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ABSTRACT. We propose and study two variants of the Ambrosio-Tortorelli functional where the first-
order penalization of the edge variable v is replaced by a second-order term depending on the Hessian
or on the Laplacian of v, respectively. We show that both the variants as above provide an elliptic
approximation of the Mumford-Shah functional in the sense of I'-convergence.

In particular the variant with the Laplacian penalization can be implemented numerically without
any difficulties compared to the standard Ambrosio-Tortorelli functional. The computational results
indicate several advantages however. First of all, the diffuse approximation of the edge contours appears
smoother and clearer for the minimizers of the second-order functional. = Moreover, the convergence
of alternating minimization algorithms seems improved for the new functional. We also illustrate the
findings with several computational results.
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1. INTRODUCTION

Image segmentation is a major step in the analysis of images and image sequences, which is becoming
a problem of high relevance in many branches of science and technology, e.g. in the tracking of motion
or the automated analysis of biomedical images. A key step is to obtain a suitable mathematical and
computationally feasible description of edges respectively object contours in an image. According to the
Mumford-Shah approach [31] and to its later development proposed by De Giorgi and Ambrosio [16], the
relevant contours of the objects in a picture are interpreted as the discontinuity set Sy of a function @
approximating a given image datum ¢g and minimizing the functional

MS(U)+7/ lu—g|?, (1.1)
Q
among all functions u belonging to the space of special functions of bounded variation SBV (2), where
MS(u) = a/ IVl de + BH™(S.). (1.2)
Q

Here the constants «, 8 > 0 in (1.2) are tuning parameters expressing the relative weight of the local
image smoothness and the edge smoothness.

Segmentation via the Mumford-Shah functional is one of the most prominent and successful approaches
in mathematical image processing, which has received considerable attention from a practical (see e.g.
[5, 13, 33]), computational (see e.g. [20, 26, 33]), as well as theoretical point of view (see e.g. [27, 30] and
references therein). This approach led moreover to several fruitful variants of the original model such
as the Chan-Vese functional [11] or region-based variants with realistic noise modelling [32]. However,
the minimization of (1.2) leads to a so-called free-discontinuity problem and is notoriously difficult to be
solved numerically in a robust and efficient way. An approach frequently used to bypass these difficulties
is to relax the minimization problem as above replacing the Mumford-Shah functional by a sequence of
elliptic functionals which approximate M S in a suitable variational sense. The key idea is to introduce
a second variable v representing a weight for the gradient term in the Mumford-Shah functional; i.e.,
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v &~ 1 away from the image edge set and v approaching zero in a small region around the image edge set.
The width of the latter region is defined by the approximation parameter €, via solutions of e-dependent
minimization problems of the form

min (Rg(u,v) + 7/ |u — g|2dx). (1.3)
(u,v) Q
If (u,v) denotes a minimizing pair, then u represents a denoised version of the input image g while v
gives a segmentation of the image. The problem has then a natural multiscale structure: the macroscale
is defined by the image and its overall edge composition while the microscale, whose order is ¢, is related
to the local behaviour of v close to the edge set.

A first approximation of (1.2) was studied by Ambrosio and Tortorelli [3, 4] who considered a sequence
of functionals reminiscent of the Cahn-Hilliard approximation of the perimeter [28, 29]. More precisely,
in [4] the authors introduced the family of elliptic functionals

12
Az =a (@ vl e § [ (Y waver) a (1.4)

with € > 0 and 0 < 7. < ¢, defined on pair of functions u,v € W%(Q), vVu € L*(Q;R"), where the
additional variable v encodes an approximation of the discontinuity set of @. Indeed, loosely speaking,
due to the term of order 1/ one expects that a minimizing v. is close to 1 in large regions of Q and
it deviates from 1, being close to 0, only in an e-neighbourhood of S; (where Vu. tends to be very
large) due to the lower order terms. In this way we get that v. approaches 1 — xg, as ¢ — 0. This
heuristic argument is made rigorous in [3, 4] using the language of I'-convergence and following earlier
ideas developed by Modica and Mortola in the seminal papers [28, 29)].

Clearly the above approximation of the Mumford-Shah functional is not the only possible one and
in particular different variants of (1.4) can be considered in order to enhance the Ambrosio-Tortorelli
approximation scheme. In this perspective, a computational and practical improvement to the existing
scheme would be desirable in some cases, e.g. when it is difficult to compute global minimizers of the
original functional. These considerations also motivate the analysis carried out in the present paper.
More precisely we are interested in replacing the term ¢|Vv|? in (1.4) by a second-order term depending
on the Hessian or on the Laplacian of v. More precisely, assuming now that v € W22(Q) we consider the
functionals

F.(u,0) = a / (v + 1) |Vul? da + 255 / <<“51)2 +53|v2v|2> dz,

as well as the functionals

E.(u,v) = a / (v + )|Vl do + 255 / (“’ ‘5”2 +e3|Av|2) dz,

for which we additionally assume (v — 1) € W,*(Q). Correspondingly we study the minimization of
(1.3), where R. can be either E. or F.. These second-order penalizations are strongly related to some
Cahn-Hilliard-type functionals (where second-order derivatives replace the gradient-penalization) used to
approximate the perimeter [18, 24] (see also the more recent [12, 14]).

We mention that in the last years variational problems involving higher-order derivatives have become
popular when dealing with several image analysis tasks, examples are in inpainting to propagate curvature
information [7], in denoising to improve staircasing phenomena of total variation methods [6], or in
image registration to obtain smooth deformations [25]. In our case a second-order approximation seems
counterintuitive at a first glance, since one expects convergence to the first-order perimeter term in the
limit. However, we shall observe in computational experiments that the second-order approximation may
have several advantages. First of all the stronger smoothing behaviour of the second-order term leads to
smoother approximations of v, which can lead to increased robustness in practice. In particular certain
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structures that are larger than typical noise but not yet of interest for the segmentation can be suppressed,
e.g. freckles in the segmentation of the face in a portrait as illustrated in Figure 1. Moreover an increase
in robustness is visible in the computation as well: standard alternating minimization algorithms appear
to converge faster for the second-order model and do not get stuck in undesired local minima, which is the
case for the first-order model in a significant number of cases. Another interesting aspect of our model is
that due to the missing maximum principle in higher-order equations, the optimal value of the variable
v is not bounded between zero and one anymore (see e.g. Figure 2 in Section 3). In particular locations
where v is larger than one can certainly be identified as edges and due to the specific shape of the optimal
profile one can build two-sided approximations of the edge set in several cases. The latter is again related
to the different behaviour of v at the microscale. Indeed while the Ambrosio-Tortorelli approximation
provides functions v which are monotone in the direction normal to the predicted edge-set, our analysis
predicts in most cases two local maxima in the normal direction, one on each side of the edge set and
still at microscopic distance from it. Hence, with the collection of the local maxima one can obtain an
approximation of the edge set from both sides, this kind of approximation might then be helpful to detect
interior and exterior regions in the segmentation of objects.

FIGURE 1. Sisse image, courtesy of Sgren Udby (from left to right): Input image, re-
sulting v in the Ambrosio-Tortorelli model, resulting v in the second-order model.

The main result of this paper shows that when € — 0 both the families F. and E. approximate MS in
the sense of I'-convergence (see Theorem 4.2 and Theorem 5.3 for the precise statements). In both cases
the most delicate part in the proof is in the so-called lower bound inequality. The one-dimensional case
is first considered and as for the Ambrosio-Tortorelli functional it turns out to contain the main features
of the problem. In dimension one F. and E. clearly coincide (if we ignore the boundary condition, which
in this case plays no role in the lower bound). When we estimate from below the energy contribution
of a sequence (uc,v.) with equibounded energy F. (or E.), we first appeal to the Gagliardo-Nirenberg
interpolation inequality to obtain the necessary a priori bound on the first derivative v.. In its turn,
this bound allows us to deduce that the limit u is a piecewise Sobolev function, which thus has a finite
number of discontinuities. Then the main difference with respect to the Ambrosio-Tortorelli analysis is
that now the so-called “Modica-Mortola trick” cannot be applied. Therefore to find the minimal cost of
a transition between 0 and 1, and occurring in an e-layer around each discontinuity point of u, a careful
analysis is needed (see Theorem 3.1 and Theorem 4.1). Then, the upper bound inequality follows by an
explicit construction which yields a recovery sequence (ue, ve) satisfying (v, — 1) € VVO1 2(Q)

In dimension n > 1 the two functionals F. and FE. are in general different and the lower bound
inequality is established in the two cases by means of two different arguments. Specifically, the form of
the functionals F; (and in particular the presence of the full Hessian) makes it possible to use a well-known
integral-geometric argument, the so-called slicing procedure, which allows us to reduce the n-dimensional
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problem to the one-dimensional case and hence to conclude. On the other hand, when we deal with E. we
cannot exploit the one-dimensional reduction argument as above because of a symmetry breaking due to
the presence of the Laplacian. Therefore in this case a different procedure based on the blow-up method
of Fonseca and Miiller [19] is employed. In Theorem 5.3 (see also Proposition 5.1) we show, however, that
the symmetry breaking at e > 0 disappears in the limit. This is done again using Gagliardo-Nirenberg
interpolation inequality and then appealing to standard elliptic regularity (where the boundary condition
on v plays a role). Then in both cases the upper bound inequality follows by a standard density argument
and by explicit construction. Finally, the I'-convergence results are complemented with the corresponding
results about the convergence of the associated minimization problems (Theorem 4.5 and Theorem 5.5).

