MINIMAL SURFACES AND HARMONIC FUNCTIONS
IN THE HEISENBERG GROUP

ROBERTO MONTI

ABSTRACT. We study the blow-up of H-perimeter minimizing sets in the Heisen-
berg group H", n > 2. We show that the Lipschitz approximations rescaled by the
square root of excess converge to a limit function. Assuming a stronger notion of lo-
cal minimality, we prove that this limit function is harmonic for the Kohn Laplacian

in a lower dimensional Heisenberg group.
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1. INTRODUCTION

One of the central facts in the regularity theory of minimal currents and of mini-
mal boundaries in R" is the existence of a harmonic function in the blow-up of the
Lipschitz approximation of the current rescaled by excess. The heuristic idea behind
this phenomenon is the fact that if a function f : D — R, with D C R*!, is a local

minimizer of the area functional

A(f) = /D VIt V@) Pda
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and f is almost flat, i.e., |V f(z)| is almost 0, then f is almost a minimizer of the

Dirichlet functional
1
D)= [ IVH@)de,
D

that is the first order term in the Taylor development of the area functional. For this

reason, a function f in the blow-up of a minimal boundary is harmonic
Af(r)=0, ze€DCR""

The L? estimates on the derivatives of harmonic functions give the decay estimate of
excess, that in turn implies the C1* regularity of the minimal boundary.

In this paper, we investigate the existence of a similar phenomenon in the case
of a nonelliptic perimeter, as the horizontal perimeter in the Heisenberg group. Our
results are not satisfactory because they hold for sets that are H-perimeter minimizing
in a stronger sense, that is not the natural one. However, they are the first example
of “harmonic approximation” of minimal boundaries for a nonelliptic perimeter and
they suggest an interesting research direction in the regularity theory. So far, the
regularity theory for H-minimal surfaces always starts from some initial regularity
(see [4], [5], [6], [7], [18]). See, however, the Lipschitz approximation [14] and the
height estimate proved in [17].

The 2n + 1-dimensional Heisenberg group is the manifold H* = C* x R, n € N,
endowed with the group product

(z,t)*((,T):(z+§,t+7+21m<z,§>), (1.1)

wheret,7 € R, 2,{ € C"and (z,() = 2:(1+. . .+2,(,. The Lie algebra of left-invariant
vector fields in H" is spanned by the vector fields

9 B 9 B 0
X; = 8_% + Qyja’ Y, = a—yj — ija, and T = a, (1'2)

with z; = x; +4y; and 7 = 1,...,n. We denote by H the horizontal subbundle of
TH". Namely, for any p = (z,t) € H" we let

H, = span{Xl(p), o Xa(p), Yi(p), ... ,Yn(p)}.
The H-perimeter of a £?"-measurable set £ C H" in an open set 2 C H" is

Py (E; Q) = sup {/ divgVdzdt : V € CHOQ;RY™), [[V]|oo < 1} ,
E

where V' : Q — R?" is naturally identified with the horizontal vector field V =
> -1 ViXj + Viy ;Y and the horizontal divergence of V' is

divyV =Y X,V + YVi.

=1
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We use the notation pg(Q2) = Py(E;Q). If ug(Q) < oo we say that E has finite
H-perimeter in . If ug(A) < oo for any open set A CC €, we say that E has locally
finite H-perimeter in €. In this case, the open sets mapping A — pg(A) extends to a
Radon measure pp on €2 that is called H-perimeter measure induced by E. Moreover,
there exists a ug-measurable function vg :  — H such that |vg| = 1 pg-a.e. and the

Gauss-Green integration by parts formula

/(V, vg)dug = —/diVHdedt
Q Q

holds for any V' € C!(Q;R?*"). Here and hereafter, (-,-) denotes the standard scalar
product in R?". The vector v is called horizontal inner normal of E in €.

We consider a set £ C H" with 0 € 0*F, the H-reduced boundary of E, that is a
local minimizer of H-perimeter in a neighborhood of 0 and we rescale F to a unitary
scale to have infinitesimal excess. In this way, we have a sequence of sets Ej, that are
H-perimeter minimizing and have infinitesimal excess ny,, h € N.

In Section 2, we use the Lipschitz approximation proved in [14] to obtain a sequence
of instrinsic Lipschitz functions (¢p,)reny Whose graphs cover in measure a large part
of the boundary of the rescaled sets Fj. By the Poincaré inequality recently proved
in [8], we can show that there is subsequence of (p,/np)ren converging to a function
@ in a suitable Sobolev space. To have this limit function, only the density estimates
for minimal boundaries are in fact used and so the result extends to A-minima. The
Poincaré inequality mentioned above is for functions in domains of R x H”~! and it
holds only when n > 2. This is one of the reasons why our discussion is limited to
dimensions n > 2.

