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Abstract. Let YV be a smooth compact oriented Riemannian manifold without boundary. Weak limits of graphs of
smooth maps uy : B" — Y with equibounded Dirichlet integral give rise to elements of the space CartQ’l(B" x V).
Assume that ) is 1-connected and that its 2-homology group has no torsion. In any dimension n we prove that every
element T in cart®' (B™ x Y) with no singular vertical part can be approzimated weakly in the sense of currents by
a sequence of graphs of smooth maps ux : B" — Y with Dirichlet energies converging to the energy of T.

Let B™ be the unit ball in R™ and let ) be a smooth oriented Riemannian manifold of dimension M > 2,
isometrically embedded in RY for some N > 3. We shall assume that ) is compact, connected, without
boundary. In addition, we assume that ) is l-connected, i.e., m1()) = 0, and that its integral 2-homology
group Hz(Y) := H2(Y;Z) has no torsion. We also notice that Hy(Y; X) = H2(Y) ® X for X =R, Q.

In this paper we consider sequences of smooth maps wuy : B™ — ) with

sup D(uy) < +00,
k

where D(u) is the Dirichlet integral
1
D(u) := 7/ | Dul|? dz .
2 Jpn

Modulo passing to a subsequence the (n, 2)-currents G, , integration over the graphs of uy of n-forms with
at most two vertical differentials, converge to a current T € cart®!(B™ x ), see [11] [8] [13] and Sec. 1
below. In order to discuss these currents, we recall the following

Definition 0.1 We say that an integral 2-cycle C € Z5()) is of spherical type if its homology class contains
a Lipschitz image of the 2-sphere S?. More precisely, if there exist Z € Z5(Y), R € R3(Y) and a Lipschitz
function ¢ : S? — Y such that

C—Z=0R, ¢u[S*]=2.

We also denote

H;""(¥) = {ly] € Ha(¥) | 3¢ € Lip(5*, V) : o[ 5] € 1]}

and we shall also assume that Hy())/H5"()) has no torsion.
Currents T € cart®>!(B™ x ))) have the form

T= GUT + Z Lq XRq + ST,sing ’
q€H;"" (V)

where up is the weak W12 limit of the uy’s, L, is an integer multiplicity rectifiable current of dimension
n—2in B", R, isa 2-cyclein g and St sing is nonzero only on forms w with exactly two vertical differentials
and such that dyw # 0. Apart from being completely vertical and homologically trivial, otherwise the current
St,sing can be very wild and essentially any measure in B™ x ), compare [10].

For every T € cart®!(B™ x ))), the Dirichlet integral of T, D(T'), turns out to be well defined, see below;
in particular D(G,) = D(u) if T = G,,. Moreover, see [8] [13], in the vertical homology class of each T in
cart®(B™ x ) there is a representative that minimizes the Dirichlet integral and has the form

T=Gu+ Y, LgxRy, (0.1)
g€ H3"" (V)



where R, is an integral cycle in ¢. In this case the Dirichlet energy is given by

D(T) = 1/” DuPde+ S ML, M(R,).

2 spk
g€ HP"(Y)

In this paper we show that every current T' € cart®!(B™ x ))) which has the form (0.1) is the weak limit
of a sequence of graphs of smooth maps uy : B — ), i.e., G,, — T, moreover

D(T) = inf{ 1kim+infD(uk) | {ux} Cc CY(B™Y), Gu —T}
and actually there is a sequence of smooth maps u : B™ — ) such that
1
Gy, =T and 5/ | Duy|? de — D(T).
BTL

In the case Y = S2, the unit 2-sphere, this density result was first proved in [9] in the case n < 3, see also
[11, Vol. IT], and it is new, if n > 4, even in the case ) = S2. Moreover, it was proved in [12], in the case of
dimension n = 2, with no additional hypothesis on the first homotopy group (), and in [13], in the case
n = 3, by assuming the slightly weaker hypothesis that the Hurewicz homomorphism o (Y;y0) — H2(Y; Q)
is injective for every yo € Y. Note that this injectivity condition automatically holds if } is 1-connected,
by the Hurewicz theorem [17]. We remark that if n > 3 the injectivity assumption on the Hurewicz map
cannot be avoided. In fact, in [13] we showed that if the Hurewicz map is not injective there exist currents
T in cart?>1(B? x ) of the type T = G, where u(z) = p(x/|z|) for a suitable smooth map ¢ : B3 — Y,
for which there is a positive constant C' such that

D(u)+C < lkiminfD(uk)

——+00

for any sequence of smooth maps wuy : B> — Y with G,, — G.,.