The paper is organized as follows: in Section 2 we will introduce some basic notation, function spaces,
and preliminary estimates used in the subsequent analysis. Section 3 studies the optimal profile of
minimizers in normal direction; i.e., the microscopic behaviour at the e-scale, which is indeed the same
for both functionals E. and F.. Sections 4 and 5 then provide detailed I'-convergence results for each
of the two functionals. In Section 6 we briefly discuss the numerical minimization and then give an
extensive study of results on synthetic and real images, including a comparison with the results by the
Ambrosio-Tortorelli approach.

2. NOTATION AND PRELIMINARIES

In this section we set a few notation and recall some preliminary results we employ in what follows.

Let n > 1; if not otherwise specified, throughout the paper €2 C R™ denotes an open bounded set
with Lipschitz boundary. The Lebesgue measure and the k-dimensional Hausdorff measure on R" are
denoted by £" and H*, respectively. The scalar product of x,5 € R" is denoted by (z,y) and the
euclidean norm by |z|, whereas A - B denotes the product between two suitable matrices A, B. For each
v e S = {z € R": |z] = 1}, Q" denotes the open unit cube centered at the origin with one face
orthogonal to v; if zgp € R™ and ¢ > 0, then Q}(zo) := 2o + 0Q”. If v belongs to the canonical basis of
R™, we omit the dependence on v and we simply write Q,(zo) = zo + 0 Q, with Q := (—%, %)”

Let My(Q2) be the set of all bounded Radon measures on ; if ux, u € Mp(Q2), we say that pr —* p
weakly* in My (Q) if

/ odpy — / odpu for every ¢ € CJ(Q).
Q Q

Let 1 < p < 400 and k € N, we use standard notation for the Lebesgue and Sobolev spaces LP(2) and
WkP(Q). For the general theory of special functions of bounded variation we refer the reader to the
monograph [2]; here we only recall some useful notation and definitions. For every u € SBV(Q), Vu
denotes the approximate gradient of u, S, the approximate discontinuity set of u, v, the generalized
normal to S,, and ut and u~ are the traces of u on S,. We also consider the larger space of the
generalized special functions of bounded variation on 2, GSBV (), which is made of all the functions
u € LY(Q) whose truncation u := (u A M) V (—M) belongs to SBV () for every M € N. We also

consider the spaces
SBV?(Q) = {u € SBV(Q): Vu € L*(Q) and H" *(S,) < +o0}
and
GSBV?(Q) = {u € GSBV(Q): Vu € L*(Q) and H" *(S,) < +o0}.
We have
SBVZ(Q) N L>®(Q) = GSBV?(Q) N L>®(Q).

Since we heavily use it in what follows, we recall here the Gagliardo-Nirenberg interpolation inequality
(see e.g. [1, Theorems 4.14 and 4.15]).
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Proposition 2.1. Let U be a bounded open subset of R™ with Lipschitz boundary and let €9 > 0. Then
there exists a constant co(eo,U) > 0 such that

1
cozs/ Vo2 do < —/ v? d$+53/ |V2v|? d,
U €Ju U

for every € € (0,&0] and for every v € W22(U).

Moreover, we also recall two a priori estimates for the Laplace operator (see [17, Theorem 1, Section
6.3.1] and [22, Theorem 3.1.2.1 and Remark 3.1.2.2]) that we use in Section 5.

Proposition 2.2. Let U be a bounded open subset of R™. Then
(i) for each open subset V.CC U there exists a constant ¢(U,V') > 0 such that
[vllw=2vy < e(U, V) (|AV]| L2y + W]l 2wy)

for all v e W22(U);
(ii) if in addition U has C* boundary, then there exists a constant ¢(U) > 0 such that

[vllwz2@) < e(U)||Av| L2y, (2.1)
for all v e W22(U) N Wy 2(U).

Throughout the paper the parameter € varies in a strictly decreasing sequence of positive real numbers

converging to zero.
Let «, 3 > 0; we consider the functionals F.,E.: L1 () x L1(Q) — [0, +-00] defined as

—1)2
a/ v?|Vu|? dr + b / ((U ) + €3|V2v|2) dr if (u,v) € WH2(Q) x W?22(Q)
Q 2v2 Ja 3
Fe(u,v) := and vVu € L?(Q;R"),
400 otherwise,

(2.2)
and

12
a/ v?|Vul? do + 265/ ((U 61) +53|AU|2) do if (u,v) € WH2(Q) x W22(Q)
Q Q

E-(u,v) = and vVu € L*(;R"),
+00 otherwise.
(2.3)
We also consider the Ambrosio-Tortorelli functionals AT .: L1(2) x L1(Q) — [0, +o0]
2 2 B (v—1)? 2 : 1,2 1,2
a [ v |Vul]*de + 5 — +elVol? | do if (u,v) € WH2(02) x WH2(Q)
Q Q
AT o(u,v) = and vVu € L?(Q;R"), (2.4)
400 otherwise,
and the Mumford-Shah functional MS: L1(Q2) x L (Q) — [0, +o0]
Vul? d HY(S,) ifue GSBV2(Q)andv =1 a.e.,
MS () = a/ﬂ| ul*dx + (Su) ifu (Q) and v a.e (2.5)

+00 otherwise.
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3. THE OPTIMAL PROFILE PROBLEM

In this section we study the following minimization problem

+oo
m = inf{/ ((f =12+ (f")%) dt: f € W2E2(0,+0),
0
f(0)= f'(0)=0, f(t)=1ift > M for some M > 0}. (3.1)

The constant m represents the minimal cost, in terms of the unscaled, one-dimensional Modica-Mortola
contribution in (2.2) and (2.3), for a transition from the value 0 to the value 1 on the positive real half-
line. The minimization problem (3.1) (and its equivalent formulation as in (3.2)) is then referred to as
the optimal profile problem. Moreover, a solution f to (3.2), whose existence is proven in Theorem 3.1
below, is called an optimal profile. We will see that the optimal profile problem is the key to the proof of
Theorem 4.1 (and therefore to both the I'-convergence results Theorem 4.2 and Theorem 5.3) and that
m = /2, which will also explain the presence of the coefficient 4/2v/2 in the definition of the functionals
F. and &..

Theorem 3.1. Let m be as in (3.1); then
+oo
m= min{/o ((f =12+ (f")?) dt: f € WE2(0,+00), f(0)=f(0)=0, lim f(t)= 1}, (3.2)

moreover, M = \/5

Proof. Let

oo 2,2
m = inf{/ ((f =12+ (f")?) dt: f € Wi(0,400), f(0)=f(0)=0, lim f(t)= 1}.
0

t——+oo
By solving the associated Euler-Lagrange equation it is easily shown that m is attained at

ot t ™
t)=1++2e ﬂcos<—+—) 3.3
o 5t (3.3
(see Figure 2). Moreover a direct computation yields m = /2.
We clearly have m < m, then to achieve (3.2) it only remains to show the opposite inequality; i.e.,
m > m. To this end, we suitably modify f so to obtain a test function for m. Let x; — 400 as i — +o0;
it is easy to check that

lim f(x;))=1, lim f'(z;) =0, (3.4)

1—+00 1—+00
with f is as in (3.3).
We introduce the auxiliary function G : R? — [0, +00) given by

1
G(w,z) = inf{/ ((g9—1)%+(g")?) dt: g € C*([0,1]), g(0) = w, g(1) =1, ¢'(0) = z, ¢'(1) = 0};

0
testing G with a third-degree polynomial satisfying the boundary conditions, one can easily show that

lim G(w,z) =0. 3.5
(w,z)—(1,0) ( ) ( )

Fix > 0 and let g be a test function for G(f(x;), f'(x;)) such that

/0 (9= 1) + (¢")?) dt < G(f (:). f'() + 11
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Set g;(t) := g(t — x;) and define

f(t) if 0<t <y,
fl(t) = gi(t) if o, <t<ax;+1,
1 if ¢>ax;+1.

Then f; is admissible for m and we have
+oo -
o= [ a0t
0 0

x;+1

+oo
= [ G de- [ (e 0P () e
0 x4
> m—G(f(xi), f'(x:)) —n.
Invoking (3.4) and (3.5), we conclude by first letting i — +o0 and then n — 0F. O

081

06

04l

021

00+

FI1GURE 2. The optimal profile f.

Remark 3.2. For d € R, set
—+oo
myg = min {/ ((f =D+ (F"?) dt: | € Wg2(0, +00), f(0) =d, f'(0) =0, Tim f(t)= 1} :
0 o0
A direct computation gives
mg = V2(d — 1), (3.6)

hence limg_,o mg = V2.

4. THE HESSIAN PENALIZATION

In this section we study the I'-convergence of the functionals F. defined in (2.2). The one-dimensional
case is considered first: this is the object of Subsection 4.1. Then, Subsection 4.2 is devoted to the
n-dimensional case, with n > 2. Finally, in Subsection 4.3 we deal with the equicoercivity of a suitable
modification of F. and with the convergence of the associated minimization problems.

