IMPROVED CONVERGENCE THEOREMS FOR BUBBLE CLUSTERS.
II. THE THREE-DIMENSIONAL CASE

G. P. LEONARDI AND F. MAGGI

ABSTRACT. Given a sequence {&}« of almost-minimizing clusters in R? which converges in Lt
to a limit cluster € we prove the existence of C'*“-diffeomorphisms fi between dE and O, which
converge in C! to the identity. Each of these boundaries is divided into C*'®-surfaces of regular
points, C**-curves of points of type Y (where the boundary blows-up to three half-spaces
meeting along a line at 120 degree) and isolated points of type T (where the boundary blows up
to the two-dimensional cone over a one-dimensional regular tetrahedron). The diffeomorphisms
fr are compatible with this decomposition, in the sense that they bring regular points into
regular points and singular points of a kind into singular points of the same kind. They are
almost-normal, meaning that at fixed distance from the set of singular points each fi is a normal
deformation of OF, and at fixed distance from the points of type T, fi is a normal deformation
of the set of points of type Y. Finally, the tangential displacements are quantitatively controlled
by the normal displacements. This improved convergence theorem is then used in the study of
isoperimetric clusters in R3.
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1. INTRODUCTION

1.1. Overview. This paper is the second part of [CLM14]. In [CLM14, Theorem 3.1], having
in mind to address the convergence of stratified singular sets in geometric variational problems,
we have detailed a procedure to construct structured diffeomorphisms between manifolds with
boundary (in arbitrary dimension and codimension). This result was then used as the starting
point to obtain an improved convergence theorem for planar almost-minimizing clusters, which in
turn was used to the address a question posed by Almgren in [Alm76] concerning the classification
of isoperimetric clusters. We discuss here the extension of these results to almost-minimizing
clusters in R3. There are of course major difficulties in this extension, as the structure of
singular sets is by far more complex in three-dimensions than in the planar case. Referring
to the introduction of [CLM14] for detailed motivations, bibliographical references and further
applications of improved convergence theorems, we directly pass to introduce the main results
proved in this paper.

1.2. Clusters. A N-cluster £ in R" (N,n > 2) is a family € = {€(h)}}_, of sets of locally finite
perimeter in R™ such that 0 < |E(h)| for 1 < h < N and |E(h)NE(k)| =0for 1 <h <k < N.
The set £(h) is the hth chamber of £ and £(0) = R™ \ UhN:1 is the exterior chamber of £. The
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volume vol (£) € RY of & has hth entry given by |£(h)|, and the perimeter of £ relative to
F C R" is defined by

1

N
PEF) =5 Y PEMF) = > WUFNERK),  PE)=PER),

h=0 0<h<k<N

where E(h, k) = 0*E(h)NO*E(k) and 0* E' denotes the reduced boundary of a set of locally finite
perimeter E in R"”. We shall always normalize (modulo Lebesgue null sets) the chambers £(h)
so to have that cl (0*E(h)) = 0E(h) for h =0, ..., N, where cl stands for topological closure. In
this way, setting

N N
08 =|Joem), oe=Joemy= |J EMmk), BE) =0E\IE,
h=1 h=1 0<h<k<N

we have P(£; F) = H" L(FNO*E) and cl (0*E) = OE. An isoperimetric cluster is a N-cluster £
in R" such that

P(&) < P(F) whenever vol () = vol (F).

If £ is an isoperimetric cluster, then & is a (A, rp)-minimizing cluster in R™ (for some positive
constants A and ry depending on £ only) according to the following definition. Setting

N
Ar(E.F)= 3 S (EMAFENNF],  d(E,F) = dgn (€, F),
h=0

for the L!-distance between the N-clusters £ and F in F' C R™, one says that £ is a (perimeter)
(A, ro)-minimizing cluster in R™ if

P(&; Byyr) < P(F; Byy) + Ad(E, F), (1.1)

whenever z € R", r < rg and £(h)AF(h) CC By, for every h =1,..., N. In this case, following
[AIm76], 0*E is a C1P-hypersurface in R™ for every 8 € (0,1), H"1(X(£)) = 0, and E(h) is an
open set for every h =0, ..., N; see also [CLM14, Section 3]. If in addition £ is an isoperimetric
cluster, then O€ is bounded and 0*€ is a constant mean curvature (thus analytic) hypersurface.

1.3. Taylor’s regularity theorem. When n = 3 much more can be said about (&) and
the behavior of 9*€ near ¥(€) thanks to Taylor’s theorem [Tay76]. In Theorem 1.1 below we
formulate her result in our context. To this end, we denote by Y a reference closed cone in
R? defined by three half-planes meeting along their common boundary line (which contains the
origin of R3) by forming 120 degrees angles. We denote by T a reference closed cone in R3
spanned by edges of a regular tetrahedron and with vertex at the barycenter of the tetrahedron
— which is assumed to be the origin of R3. Both Y and T are two-dimensional cones in R? (with
vertex at the origin), and it turns out that, modulo isometries, they model (as tangent cones)
all the possible singularities of (A, rg)-minimizing clusters in R3. By exploiting [Tay76] one can
indeed deduce the following result, where, given M C R? and « € M, we use the notation

H2(M N By,)

Oy (z) = lim 3

r—0+ r

(provided this limit exists) . (1.2)

Theorem 1.1. There exists o € (0,1) with the following property. If € is a (A, ro)-minimizing
cluster in R3, then Opg(x) exists for every x € 0E and

9 = {Ope =1},  (E) = Sy (E) US(E),

Sy (E) = {00g = Oy (0)},  Sr(E) = {00e = 00(0)) . (13)
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Moreover, Xp(E) is locally finite, there exists a locally finite family S(E) of closed connected
topological surfaces with boundary in R? such that

S* = 8\ B7(€) is a CY*-surface with boundary in R3 for every S € S(E),
o€ = S, oe= | mt(sM), @)= [J bd(s, (1.4)
SeS(E) SeS(E) SeS(E)

and there exists a locally finite family T'(E) of closed connected C1*-curves with boundary in R3
such that

v = U mt(),  =2r@= {J pd(). (15)

yeL(€) veT(€)

Finally, for every x € OE there exists a cone X in R® (with vertex at the origin) such that, with
hdp, denoting the Hausdorff distance localized in the ball Br (see (2.1) below), one has

(35—3:

lim hdp, ,X) =0, VR>O0. (1.6)

r—0+

Here, if x € 0*E, then X is a plane, and if v € X(E), then X = g(Y') or X = g(T) for a linear
isometry g of R® depending on whether x € Yy (£) or x € X1 (E). X is called the tangent cone
to 0 at x, and we set X = T,0E.

Remark 1.2 (Clusters of class C*!). As a byproduct of (1.6) one sees that if S € S(€) and
vg € C%(int (S);S?) is such that 1,8 = vg(x)* for every z € int (), then vg can be extended
by continuity to the whole S. If 9*£ is a surface of class C?, then VSvg is a continuous R” @ R"-
field on int (S) (here we are using the convention adopted in [CLM14] that tangential gradients
to manifolds are seen as linear maps on the whole ambient tangent space which take zero values
on the orthogonal directions to the manifold). Correspondingly, we say that a (A, ro)-minimizing
cluster £ in R? is of class C%1 if 0*E€ is of class C*! and if, for every S € S(€), Vvg can be
extended by continuity to the whole S in such a way that for each x,y € S one has

IV5us(y) — VZus(a)|| < Cle -y,

vs(y) = vs(z) = Vovs(a)le —y]| < Clz —yP, (1.7)
vs(z) - (y —2) = Vrs(a)lz —y] - (y —2)| < Clz —yf*,
for some constant C' depending on £ only, and where || - || denotes the operator norm on R" @ R".

We notice that by the higher regularity results of [KNS78] each isoperimetric cluster in R? is of
class C%! (actually analytic). Moreover, (1.7) implies that each v € T'(€) is of class C*!.

1.4. The improved convergence theorem and some applications. If £ isa (A, rp)-minimizing
cluster in R3, then we say that f € C1*(0&;R?) provided f : € — R? is continuous on 9&,
f € Ch(S*) for every S € S(€) and
I fllcte@e) == sup [[fllcrass) < oo.
SES(E)
If £ and F are (A, ro)-minimizing clusters in R?, then f is a C1®-diffeomorphism between 9 and
OF provided f is an homeomorphism between € and 0F, f € CL*(9&;R3), f~1 € CL*(0F;R3)
and
f(Ey(€)) =Zy(F), f(Er(€)) = Er(F).
Finally, if ve : 0*€ — S? is any Borel vector field with vg(z) € {Vem) (@), Ve ()} for = €
E(h,k) and f : 0*E — R3, then we define the tangential component of f with respect to 9*€,
Tef 0" = R3, as

Tef(x) = f(x) — (f(z)-ve(x))ve(x),  xe€d*€.
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Our improved convergence theorem takes then the following form (here, a € (0,1) is as in
Theorem 1.1).

Theorem 1.3. Given A >0, 79 > 0 and a bounded (A, ro)-minimizing cluster € in R3 of class
C?1, then there exist positive constants pg and Cqy (depending on A and E) with the following
property. If {E1}ren is a sequence of (A, ro)-minimizing clusters in R® such that (&, &) — 0
as k — oo, then for every p < g there evist k(1) € N and a sequence of maps { fi}r>r(u) such
that each fi is a C-diffeomorphism between OE and 0&), with

| frllcrae) < Co,
dm [ fi = Id]cree) =0,
—00

C (1.8)
[Te(fr — Id)[|cr(aee) < 70 1 fx = dllc1(ny &) s

re(fi —1d) =0, on 0E \ I1,(X(E)).

Remark 1.4. The last property in (1.8) says that fj is almost-normal on 0€, meaning that it
is a normal deformation of O€ at a fixed distance from ¥(&). Actually more is true, as it will
become apparent from the proof of Theorem 1.1: the diffeomorphisms f3 is also almost normal
on Yy (&). More precisely, for each v € I'(£), denoting by 7,v the projection of v € R? on T},
and setting (77h)(z) = 71 (h(x)) for h: v — R3, then

C
7 (fr —Id) =0 on v\ I,(2r(£)), |77 (fre = Id)[|c1(y) < 70 | fr = Id[lco(yrsp(ey s (1.9)

see in particular Lemma 4.5 and Lemma 4.6 below. Notice that the penultimate condition in (1.8)
and the second condition in (1.9) express a quantitative control on the tangential displacements
in terms of the corresponding normal displacements.

There are of course many different applications of Theorem 1.3 that one may wish to explore.
One direction is definitely the discussion of global stability inequalities. In the case of the planar
counterpart of Theorem 1.3, namely [CLM14, Theorem 1.5], this kind of analysis has been
performed on planar double-bubbles [CLM12] and hexagonal honeycombs [CM14]. Another
interesting direction is discussing the relation between strict stability (positive second variation)
and local minimality. Leaving for future investigations these kind of questions, we discuss here
two more immediate consequences of Theorem 1.3, whose planar analogs have been presented
in [CLM14, Theorem 1.9, Theorem 1.10].

The first result is an application to the classification problem for isoperimetric clusters
[Alm76, VI.1(6)]. We introduce an equivalence relation ~ on the family of clusters in R? that
are (A, ro)-minimizing cluster for some choice of A > 0 and ry > 0, by setting £ ~ F if and only
if there exists a C1®-diffeomorphism between € and 9F.

Theorem 1.5. For every mg € Rf there exists & > 0 such that if Q) is the family of the
isoperimetric clusters in R3 with |vol (§) — mg| < 6, then Q/~ is a finite set.

One can also qualitatively describe global minimizers of the cluster perimeter in the presence
of a sufficiently small potential energy term.

Theorem 1.6. Let mg € RY be such that there exists a unique (modulo isometries) isoperimetric
cluster & in R3 with vol (§9) = myg, and let g : R® — [0,00) be a continuous function with
g(x) — oo as |x| — oco. Then there exists 69 > 0 (depending on & and g only) such that for
every 6 < dg and |m — mg| < &g there exists a minimizer £ in

N
inf { P(£) + 5 ;/m o) e vol (£) = m ). (1.10)

and necessarily it must be £ = &.
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Theorem 1.5 and Theorem 1.6 are deduced from Theorem 1.3 in exactly the same way as
[CLM14, Theorem 1.9 and Theorem 1.10] are obtained from [CLM14, Theorem 1.5]. The only
significant difference with the planar case is that in R® obtaining compactness from perimeter
bounds is a subtler issue. Considering that this kind of question has been discussed at length in
the companion paper [CLM12], see in particular Appendix A therein, and taking into account the
already considerable length of the present two-part paper, we shall omit a detailed presentation
of the proofs of Theorem 1.5 and Theorem 1.6.

