.2 Step 2: Deformations with a finite number of cracks

We now prove a version where the crack set consists of a finite number of compo-
nents. We first assume that each crack is at least of atomistic size. The strategy
will be to establish an estimate of the form (7.5) and (7.6) by iterative modifica-
tion of y according to Lemma 6.1.

First, we introduce some notation and derive preliminary estimates. Let p >
0, set 0 = p? and assume without restriction p~! € N large. As before we assume
| dist(Vy, SO(2))]172(q) < Ce. Choose t! € N such that ¢ < p and set ¢; = /7.
By Remark 3.9(i) we can assume that T := t*71® < C;%t!® for z € N sufficiently
large (recall (5.1) for the definition of C;). Moreover, set Tj = T9+!. Let Q, C Q°
for some s > 0 be given. Let

B = (||Ql+ + Cup) D TR (1 + Ctth (7.12)

and B = lim;_, B; for a constant C, = C,(M,n,) > 1 to be specified below.
Furthermore, let P = ¢*(1 + p~'B) for ¢ = é(h,) sufficiently large. Set sy = ke
for sufﬁciently large, let €9 = ¢*p~'e and subsequently define €;, = PTj_1
We set r = w = for notational convenience and for 7 > 0 we define

d; = {min{(?y,g*W}J, (7.13)

J
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where s; = SOHg;é d;. In accordance with Sections 5, 6 we also define

L=dit2 N =sdits", k= sl (7.14)

7%F 775

As noted before, d; describes the increase of the minimal distance of different
cracks and PT]-_1 will be the factor of energy increase. Below we will show that
indeed d; > 1 for all 0 < j < J*, where

J* = [logy ., (logre®)) + %1

One of the main reasons why the iterative apphcatlon of Lemma 6.1 works is the
fact that d; increases much faster than PT . We define the quotient g; := P;l,_
and observe go = @l = TP~ (soe ) for e sufficiently small. Recalling (7. 12)
and the definition 30 = ke, g = ¢*p~'e we can first choose T' = T'(p, h,) so small

and then k = k(T p, hy, 2) so large that
QT >T2>T"1>¢pP?> 1 (7.15)

for z € N to be specified below. For the third inequality we used the fact that
P < C for some C' = C(C\, p, hy, M) independent of T. We find

g; =T/ (goT"/") (7.16)

for j < J, where J € N is the largest index such that < e % forall j < J.

Indeed, we first note that the formula is trivial for j = 0 Assume (7.16) holds
for 7 < J— 1, then we compute

_ Ty (spmaN _ Ty g osidy N G s\t G4 LT,
=5 () =5 () =75 (0) -2 Ty
P P \PT; P \g P

€j+1

which gives (7.16) for j + 1, as desired. In partlcular taking (7.15) into account,
(7.16) implies ¢; > 1 and thus d; = quT > 1forallj < .J. For J < j < J* we
get d; = 7. In fact, using (7. 15) and ¢y < ¢*t~'e we observe for C sufficiently
large

€; = el L (PT; 1) < & 2Tl ) (T~ T —3) < & 2¢ T30+’

7.17
]2 _ EO(T—logT_la*“’) =c. O(E_w) ( )

S gT—C—[logur(lOgTEw)
— ¢7%, then dj =¢e™*,
PTj_1 = o(e™) (see (7.17)) and thus Z—:: = P%__sfgj > ¢~r. This then implies
d; = e~ for all J < g < J%

We introduce 9; = s;"¢;17C} (vecall definition (5.1) and I; = d;t;%) and close
the preparations by showing that

for e = 0 for all 1 < 5 < J*. Consequently, if i—j > e

V; < ——T; for 0 <5< J" 7.18
)< Ty for 05 (718)
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This particularly implies ©; < 1 for all j as €; > ¢ for all j. By (7.13)-(7.16) we
obtain

S

s;j>e€e 2 or s = e]dl/T > e]qjl/r > ¢ T~ FOEr) > ejT_g(j+1)2. (7.19)

for all 0 < j < J*. The last step holds for z € N sufficiently large as lim;_,, S(14
) (9(j 4+ 1)2)"! = co. Similarly as in (7.17) we see that T-20+D* = o(e7%) for
j < J*ase— 0. Since e = o(e~ g),weﬁndsj > ;T 9(j+1)? fora110<j < J*.

Therefore, we derive by (7.13), (7.15), the first line of (7.17) and r = &

w\»—-
w\w

~ _ A i R —— A
; 027}3§0260T4(]+1)T}3§02607}

ﬁj€j+1 = Sglﬁjd?t;18cti_ ijji1€ S 8
for all 0 < 5 < J*, as desired. In the second step we used C’fjt;ls < Tj’1 and

P< Tj_l. Recall the definition of k and kg above (see (7.14) and (7.15)).

Theorem 7.3 Theorem 7.1 holds under the additional assumption that there 18
an Q, € O, Q, € Vi for some s > ke, such thaty € H'(S,), 1€ 1.

(1+ Crh)H(J, ) + Cip and |Q\ Q| < Cip for a constant Cy = C1(Q, M, 7]).

Proof. Let y € H'(Q,) be given. If s > €% we can apply Theorem 7.2, so it
suffices to consider s < 8. Recall sy = ke for some x = k(T, p, hs,Z) > 1 and
assume s > so. The strategy is to apply Lemma 6.1 iteratively. Set Wy = W% =
Wi =Q, ¢ Vi, and yo = y. Recall ¢ = ¢?p~'e and define

PEO

A2 ) HL4(Q ) — 62 :

Y0 1= || dist(Vyo, SO2))|225,, < CEF a0 1= || dist(Vyo, SO(2))

In the last inequality we used || Vy|lsc < M. Recall (7.14). Set §; = s;i% for j > 0
and §_; = s, where t; = Cy(t;, h.) (see (5.1)). Assume W, € Vsj_l Wi e V,jj are
given with W, W/ c Q%% |W; \ W/ ,| = 0 and 1, \ ;| < 01 S™77 0 ki, where
weset k_j = s. Recall that |W \WH| < Cikj_y and [W/T\ HY—1(W;)| = 0, where
Aoy = 0. Set ;= [H= (W)l and 82 = [|W, . — || 5= (W lls- Moreover,
suppose there is a function y; € H 1(VV]-H ) with

v =l diSt(Vyja50(2))”%2(%11), aj = || diSt(Vyj,SOQ))HquJH)
such that for 7 > 1
(i) B;+ 8] < (1+Citj1)B1+Ce; iy < B,
v < CT it (o1 +€-1B51) < E7Mopey,

a; < C¥j_yy; < CeTyy,

)
)
(iv) || dist(Vy;, SO@) oy < CVjm1, (7.20)
)
)