The area functional of an intrinsic Lipschitz function ¢ : D — R, where now

D C R x H* !, is of the form

A(p) :/D\/l—{— (Vep|2dw, (1.3)

where dw is the Lebesgue measure on W = R x H*! and V¥ is a nonlinear gra-
dient that is defined in the sense of distributions, known as “intrinsic gradient”, see
Definition 2.3. The area formula (1.3) is obtained in [9] Theorem 6.5 part (vi) and in
[2] Proposition 2.22. However, the Dirichlet functional

1
Dg) =5 /D VP lPdw

does not catch the correct regularity of the limit function, because in the blow-up
there is a linearization of the nonlinear gradient V¥, see Theorem 2.5. After this
linearization, the relevant Dirichlet functional turns out to be

Di(p) =5 /D { (3-;;)2 + ]Z:(sto)? + (V) b, (1.4)
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where y; € R is the variable of the factor R in the Cartesian product R x H*™1.
The Dirichlet form (1.4) identifies the differentiability class where the limit of the

(sub)sequence (@n/Mn)nen lies.

In Section 3, we deduce from the minimality of E further properties of the limit
function ¢. We use the first order Taylor expansion of H-perimeter (3.41), that holds
for any set with finite H-perimeter (these sets may be unrectifiable in the standard
sense). We obtain two results. First, we prove that if F is a set that locally minimizes
H-perimeter then the function ¢ : D C R x H*~! — R is independent of the variable
yp of the factor R, see the first claim of Theorem 3.2. This fact seems to have no
counterpart in the classical theory.

The second result holds for a stronger notion of minimality. The homogeneous cube
centered at 0 € H" and with radius » > 0 is

Qr={(z,t) eH": |z| <r,|yi| <rmJt| <r® i=1,....n}. (1.5)
Definition 1.1. We say that a set £ C H" is H-perimeter minimizing in @, if

PH(E7QT‘) < PH<F7QT)
for any set F' C H" such that FAF is a compact subset of Q,.

Let E C H" be a set with 0 € 9*E and vg(0) = X;. Let J : H — H be the complex
structure and consider Y; = J(X;). We define the lateral closure of @, relative to the

positive direction Y] as:
Q}“fl’+ = {(Z7t) EH": —r < hn < T, |ZL‘1|, |xz|7 |yz| <, ’t| < 7”2, 1= 27 s 7”}-
We are adding to @), the open face of the boundary where y; = r.

Definition 1.2. We say that a set £ C H" with 0 € 0*F and vg(0) = X; is strongly
H-perimeter minimizing in @), if for any 0 < s < r we have
Py (E;Qs) < Pu(F,Qs)
for any set F' C H" such that EAF N Qy is a compact subset of QY.
Here and hereafter, EAF = E'\ F U F \ F denotes the symmetric difference.
In the second claim of Theorem 3.2, we show that if £ is strongly H-perimeter

minimizing then the function ¢ : D — R, where now D is a subset of H" !, is
H-harmonic, i.e., it solves the partial differential equation

App =0, inDcCH"

where Ay is the Kohn Laplacian in the lower dimensional Heisenberg group H"*

Ay =) XI+Y7 (1.6)

Jj=2
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It is not clear whether the strong H-perimeter minimality can be relaxed to the nat-
ural local minimality. The problem is related to the construction of suitable contact
vector fields in H" with compact support. This problem is explained in Section 3,
along the proof of Theorem 3.2.

The ideas presented in this paper are part of a joint research project with D. Vit-

tone.

2. BLOW-UP AT THE REDUCED BOUNDARY OF MINIMIZERS

In this section, we show that in the blow-up of an H-perimeter minimizing set at
a point of the reduced boundary there is a function belonging to a suitable Sobolev
space.

We use the box-norm ||p||oc = max{|z|, |[t|'/?} for p = (2,t) € H", and the homoge-
neous balls

B, ={peH":|pl|loo <r} and B.(p)=px*xDB,, r>0.

The balls B, are equivalent to the cubes Q),.

2.1. Small excess at the reduced boundary. Let £ C H"” be a set with locally
finite H-perimeter in H". We say that 0 € H" is a point of the H-reduced boundary
of E, 0 € 0*E, if the following three conditions hold: pg(B,) > 0 for all r > 0, we

have

. 1
l%m/ vepdugp = VE(0)7

and |vg(0)] = 1. This definition is introduced and studied in [9]. The horizontal
excess of E'in B,, r > 0, is

T

Exc(E, B,) = VISSIEL o=

| Woste) — v
B

We refer the reader to [13] for an account on excess in the Euclidean setting. Notice
that 7179C; < ug(B,) < r'=QC, for constants 0 < €} < Cy < oo and Q = 2n + 2.
For minimizers, the constants are independent of the point in the reduced boundary.
Thus, if 0 € 0*F is a point in the H-reduced boundary of E then there exists a
sequence 7, — 0% such that