1.5. Organization of the paper. In section 2 we recall the results of Taylor [Tay76] and,
more recently of David [Dav09, Dav10], which provide us with the local description of singular
sets needed in order to begin our analysis. In particular, we prove Theorem 1.1. In section 3
we show the stratified Hausdorff convergence of singular sets, while in section 4 we prove the
converge of the decomposition of 0& into curves and surfaces introduced in Theorem 1.1 to
the corresponding decomposition of 9€. In section 5 we finally deduce Theorem 1.3, while in
Appendix A we present a technical result bridging between our “distributional” context based
on the theory of sets of finite perimeter and the theory of (M, ¢, §)-minimal sets by Almgren
used in Taylor’s and David’s papers.

Acknowledgement: The work of FM was supported by NSF Grants DMS-1265910 and DMS-
1361122 The work of GPL has been supported by GNAMPA (INdAM).

2. STRUCTURE OF (A, r()-MINIMIZING CLUSTERS IN R3

The goal of this section is the proof of Theorem 1.1. We first recall the results of Taylor
[Tay76] and David [Dav09, Dav10] in section 2.2. The main result proved here is then Theorem
2.1, section 2.3, which enables one to use exploit Taylor’s regularity theory to boundaries of
(A, r9)-minimizing clusters. Finally, in section 2.4, we prove Theorem 1.1.

2.1. Sets and manifolds. We set B(z,r) = B, for the ball of center x € R" and radius
r > 0, and set B, = By, = B(0,r), B = By, S""! = dB. Given S C R", S, 35, cl(S) are
the interior, the boundary and the closure of S, while I.(S) = {z € R" : dist(z,S) < e} is the
e-neighborhood of S, € > 0. Given S,T C R"™ we define the Hausdorff distance between S and
T localized in K C R" as

hdg (S, T) = max{sup{dist(y, S):yeTNK}, sup{dist(y,T) :y € SN K}} , (2.1)

and set hd, (S,T) = hdp, . (5,T) and hd(S,T) = hdg«(S,T). If S is a k-dimensional (embed-
ded) C'-manifold in R™, then we set distg for the geodesic distance on S and denote by N¢(.9)
the normal e-neighborhood to S. If S is a C'-manifold with boundary in R”, then int (S) and
bd (S) denote, respectively, the interior and the boundary points of S. If S is a topological
manifold with boundary in R", then we use bd ;(S) for the boundary points of S, and we set

8], = S\ L(bd,(S)), Vp>0. (2.2)

The terms curve, surface and hypersurface are used in place of 1-dimensional manifold, 2-
dimensional manifold and (n — 1)-dimensional manifold in R”. If S is a k-dimensional C*-
manifold in R", x € §, and f: .5 — R", then we set

VSf(x)[v]: }%w if’UGTxS,")/Ecl((—&E);S), ")/(0):1', 7/(0):1)7
0 it v € (T,S)*.
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and we let [|fllon(s) = supyes [f(@)] + [V £(@)], where ||| = sup{|Z[e]| : [o] = 1} for every
linear map L : R® — R™. For a € (0,1] and S of class C1%, we set

Vo f(z) — V5
(VS flova = sup IV ID VI
z,y€S, x#Y |1‘ — y|
[ fllcresy = SIEIIS) |f(z)| + HVSf(a;)H T [st}co,a(g) .

Finally, given an orientable k-dimensional C'**“-manifold S in R” which admits a global normal

frame of class O (i.e., such that for every z € S there exists an orthonormal basis {yfqi) (x) ;Lz_lk

of (T,,S)* with the property l/g) € C1(S) for each i), we write
[Sllgre < L,
if
@y — DN < Lz — yl®
v’ (@) —vg' (W) < Lle -yl

YR e Ve,ye S,i=1,...,n—k. (2.3)
' () - (y — )| < Lly — x|,

2.2. (M,¢,6)-minimal sets and Taylor’s theorem. Let 6 > 0 and let £ : (0,00) — [0, 00) be
an increasing function such that £(0") = 0. Consider an open set A C R™ and a bounded set M
which is relatively closed in A. We assume that, for some 1 < k < n — 1, one has H*(M) < oo
and ”Hk(MﬂBm«) > 0 for every r > 0 and = € M: in this way, H*LM is a finite Radon measure
on A with M = ANspt(H*LM). Under these assumptions, one says that M is a (k-dimensional)
(M, &, §)-minimal set in A if

HYW N M) < (1+E(r) HE(F(W N M),

whenever f : R” — R" is a Lipschitz map with WU f(W) CC A and diam(W U f(W)) =r < 6,
where W = {f # Id}.

Let reg(M) denote the set of points at which M admits an approximate tangent plane, and
set (M) = M \ reg(M). As a consequence of [Alm76, II11.3(7)], if M is a (M, &, d)-minimal set
in A for £(r) = Cr7, v € (0,1), then reg(M) is a k-dimensional C''*-manifold in A for every
B < /2, o(M) is closed, and H*(o(M)) = 0.

In the case k = 2, n = 3, Taylor [Tay76] has improved this regularity result to a sharp
degree. Let Y and T be the reference cones introduced in section 1. Taylor shows that if M is a
two-dimensional (M, £, §)-minimal set in A C R? (for £(r) = C'r7, v € (0,1)), then 0y (x) exists
for every x € M (see (1.2)) and

reg(M) ={0y =7}, o(M)=o0y(M)Uop(M), (2.4)

where

oy (M) = {0y =0y(0)}, op(M) = {0y =067(0)}. (2.5)
Moreover, there exists a € (0,) such that for every = € o(M) there exist r; > 0, an open set
U C R? with 0 € U, and a Ct-diffeomorphism @ between U and B, ,, CC A with ®(0) = z
such that,

if x € oy (M), then ®(Y NU) =M N B,,, and ®(oy(Y)NU) =0y (M) N By, ;
it 2 € op(M), then ®(T N U) = M N By, and ®(oy (T) NU) = oy (M) N By.r..

Note that oy (Y) is the boundary line shared by the three half-planes defining Y, while oy (T
is the union of four open half-lines sharing 0 as the common origin of their closures. In [Dav09,
Dav10], David addresses the regularity of two-dimensional (M, &, §)-minimal set in R” with n > 3
under a certain admissibility assumption on their possible tangent cones. This assumption is
always satisfied when n = 3. In particular, he recovers Taylor’s result, and actually proves
some estimates that shall be useful in the sequel. For the sake of clarity we now give a precise

(2.6)
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statement of the result we shall use. In doing so, it is convenient to say that a closed set X C R3
is a minimal cone if either X is a plane through the origin, X = p(Y), or X = p(T') for a linear
isometry p of R3. (In particular, X is a cone with respect to 0.)

Theorem A. There exist positive constants a,eq < 1 and Cy > 1 with following property.
Let M be a closed set in R® such that H2.M is a Radon measure and H*(M N By,) > 0
for every x € M and r > 0, and assume that for some L > 0 and pg > 0 one has

HA(MOW) <H* (f(MNW))+Lr3, (2.7)

whenever f : R® — R3 is a Lipschitz map with diam(W U f(W)) =r < po, W = {f # 1d}.
(a) There exists A depending on L and py such that

H?(M N By,)

3 + Ar

re (Ova)'_) r

is increasing for every x € M; moreover, for every x € M there exist v, € (0,p0/2) and a
minimal cone X' with 0x/(0) = 0ps(x) such that

hdy ., (M, z + X' 2(M N By
o, (M, 2 + )+<%( 72 ’“”)—i—)\rx—HM(az))SEo- (2.8)

T

E =
Tx

(b) If z € M, ry € (0,p0/2), and X' is a minimal cone with 0x:/(0) < Opr(x) such that (2.8)
holds, then there exists a minimal cone X such that 0x(0) = 0p(x) and
hdgyl(X,X/) < 006,
hd, (M, z + X)
T

< Co (TL)%, Vr < %0

Moreover, for every r < r,/Cq there exists a C1-diffeomorphism ® between By o and ®(Bo 2r)
such that

(I)(O) =z, Bxﬂ« C (P(BO’QT)7 and BO,T/C’O C (I)il(Bx’,«),
®(XNByo)NByyr=MnNB,,,

2.9
®(oy(X) N Bogar) N By, = oy (M) N By, (2.9)
1@l (Boar) + 127 lora(@(Boa) < Co-

Proof. As explained in [Dav10, Definition 1.10, Equation (1.13)] the results from [Dav10] apply
to sets satisfying the almost-minimality condition (2.7). Assertion (a) then follows from [Dav10,
Equation (3.13), Proposition 3.14], and assertion (b) is deduced by [Dav10, Theorem 12.8,
Corollary 12.25]. O

2.3. (A, 7r9)-minimizing clusters as (M, ¢, §)-minimal sets. The theory of section 2.2 can
be applied to the boundaries of (A, rp)-minimizing clusters.

Theorem 2.1. If £ is a perimeter (A, ro)-minimizing N -cluster in R™, then there exists positive
constants L and py (depending on A, ro, n, N and maxi<p<n |E(h)| only) such that

H LW NOE) < HHF(WNOE)) + L, (2.10)

whenever f : R™ — R"™ is a Lipschitz map and diam(W U f(W)) = r < pg, where W = {f # 1d}.
In particular, if n = 3, then M = 0E satisfies the assumptions of Theorem A.

The proof of Theorem 2.1 is discussed in Appendix A.
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2.4. Proof of Theorem 1.1. Step one: Let g9, o and Cjy be as in Theorem A, and let £ be
a (A, ro)-minimizing cluster in R®. By Theorem 2.1 we can apply Theorem A to M = 9€. In
particular, by (2.4) and (2.5), Ope(x) is defined for every x € €, and thus we get

OE = {bos = 7} U{bps = 0y (0)} U{fpe = 0r(0)}.
We set Ey(g) = {935 = ay(O)} = O’y(ag) and ET(S) = {Qag = QT(O)} = UT(&‘J) Again
by Theorem A, for every z € OE there exist a minimal cone X, in R? and r, > 0 such that

foe () = 0x,(0),

hd, 857 Xz a x
(08w + )gco(i) . Wr< = (2.11)
r Tz CO
and there exists a C-diffeomorphism ®, between U, = By s, (85 = r4/2C)) and A, =
®,(Bo,2s, ) such that ®,(0) =z, B, s, C A, and
O, (X, NU) N Bys, =0EN By s,
q)w(UY(Xx) N U:p) N Bw,sz = EY((S) N Bz,sz s (212)
1@zllcraw,) + 125 loraca,) < Co-
We claim that 0*€ = {0s¢ = 7}. Indeed, Oy = 7 on 9*E by De Giorgi’s structure theorem
for sets of finite perimeter. At the same time, if Oyg(x) = 7 for some x € OE, then X, is a
plane and thus, by (2.12), B, s, \ O€ has two distinct connected components. Hence there exists
0 < h < k < N such that By s, NE(j) # 0 if and only if j = h, k, so that £(h) is an open set
with boundary of class C1 in B, s, . In particular, By s, NOE(h) = By, N 0*E(h) and thus
x € 0*E. We have thus proved
0" ={0pc =7}, and so (&) =Sy (E)UEr(€), (2.13)
that is, (1.3) holds.
Step two: Let now z € Xp(€). By op(X) = {0}, ©,(0) = z, ®y(oy(X) NUz) N Bys, =
Yy (€) N By, and (2.13) we conclude that X7(£) N B, s, = {z}. In particular, £7(&) is locally
finite. By an analogous argument we check that Yy (&) is a C1®-curve in R3, relatively open
in X(€), while (as we already know even when n > 4) 0*€ is a CbY/2-surface in R3, relatively

open in 0. Let {M;}icr and {oj}jcs denote the connected components of 9*€ and Ly (€)
respectively, so that

ore=\JMi, Sy =Jo;. (2.14)
i€l jEJ
By (2.12), {M;}ier and {o}}je; are locally finite, and each M; is a connected C1#-surface in
R? for every 8 € (0,1), while each o is a connected Ch*-curve in R3. In the following steps we
check that (1.4) and (1.5) hold with

S(E) ={Si=cd(M)}ticr,  T(E) ={y =cl(oj)}jes-

Step three: We first check that for each J € J there exist 0 < k:{ < k% < k:% < N such that
o; NOE(h) # 0 if and only if h € {k],kJ,k}}. This follows immediately by (2.12), by the

connectedness of o; and by means of a covering argument.