In all that follows ¢ denotes a generic positive constant which may vary from line to line within the
same formula.
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4.1. The one-dimensional case. Let —c0 < a < b < +oc0 and let F.: L'(a,b) x L'(a,b) — [0, +00]
be the one-dimensional version of the functional in (2.2); i.e.,

’ 2/ 12 B b (U—1)2 9 ) 12 2
Fe(u,v) = a/(lv(u) dt+2\/§/a( . +€3(U))dt if (u,v) € Wh2(a,b) x W22(a,b),

3

400 otherwise.

Notice that in this case the condition vu’ € L?(a,b) is automatically satisfied for any pair (u,v) €
Wh2(a,b) x W22(a,b).

We have the following I'-convergence result.
Theorem 4.1. The sequence (F.) T'-converges, with respect to the (L*(a,b) x L*(a, b)) -topology, to the
functional MS: L*(a,b) x L'(a,b) — [0, +o0] given by

b
MS(u,0) = a/a (u)?dt + B#(S,) ifu € SBV?(a,b) andv =1 a.e.,

400 otherwise,
where #(S,,) denotes the number of discontinuity points of u in (a,b).
Proof. For the sake of notation, for any open set U C (a,b) we consider the localized functionals

2/ 1N\2 B (’U—l)2 3, 2 ) 1 -
Folu,0,U) = Oé/Uv(U) dt+2\/§/U( . +5(U))dt if (u,v) € Wh2(U) x W22(U),

+00 otherwise.

(4.1)
We divide the proof into two steps in which we analyze separately the liminf-inequality and the limsup-
inequality.
Step 1: liminf-inequality. Let (u,v) € L'(a,b) x L*(a,b) and (ue,v:) C L'(a,b) x L'(a,b) be such that
(te,ve) — (u,v) in LY(a,b) x L'(a,b). We want to prove that

lim inf 7. (ue, ve) > MS(u,v). (4.2)
e—0
Clearly it is enough to consider the case

lim inf F (ue, v:) < 400.
e—0

Then, up to subsequences, |[v: — 1||12(a,p) < ¢4/, from which we immediately deduce that v =1 a.e. in
(a,b).
According to Proposition 2.1 there exists a positive constant ¢y > 0 such that for e sufficiently small

we have
b b (’U o 1)2 b
co/ s(v;)thg/ Eidt+/ e3(v)? dt.
a a € a

b (UE o 1)2
/ (7 +e (02)2) dt <c¢ for e > 0 sufficiently small;

Therefore

3

hence we can apply [9, Lemma 6.2 and Remark 6.3], with Z = {1} and W (s) = (s — 1)? to conclude that
there exists a finite set .S such that, for every fixed open set U CC (a,b) \ S and for ¢ > 0 sufficiently
small, 1/2 < v. < 3/2 on U. For every such fixed U we have

b
e sup/ (ul)?dt < a sup/ v2(ul)? dt < +o0;
4 e>0JU e>0Ja
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thus u € WH2(U) and ue — u in WH2(U). Moreover, since v. — 1 in L?(U) and v’ — v’ in L?(U), then
uwlve — u' in LY (U); hence we have

b
< 1\2 < CN 20, 1\2 ) )
a/U( u')? dt allgInglf/[] 2(ul) dt_ahgn;gf/a vZ(ug)® dt (4.3)

By the arbitrariness of U, (4.3) can be rewritten as

b
a/ (u')*dt < o lim inf/ vi(ul)?dt < o lim inf/ vZ(ul)?dt, (4.4)
(@,D)\(S+[-n,17)) =0 J(@b)\(S+[—n.)) =0 Ja

for every n > 0. This allows us to conclude that v € SBV?(a,b) and S, C S.
Let N := #(Su), Su = {t1,...,tn} with t; < to < -+ < tx, and consider pairwise disjoint intervals
I; = (a;,b;) C (a,b) with t; € I;; we want to show that, for every i € {1,..., N},

hmlnff (ue,ve, I;) > 5. (4.5)
To this end, fix i € {1,...,N}. Let t; € I] CC I; and set m; := liminf. o inf,cr (v(t))?. Since [

contains a discontinuity point of u, we want to show that it is convenient for v. to be “close” to zero in
Il; i.e., that m; = 0. We argue by contradiction assuming that m; > 0. Then for every ¢t € I}, we have

(v(t))?

lim inf > 1,
e—0 mi
therefore
1 Fe(te, ve)
wW)dt < — [ VP(ul)?dt < == <
s o [ < 2 <

so that ue — u in W2(I/) and S, NI/ = O which contradicts the hypothesis ¢; € I!. Hence, we must
have m; = 0. As a consequence there exists a sequence (s.) C I] such that

hr% ve(st) = 0. (4.6)

On the other hand, up to subsequences (not relabelled), v. — 1 a.e. in (a,b) as € — 0. Therefore, there
exist 72, r’ € I; such that 72 < st < 7! and

Elgr(l)vg(rs) =1, Elgr(l)vg(rg) =1 (4.7)

Moreover, again appealing to the interpolation inequality Proposition 2.1 we may deduce that v — 0

in L'(a,b). Indee

in L(a,b). Indeed
1/2(1 _ \1/2 b 2
e/(b—a) e(vl)“dt

b
/ elvl| dt
1/2
1 b -1 2
51/2(1)—@)1/2 <_/ ((Ua ) +€3(v;’)2) dt)
Co Jq 9

< ce'/2 50 ase—0.

1/2

IN

IN

Then up to subsequences (not relabelled) it is not restrictive to suppose that
hr%sv( y=0 and hmsv( 4y =0.
Let 5. be a minimum point for v, in [f,r¢]. In view of (4. 6) and (4.7) we deduce that 5. € (7L, r%), for

e sufficiently small. Then, since v, € Cl([r ri]) we have v.(5L) = 0. Moreover v.(8.) < ’UE( L) < we(rh),
hence (4.7) implies that v-(51) < 1 for £ small.
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2\f / ( 53(v;f)2) o
> 2\[ (/ (% +s3(v;’)2> dt+/j (@ +s3(v;’)2> dt) . (4.8)

€

We have

Y

‘FE(UE’UE; Iz)

We now estimate from below the term

izt
Te”Se

e (Ua_l)Q 3/ N2 _ c 2 11\2
— +et(v))* ) dt = (we — 1)* + (w)?) dz,
5 0
where 2z = (t — & ¢)/e and we(z) == ve(e2 + 5 ¢). To this end let g.; € C?([0,1]) be an admissible function

for G(ve (1), e vl(rl)); i.e., ge,i(0) = v(rl), gs,z(l) =1, g, ;(0) = ewl(rl), gL ;(1) = 0. By construction
. = 1 I =
lim ges(0) =1 and  lim g;;(0) =0,

hence by (3.5) we infer

hm g(vg( ), evl(rl)) = 0. (4.9)
Let (9-,) be the sequence defined as
we(2) if 0<z<r788,
i i € i
Dei(2) = 4 ges <z o SE) T i Yl Y
€ e T €
1 if 2>l % 4
€

By definition of g ; it follows that (. ,;) C w2 2(0, +00). Since (9. ;) is a test function for my_ (51 (with

loc

my,(si) as in (3.6) with d = v-(5%)), we have

€ +OO . .
7 (e 0P @) ds = [ (e 17 4 (2)7) de - G0, 0202)
0 0

my, (i) — g(’UE(T‘i), EU;(T;)).

Y

A similar argument applies to the term

/ (@ +53(v;’)2> dt

€

n (4.8). Since m,_zi) = V2(ve(31) — 1)% and v-(3) < v.(sl) < 1, we have

B B

Filueved) > Som ) = 500002 0tri)) > T min g = L0060, 02(r1)

G(ve(rl),e vl (rD)))

&\‘%

- %mms;) - %g(ug(r ), evl(rl))) = B (ve(s2) — 1)* —

and (4.5) follows from (4.9) letting € — 0.
Since the intervals I; are pairwise disjoint, gathering (4.4) and (4.5), we get

b b P
-1
lim inf 7. (ue,v2) > o liminf / v?(u;>2dt+2f/§ lim inf / (—(”e ) +s3(v;’)2) dt

e—0 e—0 e—0 e

> a/ ()2 dt+ B#(Sa).
(a,0)\(S+[—=nn])
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Hence the liminf-inequality (4.2) follows from the arbitrariness of 7.

Step 2: limsup-inequality. Let u € SBV?(a,b), Sy := {t1,...,tn} with t; < ts < --- < ty, and set
to:=a, tnyy1:=0b, 6o ;== min;{t;41 —t;: i =0,...,N}. Fori =1,..., N, define I; := [%,%}
We now construct a recovery sequence for the I'-limit.

