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Abstract

In this paper, we study the homogenization of a set of Smoluchowski’s
discrete diffusion-coagulation equations modeling the aggregation and diffu-
sion of S-amyloid peptide (A/3), a process associated with the development of
Alzheimer’s disease. In particular, we define a periodically perforated domain
¢, obtained by removing from the fixed domain €2 (the cerebral tissue) infinitely
many small holes of size e (the neurons), which support a non-homogeneous
Neumann boundary condition describing the production of AS by the neuron
membranes. Then, we prove that, when € — 0, the solution of this micro-model
two-scale converges to the solution of a macro-model asymptotically consis-
tent with the original one. Indeed, the information given on the microscale
by the non-homogeneous Neumann boundary condition is transferred into a
source term appearing in the limiting (homogenized) equations. Furthermore,
on the macroscale, the geometric structure of the perforated domain induces a
correction in that the scalar diffusion coefficients defined at the microscale are

replaced by tensorial quantities.



1 Introduction

The Smoluchowski equation [47] is a system of partial differential equations which
describes the evolving densities of diffusing particles that are prone to coagulate in
pairs [6], [7], [8], [10], [22], [23], [25], [26], [34], [36], [49], [50], [51]. In spite of the
large literature concerning the use of the Smoluchowski equation in many branches of
science (e.g. in aerosol science, polymer science, astrophysics, chemistry), this equa-
tion does not seem to have been considered extensively in the field of biomedical
research. Applications of Smoluchowski equation to the description of the agglom-
eration of S-amyloid peptide (AfJ), a process associated with the development of
Alzheimer’s disease (AD), seem to appear for the first time in Murphy and Pallitto
[37].

Nowadays, Alzheimer’s disease is the most common form of senile dementia with
enormous socio-economic implications. In recent years, besides in vivo and in vitro
experimental models, there has been an increasing interest in mathematical modeling
and computer simulations (the so-called in silico approach) [1], [9], [20], [24], [28],
[45], in order to better understand the mechanisms for the onset and the evolution
of AD. It is largely accepted that AS peptide (especially in soluble form) has a
substantial role in the process of synaptic degeneration leading to neuronal death
and eventually to dementia (the so-called amyloid cascade hypothesis [32]). Af, in
monomeric form, is a normal product of cleavage of the amyloid precursor protein
(APP), an integral membrane protein involved in signal transduction pathways. By
unknown reasons (partially genetic), some neurons start to present an imbalance
between production and clearance of A amyloid during aging. Soluble AS (in the
form of monomers) diffuses freely through neuronal tissue. At elevated levels, it
produces pathological aggregates (that cannot be readily cleared): long insoluble
amyloid fibrils, which accumulate in spherical deposits known as senile plaques. In
addition, it has been recognised that Af is able to initiate an inflammatory response,
which implicates the activation of microglia (the resident immune cells in the central
nervous system) and therefore the release of neurotoxic produtcs that are involved
in neuronal and synaptic damage.

In [37], the authors compare experimental data with numerical simulations based



on the Smoluchowski equation without diffusion, in order to clarify the kinetics of
conversion of monomeric S-amyloid peptide into macroscopic fibril aggregates. Very
recently, the important role of Smoluchowski equation in modeling the evolution
of AD at different scales has been investigated in [1], [27], [9]. In [1], the authors
present a mathematical model for the aggregation and diffusion of S-amyloid in the
brain affected by AD at a microscopic scale (the size of a single neuron) and at the
early stage of the disease when small amyloid fibrils are free to move and to coalesce.
In the model proposed in [1], a very small portion of the cerebral tissue is described
by a bounded smooth region 2 C R3, whereas the neurons are represented by a
family of regular disjoint regions Q; (for 1 < j < M). Moreover, the production
of A in monomeric form at the level of neuron membranes is modeled by a non-
homogeneous Neumann condition on the boundary of Q;, for j = 1,...,M. On
the other hand, in [9] the authors present a model for the evolution of AD at a
macroscopic scale and over the entire lifetime of the patient. In this case, the whole
brain is represented by a region of the three-dimensional space, and the process of
diffusion and aggregation of A3 is modeled by a Smoluchowski system with a source
term, coupled with a kinetic-type transport equation that keeps into account the
spreading of the disease. Clearly, at this scale, neurons are no more visible so that
they can be described mathematically as points.

Passing from a microscopic model to a macroscopic one has always been a com-
mon issue in mathematical modeling. As a matter of fact, while being closer to the
actual physical nature, a mathematical model for a physical system that resolves
smaller scales is usually more complicated and sometimes even virtually impossible
to solve. Moreover, experimental data are often available for macroscale quantities
only, but not for the microscale. Therefore, for quite a long time, the key issue has
been how to formulate laws on a scale that is larger than the microscale and to
justify these laws on the basis of a microscopic approach. In practice, one wants to
start from differential equations that are assumed to hold on the micro-scale and to
transform them into equations on the macro-scale, by performing a sort of averaging
process’. To do that, in the seventies, mathematicians have developed a new method

called homogenization [16], [17], [21]. This method allows to perform certain limits



of the solutions of partial differential equations describing media with microstruc-
tures and to determine equations which the limits are solution of. Roughly speaking,
what one does is to consider media with microstructures, to average out the physical
and chemical processes arising at the microscale and to calculate effective properties
of the media on the macroscale.

This is precisely what has been done in the present work, where the homogeniza-
tion method has been applied to the model presented in [1], in order to describe the
effects of the production of AS by the neuron membranes at the macroscopic level
and to derive rigorously the equations in [9]. In particular, a periodically perforated
domain €., obtained by removing from the fixed domain Q (the cerebral tissue) in-
finitely many small holes of size € (the neurons), which support a non-homogeneous
Neumann boundary condition, has been defined. Then, the limiting behavior as
€ — 0 of the Smoluchowski-type equations in {2, has been studied in the framework
of two-scale convergence [3], [4], [5], [11], [18], [19], [29], [30], [31], [38], [40]. The
peculiarity of the two-scale convergence method, introduced by Gabriel Nguetseng
and Gregoire Allaire, is that, in a single process one can find the homogenized equa-
tions and prove the convergence of a sequence of solutions to the problem at hand.
Moreover, while previous approaches were originally defined only for certain prob-
lem classes, two-scale convergence allows to pass to the limit in all sorts of problems
featuring periodic microstructures.

The paper is organized as follows. Section 2 summarizes the main features of
the discrete diffusive Smoluchowski equation, while in Section 3, a mathematical
model describing the self-association and diffusion of S-amyloid peptide (which is
the main trigger of Alzheimer’s disease) is presented. Then, in Section 4 we define
the perforated geometry and prove all the a priori estimates needed for two-scale
homogenization. Finally, Section 5 is devoted to derive our main results on the

homogenization of the Smoluchowski equation in perforated domains.

2 The Smoluchowski equation

The Smoluchowski coagulation equation models various kind of phenomena as for

example: the evolution of a system of solid or liquid particles suspended in a gas (in



aerosol science), polymerisation (in chemistry), aggregation of colloidal particles (in
physics), formation of stars and planets (in astrophysics), red blood cell aggregation
(in hematology), behaviour of fuel mixtures in engines (in engineering), etc. The
original model proposed by Smoluchowski [47] was introduced to describe the binary
coagulation of colloidal particles moving according to Brownian motions and several
additional physical processes have been subsequently incorporated into the model
(fragmentation, condensation, influence of external fields, see, e.g. [22], [34], [49],
[50], [51]). In view of our subsequent applications, we present the appearance of the
Smoluchowski equation in polymerisation [22], [34], [50]. For k € N, let P denote a
polymer of size k, that is a set of k identical particles (monomers). As time advances,
the polymers evolve and, if they approach each other sufficiently close, there is some
chance that they merge into a single polymer whose size equals the sum of the sizes
of the two polymers which take part in this reaction. By convention, we admit only

binary reactions. This phenomenon is called coalescence and we write formally

Py + P; — Py,

for the coalescence of a polymer of size k with a polymer of size j.