Step four: We prove that (1.5) holds with v; = cl (0;). We first check that ; is a connected C1-
curve with boundary in R3. This is trivial if o; = 7;, so let v;\o; # 0. Since 0; C Xy (€) C T(€)
and X(&) is closed we have v, \ 0; C X(&). At the same time, by (2.12) and by connectedness
of o, we have Xy (£) Ny; = Ly (€) N0y, so that v\ 0; C Xp(E). Let x € 5\ 0, then by (2.12)
and by x € X7(£), Xy (£) N By s, consists of four distinet Ch*-diffeomorphic images p1, p2, p3
and py of (0,1). Without loss of generality we may assume that p; C 0; N B, s,. By showing
that p1 = 0; N B, s, and by invoking again (2.12) we see that v; is C1*diffeomorphic to [0,1)
in a neighborhood of z, as required. To this end, it is enough to check that p,, No; N By s, =0
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for m = 2,3,4. Indeed, by (2.12), for each m = 1,2,3,4 there exist 0 < A" < by’ < hf* < N
such that

pm = By (€) N By, NOE(RY) N OE(RE') N OE(RY) (2.15)
and such that for every 1 < m < m’ < 4 it holds
# ({0, g iy O (Y B Y ) = 2. (2.16)

By step three, (2.15) and p; C 0 N By, it must be
{K], k3, K} = {p1, hs, b3}
Hence, if p,, C 05 N B, s, for some m = 2, 3,4, then
{k{,k%, k:]%} = {h", h3", hy'}
thus leading to a contradiction with (2.16). This proves that ; is a connected C1*-curve with
boundary in R? with
int (y;) =0; CEy(E),  bd(y;) C ().
By (2.14) we find
Sy (€) = | Jint (), Jbd () c=r(€).
JjeJ j€J

Finally, if x € £7(€), then, by (2.12), z € cl (£y(€)), and thus € v; = cl(o;) for some j € J,
and (1.5) holds.
Step five: We prove (1.4). By (2.14) and cl (0*E) = 0E we see that 9 = | J;c; Si. We now claim
that Sf = S; \ 7(€) is a CH%surface with boundary in R? with

int (S;) = M;, bd (S]) C Zy (€). (2.17)
Since S; N M; = M; we have that S} is locally C1A_diffeomorphic to a disk at every z € SN M;
for every 8 € (0,1). If x € SF\ M;, then z € £y (€). By (2.12) and by arguing as in step
three and step four one checks that S} is locally Cle_diffeomorphic to a half-disk at every
x € Sf \ M;. This proves (2.17), thus (1.4) up to the inclusion ¥y (&) C J;c; bd (S]), which
follows from (2.12) and the fact that 0*€ = |J;c; M;. The fact that S; is a connected topological
surface with boundary similarly follows from (2.12). Finally (1.6) follows by (1.3) and (2.11).

3. HAUSDORFF CONVERGENCE OF SINGULAR SETS AND TANGENT CONES

The goal of this section is showing the convergence of singular sets and tangent cones for
clusters in R3. Precisely, given A > 0 and 79 > 0 we assume that

£ is a (A, ro)-minimizing cluster in R? with 0*& of class C%!,
{Ek}ren is a sequence of (A, rg)-minimizing clusters in R? (3.1)
dB, (&, E) = 0 as k — oo for every R > 0.

Our starting point is the following result from [CLM14] (which holds verbatim for arbitrary n).
Here and in the following, in analogy to (2.2) but with a slight abuse of notation, we set

98], = 0°E\ L, ((E)),  p>0.
Theorem 3.1. If (3.1) holds, then & is a (A, ro)-minimizing cluster in R3, H2L0*E, = H2LOE

as k — oo as Radon measures, and there exist positive constants py (depending on £) and C
(depending on A and &) such that:

(i) for every R > 0 one has hdp, (0, 0E) — 0 as k — oo, and, actually,
lim hdg, (86k(i) N 0EL(), DE() N ag(j)) —0, V0<i<j<N: (3.2)
— 00
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(ii) for every R > R’ >0 and € > 0 there exist kg € N such that
Y(&) N Br C I.(X(€) N Br), Vk > ko; (3.3)

(iii) for every R > R’ > 0 and p < po there exist kg € N, € € (0,p), R" € (R',R) and
{Uk eske C CHP([OE],) for every B € (0,1) such that

(BR/ N 88k) \ IQp(E(S) N BR) C (Id + wkyg)([ag]p N BRN) C BRNo*&, (3.4)
N:(Bgr' N [8€]p) NOE, = (Id + Y ve)(Br N [85],,) , (3.5)
for every k > kg, with
A ([Yellor s unioer,) = 0,

3.6
sup [nlens ey < COAERLR) VB € (0,1). (36)
—Z RO

Proof. This follows from [CLM14, Theorem 4.9 and Theorem 4.12]. O

We are now ready to prove the main result of this section. The constants «, €9 and Cy will
be the ones introduced in Theorem A.

Theorem 3.2. If (3.1) holds, then
Tim s, (S(64), B(E)) = Jim hd, (D (€), Sy (€)) =0,

lim hd g, (Sr(€), Dr(€) =0, (3.7)

for every R > 0. Moreover, if x € ¥(E), x1, € X(&), v = x as k — 00, and Oyg, (vr) = Ops(x)
for every k € N, then
lim hdo, (130, T4, 061) = 0. (3.8)
—00

and there exists s, > 0, and for every r < s; there exist k;, € N and Che-diffeomorphisms ®,
and @y, defined on By, such that

®,(0) =2, By C ®,(Boar), and By, /c, C (®7)  (Bay)

q)T(BQQT N Txc‘)é’) N Bx,r = Bx,r N oE

®,(Boar N oy (To0E)) N Bay = Buy N Ty (E) | (3.9)
19 [lcr By 2r) + 195 @, (Boar)) < Co
(I)k,r(o) =, Bxk,r C q)k,r(BO,Qr), and BO,T/CO C (CI);{;’T)_I(BQSIW,”)7
q)k,r(BO,Zr NT, agk) N By N B T N ng )
' ’ ' (3.10)

q)k,r(BO,Zr N UY(Txkagk)) N Back,r = Bxk,r N ZY(gk) )
[Pk llcte(By o) + H(I)I;}-HCLD‘(@]C’T(BO,QT)) <Cp.

Proof of Theorem 3.2. Step one: We prove (3.8), (3.9) and (3.10). Up to a translation, we can
assume that z; = z for every k. We first prove that for every n € (0,20) we can find k, € N
such that hdg 1 (7,08, T,0&;) < n if k > k;. We start by noticing that by Theorem 2.1 we can
find L and py > 0 such that (2.7) holds with M = 0&, and then that, by Theorem A-(i), we
can find A > 0 such that, for each k € N,

H? (0 N By.r)

T 2 +Ar, (3.11)

is increasing on (0, pg). We now claim that there exists s, € (0, p9/2) and k, € N such that
hd, s, (0&, © + Ty (OE)) N (HQ(BSk N Bys,)

2
Sz

+Asg — Gagk(x)> < min {Cio,ao} . (3.12)

Sx
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Since X' = T,0¢& satisfies 0x/(0) = Ope(x) = Opg,(x), by Theorem A-(ii) and (3.12) we will
deduce the existence of minimal cones X such that if k > k,, then
hdzr(aé'k,a:+Xk) AN
’ < (- Vr < 2
r - (sgg) ’ r< Co
The second inequality will then imply (in the limit r — 0%) that X}, = T,,(9&), so that the first
inequality will give us hdg 1 (T,0E, T, 0&) < n, as required. We now check (3.12). For a.e. r >0
one has P(&y; By,r) = P(€; Byr), so that (3.11) gives us
fmaup P2 Ber 198 _ (e (Be) 01 08)
k—o0 r r
Since r2H2(cl (Byy) N OE) — Oas(x) = Opg, (x) as r — 0F, by combining the definition of
tangent cone to O at x with (3.13) we can find s, € (0, po/2) such that
hd, ,(0&, x + T,,(0E)) N <H2(85 N Byr)

r

hdg 1 (X, X') <

. Vr>0. (3.13)

F AT — O (@ ) {77 e}, (3.14)

for every r € (0, s;]. Moreover, by Theorem 3.1-(i), for every r < s, we can find k;, € N such
that

r

hd, . (9¢, ,85
e 084 0) (r : {i cof, k> kyy (3.15)
If we take r = s, and k; = kg s, then (3.15) reduces to (3.12), and thus proves (3.8). More

generally, by combining (3.14) and (3.15) one is able to apply Theorem 2.1 to prove (3.9) and
(3.10).

Step two: We prove the first line of (3.7). By Theorem 3.1-(ii) and since cl (Xy (F)) = X(F) for
every (A,ro)-minimizing cluster F in R3, it is enough to show that hdp, (Zy (&), Xy (£)) — 0
(for every R > 0) as k — oo. Arguing by contradiction and thanks to [CLM14, Lemma 4.14],

we find a sequence §; — 0 as j — oo and (65,6, )-minimizing 3-clusters JF; in R?® such that

S(F)NBy=0  VjEN,  limdg(F,Y)=0 VR>0,

HM\M

where ) = {)(i)}3_; is a reference 3-cluster in R® such that ) = Y. Notice that Theorem 1.1
can be applied to describe the structure of 0F; and that Theorem 3.1 can be used to describe
the convergence of 0F; to d). Assuming Without loss of generality that

0Y(1)NaY(2) {azeR?’ r3=0,21 >0}, E(y):{:EER3::U1:x3:O}
let us consider, for 0 < p < r, the two-dimensional half-disk

D,,= (ay( )N AY(2) mBT) \L(ED) ={zeR a5=0,21>p,2] +23 <r}.
By Theorem 3.1-(iii) there exists pp > 0 such that for every p < pg there exist jo € N, ¢ < p,
and {;};>j, C CY(Ds,,) such that

Ne(D2p) NOF; = (Id + 95 e3)(D2,p) s ]151010 [Yiller(p,,) =0,
where of course N.(Ds,) = {z € R3: (z1,22,0) € D, |z3] < e}. By Theorem 1.1, there exists
a unique S; € S(F;) such that
Ne(Dop) NS = Ne(D2p) NOF; = (Id + v e3)(Day) . (3.16)
Notice that S; is a connected topological surface with boundary in R3, S; \ S7(F;) is a CLo-
surface with boundary in R?, and
de(Sj) N By C E(./Tj) NBy=0.

Hence, if T denotes the 2-dimensional multiplicity-one integral current Tj associated with (one of
the two p0881ble orientations of) S;, then spt(97;) C bd +(S;), so that, in partlcular 0TjLBy = 0.
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(Here and in the following, if 7" is a current, then 97" denotes the boundary of T in the sense of
currents.) Let us consider the Lipschitz function

f(z) = max{(a} + 23)'/% |23}, 2 €R’,

so that f~1(r) is the boundary of a cylinder along the x3 axis, centered at the origin, of height
2r and radius r. For a.e. 7> 0 let us denote by I'; = (Tj, f,r) the slicing of T by f at r, see

[Sim83, Definition 28.4]. By definition, spt(I'7) C S; N f~1(r) and moreover for a.e. 0 <7 < 1
we have
o {f <1} =0. (3.17)
Indeed {f < 1} C By, 0T;LBy = 0 and, by [Sim83, Lemma 28.5],
or; = o1y, f,r) = =0Ty, f,r), for a.e. r > 0.

Let us now fix r < 1 such that (3.17) holds, and let us consider p < po with 10p < r. By
Theorem 3.1-(i), up to further increasing the value of jy, we have

spt(I'f) € S; N f~H(r) C 0F;(1) NOF;(2) N f~1(r) C I(Da0) N fH(r), (3.18)
where thanks to 0 < & < p one has
I.(Dop) N fr) C Aj U Ay U A3, (3.19)
for
A1 = B0,r0),2p > Az = Bo,—r0)2p> Az ={z € R3:|z3| <e,2? +25 =7,z > p}.

Let w be any compactly supported smooth 0-form such that
w=1on B(O,T,O),?)p D A1 and w =2 on B(O,—T,O),3p D A2 . (320)

(Such w exists as soon as 3p < 7, whence it follows that B .03, and B(g,—)3, are at positive
distance.) In this way dw = 0 on A; U Ay, and thus, by also taking (3.17) into account

0:/ dw:/ dw . (3.21)
; ;\_(Ag\(AluAg))

Now by (3.16), the inclusion spt(I'}) C S; N f~(r) and the definition of Ajs, there exists a

C'-curve with boundary v such that, if T, denotes the one-dimensional multiplicity-one integral
current associated with (one of the two orientations of) «y, then

F;\_(Ag \ (Al U Ag)) = T,y .

Let bd (v) = {p1,p2}, then by construction we can assume p1 € Bg )3, and p2 € By _0)3
By (3.21), and up to reversing the orientation of v, we thus find the contradiction

0:/ dw = w(p2) —wp1) = 1.
T

v

0

This completes the proof of the first part of (3.7).