1Vy; — Vy;- 1||L4 < CeTy 1,
Vy; — Vyj—l”p(wj) < OT (15 -1+ €-18-1) < Clj e
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Setting ¥_; = 1 and t_; = 1, we note that, provided ¢ is sufficiently large, in
the case j = 0 (iii),(iv) are clearly satisfied for yy = y and (i),(ii) hold neglecting
the second terms. We now construct yJH, Win € Vsj L, with Wy C QOk; |
(Wi \ WH| =0 and [Q, \ W] < C1 Y7o k; as well as Wi, € Vo

First we apply Theorem 3.11 and let w] 6 H'(W!) be the harmonic part of
y; such that similarly as in (7.3)

IVy; = Vwillfagym < Cvi VY = Vsl gagyn < Cay (7.21)

and so in particular || dis.t(ij,SO(Q))HL2 wi) < Cvj. Recall W/ € V:j, W; C
Q%%i-1 and note Q% C Q6%-1. Then apply Lemma 5.2 with s =5, k =k; = s]lj,
m=t; =t e=¢, U=W'NQ%, y=w; and obtain a set WH € V(S )
such that

) 4 - ] 4 ~
04 1= Zi:l IVw; = Bill sy < €O, 02:= Zi:l IVw; — Ri”i2(WJH) < Cljy

for mappings R; : (ﬁ@ﬂ)o — SO(2), i = 1,...,4, which are constant on the
connected components of QF(p) N (WH)°, p € IF(QF). We now use Lemma 6.1
withm =1t;, s=s;,e=¢;,d=d;, W = VT/jH, y = w; and show (7.20) for j + 1.
First, we obtain W,y € Vi, C V., with Wi € Q% [ \ Wf| =0,
(WA W) N Q% | < Chyl|Wypalle and WL € Vgt C V! with [\
HY(Wia)] = 0 and [Wjq \ W, +1| < Cik;. Recall ||W]H||* < (L + City)B; by
(6.4). Thus, we have

IWitille < L+ Cut))[WH L+ Ce;t (v + 957;) < (1+ City) B+ Ce; 'y
(7.22)

by (5.3), (6 1) and the fact that ¥; <1 (see (7.18)). Moreover, we get a function
Yj41 € H'(W/,) with (see (6.2), (6.3))

(1) | dist(Vy;i1, 50(2))\@2(‘4/]11) < CCF (5 + €85),

(1) [|Vw; — Vyj+1||%2(wj+1) < CCEJ- (v + 14% + €535, (7.23)

(i) [IVw; = Vyillzagw,.,) < CCLI; (v + ¢;8), '
) [ dist(Vy;11,S0(2)) |7 wiy < OV,

(1w

where we again used that ¢; < 1. The first inequality in (7.20)(ii) follows directly
noting that 7} 1t > 02 and for the second inequality we use (7.20)(i),(ii) for
iteration step j as well as (7.12) to see

CT; (s +€;8;) < CT; ' pej(1+p™ ' By) < pe™ ' PTj ey = ¢ pejyn,  (7.24)
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where we choose ¢ sufficiently large. Likewise, (7.20)(i) follows by (7.22), the fact
that [[Wjiall« = B + 6;‘1+1 and

B+ By < (1 + City)Bj + ptjy
< (121l + Cup) - It - g (1 + Cut™") + pt!
< (1Ml + Cup) - S0t - g (1 + Cut'™) = By

Here we have again chosen ¢ and C, large enough (with respect to C' and Cf,
respectively). This also implies |(W; \ Wjy1) N Q%[ < Ck; by (7.20)(i) and thus
(€, \ Wil < O30k + [\ Q%] < O

Estimate (7.20)(iv) follows from (7.23)(iv). The first inequality in (7.20)(iii)
is a consequence of (7.20)(iv), the second inequality is implied by the fact that
e = ¢ %peg, (7.20)(ii) and (7.18). Moreover, (7.20)(v) follows from (7.20)(iii),
(7.21), (7.23)(iii) and the fact that J;C7 (v; + ¢;8;) < ¥;pej1 < CeTy by (7.18)
and (7.24). Similarly, (7.20)(vi) follows from (7.23)(ii), (7.21) and (7.24).

We now choose j* € N such that

e > 55 > M, e < Ce' T (7.25)

holds for e sufficiently small. The first inequality is possible by (7.13) and we
obtain j* < J* = [log,,,(logye¥)) + =]. Indeed, by (7.19) and the fact that
Z>1wegets; >c re; =ce 3¢ for j > [log,,,(logre®))] and therefore J <
[log,,(logre¥))]. The second inequality can be derived arguing as in (7.17).
Similarly, proceeding as in (7.17) we have tj_*? = o(e7¥) for ¢ — 0 and thus
kj- = sj*dj*tji? = o(g¥). This implies Q%% > Q¢ for & small enough. We let

v =y, WH=wInoe, W*:ﬂjzowmm

It is not hard to see that \Qy \ W, <y f;o ki <Cp. As §; = sjt? is increasing
in j (note that d; > 7%_2 for all j, see e.g. (7.19)), we find W, € V%,

The strategy is now to establish an estimate of the form (7.5) and (7.6).
Observe that s;« > e%, i.e. for the function y, € H' (W) we may proceed as in
Theorem 7.2 (replacing s by s;+). Similarly as in (7.3), we apply Theorem 3.11
and let w, be the harmonic part of y, with

n

va* - vy*”%Q(Wﬁ) < 051_2’ ||Vw* - vy*”i‘l(wf) < CeT”". (7'26)
by (7.20), (7.25) and w < Z. Apply Lemma 5.2 on W} C Q¢ for the function w,
and k= pi~' = pp~!, s =% e = ¢p~ el 2, m = p. (Without restriction we can

assume s~' € N.) We find a set W c Q% WH € V;;"™ such that

IWH|.. < (L+ Cip) W, + Ccpet el =2 < |WH|, + Cip (7.27)
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by (5.3) as well as |[WH\ WH| < |[((WHE\ WH)n Q*| + Cik < C1k < Cyp.
Moreover, there are mappings R; (W) — SO(2), i = 1,...,4, which are
constant on the connected components of Q¥(p) N (W), p € IF(Q), such that
by (5.4)(i) and (7.26)

IVy. = Rillfaqwm < ClIVw, = Ril|3aqym + CeT?" < CYe' ™% + Ce < Ck,

where similarly as before equation (7.6) we compute (recall (7.25) and w = &)
0 < Clp,q)s 0% < C(p, q)e4%el= = C(p, q)e' 5" < £3 for £, small enough.