In the model studied further on, we restrict ourselves to the following physical
situation: the approach of two clusters leading to aggregation is assumed to result
only from Brownian movement or diffusion (thermal coagulation). Other effects
such as multiple coagulation or condensation, together with the influence of other
external force fields are neglected. Under these assumptions, the discrete diffusive

coagulation equations read [34], [50]

Bui

E(t,x) —d; Npui(t,z) = Qi(u)  in [0,T] x Q, (1)

with appropriate initial and boundary conditions.
The variable w;(t,z) > 0 (for i > 1) represents the concentration of i-clusters,

that is, clusters consisting of ¢ identical elementary particles, and

Qi(u) = Qqg,i(u) — Qri(u) i>1 (2)

with the gain (Qg,;) and loss (Q;;) terms given by
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where © = (u;);>1. The coagulation rates a; ; are non negative constants such that
a;; = aj; and d; denotes the diffusion coefficient of an i-cluster, d; > 0 Vi > 1.
The kinetic coefficient a; j represents reaction in which an (i + j)-cluster is formed
from an i-cluster and a j-cluster. Possible breakup of clusters is not taken into ac-
count. The term Qg ;, given by (3), describes the creation of polymers of size ¢ by
coagulation of polymers of size j and i — j. The term Q) ;, given by (4), corresponds
to the depletion of polymers of size ¢ after coalescence with other polymers. Since
the size of clusters is not limited a priori, Eq. (1) describes a non-linear evolution
equation of infinite dimension, for which even the existence of a local solution is
not guaranteed by the general theory of reaction-diffusion equations. According to
the form of the coalescence kernel a; ; we obtain or not solutions for the system of
equations (1). In general, the coagulation rates are determined by the statistical
probabilities of bond formation and depend upon the details of the physical pro-
cess being considered. If there are no sources nor sinks of clusters in the reactions
described by the initial-boundary value problem (1), the total mass of clusters is
expected to be constant throughout the time evolution of the system, provided it is
initially finite. It turns out however that this property may fail to be true in general
for some physically relevant kinetic coefficients. The break-down of the mass con-
servation is then related to the so-called gelation phenomenon which corresponds to
the appearance of an infinite cluster called gel, caused by the cascading growth of

larger and larger clusters. We will however not consider this issue in the following.

3 A mathematical model for the aggregation and diffu-
sion of f-amyloid peptide

In the present paper, we consider a mathematical model based on the discrete

Smoluchowski equation in order to describe the aggregation and diffusion of j-



amyloid peptide (AS) in the brain affected by Alzheimer’s disease (AD) [1]. Af
is naturally present in the brain and cerebrospinal fluid of humans throughout life,
even if its role is currently unknown. By now, it is recognized that the mere presence
of AS in the brain is not sufficient to support the diagnosis of AD. Neuronal injury
is rather the result of ordered Af self-association [13], [24], [35], [39], [43], [52]. The
amyloid plaques, which serve as a hallmark for AD, have been found to contain large
amounts of AS organized into amyloid fibrils. There is no clear correlation, however,
between the presence of the AS containing plaques in the brain and the severity of
AD neurodegeneration. Therefore, in recent years, the research in this area has
shifted its focus from senile plaques toward oligomeric conformations of A3. This
oligomeric form of A is highly toxic to the brain and is the trigger for loss of synapses
and neuronal damage. However, the transient nature of small oligomeric aggregates
makes it difficult to shed light on their formation process or structure. Most proposed
pathways for the initial stages of A8 amyloid fibril formation amount to a sequence
of events that can be summarized as follows: unordered monomeric AS in solution
converts into an ’activated’ monomer that then recruits other AS molecules to form
oligomers. The length-wise association of individual protofibrils produces the mature
amyloid fibrils, whose structure has been studied in most detail due to their high
stability under a wide range of physicochemical conditions. The mature fibrillar
form and monomeric AS have both been confirmed on many occasions as the only
non-toxic species.

In the present work, we are interested in considering the early stage of Alzheimer’s
disease (AD) when small amyloid fibrils are free to move and to coalesce in the brain.
In addition, we discard fibril fragmentation, which can be considered as a secondary
process in the mechanism of amyloid self-assembly, especially when oligomers of
small size are involved (for a model with fragmentation, we refer to [27]). Since the
fibrils at this stage are relatively small, diffusion plays a key role in the description of
the behavior of oligomeric S-amyloid peptide (Af3). In the mathematical model pro-
posed in [1] and reported below, the authors consider a portion of the hippocampus
or of the cerebral cortex (the regions of the brain mainly affected by AD) whose size

is comparable to a multiple of the size of a neuron, thus avoiding the description of



intracellular phenomena. With this choice of scale, it is coherent to consider that the
diffusion is uniform. Moreover, it is assumed that "large’ assemblies do not aggregate
with each other. This assumption prevents blow-up phenomena for solutions at a
finite time, but it is also consistent with experimental data [24], [37]. The portion
of cerebral tissue considered in the following is represented by a bounded smooth
region €y C R3, whereas the neurons are represented by a family of regular regions
(1, such that

(1) Q; Cc Qifj=1,2,..., M;

(i) Q;NQ; = @ if i # j.

Let us set

N

Il
i

QZZQ()\ ﬁj

J

and consider a vector-valued function v = (u1,...,unr), where M € N and u; =
uj(t,xz), t € R, t > 0 (the time), and x € Q. If 1 < j < M — 1, then u;(t,z) is
the (molar) concentration at the point x and at the time ¢t of an Af assembly of j
monomers, while uys takes into account aggregations of more than M —1 monomers.
The production of AS in the monomeric form at the level of neuron membranes is
modeled by a non-homogeneous Neumann condition on 0§2;, the boundary of €1;,
for j = 1,..., M. Finally, an homogeneous Neumann condition on 9€) is meant to
artificially isolate the portion of tissue considered from its environment. Thus, the

following Cauchy-Neumann problem can be defined [1]:

~

G-t @) — di Dgua (t, @) + wa (¢, @) S a1 jui(t, ) =0

W:vzul.n: on 9
(5)
%vaul-n:% on@Qj,jzl,...,M




where 0 < ¢; < 1 is a smooth function for j =1,... , M describing the production

of the amyloid near the membrane of the neuron. Indeed, the experimental evidence

shows that the production of AS is not uniformly distributed over the neuronal

cells. This localization of the production is expressed by means of the choice of

the functions ;. Moreover, only the neurons affected by the disease are taken into

account, i.e.

it is assumed ¢; # 0 for j =1,..., M.

In addition, if 1 <m < M,

Oy,
g (1, ) = dim Do (t, ) + um(t, @) 351, amju(t, ) =
1 —m—1
321 Gjm—jUjlm—j
aéu’m = vxum -n=20 on aQO
v (6)
%zvxum-nzo ondQj, j=1,....,M
’LLm(O,H?) =
\
and
83—?/[(7; x) —dp DNpupg(t, x) = % Doirk>M Gk Uj Uk
k<M
<M
agy =Vyuy -n=0 on 09
(7)
ag;\/fzvxuMon:() ondQj, j=1,...,M
UM(O, l‘) =0

For reasons related to the model, we can assume that the diffusion coefficients d; > 0,

7 =1,..., M, are small when j is large, since big assemblies do not move. The

coagulation rates a;; are symmetric a;; = aj; > 0, 4,5 = 1,..., M, but app = 0.