Step three: We are left to prove that if R > 0, then hdg, (X7(&), X7(€)) — 0 as k — co. We first
prove that zj € Y7 (&) with 2, — x, then x € X (). For sure x € 3(€) thanks to step two. We
may thus assume, arguing by contradiction, that x € 3y (€). If this is the case, then there exists
ry > 0 and an injective map o : {1,2,3} — {0,..., N} such that |E(h) N By, | = 0if h # o(i),
i = 1,2,3. In particular, there exists kg € N such that, if k& > ko, then |Ex(h) N By .| < mork
whenever h # o(i), i = 1,2,3, and with 79 as in [CLM14, Lemma 4.5]; in particular, by that
lemma, |E(h) N By, /2| = 0 for h # o(i), i = 1,2,3. At the same time, since z; € X7 (&),
there exist rp > 0 with 7, — 0 as k — oo and injective maps oy, : {1,2,3,4} — {0,..., N} such
that |By, r, N ER(0k(i))| = (1/4)| By v, | + o(r}) for every i = 1,2,3,4. We have thus reached a
contradiction, and proved our claim.
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We are thus left to show that if z € £7(€), then there exists x, € X7(&) such that z — =
as k — oo. To this end, we may directly consider the existence of ¢ > 0 and = € X7 (&) such
that X7(E;) N By = 0 for every k € N. By step one there exist zj, € Xy (&) such that z; — x
as k — oo. By arguing as in the proof of [CLM14, Lemma 4.19] we find a sequence d; — 0 as
Jj — oo and (95, (5;1)—minimizing 4-clusters F; in R3 such that

Yp(Fj)NBy =10 Vj €N, ,limdBR(fj,T):o VR >0,
J—00

where T = {T(i)}} is a reference 4-cluster in R3 such that 7 = T. Let us then denote
by ¢ one of the four closed half-lines contained in (7). By step one and step two, for every
y € L\ By C Xy(T) we can find s, > 0 and y; € 3y (F;) such that y; — y as j — oo and
there exist C1*-diffeomorphisms ® and ®; satisfying (3.9) and (3.10) (with T, Fj, y, y; and s,
in place of &, &, z, x) and s;). As a consequence,

By,sy N E(f"j) = By,sy N Ey(fj) = By,sy N ‘I’j(B()st N Uy(TyT)),

so that By ,, NX(F;) is Ch*-diffeomorphic to (0,1). By (3.9), (3.10), and by the connectedness
of the curves in I'(F}) (see Theorem 1.1 for the notation used here) we see that there exist 6 > 0
and v; € I'(F;) such that

S(F;) NIs(6N (B\ Byys)) =7 N(B\ Byjs)

and 7; = v; N (B \ Byg) is Chte_diffeomorphic to (0,1). Let w be a smooth 0-form with w = 1
on By/3 and sptw CC B. By Stokes theorem, up to a change in orientation,

/dw—/ dw=1.
Vi v;

By X7(Fj) N By = () we have bd (;) N By = 0, which combined with sptw CC B gives us
dw=20.
s
We have thus reached a contradiction, and completed the proof of the theorem. O

4. STRATIFIED BOUNDARY CONVERGENCE

In this section we fix A > 0, 9 > 0, and assume that (recall Remark 1.2 and compare with
(3.1))
& is a bounded (A, rg)-minimizing cluster in R? of class C?*!,
{Ek}ren is a sequence of (A, rg)-minimizing clusters in R? (4.1)
d(&;, &) »0as k — oco.

We also let o and Cj be as in Theorem A. We then start proving a series of theorems and
lemmas which will eventually lead us to prove Theorem 1.3.

We shall often refer to the following consequence of Theorem 3.2: if (4.1) holds and n = 3,
then for every § > 0 we can find kg € N such that

() C LX), Xr(€) C Is(Er(&r)),
(&) C LX), Xr(&) C Ls(Xr(E)),

Moreover, by exploiting the finiteness of 37 (&), we have that, for some §y > 0,
HO(Bus, NSr(Ek)) =1, Vo € Sp(E),k> k. (4.3)

In the next lemma we parameterize O and 9&; around nearby singular points at comparable
scales through Theorem A.

VEk > k. (4.2)
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Lemma 4.1. If (4.1) holds, then for every 6 > 0 one can find ko € N and finite sets {a'}ier C
X(E), {z} }ier C (&) and {t'}icr C (0,6/2) such that, for every k > ko and i € I,

Sr(&) C{a'Vier,  Er(&k) C {a}}ier, Jim zp =", Oog,(v}) = Ope('), (4.4)
Z(g) C U Bxi7ti/3 , E(gk) C U BI};,Qti/g , (4.5)
el el

and such that for every r < t' there exists a CY“-diffeomorphism ® : Boar — Al = ®.(Bya,)
(I)i(()) = $i’ Bwi,r - A?«} BO,T/C’O - ((I):;)_I(Bmi,r)v
(I)fn(B()gr N szag) N Bmi’T = BIiJ. NoE,

®L(Boar Noy (TpidE)) N Byi, = By, NSy (€), (4.6
1Ll By ) + (@2 Hloragasy < Co,
and there exists a CY®-diffeomorphism <I>fn7k : Boor — Ai,k = CI>f«7k(B()72T) with
©},,.(0) = 2}, By , C @ (Bogar), Borjoy C (®h,,) " (Bai 1)
ko (Boar N Ty 0Ek) N By = Bi , N 9&, wn

(I)z,r(BOQT Noy (Txiaﬁk)) N Bx};,r = BI};’T N Ey(gk) ,
195 ll ot (mozn + 1(@R) " llonaai ) < Co-

Moreover, {z'}icr can be chosen in such a way that for every v € T'(£) and S € S(£), one has

vC | Buigiys Sr(€) Ny C {2’ tiery) » (4.8)
i€l(y)
SNEE) C | Buwys,  Zr€)nSc{z'licns). (4.9)
i€I(S)

where I(y) ={i€l:2' €~} and I(S) ={iel:2' € S}.

Remark 4.2. By considering (4.6) at r = ' we infer that B, ; N Xy (€) is homeomorphic to
(0,1). This fact alone does not imply, of course, that B,:, N ¥y (€) is homeomorphic to (0, 1)
for every r < t'. The latter property is guaranteed by the fact that (4.6) holds for every r < t'.

Proof. Given 6 > 0 and x € (&) let t, = min{s,,d/2} for s, as in Theorem 3.2. Since O€ is
bounded, so is ¥(£), while ¥7(€) is finite. By Theorem 3.2 and by compactness we can find
{z'}ier € 3(€) finite with X7(E) C {z"}ier, such that the first inclusion in (4.5) holds, namely

(&) C|UBuinijz,  t =ty (4.10)

iel
and such that (4.6) holds. By (3.7) in Theorem 3.2 for every i € I there exists zi, € $(&) with
Ops, (v8) = Ope(2?) and 2t — z° as k — oo. If t* = min{t' : i € I'}, then, up to further increase
the value of kg we can entail () C I /6(X(€)) and |z’ — x| < */6 for every i € I and k > ko,
so that by (4.10)

X(&) C U Byi i C U Byi ariys -

icl iel
This proves (4.4) and (4.5), while (4.7) follows by (3.10) in Theorem 3.2 up to further increase
the value of ky. O
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We now introduce some further notation (in addition to the one set in Lemma 4.1) to be
used in the rest of this section. Since J€ is bounded (as assumed in (4.1)), thanks to Theorem 1.1
we find that the sets X7 (&), I'(€) and S(E) are finite. We consider the partition {I'r(€),I'y (£)}
of I'(€) defined by

Ir(€) = {yeT(€):vNIr(€) # 0},
Py(€) = {yeT(€):ynSr(€) =0} = {y€T(€) 17 C Sy ()},
(so that each v € T'(€) is either diffeomorphic to S! or to [0, 1] depending on whether v € I'y(€)
or v € I'r(€)) and the partition {Sx(£),S«(€)} of S(€) obtained by letting
Ss(€) = {SeSE):SNX(E) #0},
Si(€) = {Se8E):5NT(€)=0}={S€S€):SCE}.
In the next lemma we associate to every curve v € I'(£) a corresponding curve v, € I'(&) in

such a way that hd(vy,vx) — 0. This correspondence will be used in the rest of the proof of
Theorem 1.3.

Lemma 4.3. If (4.1) holds, then there exists ko € N with the following property: to every
v € I(E) and k > ko one can associate vy, € T'(E) in such a way that v € T'r(E) if and only
if vy €T'r(€) and

Tim hd(y, ) + hd(bd (7), bd (1)) =0, (4.11)
= J w2 o= |J bdw), Vk>k. (4.12)
YET(E) Y€l 7 (€)
Proof. We choose g to be such that
L5, (37(€)) N 15y (7) = L5, (bd (7)) , vy eT'r(€), (4.13)

L) NLSE) =Lk, ey vrel0s]. (414
Given § € (0,4¢), define I, ko, {z'}icr C X(E), {xt}ier C B(&) and {t'}ier C (0,6/2) as in

Lemma 4.1. Note that one can always assume
, : , t*
t*=min{t':iel}, ]wl—x2\<g,
where of course t* > 0 as [ is finite. With reference to (4.8), given v € I'(£) let us set
I(vy) ={0,...,m}, so that (4.8) implies

Vk>ky, i€l (4.15)

m
vyC|JBuiyiss, ateqyfori=o0,.,m. (4.16)
i=0
We now divide the proof in three steps.

Step one: We show that to each v € 'y (€) and k > ko one can associate v, € I'y (&) in such a
way that

E(Ek) N L po(v) Ty C Ls(v) s v C Ls(vk) - (4.17)

Indeed, by (4.6) and by z' € v C Zy(€), one has that B, NX(E) is C*-diffeomorphic to
(0,1), so that 2 € v and the connectedness of v imply

Byi i NX(E) = Byi 4 Ny is homeomorphic to (0, 1) for every i = 0,...,m. (4.18)

Since 7 is homeomorphic to S!, by (4.16) and (4.18), up a relabeling in the index i and up

to possibly discard some balls B, ;i, one can entail that (setting ™l = 20 Z‘H = xg and
tm+1 — tO)

Byi i N Byiv1 giv1 Ny # 0, Vi=0,...,m. (4.19)
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If 2% € Byi i N Byt it Ny, then for some £ > 0 we have B i C Byigi N Byt git, while by
Theorem 3.2 there exist z§ € X(&) such that 2} — 2% as k — oo, so that (4.19) implies

Boc}'g,ti N Br?_l,ti+l NX(E) # 0, Vi=0,..,m. (4.20)

By (4.7), for every ¢ and k > ko, Byi i 0 (&) is CH-diffeomorphic to (0, 1), so that for each
i there exists a unique vi € I'(€;) such that Byi 4o N X(&) = Byi 0 7i. By (4.20) and by
connectedness of each curve in I'(E), it must be 7% = 'yliH for every ¢+ = 0,...,m. In other
words, there exists v, € I'(£) such that

Byi i N X&) = Byi i N is homeomorphic to (0,1) for every i =0, ...,m. (4.21)
By (4.16), there exists s € (0,d¢) such that

I(y) cC A= Byiss-
=0

In particular, by (4.21), by Theorem 3.2 (so that (&) C I(X(E)) for k > ko), by cl (A) C Is,(7)
and by (4.14), one finds
d(A) Ny = d(A)NE(E) C cd(A)NI(E(E)) C L5 () N1s(5(E)) = L(v),
so that
e = (N el (A) U (w \ el (A)) = (3 N 1s(7)) U (3 \ 1 (4)) -

Since Is(y) and R™ \ cl(A) are disjoint open sets, by connectedness of 7, we conclude that
Yk C Is(y). This implies that, for k£ large enough, v, € I'y(E): for otherwise, there would be
a sequence wy € X7 (&) N7, such that wy — w € v C Xy (€), a contradiction to Theorem 3.2.
Thus,

e = Bui e NS(E) €Ty (&) (4.22)
=0
By (4.16), (4.15) and % C v we find

m m
7 C U Byiijs C U Bui sisziee s © e (k) -
i=0 i=0

Similarly, one proves that v, C (&) N Is(7y), and actually by (4.16), (4.15), and (4.22) one has

Y(E) NI pa(y) C (&) N U Byi g jaqtizz C B(E) N U By = s
i=0 i=0

so that the proof of (4.17) is complete.

Step two: We show that to each v € I'r(€) and k > ko one can associate v, € I'r(&) in such a
way that

Y CIs(y), v Clslw),  bd(w)=2r(&) NIs(y). (4.23)

Indeed, by (4.8) we can assume without loss of generality that (4.16) holds with bd (y) =

{20,2™} and 2 € 2y (&) for i = 1,...,m — 1. In particular, by (4.6), if i = 1,...,m — 1, then by
arguing as in the proof of (4.18) one finds

Byi ;i NX(E) = Byi yi Ny is homeomorphic to (0, 1) for every i =1,...,m — 1. (4.24)
Similarly,

Byi i N ¥(E) is homeomorphic to BN o(T),

if i =0,m. 4.25
B,i i Ny is homeomorphic to [0, 1), o " ( )
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Since « is homeomorphic to [0,1], by (4.16), (4.24), and (4.25) we can prove that, up to a
relabeling in the index ¢, and up to possibly discard some balls B, ;i, one has

Byi i 0 Byis i Ny # 0, Vi=0,...,m—1, (4.26)
from which we deduce, by arguing as in the previous case, that
By v N Byiv i NE(E) #£0,  Vi=0,.om—1. (4.27)
By exploiting again (4.7) we thus find 4y € I'r(&) such that bd (v¢) = {22, 27"} and
Byi 10 X(&) = By 4 Nk is homeomorphic to (0,1) for every i =1,....,m — 1. (4.28)
Byi 4 N is homeomorphic to [0,1)ifi=0,m. (4.29)

The inclusion v C I5(7y) follows by (4.16), (4.15) and z}, € ;. By (4.28) and (4.29), and by
arguing as in the previous step, one finds

m
Tk = UO’Yk N By 4is
1=

which in particular entails vy, C Is5(vy) thanks to (4.15). By (4.2) and (4.13)

Yr(&) Nis(y) € Is(Xr(€))NIs(y) C Is,(bd (7)) = Bﬂﬁoﬁo U Bym s, -
By (4.3), 7(Ek) N Byo s, consists of a single point, which must be 2 thanks to (4.15). Thus
Sr(&k) NIs(y) = {22, 27"} = bd (1), and the proof of (4.23) is complete.