1
IU’E<BTh)
and so we have Exc(E, B,,) < 1/h.
We consider the anisotropic dilations (z,t) — (A2, \*) = dx(z,t), A > 0. The
rescaled sets Ej = 61, B, h € N, satisfy sup,cy Pu(Enp; B1) < oo. Moreover, we

1
/ v — vs(0) P < 1
B

"h

have:
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i) If F is H-perimeter minimizing near 0 € JE*, then each set Ej, is H-perimeter
minimizing in By;
ii) Since excess is scale invariant, there holds Exc(FE}, By) < 1/h;
i) 0 € 0*E,.
Rotating each set Ej, by an isometry fixing the t-axis, we may assume that
Exc(E}, By) :/ lvg, — v|*dug, < %
By

where v € S is a vector independent of h. In fact, we may assume that v = vg(0).

(2.7)

Possibly taking a subsequence, by the compactness theorem for sets with finite H-
perimeter, there exists a set F' C H" such that

lim xp, = xr, in L'(By).

h—o00

Moreover, by the lower semicontinuity of excess we have Exc(F,B;) = 0. Since
0 € OF, when n > 2 this implies that

FNBy ={(21) € By:(z,v) >0},
see [9]. When n = 1, this fact does no longer hold, i.e., OF needs not be flat in any
neighborhood of 0, see [14].

2.2. Lipschitz approximation and intrinsic gradient. We identify the vertical
hyperplane W = R x H"™' = {(z,¢) € H" : 2y = 0} with R*" via the coordinates
w = (Ta,...,Tn,Y1,---,Yn,t). The line flow of the vector field X; starting from the
point (z,t) € W is
exp(sXiy)(z,t) = (z + ser, t + 2y18), s€E€R,
where e; = (1,0,...,0) € R?*™ and 2z = (x,y) € C" = R?", with 2 = (z1,...,2,),
x1=0,and y = (y1,...,Yn).
Let D C W be a set and let ¢ : D — R be a function. The set
E, = {exp(sX1)(w) e H" : s > p(w), w € D} (2.8)
is called intrinsic epigraph of ¢ along X;. The set

gr(p) = { exp(p(w)X;1)(w) € H" : w € D} (2.9)
is called intrinsic graph of ¢ along X;.
We identify v = (1,0,...,0) € R*" with (v,0) € H". For any p € H", we let
v(p) = (p,v)v € H" and we define v*(p) € W C H" as the unique point such that
p=v(p)*v(p). (2.10)
The (open) cone with vertex 0 € H", axis v € R*", |v| = 1, and aperture a € (0, o0]

is the set
C(0,v,a) = {peH": [v"(p)lw < allv(p)lls}- (2.11)
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The cone with vertex p € H", axis v € R?*", and aperture a € (0,00] is the set

C(p,v,a) =pxC(0,v, ).

Definition 2.1 (Intrinsic Lipschitz graphs). Let D C W be a set and let ¢ : D — R
be a function. The function ¢ is L-intrinsic Lipschitz with 0 < L < oo if for any
p € gr(p) there holds

gr(e)NC(p,v,1/L) = 0. (2.12)

The starting point of our argument is the following result of [14] on the Lipschitz ap-
proximation of H-minimal boundaries. We denote by .79~ the (2n + 1)-dimensional
spherical Hausdorff measure constructed using any homogeneous left invariant metric
on H"™. We shall use freely the identity

SN OE = pp. (2.13)

Recall that for an H-perimeter minimizing set F, the reduced boundary 0* E coincides
with the essential boundary, that is denoted by JF.

Theorem 2.2. Let n > 2. For any L > 0 there are constants k > 1 and ¢(L,n) >0
such that for any H-perimeter minimizing set E in By, with 0 € OF and vg(0) =
v = Xy, there exists an L-intrinsic Lipschitz function @ : W — R such that

S (gr(9)AOE) N B,) < o(L,n)(kr)° "Exc(E, By,), 1> 0. (2.14)

Theorem 2.2 holds also for n = 1. In this case, the Lipschitz constant L has to be
suitably large.
We introduce a nonlinear gradient for functions ¢ : D — R with D C W open set.

The Burgers’ operator % : Lip,,.(D) — Li2.(D) is
9y O
B =— — dp—. 2.15
T (2.15)

When ¢ € C(D) is only continuous, we say that %y exists in the sense of distributions
and is represented by a locally bounded function, if there exists a function ¥ € L2 (D)
such that for all ¢» € C}(D) there holds

/Dﬁw dw = — /D {gpg—;/}l — 2@2%—1?}&1). (2.16)

In this case, we let By = 0.
Next, notice that the vector fields X5, ..., X,,, Y5, ..., Y, can be naturally restricted
to W and that they are self-adjoint.