Let us remark that the meaning of wuys differs from that of w,,, m < M, since it
describes the sum of the densities of all the ’large’ assemblies. It is assumed that
large assemblies exhibit all the same coagulation properties and do not coagulate
with each other. Indeed, the present model only takes into account the evolution
of the AB and ignores the role played by the microglia and astrocytes in neuronal

death and in the formation of senile plaques.

4 Setting of the problem and preliminary results

Let Q be a bounded open set in R?® with a smooth boundary 0. Let Y be the
unit periodicity cell [0, 1[> having the paving property. We perforate 2 by removing
from it a set T, of periodically distributed holes defined as follows. Let us denote
by T an open subset of Y with a smooth boundary I, such that 7 C IntY. Set
Y* =Y \ T which is called in the literature the solid or material part. According to
the model presented in Section 3, the set T' represents a generic neuron, and Y™ the

supporting cerebral tissue. We define 7(eT) to be the set of all translated images of

€T of the form e(k +T), k € Z3. Then,
T, := QN 7(el).
Introduce now the periodically perforated domain €. defined by
Qe =0\ T..

For the sake of simplicity, we make the following standard assumption on the
holes [17], [21]:

there exists a ’security’ zone around 0f2 without holes, i.e.
30 > 0 such that dist (0Q,T¢) > 4. (8)

Therefore, Q¢ is a connected set ([17]). The boundary OS2 of €. is then composed of
two parts. The first one is the union of the boundaries of the holes strictly contained

in Q. It is denoted by I'c and is defined by

I = U{a(e(kz +T)) | e(k+T)C Q}

10



The second part of 0€ is its fixed exterior boundary denoted by 9. It is easily
seen that (see [4], Eq. (3))

| QN
A

(9)

li T =T
eg%ﬂ 6|N—1 | ’N—l

where | - | is the N-dimensional Hausdorff measure.
Throughout this paper, € will denote the general term of a sequence of positive
reals which converges to zero.

Let us rewrite the model problem presented in Section 3 as a family of equations

in Q.:

ouj . . . . .
8751 — div(dy Vgu§) + u§ Z]]Vil apju§ =0 in [0,7] x Q
M1 = V=0 on [0,T] x O
(10)
ou ¢ x
%vaul-n:ew(t,m,g) on [0,7] x T’
uj(0,2) = Uy in Q.

where 9 is a given bounded function satisfying the following conditions:

(i) ¥(t,z, %) € C'(0,T; B) with B = C'[(; C;#(Y)], where C’#(Y) is the subset of
CY(RY) of Y-periodic functions;

(i) ¥(t=0,2,%) =0

and U is a positive constant such that

Ur < |[Y| Lo (0,7;8)- (11)

Typically, ¢ has the form 1 (t, z, £) = ¥o(£)11(t — g(x)), where the function 1 (s) =
0 for s near 0 and ;(s) = 1 for large s > 0. The function g takes into account that
different cerebral regions are affected at different times. However, we stress that
this system corresponds to an evolution model based only on genetic causes, since
it ignores any spreading (like, e.g., a possible prion-type diffusion ([28]).

In addition, if 1 <m < M,

11



857? — div(dm Vyug,) +u, Z]Ail am,jus = f¢ in [0,T] x Q.
Juy, .
v :qum.nzo on [0,T]X89
(12)
Ou;, .
gy = Valy =0 on [0,7] x T
up, (0,2) =0 in 0,
\
and
oufy div(d ey e
ot ZU( MVIUM) =g n [O,T] X Q€
ouyy Vol B
gy = VaUpy n= on [0,T] x 92
(13)
oulyy _ Vol B
AL = Vil n =0 on[0,T]xT,
u(0,2) =0 in Q.
where the gain terms f€ and ¢¢ in (12) and (13) are given by
1 m—1
fe = 5 Z jm—j UG Upy— (14)
j=1
€ 1 €, €
jHk>M
k<M
j<M

Theorem 4.1. If € > 0 the system (10) - (13) has a unique solution
(uf,- ... ufy) € CTF22R([0,T] x Q) (a € (0,1))

such that
ui(t,z) >0 for (t,z) € (0,T) x Qe, j=1,..., M.

12



Proof. The proof can be carried out as in [1], using Theorem 1, p.111 of [46] for the
function (u§ — ¢¢,...,u$,), where g¢ € C1+%/22%2([0, T] x €,) solves the Cauchy-

Neumann problem:

" — div(dy Vag) = 0 in [0,7] x Q.

396=v cn=0 on [0,T] x 92

Dy = Vad = )

696 — € _ T

5 =V.9--n=¢e¢(t,x,%) on[0,T] x T,
1% €

9°(0,2) =0 in Q.

Notice that the function g¢¢ is bounded in [0,7] x Q, uniformly with respect to
€ > 0. This can be proven, for instance, following the arguments used in the proof

of Lemmas 4.1 and 4.2 below.

O

Our aim is to study the homogenization of the set of equations (10)-(13) as e — 0,
i.e., to study the behaviour of u$(1 < j < M) as € — 0 and obtain the equations
satisfied by the limit. There is no clear notion of convergence for the sequence
u;(l < j < M) which is defined on a varying set €. This difficulty is specific to the
case of perforated domains. A natural way to get rid of this difficulty is given by
Nguetseng-Allaire two-scale convergence [3], [40].

We first obtain the a priori estimates for the sequences uf, Vusg, &gu; in [0, 7] x Q,,
that are independent of e.

Since

div(dy Vzul) — aauj >0,

by the classical maximum principle [44] the following estimate holds.

Lemma 4.1. Let T > 0 be arbitrary and u§ be a classical solution of (10). Then,

HuiHLOO(O,T;LOO(QE)) < |Ui| + ‘|u§HL°°(0,T;L°°(I‘e))‘ (16)

13



Thus, the boundedness of u{(t,x) in L*°([0,7] x I'¢), uniformly in ¢, can be

immediately deduced from Lemma 4.2 below.

Lemma 4.2. Let T > 0 be arbitrary and u§ be a classical solution of (10). Then,

luill oo 0,000 (re)) < € 1¥ll Lo 0,13 (17)
where c is independent of €.

In order to establish Lemma 4.2, we will first need the following preliminary

results [33], [41].
Lemma 4.3 ([33], Lemma 5.6). Let (Z,)nen, be a sequence of non-negative real

numbers such that

Zny1 < b E/? (18)

for all n € Ng, with fized positive constants ¢, b, r, where b > 1 and

2(N +1)
= 2
T N >
If
5<0:=cNp N (19)
then,
Zn < 00N (20)

for all n € Np.

Theorem 4.2. Assume that there exist positive constants T, k = 1% Lo 0,7:B) > V5

such that for all k > k we have

T T

[y i= sup [ @ Pdos [ ar [ VuPPdr<exi? [ ariBio)
‘ 0<t<T JQ. 0 Qe 0

(21)

where u® (t) := (ui(t)—k)+ and Bj(t) is the set of points onT'c at which ui(t,x) > k.

Then

14



ess SUP(t,x)E[O,T]XFeui(ta z) <2mk
where the positive constant m is independent of €.