1 Notation and preliminary results

In this section we recall some facts from the theory of Cartesian currents with finite Dirichlet energy. We
refer to [11] and [8] for proofs and details.

HOMOLOGICAL FACTS. Since Hj()) has no torsion, a condition which automatically holds if dim}Y = 2,
there are generators [y1],..., [vs], i.e. integral cycles in Z5()), such that

HQ(y) = {Zns ["YS} ‘ ng € Z} 5

see e.g. [11], Vol. I, Sec. 5.4.1. Moreover, since Hy(Y)/H5"()) has no torsion, we may and do choose the
vs's in such a way that [y1],...,[vs] generate the spherical homology classes in H.? h (V) for some § < 5.
By de Rham’s theorem the second real homology group is in duality with the second cohomology group
H2,(Y), the duality being given by the natural pairing

Bl =1 = (@, blxe HBOiR), e HaO).

We will then denote by [w'],..., [w®] a dual basis in HZ5(Y) so that vs(w”) = ds,, where &5, denotes the
Kronecker symbols. Also, we may and do assume that w® is the harmonic form in its cohomology class.

D,, o-CURRENTS. Every differential k-form w € D¥(B" x)) splits as a sum w = Zl o
=
where the w?)’s are the k-forms that contain exactly j differentials in the vertical ) variables. We denote

W) J :=min(k, M),



2 ,
by D*2(B™ xY) the subspace of D¥(B™ x ))) of k-forms of the type w = Z o wW and by Dyo(B™ x )

2
the dual space of D¥2(B"™ x V). Every (k,2)-current T € Djy2(B" x Y) splits as T = Z OT(]-),

J:
where T(;)(w) := T(w). For example, if u € WH2(B™,Y), ie., u € WH3(B",RY) with u(z) € Y for a.e.
x € B™, then G, isan (n,2)-current in D,, 2(B™x}), where in an approximate sense G,, := (Id <1 u)x[B™],
(Id > u)(z) := (z,u(x)), compare [11].

D-NORM. For any w € D™?(B" x Y) and T € D, 2(B™ x ) we set

(0)
Jollp o= mascfsup 2P fop o0, fsup ot ) s}
ey 14y A FAR

Tl = sup{T(w) | € D28 x V), ol <1}
It is easily checked that ||T'||p is a norm on {T' € D, 2(B™ x V) | ||T|p < +0o0}.

WEAK D,, 2-CONVERGENCE. If {T},} C D,, 2(B" x ), we say that {T}} converges weakly in D,, 2(B" x}),
T, — T, if Ti(w) — T(w) for every w € D™2(B™ x Y). The class D, 2(B" x ) is closed under weak
convergence and ||-||p is weakly lower semicontinuous. Moreover, if supy, ||Tk||p < +o0o there is a subsequence
which weakly converges to some T € D,, o(B" x Y) with ||T|p < +o0.

BoUNDARIES. The exterior differential d splits into a horizontal and a vertical differential d = d, +d,. Of
course 0,7 (w) := T(dyw) defines a boundary operator J, : Dy, 2(B" X Y) — D,_1 2(B™ x Y). Now, for any
w e D" L2(B" x Y), dyw belongs to D™2(B" x Y) if and only if d,w® = 0. Therefore, 9,7 makes sense
only as an element of the dual space of Z"~12(B" x ), where

ZFA(B" x V) = {w e DM(B" x V) | dyw® =0}.