Let 77 > 0; there exist a function f, € W22(0, +00) and a constant M,, > 0 such that f, (0) = f7(0) =0,
fn(t) =1 for all t > M,, and

/OMn ((Ffo =12+ (f1)?) dt <V2+1. (4.10)

Let & > 0 be such that £&./e — 0 as ¢ — 0, then for e sufficiently small £, < %. Fori=1,...,N let
¢! be a cut-off function between (ti - %,ti + %5) and (t; — &, b +&); dee., oL € C2°(t; — &t + &),

0<¢i <land gl =1on (tz- — %,ti + %) Define the sequence

N
ue () = u(x) <1 - Z L (@), (x)> ;

then (u.) € Wh%(a,b) and u. — u in L*(a,b) by the dominated convergence Theorem.
Fix T'> M,; then JU%E > T, for € small. Define the sequence

0 if |t —t;] <&,
L |t_ti|_§s .
Ve(t) = fn . if & <|t—t;] <& +€T,
1 if te({|t—t]>&+eTyNL) U a, 25 ] U [t ],

fori=1,---, N, where f, is as in (4.10). It is immediate to check that (v.) C W??2(a,b) and v. — 1 in
L'(a,b). Moreover for every i = 1,..., N, we have

/ v2(ul)? dt = / v2(u)? dt (4.11)
I; Li\[ti—E&e ti+Ee]

[ (o)
I; €
i*fa P _ 2 R . 2
L () ()
ti—E.—eT \ € € €
ti+€c+eT 1 t—ti— & 2 g [ t—ti— & 2 ti+E&e 1
TR () ) e () Y [ L
T
. / ((Falz) = 12+ (F2(2))?) dz + 2%

€
€

- .

and

IN

2v2 41 +2 (4.12)
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Therefore gathering (4.11) and (4.12) gives

Felue,ve) = aZ/ dt+— Z/ ( 53(0;’)2) dt

< QZ/ 02 (u')? dt+ﬂN+c§—€+n
Li\[ti —&e ti+&c]
Finally, invoking the dominated convergence Theorem yields

b
lim sup F- (ue, ve) < a/ (u')*dt + B#(Sy,) + 7

e—0

and thus the thesis. O

4.2. The n-dimensional case. Let n > 2 and let 7. be the functional defined as in (2.2). The following
I'-convergence result holds true.

Theorem 4.2. The sequence (F.) T'-converges, with respect to the (L'(Q) x L'(Q))-topology, to the
functional MS: L*(Q) x L*() — [0, +o0] given by

a | |Vu?|de+ BH"HS,) ifue GSBV2(Q) andv =1 a.e.,

Sty o Jo 1T B S @

400 otherwise,

Proof. As for the one-dimensional case, if A is an open, A C §2, we set

2 2 p (v—1)? 32,2 :
a/ 7| Vul® de + / +e?|V20u|? | do if (u,v) € WH2(A) x W22(A)
A 2v/2 Ja €
Fe(u,v, A) := and vVu € L?(A;R™),

400 otherwise,
and
a/ |Vul?de +BH" (S, NA) ifuec GSBV?(A)andv =1a.e.,
MS(u,v, A) = A
+00 otherwise.

We divide the proof into two steps in which we analyze separately the liminf-inequality and the limsup-
inequality.
Step 1: liminf-inequality. Let A be an open subset of Q. We recover the lower bound

- hmlnf]: (u,1,A) > MS(u,1, A) (4.13)

from the one-dimensional case, by using the slicing method. To this end we start recalling some useful
notation. For each ¢ € S*! we consider the hyperplane through the origin and orthogonal to &,

I° == {z € R": (z,£) =0},
and, for every y € II¢, we consider the one-dimensional set

Aey={teR:y+t{ e A}
and the one-dimensional functions ug¢ 4, ve¢ , defined by

ug y(t) == u(y +t§), Ve (t) == v(y + t8).
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By Fubini’s Theorem we have

Fe(u,v, A)

/m /A5 (a02(9+t§)|vu(y+t€)|2
L ((v(y+t§) 12
272 .

/m /As’y (av2(y+t§)|<vu(y+t€)’§>|2

+

T SV(y + ts>|2) ) dt dH" ()

Y

132
+oos (VI s w416, 9 ) ) arane )
= fsgyy(uf,yvvé,yaAE,y) dHnil(y%

T1¢

where for all ¢ and y, F&¥ are the one-dimensional functionals defined as in (4.1).
Let (u,v) € LY(Q) x LY(Q) and let (ue,v.) C LY (Q) x LY(Q) be such that (ue,v.) — (u,v) in
LY(Q) x LY(Q), and
lim inf F, (u, v, A) < 400, (4.14)
e—0

then, v =1 a.e. in A. By Fubini’s Theorem and Fatou’s Lemma,

0 = lim/|u5—u|dac
e=0 /4

= i [ [ ey — eyl dedn )
s J Ae

e—0

Y

A n—1 .
[ it n)e e (a4 )

hence (uc)ey — uey in L'(Ag,) for H" tae. y € II° and analogously (v.)e, — 1 in L'(Ag,) for
H" l-a.e. y € IIE. Therefore, appealing to the one-dimensional result Theorem 4.1 we have that Ug,y €
SBV?(Ag,), for H' lae. y € II¢ and

lim inf 7 (ue, ve, A) > lim inf ff’y((ue)&y, (ve)e,ys Agy) dHn_l(y)

e—0 e—0 1€

/ lim inf ‘ng((ue)ga Y, (U€)€7y’ Af,y) den—l(y)
T1¢

Y

e—0

LU,

Let M € N and consider the truncated functions ups := (=M) V (u A M); by (4.14) and (4.15) we have

[ IDGane, (e am )

- Ik

1/2
< | (/ |<uM>g,y|2dt> FOMH(Sumye,) | M () < +oc.
I1¢ A¢ y

Y

alug , |* dt + B #(Suc, N Ag,y)> dH" " (y). (4.15)

Y

eyl i+ (), = <uM>g,yl#<S<uM>g,y>> aH )

Y

N
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Thus, by virtue of [10, Theorem 4.1(b)] we conclude that uy; € SBV?2(A) for every M € N, hence the
lower semicontinuity of the Mumford-Shah functional entails u € GSBV?(A). Moreover, by (4.15) and
[10, Theorem 4.1(a)], we infer

Fhmlnff (u,v, A) >a/|Vu§|2d:c+ﬂ/ |(&, vu)| dH L. (4.16)
In particular, since (4.16) holds for each & € S"~!, we have

Fl1m1nff(uvA sup { /|Vu§|2dac+ﬁ/ (&, v )| dH™ ™ 1}

geS‘n 1
The previous estimate can be improved to (4.13) by means of a measure theory lemma. Observe that for
u € GSBV?(A) and v = 1 the set function u(A) := I-liminf._,o F-(u, v, A) is superadditive on disjoint
open sets. Then, applying [9, Lemma 15.2] with

A= L+ HILS,,
and
a[(Vu, &2 ifz ¢ S,
ey o {NTuEIP it g
B (&, vu)] ifx €5,

where (&;) is a dense sequence in S*~!, we obtain that

Ir- hmlnf]: (u,v,A) > /supwid/\
A i

— a/ |Vu|>dz + BH" (S, N A)
A

= MS(u,v, A).
Finally the liminf-inequality follows taking A = Q.
Step 2: limsup-inequality. We want to show that
I-lim sup Fe (u,v) < MS(u,v), (4.17)

e—0

whenever © € GSBV?2(Q2) and v = 1 a.e. in Q. To this end it is useful to recall the density result [15,
Theorem 3.9 and Corollary 3.11]. Let u € GSBV?() then there exists a sequence (u;) C SBV?(Q)
satisfying the following properties:

(1) S, is essentially closed; i.e., H"~1(Q2N (Sy, \ Su,)) = 0;

(2) S_uj is the intersection of 2 with a finite number of pairwise disjoint closed and convex sets, each

contained in a (n — 1)-dimensional hyperplane, and whose (relative) boundaries are C'*;

(3) uj € Whe(Q\ S,,) for every k € N;

(4) ||uj uHLz(Q) —0as j — 4oo;

(5) ||Vu] VUHL2(Q) — 0 as j — +o0;

(6) [H" 1 (Sy,) — H"(Su)| — 0 as j — +oo.
Denote by W(Q) the class of all functions for which conditions (1)-(3) hold. Then, by a standard density
argument it is enough to prove (4.17) when u belongs to W(£2). Indeed assume (4.17) holds true in W(Q).
If u € GSBV?(Q) then there exists a sequence (u;) C W(RQ) satisfying (4)-(6). Hence it holds

I-lim sup Fe (u,v) < hmlnf (F lim sup F. (u;, v )) < lim MS(uj,v) = MS(u,v),
e—0 —4o0 e—0 Jj—+oo

where the first inequality is due to the lower semicontinuity of the I'-limsup, whereas the last equality
follows from (5) and (6).
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We now prove (4.17) for a function v € W(Q). Assume first that S, = QN K where K is a closed
convex set contained in an (n — 1)-dimensional hyperplane I with normal v. Let p: R® — II be the
orthogonal projection on II, d(z) := dist(z, 1), and for any § > 0 set K° := {x € II: dist(x, K) < J}.

Let n > 0; then there exist a function f, € I/Vlzo’c2 (0,400) and a constant M, > 0 such that f,(0) =
[n(0) =0, fy(t) =1Vt > M, and

M'”
/0 ((fa =12+ (f)?) dt <V2+n. (4.18)

Fix T'> M, and let & > 0 be such that £ /e — 0 as ¢ — 0; set
Ae = {z e R": p(x) € K7, d(x) <&}
B, = {x cR": p(x) S KQE, d(:l?) <& +€T}

(see Figure 3). Consider moreover

174

& +eT
& -

_fs

_55 —eT

FIGURE 3. The sets A. and B-:.