Step three: We prove (4.11) and (4.12). Indeed, (4.17), (4.23) and t* < § immediately imply
that hd(vy,7%) + hd(bd (), bd (7x)) < ¢ (with the convention that hd((,?) = 0). By (4.2) and
(4.23) one has

Sr(&) = Sr&) NI(Er(E) € SrE)n | Lty = |J bdiw) C Sr&).
YEr7 (€) ¥ElT(E)

To prove the first identity in (4.12), we need to show that if ¥ € I'(§;) then 5 = ~; for some
v € I'(§). Indeed, if ¥ € T'p (&), then bd (§) C X7 (&) and thus 4 = 4 for some v € I'p(E)
thanks to the second identity in (4.12); if, instead, 4 € I'y' (&), then, provided ky is large enough
to entail Xy () C I jo(Xy (€)) for every k > ko, one has

T C (&) N TepEy(E) = | SEINLp0) ¢ U w,
~€ely (€) ~ely (€)

where the last inclusion is based on (4.17). O

From now on, kg will be always assumed large enough to have the correspondence v — i
established in Lemma 4.3 in place for every k > kg. We recall that under this correspondence,
v € I'p(€) if and only if 7% € T'p(E). Moreover, given v € R™ we set Rv = {tv : t € R} and
Riv = {tv:t>0}.

Lemma 4.4. If (4.1) holds, then there exist L (depending on € and A only) and ko € N with
the following property. For every v € I'(E) and k > ko there exist vector fields T, )y 5 §2
and Tk,l/lgj) cyk — S? (5 =1,2,3) such that

3
T,y =Rr(x), T,0E = Rr(x) + ZR+V(j)($) , Va € int (), (4.30)
j=1

3
Toy = Rr(e),  Tud& =Rmu(x) + Y Rav(z), Ve €int(y), (4.31)
j=1



18 G. P. LEONARDI AND F. MAGGI

while
(4) (4) @
T(x) — 7Y+ vWi(z) —v < Ljz—yl%,
) @@ WIS el
() (x —y)| < Ll —y|*+e,
(4) (4) a
Te(2) — 7 + vy (z) —v <Lz - )
7i(2) = Te(y)| + v (@) — v ()] 2 =yl Yo,y €, j=1,2,3. (4.33)

v (@) (x = y)l < Lle—g|",
Finally, set

@ (z) — @
1 1 2 V) (@) — v (a)

so that {A,(Cl)(x), )‘1(3) (x)} is an orthonormal basis of Ti(x)* for every x € v, with
A @) =N W) < Lle -yl

@Dy lte Vo,y € v, j =12, (4.34)
N (@) (y—2)| < Ly — x|+,

that is ||yl cre < L.

Proof. The inclusion int () C Xy (&) implies that 7,0 is isometric to Y for every z € int (v),
so that the existence of vector fields such that (4.30) and (4.31) hold is immediate. Note that
the set of the three vectors {y(j)(x)};’zl is uniquely determined by (4.30) at every = € int (),
as these three vectors must be the inner conormals to the three surfaces in S(€) meeting along
~v, while, for each = € int (), (4.30) determines 7(x) only modulo multiplication by +1.

Let us now cover 7 by the family of balls {B,: ;i /3}{~, considered in the proof of Lemma
4.3 in correspondence, say, to the value 6 = §p/2. (In particular, if vy € 'y (€), then (4.18) and
(4.19) hold, while if v € T'p(E), then (4.24), (4.25) and (4.26) hold.) Let o and 1Y) be unit
vectors such that our reference cone Y takes the form

3 3
Y=Rn+Y Ry =Ju0,
=1 j=1

where I10) = Rry + R+V(()j ) is an half-plane. By applying (4.6) with » = !, in the case v €
Ly (&) or v € T'p(€) with i = 1,...,m — 1, we find an open interval J* containing 0 such that
YN Bz = {®(s10) : s € J'} (where @ stands for ®. with r = t*); while in the case v € I'p(€)
and i € {0,m}, we find an half-open/half-closed interval J¢ containing 0 as an end-point, such
that v N Byi i = {®(s7) : s € J'}. As a consequence
V& (s10)[70] i i

T(l‘)—m7 x=®"(sm), seJ, (4.35)
defines a unit tangent vector field to 4 N B, 4. Note that [V (sm)[ro]| > 0 for every s € J*
as @ is a diffeomorphism, and that this procedure defines 7 as a continuous vector field on
the whole v thanks to (4.19) and (4.26) up to possibly switching the sign in (4.35). Now let
T,y € v, so that ¥ € v N By i3 for some i. If y € v\ By, then |z —y| > 2t°/3 > 2t*/3
for t* defined as in (4.15), and thus |7(z) — 7(y)| < C'|z — y|* for a constant depending on «
and t* only. If, instead, y € B, Ny, then there exist s,t € J? such that z = ®(s7g) and
y = ®¥(t79), and by exploiting ||®?||c0.« < Co and Lip (®%)~! < Cy we obtain from (4.35) that
|7(x) —7(y)| < Cls —t|* < C|ax — y|* for C depending on Cp only. Since i is covered by the
balls {Bmi 2t /3}?;0, by (4.7) and by an entirely similar argument we come to prove the existence
of vector fields 7 and 7 as in (4.32) and (4.33).
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We now show that the vector fields v\9) and l/,gj ) satisty (4.32) and (4.33) respectively.
Clearly, it suffices to discuss this for #(9). Moreover, we shall only detail the case v € Iy (&), as
giving details on the case v € I'r(€) would require the introduction of additional notation while
being entirely analogous. This said, if v € T'y(€), then by (4.6) there exists {5’ ?:1 c S(€)

such that ®(Bg o NIIY) N By i = By NSY for each j = 1,2,3. In particular, since Véj) points
inward IV and 1,57 = R7(z) + R, v () for every z € S7 N, we see that
Vo (smo)[i] € Rr(z) + RyvW(z), 2= di(sm), seJi. (4.36)

Since V&' (s79)[r0] is parallel to 7(z), 7(z) and v (z) are orthogonal, and V&’ (s7p) is invertible,
it must actually be

Vo (sro) ] v (@) >0,  a=di(sm), seJ. (4.37)
By (4.36) and (4.37) we find
() — 2] = (VO (s70) ] - 7() ()
V@i (s70) )] — (V@i (s70) 1] - 7(2))7 ()|

By exploiting again the fact that { B, 4 /3}?;0 covers v we conclude as in the previous case that

r=d(s), selJ.

@) (x) — v (y)| < Cla — y|® for every x,y € v. Again by the covering property, we are left to
show that

(@) (x—y)| < Cls—t|'T, 1= (sn),y=D(tr), s,te . (4.38)
Indeed we easily see that
|®"(s79) — D' (t70) — V' (t70)[10](5 — )| < C'|s — |+, Vs, t e J',
while V& (s79)[ro] is parallel to 7(z) and 7(x) and vU)(z) are orthogonal, so that
v (z) - (x —y) = v (z) - (9(sm0) — ®'(t10) — V' (t70)[70](5 — 1)) ;
by combining these last two fact, we prove (4.38). Finally, the assertions about the vector fields

)\,&j ) follow by similar considerations. 0

Lemma 4.5. If (4.1) holds then for every k > ko and~y € T'y (€) there exists a CY*-diffeomorphism
fr between v and v with

i [fy =dlloryy =0, [lfkllorer) <O,
(fx —1Id)-7=0, on .
Proof. Let p, denote the projection of R? over v, and let §y > 0 be such p, € C?(I5,(7)). For
k > ko, we have vy, C I5,(y). We claim that
kli}ngo [T oDy = Tillco(y,) = 0- (4.39)

Should this not be the case, then, up to extracting subsequences and thanks to Theorem 3.2
and to hd(yx,v) — 0, we could find & > 0, yx € Yk, and yp € 7 such that

li = li = inf - Ze.
Jim g = o, Jim T (yr) = 7(yo) Jnf IT(py(yr)) — T(yx)| > €

Clearly p,(yx) — yo, and hence 7(p(yx)) — T(yo) thanks to (4.32). We thus obtain a contra-
diction and prove (4.39). Now, by Lemma 4.4 we have

hdg (7,2 + Rr(z)) < Crite,

hdy. (Y, y + Rri(y)) < Crite, Vo €7,y €y, > 0. (4.40)
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Combining (4.39) and (4.40) we see that the restriction g; of py to v, is an invertible map
gk : 7k — - By exploiting the fact that gi is the projection of v; onto + one finds that

Vrgu(y) = (Tloe®) - 7)) (W) @ Trly) s Yy € e (4.41)

Since, trivially, |gx(v) — g (/)| < |y —¢/| for every y,y" € vk, by exploiting this formula together
with (4.32) and (4.33), we conclude that

sup [|gkllcroq,) < C. (4.42)
k>ko

We also notice that, again by (4.41)

—_

T gk = 1T(gx(y)) - ()| > 3 on ~y, for k> ko, (4.43)

while |lgx — Id||co(y,) < hd(v,7%) — 0. By combining this last fact with (4.42) and (4.43) we
are in the position to apply [CLM14, Theorem 2.1] and deduce that g, is a C'**-diffeomorphism
between 7y, and v with || fx[|cre(y) < C. In order to check that || fi —Id|c1(,) — 0, it is enough
to notice that, again by (4.39),
Vg — 7% @ Tkl 0oy < (70 gk) - Tk — 1| cogy,) — 0.
]
Lemma 4.6. If (4.1) holds then there exist pi., Cy > 0 with the following property. If v € I'r(E),

W< pix, and k > ko (for some ko depending also on ), then there exists a C*-diffeomorphism
between vy and v with fi(bd (v)) = bd (k) such that

Jm [ fi = Idfler) =0, I fellerey < Cuy
(fe =1d)-7=0, on [Vl
Cx
[(fx = 1d) - Tller(y) < " [ fx — 1d[|coma (v)) -

Proof. Let pg > 0 be such that [7], # 0 for p < pp. We claim the existence of L > 0 with the
following property: for every p < pp and k > ko (with ko depending also on p), there exists a
Che-diffeomorphism fj between [v], and fi([7],) such that

lim || f — Id||cn =0, | frllore <L,
koo (b1e) (o) (4.44)
Vel p C fe([7lp) C ks (fe =1d)-7=0, on [v],.

Indeed, by the same argument as in the previous proof we construct a diffeomorphism fj from
[7]p to vk N Nsy([7],) such that (4.44) holds with (fi, —Id)-7 = 0 on [y],. We are thus left
to prove that if z € ~; with dist(z,bd (y%)) > 3p, then dist(py(z),bd (y)) > p. Indeed, let
2% € bd () be such that dist(p,(x),bd (7)) = [2° — p,(x)|, and let z& € bd (y%) be such that
|29 — 2% < hd(bd (7),bd (%)) Then we have,

3p < dist(z,bd () < |z — 2| < |z — py ()] + |py(x) — 2°] + |2° — ]
< hd(y,v) + hd(bd (7),bd (v)) + dist(p(z), bd (7)),

so that dist(p,(x),bd (7)) > p provided hd(~, %) + hd(bd (7),bd (vx)) < 2p for k > ko.