Likewise, we derive

n
2

IVy. = Rill 2y < ClVw, = Rillfagyny + Ce' ™2 S C(L+11)e' 72 < O
as | = % < (Oe ¥ < 7%,

We now will construct a set W € fojgk which is contained in WH# N W, N
O3k € V% where the two sets coincide up to a set of measure smaller than C|p.
(Similarly as before the difference of the sets is related to the definition of the
boundary components.) Before we give the exact definition of W and establish
an estimate of the form (7.4), we first observe |Q, \ W| < Cyp arguing as before
and derive estimates similar to (7.5) and (7.6).

We iteratively apply (7.20)(v) and derive for i =1,...,4

-k

A J 1 4 A
IVy = Billtay < C( X ET)t) + ClIVy = Rillfagy, < Ce. (7.28)

Likewise, observe that by (7.13), (7.14) and (7.25) we have Ij_j¢; < lje; =
dit=80HDe; < emWel=wT; < 71T We derive by (7.20)(vi)

Iy — il <051—"(Zﬁ T%>2+C||Vy — RilZa < O
illL2(w) = =1t * vlLz2(w) =

fori=1,...,4.

It remains to give the exact definition of W € V5%, and to establish ||[W||, <
(14 Ch)H (J,) + Cp. Recall Wy = Q, and define Wj.,, := W for notational
convenience. We now define W inductively.

Let Yy = Y] = Yy = Wy. Assume Y; € V* and Y] € V,f;’, Y] € V% are given
with [V \ Y| + [Y/AY]| =0, |Y;\ Y]] < Cik;—1 and

-1
max{[|Y] ||, [/} < Y5l < [[Wjlls + Zizl B,

where Y” has the property that all components not intersecting 0H AJ'—l(VVj)
coincide with components of ¥/ and the set (X,(H*~(W}))), of components
of H%-1(W;) is a subset of the components of Y;".  Moreover, suppose that
Y7\ Mo Wil = 0 and [ o Wi \ Y]] < 310 ke
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We now pass to step j+1. Let X1(Wjy1),..., Xy, (Wjt1) be the components
of Wj;1 and define

Mj+1 Tj+1 B
Vi = (Y]'\ Ut; Xi(Wjia)) U Ut:z OXi(Wj) € V™.

First observe that Yji; satisfies |Yj41 \ (Y20 Wil = 0 and |23 Wi \ Y| <

1

S0 ki As (Wi \WH| = 0, we obtain {2} X;(W;41) D U, X(W) and then

by the fact that [W/\ -1 (W5)] = 0 we get Up* Xo(W521) > U, X (91 ().
As by hypothesis the components of H*-1(W;) are also components of Y/, we
derive recalling 8¢ = ||W;||. — [|[HY=1(W;)]|. and B¢ =0
, J
1Yl < Y e+ Wil = NEY= (Wil = Wil + Y B

Observe that possibly Yj;; ¢ V3 . However, by Lemma 4.2(ii) we find a set
Y/, € V% with Y41\ Y], | < Cikj and ||V, ][« < ||Yj41]l«. Here we essentially
used the rectangular shape of the boundary components given by (5.56) and
(5.6), respectively. Then it is elementary to see that Y/, € Vg, C Vi
and |20 Wi\ Yigl < S ki Moreover, if j + 1 < j* we let Yi, =
(Y/ 1 MHY (Wj41)) UOH (W) and observe that Y/, | has the desired proper-
ties. In fact, ||Y},[l« < [|Yjs1]l« follows as before. Components not intersecting
OH™ (Wj41) are clearly components of Y/, ,. Finally, by definition components
of HY(W;41) are also components of Y} ;. A

We finally define W = Y., N Q% e Vi, By (7.12) and (7.20)(i),(ii) we
have

B < By — Bi+Oit' iy + Ce\vion < By — Bi+ Cit' B+ pt'™!

fori=1,...,5* Recalling By = ||+, W . < (1+Cit;+)B;- and using (7.12),
(7.27) as well as t < p we conclude

7 i i—
Wl < I esalle < IWHL A+ (Bior = Bi+ Cot' B+ pt' ™)
< |WH|l. = Bj= + Bo + C1pB + Cip < Cip + ||Qy |l + C1pB + Cip
< (L+ Cp)lI s + Crp < (1+ Crh)H! (Jy) + Cip,

as derided.

We now proceed as in the proof of Theorem 7.2 after equation (7.6) with the
only difference that we take §, instead of s ~ €% in the application of Corollary
5.7. However, this does not change the analysis. This leads to a set Q, € Vo™
with , € Q%% and |2\ Q,| < Cip for k = p?~',m = 3p for which (7.2) can be
established. OJ

We now additionally treat the subatomistic regime by dropping the assump-
tion s > ke.
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Theorem 7.4 Theorem 7.1 holds under the additional assumption that there 18
an Q, C O, Q, € Ve for some 0 < s < € such that y € H'(Q,), 1€, 1.
(1+ C’lh )Hl(J ) + Cyp and |Q\ Q| < Cip for a constant Cy = C1(Q, M, 77)

Proof. Let again p~! € N, sg = ke and recall || dist(Vy,SO(Q))HL2 o < Ce. As
Kk > 1 was chosen in dependence of T" and T" = T'(p, h.) (see (7. 15)), we can
suppose k = r(p, hy). Applying Lemma 5.3 for s, k = p~2ke, m = p and € =
p2ke, U = Q,NQF there is a set W C Q3 with W € Vs, |Q, \W| < Cik < C’lp

for € small enough and
Wl < (1€ [l + Ce™le < 1|1 + p.

The last inequality holds by choosing r larger than C. Moreover, there are
mappings R; : %% — SO(2), i = 1,...,4, which are constant on Q¥(q) N W,
q € IF(QF), such that

IVy — Rill 72wy < Ce + Cep k||l < Cp~ke.

Clearly, we also get |[Vy — R; 1 Zaqwy < Cp~ ke as ||Vylloo < M. Then we apply
Lemma 6.1 for k = p~2so, V—so,m—pande—cp ﬁetogetsetsUEVnk
and U € Vv, with U,UH Cc QS |[U\W|=0, |[U¥\ H=(U)| =0 and

U]l < (14 Cip) W]l + Ce ' p2re < |||l + Cap

as well as [W\U| < Cik < Cyp for € small enough. Moreover, we find a function
§ € HY(U") such that by (6.2)
(i) 11 dist(V5, SO@)|[Eapm, < CC2p™ ke + p e[ W) < CC2p e,

(i) || dist (V5. SO@)|[3 iy < CCE.