Proof. Let us choose

Then, it holds

Let M > k be arbitrary and define

kp:=(2—2""YM >k,

T 2/r
Zn = €7 [/ dt|Bin(t)’]
0

(22)

(24)

for all n € Ng. We prove that the sequence (z,,) satisfies the assumptions of Lemma

4.3. To this end, let n € Ny be fixed. From the trivial estimate

|u(kn)(t)‘2 > (kn+1 - kn)2 1B5

€
kn+1

(®)

we get

T 2/r
znﬂge%[ |t -k [ |u£’f"><t>|fdae<x>}
0 e

T 2/r
~(ua = k) 2| [T [0 oo
0

Ie

Hence, since the condition (23) holds, by using (146) we obtain

2—2(n+1) M2 Zn+1 = (kn+1 - kn)z Zn+1

2(1—N)
< Ce?/r G_N_[ —] ”ugkn

)Hém

where ¢ is a positive constant independent of €. Therefore,

15
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(27)



__N__
22 M2 2,1y < ce T ul |2 o 28)

Moreover, from (21) and (24) we get

lal I oy < v R2 257 < 7 (2= 272 M2 212

(29)
<4y M? 22/2
Combining (28) and (29), we obtain
N, 9
Zna1 < cpe FN) 2 "z:/ (30)
where ¢g is a positive constant independent of e.
Let us define
doe (r—2)
' r
A= (cO)_rT@ 2_(7'*42)01
and choose
M=k+ XV Vk=mk (31)

where ¢ is defined in (32) and m > 1. Now we want to estimate zg for the fixed
value of M given by (31). From the definition (24) and (9), by following the same
strategy which leads to (28) and (29), where we substitute k for k, and M for k1,

we have

~ __N_ g _ N | = [n—1 |9
(M=—k)22 <ce T+ ||u£k)||22 (1) S e T ~ k2 TM
E Vv (32)
= T 2
so that
N ~
e TN |2
< (33)

(M —k)?
for all M > k. Therefore, from (33) and (31) we obtain that

16



20 < € TEM N7, (34)

For a fixed €, we set

N
Zp = €N z, (35)

for all n € Ng. Then, the recursion inequality (30) and the estimate (34) can be
rewritten as follows:
/2

Zngp1 < cp2¥e!
(36)

3 < )\2/7‘ _ (C(])iN 272N2
Keeping in mind (36), it is easy to see that the sequence (Z,,) satisfies the assumptions
of Lemma 4.3 with

C := max {co, C—O} and b:=4.

€

Therefore, in view of Lemma 4.3, one can conclude that z, — 0 as n — 0o, which
implies

ui < lim &k, =2M

n—oo
almost everywhere on I' for almost every ¢ € [0, 7] if we define M as in (31). This

gives (22).

Proof of Lemma 4.2. Let T > 0 and k > 0 be fixed. Define: uM (t) :== (u§(t) — k)+

for t > 0, with derivatives:

oul)  ous

0 = o Llui>h) (37)
Vaul) = Vou§ Ly (38)

Moreover,
u o= (uf oo —k)+ (39)

17



u™ |p.= (uf |r, —k)+ (40)

Let us assume k > k, where k := 191l oo (0,7;)- Then, by (11),

u§(0,2) = Uy <k < k. (41)

For t € [0,T1] with T7 < T, we get

/\u ]2d:1:—/d [ / [uk) |2d4
s
:/ ds/ 8uiaisugk)(s)dac.
0 Q.

Taking into account (37), (10) and Lemma A.1, we obtain that for all s € [0, 7]

(42)

oulP (s) ous(s)
€ (k) — 1 (k)
/€ 5 Ue (s)dx /6 0 U (s)dx

M
= / [dl Azuf — uf Zalyjuj] ugk)(s) dz

J=1

/ Z ay,jug( (8)dr +edy /Fe (0 <s, T, f) ul® (s) do ()

ey
€

—di / Vou§(s) - Voul® (s) da
Q.
2
do(z) + Cl2d1 / ul®) ()2 dz
Aj(s)

Voul® (s)[? da
Q.

where we denote by Aj (t) and Bj,(t) the set of points in {2 and on I, respectively,
at which u{(¢,z) > k. It holds:

[ AR (B)] <[]
[Bi(t)] < [Te]

18



with | - | being the Hausdorff measure.

Plugging (43) into (42) and varying over ¢, we arrive at the estimate:

sup [ / u®) (1) lzdx] +di <1—Cl6 )/ dt/ IVu®) ()| da
0<t<Ty 2

L Cud edy [T “
11/ dt/ ) ()2 dz + 1/ dt/ (tx ) do(z)
E € t)
Introducing the following norm
T
iy = s [ u®Pdot [ de [ [Vu) o (45)
0<t<T JQ. 0 e
the inequality (44) can be rewritten as follows
. C, €2 Cidy [T
mm{g,m(l— 1€ )}uué’”nzem) <SR[ o
edl /1'v1 2 (46)
—i—— dt/ (ta: ) doe(x)
We estimate the right-hand side of (46). From Hoélder’s inequality we obtain
n 2 (k)2
/ dt/ ‘ OF d < uczr o,ry;mm @) 1245 ot @y (A7)

with 7} = 7“17%1’ ¢ = qlqiil’ 71 =2r1, ¢ = 2q, where, for N > 2, 7 € (2,00)
and g, € (2, %) have been chosen such that

1 N N

2q, 4

In particular, 7, ¢} < oo, so that (47) yields

T
r 1/
J IO U A L UL T
k

If we choose

-1 Oy 2
1/r" mm{l d } / T {27 dl <1 B 2 >} /
/ML, dy QY% < QY4
1 QCldl - Cldl ’

then from (143) it follows that

1 2
Cldl/ dt/s dz < 5 min {%,d1(1—0126 )}Hugk)HéG(Tn. (49)
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Analogously, from Hélder’s inequality we have, for k > k

ed, [N 2\ |2 edy k> k>
2/0 dt/e Tﬂ(t%ﬁ) doe(z) < > 2 11Be Lm0 (r0))

a8 o (50)

di k 1

<< [T aBi.
2y
Thus (46) yields
k)12 s (M

Ju 3, o1y < ek /0 dat | B5(1)|. (51)

Hence, by Theorem 4.2 we obtain

~

i ll Lo 0,my;L00(re)) < 2mk

where the positive constant m is independent of €. Analogous arguments are valid

for the cylinder [Ts, Ts41] X Qe, s =1,2,...,p— 1 with

1/ry in{1.d /
[TSH - TS] < ml;‘élghl} QYo

and T}, = T. Thus, after a finite number of steps, we obtain the estimate (17).

Lemma 4.4. The sequence Vu$ is bounded in L?([0,T] x Qe), uniformly in e.

Proof. Let us multiply the first equation in (10) by the function u{ (¢, z). Integrating,

the divergence theorem yields

M
1 0 €2 / 2 / 2

— — dr +d Vu$|? de + S E cuSd
2/95 8t|u1| T Q€| sl de Q. il J=1 e

=ed; /F w<t, x, f) ui(t,z) doe(x)

By Hélder’s and Young’s inequalities, the right-hand side of Eq. (52) can be rewrit-

(52)

ten as

1 2 1
[o(ta?)uitta) o) < St DI, 4 gl e, 69
I € €

L2(T,) 2

The following estimate holds [see Lemma 5.1]
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¢ [ Wtta P doa) < Calu(ol (54)

where Cy is a positive constant independent of € and B = C![Q; C’#(Y)] Therefore,

by combining Egs. (52)-(54) and by using Lemma A.1, we deduce

0
/mluiﬁdwdl(z—e%ﬁ/ [Vous | da
Qe e
(59
< GO +diCr [ i ds
Qe

since the third term on the left-hand side of (52) is non-negative. Integrating over

[0,t] with t € [0,T], we get

t
lug () Z2(q.) +di (2= €2 Ch) /0 ds /Q |Vaui|? de < Cy + dy O ||ufl|Z20 72200
(56)

where C and C5 are positive constants independent of € since, by (11),

ui(0,2z) = Ur < |[9]|zo(0,7;B)-

Taking into account that the first term on the left-hand side of (56) is non-negative

and the sequence u§ is bounded in L>°(0,T; L*°(€2)), one has

dy (2 — € C) | Vauill 20 r.02(0.)) < Ci (57)

Thus the boundedness of V u(t, z) follows, provided that e is close to zero.