D-GrapPHS. The study of weak limits of sequences of maps with equibounded Dirichlet energy, minimiza-
tion problems and concentration phenomena, see [11], draw the authors of [10] to introduce the subclass
D-graph(B"™ x Y) given by the (n,2)-currents T' € D,, o(B™ x Y) with ||T||p < +o0o0 and such that

T=Gy, +Sr (11)

for some function up € WH2(B",Y) and some Sp € Dy2(B" x V) with Spy) = Sy = 0, ie. Sp
completely vertical, so that

9,T=0 onD" "3(B"xY), 9,T=0 onZ" "3(B"xY). (1.2)

THE 2-DIMENSIONAL CASE. If n = 2, obviously D,, 2(B" xY) = D2(B?xY) and 9T is the usual boundary
of currents, whereas M(T) < ¢(||T|lp + 1) for some absolute constant. Consequently, weak limits of
smooth graphs with equibounded Dirichlet energy are integer multiplicity (shortly i.m.) rectifiable currents
in Ro(B? x Y), and D-graph(B? x J) N Ra(B?% x Y) is closed under weak convergence with equibounded
D-norm. As proved in [10] and [11], every T in D-graph(B? x J) N Ra(B? x V) decomposes as

I
T=Gup+Sr, Sr=3 0 xCi+STuing, (1.3)

=1

where 6, is the Dirac mass in z, z; € B2, C; € Z5()) are integral cycles with non trivial homology
and St ing is a completely vertical, homologically trivial, i.m. rectifiable current supported on a set not
containing {z;} x Y, i =1,...,1. More precisely, St sing(w) # 0 only on forms w € D?(B? x Y) such that
dyw® # 0. Moreover, see [10] [L1], if T'is in the sequential weak closure of smooth graphs with equibounded
Dirichlet energies, then every C; is of spherical type, see Definition 0.1. These facts lead to

Definition 1.1 If n = 2, cart®>'(B? x ))) denotes the class of i.m. rectifiable currents T in D-graph(B?
x ) which decompose as in (1.3), where the C;’s are of spherical type.



It turns out, see [10] [8], that cart®!(B? x ) is closed under weak convergence, with equibounded D-norm,
and contains the weak limits of sequences of smooth graphs with equibounded D-norm.

THE n-DIMENSIONAL CASE. Denote by 7 : R” x RN — R"and 7 : R” x R¥ — R the orthogonal
projections onto the first and the second factor, respectively. Let P be an oriented 2-plane in R™, and

P, =P+ Z:if t;v; the family of oriented 2-planes parallel to P, t = (t1,...,t,_2) € R""2 where
span(vy,...,v,—2) is the orthogonal subspace to P. Similarly to the case of normal currents, for every
T € D, 2(B" x Y) with ||T||p < +00 and for H" 2-a.e. t the slice TL 7w *(P;) of T over n~!(P;) is a well
defined current in Do((B™ N P;) x V) with finite D-norm. Moreover, if T, — T with equibounded D-norm,
for H" 2-a.e. t, passing to a subsequence we have T, L 7~ 1(P;) — T L7~ (P;) with equibounded D-norm.
Finally, if T € D-graph(B™ x Y), for H" 2-a.e. t we have T L 7~ !(P;) € D-graph((B" N P;) x Y). Therefore
in any dimension n it was introduced in [8] the following

Definition 1.2 T is said to be in cart>'(B" x V) if T € D-graph(B™ xY) and for any 2-plane P and for
H" " 2-a.e. t the 2-dimensional current T L m(P;) belongs to cart>'((B" N P;) x V).

It turns out that the class cart?!(B™ x ) is closed under weak convergence with equibounded D-norms.

STRUCTURE OF cart®>}(B™ x Y). If T € D-graph(B" x ), for any closed 2-form w € Z2()) define the
(n — 2)-currents D(T;w) and L(T;w) in B™ by setting

D(T3w)(¢) = Gup (* o ATFw),  L(T3w)(9) == Sr(n*¢ A T#w)

for every ¢ € D"~2(B™). Then, compare [10] and [11], D(T;w) and L(T;w) have finite mass, d(D(T;w) +
L(T;w)) = 0 in D" 3(B") and L(T;w) only depends on the cohomology class of w. Finally, setting for
s=1,...,s

Ds(T) :==D(T;w?), Ls(T) := L(T;w?%),

we have

T=Gur+ Y L(T)x7 on Z"*(B"xY)

s=1

for some function ur € W12(B™,)). Moreover, if T € cart?!(B™ x ))), it is proved in [8] that the L,(7T)’s
are i.m. rectifiable currents in R, _o(B™), with Ls(T) =0 for s =5+ 1,...,5. As a consequence, every
T € cart>!(B" x Y) decomposes as