Definition 2.3 (Intrinsic gradient). Let D C W = R?" be an open set and let
¢ € C(D) be a continuous function. We say that the intrinsic gradient V¥¢p €
LOO

> (D;R?"1) exists in the sense of distributions if the distributional derivatives
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Xip, Bo,Yip, 1+ = 2,...,n, are represented by locally bounded functions in D. In
this case, we let

Ve = (Xop, ..., Xnp, B, Yaip, ..., Yyp), (2.17)

and we call V¥¢ the intrinsic gradient of .
When n = 1, the intrinsic gradient reduces to V¥p = Zp.

Theorem 2.4. Let D C W be an open set and ¢ : D — R be a continuous function.

The following statements are equivalent:
A) We have V¥ € L2 (D;R*™1).

B) For any D' CC D, the function ¢ : D" — R is intrinsic Lipschitz.

Moreover, if A) or B) holds then the intrinsic epigraph E, C H" has locally finite
H-perimeter in the cylinder D *x R = {w * (se;) € H" : w € D, s € R}, for £*"-
a.e. w € D the inner horizontal normal to OF,, is

v olw 1 —V?p(w)
v, (w+ p(w)) = ( NiES ¢1+|wgo<w>|2>’ (2.18)

and, for any D' C D, we have the area formula
Py(Ey; D'« R) / V14 |Vep2dw. (2.19)

The equivalence between A) and B) is a deep result that is proved in [3], Theorem

1.1. Formula (2.18) for the normal and the area formula (2.20) are proved in [§]
Corollary 4.2 and Corollary 4.3, respectively. Part of these results is the fact that
|IV¥¢||ls is equivalent to the Lipschitz constant. The area formula (2.19) can be
improved in the following way

/ o) ds, = [ gl plw)VTF Vopl@Pde, (220
OE,N(D'+R) D’

where g : OE, — R is a Borel function.
A result related to Theorem 2.4 can be found in [16], where it is proved that if £ C

H" is a set with finite H-perimeter having controlled normal vg, say (vg,e;) >k > 0

pe-a.e., then the reduced boundary 0*F is an intrinsic Lipschitz graph along Xj;.

2.3. Blow-up of H-minimal boundaries. Let £ C H" be an H-perimeter mini-
mizing set in a neighborhood of 0 € H", with 0 € OF and vg(0) = X;. Let E}, be the
rescaled sets of F introduced before equation (2.7). The square root of excess

Mh = \/ Exc(Ep, B1) (2.21)

is infinitesimal, and we may assume that n, > 0.
Let 0 > 0 be a small number, e.g., 0 < o < 1/k where k > 1 is the geometric
constant given by Theorem 2.2, and let 0 < L < 1 be a Lipschitz constant. Since
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each set F), is H-perimeter minimizing in the ball By, by Theorem 2.2 there exist

L-intrinsic Lipschitz functions ¢y : W — R such that
VQ_l((gr(tph)AaEh) N By) < c(L,n,0)Exc(Ey, By) = conp, (2.22)

where ¢y = ¢(L,n, o).
In this section we prove the following theorem. Recall that the Sobolev space
W4(D) is the set of all ¢ € L?(D) such that the distributional derivatives

0
XQSOM"?XTLgpa_SDaYQQDP"uYn(tDE L2(D>
1

dy

are squared integrable. In this case, we let

0
Vip = <X2g0,...,Xngp,a—;,Yggo,...,Yn¢>.

Theorem 2.5. Let n > 2. Under the assumptions made at the beginning of this
section, there exist an open neighborhood D C W of 0 € W, constants ¢, € R, a
function ¢ € W;I’Q(D), and a selection of indices k — hy such that, for k — oo we

have

Phe — P s o weakly in L*(D),
Ty

\Vi
A JT N Vuy  weakly in L*(D; R*"™1).
Thy,

In the proof of Theorem 2.5, we use the Poincaré inequality of [8]. As in Section
2.1 of [8] (but with our normalization (1.2) of the vector fields), for w = (z,t) € W
and o : W — R we let

1 1
dy(w,0) = 5 max {|2], £+ dp(w)ya |2} + 5 max {|2], [t + 40(0)ga |2}, (2.23)

and, for r > 0,
Up(r) = {w € W : dy(w,0) < r}. (2.24)

Theorem 2.6. Let n > 2 and let p : W — R be an L-intrinsic Lipschitz function.
There exist constants Cy,Cy > 0 depending on L and n such that

[ tetw)—enpPde<cn [ 9rp@Pde, re0 @)
Uw(”) U<p(C27")
where
oy
CUL(r) = g T o(w)dw. (2.26)
"2 Jue