(iid) |[Vy = VilZen < CCop7 ke,  |[Vy = Vil Lawn < CChp~ ke,
where the second part of (iii) follows from (ii). Note that this also implies
| dist(Vy, SO(2))HL4(UH < CC8p~3ke. Setting Wy = U, W' = U", y =g
we can now follow the proof of Theorem 7.3 beginning with (7.20) with the es-

sential difference that we have to replace € by C’C’Sp*?’/is. We then obtain the
desired result for a possibly larger constant Cy in (7.2). O

7.3 Step 3: General case

We are now in a position to prove the general version of Theorem 7.1.

Proof of Theorem 7.1. Let y € SBVy(Q) N L*(Q) be given and let p > 0. It
suffices to find a set Q € V¥, s > 0, and a function § € H'(Q) with 191l ooy +
IVl ooy < ¢M for a universal constant ¢ > 0 such that

[\ Q< Cip, Qs < 1+ Crh)HN () + Cup,

; ) (7.29)
ly = 9l720) + 1VY = Vill72 0, < Cicp.
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Then the result follows from Theorem 7.4 applied on the function g. (Accordingly,
replace M by c¢M in all estimates.) Note that we cannot just apply density
results for SBV functions (see [12]) since in general such approximations do not
preserve an L bound for the derivative. The problem may be bypassed by
construction of a different approximation (see [7] and [22]) at the cost of a non
exact approximation of the jump set which, however, suffices for our purposes.

Let p = ep. Recall that J, is rectifiable (see [2, Section 2.9] ), i.e. there is a
countable union of C* curves (I';);en such that H*(J, \ U, ;) = 0. Covering J,
with small balls and applying Besicovitch’s covering theorem (see [18, Corollary
1, p. 35]) we find finitely many closed, pairwise disjoint balls B; = B, (z;),
j =1,...,n with r; < p such that H'(J, \ U;L:1 B;) < p. Moreover, we get
H'(J, N B;) > 2(1 — p)r; and for each B; we find a C* curve T, such that
I;, N B; is connected and H'((T;,AJy) N B;) < 2ur; < ﬁ?—[l(efy N B;). For a
detailed proof we refer to [7, Theorem 2.

We choose rectangles R; with [0R;|« < 2v/2r; such that H'(I;, N (B;\ R;)) =
0 and |OR;|o < H'(I;, N B;). We then obtain

Z \8R1m<ZH (I;, N B;)

_r 1
__@+1 M)Z:H(JHB) (14 Cu ) HA ()
and likewise Z |OR;|% < C1H'(J,). Choose rectangles Q); with R; CC Q; such
that [0Q;|. < (1 + 1)|0R;|, and

2! ( U 20;n Jy) —0. (7.30)

As before it is not hard to see that R;, \ Rj, is connected for 1 < ji,js < n.
The rectangles (Q);); can be chosen in a way such that they fulfill the same
property. Possibly replacing the rectangles by infinitesimally larger rectangles we
can assume that there is some s > 0 such that R;,Q; € U*® for j = 1,...,n.
Then by Lemma 4.2(i) we find sets W,V € VI with [VA(Q?\ U, R;)| = 0 and
WA\ U; Q)] = 0. Note that W° CC V° and [\ W[ < Cip. It is not
restrictive to assume that corners of R;, ); do not coincide and thus W°, V° are
Lipschitz domains. We get (recall Lemma 3.2)

Wik < (14 p) Z]. OR;]« < (1+ Cip+ Cih)H (). (7.31)

Moreover, as H'(J, \ U_, B;) < i we get
AU Ry < it (U 400 (85 \ By)
§y+H%U;PwM&\&»+H%UF( AJ)N )

1

<p+ HHI(Jy) < Cip, (7.32)
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where in the last step we have used H'(T;, N (B; \ R;)) = 0. We now show that
there is a function g € SBV(W?) with ||y — QH%Q(W) +||Vy — VQH%Q(W) < Ciep
such that |Vy|le < ¢M and J; is a finite union of closed segments satisfying
H(J;) < Cip < Cip. We apply a result by Chambolle obtained in [7] in an
SBD-setting and rather cite the result as repeating the arguments. Therefore,
we first obtain a control only over the symmetric part of the gradient. To derive
the desired result we repeat the arguments for the function v = (y2,y') instead
of y = (y',4?) to control also the skew part.
We define
By W) = | V(e(Vy) + #0010

and E.(y,W°) = E(y, W°) + ¢H'(J, N W°), where V(A) := 5 [, (§TA)? d¢
for A € R*?2. As y € SBVy(W°) N L*(W°) with E(y,W°) < +oc and W°
has Lipschitz boundary, by [7, Theorem 1] we find a sequence y,, € SBD(W°) N
L2(W°) with ||y, —yl|2(we) — 0 such that .J,, is a finite union of closed segments
and

limsup E(yn, W°) < E.(y, W°) < E(y, W°) + Cipp
n—oo

(7.33)
< [ Viewa) + Cu

In the second and third step we used (7.32). The proof is based on a discretization
argument. Consequently, as a preparation an extension 3’ to some set W’ 5D W°
with E(y',W’') < E(y,W°) + ¢ for arbitrary § > 0 had to be constructed (see
[7, Lemma 3.2]). In our framework we can choose ¢y = y due to W° CC V° and
(7.30). Moreover, ||y, |lco < ||¥]|oo holds. Although not stated explicitly in the the-
orem, the approximations satisfy ||V, ||rewey < | VY| Leowry < | VY| zeory <
cM. (For a precise argument see the proof of [8, Theorem 3.1}, where a similar
construction is used.) Strictly speaking, the theorem only states that .J,, is es-
sentially closed and contained in a finite union of closed segments. However, the
proof shows that up to an infinitesimal perturbation of y, (do not set y, = 0 on
a ‘jump square’, but y, = ¢ for ¢ ~ 0) the desired property can be achieved.

By [7, Lemma 5.1] we obtain weak convergence e(Vy,,) — ¢(Vy) in L*(W°) up
to a not relabeled subsequence. Together with the lower semicontinuity results
Joe V(e(Vy)) < liminf, o0 [0 V(e(Vyn)) and H'(J,) < liminf, o H'(Jy,)
(see [7, Lemma 5.1]) we find by (7.33)

/ V(e(Vy)) < limsup / V(e(Vy) < / V(e(Vy) + o

n—o0
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Consequently, by weak convergence we obtain

i sup (V) — e(V9) gy < climsup [ VeV = V)

n—o0 n—o0

< clim sup (/ ] V(e(Vy,)) — / ) V(e(Vy)))

n—0o0

< Cip = Chep.