T=Gu+ », LgxR; on Z"*(B"xY), (1.4)
q€H3P* (V)

where L, is an i.m. rectifiable current in R,_2(B") and R, € Z*()) is an integral 2-cycle of spherical

type in the homology class ¢q. More precisely, if ¢ = ZS ) ns[vs], ns € Z, then
o=

R, = Zn{ys and Ly =7(Lg, 1, E) , (1.5)
s=1

N
where £ is a unit simple orienting (n — 2)-vector field and the rectifiable sets £, are pairwise disjoint.
We finally remark that though the singular vertical part

ST,sing =T - GuT - Z]LS(T) X Ys
s=1

is completely vertical and homologically trivial, i.e., St sing(w) = 0 if w? =0 or we Z¥(B"xY), it
is in general non zero on forms w € D™2?(B" x Y) for which d,w® # 0. However, in [8] it was shown



that, in any dimension n, solutions of minimum problems "have” no singular part and, in fact, for every
T € cart>1(B" x ),

T = GuT + Z Lq XSq + ST,sing ,
q€HZP" (V)

where ur € WH2(B",Y), Ly € Ryu—2(B™), and S, € Z5(Y), in the vertical homological class [T], see below,
there is a current of the form
T=Gu+ Y, LgxRy,
g€ H3™" (V)

where R, € Z5()) is an integral cycle in ¢, with finite mass.

VERTICAL HOMOLOGY CLASSES. Let u € W12(B" ). We have 0G,(w) =0 if w € D" 12(B" x ))) with
w® =0 or dyw = 0. Setting

B*2(B" x V) :={w e DF*(B" x V) | I e D" M(B" xY) : w® =d,n}
and

Zk2(Bn x )
k,2 n —
H (B Xy) = Bk’2(Ban),

then 0G, =0 on B" 123(B" x Y) and 9,0G, = 0, whence 0G,(w) depends only on the cohomology class
of we Z"12(B" x V). As a consequence dG,, induces a functional (9G,,), on H" 12(B™ x Y) given by

(0G4 (w+ B 12) .= G, (w+ B"1?) = G, (w), we Z12
compare [11], Vol. 1T, Sec. 5.4.1. Therefore, since
Hk,2(Bn % y) ~ Dk—2(Bn) ® H(%R(y),

the homology map (9G,)s is uniquely represented as an element of the class D,,_3(B"; H2(Y;R)). More
explicitly, if ¢ € D"~3(B™), we have [(0G,)«(¢)] € Ha(Y;R) and for s =1,...,3

((0GW)«(9), [w*]) = 0Gu (1§ A TH W),
(,) denoting the de Rham duality between H>(Y;R) and H3x(Y): in general (0G,), is non-trivial.
SINGULARITIES OF SOBOLEV MAPS. Following [11], Vol. II, Sec. 5.4.2, we set
P(u) := (0Gy)« € Dy—3(B"; H2(V;R)),
for each w € [w] € H2x(Y) we define the current P(ujw) := my (G, L 7% w) in D,_3(B"), so that
P(u;w) (@) = OG (n# o ATHW) V¢ € D" 3(B"),
and for every w € Z%()) the current D(u;w) := mx (G, L7%w) in D,_o(B"), so that
D(w;w)(¢) = Gu(r¥ o ATHw) V¢ e D" *(B").
The following facts hold:

(i) for s=1,...,5

P(u;w)(9) = (P(w)(9), [w°]),

i.e., P(u;w?®) does not depend on the representative in the cohomology class [w®];

5
(ii) OP(u) =0 and P(u) = ZP(u; w®) ® [7s], hence it does not depend on the choice of ~1,...,7s;
s=1



(iii) OD(uw;w)(d) = (P(u)(¢), [w]) and hence I D(u;w®) = P(u;w?) for each representative w® in [w?].
Therefore, for any s =1,...,5 we can set
Ds(u) == D(w;w?®), Ps(u) := P(u;w®) = 0Ds(u) L B™. (1.6)
Note that if T'= G, + St € cart>}(B" x ))), then Ds(ur) = D4(T) and
Ps(ur) = —0Ls(T)L B" Vs=1,...,5. (1.7)
Finally, we clearly have P(u) = 0 if u is smooth, say Lipschitz, or at least in W3(B",)).

