A NOTE ON THE CONVERGENCE OF SINGULARLY
PERTURBED SECOND ORDER POTENTIAL-TYPE EQUATIONS
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ABSTRACT. In this paper we study the limit as ¢ — 0 of the singularly perturbed
second order equation £%ii. + V.V (t,u-(t)) = 0, where V (¢, ) is a potential. We
assume that wug(t) is one of its equilibrium points such that V,V(t,uo(t)) = 0
and V2V (t,uo(t)) > 0. We find that, under suitable initial data, the solutions wu.
converge uniformly to ug, by imposing mild hypotheses on V. A counterexample
shows that they cannot be weakened.
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INTRODUCTION

A problem of interest in various areas of applied mathematics is to find stable
equilibrium points for time-dependent energies. In a simplified setting, the problem
is to find an evolution ¢t — wu(t) such that

{ V.V (t,u(t)) =0, (1)
V2V (t,u(t)) > 0,

where V (¢, ) is a potential, V, denotes the gradient with respect to z, and V2 the
corresponding Hessian. This problem can be locally solved by means of the Implicit
Function Theorem, which provides a smooth solution defined in a neighborhood of
t=0.

Problem has also been studied in finite dimension as the limit case of e-gradient
flows. A first general result was given by C. Zanini in [I5], where the author studies
the system

ete(t) + ViV (¢, us(t)) = 0. (2)
In [15] it is proved that the solutions u.(t) to converge to a solution u(t) to (1)),
obtained by connecting smooth branches of solutions to the equilibrium equation
through suitable heteroclinic solutions of the e-gradient flows .

In [I] V. Agostiniani analysed the second order approximation with a dissipative

term:

€2 Al (t) 4 eBuc(t) + V.V (t,ue(t)) = 0, (3)
where A and B are positive definite and symmetric matrices. It turns out that
(ue,eBitie) — (u,0), where u is piecewise continuous and satisfies (). Moreover
the behaviour of the system at jump times is described by trajectories connecting
the states before and after the jumps; such trajectories are given by a suitable au-
tonomous second order system related to A, B, and V, V.

We remark that studying the asymptotic behaviour of solutions, as ¢ — 0, in
systems of the form with A # 0 and B = 0 (vanishing inertia), or A = 0 and
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B # 0 (vanishing viscosity), or A, B # 0 (vanishing viscosity and inertia), may give a
selection principle for quasistatic evolutions (namely those evolutions whose loading
is assumed to be so slow that at every time the system is at equilibrium and internal
oscillation can be neglected). This approach has been succesfully adopted in various
situations in the case of vanishing viscosity (cf. e.g. [111, 10, [8, 2} [6, B, [7]) and in the
case of vanishing viscosity and inertia (cf. e.g. [12, 13| [5, 14} 9]). We remark that in
[9] viscosity can be neglected under suitable assumptions.

The above mentioned results [Il, [15] require strong smoothness assumptions on V'
(C3-regularity is required). The aim of the present paper is to weaken the assump-
tions under which second order perturbed problems converge to . More precisely,
we consider a second order equation of the form without the dissipative term
Bii.. (Notice that in general, when B > 0, it is easier to prove the convergence of
solutions.) We therefore study the asymptotic behaviour of the solutions u.(t) of the
problem

il (t) + ViV (t, ue(t)) = 0 (4)
to a continuous stable equilibrium wug(t) of . Our main result is that the conver-
gence u. — ug still holds under some regularity and growth conditions on V that
are weaker than those required in [II, [I5]. Furthermore we provide a counterexample
to that convergence when such assumptions do not hold.

More precisely we require continuity for V' in both variables and we assume that
V(t,-) € C2. We also suppose that there is a function V;(¢, z) of class C''-Carathéodory
(i.e., Vi(+,x) is measurable and V,(t,-) is of class C') such that

to

Vtao) = Vo) = [ Vittn)at,

t1

for a.e. t1,t2. With some further boundedness conditions on V' (listed in Section 1)
we prove that ug(t) is absolutely continuous and we obtain the convergence result,
see Theorem in Section 2. Specifically, we find that solutions to satisfy

ue — ug uniformly and el|d. — ||z — 0 (5)

as € — 0.

