ON THE SHAPE OF COMPACT HYPERSURFACES WITH ALMOST
CONSTANT MEAN CURVATURE

G. CIRAOLO AND F. MAGGI

ABSTRACT. The distance of an almost constant mean curvature boundary from a finite family
of disjoint tangent balls with equal radii is quantitatively controlled in terms of the oscillation
of the scalar mean curvature. This result allows one to quantitatively describe the geometry of
volume-constrained stationary sets in capillarity problems.

1. INTRODUCTION

We investigate the geometry of compact boundaries with almost constant mean curvature
in R"*!' n > 2. Beyond its intrinsic geometric interest, this problem is motivated by the
description of equilibrium shapes (volume-constrained stationary sets) of the classical Gauss
free energy used in capillarity theory [Fin86], and consisting of a dominating surface tension
energy plus a potential energy term. Our analysis leads to new stability estimates describing in
a quantitative way the distance of these shapes from compounds of tangent balls of equal radii.

1.1. Main result. Given a connected bounded open set Q C R"*! (n > 2) with C2-boundary,
we denote by H the scalar mean curvature of 02 with respect to the outer unit normal vq to Q
(normalized so that H = nif Q = B = {x € R"! : |z| < 1}), and we introduce the Alerandrov’s
deficit of €2,
n P(Q)

where Hy EEETR (1.1)
This is a scale invariant quantity (i.e. 0(2) = §(AQ) for every A > 0) with the property that
d(2) = 0 if and only if © is a ball (Alexandrov’s theorem). The motivation for the particular
value of Hy considered in the definition of §(2) is that if H is constant on 0f2, then by the
divergence theorem it must be H = Hy (see (2.16) below). Here and in the following, H*
stands for the k-dimensional Hausdorff measure on R"*! |Q)] is the Lebesgue measure (volume)
of Q, and P(E) is the distributional perimeter of a set of finite perimeter £ C R"*! (so that
P(E) =H"(OF) whenever E is an open set with Lipschitz boundary).

Motivated by applications to geometric variational problems (see section 1.2) we want to
describe the shape of sets 2 with small Alexandrov’s deficit. This is a classical question in
convex geometry, where the size of §(2) for €2 convex has been related to the Hausdorff distance
of 0N from a single sphere in various works, see [Sch90, Arn93, Koh00]. However one should
keep in mind that, as soon as convexity is dropped off, the smallness of §(£2) does not necessarily
imply proximity to a single ball. Indeed, by slightly perturbing a given number of spheres of
equal radii connected by short catenoidal necks, one can construct open sets {Q}ren with
the property that, as h — oo, 6(€2,) — 0, while the necks contract to points and the sets €y,
converge to an array of tangent balls, see [Butll, BM12] (and, more generally for this kind of
construction, the seminal papers [Kap90, Kap91]). At the same time, if 6(Q2) is small enough in
terms of n and the largest principal curvature of 0€2, then €2 must be close to a single ball. More
precisely, denoting by A the second fundamental form of 99, in [CV15] it is proved the existence
of c(n, ||Allcoan)) > 0 such that if §(Q2) < ¢(n, [[Allcoaq)), then the in-radius and out-radius of
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FIGURE 1. The situation in Theorem 1.1, with § = §(€2) and o = 1/2(n+2). The grey
region depicts QAG (whose area is of order §¢), while (Id + ¥gvg)(X) is depicted by a
bold line. The spheres aBZj,l are at a distance of order 50‘/4("“'1), while ¥ is obtained
from OG by removing two spherical caps of diameter §*/4(+1),

) must satisfy
rout (Q)
rin(Q)
where the linear control in terms of §(2) is sharp, as shown for example by taking a sequence
of almost-round ellipsoids. In light of the examples from [Butll], an assumption like 6(Q2) <
c(n, [[Allcoan)) is necessary in order to expect €2 to be close to a single ball.
Our goal here is to address the situation when a different kind of smallness assumption on
0(92) is considered. Indeed, we are just going to assume that §(€2) is small with respect to the

scale invariant quantity
P(Q)"H P(Q)\ntl /|B|\™
Q(Q) = (n+)1 _ :< ( )) (\ !) ‘
(n+1)»HHQ"[B]  \P(B)
Notice that by the Euclidean isoperimetric inequality

— 1< O, [ Alleoony) 5(2). (1.2)

; (1.3)

n/(n+1
P(Q) > (n+1) |B\1/(n+1) ’Q‘n/(n-s-l) — P(B) (M) /(n+1)

| B
one always has Q(£2) > 1, and that
Q(a union of L disjoint balls of equal radii) =1L, VLeN,L>1.

Hence, one may expect the integer part of Q(€2) to indicate the number of balls of radius n/Hj
that should be approximating €2: and indeed, given L € N, L > 1, and a € [0,1), in Theorem
1.1 we are going to prove that if Q(2) < L + 1 — a (so that the normalized perimeter of ) is a
tad less than the normalized perimeter of (L + 1)-many balls) and §(Q2) < §(n, L, a), then € is
close (in the various ways specified below, and quantitatively in terms of powers of §({2)) to a
compound of at most L-many mutually tangent balls of radius n/Hj.

Before stating Theorem 1.1 it seems convenient to rescale €2 in such a way that the reference
balls have unit radius, that is, we rescale Q) (as we can always do) in such a way that

2] _ P(Q)
Hop=n  and thus P(Q)=(n+1)|Q], Q) B~ PB)

Here and in the following we also set B, = {y € R"™ : |y — 2| < r} (so that B = By) and,
given two compact sets K1, Ko in R"*!, we define their Hausdorff distance as

hd(K1, K3) = max { Imax dist(z, K3), max dist(z, K1)} .
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Moreover, we let
1

" 2n+2)’
and we refer readers to the beginning of section 2 for our conventions about constants.

(1.4)

Theorem 1.1. Given n,L € N withn > 2 and L > 1, and a € (0,1], there exists a positive
constant c(n, L,a) > 0 with the following property. If  is a bounded connected open set with
C?-boundary in R"* such that H > 0 and

Hy=n, P(Q)S(L+1_G)P(B)v 5(Q)§c(n,L,a),
then there exists a finite family {B., 1}jes of mutually disjoint balls with 4 J < L such that if

we set
G = U sz,l )
jeJ
then
‘Q‘éf‘ < C(n) L2 5(9)0&7 (15)
[P(Q) — #J P(B)| .
B < C(n)L*8§(0)°, (1.6)
max,cgq dist(z, 0N2) @
(@ < C(n)L§(Q)*, (1.7)
}m < C(n) L 5(Q)/ Ay, (18)

Moreover, there exists an open subset 3 of 0G and a function ¥ : 3 — R with the following
properties. The set G\ ¥ consists of at most C(n) L-many spherical caps whose diameters are

bounded by C(n) §(Q)/*+1) . The function 1 is such that (Id + ¢ vg)(X) C 0 and

||¢||01W(E) < C(na’Y) ) Vv € (0’ 1) ) (19)
) < O LA, [Vellcomy < O M S@ (110
H"(00Q\ (1d + ¥ vg) ()
P()
where (Id + Y vg)(z) = =+ ¢Y(z) va(z) and vg is the outer unit normal to G. Finally:
(i) if # J > 2, then for each j € J there exists £ € J, L # j, such that

dist(0B.,,1,0B:,1)

< C(n) LY §(Q)/4nnt1) (1.11)

< §(Q)/An+D) 1.12
T < Ol a(@ye/ e, (112
that is to say, each ball in {sz71}jej is close to be tangent to another ball from the
family;
(ii) if there exists k € (0,1) such that
|Byr \ Q| > s |B|r"*, Ve e dQ,r <k, (1.13)

and 6(Q2) < c(n, L, k), then # J = 1, that is, ) is close to a single ball.

A first consequence of Theorem 1.1 is that examples of the kind constructed in [Butll] are
actually the only possible examples of boundaries with almost-constant mean curvature which are
not close to a single sphere. Conversely, the examples of [But11] show that Theorem 1.1 provides
a qualitatively optimal information on sets with small Alexandrov’s deficit. But of course, the
strongest aspect of Theorem 1.1 is its quantitative nature. It is precisely this last feature which
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is needed in order obtain explicit (although arguably non-sharp) orders of magnitude in the
description of capillarity droplets, see Proposition 1.2 below and the discussion after it.

A second remark is that, thanks to conclusion (i) and up to a translation of the balls B, 1
of the order of §(2) appearing in (1.12), one can work with a reference configuration G' such
that JG is connected, that is to say, for every j € J one can assert that 9B, is tangent to
0B, for some ¢ # j. Of course, in doing so, the various smallness estimates (1.5)—(1.11) will
be of the same order of 6(Q2) as in (1.12).

The use of the constant a should help to stress the “quantization” effect of the perime-
ter/energy (and of the volume) that happens under the small deficit assumption. Depending on
the situation, one could be already satisfied of working with the simpler statement corresponding
to the choice a = 1.

We also comment on assumption (ii). Our idea here is to provide more robust smallness
criterions for proximity to a single ball than 6(2) < §(n, ||Al|coan)). The first criterion just
amounts in asking that P(§2) < (2 —a) P(B), for a € (0, 1]. The interest of the second criterion
is immediately understood if one considers that local minimizers of the capillarity energy satisfy
uniform volume density estimates. Of course, a third criterion for proximity to a single ball is
requiring the perimeter upper bound P(2) < 2 — a (which corresponds to taking L = 1).

We now illustrate the proof of Theorem 1.1. Our argument is based on Ros’ proof of
Alexandrov’s theorem [Ros87], which follows closely the ideas of Reilly [Rei77|, and is based
on the following Heintze-Karcher inequality [HK78]: if © is a bounded connected open set with
C?-boundary in R™*! with H > 0, then

/ 2 AH" > (n+1)]9). (1.14)
oo H

Now, if H is constant, then it must be H = Hy = n P(Q)/(n + 1)|Q, so that 2 must be an
equality case in (1.14). By exploiting Reilly’s identity [Rei77], Ros proves that if equality holds
in (1.14), then the solution f of
Af=1 inQ,
{f =0 on 09,
satisfies V2f = Id/(n + 1) on Q and |Vf| = n/Hy(n + 1) on 0. By V2f =1d/(n+ 1) on Q,
there exist 29 € R"*! and ¢ < 0 such that f(z) = ¢+ |z — 20|?/2(n + 1) for every z € Q, i.e. Q

is the ball of center z¢ and radius r = /—2(n + 1)c, while, by |V f| = n/Hy(n + 1) on 09, it
must be r = n/Hy. When H is not constant, one can still infer from the proof of (1.14) that

C) 9] 5(Q)2 > /Q\v?f—nljl , (1.15)
co (4) Poysw = [ MR jogf (1.16)

where the second estimate holds if §(©2) < 1/2, and where V f = |V f|vq # 0 on 9.

The problem of exploiting (1.15) and (1.16) in the description of {2 has some analogies with
the quantitative analysis of Serrin’s overdetermined problem [Ser71] addressed in [BNSTO08]. In
our terminology, the main result from [BNSTO08] states that, if Hy = n and for some ¢ > 0 one
has

1 1+t
— < P(Q)t < — 1.17
| g -9 < P@t 19 levon < (1.17)
then there exist finitely many disjoint balls { B, ,, };"; such that
" (n+1)/2 1
o i 8 —
‘QA U By, r; + max. |ri — 1| < C(n, diam(Q)) t”, B = T (1.18)

=1
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Because of the uniform upper bound on |V f| in (1.17), it is not clear if one can take advantage
of this result in the proof of Theorem 1.1. At the same time, we have a different condition
at our disposal, namely (1.15), and by combining (1.15) with a global Lipschitz estimate for
f (which is based on [CGS94], and exploits the geometric assumption that H > 0 on 99), we
obtain a more precise control than (1.18) on the distance of Q from a finite family of balls.
(Indeed, the power « in (1.5) is larger than the power 23/(n + 1) appearing in (1.18).) Finally,
in Serrin’s overdetermined problem the limiting balls need not to be tangent (sets € with small
t may contain arbitrarily long connecting necks) and one does not expect Hausdorff estimates
like (1.7) and (1.8) to hold (a set © with small ¢ may contain small inclusions of large mean
curvature). In other words, although (1.18) provides a qualitatively sharp information in the
context of Serrin’s problem, in the case of Alexandrov’s theorem one expects, and thus wants to
obtain, stronger information on Q.