Now let u, and C, be the positive constants associated by [CLM14, Theorem 3.5] to v €
I'(€), a as in Theorem A, and L redefined to be the maximum between the constant appearing
in Lemma 4.4 and the constant appearing in (4.44). By taking into account (4.44) and

lvkllore < L, lim hd(v, ) + hd(bd (3%), bd (7)) + lI7 0 y = Tkllcoba () = 0

(which follows from Theorem 3.2, Lemma 4.3, and Lemma 4.4) we are in the position to apply
[CLM14, Theorem 3.5] to complete the proof of the lemma. O
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By juxtaposing the maps fi defined in Lemma 4.5 and Lemma 4.6 we define (for k > kg
with kg corresponding to a fixed value of 1 < ) a homeomorphism

fk : 2(5) — E(gk)
such that fi(E7(€)) = Zr (&), fru(Ey(£)) = Ly (&), and

lim sup | fx —1Id|[c1y) =0, sup sup || fxllcraq) < C.
k=00 yer(€) k>ko v€T(E)

Moreover, denoting by 7y € C11(Zy(£);S?) the unit tangent vector field to Xy (€) obtained by
juxtaposing the vector fields 7 defined in Lemma 4.4, we have
C
(fx =1Id)-7v =0 on [X(E)]u, 1(fe = 1d) - 7y ler (meey,) < m Ife = 1d[[cocsp(e)) 5
where with a slight abuse of notation with respect to (2.2) we have set

()] =2(E)\ [u(31(€)) -

We also notice for future reference that fi has the following property with respect to the bound-
aries of the chambers of the clusters, namely

F(OEG) NS(E)) = 0E(H) ND(EL),  Yi=0,..,N. (4.45)

This last remark completes the picture concerning the singular sets. We now start discussing
the problem of mapping S(€) into S(&). In the following py denotes the parameter introduced
in Theorem 3.1. Up to further decreasing the value of pg we may assume that

dist(S,S") > 2po, VS € 8i(€),8 € S(E)\ {5}, (4.46)
As a consequence, we find of course that
dist(S,X(€)) > 2po , VS € Si(€). (4.47)

We also assume that
SNIy(bd-(S))=5SNI,(2(E)),
[S], is connected ,

Finally, we fix ve € C11(0*E;S?) (recall that under (4.1) we have that 9*€ is a C*l-surface)
and set for every S € S(€)

VS eSs(€),p<po. (4.48)

Vg = Ug on SNOI*E. (4.49)

Lemma 4.7. If (4.1) holds, then to every S € S(E) and k > ko one can associate S € S(E)
in such a way that S € Sx(€) if and only if Sy € Sx(E) and

lim hd(S, ) + hd(bd (S), bd - (Sk) = 0. (4.50)

Moreover, there exists pg > 0 such that if p < pg and k > ko (for ko that now depends also on
p) then there exists 1y, € CH*([S],) such that

[Sklsp © (d +rrs)([S1p) € Sk, lim [leflorgsy,) = 0, [Yellcrags,) <C . (4.51)
In particular, if S € S«(E), then Sy € S«(&) and (4.51) boils down to
Sk = (Id + ¢rvs)(9), dm [[Yllovs) =0, 1¥kllcres) < C. (4.52)
Finally,
&= |J Sk (4.53)

Ses(€)
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Proof. Step one: In this step we associate to each S € Su(€) a surface S; € Sx(&;) in such
a way that (4.50) and (4.51) hold. Let dp be defined as in the proof of Lemma 4.3, and let
I, ko, {x'}ier € B(E), {at}ier C S(E), {t'}ier, and t, be likewise defined correspondingly to
§ = 80/2. In particular, t, < t' < §/4 for every i € I and

bd-(S)=SNBE) C | Buiys, (4.54)
icI(S)

where I(S) = {i € I : 2* € S}. By compactness and by (4.54) there exists s, > 0 (depending on
dp) such that
L, (bd-(S) € |J Buiss- (4.55)
i€I(S)
We shall require that pg, in addition to the various constraints considered so far, is small enough

in terms of s,. By Theorem 3.1 for every p < pg and k > kg there exists 1, € C*([9€],) (where
[0€], = 0E \ 1,(£(£))) such that

0ER \ I2p(2(E)) C (Id + Yyve) ([0€],) C O*Ey, (4.56)
Neo ([0€]p) N OEy, = (Id + b ve) ([0€]) (4.57)
dm ([ Ylleroe,) = 0. [¥wlloneqoe,) < C- (4.58)

Here ky € N and ¢y € (0, p) depend also on p, while C' just depends on &, a and A.
By the first condition in (4.48), if S € Sx(&), then [S], = [0€], NS, and thus, thanks to
(4.57) and provided [[¢ | co(jag),) < €0, We get
(Id + ¥rers)([S]) = Neo([S]p) N (Id + Ypre)([0€]p) = Neo([S]p) N OE, - (4.59)

Since (Id + ¢xvs)([S],) is connected by the second condition in (4.48), we find that there exists
a unique Sk € S(&) such that

(Id + ¥rrs)([S],) C int (Sk) C Sk (4.60)

We notice that S, € Su(&): indeed, for each i € I(S) and provided ko is large enough with
respect to p, we have that

(1d + ) ([S],) N By pujs # 0 (4.61)

at the same time, by construction, 0& N Bmi i /3 consists of the intersection with Bw?; 2ti/3 of
exactly three or four surfaces from Sx;(€). Hence Si € S(E). Now let us set

M = (I1d + ¢y, vs)([S]p) »
M = Sinel (I, (bd-(S))) -

We claim that My = S. Since, trivially, M} is a compact subset of Si, by the connectedness of
Sy it will suffice to prove that My is a topological surface with boundary bd (M) C bd -(Sk).
Indeed, M}, is locally homeomorphic to an open disk at every x € M such that

cither € (14 + g v5) (S el (1,(bd (S)) )
or z € int(Sg) NI, (bd,(S5)),

or ze€ (Id+ wkyg)<{y € S : dist(y,bd »(5)) = p}) ,
or z €S, dist(x, bd +(S5)) = s«

My = M} UM} where {

(4.62)

and M is locally homeomorphic to a open half-disc union its diameter at every x € M} such
that
x € bd +(Sk) N I, (bd +(S5)) . (4.63)
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The first two cases in (4.62) and (4.63) are trivial (as we are localizing the topological surface
with boundary Sy by intersecting it with certain open sets). In the third case, z = y+v¢x(y)vs(y)
with dist(y, bd -(5)) = p, so that

dist(z, bd 7(5)) < p + [Ykllcos),) < sx»
provided kg is large enough; this shows that
(Id + ¢kus)({y € S : dist(y, bd (S)) = p}) C Si N I, (bd - (S)) C My,
and thus addresses the third case of (4.62). In the fourth case, we fix 0 < i < j < N such that
S C 9&(1) NOE(J) and notice that by (4.60) we have S C 9E(i) N OEL(j). Hence, (3.2) implies
Sk N 0L, (bd-(5)) C 0&(i) NOE(j) N OL, (bd+(S))
C Los2(0€() NOE(7) N DL, (bd o(S)))

Ly (SN 0L, (bd(S))) € Lo/a[Slss) € Ney([S]2p)
In particular, by (4.59)
S N1, (bd+(5)) € Sk 1 Neg([S]2) © (14 + ) (Sy)

so that the fourth case of (4.62) is a particular instance of the first one. We have thus shown
that M} = Sg, that is

S = (1 + Gy vs) (1S]) U (Sk N el (1. (bd+(5))) ) (4.64)

We notice that in the process of showing (4.64) we have also proved that (see in particular
(4.61))

bd 7 (Sk) N Byi 1173 = 2(Ek) N Bys oyiss Vi€ I(S) s.t. 2t € Xy (&) (4.65)
We now claim that for every n > 0 and k > k¢ (depending on 7) we have
Sk C I,(S),  bd-(Sk) C I(bd (S)). (4.66)

Indeed, let us repeat the argument leading to (4.64) with a suitably small § = d(n) in place of
d = 00/2 (notice that, by connectedness of Sy we select the same surface from Sx(&) in the
process): correspondingly, we find s.(n) < 0(n) and p suitably small with respect to s.(n) in
such a way that (4.64) holds for k > ko and with s.(n) in place of s.. As a consequence (4.66)
immediately follows. We now notice that

Indeed, if v € T'(S), then up to adding finitely many points to the family {z};c I, We can assume

that there exists i € I(S) such that 2’ € int(y) C Ty (£). In particular, 2} € Ly (&) and
fe(z?) € Byi ari/3 for k large enough, so that (4.65) implies

fr(v) Nbd ~(Sk) # 0.
By connectedness, fi(y) C bd ;(Sg), and thus fx(bd(S)) C bd,(Sg). To prove the converse
inclusion we notice that
bd 7(S) N Byiyi s = X(E) N By 4ijs Vi€ I(S) s.t. 2° € Xy (£). (4.68)
If we now pick v* € T'(Sk), then v* C I, /5(bd ;(S5)) thanks to (4.66). At the same time, for k >
ko, fk_l(’y*) =~ € () with v C I, (bd (S)). In particular there exists ' € int () N bd ,(S),
thus v € I'(5), that is v* = fr(y) C fr(bd ~(S)). This completes the proof of (4.67) and shows

that
lim hd(bd -(Sg),bd -(S5)) =0. (4.69)

k—o0
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Thanks to (4.66) and a standard compactness argument in order to prove hd(Sg, S) — 0 we just
need to check that for every z € S there exists xp € Sy such that z; — x as k — oo. Indeed,
if z € int (S) then x € [S], for p = p(x) small enough. In particular, for k& > k(x) we have
Yr(z) € Sy and x = Yi(z) — x; if, instead, € bd -(5), then we are done thanks to (4.69).
We finally notice that since hd(Sk, S) — 0 for k — oo, given p < po one can find ky depending
on p such that

S € Iy(bd () UN.,([S],), Yk > ko,
and thus, thanks also to (4.59) and (4.69),

(Id + kaS)([S]p) = Neo([s]p) NOE&, D Nso([s]p) N Sk
D Sk \ Iap(bd ~(S)) D Sk \ I3p(bd (Sk)) = [Sklsp -

This remark completes the proof of (4.51), thus of step one.

Step two: We now associate to each S € S,(€) a surface Si € Si(&) in such a way that (4.50)
and (4.52) hold. Indeed, by (4.47) we have [S], = S for every p < po. In particular, S C [0€],,.
We claim that

Neo(8) N (Id + ¢rre)([0€] ) = (Id + ¢pvs)(S) - (4.70)
The D inclusion follows by S C [0€],, provided ky is large enough to entail ||¢{k[|co((ae),) < €o;
the C inclusion follows from the fact that if x 4+ ¢y (x)ve(x) € N, (S) for some = € [0€],\ S,
then dist(xz, S) < dist(z + Yr(z)ve(x), ) + |[Vkllcogae),) < 2p0 for some x € S" € S(&) \ {S},
against (4.46). The same argument shows that

NEO(S)QNEO([ag]P) :NEO(S)7 (4.71)
so that, by intersecting both sides of (3.5) with N,,(S) we find
Neo(s)magk:(1d+kaS)(S)a Vk > ko.

Since S is connected, one has that (Id+xrg)(S) is connected. By connectedness of the surfaces
in S(&), there exists a unique Sy, € S(&) which intersects (Id+,vs)(S), and thus must actually
be equal to (Id + ¢xvs)(S) and belong to S. (&), with (4.52) in force thanks to (4.58).

Step three: We prove (4.53). Pick S’ € Sx(&), and let 0 < ¢ < j < N be such that S' C
0Ek(i) N O (7). By (4.45), f, ' (bd -(S")) C 9E(i) N OE(j) N E(E). Thus there exists S € Sx(€)
such that S C 9E(i) N 9E(§) and f, ' (bd,(S")) NS # 0. Let Sy, be the surface associated to S
by step one, so that, by the properties proved in step one,

S,,Sk GSz(gk), S/,Sk C 8(€k(l)ﬂ8€k(j), de(Sl)ﬁde(Sk) 75@,

and hence S = S. If instead S’ € S.(&k), then by the first inclusion in (4.56) it must be
S"'N(Id + ¢ vs)([S]y) # 0 for some S € S(£). Should it be S € Sx(£), then by arguing as
in step one (see in particular (4.65)) we would find S' = S € Sx (&), a contradiction. Thus
S € 8:(€), and S' = (Id + Yyrg)(S) = Sk under the correspondence defined in step two. O

We now notice that, thanks to Theorem 1.1, given S € S(&) the vector field vg : int (S) — S?
defined in (4.49) satisfies |vg(z) — vs(y)| < L|x — y|* for every x,y € int (S) for a constant L
depending on & only. In particular, vg can be uniquely extended by continuity to .S in such a
way that

lvs(x) —vs(y)| < Llz —y[*,

Ve,y € S. 4.72
vs(@)-(y—a)| < Lo —ylte, 0 (4.72)

By regularity of int (S},), there exists vg, € C%*(int (Sk); S?) such that vg, (z)+ = T, S for every
x € int (Sg). By exploiting (4.51), (4.52), and Lemma 4.1 through an argument analogous to
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the one used in the proof of Lemma 4.4, we find that vg, extends by continuity to the whole Sj,
in such a way that

|V5k(m) _VSk(y)| < L’:U_y|a7

Y,y € Sk. (4.73)
s, (@) - (y —2)| < Ll —y|+,
Moreover, thanks to Theorem 3.2,
T €S, limxz,=xz€9, = lim vg, (zx) = vs(x).
k—o0 k—o0
In particular, arguing by contradiction, one sees that

dm [[(vs, o fr) = vsllcowa,(s) = 0- (4.74)

—00

Recalling that S* = S\ X7(&) and S} = S \ Er(€) are C1*-surfaces with boundary, and
denoting by v&. the outer unit conormal to S* at bd (S*), and similarly defining I/g%, one comes
to prove by analogous arguments that

Jim [ (vg; o fi) — v lcobd (s+) = 0- (4.75)

As the last preparatory step towards the proof of Theorem 1.3, we now prove the following
extension lemma.