C.:={z eR": p(x) € K*/*, d(z) < & /2}

and let . be a cut-off function between C. and A.; i.e., . € C(A.), 0 < 9. <1 and . =1 on C..
Define the sequence
ue(x) := u(z)(1 — pe(x));
then (u.) € WH2(Q) and u. — u in L'(Q2), by the Lebesgue dominated convergence Theorem.
Let . be a cut-off function between K¢ and K%¢; i.e., 7. € C°(K?¢),0 <. < 1,7. = 1 on K¢ with

Vel ooy < g (4.19)
IV29e | ooy < 5% (4.20)
for some ¢ > 0. Let h.: R — R be the function defined by
0 if |t <&,
he(t) =< fy (@) if & <|t| <& +eT,
1 if |t[ > & +eT,

where f, is as in (4.18). Let
ve(w) := 7e(p(2))he (d(z)) + (1 = 7=(p(2))). (4.21)
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By construction (v.) C W22(Q) N L>®(Q) so that v.Vu. € L?(Q;R"); moreover v. — 1 in L(Q).
We have

—1)2
lim sup Fe (ue, ve) = ]imsup/ (a V2| Vue|* + B (M + 53|v2u5|2)) dx
e—0 e—0 Q 2\/5 <

<o 1imsup/ V2| Vue|? do + P limsup/ <M +53|V21)5|2> dx
Q 22 A. €

e—0 e—0

g .. / ((Us —1)? 312 2)
+ lim su —— +¢e°|V= dx
22 ot B\A. € V7ol

8 .. / ((Us —1) 31w2 2)
+ lim su — 4+ 2|V dx
22 ol O\B. € V7l

=: a11+i(12+13+14). (422)

2v2

We now compute separately the four terms I, I, I3, and I4.
Since v, =0 on A, and u. =wu on Q\ A, we immediately deduce

I = limsup/ v?|Vul? dx :/ |Vul|? da; (4.23)
Q\A. Q

e—0

moreover the term I gives no contribution to the computation, indeed

1
IQZHIHSHP—/ dx
A

e—0 €&

1 55
= limsup - dt/ dH"(y)
_55 €

e—0 €&

= 2limsup & HHKE) =0, (4.24)

e—0 €&

where we have used the fact that £, < ¢ and H""}(K®) — H" 1 (K) < +oo as e — 0.
Since v. = 1 on Q \ B., we also have Iy = 0. Then it only remains to compute I3. To this end it is
convenient to decompose B \ A. as the union of two sets, D, and E., defined as follows

D.:={xeR": p(x) € K, & <d(x) <& +eT'}
E.:={zeR": p(x) € K*\ K, d(z) <& +eT}
(see Figure 4).
On D, the function v, = f, (%), moreover Vd(x) = £v hence we have

—1)2
limsup/ ((%7) +E3|V2’U5|2) dx
D. €

e—0

o . 1 d(SC) 756 :
= hIgljélp/D (g (f77 (f) — 1> +&*

e

_ T,
f7l7/<d(z)€ gs) 4 27/

2
)d:c

< 9 hgfgp/E/fﬁET (% <fn <t556) _ 1>2+§ (f,’; <t€§5>)2> dt dH" " (y)
= 21irg1jélp/i/OT((fn(t)—1)2+(f{,'(t))2)dtd7-["—1(y)
< (2vV2+7) limsup H"H(K®) = (2V2+ 7)) H'HK). (4.25)

e—0
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v
Ce el |t
EE Da E&‘
A — .
¢ | FETE
D,
766 - ET *******

FIGURE 4. The sets D, and FE..

Hence finally to achieve the limsup-inequality we have to show that

e—0

—1)2
lim sup/ (% + 53|V2v8|2) dx = 0. (4.26)
E.

To do this we consider the further decomposition of E. as the union of two sets V. and W, defined by

Ve i={z € R": p(z) € K**\ K, d(z) < &}
W, :={z € R": p(z) € K*\ K°, & < d(z) <& +T}

(see Figure 5). Since he(d(x)) =0 on V,, we have v.(x) = 1 — v.(p(z)) for x € V.. Then, if we denote by

14
Ce+eT |t
W, e
il V. 7| u
_ge ******* < <
We We
—&e —€eT |

FIGURE 5. The sets V. and W-..
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Dy(x) the Jacobian matrix of p evaluated at x, we get that ||Dy(2)||zeo (rnmnxny < 1 and

2
f (= +€3|V2v8|2) dz
e

/ (M + &% |=Dy(@)" - V. (p(x)) - Dp(x)]2) d

Lo (2 e s

< ’H” HK*\K®) =0 ase—0,

IN

where in the last inequality we have used (4.20).

Also
—1
limSUp/ (% + 53|V2v8|2) dz =0,

e—0

indeed v.(z) = v:(p(x)) fy (%) + (1 —v:(p(x))) on W, and we have

/WE (M +53|V2v8|2)
2 /K%\KE /&JFET ( ( W) fy (t_fa) —%(y))2

Dy(y +tv)" - V*3e(y) - Dp(y +tv) (fn (%) - 1)

+&3

—f ( 'fa) (V2e(y) - Dply + )T - Vd(y + tv) + Vd(y + tv)" - Vre(y) - Dply + tv))

— T.
() fy (t 555) VEQ -

< SEH"_l(K2E\K8) =cH" Y K*\K°) =0 ase—0,

2) dt dH" " (y)

where to establish the last inequality we have used (4.19) and (4.20).
Thus gathering (4.22)-(4.26) we finally deduce

lim sup Fe (ue, ve) < a/ |Vul? de + (B +7)H"1(S,) v > 0,

e—0

and hence the limsup inequality.

We now consider the general case in which S, =Qn Ui, K, with K; closed and convex set contained
in an (n — 1)-dimensional hyperplane T, with normal v;. Let p; : R® — II* be the orthogonal projection
on IT%, d;(x) := dist(z, II*), and for every § > 0 set K? := {z € IT*: dist(z, K;) < §}.

Let f, be as in (4.18) and fix T' > M,; for 0 < & < € consider the sets

ALi={z €R": py(a) € K7, difx) < &}
Bl :={x € R": p;(z) € K¢, d;i(v) < & + T}
Arguing as above we can construct a recovery sequence (u’,v!) for F.(u,v, K;). Then, let g > 0 be such

that
50 -2 gs

T< ——
2

V0 < e < e, (4.27)
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where dp := min{dist(K;, K;): 4,5 =1,...,r, 0 # j}; for e € (0,2¢) set

A= UA;, B. = UB;
i=1 i=1

and consider the sequences (u.) C W2(Q) and (v:) C W22(Q) N L*>(Q2) defined by

i if Ai
ue(x) = te BT S (4.28)
uw if ¢ A
and
vl if x € B,
= . 4.29
ve () {1 if z¢ B.. (4.29)

Condition (4.27) ensures that B: N B = () for all i # j and consequently that the sequences in (4.28)
and (4.29) are well-defined. Moreover we have (uc,v.) — (u,1) in L'(Q) x L'(Q2) and

lim sup F¢ (ue, ve)
e—0

: B . (ve — 1)?
< o« limsu V2| Vu? de + 2= [ limsu = 24 BV P de
< atimsw [ vufar O (e [ (0 V2|

—1)2 -1
+limsup/ <(057) +53|V2v€|2) dz+hmsup/ (M +53|V2v€|2) dz>
e—0 B.\A. € e—0 O\B. €
B - ( . / <(v€ - 1)2 312 2>

< « Vul|?de + = lim su — +e°|V* dx
B /Q| | 2\/5 Z €~>Op Al € | E|

1=1

—1)? —1)?
+limsup/ <M + €3|V2v8|2) dx + 1imsup/ (M + €3|V2v€|2> d:c)
e—0 Bi\ Al € e—0 Q\Bi £
- a/ Vulde+ 8> H"(K;)
Q i=1
_ a/ Vul? dz + BH 1 (S,) = MS(u, 1).
Q
Remark 4.3. Let f € W.?(Q) then it is immediate to show that

HAf||L2(Q) = ||v2f||L2(Q;]RﬂXn)-
Therefore, if u € W'2(Q), (v —1) € W5*(Q) and vVu € L*(;R") the functionals F. can be rewritten

as
B[ (=17
Felu,v :a/UQVUQd:E+ + 3| Av)? ) da.
o) =a [ iwatdes S [ (B i
Let F.: LY(Q) x LY(Q) — [0, +oc] denote the functionals

,1)2
a | V}|Vu|*dx + p ((v + &3 A02> de if (u,v — 1) € Wh2(Q) x W22(Q
vt o (Bl et (1.0 - 1) € WH2(@) x W3H(8)
Fo(u,v) = and vVu € L*(Q;R"),

)

400 otherwise,

then the following theorem is an immediate consequence of Remark 4.3 and Theorem 4.2.
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Theorem 4.4. The sequence (F.) D-converges, with respect to the (L'(Q) x L'(Q))-topology, to the
functional MS, defined as in (2.5).