Coming back to the proof of Theorem 1.1, the first step consists in proving a qualitative
result, see Theorem 2.5 below. Indeed, by combining a compactness argument, (1.15) and (1.16)
with Reilly’s identity, Pohozaev’s identity, and Allard’s regularity theorem (for integer rectifiable
varifolds with bounded distributional mean curvature) one comes to prove the following fact: if
{Q, }nen is a sequence of open, bounded and connected sets with C2-boundary in R**1 n > 2,
such that for some L € N, L > 1,

lim §(2) =0, supQ(Qp) < L+1,
h—00 heN

then, setting
\, — P
h — )
(n +1)|Q%]
and up to translations, one has

lim hd(90,0G) + |P(2}) — P(G)| = 0,
—00

Q= A\ Qp,

where G is the union of at most L-many disjoint balls with unit radii, and with G connected.
Moreover, for every h large enough there exist open sets ¥, C G (obtained by removing from
OG at most C(n) L-many spherical caps) and functions 1, € C17(%},) for every v € (0,1) such
that (Id + ¢ ve)(Xh) C 0Q;, and

Jim hd(8,,06) =0, [[Ynllorvg,) < Cnyy),  Em ([$wlloys,) = 0.

This qualitative stability result, Theorem 2.5, is not needed in the proof of Theorem 1.1, and of
course it is actually a corollary of it. We have nevertheless opted for including a direct discussion
of it for the following reasons. First of all, it is a result of independent interest and possible
usefulness, so it seems interesting to have a shorter proof of it. Secondly, by having Theorem 2.5
at hand one is able to clean up to some later quantitative arguments and obtain better estimates.
Thirdly, Theorem 1.1 is actually proved by quantitatively revisiting the proof of Theorem 2.5,
and therefore the separate treatment of the latter should makes more accessible the argument
used in proving the former.

In this direction the main difficulty arises in the application of the area excess regularity
criterion of Allard, which is needed to parameterize a large portion of 02 over a large portion of
J0G. A key point here is quantifying the size of H" (0N B,,) on a range of scales r proportional
to a suitable power of §(£2) and at points z € 9N sufficiently close to OG. We address this issue
by carefully partitioning R”*! into suitable polyhedral regions associated to the balls B 1, and
by then performing inside each of these regions a calibration type argument with respect to the
corresponding ball B, 1 (see, in particular, step six of the proof of Theorem 1.1).

Summarizing, Theorem 1.1 is proved by combining a mix of different ideas from elliptic PDE
theory, global geometric identities, and geometric measure theory, and it contains a quantitative
(and qualitatively sharp) description of boundaries with almost-constant mean curvature.
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1.2. An application to capillarity surfaces. The study of the basic capillarity-type energy
functional in R"*! leads to consider sets € with small Alexandrov’s deficit. Indeed, given a
potential energy density ¢ : R"t! — R, in capillarity theory one considers the free energy

F(Q)=P(Q) —I—/Q g(z)dz,

and its volume-constrained stationary points and local/global minimizers. Capillarity phenom-
ena are characterized by the dominance of surface tension over potential energy, which is the
case when the volume parameter m = |Q| is small (as surface tension is of order m™ ("*+1) while
potential energy is typically of order m). Under mild assumptions on g (essentially, coercivity at
infinity, g(z) — oo as |z| — o0), one can show the existence of volume-constrained global mini-
mizers of F of any fixed volume. In particular, if €, is such a global minimizer with |Q,,| = m,
then by comparison with a ball B(™ of volume m one sees that

P@n) < PE™)+ [ gla)ds,
B("L)\Q"L
that is, the isoperimetric deficit diso(lm) of €y, is small in terms of m,
P(Qm) C(n) 1/(n+1)
. - n) 1< Z\NY ~
51so(Qm) P(B(m)) 1 >~ mn/(nJrl) /B(m)\ﬂm g(x) dx C(n, g) m .

By the quantitative isoperimetric inequality [FMP08, FMP10], one finds x,,, € R"! such that
<|QmA(:Em + B(m))|>2

m

< C(n) 5iso(Qm) ,

so that, in conclusion, €, has to be close (in a normalized L!-sense) to a ball of volume m.
This observation is the starting point of the analysis performed in [FM11], where the proximity
of 2, to a ball of volume m is quantified, under increasingly stronger smoothness assumptions
on g, in increasingly stronger ways. For example, if g € C _(R"1) and m < mg(n, g), then Q,
is shown to be convex and 89, is proved to a C?7-small normal deformation of z,, + dB(™,
with explicit quantitative bounds on the C*7-norm of this deformation in terms of m.

When dealing with volume-constrained local minimizers or stationary points of F one cannot
rely anymore on the quantitative isoperimetric inequality, as one is not given the energy com-
parison inequality with B("™). However, in this more general context, Alexandrov’s deficit turns
out to be small in terms of the volume parameter m, thus opening the way for the application
of Theorem 1.1.

Let us recall that given a vector field X € C°(R" L R*"™!) and denoted by f; the flow
generated by X, then the first variation of F at ) along X is defined as

_ 4

~dtli=o
One says that a set of finite perimeter Q C R"*! is a volume-constrained stationary point of F if
SF(Q)[X] =0 for every X € C°(R"; R* 1) such that |f:(Q2)| = | for every ¢ small enough.

The following proposition, combined with Theorem 1.1, provides a complete description of such
stationary boundaries, and its simple proof is presented in section 3.

SF()[X] F(fi(€)). (1.19)

Proposition 1.2. Let g € CL_(R"™), Ry > 0, and Q2 be an open set with C?-boundary such
that Q C Br,. If Q is a volume-constrained stationary point of F with || = m, then

6(2) < Cu(n) llgller (g, mt/ () (1.20)

for some constant Cy(n).
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Under the assumptions of Proposition 1.2, let us now pick L € N, L > 1, and a € (0, 1],
define ¢(n, L,a) as in Theorem 1.1, and assume that

L n+1
QYY) <L+1-a, mS( cn, L a) )
Ce(m) llgllcr(Bry)
In this way, by Theorem 1.1 and (1.20), there exists a finite family {B., 1} e of disjoint balls
such that, looking for example at (1.5) and setting G = (. ; B, 1,

[QAG,| _ [ AG] 20 o o/ (n+1)
’Q‘ - ’Q*‘ S C(n)L ”gHCl(BRO)m )
where Q* = (Ho/n)?, and thus G« = ;¢ Bw;n/H,- Notice that this proves a quantization of
the volume of €, in the sense that |Q*| is close to #.J |B| with an error of order C'm®/(+1),
where C' = C(n, L, |lgllcr(g,))- Similar results carrying different geometric information are

jeJ

obtained from the other estimates appearing in Theorem 1.1.

In conclusion, the quantitative side of Theorem 1.1 significantly strengthens the purely qual-
itative analysis that one could obtain by exploiting compactness arguments only, as it provides
explicit orders of magnitude for the errors one makes in approximating Q* with a unit balls
compound.

We finally notice that 2* will be close to a single ball as soon as volume-constrained station-
arity is strengthened into some local minimality property. For example, it will suffice to require
that F(Q) < F(E) whenever |E| = |Q| and 0F C I,(09Q) = {z € R**! : dist(z,09) < o}, with
o = 09 |Q|/P(Q) for some o > 0. Notice that although E = B(™ is not an admissible competi-
tor in this local minimality condition, thus ruling out the possibility of applying [FMPO08], © will
nevertheless be a volume-constrained stationary set for F. Moreover, by a standard argument
exploiting the local minimality of 2, one obtains volume density estimates for 2* which make
possible to apply statement (ii) in Theorem 1.1.

1.3. Organization of the paper. The proof of Theorem 1.1 and of Proposition 1.2 are dis-
cussed, respectively, in section 2 and section 3. In Appendix A we discuss the relation of the
Alexandrov’s stability problem with the study of almost-umbilical surfaces initiated by De Lellis
and Miiller in [DLMO5].

Acknowledgment: We thank Manuel Ritoré for stimulating the writing of Appendix A. This
work has been done while GC was visiting the University of Texas at Austin under the support
of NSF-DMS FRG Grant 1361122, of a Oden Fellowship at ICES, the GNAMPA of the Istituto
Nazionale di Alta Matematica (INdAM), and the FIRB project 2013 “Geometrical and Qual-
itative aspects of PDE”. FM is supported by NSF-DMS Grant 1265910 and NSF-DMS FRG
Grant 1361122.

2. PROOF OoF THEOREM 1.1

We begin by gathering various assumptions, preliminaries, and conventions.

Constants: The symbol C denotes a generic positive constant whose value is independent from
n and 2. We use the symbols Cy, C1, etc. for constants whose specific value is referred to in
multiple occasions (see, for instance (2.18) below). We denote by C'(n) and c¢(n) generic positive
constants whose value does depend on n, but is independent from (2, with the idea that C'(n)
stands for a “large” constant, and ¢(n) stands for a “small” constant. Similar conventions hold
for C(n, L), etc.

Assumptions on (2: Thorough this section we always assume that
Q Cc R*, n > 2 is a bounded connected open set

2.1
with C%-boundary with H > 0 on 0. 2.1)
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From a certain point of our argument on we shall assume that (as one can always do up to a
scaling)

(n+1)|Q] = P(). (2.2)
Recall that, by the Euclidean isoperimetric inequality (see (1.3)), (2.2) implies
Bl <19,  P(B)<P(), (2.3)

where B = {x € R": |z| < 1}. Moreover, (2.2) is equivalent to Hy = n, so that
5() =n""|H — nllco ,
with §(2) = 0 if and only if 2 is a ball of unit radius. Indeed, our convention for the scalar

mean curvature H is that

div 9 X dH" :/ (X -vo)HdH", VX e CHR"T; R,

o0 o0

and thus the scalar mean curvature of B is equal to n. In addition to (2.2) we also assume that
PQ)<(L+1-a)P(B), where L e N, L > 1, a € (0,1]. (2.4)

Note that, by combining (2.4) with (2.2) one finds
1 <(L+1-a)|B|. (2.5)
We shall work under the assumption that §(Q2) < ¢(n, L, a) for a suitably small positive constant

¢(n,L,a) < 1/2: in particular,

g < H(z)<2n, VaedQ. (2.6)

By Topping’s inequality [Top08], one has
diam(Q) < C(n) / |H|"
oN
so that (2.4) and (2.6) imply
diam(2) < C(n) L. (2.7)

Alternatively, by the monotonicity identity (see [DL0O8, Theorem 2.1]) and by H < 2n on 02,
one has that

2ns H'(ORQN Brs)

- is monotone increasing for every x € R"*!, (2.8)
s

s€ (0,00) —e

If x € 9Q, then this function converges to H"({z € R™ : |z| < 1}) as s — 0T, and thus one
obtains the uniform lower perimeter estimate

H"(ONN By s) > c(n) s™, Ve e dQ,s e (0,1). (2.9)

We notice that this last fact can be used jointly with P(2) < C(n)L to infer (2.7). Finally,
whenever ) satisfies (2.1) we define the Heintze-Karcher deficit of Q as

_ Joa 7 — (n+ DI _ (D]

Q
7 T i T &

(2.10)

Just like §(€2), this is a scale invariant quantity such that n(2) = 0 if and only if 2 is a ball.
One has

n(Q) < 8(). (2.11)
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Indeed,
o) = 1- (n+DQ  (n+D[Q (41|
Joa Joa Tro Joo 7
(n+ 19| Joo 7 — Joa 7 Ho (n+1)|Q] Q) foq }1 — 5(0).
n Joa o Joa n faﬂ FoJoo

Torsion potential: We denote by f and u the smooth functions defined on ) by setting
Af=1 inQ,

{ f=0 on o,

Note that f < 0 on , with Vf = |V f|vg on 09, and V,f = vq-Vf = |Vf] > 0 on 00 by

Hopf’s lemma. We shall use two integral identities involving f, namely, the Reilly’s identity
(see, e.g., [Ros87, Equation (3)])

w=—f. (2.12)

| oHwsE = [@apr- e, (2.13)
o9 Q
and the Pohozaev’s identity, see e.g. [AMO7, Theorem 8.30],
0+3) [ (1= [ @ m)VrE. (214)
Q o0

The first one quickly leads to prove Alexandrov’s theorem and the Heintze-Karcher inequality,
as shown in [Ros87].