In Section 3 we show that, if we weaken the assumptions on V', we are not able
to get . More precisely we provide a counterexample for a model case where the
time-dependent energy is given by

V@my:%m—udm?

We remark that, when ug € W11(0,T), then V in its turn satisfies the assumptions
of Section 2. In this case, solutions u. of converge uniformly to ug(¢). On the
other hand we show that, if ug is the Cantor-Vitali function, then can not be
satisfied (see Example . In fact we prove that no subsequences of solutions to
could converge to ug and that the continuous functions ug with this property are
infinitely many (see Proposition and Remark .

This result thus shows a case in which the dynamic solutions do not converge to the
expected (quasistatic) equilibrium. A similar phenomenon was observed in [4] where
the authors give an example of non-convergence, in the context of a one-dimensional
peeling test without viscosity: more precisely, their dynamic solutions converge to a
limit that does not fulfill first order stability. Our non-convergence result in Section
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3 can therefore be regarded as an example in which, in the absence of a damping
viscous term, dynamic solutions do not converge to stable equilibria even in very
simple situations.

1. SETTING OF THE PROBLEM

Let V: RxR" — R be a continuous function such that V(¢,-) € C?(R"). It will
play the role of a time-dependent energy. We assume that there exists a function
ug € C°([0,T); R™) such that the following properties are satisfied:

V.V (t,ug(t)) =0, for every t € [0,T], (1.1)
Ja > 0: V2V (t,up(t))E - € > al¢)?, for all £ € R™. (1.2)

Furthermore, for a.e. t € [0,7] and for every x € R", we assume that there is a
constant A > 0 such that
V.V (t,z)|, |V2V(t,z)| < A. (1.3)

We also assume that there exists a C'-Carathéodory function V;: RxR™ — R, i.e.,
a Carathéodory function such that V;(¢,-) € C1(R"), satisfying

Vits, o) = Vb, 2) = /tQVt(t, 2)dt, (1.4)

t1
for a.e. t1,t3 € R and all x € R™. Moreover, for every R > 0, we require that there
exists ar € L'(R) such that
Ve(t, @), [VeVi(t, 2)| < ar(t), (1.5)

for a.e. t € R and all € Br(0). We notice that, by condition (|1.5)), it is possible to
prove that V.V is continuous in both variables.
We consider, for fixed € > 0, the Cauchy problem

e2iie + ViV (t,us(t)) = 0,

u:(0) = ug, (1.6)
iLE(O) = Ug’
where we assume that
u? — uo(0) = 0 and £v.(0) — 0. (1.7)

Global existence and uniqueness of the solutions w. to are consequences of
standard theorems on ordinary differential equations thanks to the continuity of
V.V and to condition . Our goal is to study when convergence, as ¢ — 0, of
solutions u. to (|1.6|) satisfying conditions to ug is possible.

Using and (1.5, we now study the dependence on x of the set of Lebesgue
points for a function t — f(t,z) which will then play the role of V; and V,V;.

Lemma 1.1. Let f: RxR"™ — R™ be a Carathéodory function such that, for every
R > 0, there exists ag € L'(R) with f(t,z) < ar(t) for every x € Br(0). Fizx € R,
then for a.e. t € R

t+h
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Proof. Let t € R be a right Lebesgue point for 7 — f(7,z), i.e.,

1 t+h
tim 5 [ () = (k) dr o
Let § > 0 and define
wh(t) = sup |f(r,z) = f(r,y)|. (1.8)
x,yEBR(O)
lz—y|<d

By assumption we have that w%(7) < 2ag(7); moreover w% is measurable because

the supremum can be taken over all rational points and along a sequence § = 1/n.
Therefore w3 (-) € L1(R).