THE DIRICHLET ENERGY. Following [11], Vol. II, Sec. 1.2, we recall that the parametric polyconvex ls.c.
envelope of the Dirichlet integrand is the function F : A,R**V — R" given by

I€llp = sup{p(€) | é: AR™N SR, ¢ linear,

MM@»g%QQVGeMWmH. (18)

Here M(N,n) denotes the set of N x n real valued matrices G and M(G) is the n-vector in A, R*+V
given by

N . N N N, N
M(G) = <61+Zgg€j>A...A(eﬁzcglgj), a=(ci)
j=1 j=1

ij=1

(€1,---,€n), (e1,...,en) being the standard basis in R” and RY, respectively, so that M (G) identifies
the n-plane graph of G in R™*_ and in fact yields an orientation to it. The Dirichlet density for maps
u: B" — Y is then defined by the function F(y, &) : RY x A,R"*N — RT given by

_ [ lElp  if yeY and €€ A (R X T,Y)
Fly,€) = { +00 otherwise ! (1.9)

where T,) is the tangent space to ) at y. The Dirichlet integral is then extended to currents T' in
D-graph(B™ x )) by

D(T) = / Fly, T)d| T

T being the Radon-Nikodym derivative dT'/d||T|p. If (1.1) holds one has
2 —
D(T) =5 [ [Dup|”dz+ F(y, Sr)d|Srp - (1.10)
B BrxY

In particular
ITp < ¢D(T)

for some absolute constant ¢ = ¢(n). Finally, if A C B" is a Borel set we will denote
D(T,AxY):=D(TLAxDY)

and if u € WH2(B™,))
DmAyzé/uumzD@%Axy% D(u) := D(u, B").
A
In case n = 2, if (1.3) holds we have

I
1
i=1



In case n > 3, as remarked in the introduction, a part from the case of energy minimizing currents, or of
homological representatives, we do not have an explicit formula for the second term on the righthand side

of (1.10). However, if T = G, + Z Lq xRy, where R, is an integral cycle in ¢, we have, see [8],
g€ H3P" (V)

D(T) = E/Bn DurPde+ S M(Ly)-M(R,). (1.11)

2
g€H;™" ()
Therefore, writing T' as T = Gy, + Zs_l Ls(T) X 75, we have

1

D(T) = /B Durf?dz+ 3" M(Ly(T)) - (7). (1.12)
s=1

2 Density of smooth graphs

In this section we prove a strong density result for the Dirichlet energy of maps from n-dimensional domains
into ). We assume that ) is a smooth, compact, boundaryless, connected, oriented Riemannian manifold
of dimension M > 2, isometrically embedded in RV, N > 3.

BOUNDARY DATA. Let B"™ be a bounded domain in R" such that B" cC E”, e.g. Bn = B™(0,2), and
¢ : B" — ) be a given smooth W12 function. In the sequel we will denote

W;ﬂ(én,y) = {ue W172~(§"7J}) lu=¢ on~§”l§n}
CL(B", D) {fue CY(B"Y)[u=¢ on B"\B"}
cart2!(B" x J) {T € cart>(B" x Y) |
(T —G,)L(B"\B") xRN =0}.

Theorem 2.1 (Approximation by smooth graphs with prescribed boundary data) Assume that
Y is 1-connected, i.e., m(Y) = 0, and that the integral 2-homology group Hy(Y;Z) has no torsion. Let
@:B" =Y be a given smooth map. Also, let T € carti’l(B” x V) be such that

T=Gu+ Y, LgxRy, (2.1)
g€H;™" ()

where R, s an integral cycle in q. Then there exists a sequence of smooth maps {uy} C C;(E”Ji) such
that Gy, — T weakly in sz(én x Y) and

Jim D(ux, B") = D(T,B" x )).