Lemma 2.1. IfQ and f are as in (2.1) and (2.12), then

n+1 / H (”JFI‘Q’ / /\ 2fPP - n+)1 (2.15)

o g [vira ([ wr)

In particular, (1.14) holds, and if H is constant on OS2, then H = Hy > 0 and §2 is a ball.

Proof. By the divergence theorem and by Holder’s inequality,

9F = (/ Vl,f)Q - ( o0 \F|Vf| /aQ /aQ Vi

Thanks to (2.13),
Af)? n
H 2 n /( _v2f2 < 0O
|oavsr = e+ [ S v < e,

where we have used the Cauchy-Schwartz inequality
(trM)? = (M :1d)? < [Id* | M|* = (n+ 1) |M|*, VM cR"®@R".

(Here and in the following, we denote by : the scalar product on R™ ® R™, and by | - | the
corresponding Hilbert norm on R™ @ R™.) This proves (2.15). Let us now assume that H is
constant on 0f2, then by applying the divergence theorem on 92 and on §2, one finds

n nP(Q)  [oodiv@?(z) dH?

_ _ (2.16)
o0 H H H

. HdH?
_ Joa (@ - va) z _/ x.md%g_/ div (z) dz = (n +1)|Q],
H 00 Q
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so that H = Hy and equality holds in (1.14). In particular, (2.15) gives that V2f(x) = Id/(n+1)
for every = € €, so that, being ) connected,

B |93—ch|2
f(x)—c‘f‘m,

for some ¢ < 0 and xg € R™. Since f = 0 on 0€), we find that 2 is the ball of center xg and

radius y/—2(n + 1)c. O
We now exploit [Tal76] and [CGS94] to obtain universal estimates on f.

Lemma 2.2. IfQ and f are as in (2.1) and (2.12), then

1 2]\ 2/(+1) 2/(nt1)
< = < n .
Moy < 5oy () s 1o, (2.17)
IVHlengy < V21fldog < ColQYe+D, (2.18)
IVl < 10Y2. (2.19)

Proof. By a classical result of Talenti [Tal76], the radially symmetric decreasing rearrangement
(—f)* of —f satisfies the pointwise estimate

. R2 — |z|? |2\ 1/ (1)
<_f) (x) < m, @)

so that the first inequality in (2.17) follows immediately. The second inequality in (2.17) is then
obtained by recalling that

where R= ( , (2.20)

k)2
{2 € RE:[o] < 1} = 5 im L+ (2.21)

A+ (72) % ami(efe)

(Thus (2.17) does not need the assumption that H > 0 on 092). Moreover, we immediately
deduce (2.19) from Af =1 and (2.13), so that we are left to prove (2.18). With u = —f we set

p=1|Vul> +2(u — ||lullcog)) ,
and aim to prove that p < 0. The key fact is the observation that

2
|Vul> Ap +2Vu - Vp > Wg’, on {|Vu| > 0}, (2.22)

see [CGS94, Equation (2.7)]. Given (2.22), we argue by contradiction and assume that the
maximum py of p in Q is positive. We first claim that py is achieved on 9. Indeed, let
U={z€Q:p()=po}, then U is obviously closed. If z € U, then |Vu(z)|*> > p(x) = po > 0
and so p satisfies

Ap+T-Vp >0, in a neighborhood of x,
where the vector-field

Vu

[Vul?
is bounded on that same neighborhood. By the strong maximum principle, p must be constant
in that neighborhood. This shows that U is open, so that U = €2 by connectedness. At the same
time, there exists z* € € such that Vu(z*) = 0, so that pg = p(z*) = 2(u(z*) — ”UHCO(Q)) <0
a contradiction. This shows that there exists xg € 92 such that

p(zo) = po > p(x), Vo e Q.
By Hopf’s lemma, V,u(zg) < 0, so that
Ap+T-Vp>0, in a neighborhood of xg in €,

T =2 (2.23)
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where once again the vector-field 7' (defined as in (2.23) above) is bounded. By Hopf’s lemma,
V.p(zo) > 0. (2.24)
At the same time one has
V.p(zo) = 2(Vu(3:0) SV (V) (o) + V,,u(:vo)> .
Since u = 0 on 912, we have Vu = (V,u) v on 01, so that the above identity becomes
Voup(zo) = Vyu(zo) (Vyu(zo) +1) .
Since V,u(zg) < 0, (2.24) gives us

Vovu(zo) < —1 = Au(zy) . (2.25)
We now obtain a contradiction by showing that, thanks to H > 0, one has
Au(zo) < Vy,u(xo) . (2.26)

Indeed, assuming without loss of generality that 2o = 0 and that €2 is (locally at 0) the subgraph
of a function ¢ on n-variables such that ¢(0) = 0 and V¢(0) = 0 (so that vq(0) = e,, and thus
—H(0) = Ap(0)), by differentiating u(z,¢(z)) = 0 at z = 0 twice along the direction z;, one
gets

0= V.u(z, 0(2)) + 2V, 0u(z, 0(2) Vap(2) + Voulz, 0(2)) Ve 20(2) + Vipu(2) (vziSO(Z))Q
which, evaluated at z = 0, by V(0) = 0 gives us
0= V..zu(0) + Vou(0) V2, ,0(0) .
By adding up over i = 1,...,n, and by H(0) > 0 and V,u(0) < 0, we conclude that
0= Au(0) — V,,u(0) — H(0) V,u(0) > Au(0) — V,,u(0),
so that (2.26) holds. O
Lemma 2.3. If Q and f are as in (2.1) and (2.12), then

Id
C(n) 9] v/n(@) = /Q ver- =), (2.27)
If, in addition, §(Q2) < 1/2, then
co () P@s@) = [ A (2.28)

Remark 2.4. If we define & = —f on €, @ = 0 on R""! \ Q, then the distributional gradient
D and the distributional Hessian D?% of @ are given by

Du = —-VfL£rilQ,

P = —vifortias VS

IVl

where £ is the Lebesgue measure on R"*!. Indeed, for every ¢ € C°(R"!) one has

D2u(g0):/Rn+luaij<p:—/Q f@ijsoz/ﬂaif(?W:/m (VQ)jsof)if—/QSOaz‘jﬁ

where v = V f/|V f| on 092. Hence, under the assumption (2.2), (2.27) and (2.28) are equivalent
to

H" 0N,

|D%a — p|(R™1) < C(n) (P(Q)6(2) + 2| n(2)'/?) < C(n, L) 6(Q)"/?, (2.29)
where p is the Radon measure defined by
P O L P OY

n+1 n+1
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This point of view on (2.27)—(2.28) is at the basis of the proof of Theorem 2.5 below.
Proof of Lemma 2.3. We first prove (2.27). If M, My € R™ @ R™ with M;, My # 0, then one
has

2
|My||[Ma| — My : My = S |\p My — —=| = (|Mal/|Mi])2,

so that L
MR VP = (< M) = M+ M) b = =2

By (2.15), setting My = V2f (note that V2f # 0 as Af =1 on Q) and M, = Id, and noticing
that |Id|? = (n+ 1) and Af = V2f : 1d, one finds

nl2n@) > [ MR IVEE - an7? = [ |vrr - gl (230
where we have set u(x) = (|Id|/|V2f(x)|)1/ , ¢ € . By (2.19) and (2.30), we get
2
(fIvr=al) < /“Wf—} /, 'vm{‘
< e [ V7)< cm ek ).
that is
/Q‘VQf—‘ < Cn) Q] /(). (2.31)

In particular, |[tr (My) — tr (Ms)| < |M; — Ms| and Af =1 give us

| =" = 1l va@).

which leads to

/)n+1_2_ﬁ/)n+1—’ n) 192/ v/n(Q).

We prove (2.27) by combining this last inequality with (2.31). We now prove (2.28). By (2.15)
one has

(] g - z2 [wn(([ g [ weea) "= [ wn). ea)

Since [, |V f| = (€], if A > 0 is such that

(L) e
(| & N | s /8 VS

1 2 gy
?ﬁ+7|vf| —|Vf|

[
\/> 2
= [z (G52 [ (o)
Again, by (2.6),
o

& /a ) (2= 1vs)’ < cmne)

then (2.32) gives us

2(n1—|— 1) (/BQZ - (n+1)lﬂ\)

v

< C) PO 7 n(@).
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Finally, by (2.13) one has [,, H|V f|* < [Q], so that

X< CHy p’?g'z) <0, (2.33)
and thus
A2 N2
/fm (7 a Wf') C(n) <F0> P()n(). (2.34)

Now let |V flga denote the average of |V f| on 9f, so that |V f|sq = |2|/P(2). By (2.33) and

(2.34) we thus find
| (1971n - 1v11)° i) <2 (-3 v [ Gr-va)’
) ()" PE@)5(@).

0

where in the last inequality we have used (2.11) and §(€2) < 1. We deduce (2.28) by noticing
that |V flag = n/(n + 1)Ho. O

INA
m\
2

VS
>~
no

IN

We now exploit a compactness argument to show that if the Alexandrov’s deficit of 2 is
small enough, then €2 can be taken arbitrarily close (in various ways) to a finite family of tangent
balls of unit radii.

Theorem 2.5. Givenn,L € N, n>2 L>1,a¢€ (0,1], and 7 > 0 there exists c(n,L,a,7) > 0
with the following property. If Q0 satisfies (2.1), (2.2), (2.4), f is defined as in (2.12) (and then
extended to 0 on R"1\ Q) and §(Q) < ¢(n, L,a,T), then there exists a finite family of disjoint
unit balls { B, 1}jeq with # J < L such that, setting

G = U BZj,l )
jeJ
O0G is connected (that is, each sphere 8sz,1 intersects tangentially at least another sphere 0B, 1
for some £ # j) and

IQAG] +hd(92,9G) + [P(Q) — P(G)| + 1] = falloognsy < 7.

Zmax{ jz — 2 ,O}, z e RV,
jeJ +1)

Moreover, there exist ¥ C 0G and ¢ € CYV(X) for every v € (0,1) such that G \ ¥ consists
of at most C(n) L-many spherical caps whose diameters are bounded by T, and such that (Id +
pve)(X) C OQ with

I¢llcrs) +H"(0Q\ Id+pve) (D) <7, [gllorm) < Cln, 7).