If ¢ is also a right Lebesgue point for 7 +— w%(T) for every § € Q, 6 > 0 and
|z —y| < J, then

1 t+h
i = [ (@) = Flt) = () = ()] dr
1 [tt+h
< }l;mo ) [w%(T) + wh(t)| dr = 2w(t). (1.9)

Since f(t,-) is uniformly continuous in Br(0), the last term in (1.9) tends to zero as
0 — 0 for a.e. t € R. O

Remark 1.2. Given any u € W11(0, T;R"), we are now able to get a chain rule for
a.e. t € [0,T], by differentiating z(t) := V(¢,u(t)). Indeed, if ¢ is a Lebesgue point
for 7 +— Vi(7,u(t)), by (1.4) we have
2(t+h)—z(t)  V(t+hu(t+h)—V(t,ult+h)) N V(t,u(t+ h)) — V(t,u(t))
h N h

(t+ h) — u(t)

t+h ”
:./ Vir,ult + b)) dr + 20 (1,6 WY g
t

h
for some point ¢ belonging to the segment [u(t), u(t 4 k)], thanks to the Mean Value
Theorem. We now re-write the first summand of (|1.10) in the following form:

1

t+h
o[ vt myar
t

1 t+h
= h/t [Vi(r, u(t + ) — Vi(t,u(t + h))] AT + Vi(t, u(t + h). (1.11)

In view of Lemma the integral in ([1.11)) tends to zero, for a.e. t € [0,T] as h — 0:
this is done by a diagonal argument using the fact that u(t+ h) — u(t), because u is
an absolutely continuous function. Moreover, by continuity of V;(¢,u(-)), the second

summand in (1.11)) tends to Vi(t,u(t)). Therefore, as h — 0 in (1.10]), we get

d
7V (Gult) = 2(t) = Vit u(t)) + VoV (t, u(t))a(t), (1.12)
for a.e. t € [0,T7], because V,V(t,-) is continuous.
We now argue similarly for V,V (¢, u(t)) and get a chain rule again. Since V;(¢,-) €

CY(R") for a.e. t and condition (1.5) holds, by an application of the Dominated
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Convergence Theorem, we have that

ViV (te, z) — Vi,V (t1,x) = . VaVi(t, x) dt. (1.13)
Therefore, 1
VoV (t+ h,u(t+ h)) — Vi,V (¢, u(t))
h
_ VoV (t+ hyu(t+ h)) — Vi, V(t,u(t+ h)) N VoV (t,u(t + h)) — Vi V(t,u(t))
h
:;Hﬁmm@wu+mm7+%V@““”Q_Wy““m. (1.14)

Since V. Vi(t,-) is continuous and V,Vi(-,x) is measurable (indeed, it can be ob-
tained as the limit along a sequence of measurable difference quotients), then V,V;
is a Carathéodory function controlled by an integrable function ar(t). Arguing as
before and recalling that V(¢,-) € C*(R"), we have that for a.e. t € [0, T]

lim VoV (t+ hyu(t+ h)) — Vi,V (t,u(t))
h—0 h

= V. Vi(t,u(t)) + V2V (L, u(t))i(t).

In particular, since V, V(t,uo(t)) = 0, we have

Vo Vi(t, ug(t)) 4+ V2V (t, ug(t) )t (t) = 0. (1.15)

We are now in the position to state the following result which will enable us to
restrict to the case of absolutely continuous functions throughout the sequel.

Proposition 1.3. Let V: RxR" — R be a continuous functz’on which satisfies

V( 1) € C?(R™) for a.e. t € R. Let Vi fulfill conditions and (L), and let
0:[0,T] = R™ be a continuous function such that there exzsts a>0:

V2V (t,uo())€ - € = aléf, (1.16)

for every £ € R™ and for a.e. t € [0,T]. Then, ug is absolutely continuous in [0,T].

Proof. We want to show that, if € is small enough, there exists § > 0 such that, for

a.e. t1,ty € [0,T] with [t; — t2| < §, there exists M. > 0 and an integrable function

g such that
t2

‘UO(tQ) — UO(t1)| S ME g(t) dt. (1.17)
t1
We know that

0=V, V(t2,uo(t2)) — VoV (t1,uo(t1))
= V.V (ta,uo(te)) — ViV (t1, uo(t2)) + ViV (t1, uo(te)) — ViV (1, uo(t1))
= VuV (t2,uq(t2)) — VoV (t1, uo(t2)) + V2V (t1,y) (uo(t2) — uo(tr)),
where y is in the segment [ug (1), up(t2)]. Therefore we have
ug(tz) — uo(t1) = =V7V(t1,y) " [VaV (t2, uo(t2)) — ViV (t1, uo(t2))].  (1.18)