— 400

Theorem 2.2 (Approximation by smooth graphs) Let ) be as in Theorem 2.1 and T € cart>'(B™ x
Y) be given by (2.1), where R, is an integral cycle in g. There exists a sequence of smooth maps {ux} C

CY(B™,Y) such that G, — T weakly in D, 2(B™ xY) and
klir_ir_l D(ug,B") =D(T,B" x Y).

As already mentioned, Theorems 2.1 and 2.2 have been proved in [13] in case of dimension n = 3, by
adapting the proofs of Theorem 1 in Sec. 4.2.5, and of Theorem 1 in Sec. 4.2.6, respectively, of [11, Vol. II],
where these results are proved in the case n =3 and Y = S2. We will only give the proof of Theorem 2.1,
since Theorem 2.2 is obtained in a similar way, arguing e.g. as in [13, Thm. 3.2].

Remark 2.3 Arguing as in [11], Vol. II, Sec. 4.2.5, from Theorems 2.1 and 2.2 we obtain the sequential
weak density of smooth maps in W'?(B",Y) and in W}? (B™,Y); compare [18] for a more general result.
Moreover, due to the lower semicontinuity of the Dirichlet energy w.r.t. the weak convergence in D, 2, we
immediately obtain the characterization of the lower semicontinuous envelope of the Dirichlet integral of
mappings into a manifold, already proved in [15].



MINIMAL CONNECTIONS. Before giving the proof of Theorem 2.1, we recall some further facts.

Definition 2.4 For every n >3 and I" € ’Dn,g(én) with sptT" C B", we denote by
m;(T) == inf{M(L) | L € R,_o(B"), sptLCB", OL=T}
the integral mass of I' and by
m, () := inf{M(D) | D € D,,_5(B"), sptDcB", dD=T}

the real mass of I'. Moreover, in case m;(I') < 400, we say that an i.m. rectifiable current L € RH_Q(E”)
is an integral minimal connection of I' if spt L C B", L =T, and M(L) = m;(T).

We recall that by Federer’s theorem [6] if ' has dimension zero we have m,(I") = m;(T").

DENSITY RESULTS FOR SOBOLEV MAPS. Let Rg?w(én,y) denote the set of all the maps u € W;’Q(E”,y)
which are smooth except on a singular set X(u) of the type

S(w)=J=i, reN, (2.2)
where ¥; is a smooth (n — 3)-dimensional subset of B™ with smooth boundary, if n > 4, and ¥; is a point

if n = 3. The following density result appears in [3], see also [16].

Theorem 2.5 For every n > 3 the class R‘Q’,OSO(E",J)) is dense in W;Q(E",y),

By (2.1) every T € cartivl(gn x V) as in Theorem 2.1 decomposes as

T=Gu+ Y Le(T)x7  on D"*(B"x)). (2.3)

s=1
If {ur} C R‘Q’?SO(E",JJ) is such that uy — up in WH2(B", RY), it readily follows that

kli:r_l M(Ds(ur) — Ds(ux)) =0,

compare [11], Vol. IT, Sec. 4.2.5 and Sec. 5.4.2, so that by (1.6) we infer

klirf my(Ps(ur) — Ps(ug)) =0 Vs=1,...,5.

As a consequence, since P(uy,) belongs to R,,_s(B™; ngh(y)), it follows that P(u) is an (n—3)-dimensional
real flat chain, being the real flat limit of the currents P(uy), and

P(u)(¢) = > Ps(u)(9) [v'] € HS™"(V;R) Ve D" 3(B"), (24)

where H3P"(Y;R) := H3?" () @ R. Therefore, in case of dimension n = 3, we obtain that P,(ur) is a zero
dimensional integral flat chain, since by Federer’s theorem [6]

khg{l m; (Ps(ur) — Ps(ug)) =0 Vs=1,...,5. (2.5)

This is one of the crucial points of the proof in the case n = 3, see [9], [13]. If n > 4, we argue in a
different way, making use of arguments from [15], which go back to [18] and [21]. To this aim, we first recall
the following result of Pakzad-Riviere [18].