Remark 2.6. Notice that by Theorem 2.5 and since ||V f|co(q) < V2 HfHé/OZ(Q) thanks to (2.18),
one can deduce that

where

Ifller @) < Co(n), (2.35)
whenever §(Q) < ¢(n, L, a). (Indeed, it is enough to pick 7 = 7(n) and use || f — fa|co@) < 7.)
As a consequence one can choose, in the proof of Theorem 1.1, if working with (2.17)—(2.18)
or with (2.35). In the former case, one obtains larger powers of L but explicitly computable
constants C'(n) in the quantitative estimates of Theorem 1.1; in the latter case, we obtain smaller
powers of L but lose the ability of computing the corresponding constants C'(n). We shall opt
for the second possibility.
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Proof of Theorem 2.5. Let us consider a sequence of sets {€,}ren satisfying (2.1), (2.2) and
(2.4) (with the same L and a for every h € N), and correspondingly define f;, starting from €2
by (2.12). Assuming that 6(2;,) — 0, it will suffice to prove that, up extracting subsequences,

Tim [0,AG] + hd(@,0G) + [P(©) — P(GO)] + | — fallcoenesy =0, (2.36)
where G and fg are associated to a family of balls {B.;1}jes as in the statement, and that

there exist ¥, € 0G and ¢, € C1(%;,) for every v € (0,1) such that G \ ¥} consists of at
most C(n) L-many spherical caps with vanishing diameters, and (Id + ¢, va)(2p) C 09, with

Jim flénllcr(s,) +H" (02 \ (Id + ¢nve)(h)) =0, Sup [énllcra(s,) < Cln,7).
o €

To this end, we first note that, by (2.7), up to translating the sets (2, one has
Q; C Bg, Vh € N, (2.37)

where R = R(n,L). By (2.37) and since P(£2;) < C(n,L) thanks to (2.4), the compactness
theorem for sets of finite perimeter [Magl2, Theorem 12.26] implies that, up to extracting
subsequences,
lim |Q,AG| =0, (2.38)
h—00

where G C Bp is a set of finite perimeter in R**!. Similarly, if we define @, : R"*! — R by
setting @, = —f on Qp, and 4y, = 0 on R"1\ Oy, then by (2.18) and by (2.37) we find that,
again up to extracting subsequences,

lim ”th — fLHCO(Rn+1) + ||ﬂh — ﬂHLl(R""'l) =0, (239)
h—o0
where @ : R"*! — [0, 00) is a Lipschitz function on R™*!. Now, by Remark 2.4,
Dzﬂh = —V2fh ,CnJrll_Qh + |V fnlva, ® v, H"LOQ, . (2.40)

In particular,

D2y |(R™) = /Q V2 fl + / V5l
h h

v

1\1/2 1/2
< 1/2)1 o2 L 2
< P2V e+ ([ ) ([ HI9APR)
< Q]+ C(n) P(Q)"2 |2 < C(n, L),

where in the last line we have used, in the order, (2.19), (2.6), (2.13), (2.5) and (2.4); as a
consequence,

Diu € BV (R R 1) | D?uj, = D?u as Radon measures on R*1 . (2.41)
If p € CO(R™"1), then by (2.27) and (2.38)

Id
D% = —/ Vif, 5 - ,
(D=tnc ) () o, ¢ fn= =3 ¥
so that -
D2y Qy > “orl L' G as Radon measures in R"*1. (2.42)
n

By (2.41) and (2.42), if i denotes the weak-* limit of the Radon measures
Uh = DQ’L_LhL(Rn—H \Qh) = |th| v, @ vq, H"LOQy,,

_D — ETL H . 2.4:;
u n LG ( )
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We claim that

H{a>0}\G| =0, sptun{a >0} =10. (2.44)
To prove the first part of (2.44), we note that if a(x) > 0, then by uniform convergence u; >
u(z)/2 on By 4, for every h > h, and for some s, > 0, so that B, 5, C €y, for every h > h,. This
implies that | B, s, \ G| = 0 (thus the first part of (2.44)), and also that B, s, Nsptu, = 0: since
sptu is contained in the set of the accumulation points of sequences {xp, }hen with xp € 9y, we
have proved (2.44). By combining (2.43) and (2.44) we deduce that

Id
D*u{u > 0} = - £ {a > 0}, (2.45)

Now let {A;};jcs denote the connected components of the open set {# > 0}, then by (2.45) we
can find z; € R™"! and ¢; € R such that

B |z — 2|2
u(a})zc‘]—m, VxGAJ,
and since u > 0 it must be
c; >0, Aj C By s, where s; = (2(n + l)cj)l/z,

thus ¢; > 0 because A; is open. In conclusion,

{u>0}=|]JA;c| B C{u>0},

Jjed Jj€j
that is, © = — fg,
s2 — |z — z;|?
_ . J J —
" JZeJma"{w’o}’ Ay = Beyy- (2.46)

We now want to prove that |[GA{a > 0}| = 0 and that J is finite with s; = 1 for every j € J.
To this end we first notice that s; <1 for every j € J. Indeed, by (2.46) we have that

1B
{u>e} jLEJJ o f@ 2w, o0

so that, by uniform convergence,
€
U sz’ EETTEn c {u, > 5} cQy, Vh>he.
jeJ
In particular, if we fix j € J, pick € < s?/2(n + 1), and let h > h.j, then by the previous

inclusion there exists y € 9€);, such that
n

> Haa, (y) = n(1—56(2m)),
55 —2(n+1)e

that is, letting h — oo, 532 —2(n+ 1)e < 1. By the arbitrariness of ¢, we conclude that s; < 1.

We now apply Pohozaev’s identity (2.14) to f5 to find

+3) [ wm=+3) [ )= [ o)V,
Rn+1 Qp oy
so that by (2.39), (2.28), and the divergence theorem we find

(n+3)/ %= lim (z-ve,) _ |Gl 1Bl > sttt
Rn+1 h—o0 o0y, (n—|—1)2 7’L+1 - n+1 ied J
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At the same time, by (2.46) and a simple computation we find

e+ [ a=|B Y5

1
Rt JjeJ

> st (1 -s3) <o.

jedJ

so that

Since s; € (0,1] for every j € J, we conclude that s; = 1 for every j € J. As a consequence,
# J < L, because of

(L+1-a)|B| > lim %] =G| > [{u > 0}l = #J |B|.

Since J is finite we deduce from (2.46) that

=0 1 £t U Bz771 + Z 7‘[ L(?BZ7
jeJ

By comparing this formula with (2.43) we conclude that |GA{a > 0}| = 0, provided we can
show that the measure u appearing in (2.43) is singular with respect to £"*!, of course. To
this end, it suffices to consider the multiplicity one varifolds V}, associated to 0€2. Since (in the
notation and terminology of [Sim83, Chapter 8]) the varifolds {V}, }nen have uniformly bounded
masses (as M(V}) = H"(09Q)) and uniformly bounded generalized mean curvatures (thanks
0 (2.6)), by [Sim83, Theorem 42.7, Remark 42.8] there exists an integer multiplicity rectifiable
n-varifold V such that Vj, = V as varifolds. In particular, if V is supported on the n-rectifiable
set M, and if 6 denotes the integer multiplicity of V', then, denoting by vy; a Borel vector-field
such that vy (z)t = T, M for H"-a.e. x € M, we get

/ vy @upy dH™ = lim o, @ v, dH", Vo € COR™).
M h—o00 o0y,

Hence, by (2.28) and by definition of uj, and u we conclude that

vy Quay H'AM .

M:n—i—l

As explained this shows that |GA{@ > 0}| = 0, and thus, from now one we directly set

G=|JB.1-

jeJ
Let us prove that P(€;) — P(G). By the divergence theorem,

|(n+ 1)|2%] — P()] = ‘/m (1 . Ha“h) (z - va,)

n S dlam(Qh) 5(Qh) 5

while at the same time (n + 1)|G| = P(G), so that
|P(2)—P(G)| < (n+1)||Q%|—|G||+diam(Q2p,) 6(25) < (n+1)|Q,AG|+diam () (), (2.47)
and P(2y) — P(G), as claimed. This last fact implies in particular that
H OO, = H" IG  as Radon measures in R*H! (2.48)

By (2.48), (2.9) and a classical argument we immediately prove that hd(9€,,0G) — 0. Since
09y, is connected for every h, hd(9Q,0G) — 0 implies that OG is connected. We are thus left
to prove the existence of sets ¥, and maps ¢, with the claimed properties. To this end we put
the proof of the theorem on hold, and recall some basic useful facts from the regularity theory
for integer rectifiable varifolds. O
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Given z € R*! v € S and r > 0 we set

C/, = {yeR":|p(y—a)<r,[(y—2)-v[<r}, C.=Cj., C=Ci,

D;, = {yeR"™ p,(y—a)| <r,(y—2) -v=0}, D, = Dg;., D =D,
where p,(v) = v — (v-v)v for every v € R"*1. Given u € C*7(D,), it will be useful to consider,

along with the standard C*7-norms on D,, the scaled norms
k

lallfen o,y = 32 P IDul o,y + 7 [DFulconp, ) -
j=0

which are invariant by scaling in the sense that, if we set A.(u)(z) = r~'u(rz) for € D, then
e @llsay = 2@l ko) = 4l s ¥ > 0.

We shall need the following technical lemma, which just amounts to a simple application of
the implicit function theorem, and whose proof can be found in [CLM14, Lemma 4.3]. In the
statement, given u : Dy, — R with |u| < 4r on Dy,, we set

[p(u) = (Id +uep)(Dyy) C Cyp .

Lemma 2.7. Givenn > 1, M > 0 and~y € [0, 1] there exist positive constants ko = ko(n, M,v) <
1 and k1 = k1(n, M, ) with the following property. If u; € C*1(Dy,), uy € C17(Dy,), and

ma [y < w0 max s el gy} < M
then there exists 1 € C17(Cq, NIy (uy)) such that
C, NI (u2) C (Id + Yv)(Cor NTy(uy)) C Tp(uz),

191l co(cornr, (ur
T

) + ||V¢HCO(CZTQFT(u1)) +r7 [VMCUW(CQTmrT(ul)) < K1,

%]l co(Carnry (ur)

)4 IVYllcocornr, (i) < K1 llur — uallcrp,,) -
Here, v € CYY (T, (u1); S™) is the normal unit vector field to T'y(uy) defined by
— 1

V(z,ul(z)) — ( vul('z)v )

V1 |Vui(2)]2’

Next, let S be a H"-rectifiable set in R"*! with bounded generalized mean curvature in
some open set V', that is, there exists H € L>°(V;H"LS) such that

Vz € Dy, .

/divSXd’H”:/X-HdH”, VX € CHV; Ry,
S S

and assume that S = spt(H"LS), i.e., H"(S N By,) > 0 for every z € S, r > 0. Set
H" (SN Byyr) 1’0} 7
Wp ™
where w, = H"(B N {x; = 0}). Then for every v € (0,1), Allard’s regularity theorem [All72]

(as stated in [Sim83, Theorem 24.2] — see also [DL12, Theorem 3.2]) gives us positive constants
oo(n,v) < 1 and C(n,~) with the following property:

Allard’s theorem: With S as above, if x € S and r > 0 are such that B,, CCV and

(S, ,7) = 7 |[H| oo (5, , 207.5) + max{ zeS,r>0, (2.49)

U(S,[L‘,T‘) < O-O(narY) ’ (250)
then there exist v € S™ and a Lipschitz map u : (x + v+) — R with u(x) = 0 such that
SN C;,oor = {z +u(z)v:ze D;UM} , HUH*CM(DV ) < C(n,v) U(S,x’r)1/4n‘

T,o0T
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FIGURE 2. If z € ¥\ N 9B, 1, then G N CH= see also

z,co(n

— Ha
))\2 - asz’l n CCE,CQ

(n) )\27
(2.62). Here yi, = vg(v) =vp. ().