Then by (7.33) we also get limsup,,_,. H'(J,,) < Cip < Cip. We now repeat
the argument for v = (y?,y') instead of y and observe that by construction the
approximations can be chosen as v, = (y2,y.). We find that y, € SBV(W°) and
limsup,_, [|Vyn — VyH%Q(WO) < Ciep. Now choose n large enough such that
7 =y, satisfies

1y = 9l 72qwe) + IVY = Vil Z2qpey < Crep,  H'(Jy) < Cip

for Cy > 0 large enough. Choose a finite number of closed segments (S;);" such
that J; N W° c U, S; and H(|J,; S;) < Cip. For s > 0 small choose T; € U*
as the smallest rectangle with S; C T;. Then by Lemma 4.2(i) we obtain a set
1 € V? with

QAW \ szl T,.)| = 0.

Observe that for s sufficiently small we obtain |||, < ||[W||,+Cipand [W\Q| <
C1p. This together with (7.31) gives the two first parts of (7.29). Finally, define

the function g € H'(Q) by § = |g and observe that § satisfies (7.29). O

8 Proof of the main SBD-rigidity result

This last section is devoted to the proof of the main SBD-rigidity result. We start
with some preparations and then split up the proof into two steps concerning a
suitable construction of the jump set and the definition of an extension. As
before constants indicated by C only depend on M, 7, 2 and all constants do not
depend on p and ¢ unless stated otherwise.

Let y € SBVy(Q) N L*(Q) be given and let p > 0, ¢ = p? for ¢ € N to
be specified below. Set k = p?~' and m = p. Recall the definition Q, = {z €
Q : dist(z,09) > Cp}. We apply Theorem 7.1 and obtain a set 2, C €2, with
Q, € V5 for s sufficiently small and |2\ ©,| < Cyp such that (7.2) holds for a
modification § € H' () N SBVen(Qy) with [y — §ll72q,) + VY = VT2, <
Ciep. Recall from the proof of Theorem 7.2 and Corollary 5.7 that there is a set
Qf € Vf,f with Qp C Qf and an extension g : Qf — R? of g satisfying (5.58)
and estimates of the form (5.57).

We first construct a modification of Qf and appropriate Jordan curves which
separate the connected components. For a (closed) Jordan curve v we denote by
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int(7y) the interior of the curve. As connected components may be not simply
connected we further introduce a generalization: We say a curve v = vy U U;n:ﬂj
is a generalized Jordan curve if it consists of pairwise disjoint Jordan curves
Yo - -+, Ym With ; € int(yy) for j = 1,...,m. We define the interior of v by

int(y) = int(yo) \ UjZ, int(7;)-

Lemma 8.1 Let p >0, M >0 and g € N. There is a constant C; = C1A(M) >0
such that for all Qf € Vf,f as gwen above we find Q@ C Q, with H*(92) < Cy,
|7\ Q| < Cip and a set S € Q,\ Q such that

(i) H'(S) < ][l + Cp,

(i) for all P, there is a generalized Jordan curve v in S'U OS2, such that
int(y) N Q = P, where (P;); denote the connected components of 2,

(iii) int(y) NQ # O for all Jordan curves y in S U dQ,,
(iv) dist(z,S) < Cip?2 for all z € Q, \ €,
(v) (SUIN,) N X,(Q) is connected for all components X,(Q) of Q,\ Q.

Proof. In contrast to the previous sections, where it was essential to avoid the
combination of different cracks, we now combine boundary components: Choose
a set QU € V3 satisfying Qf ¢ Qlf |Q\ Qlf| = 0 and T, Q) N ) =0
for j # 1. Clearly, by (7.7) and (5.36) we have H'(€2}1) §A’H1(Qf) < (.

Letting Y7, ..., Y;, be the connected components of Q}f satisfying [0Y]|s <
pi=% for j = 1,...,m we define Q = QI \ UL, Yj. As [0Y)e < p?72 for j =
1,...,m, the iso~perimetric inequality implies |[J;Z, V;| < C1Pq72||Qf||H < Cip
and thus [Q]\ Q] < Cyp.

Let Z C Q,\Q be the largest set in 4*" " such that diste, (z, 9Q\90Q,) > p?~2

for all z € Z and define Q = QU Z. (Observe that Z is typically not connected.)
It is not hard to see that

dist(z,9Q \ 9Q,) < C1p?~2 forall z e Q,\ Q. (8.1)

Moreover, we get |2\ Q| < Cyp and H'(Q) < Cy. In fact, for each connected
component Z* of Z we find boundary components (X = X;(Q))); and (Y}); such
that 0Z° C UjY;U U]?f and thus by [0X}|o < ¢p?™!, [0Y]|o < p?? we obtain
023 < C1(3; [0X 3 + 32, 10Y] |3). We recall H'(Q]F) < Cy and observe that
for differf%nt components Z", 7' one has (|, X]’ZIUUJ;YJ.“)O(Uj X;2UUj Y2) = 0.

Let Py, ..., P, be the connected components of €2 and define F(P;) = {X; =

X;Qf) YJHE # 0}. (Here it is essential that we take the components of Q')
By Z; € U we denote the smallest rectangle containing Xj.
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(I) As a preparation we consider the special case that there is only one con-
nected component P;. Moreover, we first suppose that Q, \Q consists of one
connected component only. We can choose a set S in J 2,7 (Py) Z consisting of

segments such that SU (99, \ Q) is connected,
H(S) < (1+Cip) Y IDjloe < (14 Cip) Y

and dist(z, S) < Cyp?2 for all z € OP \ 092, for a sufficiently large constant.
Indeed, a set with the desired properties can be constructed in the following way.
By the definition of | - |, we first see that we can choose a piecewise affine Jordan
curve 7y in UXjeJ-‘(ﬁﬁ)Z' U 09, such that P, C int(y) and Sy := v N Q7 satisfies
H(S,) < ijeg(so) Tj|oo, where G(So) = {X; : X; NSy # 0}, (IfyNQS =0, we
let Sy = {po} for some point py € Q,\ Q.) Assume a connected set S; consisting
of segments has been constructed such that

HY(S) < ijegw,) 0|00 + Cilp?. (8.3)

Dl (82)

XjG.F(Pl) X]'G.F(pl

If dist(z, S;) < Cyp? 2 forallx € 8?1\8Qp, we stop. Otherwise, there is some y €
dP,\ 99, such that dist(y, S;) > C1p?2. By the definition of || it is elementary
to see that we can find a piecewise affine, continuous curve T, with Ty NS; # 0,
y € Trvr, #(G(Ti1) N G(S)) = 1 such that H'(Ti41) < Yo« cgem,,) |Tiloc- Then
using that [I(Q7)]e < 2v2-ck < Crp?™" and #(G(T141) N G(S))) = 1 we find
that (8.3) is satisfied for Sjyq := S; U Tj41.