Lemma 4.8. If (4.1) holds, S € S(€) and a € C°(bd +(9)) is such that a € C1(y) for every
v € T(S), then there exists a € CY*(R3) such that a = a on bd ,(S) and

allcta <C o a <C . 4.76

allcrams) < e lallcrae)  llallergs) < e laller(y) (4.76)
Proof. The lemma is proved by an application of Whitney’s extension theorem, see [CLM14,
Section 2.3] for the notation and terminology adopted here. Let X = bd(S), so that X is
connected by rectifiable arcs and its geodesic distance distx satisfies distx(z,y) < wlx — y|
whenever x,y € X and for some w > 0 depending on S only. We claim the existence of a
continuous vector-field F' : X — R? such that

[F(z) = F(y)| < Clz —y|*,
la(y) — a(z) = F(z) - (y — )] < Clo -y,

We may then apply [CLM14, Theorem 2.3] to the jet F = {Fk}‘kgl with F© = g and F® = F-¢;
in order to conclude the proof of the lemma. Since X consists of finitely many cycles lying at
mutually positive distance, in the proof of (4.77) we may as well assume that X consists of a
single cycle. By Theorem 1.1, either X consists of a single C?!-diffeomorphic image of S!, or
X =%, v where m > 2 and each ; is a compact connected C?!-curve with boundary such
that v N yi41 = bd (v;) Nbd (yit1) = {pi} and [7(p;) - Tiv1(pi)| < 1 for every i =1,...,m. Here
Yma1 =1 and 7; € C%1(v;,S1) is a tangent unit vector field to 7;, oriented so that 7;(p;) points
outwards ~y; at p;, and 7;41(p;) points inwards 7,41 at p;. Clearly, we have

mi(z) =m(y)| < Cle—yl,  Vo,yecy. (4.78)

We also record for future use that

Ve, y e X . (4.77)

max{z —pil [y~ pl} < Clo—yl, Vo €%,y €, (4.79)
as it follows easily by |7;i(p;) - Ti+1(pi)|] < 1.
Now, let us set
aj(z) = VVa(z)[r(x)],  ze€int(y),
so that, if we denote by 7;(z,y) the arc of +; joining z,y € ;, then

la(y) — a(e) — ai(x) H! (vi(z,y))| < Clz —y['*e,

Vx,y € ;. 4.80
la() — ai(y)| < C lz — g1, e (4.80)
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We claim that (4.77) holds provided we set
F(z) = a;j(z)7i(2) + Bi(z), T €, (4.81)
for any choice of 3; : 7; — R3 such that
Pi(x) - mi(z) =0,  [Bi(x)[ <C
|Bi(z) — Bi(y)| < Cle —y|*,
and such that the compatibility conditions
ai(pi)Ti(pi) + Bi(pi) = aip1(pi)Tiv1(pi) + Biva(pi), 1 <i<m, (4.83)

hold. (Note that (4.83) is a necessary condition for a function F defined as in (4.81) to be
continuous on X, and that the existence of choices of § satisfying (4.82) and (4.83) is easily
proved.) Let us check the first condition in (4.77): if x,y € ~;, then this is trivial by (4.78),
(4.80) and (4.82); if, instead, = € 7; and y € 7,41, then by (4.79) we have

|[F(x) — F(y)] < [|F(z)—=Fp)|l+|F(y) — F(ps)| < |z —pil* + |y — pil®
< 2 max{|z — pi|, |y —pi|}* < Cle —y|*;

Ve, y €7, (4.82)

finally, if € v; and y € v; with j # ¢ — 1,4,7 + 1, then one simply has |z —y| > 1/C.
We are thus left to prove the second condition in (4.77). If z,y € ;, then we have

la(y) — a(z) — F(z) - (y — )| < la(y) — a(z) — as(@)7i(z) - (y — )| + |Bi(z) - (z —y)|. (4.84)
If £ < y in the orientation of 7; induced by 7;, then

1 (i, ) = 7i(x) - (y —2)| < Cly — 2, (4.85)
while thanks to the first condition in (4.82)
Bi(z) - (x =)l < Cla—yf,  Va,yen. (4.86)

By combining (4.85) and (4.86) with (4.84) we prove the second condition in (4.77) in the case
x,y € ;- Once again we are left to consider the case when = € v; and y € v;41. In this case,
la(y) — a(z) — F(x) - (y — z)|
< a(y) = a(ps) = @i (P)H (Vi (i, )|
+a(pi) = ai(x) — ailp)H' (i(pi, @)
i ()M (i (i) — ci(pi)H (vi(pis ) — Fx) - (y — @)1,

so that, by (4.80), (4.85) (where x < p; in the orientation of ~; induced by 7; and p; < y in the
orientation of ;41 induced by 7;41) and (4.79), one finds

la(y) —a(z) = F(z) - (y — 2)| < Clz —y|**e
+laivi(pi) (y — pi) - Tiva1(pi) — «ilpi) (i — @) - 7i(pi) — F(x) - (y — )|
Thus it suffices to show that for every z € ; and y € ;41 one has
| (i (pi)7i(pi) — F()) - (pi — x)| < Clz —y|' T,
(@i (pi)7isa(p) = F(@)) - (v = pi)| < Cla =y
The first inequality in (4.87) descends from the fact that F(z) = a;(z)7;(z) + Bi(x), and thus,
by (4.80), (4.86), and (4.79)
| (ai(pi)7i(pi) — F(2)) - (pi — )]
< lai(pi)7i(pi) — ()7 ()] Ipi — x| 4 |Bs() - (pi — )]
< Clpi—a** < Clo -yl

(4.87)
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Concerning the second inequality, by exploiting
|y —pi) = ((y = pi) - Tis1 (i) Ti1(3)| < C'ly — pil?, VY € Vit1,
we find that
’(%H(Pi)ﬂﬂ(?i) - F@)) “(y —pi)
< Cly—pil* + |eir1(pi) = F(z) - mis1(pi)| |y — pil ;
by projecting (4.83) on 7,41 (pi+1) we have a1 1(p;) = F(p;) - Tit1(pit1), so that
|aiy1(pi) — F(x) - mipa(pi)| < |[F(pi) — F(x)] < Cla —pil*;
thus, again by (4.79),
| (i1 (pi)Tis1 (i) —F(2))-(y—pi)| < C lz—pi|*ly—pi| < C max{|z—ps|, ly—pi|}' T < C lz—y|"T,
and the proof is complete. O

5. PROOF OF THE IMPROVED CONVERGENCE THEOREM

We now prove Theorem 1.3. For pg to be determined, we fix u < po and p < p?. (We
automatically entail p < pg, for py the constant determined in the previous section, up to taking
wo small enough.) Let us fix S € S(€), and correspondingly let S € S(E) be the surfaces
associated to S as in the previous section, and let us set S* = S\ X7 (€). In order to prove the
theorem it is enough to show that for & > k¢ (depending on p) there exists an homeomorphism
fr between S and S such that

[ frllcracs < Co,
Jm [ fy = Idfjergy =0,
75~ 1)y < <2 max [1fi —Tdngy
o ~er(s)
¥ (fir =1d) =0 on [S], = 5\ Lu(bd(5)),
where for every z € S*, v € R?, and h : S* — R? we set
mo(v) =v— (v-vs(@))vs(x),  7h(z) =7 (h(z)).

If S € S.(€), then (5.1) is an immediate consequence of Lemma 4.7, see in particular (4.52), so
that, from now on we assume S € Sy;(€). In this way, by Lemma 4.7 there exists pg > 0 such

that for every p < pg and k > ko (depending on p) there exists ¢y, € C1*([5],) such that
[Sklsp € (Id + Yyvs)([S]p) C Sk, (5.2
lellcreqs;,y <Ly vellergs),) < p- '

and moreover

hd(S, Sk) < p, |1Skllcre < L, (5.3)
where the last condition is (4.73). We denote by f the C1*-diffeomorphism between bd (5)
and bd - (Sk): precisely, f2 is an homeomorphism between bd ,(S) and bd ;(Sg) such that, by
Lemma 4.5, Lemma 4.6, (4.74), and (4.75), and up to increasing the value of L,

HfISHCLO‘(fy) <L, ”f]g — IdHCl('y) <p,
[(vs, © ) - vsllcowd.(s) < P (5.4)
1§ o f2) = v&lleoa(s=y < P

for every v € I'(S), where S} = S, \ ¥7(&). Our goal is now to glue together the boundary
diffeomorphism f? to the normal diffeomorphisms (Id + vyvg) defined on [S], in such a way
to control the size of the tangential displacement 7°(f; — Id). This is exactly the construction
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described in [CLM14, Theorem 3.1] in the case of k-dimensional manifolds with boundary in
R™. Here we have k = 2 and n = 3, but, unfortunately, we cannot directly apply that result
because of the boundary singularities of S (that is, because S N 37 (£) may be nonempty). The
proof of [CLM14, Theorem 3.1] can be anyway adapted to this context and we now describe the
main modifications needed to this end.

The first remark is that, by arguing as in the proof of [CLM14, Theorem 3.5], in order to
prove (5.1) it is enough to show that for every p < u? and k > ko depending on p there exists
an homeomorphism f,f between S and Sy such that

£ =f onbd,(9), ff=Id+¢Yrvs on [S],,

C
P P ~
£ llcre(s) < C, £ — Id]lcr(s) < P (5.5)

C
S(fP—1d o< = O _1d .
7 (f% Merse) < . 7EFE’E?SS)HJC;C ey

To this end we start we start noticing that, by Remark 1.2 (see in particular (1.7)) and by
applying Whitney’s extension theorem as explained in [CLM14, Remark 3.4], there exists a

surface S of class C%! in R? such that, up to increasing the value of L,

Scs, diam(S) < L, distz(w,y) < Lz —yl, Va,y € S, (5.6)
and there exists v € C11(S;S?) with T, = v(z)* for every z € S and

HVHCLI(_@‘) <L. (57)

As a consequence of (5.7), one has

w(z)- (y—a)| <Clas(y—a)2, VreS§,yeBuyens,
y—a| <2|mS(y—a)|, VeeS,yeByyenS, (5.8)

‘|7TIS_7T5HSC|$_y|7 Vﬂ?vyeg-

Finally, we exploit ||Sk||c1.« < L and [CLM14, Proposition 2.4] to construct dg, € C»*(R?) and
€k > 0 such that

ds, () = 0 and Vdg, (z) = vg, (x) for every z € S,
ng (Sk) N {dSk - 0} iS a Cl’a—surface in R3 , (59)
max {e; ", |ds,[|cra@s)} < C.

We set S), = I., (Sk) N {ds, =0} and, for any = € S and § > 0,

K;=I5(bd,(S)NS, K =I5bd (S)NS.
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We now claim that there exists 7 depending on « and L only such that, if ug is small enough
with respect to 79, then one can construct f,f : Ky, — S), with

o= A, on bd (), (5.10)
= ld+ipvs,  on KF\K,, (5.11)
Ifellevex,) < C, (5.12)
||f/': - Id”cO(K;ro) < Cp (5.13)
C (0%
||f15 - Id”cl(K%) < El) ) (5.14)
g C
S(fF—1d < = 0_ 14 1
|77 (fy e,y < . %%”fk ey s (5.15)
3 1
JofL > 50 on Ky, (5.16)
A -1d) = 0,  onKy\ Ky, (5.17)
FUKS) Sk (5.18)

Once the claim has been proved, one defines f, by setting fi, = (Id+1;vg) on S\ K,),, and then
by setting fz = f{ on the rest of S. The fact that this gluing operation defines a diffeomorphism
with the properties listed in (5.5) follows from (5.2), (5.8), (5.12), (5.13), (5.14), (5.16), and
(5.18) thanks also to a uniform version of the inverse function theorem, see [CLM14, Theorem
2.1]. To prove the claim, we fix ¢ € C*®(R3 x (0,00); [0, 1]) such that, setting ¢, = @(-, u),

bu € C(1u(bd~(5))),  du=1on1,/5(bd-(5)),

C
Vou(z) < o V2 ()] <

Next, we define aj, : bd -(S) — R and by, : bd -(S) — R3 by setting
ar(x) = (fi(z) —2) -v(z), ()= f(@) -z -a(@)v@z), webd(S), (520)
so that by (5.4) one has
@k llcray) + 1bkllorac) < C, lakllcry) + [bkllciy < CUAR = 1dllergy) (5.21)

for every v € I'(S). By using Lemma 4.8 (which we must use in place of [CLM14, Proposition 2.4]
in order to deal with the singular points of bd -(5)), we find ay € CV*(R3) and by, € C1*(R3; R3)
such that

V(z, 1) € R® x (0,00). (5.19)

“&:M‘ Q

ap = a, and bkzgk, on de(S),
lakllcremsy + 1okl ctoms) < C, (5.22)
lakllcrmsy + bk llcrmsy < C RS 15— 1d]l o1y -

Correspondingly, we define Fy, € Cl’a(g x (—1,1); R3) by setting, for (z,t) € S x (—1,1),
Fr(e.t) = 2+ () by () + (ax(z) + ) (z), (5.23)
and then exploit dg, € C1*(R3) to define uy, € CL(8 x (=1,1)) as
up(z,t) = dg, (Fr(z,t)),  (x,t) € S x (—=1,1).