(Note that this statement is a particular case of Allard’s theorem in the sense that we consider
only density one varifolds and we restrict to the codimension one case.) In the following we shall
apply this theorem with v = 1/4n. Correspondingly, we simply set

1
oo(n) = oo (n, @> <1.
We now prove a technical lemma which will be useful in the proof of Theorem 1.1 too.

Lemma 2.8. There ezist positive constants A(n) < 1 and co(n) with the following property. Let
Q satisfy (2.1), (2.2), and (2.4), let {B,;1}jes be a disjoint family of unit balls, and set

G= U sz71 , Y= OG\ U B(Zj-f—Z[)/Q,A A>0. (2.51)
jedJ Jled,j#L

Assume that to each A < A(n) and x € Xy one can associate p; € (0,1) and y € 0 in such a
way that

WX < < cofm) A2 (2.52)
|z — y| = dist(z, 0Q) < "0(;‘)”3 , (2.53)
o(09,y, pz) < oo(n) A(n), (2.54)
IQAG| < C(n) P o (09, y, po) /4™ (2.55)
Then for every X < \(n) there exists 1 : £y — R such that
My < Cy), Vv e (0,1), (2.56)
A2 Mooy + IV lers,) < Cn) max (09, y, po)/ ", (2.57)
(Id + ¢ vg)(Ey) C 99. (2.58)

Remark 2.9. Note that we do not assume 0G to be connected. In other words, the balls B
need not to be tangent, although the may be arbitrarily close or even mutually tangent, and
actually this last case will somehow be the “worst” case to keep in mind. We also note that
for A(n) small enough, if A < A(n), then 0G \ X, consists of finitely many (precisely, at most
C(n)# J-many) spherical caps of diameters bounded by C .
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Proof of Lemma 2.8. We claim that for every A < A(n) and = € X there exists

1,1/4n [
P € C (sz po /A NOG)
such that
C’;fgo pus ) o0 C (Id + wxug)(cgjfgo puyal) 0G) C Cgfgo puja ) o0,
WIHCL”‘*”(CZZO pm/408G) § C(n) s (259)

pa IWalleoers noc) T IV¥ellcocrs  noc) < C(n) (09, y, pr) /M.

Postponing for the moment the proof of the claim, let us show how it allows one to complete
the proof of the lemma. Indeed, (2.59) implies that, for every xi,z2 € 3y, 10y, = 15, on the
intersection of their respective domains of definition. Then, by setting

YMz) = Uu(2), Yz e Cl . aN0G . x e Xy,

one defines a function ¢* € CLY/4"(%,) such that (2.56), (2.57) and (2.58) hold. Moreover,
(2.56) follows from elliptic regularity, as ||| o1 /an(s,) < C(n) and the mean curvature of the
graph of ¢ over ¥y is the mean curvature of , and thus it is bounded and continuous.
We are thus left to prove our claim. To this end we consider r(n) > 0 such that
H"(B,sNOB) < (14 C(n) s*)w, s", Vz € 0B ,Vs < r(n), (2.60)
sup{|(p — 2) -vp(z)| : p € B., N OB} < C(n)s?, Vz € 0B ,V¥s <r(n), (2.61)
we fix z € ¥, A < A(n), let y and p, be as in the statement, and set
Uy = va(z) = I/sz’l(l') for the unique j € J such that x € 9B, 1 .

If co(n) A(n)?> < r(n), then by definition of u, there exist C(n) and a Lipschitz map w, :
(x + pi) — R such that

oG N Cgfeo(n) e =0B;1N Cgch(n) e = {2t we(2)pa:z € ng‘%(n) 2 )

N A 2.62
waHCQ’I(D:zCO(m )\2) < C(n) ) wauz‘l(Dg’zr) < C(n) r, Vr< Co(n) )\2 . ( )

By (2.54) and by Allard’s theorem, there exist v, € S™ and a Lipschitz map u, : (y +vy) — R
such that u;(y) =0,

oMNNCyy, pr {Z +ug(2)vy 2 € Dy, pw} ) .
Hux||21,1/4n(DZ%O oe) < C(n) o'(any’px)l/ﬁln‘ .
Now we let
Ky:{zecgfgopz : (Z—y)ym SO}, Kz: {Zecgfdopz . (z_flf>lu,x§0}

Up to switching v, with —v,, and since |u,| < C(n) pr 0(09Q,y, pz)/*" on Dy p. Dy (2.63) we
can assume that

(K,AQ) N Cyz, L | < Cn) pi o (00, y, pa) /" (2.64)
Similarly, by (2.62) we have |w,| < C(n) p2 on D4%, ,., and thus
(K AG) N Cle | | < C(n) pit? < C(n) pit o(9Q, y, p) /™" (2.65)

as (2.49) and (2.6) imply p, < C(n)o(0Q,y, ps). Since |y — z| < 0¢ p/2 by (2.53) and p, < 1,
we find

B 64 pa/2 © By.0p. C Cy

o pa s as well as B, 5, ., /2 C Ci%g po Of course,
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and thus, by (2.64) and (2.65),
QAG| = [(RAG) N By 4 p,. /2] (Ko AKyY) 0 By g 2| = C(0) i 0(09,y, p2) /4"
|(Ky + 2 = y)AK,) N By gy po 2] (2.66)

—C(n) Pyt o (0 y, pu) " — | (Ky + 2 — y) AK, |
On the one hand, for every z € R**!, + > 0 and v,/ € S™ one has
({pecli-2)v<0}A{pe CLi(p=2)-v SO} NBeyp| = cm) v —v/|" 5 (267)
on the other hand, again by |y — | < 09 p2 /2,
|KyA(z —y + Ky)| < C(n) P(K,) ly — x| < C(n) plf [y — 2| < C(n) pi 2. (2.68)
By (2.66), (2.67), and (2.68) we conclude that
c(n) |ve — pal P < C(n) pi* 0(0,y, p) V" +1QAG],
so that (2.55) and (2.54) give us
Ve — a| < C(n) (02, y, pu) /™" (2.69)

By (2.53), (2.63), and (2.69), provided A(n) is small enough, there exist a constant C(n) and a
Lipschitz map v, : (z + i) — R such that

o0 N Cgf”gopzﬁ = {z +vp(2)py 2 € ngco'opz/Q} ,
H?)xucl,lﬂn(DZzO Pz/2) S C*(n) ) HU:EHCl(D;L,IaO px/2) S C*<Tl> a(c")Q, Y, pac) .

By this last property, by (2.52), and by (2.62) we can apply Lemma 2.7 into the cylinder

CZ“GO 9o /2" indeed, setting by a rigid motion x = 0 and u, = 0, and choosing
1 N
4r = 002'%, U = wy , Uy = Vg, V= M = max{C(n),C«(n)},
n
we find that
12211“’}2{ |’uiH*Cl(D4T) = max { waH*Cl(Dg,xao pz/2)7 ”U$||*C’1(Dg,xoo Pz/2)}
< max {C’(n) 002%,0*(71) a((‘)ﬂ,y,pw)l/4”} < C(n) )\(n)l/4" < Ko (n,’y, M) ,
provided A(n) is small enough. By Lemma 2.7, there exists ¢, € C1’1/4"(nggop a0 0G)
satisfying (2.59). O

Proof of Theorem 2.5, conclusion. We now conclude the proof of Theorem 2.5. Let us recall the
situation we left: we have {Q, }ren satisfying (2.1), (2.2) and (2.4) (with the same L and a) and

hlim |2, AG| + hd(0924,0G) + |P(Q,) — P(G)| =0, (2.70)
—00

where G is the union over a finite family of disjoint unit balls {B., 1};e;. To complete the proof
of the theorem, we need to prove the existence of ¥, C OG and of ¢, : ¥, — R such that 0G\ X

consists of at most C(n) L-many spherical caps with vanishing diameters, (Id 4+ ¢ vg)(Xr) C
09y, and

Jim flénllcres,) +H" (0% \ (1d + ¢nve)(Sn)) =0, Sup [6nllora(s,) < Cln,y), (2.71)
S €

for every v € (0,1). To this end, we want to apply Lemma 2.8 to Q = Q. Let us fix A < A(n),
define ¥ as in (2.51), and for every x € X let us set

pz = co(n) A\,
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so that (2.52) holds trivially. Let us now fix € ¥, and consider y; € 9, such that |z —y,| =
dist(x, 0Qy,). By hd(9€, 0G) — 0 we have

< O'o(n)C()(n)2 )\4 ’
- 2
provided hy € N is large enough; in particular, (2.53) holds for h large enough. Next, we notice
that by (2.48) and [y, — 2| — 0 we have

limsup P(Qp; By, p,) < P(G; By,p, ) ,

h—o00

so that (2.6), the definition of p,, and (2.60) (applied with s = cy(n) A2 < 7(n)) give us

P(G; B,
limsup 0(0Q%, Yn, pz) < 2npx + an)
h—00 Wn Py
< o2 < WA L 2omA),
in particular, (2.54) holds for h large enough. Finally, (2.6) and (2.49) imply o(0Q%, yp, pz) >
(n/2)ps > c(n)A2, thus up to take hy large enough to entail [, AG| < C(n) \"*3 we find that
(2.55) holds. By Lemma 2.8 we conclude that for every A < A(n) there exists {¢}}h>n, C
C1(X,) for every v € (0,1) such that

(Id+pve)(B2) €O, Wrllotasy) < CMy),  Wnllois, < Cn) A2, (2.73)

where in proving the last bound we have also taken into account the first inequality in (2.72).
Since

]ac — yh] < hd(ﬁQh, 8G) Vh > h)\,

P(Ga B:):,co(n) )\2) _ 1)

.4gcmNV+wﬂmmVW

(2.72)

H (09 \ (Id + ¢y v6) () < P(Qn) — P(G) +H"(9G \ £))
HHM(Zx) = H((Id + ¥y ve) (E0) ]
by P(Q) — P(G) and by [[¢p[lc1(s,) < C(n) AY?" we find that
limsup H" (0, \ (Id + ¥ v6)(£1)) < HM(OG \ Ty) + C(n) H™ (X)) A/

h—o0
We complete the proof of the theorem by first considering any A\;, — 0, and then by setting
on = ¢J;\(hh) for a properly chosen k(h) — oo. -

We now begin the proof of Theorem 1.1, that is, we consider the problem of turning the
qualitative information provided in Theorem 2.5 into quantitative estimates in terms of §(€2).
Recall that, as in the introduction, we set

_
C2(n+2)°
Proof of Theorem 1.1. Step one: With f as in (2.12), let us set
e= QY @), Qo ={zecQ:dist(z,00) >},  fo=frw., (2.74)

where w,(z) = e~V w(z/e) for w € C2(B) with w > 0, w(z) = w(—x) for every z € R*1,
and [p,+1 w = 1. We claim that, if Cy(n) is the constant appearing in (2.35), then

[Vfellcoy < Co(n), (2.75)
| fe = fllcog.) < Coln)e, (2.76)
1d N
Hv2f€ - mHCO(Qs) < C(n) U(Q) ’ (277)
Id
IV felleoga.) < C(n), Vi fo(x) > Vo € (. (2.78)

~2(n+1)’
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Indeed, (2.75) and (2.76) are obvious. If x € €., then (2.77) follows by (2.27) and (1.4),

1d |wllcomn+1)
2
V _ < —
‘ Je(x) n+1‘ gntl /’ n+1

Finally, (2.78) follows from (2.77) and (2.11) provided 6(f2) < ¢(n) for ¢(n) small enough.