After a finite number of iterations n € N we find that dist(y, S,) < Cyp? 2
for all y € 81[31 \ 09, and set S, = S,. Indeed, this follows from the fact that in
each iteration G(S;) increases and the assertion clearly holds if S; intersects all
boundary components since max; |I';(Q)]|oo < C1p971. As H(T}) > C1p? 2, it is
not hard to see that n < Cyp*~¢ >_x,er(py) Tjlos and thus (8.2) holds replacing
S by S,.

Observe that possibly S, U (09, \ Q) is not connected. Therefore, we choose
some point y in each connected component of 0, \ Q (which may be several if
€2, is not simply connected) and repeat the construction below (8.3) for each y.
We obtain a set S such that (8.2) still holds and S U (092, \Q) is connected.

If Q,\ Q) consists of several connected components Xt(Q), we repeat the
arguments on each component separately possibly starting with Sy = {p} for
some po € X;(€).

We see that (i),(v) are satisfied, (ii) holds with « and (iii) follows from the fact
that in the construction of the sets T; above we do not obtain additional ‘loops’.
Moreover, (iv) follows from the fact that each = € Q, \ Q satisfies dist(z,dP; \
09,) < C1p?? by (8.1).

(IT) We now consider an arbltrary number of connected components. Choose
Jordan curves 7' in Uy ¢ (p,) Z;U09, such that P; C int(7)NQ and H(v'NQ3) <
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>x,e(yi) [Tiloo- We first assume that P, = int(y") N Q, ie. int(y") does not
contain other components of Q, and treat the general case in (III). As the sets
(F(F;))iz, might be not disjoint, we have to combine the different curves in a
suitable way. Define G; = | X,eq(+i) Zj- It is not restrictive to assume that

U,<i<,, Gi is connected as otherwise we apply the following arguments on each
component separately. For B C R? we define

Int(B) = {x € R* : 3 Jordan curve 4’ in B : x € int(y")}.

It is not hard to see that we can order the sets (151)Z in a way such that for all
1 <1 < n we have J,.,.,Gi is connected and Int({J;«,; Gi) N P; = 0 for all
j > [. In fact, to see the second property, assume the first [ sets G1,...,G;
have already been chosen. Select some other component Pk, k > [, with corre-
sponding Gy. If the desired property is satisfied, we reorder and set G;11 = Gy,
otherwise we find some Py, k' > [,k # k, with corresponding G such that
Py C Int(|J,;<, Gi UGY). Possibly repeating this procedure we finally find a set
G4 such that Int(lJ, ;<41 Gi) N P, =0 forall j >1+1.

We now proceed iteratively. Set Sy = () and assume a connected set S; has
been constructed with

1 - q— 1
(a) H'(SNQ) < (1+Cip) Y Unsos Gl 0|+ Ci(1—1)p

(b) for all 1 <i <[ there is a Jordan curve v in S; such that int(v) N = P,
! ,
(¢) dist(z, S)) < Cyp?72 for all - € Ui:1 OP;\ 09, (8.4)

Let T};1 be the (unique) connected component of fy”l\Ul <i<; Gi such that Py C
Int(UKKl G UT4q). Now choose two segments Tz+17 j=1,2, with H( l+1) <
Chp?™ l+1 NS # 0, T}, N Ty # 0 such that Spi1 = S UT4 VUi T
satlsﬁes Pz+1 C Int(SlH) and

H' (S NQ,) < (1+Cip) Y 051 + Chlp® 1.

Xj€U1 << 9(int(v4))UG(Ti41)

By the order of the sets (]32)2 it is not hard to see that there is a Jordan curve
7 in S’l+1 with int(y) N Q = Pyy. Observe that dist(z, ™) < Cypt2 for all
x € dPy, \ 99, might not hold. Therefore, following the lines of (I) we choose
a (possibly not connected) set Ry, C int(7*!) such that such that S;.; =
Sl+1 U Rlﬂ is connected in each component of Q, \Q dist(x, Sj41) < Cyp?=2 for

all z € 9P, \ 09, and
H' (Riir) < (14 Cip) Y

o ara o File
X;€G(int(v'F))NG(S141)

Now it is not hard to see that (a)-(c) are satisfied for S, .
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After the last iteration step we define S, = S, N §2,. Observe that by con-
struction (see before (8.1)) each P, satisfies |0P,|o > p?~2. Thus n < Cp* % and
then we obtain H'(S.) < [|Q][l. + Cip since np?™! < Cip. Similarly as before,
S, U0Q, might not be connected in the components of €2, \ Q. Consequently, we
proceed as in (I) (see construction below (8.3)) to find a set S D S, such that (i)
still holds and S'U0€, is connected in the components of €2, \ Q). This gives (v).
Moreover, (b) implies (ii) and similarly as in (I) also (iii) holds. (Here we do not
have to consider generalized Jordan curves.) Finally, to see (iv) we use (c) and
the fact that each x € Q,\ Q satisfies dist(z, 9\ 09,) < C1p?? by (8.1).

(IIT) We now finally treat the case that the components (P,)", may also
contain other components of 2. To simplify the exposition we assume that there
is exactly one component, say Py, such that Py # int(7°) N Q. The general case
follows by inductive application of the following arguments.

We proceed as in (II) (assuming we had Py = int(7°) N€2) and construct a set
S’ particularly satisfying (i),(iii),(v). We have to verify (ii) for P, and find a set
S D S’ such that (iv) is satisfied and (i),(iii),(v) still hold. By (]f’ZJ ); we denote
the components with ]52-]. C int(7yp). As (ii) holds for these components we find
pairwise disjoint Jordan curves 1, ..., %, with {J; lf’ij C Ui, int(v;) C int(o).
Consequently, defining the generalized Jordan curve v = U}nzo v; we find B =
int(y) N Q which gives (ii).