0
Lemma 4.5. Let u$,(t,z) (1 <m < M) be a classical solution of (12). Then
sl Lo (0,150 (20)) < Ko (58)
uniformly with respect to €, where
m—1
[ Z aj,m—jKij—j}
Kp=1+-—""" (59)

Am,m
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Proof. We prove the Lemma directly by induction. By using Lemmas 4.1 and 4.2,

it can be deduced that

||uiHL°°(0,T;L°°(Qe)) < Ky

where K is a positive constant independent of €. Let us suppose that

HUE'HLOO(O,T;LDO(QE)) < Kj

for 1 < j < m — 1. We shall show that

[winll Lo (0,1, (920)) < Ko

(60)

where K, is given by (59). To this end, let us test the mth equation of (12) with

the function

bm =p(us,) Y p>2.

We stress that the functions ¢,, are strictly positive and continuously differentiable

in [0,#] x €, for all t > 0. Integrating, the divergence theorem yields

/ds/ 83 da:——dmp/ ds/ Vaus, V[(uin)(p_l)} dx

—p/ds/ Zamj u§ (U, p D dz

—i—p/ ds/ Zaj,m_juj-uﬁn_j (us,) P~V da
2 Jo o

Hence

”ufnnlzp(ge)"i‘dmp(p /ds/ |Vu (p 2)d

YOS
/ds/ Zajm —j WUy (g, )(p_l)dx

Rearranging the terms of the summations, we obtain

22

(61)

(62)



liall2 iy + 2 (9 / ds / T 2 (uf )0
t ! 2 (r—1)

:/0 s /6 |:2 jz;a],m J 3 m j — Gmm ’um’ :|p(um)p dx (63)
t

_/ds/ [Z“mﬂm“ﬁ Z @ }p(uf ) da
0 €

j=m+1

By using the induction hypothesis, Eq. (63) becomes

t
[l + dnp =) [ s [ 190 2 (05) 2
t m—1
<[ 4 i K Ko i — o (U6 )2 e (-1 4
_/0 S/QE[;% VY] i~ Gm, (um)]P<um) x (64)

t m—1 M
_/ ds/ {Zamufnuﬁ > am,juinUE]Nuin)(p”dx =1 -1
0 Q :
€ ]:1

j=m+1
From the nonnegativity of solutions, Is > 0. In order to estimate Iy, it is now

convenient to use Young’s inequality in the following form [12]:

ab<na’ +n"PW¥ Va>0,b>0 (65)

with p/ = 1%’ We find

]_/%/[Z%MKKM](WUM

t Py
S/ ds/ pp[Zaj,m_jKij_j] nlpd:ﬁ+/ ds/ n[(ufn)(pl)r dx
0 Q. ot 0 Q.

l—pprm—l p

t
+n/ ds/ (us, )P dz
0 e

By using the estimate (66), I; reads:

23



D l-prm—1 P
I < pp! ( 1) [Za]mjKij} N P Q| t

¢
+77/d8/ (us, pda:—pamm/ds/ ¢ p“
0 Qe

1 (67)
-p
<p <pp1> [Z%m K Ko y} POt
+77/ds/ ¢ pdx—i—pamm/ds/ [1— ]d
Taking 1 = p am m yields
m—1 P
I < K > ajm-; K; ij) a};,,f;;} Q| T+ pamm Q| T (68)
j=1
Finally from (64) and (68) it follows that
Il ) + o (p— 1) / ds [ 1,
(69)

m—1
< |:< Z aj,m—j K K””‘]) Am,m +pam,m:| |Q ’T

Jj=1

Since the second term on the left-hand side of (69) is non-negative, we conclude that

sup lim [ /Q e(uin(t,:n))pdx] v

tefo, 7] P—°

[Za]m K Ko ]}a a1
7=1

which yields (60).
O

Lemma 4.6. The sequence V,uS, (1 < m < M) is bounded in L*([0,T] x Q.),

uniformly in e.

Proof. Let us multiply the first equation in (12) by the function uS, (¢, ). Integrat-

ing, the divergence theorem yields

|u 1 dx 4 dy, / |V ur, |2d:U—|—/ |ut, |2 Zam]u dx

—/ feus, dx
Qe
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By Hélder’s inequality, the right-hand side of Eq. (71) can be rewritten as follows

/‘ftx < (ta)do < | F<C Mz - bt )z (72)
Thus
= 1/2
194 My = | [ 15 3 @i s da
o 2
= 1/2
<30 | [ sl i P (73
j=1 L78
1 m—1 2
< 5 @jm—j K dr < (s
7j=1

due to the boundedness of u§(t,z) (1 < j <m —1) in L*>(0,T; L>(£2)), where C3
is a constant which does not depend on e. Therefore, by combining (72) and (73),
Eq. (71) reads

1 a € € €
5 | gl detdn [ Voo < ot ) ey ()
Qe Qe

since the third term on the left-hand side of (71) is non-negative. Dividing by

s, (£, )|l 2 (q2.) and integrating over [0,¢] with ¢ € [0,77], we deduce

t d t
/dsdsnuﬁn(& ‘)HLQ(QE)'f‘dmCZL/ dS/ Voup, [P de < C5 T (75)
0 0 c

exploiting the boundedness of s, (¢, ) in L>(0,T; L>(£2)). Hence

t
||u§n(t, ')HLQ(Qe) +d;, Cy / o |v umyzda: < Ch (76)

where C4 and C5 are positive constants independent of €. Then, the boundedness of

Vs, (t,z) in L2([0, T] x Q¢), uniformly in €, follows immediately from (76).

Lemma 4.7. Let u,(t,z) be a classical solution of (13). Then

1wl oo (0.1 () < K (77)

uniformly with respect to €, where
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KM:eT E aj’kKij
j+k>M

k<M
j<M

with the constants K; (1 < j < M) given by (59).

Proof. Let us test the first equation of (13) with the function

on =p(uy)" p>2.

The function ¢y is strictly positive and continuously differentiable in [0,¢] x Q, for

all £ > 0. Integrating, the divergence theorem yields

/ ds / s d:c——de/ ds quj/[-V[(uﬁw)(p_l)] dx
s
/ds/ Z ajk ujug (u )PV da
€ J+k>M
k<M
Jj<M
Hence

/Qf”M) (t) dz + dar p (p /d/ V2 (1) P

/ds/ Z ajk usu us,) PV da

Jj+k>M
k<M
<M

(79)

(80)

Taking into account the boundedness of u$ (1 < j < M) in L*(0,T5 L>(Q)) we

get

t
/(uﬁw)p(t)d:c—l-de(p—l)/ dS/ \quﬁw\Q(u?w)(p*Q)dw
Qe
o[ |5 i

j+k>M
k<M
J<M

In order to estimate I3, we use the Young inequality in the form (65):
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t
Igﬁ/ds/pp[za]kKKk} ’I’]lpdl‘—l-/ds/ pd{L‘
0 Qe

j+k>M
k<M
j<M

1-p P t
< pPt <ppl) [ Z aji K Kk] P Qe t + / ds /Q (ufy)? dx
_ 0 )

Jj+k>M
k<M
J<M

Taking n = p yields

{ > ajkK; Kk} |Q|t+p/ds/ )P dzx (83)

J+k>M
k<M
J<M

Finally from (81) and (83) it follows that

t
s (12, < [ S 0k Kk] 9T+ [ dspliupy (89
Jj+k>M

k<M
<M

The Gronwall Lemma applied to (84) leads to the estimate

P
||u§w(t)||1£pm€) < [ Z aj,kKij] Q| T eP? (85)
j+k>M
k<M
Jj<M
Hence
DS '
sup lim [/ (uﬁw(t,m))pdac] < ajr KjKye (86)
te[0,T1 P77 L JQ. k> M e
k<M
Jj<M

Lemma 4.8. The sequence ¥V u§; is bounded in L*([0,T] x Q.), uniformly in e.