< C(n) n(Q)(l/Q)—a(n-i-l) )

Step two: Next we define
p=Co(n)e = Co(n) |/ (@), A={f. <-3p}. (2.79)
We claim that
{f<—dptcAC{f<-2p}, {f<-p}CQ, (2.80)

and that if {A;}ier are the connected components of A, then each A; is convex and there exist
z; € A; and 0 < r} <7} < oo such that

By CACE, . 1>2>1-C)n@)°> % (2.81)
19 19 7&2
r<14+C0(Q), i <14C(n)dQ)~, (2.82)
/ (—F) < Clm) | /0D e (2.8)
Q\UZEI Bz rt

Let us first prove that {f < —p} C Q. indeed, if f(z) < —p but there exists y € 9Q with
ly — x| = dist(z,00Q) < e, then the segment joining z to y is contained in 2, and thus by (2.35)

—p> f(z) > fy) = Co(n) |z —y| = f(y) —p=—p,

a contradiction. Similarly, our choice of p and (2.76) imply the other inclusions in (2.80). By
(2.78), A = {f- < —3p} is an open set with convex connected components {A;};c;. Let z; € A;
be such that f.(x;) < fe(x) for every x € A;, and define

y (2.77),
[V2(f: = gi)(@)| < Cn)n(Q)*,  Veef, (2.84)
so that, by the convexity of A;, gi(z;) = fe(zi), and Vg;(z;) = Vfe(x;) = 0,
|V f(z) — Vgi(z)] < C(n)n(Q)* |z — ;] Vo e A;, (2.85)
|f(@) = gi(@)| < Cn) n(Q) o — |, Va € Aj. (2.86)
Let now ¢ < 7% be such that
ri:sup{r>0:Bxi7rCAi}, rézinf{r>0:AiCBxi,T}.

By definition there are vq,v9 € S™ such that x; + r’iul , T + réug € 0A; C {f- = —3p}: hence,
0 = felwitrim) — fozi+rin) (2.87)
> gi(x; + i) — gi(zi + rivi) — C(n) n()* (r})? + (r5)?)
()? — (11
2(n+1)
that is, setting t = r5/rt > 1,
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thus proving (2.81). The second inequality in (2.82) follows from (2.81) and (2.11), while the
first one is proved by noticing that B, .. C €, and thus for some zo € 0 one has n/r; >

H(xo) > Ho(1 —46(2)) =n(1 —6()). Finally, thanks to (2.80) and (2.5),
[ oens [ en <)< cm e o, (2.53)
o\A {—f<4p}

while (2.81), "1 —1 < 2n*l (¢t — 1) for t = ri /ri € [1,2], and (2.35) give us

(=) < fllcoy Bl Y_(rs)" = ()"
/14\Ui61 Bzi,ri ;
< ’B| Z i n—i—l
el
< Cn)n(Q)* [A] < C(n) Q2] n(Q2)",

where in the last inequality we have used |A| < |2]. This proves (2.83).
Step three: We show the existence of { By, s, }jes C {B%ri}ie] such that {s;},cs satisfies

maxjey |s; — 1|

Sel i < Cl05()° (2.89)
and, if G* = {J;c; Bs,,s; (so that G* C Q by construction), then

|Q|\Q|G*| < Ci(n)diam(2) | 5(Q)*, (2.90)

Py ;?;)JP(B)‘ < C(n) diam(Q) || 5(Q)°, (2.91)

£I<L, #J<C0)|Q. (2.92)

(Note that (2.91) implies (1.6) by (2.5) and (2.7).) Having in mind to exploit the Pohozaev’s
identity (2.14) (recall the proof of Theorem 2.5), we first notice that, by the divergence theorem
and by (2.35),

n!i\l /aQ(x.m)yvfﬂ _ ‘/dgx Vo) j1) ~1vp)]

< diam(®) (- Jlrl+HVf||com)/ ‘7_|
< C(n)diam(Q) /aQ (nil—lvfl\-

By (2.28) and P(Q2) < C(n) €|, we thus find

12 , 1 2\ 1/2
e —/BQ(x.m)wa < O(n)diam(Q) (P(Q) /aQ ‘n+1 . ny\‘ )
< C(n)diam(Q) P(Q) 5(Q)Y/2. (2.93)

By (2.76), (2.86), and diam(A;) < 2, one has
If = gilleoga, < Cln) QYD 5(Q)7,

)/Qf_;/B%,wigi

thus, by (2.83)
< C(n) |Q|+2/0HD 5y (2.94)
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With z; + rivy as in (2.87), by definition of p and by (2.86) we have
ClOM D §(Q) > 3p = —f(zi +rim)
> —gi(w; +rivi) — C(n) (r])? n(€)*
- e —cw e
2(n+1) ’
that is, since we definitely have r{ < 2,
G fo(z;) < C(n) |V Q).
2(n+1) -
By this last estimate and the definition of g;,

o gy r @l
o) = [ e
@y, z;,7]
i\2 2
< Qa4+ 5 / (r)” = |z — @i
< OB, 10 a@)e+ |
B, »i1(r1)?
- C B 110 1/(n+1)5 0o B

By combining (2.94) with this last inequality we find
‘Br i ‘(Ti)2
—H <y U 4 O(n) Q)Y 5 () 2.95
Len S oy T Om (@) (295)
By Pohozaev’s identity (2.14), (2.93) and (2.95), and by taking into account that |QY/(*+1) <
C(n)diam(©2) and (2.2), we find
diam(€2) P(€) ()2 + |2/ (+D) 5(Q)* < C(n) diam(Q) |Q] §(2)*,
and thus
191 < 37 1B, 167)? + C(n) diam(©) 2 6(2)° (2.96)
il
By [Q > > ic; \B%Tﬂ we finally get
B0 (1= (r)?) < C(n) diam(2) 2] 5(92)° (2.97)
el
Let us set ¢(r) = 7"t (1 —r2), » > 0, and note that

ZT"“, ifOSTS%,
p(r) =9 ", o (2.98)
W, 1f§§7’<1

With €y as in (2.82), let us now set

, 1 :
IF={iel:1<r{<1+C16(Q)"}, I**:{iel:igrﬁgl}
Since B, i C €2 for each i € I and by 0(2) < ¢(n) we find
* ’Q| 7 « : *
# 1< 0=¢p(ry) 2 -C(n)o(Q)*,  Viel”,



HYPERSURFACES WITH ALMOST CONSTANT MEAN CURVATURE 25

so that ‘
=IBIY_ e(ri) < C(n) 2] 6(2)°. (2.99)
el
By combining (2.99) with (2.97) one finds
Bl Y o)) < C(n) diam(Q) 2] 6(2)° . (2.100)
i€I\I*

Since op(r]) > 0 for every ¢ € I \ I*, (2.98) implies that

2 Z ‘Bzi,rﬂ < ’B‘ Z (,O(Tli),

iel\(I*UI**) ieI\(I*UI*+)
and thus, by (2.100),
Z By, il < C(n) diam(Q) 2] 5(€2) . (2.101)
ieI\(I*UI**)

We now prove that 7t is close to 1 for every i € I**. Indeed, by exploiting again the fact that
@(r}) > 0 for every i € I\ I*, together with (2.100) and (2.98), we find that

1 ; . ™
= > (1 —r)) < C(n) diam(Q) 2] 5(2)*
eI+

which in particular gives

1>7r) >1—C(n)diam(Q) |Q|5(Q)*,  Vie I*. (2.102)
Finally, if we set J = I* U™ and s; = r{ for j € J, then (2.89) follows from (2.102) and the
definition of I*, while (2.96), (2.101) and (2.89) give us

£ 3 [Buyy| 52 + Cn) diam(®) 2] 5(2)°
jeJ
< (14 C(n)diam(Q2) |2 6(Q)%) |G*| + C(n) diam(Q2) || 6(2)<,
ie.
1Q\ G*| < C(n) diam(Q) |Q| |G*| 5(Q)* < C(n) diam(Q) |22 5(Q)* .

This proves (2.90). Now by (2.89) and since s; > 1/2

[P(G) = (n+ DG = (n+1)|B]Y_s}ls; =1 < C(n) max |s; — 1| | B| > st
jeJ ! jeJ
< C(n)diam(Q)|Q[*§(Q)*,

so that (2.2) gives us
P(Q) = PG| = [(n+ D)2l - P(GY)] < Cm) |0 - |G*]] + C(n) diam(©) |2 6(2)°
< C(n)diam(Q) QP 5(Q)*,
which proves (2.91) as |©2] < C(n) P(2), and since, by an entirely similar argument,
|P(G*) — #J P(B)| < C(n) P(Q) diam(Q) [Q] ()~ .
We conclude this step by proving (2.92): indeed, by (2.5), (2.7) and (2.89)
(L+1—-0a)|B| > Q] > |G| > (1 —C(n,L)6(Q))|B|#J ,
and thus we conclude by 6(Q2) < ¢(n, L, a).
Step four: We prove that

max g+ dist(z, 0N) o
< . .
@) < C(n)5(Q) (2.103)
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We first notice that if xo € 9A;, then by (2.85), A; C B, i and 7, < 2, one has

T2

(w0 — ;)
n+1

V fe(o) —

so that, by |xg — x;| > ri > 1/2, one finds
|V fe(z0)| > c1(n), Vag € 0A; .

Let A} be the set of points x € €2 \ A; such that if 9 € 0A; denotes the projection of & onto
the convex set A;, then the open segment joining x to z¢ is entirely contained in Q. (and thus
in AY: in particular, A} is connected). By (2.78), f-(x) < 0 and 0A; C {f: = —3p}, we get

< C8(Q)°,

1
3p > fe(x) = fe(mo) = Ve(0) - (z — m0) + ;/o V2 fe(ta + (1 — t)zo)[x — 0, @ — @] dt

ca(n)

2
where we have used the fact that both V f.(z¢) and x — z¢ are orthogonal to 0A; at xp, and we
have assumed that |z — zg| < ¢1(n)/2C2(n). If we denote by

L(X)={zeR"! :dist(z,X) <d}, XCR"™ d>0,
the d-neighborhood of a set X, then, setting ko(n) = ¢1(n)/2C2(n), we obtain
Tio(n) (Ai) NVAT C Tgp ey (n) (Ai) -
By connectedness of A and by §(€2) < ¢(n, L), this proves that
A7 C Loy, (n)(Ai) .-

Since A; CC Q. (thanks to (2.80)), for every z € 0A;, there exists y € 92 such the open
segment joining = and y is entirely contained in A}, and the length of this segment is bounded
by 6p/ci(n), so that

Y

IV fe(zo0)|z — zo| — Ca(n) |z — xof* > |z — ol

0Ai C Lop/cy(n)(092e) C Lo (6p/cr (n)) (02) -
Step five: We construct a family of disjoint balls {sz,l}je J such that if we set

G = U Bz,
Jje€J
then
|QAG] max,egq dist(z, 9€)
| diam(Q2)
(Note that (2.104) imply (1.5) and (1.7) thanks to (2.5) and (2.7).) Indeed if we set s; =
min{s;, 1}, then {B%S; }ies is a family of disjoint balls such that G’ = UjeJ ij,s;_ satisfies
G' Cc Q and
|2\ G| max,ecgq dist(z, 092)
19 diam(Q)
thanks to (2.90), (2.103) and (2.89). Next, let us fix jo € J such that 1 > s;,. By translating
each z; with j # jo into

< CO(n) diam(Q) |Q] 6(Q)°, < CO(n)|Q)5(Q)*.  (2.104)

< C(n)diam(Q) Q] 5(Q)*,

< Cn)1Q6(Q)*, (2.105)

Lj — Ljo

T =x;+(1—s8j) ——,
J J ( ]0) ‘IL’] _ x]O‘
and setting 8; = s; if j # jo, 8j, = 1, Tj, = xj,, we find that {B;, s, }je s is a family of disjoint

balls such that G' = J

|QAG]
€2

e Bj, s satisfies
max_ . dist(x, 09)
diam(2)

< C(n) diam(Q) |Q] 6(Q)° < C(n)|Q[6(Q)*,  (2.106)
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thanks to (2.105) and (2.89). By iteratively repeating this procedure on each j € J such that
5; < 1 we finally construct a family G with the required properties.