Since V2V (1, +) is continuous and satisfies the coercivity assumption (1.16)), we can
find € > 0 such that, if y € B:(ug(t1)) then

V2V (t )€ = Sle
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We can thus invert V2V (¢1,) in a neighborhood of ug(t1). Let A, be the minimum
eigenvalue of V2V (t1,y). Therefore we can control the norm of V2V (t1,y)~! with
1/)y. If v, is an eigenvector of V2V (t1,y) with eigenvalue )\, then we have

o
)‘y|vy|2 = VxQV(tlay)Uy TUy 2 §|UZ/‘2’

from which we deduce that A\, > % and therefore

2
V2Vt~ < = (1.19)
We can now plug (1.19) in (1.18) and, arguing as in ((1.13)) of the previous Remark,
we get
2 (" 2 ("
o t2) — o (t1)] < / VLVt uo(t2)) di| < / ar(t) dt

a Jy, a Jy,

and we have thus obtained ((1.17)). O

2. CONVERGENCE OF SOLUTIONS

This section is devoted to the study of the convergence for solutions u. of problem
. We will show that u. uniformly converges to ug, which is the equilibrium for
the potential V' introduced in the previous section, provided initial conditions
are satisfied.

We recall here the standard Gronwall lemma which will be used as a main tool in
the proof of the convergence.

Lemma 2.1 (Gronwall). Let ¢ € L®(R), p(t) > 0 for a.e. t € R and a € L*(R),
a(t) > 0 for a.e. t € R. We assume that there exists a constant C' > 0 such that
t
o(t) < / a(s)e(s)ds + C, for a.e. t € R.
0
Then,

t
o(t) < Cexp </ a(s) ds>, for a.e. t € R.
0

Remark 2.2. From now on assume that there exists ¢: [0,400) — R such that
tliin Y(t) = +oo and V(t,x) > ¢¥(|z]), (2.1)
for all t € [0,7] and x € R", and there exist a(-),b(-) € L'(0,T) such that
Vi(t,x) < a(t) + b))V (t, z), (2.2)

for a.e. t € [0,T] and for all x € R™. Then it is easy to deduce uniform boundedness
for the sequence {u.}, by applying Lemma to the following energy estimate:

T
V(tue(t) < llall oy + /0 bV (¢, e () .

We remark that conditions (2.1) and ({2.2]), which are standard in this context, are
not necessary for establishing our result if we already know that the sequence {u.}
is uniformly bounded.

We are now in the position to state the main result of this section.
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Theorem 2.3. Let V' be a function fulfilling the assumptions of Proposition and
let ug € C°([0, T);R™) be such that V,V (t,ug(t)) = 0 for every t € [0,T]. Assume
also that conditions and are satisfied and that V2V (t,z) and V,Vi(t, )
are locally equi-Lipschitz in x, uniformly int, i.e. for every x € R™ there exists § > 0
and constants C1,Co > 0 (which may depend on x), such that, for every |h| < ¢

V2V (t,x+h) = VEV(t,2)| < C1|hl,

(Ve Vi(t,x + h) — V. Vi(t, z)| < Calhl, (2.3)
for a.e. t € [0,T]. Let us be a solution of the Cauchy problem
2 4+ V,V (t, ue(t)) = 0,

e(0) = of,
where the initial data uQ and v0 are such that
ul — up(0) = 0 and ev? — 0. (2.5)
Then, ue — ug uniformly in [0,T] and €| — tol/;1 — 0, as e — 0.

Proof. We fix a sequence ¢; — 0 and we prove convergence for u.;: this will show
convergence for the whole family {u.} to ug, by the arbitrariness of ¢;. However we
will keep writing just u. for the sake of simplicity of notation.

By Proposition we have that ug € W11(0, T;R"™). Since C?([0, T]; R") is dense
in W1(0,T;R™), for every k € N there exists a sequence {uf} C C?([0,T]; R") such
that

1
”UO - ulgnwl,l < e (2.6)

A suitable choice of k£ will take place in due course. However, we can already notice
that, since W11(0, T;R™) ¢ C°([0, T]; R™), then u§ uniformly converges to ug in [0, T
and therefore they are all contained in a compact set containing {ug(t), t € [0,T]}.