(82)

The proof of Lemma 4.8 is achieved by applying exactly the same arguments

considered in the proof of Lemma 4.6.

Lemma 4.9. The sequence dyu§ (1 < j < M) is bounded in L2([0,T] x Q), uni-

formly in €.
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Proof. Case j = 1: let us multiply the first equation in (10) by the function dsu§(t, ).

Integrating, the divergence theorem yields

J.

ous (t, =) |?
ot

d oug
dm—l——l at(]V uf (t, x)|? dm—i—/ (Zaljulu) 1d

:Edl/ w(tw%"e) 881;1 dge( )

Define: w§(t,z) := ijl ai,juj uj. Then, by using Holder’s and Young’s inequali-

(87)

ties, Eq. (87) can be rewritten as follows

),

ou§ 2
ot

0 . c
dx —|—d1/ §(|qu1|2)dx < [lwi(t, ')H%Q(Q )
Qe

ou§
+2€d1/1“6¢<t x, 6) 5t doe(x)

Exploiting the boundedness of u§(t,z) (1 < j < M) in L*(0,T; L>(€2)), one get

(88)

the estimate

M
k() = [ | S ansuies
O

where C] is a positive constant independent of e. Hence, (88) becomes

),

Integrating over [0,¢] with ¢ € [0, 7], we obtain

2

M
Z /K%dexgcl (89)

ou§ 2
ot

dx—l—dlgt/ |V u§ |2 de < C +26d1/ ¢<t,x, ::) 85;1 doc(z) (90)
QG €

t €2
/ ds / Ouj dx + d; \Vou§(t,z)?de < C, T
0 a. | Os Qc

+2ed; /F¢<txf> W (1, 2) do () (91)

¢ 0 AN
—26d1/0 ds /533 <5,x,6) ui(s,z)doe(x)

since 1/J<t =0,z, f) = 0. Now we estimate the last two terms on the right-hand

side of (91). Taking into account the inequalities (53)-(54) and Lemma A.1, we find
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€ 2
() +edu [[ui(t, )72,

zedy [ ot ) uitta) doute) < e ote, )
<O+ Cods [ P+ Codi [ Voo
<04+62c1103/Q |V u§|? da

6 (92)

where Cy > 0 is a constant independent of € since ¢ € L*(0,7; B) and uj is bounded

in L>(0,7T; L*°(€)). Analogously, we get the following inequality

t 0 r\ .
26d1/0 ds /688 <s,:v, €> ui(s,x)doe(x)

t b 2 t
gedl/ d3’ Y(s) +ed1/ ds|jus (s)]|72(r.) (93)
0 0

t t
< 05 le + CG dl/ dSHUi(S)H%z(QE) + 62 CG dl/ dSHVJUui(S)H%?(QE) < 07
0 0

5 ez

where C7 > 0 is a constant independent of €, since u§ is bounded in L>°(0,7T"; L>(£2)),

Vu§ is bounded in L2?(0,T; L%(Q)) and

T
€/F€ 8t¢<t,:v, e)

with C' and Cs independent of e. Combining the estimates (92) and (93) with (91)

2
doc(z) < Cllop(t)|% < Cs

we obtain that

t
Jo
0 Qe

For a sequence ¢ of positive numbers going to zero: (1—¢e2C3) > 0. Then, the second

ug

0
0

2
; dz + dq(1 —6203)/ |Vou§|?de < C1 T+ Cy + Cr (94)
Qe

term on the left-hand side of (94) is non-negative, and one has

18cus 1220712000y < C (95)

where C' > 0 is a constant independent of e.
Case 1 < j < M: let us multiply the first equation in (12) by the function

Owus, (t, x). Integrating, the divergence theorem yields
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ous (t, ) |*
ot

J,

A ¢ e ) Fm
o+ G [ STt 1)) dm+/€(zamd ) 8 g

e e ous,
=5 Z Ajom—j Uj Um—j | ~5;

Define

M
— € €
x) = E U, j Upy, Uj
i=1

and

m—1
- . L€ €
x) = g Ajm—j U Upy_ ;-
i=1

Then, by using Hoélder’s and Young’s inequalities, Eq. (96) can be rewritten as

follows

ous

2
m 9 € |2 € 2
| et 2dn [ SV B de < 210t (4,

J.

Exploiting the boundedness of uj(t,z) (1 < j < M) in L*°(0,T; L>(2)), one get

(97)
+ 185t M2

the estimate

2

M M
it )22y = /Q S g ufyus| dr < a2, /Q KL K2de<Cy (98)
el j=1 j=1 €

where (] is a positive constant independent of e. Similarly, we have

st i) = /

m—1
2 2 12
<> aj,m_j/g KK} jdo < Cy
j=1 ¢

(99)
where Cb is a positive constant independent of €. Hence, (97) becomes
au'fn 2 9 € |2
dr +2d,, — |Vapur,|“de <2C) 4 Cs (100)
0. | Ot ot Ja.
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Integrating over [0,¢] with ¢ € [0, 7], we obtain

t
Jo
0 Qe

Since the second term on the left-hand side of (101) is non-negative, we conclude

ous,
0s

2
dx+2dm/ \Voul,(t,z)|>de < C3T (101)

that

||6tu7€n||%2(0,T;L2(Qe)) <cC (102)

where C' > 0 is a constant independent of e.
By applying exactly the same arguments considered in proving the boundedness
of dui(t,x) (1 < j < M) in L2(0,T; L?(£2,)), one can derive also the following

estimate

||atu§\4”%2(07T;L2(Q€)) <C (103)

where C' > 0 is a constant independent of e.

5 Homogenization of the Smoluchowski equation

5.1 Two-scale convergence method

Let us introduce some definitions and results on two-scale convergence from [3],
[4], [40], slightly modified to allow for homogenization with a parameter (the time
t) [18], [31], [38].

Definition 5.1. A sequence of functions v¢ in L*([0,T] x Q) two-scale converges to

vo € L2([0,T] x QA x Y) if

. T . x B T
1%/0 /Qv (t,:n)gb(t,x,g) dtdm—/o /Q/Yvo(t,a:,y)qﬁ(t,x,y)dtd$dy (104)

for all ¢ € C1([0,T] x € Cy(Y)).

The notion of 'two-scale convergence’ makes sense because of the next compact-

ness theorem.
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Theorem 5.1. If v is a bounded sequence in L*([0,T] x Q), then there exists a
function vo(t,z,y) in L2([0,T] x Q x Y) such that, up to a subsequence, v¢ two-scale

converges to vg.

The following theorem is useful in obtaining the limit of the product of two two-

scale convergent sequences.

Theorem 5.2. Let v¢ be a sequence of functions in L*([0,T] x Q) which two-scale

converges to a limit vo € L*([0,T] x Q x Y'). Suppose furthermore that

lir%/ /\v t,x ]2dtda:—/ // lvo(t, z,y)|* dt da dy (105)
e—

Then, for any sequence w* in L2([0,T] x Q) that two-scale converges to a limit

wo € L2([0,T] x Q xY), we have

(T ) x
lgr(l)/o /Qv (t,z)w (t,x)qb(t,:v, >dtdm
/ //votwywotzny)qb(ta:y)dtdxdy

for all ¢ € CL([0,T] x ;CF(Y)

(106)

The next theorems yield a characterization of the two-scale limit of the gradients
of bounded sequences v¢. This result is crucial for applications to homogenization
problems.