Step siz: In this step we complete the proof of Theorem 1.1 up to statements (i) and (ii). To this
end, we want to apply Lemma 2.8 to 2 and G. We first notice that for every x € 0G, thanks to
(1.7), there exists g(z) € 09 such that

|z — g(x)|] < C(n)diam(Q) [Q]5(2)°. (2.107)
(The point g(z) will play the role of y in Lemma 2.8.) Setting S; = 9B, 1 for j € J, we define
{rz}zcac by the rule
ry = sup {7“ € (0,26(2)%) : By, N (G \ ;) = @}, ifjeJ, zes;, (2.108)
and then set
Y= {z€dG:r, >45(Q)°}, (2.109)

for some 5 = f(n) € (0,a) to be suitable chosen later on, see (2.134). With X, defined as in
(2.51), see the statement of Lemma 2.8, it is clear that we can choose c3(n) > 0 in such a way
that

YyCE*, for A =c3(n) Q)72 (2.110)
In particular, by Remark 2.9 and by (2.92),

O0G \ X consists of at most C'(n)#.J-many spherical caps

' (2.111)
whose diameters are bounded by C(n) A < C(n)§(Q)%/2.
We now claim that for every x € ¥, A as in (2.110), one can find p, such that,
2
CO(T;) A < < co(n) A2, (2.112)
o(09 9(2), pz) < G0(m) A(n) (2.113)
2
[z —g(z)| < ao(g)px : (2.114)
RAG] < C(n) 2+ 0(00, g(x), pa) (2.115)

where og(n) and A(n) are as in Lemma 2.8. In proving the claim, the harder task is accommo-
dating (2.113), because it requires to control the perimeter convergence of €2 to G localized in
balls in terms of the Alexandrov’s deficit.

We now prove the claim. First of all we notice that in order to entail (2.112), and thanks
to X C ¥*, (2.108) and (2.109), it is enough to pick p, satisfying

04;") re < pp < ca(n)re, (2.116)
for a suitable constant ¢4 € (0,1). Next, we notice that by 6(£2) < ¢(n, L) we can entail

sup 7, < 26(Q)° < ri(n), (2.117)

TEX )\

for an arbitrarily small constant r,(n). Provided r.(n) is small enough, then (2.117), (2.60) and
(2.61) give us

P(G;By,) < (14 C(n)r*) w,r™, Vr <1y, (2.118)
sup {|(p — z) - ve(z)| : p € By NOG} < C(n)r?, Vr <7y (2.119)
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(We are going to use this bounds to quantify the size of P(G; By, ), see (2.132) below.) By
Chebyshev inequality and by (2.90), we can pick p, satisfying (2.116) and

W ((Q\G)NDByy,.) < O QP diam(@)5(@) 7, (2120)
H'((0QUOG* UOG) N OBy ) = 0. (2.121)

(Notice that we are using G* in place of G here, because G* is contained in 2, and this will
simplify a key computation based on the divergence theorem.) We include a brief justification
of (2.120) for the sake of clarity: let us set

W= {pe (C4Tz

then, with C(n) as in (2.90) and for a suitably large value of K(n), we have H!'(W) <
(C(n)/K(n))§(Q)? < ¢, 6(2)P/2 < cyry/2. Now let us consider the open sets

Ui={yeR ily—zl<ly-z| W £}, el

so that B, 1 C Uj for every j € J, and {Uj} e is a partition of R"*! modulo a H"-dimensional

set. The boundary of each U; is contained into finitely many hyperplanes {Lj,i}?ijl, where
m; < #J < C(n)|. Thus

#{(G,1):j €T, 1<i<m;} <Cn)[QP. (2.122)
We claim the existence of v € S™ and t* € R such that, setting L;‘Z =t*v+ Lj,,

, C4 Tm) : Hn((Q \ G*) N 8Bg(:r:),,o) > K(n) ‘9’2 diam(Q) 5(Q)a_ﬁ} )

HM(L:,N(Q\GY) < C(n)]Q° diam(Q) §(Q)*/2, (2.123)
it < 6(Q)/2, (2.124)
H" (L5, N(0QUIG")) = 0. (2.125)
To choose v, we let vj; be a normal vector to L;;, and require v € S™ to be such that
- v >c’“"g§?, VieJ,1<i<m,. (2.126)

(The existence of such v is deduced by observing that if § > 0, then each spherical stripe
Y]el ={ue S":|u-v;;| <0} satisfies ?—[”(Yj@z) < C(n)6 so that by (2.122)

H(sm\ U U Yf) = H(S™) = C(n) [920 > 0,
jeJi=1

provided 0 = ¢(n)/|Q|? for a suitably small value of ¢(n).) We now find ¢*. For a constant M (n)
to be properly chosen, let us set

L= {t ER: [t < 52, H ((Q\ G*) N (tv+ L;,;)) > M(n) Q| diam(Q) 5<Q)a/2} .

If fjﬂ‘(y) =yY-Vji then Lj,i = {fjﬂ' = /Bjﬂ'} for some Bj,ia while tv + Lj,i = {Ej,i = ﬁjﬂ' +tu- Vj,i}-
By (2.90) and Fubini’s theorem we find

C1(n)|Q[? diam(Q) §(Q)> > |Q\ G*| = /]R’H”((Q \G*)N{¢;; = s})ds

Y

- /RH%(Q\G*)m{eM:Bjﬁm-yj,i})dt

o vy H (L) M (n) |9 diam(©2) 5(2)*/2

V
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that is, by (2.126),

2417 Cl(n)‘S(Q)a/Q
0 H (13) < = R

By combining this estimate with (2.122), we see that if M (n) is large enough, then

VieJ,1<i<m;.

(0@, 59\ | U L) >0,

jedi=1
that is, there exists t* such that (2.123), (2.124) and (2.125) hold. If we set U; = t* v+ U}, then
{Uf}je 7 is a partition of R"*! modulo a H"-dimensional set such that OU + is contained into
the hyperplanes {L;"l ?ljl and such that

H™(OU; N(Q\GY)) < C(n) | diam(Q) 6(Q)*/2, (2.127)
H"(OU; N (0QUOG*)) = 0, (2.128)
H'((UF NOG*)AS))) < C(n)s(Q)~2. (2.129)

Here, (2.127) and (2.128) are immediate from (2.123) and (2.125). To prove (2.129), let us recall
that S; = 0By, s; C Uj, so that by translating the boundary hyperplanes of U; by t* v with

< we have possibly cut out from S; at most m ;-many spherical caps o -measure
t*] < 5(2)? we h ibly cut out from S; at most m; herical fH"
bounded above by

C(n) [t]"/* < C(n) s(Q)" 4,
that is, thanks also to m; < L,
H™((U; N S;)AS;) < C(n) L5(Q)"/* < C(n) 5(Q)*/2,

thanks to §(Q2) < ¢(n,L). By a similar argument, since H"(S;; N U;) = 0 for j # j', we have
that H"(U; N Sj) < C(n) 5(Q)%/2, and thus (2.129) is proved.

We now apply the divergence theorem to the vector field y — (y — 2;)/|y — ;| on the set of
finite perimeter (2\ G*) N (U] \ By(a),p,)- Since div ((y — z;)/|y — zj|) = n/ly — ;| for y # 2;
and G* C Q, by exploiting [Mag12, Theorem 16.3], one finds

_ . .
0 < / | -ug(y)dHZ—/ Y5 g (y) dHE
(UN\By(ay p )02 Y = 7 (US\By(ay pe)0G* 1Y = Zj]

Y—zj
+/ =2 VUNBer (y) dH,
8(U;\Bg(:c),px)m(Q\G*) Y Zj

< P(QUS\ Byay ) + M ((0UF UOBy(o,,) N (2 G7))
—P(G*;U; \ By(z),p,) + C(n) 6(0)*/?

where in the last inequality we have used vg+(y) - [((y — 2;)/(y — 2j)] = 1 if y € S; and (2.129).
By combining this last inequality with (2.120) and (2.127) we thus find

P(GH UG\ Byayp,) = PBU;\ By p)
O |9 diam(Q) (5(Q>a—6 + | 5({2)&/2) )
By adding up over j € J, and since #J < C(n) 9], we thus find
P(G* RN By ) < PR\ By ,,)
C(n) 9 diam(Q) (5(Q)a—,8 + ] 5(Q)a/2> )
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which gives us, keeping in mind the construction used in step five to define G starting from G*,
and also thanks to (2.89) and §(2) < ¢(n),

P(G; R\ By p.) < POGR™I\ By ) (2.130)
+C(n) 0 diam(Q) (8(2)77 + 0 5(2)*/2)
which, combined with (1.6) and (2.121), gives us
P(2 By(a) ) = P(Q) = PR\ By ) (2.131)
< P(G) = P(GiR™\ By ) + Cn) |9 diam(Q) (8(2)°7 + [0 6(2)*/2)

P(G; Byay o) + C(n) 10 diam(©) (8(2)*~7 + | 6(2)°/?) .

By (2.107), (2.5), (2.7), and thanks to 6(Q2) < ¢(n, L), we entail By, ,. C Ba,,, so that, by

definition of r,,
P(G; B /7"[n(Bg(gﬂ)’p.r N BG) = /Hn(Bg(x)’pm N Sj)

< (L4 C) p) H'(Bay, 18;) = (1+ C(0) pu) P(G: Bay)

By combining this inequality with (2.131), (2.118), (2.109) and (2.116) we find

W —1 = COpet C[E:) [ diam(@) (5(2)°7 + QI 6(@)°?)  (2.132)
< C(n) (5(9)5 + QP diam(Q) (§(Q)o~(+HDF 4 yQ|45(Q)<a/2)—nﬁ)) _

By combining (2.132) with (2.49) (the definition of ¢(99, g(x), p.)), (2-6) and p, < 26(2)%, we
find

o(09, g(), po) < C(n) (8(2)7 + 0 diam(@) (5(2)*~ D7 + Qi) (/2 =7) )
For this estimate to be nontrivial we definitely need
a>max{(n+1)5,2np} =2np.
Under this assumption we have a — (n + 1) > (a/2) — n/3, and thus

o(0Q,9(x),px) < C(n) (5(9)'34-\Q]7diam(9)5(9)(a/z)*"5>

< C(n) Q| diam(Q) §(€)*/2+1) (2.133)
where we have set
o'
p= 2n+1)’ (2.134)

in order to have § = (a/2) — nf. By 6(Q2) < ¢(n, L) and by (2.133), we have thus proved so far
that for every x € 3 one can find g(z) € 9Q and p, € (0,1) such that (2.112) and (2.113) hold.