Let (Y;); be the components of €, \ Q which are completely contained in
int(yo). We observe that (iv) may be violated for x € Y* := J; ¥; \ UjL, int(v;).
We now proceed similarly as in (I) to obtain a set R C Y™* such that S := S"UR
is connected in the connected components of €, \ Q and dist(z, S) < Cyp9~2 for
all z € P, NY*. This implies (iii),(v) and together with (8.1) also (iv). Arguing
similarly as in (II) we find that (i) is still satisfied since the sum in (8.4)(a) does
not run over the components contained in Y*. [

We finally can give the proof of Theorem 2.1 by constructing an extension ¢
of the function y. We briefly note that the function ¢ has to be defined as an
extension of the approximation and not of the original deformation y as only in
this case we obtain the correct surface energy due to the higher regularity of the
jump set of § and the available trace estimates. Recall the definition of E?(y,U)
in (2.3), in particular f*(x) = min{%, 1}.

Proof of Theorem 2.1. Let Q,, C Q, with €, € V* and Qf € V3¢ with Q, C Qf
be given. Recall that |\ Q,] < Cip. Let § € H'(Q,) be the approximation
of y € SBVy(Q) with ||y — g}||%2(ﬂy) + [|[Vy — Vﬂ”%z(gy) < Ciep and let g €
SBV(QU) N L2(QH) be the extension of § given by Corollary 5.7. Let 2 be the
set constructed in Lemma 8.1. We first consider the jumps of ¢ in (Qf N Q)O By
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(5.64) and Holder’s inequality we find

(g 119) < (g [t
SZ |Jz)ﬂ@|y'z |Jyﬁ@|ﬁl</

~ 1 2
lgl )
JgNQ:
< CHY( Z CC20*(V(N,) + 04(Ny) + €] OW N Ny 3),

where W as defined in (7.4), N, :== N(Q,) = {x € W : dist(z,Q,) < Cp? '} and
Y(Ny) = IV dist(V5, SO 72wy 0a(Ne) = Y25 IV = Rill sy (vecall (7.6)).
As each x € Q is contained in at most ~ p~?2 different N, we find by (7.3), (7.4),
(7.6), (5.58) and the fact that e = ¢p~le

2
(/ 1ol d’Hl) <COp 200 0% < Co*p~°Cre.
JgN(QENQ)°

(Note that in the general case the set T and the rigid motions R; were defined
differently (see e.g. (7.28)), but here and in the following we prefer to refer to
the proof of Theorem 7.2 for the sake of simplicity.) By Remark 3.9(i) we get for
q = q(h,) sufficiently large

/ laH < C’Opr—%\/E = Opt=G+9 /£ < p?y/E.
JgN(QHENQ)°

Recalling that f?(z) < p‘l\/% for x > 0 we get

[ <t [ e < (59)
J;N(QHENQ)°

JgN(QENGQ)e

We now concern ourselves with the components of 9. Let Y; be a connected
component of €, \ (QU S), where S is the set constructed in Lemma 8.1. Set
Sy = SNY, and Ty = Y; N Q. We observe that by Lemma 8.1(ii),(iii) T is a
Jordan curve if Y; N 09, = 0.

Define J = I¢(Q) and for T, we choose J(I';) C J such that Q¢(p)NT; # 0 for
all p € J(I'y). Weset M(I't) = Uesr, Q¢(p). For later purpose, for components
with |T¢|ee > 2p72? we introduce a finer partition of M(T;): Define J(T;) =
LU...UI, and the connected sets B; = | ; Q¢(p) such that p=> < #1I; < Cp~?,
i=1,...,n, for a constant C' > 1. For || < 2p7 % we let [} = J(Ty). It is
elementary to see that n < max{C|T|y3p* %, 1} < C|Ty|yp 9, where we used
Tilae = Cpt.

Consider R; : Qf = SO(2) and ¢; : Q[ = R? j=1,...,4, as given in (7.9).
Recall the definition Q@ = Q\ Z C Qff before (8.1). We extend the function g
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to Q) by setting § = id on \ Q and likewise let R; =1d, ¢; = 0 on QO \ Q. (If
Z N Qf # (), we redefine the function on this set.) Applying Corollary 5.7 on
each Q?Q(p) C Q with Q?Q(p) NM(T;) # 0, we get

19 — (_Rj 46|72,y < CO°Ch - p2p" e #I; = Cp*70Cle, (56)
19— (R - +éj)||%1(8B¢) < Cp*°C2,

for j=1,...,4and i =1,...,n. Here we used k = p?~!, ¢ = ¢ep~! and the fact
that each N(Q%(p)) contains ~ m~2 = p~2 different @*¢(p) C Q. The triangle
inequality then yields

I(Rj, - +¢5,) — (Rjy - +,) |72,y < Cp*°Cle

for 1 < j1,j2 < 4and @ = 1,...,n. The strategy will be to cover Y; with n
different rigid motions. We argue as in (7.10)f. and (3.18) to get R; € SO(2),
¢; € R? such that

15— (Ri - +6)ll72(5,) < C(#L)*p*°Che < Cp*~HCTe.

Here we used Hélder’s inequality (cf. (3.18)). A similar argument shows that we
even find

Zj:,lo g = (Ri - +ei)lizs,) < Cp HCpe (8.7)

for i = 1,...,n, where (in the case that I'; is a Jordan curve) we set Rnﬂ =Ry,
Cny1 = ¢1 and Ry = I%n, ¢o = ¢,. Without restriction recalling Remark 3.15(iii)
we can assume that R; € imp, (M(T;)) € SO(2), where imp, denotes the image
of the function R4. For shorthand let R = R, and ¢ = ¢4. By (8.6) and (8.7) we
get

S o Ry ) = (R 40)3agsy < CHH7CE (83)

Using Holder’s inequality and passing to the trace on each Q3¢(p) we obtain for
alli=1,....n

Zj:,m’l [(Rivj -+ Civg) = (R - 40|21 (5,01,
< Czjz_lm | Bi N Dalyl|(Risj - +¢ivy) — (R - +0) 725,01,
< OQP_2 . Q—lqu—Mng < Op3q_160§6.

Together with (8.6) this implies

> o 19— Ris 4y [Lasory < Cp*710Cle.