See Corollary 4.5 in [§].
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Proof of Theorem 2.5. By the lower density estimate Py (Ep; By/2) > Co9 ! with a
constant C' > 0 independent of h and, from (2.22), we deduce that gr(¢n) N Byjs # 0
for all h € N large enough. It follows that (details are omitted) there exists e > 0
such that

griop) N{w e W |w| <e1} *xR C B,. (2.27)

Without loss of generality we can assume that ||¢p|lec < 1 for all h € N. Thus, from
(2.23) and (2.24), it follows that there exist €y > 0 and r > 0 such that

D = {w eW:|w| < EQ} C U,,(r) C Uy, (Car) C {w eW:|w| < 51} =D

(2.28)

Then, by (2.22), we deduce the estimate
S (gr(on) \ 0EL) N D' xR) < conj. (2.29)

Let D, C D’ be the set of the points w € D’ such that
1 —V*hpp(w
o400 = (G TR O
and

vi,, (W on(w)) = ve, (w* op(w)). (2.31)

By Theorem 2.4, see formula (2.18), identity (2.30) holds for .#*"-a.e. w € D'. By
the locality of H-perimeter (see Corollary 2.5 in [1]) and by the area formula (2.19),
identity (2.31) holds for #£*"-a.e. w € w(gr(pn) N OE}), where 7 : H* — W is the
projection along X;.

Since each function ¢y, is L-intrinsic Lipschitz with 0 < L < 1, we can assume

V2 oplleo < 1. Then for any point w € Dj, we have:
~ P = P 2 V)l
Ve, (W * pn(w)) = v|” = |vp,, (w) —v]" = S|V en(w)],

where v = (1,0,...,0) € S*". By the area formula (2.20) for intrinsic Lipschitz
functions and by (2.7), we obtain the estimate

/ |V‘Phg0h(w)|2dw <2 lvg, — V]2duEh < 27],2, (2.32)
Dh B

Again by [V || < 1, by the area formula, and by (2.22), we obtain

/ V9 o0 (w)2dw < £ (D' \ Dy)
D'\Dy,

< 9 ((gr(en) \ OBw) N By) < con.

(2.33)

It follows that the sequence of functions |V¥# p|/ns, h € N, is uniformly bounded
in L?(D’). Then there exists a function ® € L?(D’; R?*"~1) such that, possibly taking
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a subsequence, we have as h — oo

V‘Ph ©n
Mh

— & weakly in L*(D';R*1). (2.34)

After a relabeling, we assume here and hereafter that the full sequence is converging.

We denote by @, the mean of ¢, defined in (2.26), namely,

o = m/lj ( )(ph(w)dw, (2.35)

where r > 0 is such that the inclusions in (2.28) hold. By the Poincaré inequality
(2.25), by the inclusions in (2.28), (2.32), and (2.33) we have

/ on(w) — Gudw < / on(w) — @ *dw
D Uwh(r)

< 017“2/ ]V”gph(w)ﬁdw
U<Ph (C2T)

< Cyr? |V“”h<ph(w)|2dw
D/

S 017”2(2 + C())T]?L.

Then, the sequence (@, — @) /nr is uniformly bounded in L?(D). It follows that we
have ¢, — @, — 0 in L?(D). As the sequence of sets (Ej)nen is converging to a
half-plane inside the ball By, we deduce that ¢, — 0 as h — oco. Finally, by weak
compactness there exists a function ¢ € L?*(D) such that, possibly taking a further

subsequence, we have

L LN ¢ weakly in L*(D). (2.36)
T

We claim that ¢ € W};*(D) and that

0
O = Vyp = (Xw, L X, %,Yw, o ,Yng0>, (2.37)
1
in the sense of weak derivatives in L?(D). Notice that the nonlinear derivative %y, /np,
is converging to the linear derivative 9, ¢.
By (2.36), for any test function ¢ € C!(D) we have

lim w@z)dw:/wdw. (2.38)
h—o0 D nh D
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On the other hand, by the distributional definition (2.16) of the derivative ZAy;, we

have

1 1
L Y P —— / {onthys — 2030, }duw
" Jbp " JD

1
o /D {(on — @)y, — 25} — @) }dw

—— [ {B Py, 2Pk g
D Th Th

Since ¢y, + @y, is converging to zero strongly in L?(D) and (¢ — @5)/np is uniformly
bounded in L?(D), we obtain

1
lim —/w%whdw:—/ © Yy, dw.
D D

h—o00 7’]h

A similar argument shows that for any Z € {X,Y} and j = 2,...,n we have

1
lim —/ Y Zion dw = —/ © Zjdw.
D D

h—o0 Mp,

This finishes the proof of (2.37). O

3. H-HARMONCITY OF THE LIMIT FUNCTION

In this section, we prove that the limit function ¢ given by Theorem 2.5 is inde-
pendent of the variable y; dual in the complex sense to the graph direction x;. If the
set E is a strong minimizer in the sense of Definition 1.2, we show that the function

¢ is H-harmonic in H" !, the lower dimensional Heisenberg group.