We identify H'(Q) = W12(Q), where the Sobolev space W1P(Q) is defined by

WiP(Q) = {u|u € LP(Q), g;f

(Q),i= 1,...,N}
and we denote by H#(Y) the closure of C°(Y') for the H'-norm.

Theorem 5.3. Let v¢ be a bounded sequence in L*(0,T; H'(Q)) that converges
weakly to a limit v(t,z) in L?(0,T; H*(Q)). Then, v¢ two-scale converges to v(t, ),
and there exists a function vi(t,x,y) in L*([0,T] x ©; H;E(Y)/R) such that, up to a

subsequence, Vv© two-scale converges to Vv(t,x) + Vyvi(t, z,y).

Theorem 5.4. Let v¢ and eVv© be two bounded sequences in L*([0,T] x ). Then,
there exists a function v (t,x,y) in L*([0,T] x Q; H# (Y)/R) such that, up to a subse-

quence, v° and eV two-scale converge to vi(t,x,y) and Vyvi(t,z,y), respectively.
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The main result of two-scale convergence can be generalized to the case of se-

quences defined in L*([0,7] x T¢).

Theorem 5.5. Let v¢ be a sequence in L*([0,T] x T'.) such that

T
€ / [ve(t, x)|* dt do.(z) < C (107)
0 Te

where C is a positive constant, independent of €. There exist a subsequence (still
denoted by €) and a two-scale limit vo(t,x,y) € L*([0, T]x$; L*(T')) such that v¢(t, x)

two-scale converges to vy(t,z,y) in the sense that

ligé € /OT /Fe ve(t,:n)gb<t,ac, i) dtdo.(z) = /OT/Q/FUO(t,:E,y) o(t,x,y) dt de do(y)
(108)

for any function ¢ € C1([0,T] x Q; CE(Y)).

The proof of Theorem 5.5 is very similar to the usual two-scale convergence

theorem [3]. It relies on the following lemma [4]:

Lemma 5.1. Let B = C[Q; Cx(Y)] be the space of continuous functions ¢(z,y) on
Q x Y which are Y -periodic in y. Then, B is a separable Banach space which is

dense in L?(Q; L2(T")), and such that any function ¢(z,y) € B satisfies

2
doe(z) < C o3, (109)

o, )

and

2
do(x) = /Q /F 6(z, )P der dor(y). (110)

lime/ d)(x, ac)
e—0 T. €

5.2 Presentation of the main results

Theorem 5.6. Let u,(t,z) (1 <m < M) be a family of classical solutions to prob-
lems (10)-(13). The sequences uS, and % (1 < m < M) two-scale converge to:
X(y) um(t, )] and [x(y)(Voum(t,x) + Vyul (t,2,9))] (1 < m < M), respectively,
where tilde denotes the extension by zero outside Qe and x(y) represents the charac-

teristic function of Y*. The limiting functions (um(t,x),ul (t,z,y)) (1 <m < M)
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are the unique solutions in L?(0,T; H' () x L2([0, T] x§; H;E(Y)/R) of the following
two-scale homogenized systems:

If m =1 we have:

0 %(t, x) — divy [dl AV u(t, x)] +0u(t,x) Zj\il aijuj(t,x)
—dy [ wlt,z.y)doty) in [0,7] x 9
r
(111)
[AV ui(t,z)]-n=0 on [0,T] x 0
u1(0,z) = Uh in

if 1l <m < M we have

9 %m(t, z) — divg [dm AV un(t, m)} + Ot (t,2) S0 @ (¢, )
= % E;n:_ll Ajm—jU;j (t, :I:) Um—j (t7 l’) m [07 T] x 0

(112)
[A vxum(tax)] -n=20 on [O,T] % 990
um(0,2) =0 in

if m = M we have:

(

0 828‘77]5‘/1(@ x) — divg |dpr AV gupg(t, x)
= %ZjJrkZM aj,k Uj(t,l‘) uk(t,x) mn [O,T] x
k<M
j<M
(113)
[AVzup(t,x)]-n=0 on [0,T] x 02
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where

N
Oup,
U%n(t,x,y) = § wz(y) %(t,x) (1 <m< M),
=1 t

0= /Yx(y)dy = Y|

is the volume fraction of material, and A is a matriz with constant coefficients

defined by

Aij = / (Vywi + &) - (Vyw; + &;) dy
Y*
with é; being the i-th unit vector in RN, and (wi)1<i<n the family of solutions of the

cell problem

(

—divy[Vyw; + é;] =0 inY*

(Vyw;+¢€;) - n=0 onT (114)

y— w;(y) Y — periodic
\

—_——

Proof. In view of Lemmas 4.1-4.2 and 4.4-4.8 the sequences ug, and V,us, (1 <
m < M) are bounded in L?([0,T] x ), and by application of Theorem 5.1 and
Theorem 5.3 they two-scale converge, up to a subsequence, to: [x(y) um(t,z)] and
(V) (Vatm(t, z) + Vyub, (¢, 2,9))] (1 <m < M). Similarly, in view of Lemma 4.9,

o
it is possible to prove that the sequence <ag£"> (1 <m < M) two-scale converges

ot

We can now find the homogenized equations satisfied by u,, (¢, ) and ul (¢, z,v)

tor | ) 24 (0.0 (1< m < ).

(1<m< M).

In the case m = 1, let us multiply the first equation of (10) by the test function

b = ¢(t, ) + € by <t,x, f)

where ¢ € C1([0,T]xQ) and ¢; € C*([0, T]x; Cy(Y)). Integrating, the divergence

theorem yields
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T aul
/ (t, @ )dtdx—irdl/ / Vot - Ve dt do
0

Qe
//ulzaljuj(ﬁedtdx—edl// (ta: )(bedtdae()

Passing to the two-scale limit we get

/// aul o(t,x) dt dx dy

+d; /0 /Q/*[qul(t, z) + Vyui(t,z,y)] - [Veo(t, x) + Vyb1(t, z,y)] dt dz dy

T M
—i—/o /Q/*u1(t,a:)jz_;a1,juj-(t,x)¢(t,x)dtdxdy

— dy /OT/Q/Fw(t,w,y)qb(t,a:)dtdxda(y).

The last term on the left-hand side of (116) has been obtained by using Theorem 5.2,

(115)

(116)

while the term on the right-hand side has been attained by application of Theorem
5.5. An integration by parts shows that (116) is a variational formulation associated

to the following homogenized system:

—divy[dy (Vzui(t, x) + Vyui(t,z,y))] =0 in [0,7] x Q@ x Y* (117)
[Viui(t, x) + Vyui(t,z,y)] -n =0 on [0,T]x Q2 xT (118)
8u1 . 1
0 E(t’ x) — divg | dy (Vaur(t, ) + Vyu(t, z,y))dy
(119)
+ Ouy(t, x) Zaljujtm d1/¢txy)da() in [0,7] x Q
j=1
{/ (Vour(t, ) + Vyui(t,z,y)) dy] n=0 on [0,7] x 02 (120)
where
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0= /Yx(y)dy = Y7

is the volume fraction of material. To conclude, by continuity, we have that

Taking advantage of the constancy of the diffusion coefficient di, Egs.