Proof. Since every sequence (v:) with equibounded energy strongly converges to 1 in L?(£2), the liminf-
inequality is trivial. Hence, it only remains to prove the limsup inequality. To this end we notice that
the recovery sequence exhibited in Theorem 4.2 is also a recovery sequence for the functional F.. Indeed
it is immediate to check that (v.) defined as in (4.29) (see also (4.21)) satisfies (v. — 1) € Wo*(Q). O

4.3. Convergence of minimization problems. Let . > 0 be such that 7. /e =+ 0ase — 0. Let v > 0
and g € L*(Q) be given and for every (u,v) € WH%(Q) x W22(Q) consider the functionals

fs(u,v)ang/ |Vu|2d:c+'y/ lu — g|? da. (4.30)
Q Q
The following result holds true.

Theorem 4.5. For every fized ¢ > 0 there exists a minimizing pair (t.,0:) for the problem
M, := inf {]:g(u,v) + "E/Q |Vul|* do + V/Q lu — g dz: (u,v) € WH2(Q) x W“(Q)} .
Moreover, up to subsequences, (i, v:) — (u,1) in L1(Q) x LY(Q) where u is a solution to
M := min {MS(’LL, 1)+ ’y/ﬂ lu—gl*dr: u e GSBVQ(Q)} ; (4.31)

if n=1 then u € SBV?(Q). Further, M. — M as € — 0.

Proof. For fixed € > 0 the perturbation term 7. [, [Vu|? makes the functionals in (4.30) coercive with
respect to the weak (W12(Q2) x W22(Q))-topology. Indeed, let (uy,vy) C WH2(2) x W22(Q) be such
that

Fe(ug,vr) + 775/ |Vug|? do + 7/ lup — g|*de — M. as k — 4o0.
Q Q
As a consequence we deduce

lve Vurll L2 omny < ¢, lugllwrz@) <c

for some ¢ > 0 independent of k; moreover, by the interpolation inequality Proposition 2.1 we also have
llvkllw22(q) < e Then up to subsequences (not relabelled)

vpVup = w in L?(Q;R"),
Up — U in WhH2(Q), (4.32)
Vg — v in W22(Q) (= v — v in WH3(Q)).
Therefore
v Vu, — oVu  in LY(Q;R™),
hence by the uniqueness of the weak limit vVu = w € L?(2;R™). Then, the existence of a minimizing
pair (@, 9. ) easily follows appealing to the weak lower semicontinuity of the L? norm and to the direct

methods.
The requirement that 7. /e — 0 as € — 0 ensures that

fg(u,v)—i—ng/ |Vul? d:z:—l—v/ lu — g|* dz AN MS(U,’U)—I—’)// lu — g|? da (4.33)
Q ) Q

with respect to the strong (L(2) x L1(£2))-topology. This can be easily seen arguing as in Theorems 4.1
and 4.2 (now taking & = /1. €) and recalling that T'-convergence is stable under continuous perturba-
tions.



SECOND-ORDER AMBROSIO-TORTORELLI FUNCTIONAL 21

Moreover, if (ue,v:) C WH2(Q) x W22(Q) is any sequence such that

sup (fg(ug,vg)—i—ng/ |Vu5|2dx+/ e —g|2dx) < 400,
€ Q Q

then the interpolation inequality Proposition 2.1 implies

b b
sup (.ATE(UE,’UE) +775/ (ul)? dt+/ e —g|2dt> < +o00,

€

where AT, is as in (2.4). Thus [4, Theorem 1.2] immediately yields the equicoercivity of the functionals
as in (4.30). Finally, by virtue of (4.33), the convergence of the associated minimization problems is
ensured by the fundamental property of I'-convergence. (|

5. THE LAPLACIAN PENALIZATION

In this section we study the asymptotic behaviour of the energies & defined in (2.3). Specifically we
prove that, up to imposing suitable boundary conditions on v, the I-limit of &, is again given by (2.5).

In what follows Q will be an open bounded subset of R™ with C? boundary.
Let & be as in (2.3); we have

&) <a [ vupaes 2 [ ((”1>2+253|v2v|2> dr, (5.1)
- Jao 2v2 Jo €

for all (u,v) € WH2(Q) x W22(Q) such that vVu € L*(;R™).

It is convenient to introduce the following notation. Let £,&": L(Q2) x L1(2) — [0, +oc] be the
functionals defined as

() =T- lim_}(rJlf Ee, (4, E"(.,-) :==T-limsup &, (-,-);

e—0

then, by virtue of Theorem 4.2, we get
£ (u,0) < £"(u,v) < a/ IVl dz + 2 BH™(S)
Q

for all u € GSBV?2(Q2) and for v = 1 a.e. in €, hence
GSBV?*(Q) x {v=1ae. in Q} C dom&” C dom&".

We now apply the blow-up argument of Fonseca-Miiller [19] (see also [8]) to obtain the following lower
bound inequality for the functionals &..

Proposition 5.1. For every u € GSBV?(S), we have
I-liminf & (u, 1) > MS(u, 1),
e—0
with MS defined as in (2.5).

Proof. Assume first that u belongs to SBV?2(Q2). Let (ue,v.) C LY(Q) x L*(Q) be such that (ue,v.) —
(u,1) in LY(Q) x LY(Q) and sup, & (ue, ve) < +00.
For each € > 0 consider the measures

o 2
. <av?|Vu5|2 n % <% +53|AUE|2>> LrQ.
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By hypothesis 1.(Q) = & (u., v:) is equibounded therefore, up to subsequences (not relabelled), p. —* p
where 4 is a non-negative finite Radon measure on €2. Using the Radon-Nikodym Theorem we decompose
1 into the sum of three mutually orthogonal measures

= L™+ pgH Sy + s

and we claim that

ta (o) > | Vu(wo)|? for L"-a.e.xg € Q (5.2)
and

wr(zo) > for H" '-a.e. 29 € 9,. (5.3)

Suppose for a moment that (5.2) and (5.3) hold true, then to conclude it is enough to consider an
increasing sequence of smooth cut-off functions (¢ ), such that 0 < ¢p < 1 and sup;, ¢x(z) = 1 on €,
and to note that for every k € N

f1)2
. > Timi 2 2 p (ve 3 2
Eh_)r%é'g(us,vs) > hIan_,%lf/Q (av8|Vu€| +—2\/§ (75 + 7| Av| v dz
= /wkduz/uas&kdxwL/ R dH™
>

a/nmm%m+ﬁ/<%mw*.
Q SU

Hence, letting k — +oo the thesis follows from the monotone convergence Theorem.
We now prove (5.2) and (5.3). We start proving (5.2). To this end let 25 € Q be a Lebesgue point for
1 with respect to L™ such that v is approximately differentiable at zq; i.e.,

m%)?g%%ﬁ%;i%ﬂ%gﬂ (5.4)

and
1

lim
0—0 g"Jrl

/ [u(z) — u(zo) — (Vu(zg), x — zo)| dz = 0. (5.5)
Qo(@0)

The Besicovitch derivation Theorem together with the Calderén-Zygmund Lemma ensures that (5.4)-(5.5)
hold true for a.e. xg € €.

Notice that since p is a finite Radon measure, we have p(0Q,(z)) = 0 for all ¢ > 0 except for a
countable set. Moreover, for g small the upper semicontinuous function X0, z0) has compact support in

), thus we can appeal to [2, Proposition 1.62(a)] and deduce that

1 1
ta(xo) = lim —/ dp > lim lim sup — e (Q,(x0))
o o"

0—0 o™ Q. (o) 0—=0 -

= lim lim i 2 2 p (ve(x) — 1) 3 2))
= lim limsup p /Q,_,(zo) (ava(x)|Vug($)| +2\/§ ( 5 + e’ Av. ()] dx

0=0  ¢—0

= lim lim sup/ <a v (o + 0y)|Vue(xo + oy)|?
=0 w0 Jg
B[ (velzo+oy) —1)* 4 5
A dy.
+2\/§ . +&%|Ave (o + 0y)| Yy

Now we suitably modify u. to obtain a sequence converging in L'(Q) to the linear function wg(y) =
(Vu(zg),y). Set

uc (o + 0y) — u(wo
weo(y) i= 2t ; @0) () = ve(wo + oy);
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then, letting first € — 0 and then ¢ — 0 we get (we p,ve o) — (wo, 1) in L'(Q) x L}(Q). Moreover we
have

Y

o 2 3
paleo) >l timsup [ <av?,,_)<y>|wgyg<y>|2+ B (“’5*‘-’(” D) +€—4|Avg,g<y>|2))dy
Q = e

0o=0  ¢0 2\/5

> lim limsup & (we o, Ve, 0, @),
0—=0 -0

where in the last inequality we have used that 1/p > 1 for ¢ small.
By a standard diagonalization argument we can find two positive vanishing sequences (gp,), (05) such
that (we, o5 Ve,.0n) — (wo,1) in LY(Q) x LY(Q) as h — +o00, and

Ma(SCO) > liminf &, (weh,gh » Vep,on» Q)
h—+o00

Let Q' CC Q; then, gathering Proposition 2.2(i) and Theorem 4.2, we get

- 2 2 B (Us ,0 *1)2 3 1w2 2
:ua(wO) = l}if_il_gof// (avé‘h,gh|vw5h19h| + 2\/5 < . ;h +C(QaQ/)€h|v Uah,9h| dy

a|[Vu(@o)*£™(Q"),

V

Y]

and (5.2) follows letting Q" 7 Q.
We now prove (5.3). Let 2o € S, be a Lebesgue point for u with respect to H"~1LS,; i.e.,