3.1. First variation formula. We recall the first variation formula for H-perimeter
of sets in H" that are deformed along a contact flow. A diffeomorphism ¥ : Q — ¥(2),
with €2 C H" open set, is a contact map if for any p € 2 the differential ¥, maps
the horizontal space H), into Hy (). A one-parameter flow (¥,),cr of diffeomorphisms
in H" is a contact flow if each U is a contact map. Contact flows are generated by
contact vector fields (see [12]). A contact vector field in H" is a vector field of the

form
n

Vo =3 ()X, = (XG0)Y; — 4T, (3.39)
j=1
where ¢ € C*°(H") is the generating function. For any compact set K C H" we
have the flow ¥ : [—6,0] x K — H" that is defined by ¥(s,p) = Vi, (¥(s,p)) and
U(0,p) = p for any s € [—4,0] and p € K, for some 6 = 6(¢), K) > 0. We call ¥ the
flow generated by ¥. We also let Wy = U(s, ).
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Related to the generating function 1, we have, at any point p € H", the real
quadratic form 2, : H, =+ R

2, ( > aX; +yle) =Y wiwy XY+ (YiVih— X; X ) —yiy; YiXob, (3.40)
j=1 ij=1
where x;,y; € R, and ¢ with its derivatives are evaluated at p. The quadratic form
2., appears in the first variation of H-perimeter along the flow generated by . In the
following, we identify H, with R*" by declaring X7, ..., X,,Y,,...,Y, an orthonormal

basis.

Theorem 3.1. Let Q C H" be a bounded open set and let ¥ : [—6,0] x Q@ — H™ be
the flow generated by b € C°(H™). Then there ezists C' = C(1,Q2) > 0 such that for
any set & C H"™ with finite H-perimeter in () we have

Py(V,(E),¥,(Q)) — Py(E,Q) + s/ {4(n+ )Ty + 2y4(vg) }dus| < C Py(E,Q) s*

(3.41)
for any s € [—0,0].

The proof of Theorem 3.1 when 0E NS is a C*°-smooth hypersurface can be found
in [15]. The proof for a set with finite H-perimeter will appear elsewhere.

3.2. H-harmonicity of ¢. Let F C H" be a set with locally finite H-perimeter in
H"™. Assume that 0 € H" is a point of the H-reduced boundary of E, 0 € 9*FE, with
ve(0) = (1,0,...,0) € R* and that E is H-perimeter minimizing in a neighborhood
of 0, in the sense of Definition 1.1.

Let (Ep)nen be the sequence of rescaled sets introduced in Section 2.1. We can
assume that each set Ej, is H-perimeter minimizing in the cube

Qr={(z,t) € H" : |z4|, |uil, |75|2 <R, i=1,...,n},

for some large R > 0. Let (¢n)nen be the sequence of L-intrinsic Lipschitz functions
satisfying (2.22), with 0 < L < 1. We can assume that each ) is defined on
Dy = {(z,t) € Q1 : x; = 0}. Finally, let ¢ € Wj*(D;) be the limit function of a
subsequence of (¢p)nen, as in Theorem 2.5. Without loss of generality, we can assume
that ¢ is defined on the whole D;. Let Dy,y = {(z,t) € Q14 : 1 = 0}.

Theorem 3.2. Letn > 2 and let E be a set with locally finite H-perimeter, as above.
Then:

i) If E is H-perimeter minimizing in a neighborhood of 0 € H", then the function
¢ :Dyyy CRxH" ' — R is independent of the variable y of the factor R.
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i) If E is strongly H-perimeter minimizing in a neighborhood of 0 € H", then
the function  is H-harmonic, i.e., it is of class C* and it solves the partial
differential equation

where Ag is the Kohn Laplacian (1.6) in H* 1.

Proof. Let ¢ € C*°(H") be the generating function of a contact vector field V,,. We
assume that ¢ has the following structure. First we assume that we have
L,
V=a+x.8+ 2517
where «, 8,7 € C*°(H") are smooth functions such that
Xia = X108 = Xyvy =0 in the stripe {(z,t) € H" : |z,| < 1/4}. (3.43)

After a Taylor development in the variable z; along the flow of X, the function 1

has this structure plus a remainder. The functions (3, are always assumed to satisfy