We now introduce a surrogate of energy estimate, multiplying the equation in
by e (t) — Uk (t). After an integration we get

e . gy (2
5 () = a1 + V(£ ue(t)

82

= S1ie0) = WO + V0,0.0)) — [ Pibs)ie(s) — i) ds

[ [t + Vs (5)] (27)

Our aim is thus to infer some lower and upper bounds for (2.7 in order to get, by
Lemma convergence of u. — ulg and then deduce convergence to ug. It is thus
convenient to consider the following “shifted” potential V' defined as

V(t,z):=V(t,z) — V(t,ul(t)). (2.8)

Since u’é is of class C2, then all regularity assumptions on V are inherited by V. We
have, in particular, that

Vi(t, ) = Vi(t,x) = Vi(t, ug(t) — ViV (t, ug ()i (¢). (2.9)
Moreover it is easy to show that
V.V (t,ug(t)) =0, Vt € [0,T]. (2.10)
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We also notice that (2.7)) is equivalent to

52
5!%( ) —ag()° + V(¢ ue(t))
2 t
= S [i(0) = 4§ (O + V' (0, u (0 e (s) (i=(s) — g (s)) ds
0
+/ Vi(s,us(s)) + ViV (s, uc(s) g (s) ds. (2.11)
0

We set A.: 2 |u5( ) — g (0)]? +V (0, uc(0)), which tends to 0 as € — 0, by the initial
conditions and because uf — ug uniformly in [0, T7.

We now subdivide the proof into parts obtaining estimates which will then be used
in the final Gronwall argument. ~

Lower estimate. We look for a lower bound for the summand V' (¢, u.) in the left
hand side of (2.11)). We have that, by first order expansion, there exists y in the
segment [0, z| such that

V(t,z +uo(t)) = V(t,uo(t) + VaV(t,uo(t))x + VIV (t,y)z -
=V (t,uo(t)) + V2V (t,y)x - x, (2.12)

because V,V (t,uo(t)) = 0 for every ¢ € [0,7]. We now compute twice (2.12)), once

for z = u.(t) —uo(t) and once for x = uf(t) — ug(t), and then we make the difference

between the two results. Therefore, for suitable y; between ug(t) and u.(t), and yo
between ug(t) and uf(t), we have

V(t,ue(t)) = VIV (t,y1) (ue(t) — uo(t)) - (ue(t) — uo(t))
= V2V (t,y2) (ug (1) — uo(t)) - (ug(t) — uo(t)). (2.13)

By a continuity argument and the coercivity assumption for V2V (1.16)) we can find
d > 0 such that, if |z| < ¢, then

VRVt 2+ uo(t)§ - € > Sl

We apply this estimate in the first summand of the right hand side of (2.13)), while
for the other one we use boundedness of V2V (t,-). We thus get

~ @
V(tue(t)) 2 5 () — uo (O = clu(t) — uo(t) . (2.14)
for a suitable ¢ > 0, provided that

|ue(t) — up(t)| < d for every ¢ € [0,7] and for esmall enough. (2.15)

For the moment we assume that this bound holds and postpone its proof to the end.
Since

Tlue(t) = uf (O < 5 lue(t) = uo (O + 5 huo(t) = u (1)
we deduce, from , that
V(b ue(t) > Tlue(t) = uf(OF = e+ Dlub® —uo@®F,  (2.16)

where the last summand on the right hand side of (| is small by the uniform
convergence of ulg to ug.
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Upper estimate. We now switch our attention to the estimate on the right hand
side of (2.11}), which we now re-write in the following way:

A, / e2iik(s) (e (s) — wk(s ))ds+/0t [Vt(s,us(s))+VIV(S,UE(5))M5(S)} ds
AL — A+ Ay

Estimate of A1. We first apply the Cauchy inequality and obtain

2 t 2 t
|A1!—‘/ el (e — af) ds <€2/ |u’5|2ds+€2/ e — uf)? ds (2.17)
0 0

The second summand in (2.17)) will enter the final estimate via the Gronwall lemma,
while for the first one we argue in the following way. We have no information about
how big |ii§ || 2(0,7) is, nevertheless we can find, for every k € N, an £ > 0 such that

1

i1 7207y < - (2.18)