By noticing that, for every z € bd -(5), ug(z,0) = 0 (thanks to (5.9), (5.20), and (5.22)) and

Ouy/0t(x,0) > 1/2 (thanks to (5.9) and (5.4)), and HukH@»u(S“x(-l y <0 (thanks to (5.7),
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(5.9), (5.21), (5.22), (5.19)) one applies a uniform version of the implicit function theorem (see
[CLM14, Theorem 2.2]) in order to find 79 > 0 and a function ¢, € C1*(K,,) such that

ug(z, () =0 Vo e Ky, Ck(x) =0 Vzebd,(9), (5.24)
ICkllco(r,y) < Cmos Ckllcra(x,,) < C- (5.25)

We prove the claim by setting
fr(x) = Fi(z, G (x)), x e Ky, . (5.26)

Following the same argument as in [CLM14, Proof of Theorem 3.1], one shows (5.10), (5.12),
(5.17), (5.15), (5.16) and

Fie(Eopy) € Sk, (5.27)
as well as

VS () V2 (2)] - w2 (fi()) >
By (5.10), (5.27), and (5.16), one has
VO fu(@)[1oS] = TS, Vo € bdo(S),
VS fi(@)[ T (bd (§)] = T,y (bd (S7)),  Va € bd(S7),
so that (5.28) gives at each = € bd (S*)
ngk(a:) {{v €T.S:v-v2(z) < 0}} ={we Tfk(m)gk cw - vgk (fr(e)) < 0}.

. Vzebd(SY). (5.28)

N |

By combining this fact with (5.27) we deduce (5.18) (up to possibly further decreasing 7y in
dependence of the bound in (5.12)). We are thus left to prove (5.11), (5.13) and (5.14), and this
can be achieved once again by arguing exactly as in the proof of [CLM14, Proof of Theorem
3.1]. This completes the proof of Theorem 1.3.

APPENDIX A. PROOF OF THEOREM 2.1

The aim of this section is proving Theorem 2.1, i.e., we want to prove that if £ is satisfies
P(&;Byy) < P(F; Byy) + Ad(E, F), (A1)

whenever z € R", r < rg and E(h)AF(h) CC By, for every h = 1,..., N, then there exists
positive constants L and pg (depending on A, rg, n, N and maxj<p<n |E(h)| only) such that

H LW NOE) < H HF(WNOE)) + L, (A.2)

whenever f : R” — R™ is Lipschitzian, W = {f # Id}, and diam(W U f(W)) = r < py. We
notice that this is trivial when f is a bi-Lipschitz map. Indeed, in this case, f(£) = {f(£(h))}H,
is a N-cluster in R" with 0* f(£) =yn-1 f(0*E) (as it follows, e.g., by [Magl2, Proposition 17.1]),
and thus (A.1) boils down to (A.2) if one takes F = f(&). This said, Taylor’s regularity theorem
is based on the possibility of testing (A.2) on non-injective Lipschitz maps f. In order to deduce
(A.2) from (A.1) on such maps, one needs to construct a comparison cluster F, admissible in
(1.1), and with P(F; W) < H"Y(f(WNOE)). Proposition A.1 below is crucial in achieving this
goal, and in order to state it we introduce an ad hoc definition.

Let us recall that an integer rectifiable n-current T on R”™ is a linear functional on the
vector space DF (R™) of compactly supported smooth k-forms on R™ which can be represented
by integration as

(T, w) = /M 0 (w,7)dH",  Ywe DFR"), (A.3)

where M is an H*-rectifiable set in R”, 6 is a Borel measurable, integer-valued and non-negative
function defined on M, and 7 is a Borel orientation of M (that is, 7(z) is a simple unit k-vector
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defining an orientation on the approximate tangent space T, M for H*-a.e. z € M such that
T, M exists). We set |T|| = 0 H¥LM for the total variation measure of T, 0*(z) for the mod 2
representative of #(z) in {0, 1}, and define the carrier of T as

car T ={z € R": 0*(z) =1},

(Here we are borrowing some concepts and terminology from [Zie62], while avoiding to use the
full machinery of currents modulo 2 for the sake of simplicity.) We denote by T™ the integer
rectifiable k-current (with unit multiplicity) defined by

(T*, w) = / 0 (w, ) dH* = / (w,T)dHF Vw € D¥(R"),
M car T'

so that ||T%|| = H¥_(car T'). Notice that, with this definition, if 77 and T are two rectifiable
currents, then it holds

(T + To)"|| < ITY] + (T3], (A.4)
where the simple verification of (A.4) is left to the reader. Next, we let e = e A--- Ae,
and E™ denote, respectively, the canonical orientation of R™ and the corresponding canonical
identification of R™ as an n-dimensional multiplicity-one current; then we set Tp = E"LF for
every Borel set £ C R™. If T is an integral n-current on R™ (that is to say, both T and 9T are
integer rectifiable currents in R"™), then by [Fed69, 4.5.17] there exists a partition {G*}rcz into
sets of finite perimeter such that

T=T"-T",
Tt =Y KE"G*, T =Y kE".G". (A.5)
keN keN

In this case, * = 1 a.e. on G* if and only if k is odd (i.e., K = 2i + 1 for some i € Z), and thus
we obtain
car (TF) = U G*F, car (T') = car (T) Ucar (T7),

k>10dd (A.6)

T* =E" car (T") — E"Lcar (T7).
In this way, if ¥ and F are sets of finite perimeter, then T' = T — TF is an n-dimensional
integral current on R™ with car (T") = E\ F, car (T~) = F'\ E, and car (T') = EAF; therefore
we find

(T —T)* = B"(E\F)~E"(F\E),  |[Tg—Tgl| = |(Tp — Te)*|| = H'"_(EAF). (A7)

We are now ready to state and prove Proposition A.1, where the notion of push-forward of a
current is used, see, e.g. [Sim83, Chapter 26].

Proposition A.1. If E is a set of finite perimeter in R™, f : R™ — R™ is a proper Lipschitz
map, and we set F = car (f4Tk), then F is a set of finite perimeter with

HLLO*F < H"'Lf(O*E) on Borel sets. (A.8)
Moreover, M((Tr — f4Tg)*) = |EAF)|.

Proof. Since f is a proper Lipschitz map and E is a set of finite perimeter, f4Tf is a integral
n-current in R™. By (A.5) and (A.6) there exists a partition {G¥}rcz of R™ into sets of finite
perimeter such that

foTe =) KE"GF,  F=car(fpTe)= ) G". (A.9)
keZ kodd
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Since {G*}1ez is a partition of R™ into sets of finite perimeter, we have

o*GF = U (0*G* no*Gh) up to H" '-null sets, (A.10)
h#k
H YO GF no*Gh noarGY) =0, (k, h,j distinct) (A.11)
var(x) = —ven(x), for H" l-ae. x € 0*GFNO*G" (k # h).(A.12)
By exploiting [Mag12, Theorem 16.3] we thus find that, up to a H" !-negligible set,
oF=|J) |J o¢Fnoa". (A.13)
kodd heven

At the same time, by (A.9), (A.10) and (A.12) we obtain

fuTr) = Y kxveeH''LO*GF

keZ
= Z Z k *xvgr H"fll_(@*Gk N 8*Gh)
kEZ h#k
= 33 (k- h) wv H"—lL(a*G’f N a*Gh) ,
kEZ h<k
so that owing to (A.13) we get
H' L' F < [|0(f4TR)| - (A.14)

Finally, by noticing that O(fxTr) = fx(0TE) with 0T = xvg H" 1 LO*E, we find that
10(f4Tr)| < H* ' f(O*E), (A.15)

so that (A.8) immediately follows by (A.14) and (A.15). We finally notice that, since {G*}rez
is a partition of R™ up to H"™negligible sets, we have

Tp — f4Tp = E"E-) kE".GF

keZ
= Y 1-KE"(ENG*) - ) kE"(G"\E).
keZ kEZ
Thus
(Te — f4Te)* = Y E(EnG)- Y E(EnGH)
k<0even k>2even
+ > E"W(GM\E)- ) E"(G"\E),
k>1o0dd k<—1odd
M((Tp — f¢Tp)") = Y [ENG*|+ Y |G*\E|=|E\F|+|F\El,
k even kodd
and M((Tg — fyTE)*) = |EAF]|, as claimed. O

Proof of Theorem 2.1. Given py > 0 (the required constraints on pg shall be stated in the course
of proof), let us consider a Lipschitz map f : R™ — R" such that diam(W U f(W)) = r for some
r < po, where W = {f # Id}. In this way

diam(WuU f(W)) =r, WU f(W)cc B(xo,3r), (A.16)
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for some xg € R™. Let us consider the integer n-currents 7, = E".&E(h), 0 < h < N. Since
{E(h)}Y_, is a partition of R™ up to a negligible set, we have that

N
E"=>"T,. (A.17)
h=0

At the same time, since f is a proper Lipschitz map with f(z) = x for every x outside some
bounded set, for a.e. y € R"® and for every R > 0 large enough we have

B B det Vf(x) B det Vf(x)
1 =deg(f, Br,y) = /fl(y) Wd’l{o(m) = /fl(y) W dH’(z).

Therefore, for every w = ¢ dz' A--- Adz™ with compact support (contained in B for some large
value of R), by the area formula (see, e.g. [Magl2, Corollary 8.11]) we find that

(4B w) = (B, fHw) = / o(f(x)) det V() dx = / o(y) deg(f, Br.y) dy = (E",w),

that is, E" = f4E". In particular, (A.17) gives

n

N
E" =) fusT. (A.18)
h=0

By(A.4) and by (A.18) we find H" < Egzo I|(f%T%)*||, which of course implies, setting for
brevity
Fh:carf#Th, OShSN,

that the family of sets of finite perimeter {Fh}évzo covers R™ up to a set of Lebesgue measure
zero. We now notice that, by Proposition A.1, for every h =0, ..., N,

H LY E, < HTLF(0*E(R)), (A.19)
M((Th — f4Th)*) = [E(R)AF|, (A.20)

and then define a partition of R" into sets of finite perimeter {F(h)}_, (up to H"-negligible
sets) by setting

h—1
FO)=F, Fh=FR\|JF, 1<h<N. (A.21)
j=0
Since £ is a cluster, for each h = 0,..., N one has
h h
EMAF(R) <Y IEMAFL =Y M((Th — f4Th)") < (h+ 1) W], (A.22)
§=0 j=0

where we have also used (A.20). In particular, for h =1,..., N,
)] = IFR)I| < (N + D) [W] < (N +1)2"w, 1™ < C(n, V) (o)

so that, for po suitably small with respect to n, N, and vol (£), we find that |F(h)| > 0 for
h =1,...,N, and thus that F is a N-cluster. For each h = 0,..., N, thanks to (A.16), we have
E(h)AF, CC W C By, 3r, and thus E(h)AF(h) CC W C By, 3 hence, provided 3pg < rg, we
can exploit the fact that £ is a (A, rp)-minimizing cluster to find

P(E;W) < P(F;W)+Ad(E,F). (A.23)
By (A.22), and since spt (1}, — f4T5) C W U f(W) with diam(W U f(W)) < r, we find that
Ad(E,F) < Lr", (A.24)
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for a suitable constant L depending on A, n, and N. We also claim that, if we set S = 9E, then
PEW)=H"YSNW),  PFW)<H"Yf(SNW)). (A.25)

The first identity follows since H*~1(9€ \ §*&) = 0. Concerning the second identity, let us first
notice that, by [Magl2, Theorem 16.3] and by (A.19)

N N
O F(h) ¢ |Jo'F; ¢ |JF0EG) = f(078) = f(9€),
j=0 Jj=0

where the first and second inclusions, as well as the last equality, are true up to "~ !-negligible
sets; moreover, in the last identity we have used again H" 1(9€ \ *€) = 0 and the area
formula. Since {F (h)},]lvzo is a partition of R"™ into sets of finite perimeter, it turns out that
{0*F(h) N 0*F(k)Yo<n<k<n is a family of Borel sets that are mutually disjoint up to H"~!-
negligible sets, and thus, by taking also into account that W N f(9€) C f(W N IE), we have

N
PFW)= Y H! (W na*F(h) N a*f(k)) <HHW N £(DE)) < HH(F(W N L)),
0<h<k<N

and prove (A.25). By combining (A.23), (A.24), and (A.25) we finally deduce that
HH W NOE) <H " Hf(WNOIE)) + L™,
and thus complete the proof of the theorem. O
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