. 1(Qy (o)) @y (o))
=1 e = lim —2—~ 5.6
1) = B BT Qo) 15, o >0
where v := v, (7). The Besicovitch derivation Theorem ensures that (5.6) holds true for H" !-a.e.
xo € S,. By the definition of approximate discontinuity point, we can assume that in addition
ti = [ (o) — (el do =0 6.7
im — u(z) —u™(xg)| dxr =0, .
070 0% J(Qy(wo))*

where (Q%(x0))* = {z € (Q%(0)): £ (z — zo,v) > 0}.
By following the same argument as before, we get

. 1 N 1 5
wy(xo) lim / dp > lim lim sup — pe(Q} (o))
QY (zo) (U

0—0 Q"‘l 0—0 o

o 1 B (ve(z) — 1)2
= lim lims 2(2)|V 24 ( +e3A 2)) d
titmew s [ (antvep - g (H40 D) )) de
= lim 1imsupg/ (a U?(mo + oy)|Vu(zo + Qy)|2

0o—=0 -0
o2 (e =
22 €

. . a
= lim hmsup/ <E vfyg(y)IVUs,g(y)F
QU

0o—=0 -0
e T (E) A2 ) d

lim limsup &/, (ue p, v v
20 5—>0p E/Q( €,09 s,gaQ )a

2
+ &% Ave (2o + Qy)IQ) ) dy

Y]
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where we set ue o(y) = ue(zo + 0Y), Ve, o(y) := ve(xo + gy). Notice that in view of (5.7), letting first
e — 0 and then ¢ — 0, we get (uc o, ve) — (ug, 1) in LY(QY) x L (Q") where

uo(x) = ut(zg) if (x — zo,v) >0,
o u™(zo) if (x — wo,v) <O0.

Then, a diagonalization argument provides us with two positive vanishing sequences (¢}, ), (or) such that
op = = 0 as h — 400, (Uey,0+ Ve ,00) = (0, 1) in LY(QY) x L1(Q¥) as h — 400, and

MJ(‘TO) > hli}r_’r_loo 5<Th(u8h,9havah,9ha@y)' (5'8)

Set up, := Ue, 015 Vh = Ve, 00 -
Since &, is invariant under translations in v and under rotations in u and v, it is enough to bound
from below the right hand side in (5.8) when v = e, and up — ug 1= tx {4, >0}, t := T (20) — u™ (20).
To this end let 6 > 0 and Q(d) := (—1/2+0,1/2 — §)™; then,

MJ(SCO) > lim Eﬁh (uha Uh, Q) > lim Sdh (uhv Uh,, Q(5>>a (59)
h—+o0 h—+o00
for every § > 0 small. We now show that
lim Eo'h (uhvvhv Q(é)) Z ﬂ (510)
h—+o00

The proof now follows the line of that of [24, Lemma 3.4] where the asymptotic behaviour of a variant of
the Modica-Mortola functional is investigated. The idea is to estimate from below the functionals &,, in
a way which allows us to reduce to the one-dimensional lower bound proved in Theorem 4.1.

In order to not overburden notation we now drop the index h for the sequences of functions as in
(5.9). We assume moreover that v € C*°(Q(d)) and we write

Agc'U:'Uzz+Ayva yGQ/(é)v z € (71/2+571/275)7
with Q'(8) := (=1/2+§,1/2 — §)"~ L. Then, we have

,,5 o 2
Eopy (U, v,Q(6 / / ( (uZ + |Vyul?) + \ﬂ/i (% + 03 |v.. +Ayv|2)) dydz.

(5.11)
We are going to estimate the right-hand side of (5.11) from below with a functional that no longer contains
partial derivatives with respect to y. Since the term involving V,u is non-negative the only term that we
have to estimate is the one containing A,v. For n € Cg°(Q(9)), we write

1.5
/ / v, + Ayv|?n? dy dz
(%)

——5 15
/ / vin dydz+/ / (|Ay]* 9 + 2v.. 0> Ay) dydz. (5.12)
Q'(9) Q'(9)

We first estimate the last term in (5.12) from below. We have

15
/ (/ Voo Ayv dy) dz
—3+0 \JQ'(9)

15 15
/ / v.n? A ’Uzdde—Q/ / v, NN Ayvdydz
3+6JQ(5) Q'(8)

15

= / / (IVyv:? n® + 20, 0 (Vyv., Vyn)) dydz — 2 / v, Ayvdydz.
3+0JQ(9) Q'(9)

_5_;’_6
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By Young’s inequality we get

1 15 1
/ / v (Vyv,, Vyn) dydz </ / V.2 n? dydz+/ / V2 |Vyn|? dy dz
(5) (5) Ty
1. 15 15
/ / vann, Ayvdydz < - / / A, U|2772dydz+2/ / vin?dydz.
'(8) '(8) Q'(4)

Using in (5 12) the two bounds as above we obtain

1

1.5 1.5
/ / (JAyo]* +20v.. Ayv) n° dy dz > — / / 2 (4n2 +2|Vynl?) dydz. (5.13)
Q’(6) Q’ (5)

Thus, by (5 11)-(5.13), we get

1.5 1.5
o / / v, + Ay n* dydz > o} / / v2n? dydz — c(n)oj / v? da.
—3+8JQ(9) Q%)
Hence, if we assume in addition that ||n]|- < 1, we can conclude that

B 20 12 + (v—1)?
Esy (U, / / o) (av |uy|” + 2\/_ ( o +0hvzz)>n dy dz

———c(n)o} / v? dr,
2\/_ Q(5)

which holds also true for v € W22(2), by virtue of the density of C>°(Q) N W?22(Q) in W22(Q).
Appealing to Proposition 2.1 and Proposition 2.2(i) we have

B3 2 B (v—1)? 31 72,2
Qﬁgh/cg(a)(v)Zdz < c0h2\/_ </ p~ + 03| Vv dz)

Uh C(Q’ Q( )) oh (ua v, Q)’

IN

therefore

hm Eoy (Un,vn, Q(9))

1.6

B ((vh—l) ))
> liminf av(u —— 4oy (v dydz,
- h—>+00/ //(5) ( h h 2 Oh h( h) g y

for every € C5°(Q(9)). Hence if we choose 6 > 8 and 1 € C5°(Q(6)) such that n = 1 in Q(8) cC Q(6),
invoking Fatou’s Lemma and Theorem 4.1 we get

7% (ZC()) > hm gah (Uha Uhs Q(g))

h—+

1-6 2

- B ((vh —D° 5 ))

lim inf T —— (4 2. ) ) dzd
,%E}f;o/ Q(9) /% <a vaun) 2v/2 Oh Zhlvn) -

2 2 B (vn — 1) 3 2
> lim inf avy(up); + —= | ————+0j,(vn)z, | | dzdy
Q'(§) h—=Foo /145 2v2 Oh
> BHHQ0)).
Then, (5.3) follows by letting § — 0.

Vv
no

M\»—A
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If u € GSBV?(Q) the thesis follows by a standard truncation argument. In fact if u™ := (u A M)V
(—M), then uM € SBV?(Q) for all M € N. Then, appealing to the lower semicontinuity of MS and
noticing that (-, v) (and hence £'(-,v)) decreases by truncation, we immediately get

&' (u, 1) > liminf MS(uM 1) > MS(u,1).
M —+o00

The following result holds true.
Proposition 5.2. We have
I-lim E(u, 1) = MS(u, 1) (5.14)
e—0
for every u € GSBV?(Q).

Proof. The lower bound inequality is a consequence of Proposition 5.1 while the upper bound can be
proved by taking the same recovery sequence as in Theorem 4.2. O

Now define
Ee(u,v) ifue WH(Q), (v - 1) € Wy ?(Q) N W22(Q)

~ L2(Q;R™
E.(u,v) = and vVu € L*(2; R"),

+00 otherwise in L1(Q2) x L1(£2),
then we can prove the following I'-convergence result.

Theorem 5.3. The sequence (£.) T-converges, with respect to the (L'(2) x L'(Q))-topology, to the
functional MS as in (2.5).

Proof. The I'-convergence result is a straightforward consequence of Proposition 5.14 once we notice that
thanks to the boundary conditions satisfied by v, we can now invoke Proposition 2.2(ii) to get

E-(u,v) > /Q (av2|Vu|2+ 2%5 (@H(Q)gﬂv%ﬁ» dz, (5.15)

which together with (5.1) allow us to conclude that the domain of the I-limit is GSBV?(Q) x {v =
1 a.e. in Q}. O

Remark 5.4. The C?-regularity of 99 is only used to invoke Proposition 2.2(ii) in order to obtain the
estimate from below (5.15). We notice however that for n = 2, which is the interesting case in numerical
simulations, Proposition 2.2(ii) holds also true in bounded polygonal open sets (see e.g. [23, Theorem
2.2.3)).