B,y € CZ(Q1)2). (3.44)
As far as the function « is concerned, we distinguish two cases, according to the
claims i) and ii):

i) In this case, we assume also that
o€ CCOO(Ql/2> (345)

ii) In this case, we let
Y1
ATy, Y1, 22, vy 2,y t) = / (x1, 8,22, ..., 2n, t)ds,  x1 € R, (3.46)
0

where ¥ € C(Q1/2) is an arbitrary smooth compactly supported function
such that X709 =0 in {|z] < 1/4}.
We consider the sets E; = @, (E),), where s, > 0 are small numbers that will be

fixed later. We can assume that 0F, C {|xi| < 1/4} for all h € N. In the stripe
(3.43), the vector field V, has the form

V= (V) X1 — (B+ a1+ Y (Vi) X, — (X;)Y; — 49T (3.47)

Jj=2

It follows that Py (¥, (Er), V(Q1)) = Pu(Ej;, Q1) for all large h € N.
In case i), each Ej} is H-perimeter minimizing in the cube @Q1; in fact we have
E,AE, CC (. In case ii), each E}, is strongly H-perimeter minimizing in the cube
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Q1; in fact, we have E,AE, N Q; C Qfl’f In both cases, by Theorem 3.1 the
minimality condition Py (Ep, Q1) < Pu(E), Q1) gives

0 < Py(E},, Q1) — Pu(Ep, Q1) = —Sh/ {4(” + )Ty + Qw(VEh)}dNEh +O(s3),

where O(s?)/s? is bounded by a constant independent of h. We fix s, > 0 such that
sp, = o(nn) as h — oo, where 7, > 0 is the excess (2.21), and we obtain

0<—— [ {atn+ VT0 + 2,(0m,) baug, +o(1)

M Jg
where o(1) is infinitesimal as h — oco. Replacing ¢ with —1 and using the identity
2_y(vE,) = —2y(vg,), we also have the opposite inequality. We therefore deduce
that .
Jim - / {4(n )T+ Qw(uEh)}dﬂEh ~0. (3.48)

Notice that the excess 7, in (2.21) can be equivalently defined using homogeneous
cubes in place of balls.

From now on, we let D = D;. Let £, C H" be the intrinsic epigraph of ¢y, as
in (2.8). Let gr(pp) be the intrinsic graph of ¢, over D, as in (2.9). With a slightly
abuse of notation, for any h € N let D;, C D be the set of points w € D such that
(2.30) and (2.31) hold. By (2.22), (2.31), and (2.20) we have

/Q | {40+ VT0+2,(v,) ydpie, = /Q o {40+ )T + 2y(v,) Ydpis, +O()

— / {4(71 + )Ty + Qqﬁ(VEvh)}duE% +O(n})
Q1Ngr(en)

= [ {40+ 070+ 20, ) }VIF W@l + O0),
Dy,
where vg, is the vector in (2.30) and the bracket {...} in the last line is evaluated
at w * pp(w). By (2.22), we have £?"(D \ D) = O(n?), and so we deduce that

hll_g)lo % /D {4(n + DT (w * pn(w)) + Ly (ve,, (w* gph(w)))}dw =0. (3.49)

We compute the limit in (3.49). We start from the integral of Ty (w * pp(w)).
The sequence (¢p)pen is converging to 0 uniformly. We omit details of the proof
of this fact. Then we can assume that ||¢n|lec < 1/4 and thus, by (3.43), we have
XiTa = TXja = 0. This implies that Ta(w * ¢(w)) = Ta(w) = a;(w), where we
are using the notation «; = da/dt. The same holds for § and . Thus we have, for
any w € D,

1
T(w * op(w)) = o + @nfi + 5@%%7

where the right hand-side is evaluated at w. With abuse of notation, here and in the
following we denote by ¢, «, 3,7, ¢ also the restriction of the functions to {z; = 0}.
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Since we have

supp(), supp(f), supp(y) C {(z,1) € H" : [t < 1/2}, (3.50)

/atdw:/ﬁtdw:/’ytdw:O.
D D D

Let @, € R be the numbers given by Theorem 2.5. By (2.38), we have

then there holds

. o
lim —/ on By dw = lim/ Ll ‘phﬁtdw:/ o Bydw, (3.51)
and
. -
lim — / Pydw = lim [ 2P (o + )y dw = 0, (3.52)
h—o0 T JD h—o0 D h

because ¢, + @y, is converging to 0 strongly in L2 From (3.51) and (3.52), we deduce
that

.1 B
hlg& o /D4(n + )T (w * pp(w))dw = 4(n + 1) /D @ By dw. (3.53)

We compute the limit of the integral of 2y (vg,, ) in (3.49). Letting
VE,, = (VXl, BN % 0% % l/yn) S SQn,

we isolate in (3.40) the terms containing vx,. Namely, we have

2y(vp,,) = (XiVi)vy, + ) (XY + X Yi)vy, vy,

j=2
- (3.54)
+ > (Vi = X X v,
j=1
+ gw(VE¢h>7
where &(vp,, ) is a quadratic form that does not contain vy, .
Inserting into formula (3.54) the derivatives
XY =YiXq¢p — AT
1
=Yi8+mYiy - 4<Oét + 215 + 533%%)7
1
X =YiX;a+ oY1 X8+ 593%3/1)(]'% J=2, (3.55)