71



This and the fact that n < C|I'y|3p~? yield
= Z Z H—] +éi+j)||L1(BmFt) < O|Ft"Hp%_SOp\/g- (8.9)
For the difference of the rigid motions we get by the triangle inequality and (8.7)
ijz:—l,o,l ”(R”jl Hig) — (Riﬂz +CZ+J2)”L2 ) < Cp*~ 1402

Let B; = {z € Q : dist(x, B;) < Cp?~?}. Arguing similarly as in (3.17) it is not
hard to see that

Zjl P [(Rivjy - +Cirg) — (Riggy - +éz‘+j2)||iz(§i)

(8.10)
<C(p 22 pt. p3q_140p26 < 0103(]—22036

Ig} < Cp~* and }gg?}z < Cp~2. Define I; = I°(B;). Again using Hélder’s
1ne~quahty, passing from the traces to a bulk integral and recalling n < C|I';|3p ™9,

#I, < Cp~* we derive (let - = (Ryyj, - +¢1j,) — (Rivj, - +¢i1j,) for shorthand)

H2 = Zz Zpefi Z]’hjz:—l,o,l H ' ”Ll(aQQ(P))
1/2) .
S C ZZ Zpef. Z] Jj2=—1,0,1 0 || ||L2(8Q9(p))

1/2
<CY (#) (Zpe, Zﬁ im0 @ 1Z2 0006 )))
_ 1/2 a_
= sz’p (Zjhjz:—l,o,l I ”L2(3i)> < ClPddwp=PCy/e.

By (T}); we denote the connected components of Q2(p)\ (QU.S) for all Q°(p) with
Q%(p) NY; # 0. We now choose suitable rigid motions: Observe that dist(I'; U
00,,x) < C1p?2 for all z € Y; by Lemma 8.1(iv) and the fact that Y; is a
connected component of ,\ (QUS). Therefore, for every T} with dist(T}, 9,) >
p?2 we find some (p0881b1y non unique) B;; with dlst(T B;) < Cp™2. In

particular, we get T; C B choosing C' in the definition of B; large enough. We
define

(8.11)

J(z) =R, v +¢é, forrxeTyNnY,Ny, (8.12)

for all j and note that we have found an extension  to Y;N{y,. (If YtﬁQf # (), we
redefine the function on this set.) Taking Lemma 8.1(v) into account the choice
of B;; can be done in a way that for neighboring sets T, T, with TiNTy #0
one has iy —is € {—1,0,1} and that H'(J; NY;) < CyHY(T;). Now by (8.9) and
(8.11) it is not hard to see that

[ il < Ot Oty < OO,
(JgNY)\S

72



Repeating the arguments for all components Y; we obtain a configuration gy €
SBVer(§,) with § = g on Q) = Q,NQ, where by Lemma 8.1 we have |\ Q| <
Cip. (With a slight abuse of notation we replace Qy by €2, in the assertion of
Theorem 2.1.) Summing over all Y; and recalling that 'Hl(aQ) < () by Lemma
8.1 we get

S [ e <cptre, <,
" n¥Ns

for ¢ = q(h.) sufficiently large. Together with (8.5), Lemma 8.1(i) and (7.2)(i)
this implies

/JA o) ant < FLAGI) dH! +HA(S) < (14 Crha )M (Jy) + Cip.

Jg\S

Choosing h, = p we finally get
[ @ an <300+ cip .13
Iy

We observe Vg € SO(2) on Q,\ €2, (see construction in Corollary 5.7, (8.12) and
recall § = id in Q\ Q). As |7 — y||%2(9y) +||Vy — Vy||%2(9y) < Ciep we obtain
E?(9,9,) < E.(y)+ Cip which gives (2.4). Here we used ||V |oo + || VYoo < cM
and the regularity of the stored energy density W.

Let (P;); be the connected components of 2, \ S. By Lemma 8.1(ii),(iii) it is
not hard to see that for every index j there is a (unique) connected component ]5]
of Q such that P; C P;. Then there is either a connected component P of QI

such that P; = P! (see proof of Theorem 7.2) or § = id on P; (see construction

before (8.6)). We now define (2.5) by u(z) = y(z) — (R; x +¢;) for x € P;, where
R;x + ¢; is either the rigid motion on PJH given in Theorem 7.1 or R; = Id,
¢; = 0, respectively. For later purpose, we note that for (8.13) we can also write

S APBR)+ [ a < W)+ O (9
Jy\OP
where OP = J; 0P; and P(P}, () denotes the perimeter of P; in €.

It remains to confirm (2.6). First, (i) follows by H'(J; N (Q))°) < Cy (see
(5.58) and (7.7)), H'(8Q) < C; (see Lemma 8.1) and the fact that the H!-
measure of the jump set added in the construction of § (see (8.12)) is controlled
by H'(99) and H'(S). In view of (7.2)(ii)-(iv) (see also (7.11)) the properties
(ii)-(iv) already hold on the set €2 for a sufficiently large constant C'(p, ¢) = C(p).
(Recall ¢ = g(h.) and the definition h, = p. See also Remark 5.1.)

Recall that Q,\ Q C |J,Y;. Repeating the arguments leading to (7.11) we
find by (8.8), (8.10) and (8.12)

S 15 = (B - ei)l2agpg < Clo)e
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This gives (ii). Moreover, as on each Q2(p) C P; \ Q we have Vjj = R for some
R € imp, () (see construction before (8.8)) we get

9= Rl iy < CONR = B o,
< o<p>(||Vy R4||Lp oty T IVI= Rl )
for p=2,4. By (7.9) and (7.11) this yields
Z ”vy R HL4 P\Q) Z Hvy R HLQ p\Q — ( )81—77'
This together with (5.11) gives (iii),(iv). O

Having completed the main rigidity result, we can now prove the linearized

version. We may essentially follow the proof of Theorem 2.1 with some minor
changes. The proof, however, is considerably simpler as a lot of estimates and
lemmas can be skipped.
Proof of Theorem 2.3. We only give a short sketch of the proof. Define y = id+u.
As the approximation argument presented in the proof of Theorem 7.1 also holds
in the SBD-setting, it again suffices to prove the result under the assumption that
there is some €, € V?* such that ulg, € H 1(Q,). We skip Section 5.1 and always
set Ry =Idfori=1,...,4. Similarly as in Lemma 5.6 we find sets Q,, QF € Vg’,f
for k = p=t, o0 = p?, as well as mappings A; : Qff — R%2 and ¢; : QF — R?
which are constant on Q?Q(p), pE ]?Q(Q?’k), such that

(i) llu— (45 - +¢)l72,) < CCh*(a+ e[W]L),

(iid) (Ajy - +85,) = (A, - +83,) T2 < CCL* (@ + €| W].)
for ji,jo = 1,...,4, 5 = 1,...,4, where a = |e (Vu)||L2(Q ) and € = éple.
This can be established following the lines of the proof of Lemma 5.6 with the
difference that in (5.46) we do not replace Id + A by a different rigid motion R,
but proceed with Id+ A. Analogously, we find an extension Q as constructed in
Corollary 5.7 and then we obtain the result up to a small set following the lines of
Theorem 7.2. Finally, the jump set and the extension to {2, may be constructed
as in Section 8. O
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