5.1. Convergence of minimization problems. For every (u,v) € W12(Q) x W22(Q) consider the
functionals

gg(u,v)—i—ng/ |Vu|2d:c+7/ lu — g|* dz. (5.16)
Q Q

Appealing to Theorem 5.3 and to the fundamental property of I'-convergence, also in this case we can
prove a result on the convergence of associated minimization problems.

Theorem 5.5. For every fived € > 0 there exists a minimizing pair (e, 0:) for the problem

M, = inf {gg(u,v) + 775/ \Vul? dz + 'y/ lu — g|*dx: (u,v) € WH2(Q) x WQ’Q(Q)} .
Q Q
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Moreover, up to subsequences, (tic,v:) — (u, 1) in LY(Q) x LY(Q) where u is a solution to
M := min {MS(u, 1)+ 7/ lu—gl*dx: u € GS’BVQ(Q)} ; (5.17)
Q

if n =1 then u € SBV?(Q). Further, M. — M as ¢ — 0.

Proof. The proof follows the line of that of Theorem 4.5 once we notice that the convergence (4.32) is
now ensured by Proposition 2.2(ii). O

6. NUMERICAL RESULTS

In this section we discuss some numerical results for the second-order approximation (5.16) for reasons
of practicability. Indeed the discretization of the Laplacian is more straightforward and leads to more
compact schemes compared to the discretization of the Hessian involving mixed derivatives. As we have
noticed in Remark 4.3 also the Hessian penalization can be rewritten into a Laplacian one under certain
conditions, which are however not suitable for a numerical implementation since we need to enforce a
solution in VVO2 2 The latter means we have to implement simultaneous Dirichlet and Neumann boundary
conditions, which is not feasible in finite difference or finite element discretizations without enforcing
additional constraints. A second argument comes from the comparison with the first-order Ambrosio-
Tortorelli functional, which already includes a Laplacian in the optimality condition, while the optimality
condition for (5.16) changes only to a concatenation of two Laplacians. Hence, the modification of a code
for the Ambrosio-Tortorelli functional to the second-order version (5.16) is straightforward and allows for
a comparison of computational efficiency.

We shall report on several computational experiments, starting with simple synthetic images that
allow for a detailed study of fine properties such as the realization of the optimal profile already for a
rather low number of pixels. Subsequently we investigate the behaviour on a set of natural and biomedical
images, highlighting several differences of the second-order approach to the classical Ambrosio-Tortorelli
functional. All experiments are carried out in two spatial dimensions, but we mention that extensions to
volume data sets are obvious. Since a combination of the parameters «, § and ~ is redundant, we choose
£ = 0.3 in all experiments.

6.1. Numerical Solution. In order to minimize the functional in (5.16) we follow the common strategy
of iterative minimization; i.e., given an iterate (u*,v*) we compute

k+1

v e argmin&. (u*,v)
v

bt € argmingg(u,vk"’l)Jrns/|Vu|2d:c+'y/|ufg|2dz.
u Q Q

This yields a descent method for the overall functional, which is based on solving two quadratic minimiza-
tion problems, respectively the corresponding linear optimality systems in each case. The same method
is used to minimize the original Ambrosio-Tortorelli functional

ATE(U,U)-"-?]E/ |Vu|2dx+7/ lu — g|? dz, (6.1)
Q Q

where AT is defined as in (1.4).
The linear equation to be solved for «**1 is in both cases

—2aV - (0*T1)2 Ve ) — o Auk L fquf T = g

The linear equation for v**1 is given by

3
20| VuF |2kt 4 B AR ﬂiAAkarl = B

V2e V2 V2¢e
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in the case of the new second-order functional, respectively by

2a|Vuk [PoR 1 4 évkﬂ — BeAvFt! = g
in the case of the Ambrosio-Tortorelli functional.

We discretize the functionals in (5.16) and (6.1) by standard finite differences on a rectangular grid,
using one-sided (forward) differencing for the gradient and the adjoint one-sided differences for the diver-
gence, hence the usual central differencing for the Laplacian. For the discretized linear systems we use a
direct solver. Convergence diagnostics and stopping rules are based on the relative size of the change in
the images; i.e.,

Bk = Imax

[(Znny IS ™

6.2. Simple Test Examples. We start with a simple image showing a one-dimensional structure in the
vertical direction. Figure 6 illustrates the results for the parameter settings o = 1072, v = 1073, ¢ =
3 %1072, which yield a visually optimal result at the given image resolution. The segmentations obtained
from the two models (see images of v in the middle) are not distinguishable by eye, a fine difference can
be seen however when exploring the level sets where v is slightly larger than one in the second-order
model. Note that due to a maximum principle respectively the monotone shape of the optimal profile
in the Ambrosio-Tortorelli model the variable v is always less or equal one, while the optimal profile in
the second-order model exceeds one, hence the corresponding level set shall provide further information
about edge location. This is illustrated in the right-most plot in Figure 6, from which one observes that
v in the second-order model can provide an approximation of the edge set from both sides - an accurate
reconstruction can be obtained as the midpoints between the local maxima. This behaviour is also present
for larger values of ¢ as illustrated in the supplementary material.

FIGURE 6. One-dimensional structure (from left to right): Image g, resulting v in the
Ambrosio-Tortorelli model, resulting v in the second-order model, binary plot of the level
set {v > 1.005} in the second-order model.

With the same set of parameters we also compute minimizers for images of an ellipse with large ratio
between the main directions, illustrated in Figure 7 and two overlapping circles, illustrated in Figure 8.
Both images are perturbed by additive Gaussian noise to test also the effect of noise on the results. We
again plot the resulting minimizers v for both models and the level set for the second-order models. The
clean images u yield no visible differences and are shown in the supplementary material for completeness.
Overall we observe analogous behaviour as for the one-dimensional example, a remarkable fact is that the
level sets of v in the second-order model are able to provide a well separated segmentation of the overlap
region.
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FIGURE 7. Ellipse (from left to right): Image g, resulting v in the Ambrosio-Tortorelli
model, resulting v in the second-order model, binary plot of the level set {v > 1.005} in
the second-order model.

FIGURE 8. Two circles (from left to right): Image g, resulting v in the Ambrosio-
Tortorelli model, resulting v in the second-order model, binary plot of the level set
{v > 1.005} in the second-order model.

6.3. Natural and Biomedical Images. In the following we report on the results of the second-order
model for few examples of natural images as well as different kinds of microscopy images. A general
observation on all those images is that at the given resolution (rather small compared to the size of the
structures) and the hence possible choices of ¢, the convergence to the optimal profile is far less pronounced
than for the simple images above. Consequently the level set plot does not show an approximation of
edges from both sides, for this reason we do not display the plots here. On the other hand we observe
more interesting behaviour in the clean images u, which we also provide in the supplementary material.
Let us mention that the I'-convergence to the same minimizer does not mean that the original Ambrosio-
Tortorelli functional and the second-order approach yield the same or very similar results on real images,
which is due to many effects such as the given finite resolution of the image and choice of €, the details
of convergence in ¢, as well as the level of convergence in the numerical minimization.

The algorithm was tested on various natural images such as the Kodak image test set (see also
the supplementary material). The most pronounced difference between the original Ambrosio-Tortorelli
model and the novel second-order version concerns structures at a small scale, which is however still larger
than the typical scale of noise. This is well illustrated in a portrait photograph of a person containing
freckles (see Figure 1, for parameters a = 3% 1072,y = 3% 1073,¢ = 7 % 1072) or in Kodak image 7 (see
Figure 9, for parameters a = 1072,y = 7% 1073, e = 7% 1072).

Such a behaviour is observed also for a wider range of parameters and seems clearly related to the
stronger smoothing of the second-order model in higher frequencies. Another - at least visual - impression
confirmed also in other results is that the contours being present in the results of both models appear
smoother in the second-order model, which may be advantageous in many cases.

We also report on an effect we obtain for rather large choice of ¢, i.e. rather far from convergence.
This is illustrated in a phase-contrast microscopy image of a mitotic cell (cf. [21]). Such images are
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FIGURE 9. Kodak image 7 (from left to right): Image g, resulting v in the Ambrosio-
Tortorelli model, resulting v in the second-order model.

challenging for segmentation algorithms due to halo effects at the border of the cell, while the interior
has similar grey value as the surrounding medium. Choosing € much larger than in the examples before
(a=3%10"2,7=3%10"3,c = 5x10~!) we obtain a contour v that actually fills the whole interior. This
effect is clearly beneficial for the second-order model, whose result allows a simple tracking of the cell.

FIGURE 10. Mitotic cell, from [21] (from left to right): Image g, resulting v in the
Ambrosio-Tortorelli model, resulting v in the second-order model.

6.4. Convergence Behaviour of Alternating Minimization Algorithms. We finally comment on
the convergence behaviour of alternating minimization algorithms routinely used for approximating min-
imizers of the Ambrosio-Tortorelli functional. The observation made in the majority of our numerical
experiments is that the number of iterations needed for fixed accuracy in the second-order model is at
least comparable to those for the standard first-order version, in many cases the number of iterations is
significantly reduced for the second-order model in particular for real images. In some parameter cases
a visual comparison of results indicates that one obtains a global minimizer for the second-order model,
while the iteration for the first-order model is stuck in a suboptimal local minimum, which is however
difficult to verify. We refer to the supplementary material to a collection of computational investigations
of convergence.
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