XlYﬂp = }/;/8 + xli/}fya j > 27

1
YiViy = YYia + 1, Y;Y108 + éﬁyjyl% J =1,
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we obtain

1
2y(vs,, ) = {Ylﬁ + 1Yy — 4(ozt + 2106 + 5:}6?%) }Vil

M=

1
+ {YlXj&ﬂL%Yinﬁ-i‘ §x%}qu7+}/}ﬂ+x1}/}7}VX1VXj

2 (3.56)
1
+ 3 {¥Via + mivis + eV - X8 - Xy o,

<.

3 |

1
(VE¢h)a

&0

_|_

where, by (2.18) and (2.17), we have

1 PBon

Vx, = P Vy, = )
! 71+ |V9"hg0h|2 ! 1+ |V“p’bg0h|2

Z.
Joh Ze{X,Y}, j>2

VZ]' - - 27
1+ |V9"hg0h|

Above, Ay, is the Burgers’ operator. In particular, since each ¢ is intrinsic L-

(3.57)

Lipschitz with 0 < L <1 we can assume that sup,cy ||V @3l < 00 and thus there
exists an absolute constant C' > 0 such that

|64(ve,, )| < CIVP o). (3.58)

So, from (2.32) and (2.33) we have

. 1
}nggo 77_h /D ]ﬁ/)(VE% (w * @p(w))|dw = 0.

In other words, the limit (3.49) of the integral of & in (3.49) vanishes.
We compute the limit of the integral of the first three lines in (3.56), separately.
By (3.43), we have X Y18 = Y1 X 5 — 4T3 = —4T S and thus

YiB(w s gn(w)) = By, (w) — dpn(w) B (w).
Similarly, there holds
Yiy(w * on(w)) = 7y, (w) = depn(w)ye(w).

The limit of the integral of terms in the first line of (3.56) containing z? vanishes,
by a computation analogous to (3.52). Moreover, by (2.32), (2.33), and (3.57) the
function v% . may be replaced by 1. Thus, the limit of the integral of the first line in



18 R. MONTI

(3.56) is

1 !
lim _/ {5111 — 4onBe + on(vy — donve) — 4<at +onfi+ _80%‘%) }Vg(ldw B
h—oco My, JB 2

= lim [ (v, —80) P

h—o00 D Mh

- / (1yr — 86.)p duw.
D

(3.59)

We used Theorem 2.5.
We compute the limit of the integral of the second line in (3.56). In this case, the

limit of the integral of terms containing x; or x? vanishes. So we have:

;}5&%/2 YiXja+onY1X;6 + sthlXﬂJrYﬁJrsoh v}v)(ll/xjdw:

"0

(3.60)
We used Theorem 2.5.
Finally, we compute the limit of the integral of the third line in (3.56):
lim —/ Z YYloz + oY Y18 + gthYw X;B —onX v}yxlyyjdw =
h—oomp,
~ — lim {%%Yfa+2{yjyla—xjﬁ} e (3.61)
h=oo Jp L 1 = Th
_ _/ {Onp ¥+ Y (Vivia - X;8)Yie b,
D =
We used Theorem 2.5.
Putting together (3.53), (3.59), (3.60), and (3.61), we obtain:
[ {00+ 05049, — 88) - 0,720~
D
(3.62)

‘Z( “Xja+Y0) Xy — (YiYia — X,8) Vi fdw = 0.

When a = § = 0, this equation reads

0=/7y190dw:—/wyldw,
D D
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for any test function v € C2°(D;/2). This implies that ¢ is independent of y;,. This
proves claim i) of the theorem.

When a = v = 0, equation (3.62) reads

0= /D {4(n — Db + iX]ﬂchp - Yjﬁij}dw

=2
:/13{471—1 ZYXB Y]ﬂ}gpdw,

for any 8 € C°(D;2). This information is empty. In fact, the equation is satisfied
for any test function because Y;X; — X;Y; = [V, X;] = 4T.

When 5 =~ =0, by Y1 =0 and (3.46) equation (3.62) reads

0:/ {Y aY1<p+ZY1Xano+YY1aYgo}dw
= (XFp+ Y p)dw
/8y1 Z:: v +Y7p)

= —/ Y Agpdw,
D

for any test function ¥ € C2°(D,5). Then the function ¢ € W;?(D) solves the partial
differential equation Agp = 0 in the weak sense in Dy /4N {y; = 0}. It follows that ¢

is smooth, by hypoellipticity, and ¢ is a classical solution. This proves claim ii). [
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