Then, we can invert the function which associates ¢ to k and get k() — co as e — 0,
though this convergence may be very slow. This is done by recalling that ¢ = ¢; and
then defining

. .o 1
k(e;) == min {k €N fiiglzeqom) > 5} o
J

From now on we will keep writing & intending k(e;) with this peculiar construction

and we have, combining ([2.17]) with (2.18)),
&2 [t

A < A5+ 5 [ i - P ds. (2.19)
0

where A] — 0 as e — 0.
Estimate of Ay. By using a variable x which will play the role of u.(t) — uf(t), we
have that, for a.e. t € [0,T7,

\Vilt,  +ul) + VoV (t, x + ub)ik|
<|Vilt,z + ul) = Vi(t, o + wo)| + | VeV (t, & 4 ub)af — VoV (t, x4 ub)io|
+ |fo/(t, T 4+ ulg)zlo — fo/(t, x + up)to| + |‘7t(t, x4 up) + me/(t, x + ug)to|
(2.20)

The first three summands on the right are easy to deal with, by using Lipschitz and
boundedness assumptions. They are estimated, independently of x, by

C(1+ o)) (Jug — uo| + |i§ — o).

As for the fourth summand, we call

f(x) == Vi(t, o + ug) + ViV (£, + ug)1i
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If we set g(x) := f(z) — Vf(0)z, then there exists y in the segment [0, 2] such that
g(x) — g(0) = Vg(y)z. Therefore we have, for a.e. t € [0,7],

Vi(t,z 4 up) + VoV (t, 2 + ug) - g — Vi(t, ug)
— V.V (t,u0) -t — Vi Vi(t, ug) - © — V2V (£, ug )it -
< | VaVilt,y + uo) + V2V (£ y + uo)io — VaVilt, uo) — VIV (E, uo)uo‘ |
< (1 + [to])|yl|=]
cla|*(1 + lio]), (2.21)

IN

since V,V; and V2V are locally equi-Lipschitz in z uniformly in ¢, by condition (2.3)),
and the constant ¢ > 0 is independent of x = u. — ulg because the functions u. are
bounded in ¢ as we pointed out in Remark Moreover, by (2.9),

Vit uo)| = [Vi(t, uo) — Vilt, ug) — ViV (¢, up) - )|
< [Valt, uo) = Va(t,ug)| + [VaV (£, uo) - aff — VaV (¢, ug) - ig]
< Clug — ug| (1 + lig)), (2.22)
for a.e. t € [0, 7). As in (L.15)), we have that for a.e. t € [0, 7],
VaVi(t, uo (1)) + V2V (¢, uo(t))io (t) = 0. (2.23)
Therefore, plugging (2.10)), (2.21)), (2.22), and in (2.20), we get
Vi(t,z +uf) + VoVt z + uf) - af

< er(1+ Jaol) (Jug — uo| + [ig — to]) + calz[*(1 + |io]) + esluo — ug| (1 + [ag)),
(2.24)

for a.e. t € [0,T], where ¢;, ¢a, and ¢3 > 0. We may therefore compute (2.24)) with
T = u.(t) — uk(t) and, if we integrate between 0 and ¢, we find that

t
er (1 fiol)(fuf — wol + [~ ) ds 0,
0
as k — oo by Whl—convergence of uf to ug. Also
t
ca [ o = w1+ [ab) ds 0,
0

as k — oo using this time the uniform convergence of uf to ug and the fact that
uk € LY(0,T). Therefore the second integral in (2.11)) is estimated by

t
cz/ e — ub[2(1+ Jio]) ds + Ay, (2.25)
0

where A, — 0 as k — oo.
Gronwall argument. We are now able to get, by the previous estimates, the
conclusion of the proof. We set

[0
Bei= Ao+ AT + Ay + (c+ 5)!1/5(6)@) — uo(t)[?,
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which tends to zero as ¢ — 0, and we plug (2.16]), (2.17), (2.18), and (2.25)) into
(2.11]). We therefore have, for every ¢ € [0, T],

e . " k()2 a " k()2
S lie(t) = (1) + Slue(t) — uf(0)