In order to prove our claim, we are left to prove (2.114) and (2.115). By (2.107), (2.5)
and (2.7) we have |z — g(z)| < C(n, L) §(Q) while og(n)p2/2 > c¢(n)d(2)?? by (2.112), so that
(2.114) follows by 0(£2) < ¢(n, L) thanks to the fact that o > 2. Similarly, concerning (2.115)
we see by (2.6) that o(99, g(x), pz) > n py so that

P o (09, g(), pae) A > e(n) pit? = ¢(n) §(Q)PF2)

while (1.5) gives us |QAG| < C(n, L) §(Q)%, so that §(Q) < ¢(n, L) implies (2.115) thanks to
the fact that o > B(n + 2).
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We thus proved our claim: for every z € X, there exists g(z) € 09 and p, satisfying
(2.112)—(2.115). By (2.110) and 6(92) < ¢(n, L) we have that A < A(n), and thus we can apply
Lemma 2.8 to find a function v : 35 — R such that,

1Yl < Clny), ¥y e (0,1), (2.135
A2 [¢llcosy) + IVElloogsy) < C(n) max (09, g(z), pa)/*", (2.136
(Id + ¢rg)(3y) € 09. (2.137

(Notice that (2.135) is (2.56).) Moreover, let us recall from the proof of Lemma 2.8 (see (2.59)
that if € £, N S}, then the function ¢ is actually defined on C** NoG = CH= ns;,

)
)
)
)

z,00 pa /4 x,00 pa /4
with
cl N0 C (d+dre)(C  NaG) CCnon,

. (2.138)
Illevers | noc) < C(n)o (99, g(x), pu) /"

Now, by (2.107), 6() < ¢(n, L), and og pz/8 > c(n) 5(2)” we find

Ha
g(x )chaop /8ﬂ89

and thus, by the first inclusion in (2.138), there exists y € CH* N OG such that

9(x) =y +¢(yva(y) .
By (2.138), (2.133), and §(92) < ¢(n, L) we can definitely ensure

WHCI(C“Z L paya0G) = c(n), (2.139)

so that, taking into account that (2.119) gives \( —1z)-va(y)| < C(n) |y — x|, we find that

z,00 pa /4

2
-y
o(a) — 2 > 2~y + )P~ 2llener o o) - (- = ZE )P

Again by (2.107) we conclude |z — y| + |¢(y)] < C(n) || diam(2) 6(2)*, and thus, provided
c(n) < 1in (2.139), [¢(z)] < C(n)|Q|diam(2) §(2)®. We have thus improved the C°-bound on
¥ in (2.136), by showing that

[¥]lcogsy) < Cs(n) [ diam(€2) 6(2)“ . (2.140)
By combining (2.133) with (2.136) and diam(£2) < C(n) P(2) < C(n)|Q|, we obtain
IVl cogsyy < Cln) QP 5(Q)%4 (2.141)

(By (2.140) and (2.141) we deduce (1.10).) Next, by (2.111) and by #J < C(n)|Q] <
C(n) P(€2), we have

H(OG \ ) < C(n) P(Q)6(Q)"P/2 (2.142)
while by the area formula

1+ 0r6)(E) = [0+ (1 0 Dva,

so that
[H" () = H (Md +vre)(E0)] < PG)([Wlloos,) + IVElZo,))
< C(n) P() |2 5()72",
where in the last inequality we have used P(G) < 2 P(Q) (which follows by 4(£2) < ¢(n, L) and
(2.91)) together with (2.140) and (2.141). By (2.91), (2.142), and

H™ (90 (Id + ¥ vG)(E)))
< P(Q) = P(G) + H"(OG\ ) + [H"(2y) = H"((Id + ¢ va) (X))
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we thus obtain
H (90 (Id + Y ) (E2))
P(Q)
Now let zg € 92 and 7 > 0 be such that

7 = max dist(z, 0G) = dist(zo, 0G) ,

€N

and assume that 7 > 26 for § = C3(n)diam(Q2) |Q]5(Q2)*. By (2.140) and since By, , C
R™1\ G, one has

< C(n) QP 5(0)5/% . (2.143)

Bugr—0 C R™\ Ip(8G) C R™H\ (Id + 9vg) (%)),
so that, thanks to (2.9),
c(n) min{1,7 — 0}" < P(Q, Byyr—g) < H"(OQ\ (Id + yug)(Ey)) < C(n) P(Q) QY™ 5(Q)7/2".
By §(Q2) < ¢(n, L) we thus find min{l,7 — 6} = 7 — 6, and thus
7 < 0+ C(n) P(Q)V™ QY™ §(Q)/2* < C(n) P(O)Y™ |07 5(2)%/27" .
Since P(Q) < C(n)|Q] < C(n)diam(Q)"*! and diam(Q) < C(n)|Q|, we find P(Q)/" <
C(n) diam(Q2) |Q|"/™ and thus conclude that
max,cgq dist(z, 0G)
diam(€?)

where have simplified some powers on || by noticing that (4/n?) + (1/n) < 3/n. By combining
(2.104) and (2.144) we obtain (1.8).

< C(n) Q¥ 5(Q)P/2 (2.144)

Step seven: We complete the proof of the theorem. By contradiction, and by definition of 3y, if
# J > 2 and dist(S}, S¢) > 4\ for every £ # j, then S; C Xy, and thus I'; = (Id+vvg)(S;) C 09,
with I'; connected. Since 0f) is connected, we conclude that 02 =T';, thus that # J = 1. This
proves that if # J > 2, then for every j € J there is ¢ # j such that dist(S;,S¢) < 4\, and
then (i) follows by diam(2) > ¢(n) [QY/+1) > ¢(n). In order to prove (ii), let us assume that
#J > 2 and let j # £ € J be such that (1.12) holds. Let us set

zjtze  Zjt+Ze
2 2
where Z; and z, belong to the closed segment joining z; and 2z, and are such that

0Bz,1 N 0Bz, 1 = {z}.
In this way, for every r € (0, k) and thanks to (1.12) we have
C(n) ™2 > By, \ (Bz;1U Bs,1)| = |Buy \ (Bz;1 U Bayt)| = C(n) 6(Q)2/40 1)
By (1.5) we have
|Bo \ (Biyt UBy1)| > [Baw \ Gl > [Boy \ Q] = Cln) L 5(Q)°,
so that by (1.13) we finally get
kBl < C(n) (L36(Q)% + §(Q)/4HD 4 pnt2) -y < .

We now use this inequality with r = ¥k, with 9 = ¥(n) € (0,1) to be properly chosen. By
5(R?) < ¢(n, L, k) we can entail,

L35(Q)a + 6(9)04/4(714—1) < 1971—1—2 /{n+27

thus finding £"*2 |B| 9"+ < C(n) 97 +2 k"*2. This is of course a contradiction if we pick ¢ small
enough. The proof of Theorem 1.1 is complete. O
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3. AN APPLICATION TO CAPILLARITY-TYPE ENERGIES

Proof of Proposition 1.2. 1t is well-known that (1.19) implies the existence of a constant A\ € R
such that

/ div39X+/ g(X-uQ):A/ (X -vq), VX e€CP@RVHRM), (3.1)
o0 Q o0

Since Ry > 0 is such that @ CC Bag,, by testing (3.1) with X(z) = ¢(z)x for some ¢ €
C2°(Bag,) with ¢ = 1 on , one easily obtains that

(n+1)|QA=nP(Q)+ / div (z, g(x)) dx . (3.2)
Q
At the same time, since 99 is of class C2, (3.1) implies that H + g = X\ on 052, which combined
with (3.2) gives

H(x) — H 1 Jo div (z g(z)) dz
Ho O:Fo<_ @)+ e )

By the isoperimetric inequality,

_ Cllglicr(sry) '
S —m

5(Q)

1/(n+1) | |n/ (n+1) 1/(n+1
Hy— n P(Q) Zn(n—|—1)|B| 192 :n<@> /(n+1)
(n+1)19 (n+1)1€] 9]
so that 6(Q2) < C(n) HgH(ﬂ(BRO) m!/ (1) that is (1.20). O

APPENDIX A. ALMOST-CONSTANT MEAN CURVATURE IMPLIES ALMOST-UMBILICALITY

The purpose of this appendix is to discuss the relation between the Alexandrov’s deficit 6(12)
and the size of the traceless part A of the second fundamental form A of 9. Having in mind
the quantitative results for almost-umbilical surfaces by De Lellis-Miiller [DLM05, DLMO06] and
Perez [Perl1], we seek for a control of A in LP(AQ) for some p > n. In this direction, we have
the following proposition, where 1(£2) denotes the Heintze-Karcher deficit of 2, see (2.10).

Proposition A.1. If @ C R""! (n > 2) is a bounded connected open set with C?-boundary,
H >0 on 09, and 6(Q) < 1/2, then

1/(n+1 e
Cn) (P@ 0" Al gy = I Allsoey, Ve [n+1], (A1)
where p* = (n+ 1)p/[(n+ 1) —p] if p <n+1, and p* = 400 otherwise.

Before proving Proposition A.1, let us discuss (A.1) in connection with the above mentioned
results for almost-umbilical surfaces. Let us consider

Op(2) = inf [|A = Aldll ooy,  p21,
as a measure of the non-umbilicality of J€2. In [Perll, Theorem 1.1] it is shown that if Q is a
bounded connected open set with smooth boundary such that
P) =P(B),  [AllLoe <K,
for some p € (n, ), then

inf |4 = Ad]lra0) < Cn, p, K) 1Al Ly o) - (A.2)

Moreover, in [Perll, Corollary 1.2] it is shown that for every € > 0 there exists ¢ = ¢(n, p, K, ¢)
such that if

Al ooy <c = inf hd(9Q,0B,1) < €. (A.3)

zeRn+1
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By combining (A.1) and (A.2) with n(Q2) < 6(€2), we deduce that, if P(Q2) = P(B), H > 0 and
5(2) < 1/2, then
017(9) < C(napv HAHLP* (89)) 5(9)1/(n+1) :
If, in addition, 6(2) < c(n, p, [| Al o (90)- €), then, by (A.3),
inf hd(99Q,0B;1) < €.

rER+ +1

A similar comparison is possible with the results of De Lellis and Miiller, which pertain the case
n = p = 2. In conclusion, the use of almost-umbilicality in attacking Theorem 1.1 does not seem
to provide one with a starting point as effective as the one based on the study of the torsion
potential discussed in section 2. We finally prove the above proposition.

Proof of Proposition A.1. This is consequence of the proof of the Heintze-Karcher inequality by
Montiel-Ros [MR91], which we now recall for the reader’s convenience. For each x € 00 let
{ki(x)}_, be the principal curvatures of 2 at x, so that, if we set kx = maxi<;<y K, then
k> H/n >0 on 0. Let us consider the set

F:{(x,t)ean(O,oo):tgﬁ(lx)},

and the function g : 9Q x (0, 00) — R"**!
g(z,t) =z —tvg(x), (x,t) € 9Q x (0,00) .

We claim that Q C g(T'). Indeed, given y € Q let x € 9Q be such that |z — y| = dist(y, 9Q). If
v is a curve in 90 with v(0) = z and +/(0) = 7 € S™, then we obtain

(Y= -+ =0,  (7(0)—y)-7"(0)++'(0)*>0.

In particular, there exists t > 0 such that x = y — tvq(y), and it must be 1 — k(y)t > 0. We
now combine 2 C ¢(I') with the area formula, the arithmetic-geometric mean inequality, and
k > H/n, to prove the Heintze-Karcher inequality

Q] < Jg(0) < / HO(g™ (y)) dy = /F JT g t) dH" (x) dt

1/}-@ n

= /anH/ Hl—t"%

=1

/K 1 n n /K H\n
< / dH”/ - 1—mi)) dt:/ d’H”/ (1—t—) dt
0 ns 0 0 n

1 n
< dH" 1—15— dtz —.
- /asz / n+1 /oo H

This chain of inequalities implies of course the following identity

n n(§2) 1 / n 1 Hyntl /
/aﬂH 7 n+1 n+1 aQH( ﬁn) + FMA e (A-4)

[0 ) - 1) dy+ (9()] - 19)
9(I)

where for every (z,t) € I' we have set p;(x,t) =1 —tk;(x) (note that p; > 0 on I') and

n
f%Zm, ﬂc—Hul/"-
=1
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The first two terms on the right-hand side of (A.4) provide some control on A. Since |A(xz)| <
C(n) |k(x) — (H(x)/n)| for every x € 0%, by looking at the first term, we get

coyn@ [ %= [ Qg(‘fj’)”“,

that is, by exploiting §(2) < 1/2 to infer Hy/2 < H(z) < 2H, for every = € 01,

com P@u@) = | (Hy,

KR

We thus conclude the proof by Holder inequality. O
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