(118) can be reexpressed as follows

Ayui(t,z,y) =0 in[0,7] x QA xY*

Vyui(t,z,y) -n=—Vyu(t,z) n on [0,T] x 2 xT

Then, ui(t, z,y) satisfying (121)-(122) can be written as

where (w;)1<i<n is the family of solutions of the cell problem

(

—divy[vywi +é;]=0 in Y*
(Vyw; + &) -n=0 onT

y = wi(y) Y — periodic

By using the relation (123) in Eqgs. (119) and (120) we get

8u1

O

M
(t,z) — div, [dl AV u(t, x)} + Ouy(t, z) Z arju;i(t, )
j=1

—di [ Ut oydo) =0 (0.7 x0
r
[AV ui(t,z)]-n=0 on [0,7] x 02
where A is a matrix with constant coefficients defined by
Aij = / (Vywi + éi) . (Vywj + éj) dy.
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(117) and

(121)

(122)

(123)

(124)

(125)

(126)



In the case 1 < m < M, let us multiply the first equation of (12) by the test

function

6= B(t,7) +en (t,:c, ‘f)

where ¢ € C([0,T]xQ) and ¢; € CL([0, T]x; C(Y)). Integrating, the divergence

theorem yields

T au T
/ (t, ) dtdx + d, / / Vaus, - Vo dtdz
0 Ja. 0 JQ.
T 1 [T m—1
+/ / ufnZam,j uj G dt dx = 2/ / Z @jm—j uj ufn_j e dt dx
o Jo. i o Jo. o

Passing to the two-scale limit we get

/// 8um o(t,x) dt dx dy

+dm /O /Q / *[vxum(t,x) + Vyub (t,2,9)] - [Vad(t, ) + Vybi(t, z,y)] dt de dy
M
+/OT/Q/*um(t’x)jz;am,j w;(t,z) p(t, x) dt dz dy
1 T m—1
T2 /0 /Q / . ; jm—j i (t, %) um—j (¢, ) $(t, x) dt d dy.

(127)

(128)

The last term on the left-hand side of (128) and the term on the right-hand side
have been obtained by using Theorem 5.2. An integration by parts shows that (128)

is a variational formulation associated to the following homogenized system:

—divy[dy (V pum(t, 2) + Vyut (t,2,9))] = 0 in[0,7] xQxY" (129)

[Vt (t, ) + Vyul, (t,2,y)] -n =0 on [0, 7] xQxT (130)
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6’65:(75, x) — divy [dm /*(V U (t, ) + Vyup, (, 2, y))dy

em
+ Qup(t, ) Z;am]u]t:c 52 @jm—j;(t, ) Um—ji(t, ) =0 in [0,T] x Q
‘7 :

(131)

[/*(Vmum(t z) + Vyul (t,x y))dy] n=0 on [0,T] x 02 (132)

where

0 = /Yx(y)dy = Y7

is the volume fraction of material. Moreover, by continuity

U (0,2) =0 in Q.

Taking advantage of the constancy of the diffusion coefficient d,,, Egs. (129) and

(130) can be reexpressed as follows

Ayut (t,z,y) =0 in [0,7] x Q@ xY* (133)

Vyus (t,x,y) - n = —Vaun(t,z) - n on [0,T] x A xT (134)

Then, ul, (¢, z,y) satisfying (133)-(134) can be written as

N
Lty = wily ) Qi y (135)

8x
=1 v

where (w;)1<i<n is the family of solutions of the cell problem

—divy[Vyw; + é;] =0 in Y*

(Vyw; + &) -n=0 onT (136)

y — w;(y) Y — periodic
By using the relation (135) in Egs. (131) and (132) we get
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M

0 ag—;n(t, x) — divy [dm AV pum (t, x)} + O up(t, ) Z U, ; ui(t, x)
m— = (137)
gz jmj U (t, @) Um—j(t,2) =0 in [0,7] x Q
[AV um(t,z)] - n=0 on [0,T] x 0N (138)

where A is a matrix with constant coefficients defined by

Aij = / (Vywi + éz‘) . (Vywj + éj) dy.
The proof for the case m = M is achieved by applying exactly the same arguments

considered when 1 < m < M.

O]

Theorem 5.6 shows that the macroscale (homogenized) model, obtained from Egs.
(10)-(13) as € — 0, is asymptotically consistent with the original model and resolves
both the coarse and the small scale. The information given on the micro-scale, by
the non-homogeneous Neumann boundary condition in (10), is transferred into the
source term in the first equation of (111), describing the limit model. Furthermore,
on the macro-scale, the geometric structure of the perforated domain induces a
correction in that the scalar diffusion coefficients d; (1 < i < M), defined at the

microscale, are replaced by a tensorial quantity with constant coefficients.

A Appendix A
Lemma A.1. The following estimate holds: if v € Lip(d¢), then

[l <C’1[ / |v|2dﬂc+e/ V0 dx] (139)
where C1 is a constant which does not depend on e.

The inequality (139) can be easily obtained from the standard trace theorem by

means of a scaling argument [4], [14], [15].
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Lemma A.2. Suppose that the domain Q). is such that assumption (8) is satisfied.

Then there exists a family of linear continuous extension operators

P : WP(Q.) — WhP(Q)

and a constant C > 0 independent of ¢ such that

Pu=u in .

and
/ | PeulPdx < C’/ |ulPdzx (140)
Q Qe

/ |V(Pou)Pdz < C/ |VulPdx (141)
Q Qe
for each u € WHP(Q,) and for any p € (1,+00).

For the proof of this Lemma see for instance [14].

As a consequence of the existence of extension operators one can derive the

Sobolev inequalities in W1P(€),) with a constant independent of e.

Lemma A.3 (Anisotropic Sobolev inequalities in perforated domains).
(i) For arbitrary v € H'(0,T; L?(Q.)) N L?(0,T; H'(Q,)) and ¢ and r1 satisfying

the conditions

1, N_N
r1 € [2,00], q1 € [2, 5] for N >2
the following estimate holds
[l ey 0,750 (00)) < ellullgoer (143)
where ¢ is a positive constant independent of € and
T
iy = s [ u®Pdo+ [ de [ [Vu) o (144)
0<t<T JQ. 0 Qe
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(ii) For arbitrary u € H*(0,T; L*(Q)) N L2(0,T; H'(Q:)) and q2 and ry satisfying

the conditions

1L N1 N
2 4 (145)
ro € [2,00], g2 € [2, 2(%\[:21))} for N >3
the following estimate holds
N_(1-N)
HU||L’“2(0,T;L(12(F€)) <ce ? @ HUHQe(T) (146)

where c is a positive constant independent of € and the norm ||ullg, () is defined as
in (144).

Proof.
(i) The extension Lemma A.2 ensures the well-definiteness of a linear continuous
extension operator P, which satisfies (140) and (141). By the classical multiplicative

Sobolev inequalities valid in Q (see [33] and [41]), we have that

| Pewel| 1 (0,750 () < e || Peullger) (147)

where ¢; > 0 depends only on €2, r1, ¢q1, with 1 and ¢; satisfying the conditions

(142) and

T
| Pl == sup /|Pu |2d:c+/ dt/Q|V(P6u(t))|2da: (148)

0<t<T
By using (140), (141) and (147), we conclude that

lull zr1 (0,11 < C'||[Peull om0 0
(Q0)) ( () (149)
< e ||Peullgery < CTer Cllullg.r)
where ¢ := C’ ¢1 C is independent of e.

(ii) Let us rewrite the anisotropic Sobolev inequality valid on 92 (see [33] and [41]):

T o]
Ll e
0
1/2
< [ sup /\u |2dy+/ dt/|Vu \2dy]
0<t<T
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where ¢; > 0 depends only on 72, g2 and on local properties of the surface 92 (which
is assumed to be piecewise smooth) with re and ¢o satisfying the conditions (145).
By performing the change of variable y = %, it is easy to obtain the corresponding

re-scaled estimates:

1

a-m [ [T &l
@ U dtU \u(t)]quHNl] }

i , " (151)
<eed [ sup / u(t)|? d + €2 / dt/ ]Vu(t)|2dx]
0<t<T Q.
T e
[/ dt[ u(t)| dHNl] qz] ’
0 T,
. " (152)
<ce 2 [ sup / lu(t |2d1‘+/ dt/ |Vu(t |2dx]
0<t<T
where c is a positive constant independent of e.
O
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