2 t t
9 . . .
< BE+2/ |u5—u’5|2+c2/ e — uE[2(1+ [io]). (2.26)
0 0

With some further manipulations we are in position to apply Lemma [2.1] Therefore,

there exists C' > 0 such that
2

e () = (0 + Fhua(t) — ub(0) < Bexp <c /0 (1+ |ao<s>|>ds>. (2.27)

Since ug € WH1(0,T), we have that the right hand side of (2.27)) tends to zero as
e — 0, for every t € [0,T]. In particular, since |uc(t) — uo(t)| < |ue(t) — ub(t)| +
luf(t) — uo(t)|, we obtain that u.(t) — ug(t) uniformly in [0, 7] as ¢ — 0. We also
have

elliie = tioll 10,1y < €lltte — Ul zr0m) + Ellist — tioll 1o,
T
<7 [ e = i+ e ~ dollaom)
0

from which we deduce
é‘HﬂE — ﬁ()”[} — 0,

as & — 0, because |4 — 1ol 10,7y is bounded.
Proof of ([2.15)). In order to conclude we only need to prove that |uc(t)—ug(t)| < 4,
for every t € [0,7] and for € small enough. We can define, for every £ > 0

te = inf{t € [0,T]: |uc(t) — uo(t)| > d},

with the convention that inf () = 7. Notice that the continuity of u.(-) — up(-) and
the initial condition u.(0) — uo(0) as € — 0, implies that ¢ > 0. We thus have
that is satisfied for every ¢ € [0,t.). We now assume, by contradiction, that
t. < T. Then, with the previous Gronwall argument, we can find £ so small such
that |ue(t) — uo(t)| < § for every e € (0,) and ¢ € [0,¢.]. However this contradicts
the continuity of u. — ug in ¢ = t.. Therefore t. =T and this concludes the proof of
the theorem. 0

3. COUNTEREXAMPLE

In the previous section we proved that, under certain assumptions on V', the solu-
tions wu. of problems converge in W11(0,T) to ug, whenever ug is continuous
and the initial conditions are satisfied. We now prove that assumptions on V'
can not be further relaxed in order to get the same result.

Let us consider the sample case

24 + ue —ug = 0,
ue(0) = u?, (3.1)
uE(O) = vgv
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where we assume that u? — ug(0) = 0 and ev? — 0 as ¢ — 0. In this case the
potential V is given by

V(t,x) = %\az (D)2

We have that V,V (t,ug(t)) = 0 for every ¢ and V2V (t,ug(t)) is the identity matrix.
We notice that, if we only assume continuity of ug, then a chain rule similar to
can not be established. We can, nevertheless, find an explicit solution of with
standard methods of ordinary differential equations:

I 1 [t
us(t) = (—/0 uo(s)sinzds+ug> cos L + (8/0 uo(s)coszds+svg> sin £.

€

(3.2)
If we assume that ug € W11(0, 7)), then assumption of Theorem are satisfied and
therefore u. — wug uniformly for every ¢t € [0,7] and that ei. — 0 for a.e. t € R.
This result can be equivalently obtained by direct computation through the explicit
formula . We may remark the fact that, in the presence of a dissipative term
as in [1I], the convergence of the solutions to the approximated problems is satisfied
with weaker assumptions on the initial conditions. More precisely if the equation is

EQiig + el + ue — ug =0,
then it is sufficient to assume only that

0

Ug

_1 _1
e 2 — 0and evle 2 — 0as e — 0.

We now show that convergence for the problem fails if we only assume that
ug is continuous. This gives a counterexample to the convergence result of Theorem
[2.3] when the regularity assumptions on V are not satisfied. Indeed, there is a least
a continuous function that can not be approximated by solutions to second order
perturbed problems, as we show in the next proposition; we will exhibit one of these
functions in Example Furthermore in W1 there is a dense set of C§ functions
with this property, see Remark

Proposition 3.1. There exists ug € CJ([0,T]) such that the functions u., defined
n , do not converge uniformly to ug as € — 0.

Proof. We argue by contradiction. Assume that for every ug € CJ([0,T]) u. uni-
formly converges to ug as ¢ — 0. Without loss of generality we can assume that
T > 1 and we show that the convergence fails at ¢t = 1. Let us fix e, — 0. Then we

have, from (3.2]),

1 1
_ s 1 s g 1 0 1 0 qin 1
ug, (1) = uo(s)[sin 2 cos -~ — cos = sin -] ds + u, cos _- + exvg, sin -

€k Jo

Since u? ,exv? — 0 by assumption, we have convergence of uc(1) to ug(1) if and

only if the operator Fy, : CJ([0,T]) — R, defined as
1 /1
F(uo) == —— [ wuo(s)[sin 2 cos i — cos Z-sin L

] ds,
€k Jo

ek

converges. We thus have pointwise convergence of F;, to Fy defined by Fy(ug) =
uo(1). By the Banach-Steinhaus Theorem this implies uniform equiboundedness. On
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the other hand we notice that

1
Fry () = /0 o ($) djiey (),

where dpe, (s) = —i [sin 2 cos i — cos 2 sin é} ds. However
1 M 0
sup | e, [(0,1) = sup (/ | sin 51| ds> = sup/ |sin7|dr = 400
k k \€k Jo i koJ-L
ek
which contradicts the uniform equiboundedness. O

Remark 3.2. The Banach-Steinhaus Theorem also implies that the set
R :={up € CJ([0,T)): sup|F.(ug)| = +oo}
15

is dense. Therefore there are indeed infinitely many functions for which u. can not
converge to ug.

Example 3.3. We now give an explicit example of a continuous function that is not
approximated by solutions to second order perturbed problems. We consider as ug
the Cantor-Vitali function @: [0, 1] — [0, 1]. Plugging uy = @ into (3.2)) and through
integration by parts, we get
t t
us(t) = a(t) — cos & / cos £ du(s) —sin £ / sin £ du(s) + u? cos Ly evlsint, (3.3)
0 0

e g’
where g is intended to be the distributional derivative of ug. We now choose ¢ = ﬁ
and remark that

/cos(2k7rs) du(s) = /e‘m€7TS du(s),

where @ and p have been extended to R by setting & = 0 in the complement of [0, 1].
By using the well-known expression for the Fourier Tranform of the Cantor measure
we can compute (3.3) in £ = 1 and get

1 (o @)
ug, (1) = a(1) + ugk — / cos(2kms) du(s) = a(1) + ugk _ (_1)k H cos QBICTW
0 h=1

Since ugk — 0 by the assumptions on the initial conditions, we focus our attention

on the term -
(=" I cos 27 = (—1)F £ (2km),
h=1

where we have defined f: [0, +00) — [—1, 1] by
flx) = H COS 37
h=1

We now prove that there exists a sequence k, such that (—1)*» f(2k,m) does not
converge to 0.
By the definition f satisfies

f(Bx) = f(x) cos(x).

In particular this implies

f(6m) = f(3-2m) = f(2m).
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Inductively one gets
f@3"-2m) = f(2m)
and similarly
f(2-3"-2m) = f(4m).
Therefore we choose as k,, the sequence
{3,2-3,3%2-3%...,3",2-3",...}.
Along this sequence (—1)* f(2k,7) tends to — f(2n) for the odd indexes and to f(4r)
for the even ones. We now prove that f(27) and f(4m) are real numbers with the
same sign. This implies that (—1)*» f(2k,7) does not converge and therefore wu., (1)

does not converge to u(1).
We have that (using the convention that log 0 =

—00)
_Z:“”—h

log f(x Z log ’COS 3%

if y € (0,1), because in this mterval
—1
log | cosy| = log cosy > sy 2
cosy
Moreover

1- > —2? = cosy(l+9y?) >1,

cosy

which is verified in (0,1) using the fact that cosy > 1 — —2 Since g—g and 4h are

in the interval (0,1) for h large enough, then f(27) and f (4m) are controlled by
the geometric series and therefore f(27), f(47) # 0. This is enough in order to
prove that along the sequences kg, or kg,1 convergence of u, (1) to 4(1) is not
satisfied. Moreover We notice that f(27) and f(4w) have the same sign because
cos 23” = oS 43” = —%, while cos( 7) > 0 for every n > 3. Therefore we have found
more than we clalmed since ug, ( ) does not convergeat all.

We have thus shown an explicit example in which convergence of . ) to a partic-

ular continuous function wug fails.
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