Proposition 2.6 Let )Y be I-connected and let u € Rg?q,(ﬁmy). Then for every s =1,...,5 there exists
an integral current Ly € Rn_g(én), with spt Ly C B, such that

OLs = Ps(u) and M(L,) < C / | Du|? dz

n

for some absolute constant C' > 0 independent of w.

In case Y = S? this property goes back to [4] and is proved in [1] by means of the coarea formula. In [18]
the result is given in terms of polyhedral chains with coefficients in the homotopy group m5()). However,
since Y is 1-connected, by the Hurewicz theorem 72()) ~ H2(Y;R) and hence it can be re-stated in terms
of currents in Dn_g(gn; Hy(Y;R)). Moreover, in [15] we proved the following local version, see [21] for the
case Y = S2.

Proposition 2.7 Let W be a relatively open subset of B" such that LM(OW) =0. Let u,v € RS?W(E”,)})

be such that v = v a.e. on En \ W. For every s = 1,...,5 there exists an i.m. rectifiable current
Ly € Ry—o(B™) with spt Ly CW such that

OLs = Ps(u) — Ps(v) and M(L,) < C (D(u,W) +D(v, W)) .

We now begin with the proof of Theorem 2.1, that we divide in three steps.

Step 1: a strong density result. In the next section we will prove the following density result, which is the
main new contribution of this paper. We denote by singv the closure of the discontinuity set of a map v.

Theorem 2.8 Under the hypotheses of Theorem 2.1, there exists a sequence {Tj} in Carti’l(én xY) weakly

converging to T in D, 5(B™ x ), with energy D(T), B" x Y) — D(T, B" x ) as k — oo, such that every
Ty decomposes as

T =Gu, + > Lo(Tk) X7 on D"*(B"xY),
s=1

where every ug s smooth outside a singular set of zero Lebesgue measure and
L™ (singug) =0.

Step 2: reduction to finite mass singularities. By Theorem 2.8, we may and will assume that T satisfies
(2.3), where up € W?(B"™,Y) is smooth outside a set of zero Lebesgue measure, L£"(singur) = 0.
Using the same argument as in [21], there exists a sequence of relatively open sets Wy C B" such that
E”(@Wk) =0, ,Cn(Wk) < l/k and
Sing(uT) CcC... CWk+1 CWk+1 cWyC...CW;.

Setting Vi, := B™\ W, then Vi1, is a neighborhood of V}, and wur is smooth on Vji1. Therefore, applying
a refined version of Bethuel’s density result, Theorem 2.5, compare [21, Thm. 4], we find the existence of a
sequence {uy} C R3S, (B",)), strongly converging to ur in Wh2(B™ RYN), such that for every k

1
up=ur on Vi and [ (Juk —ur|®+|Duy — Dur|?)dx < e
B'VL

By applying Proposition 2.7 with u = ug, v = ugy1 and W = Wy, for every s we find Lgk) € Ryn—2(B™)

with spt L) ¢ W), such that

LY = Py(ur) — Ps(ups1) and M(LP) < C (D(ug, W) + D (upr1, Wi)) -

Since L™*(W}y) — 0 and {ug} strongly converges to ur, possibly passing to a subsequence we may and will
assume that M(Lgk)) < 27F for every k and s. Setting then

—+o0
s . J _ ~
Ly == LY, s=1,...,3,
j=k



since Ps(ug) — Ps(ur), we have

oL = Ps(ur) — Ps(ug) and lim M(L; ,..)=0,

Uk, uT k——+oo Ug,uT
so that (2.5) holds true and Ps(ur) is an integral flat chain. Now, since T satisfies (2.3), we have
Ps(ur) = —0Ls(T) Vs=1,...,5.
Therefore, setting

Tp = Gup + > (L3 iy + La(T)) X 74,
s=1

we obtain that d(L? +Ls(T)) = Ps(ug) and hence that T} € cart%l(én x )), with

Ug,uT

M(O(L, o, + Ls(T))) = M(Ps(ug)) < +00

Ug,uT

for every s and k, whereas T, — T weakly in IDnQ(En x V) and D(Ty) — D(T), by (1.12), as k — +oo.

Step 3: smooth approzimating sequence. Since O(L2 + Ls(T)) = Ps(ug) has finite mass, hence is

Uk, uT

rectifiable, we can assume that Ps(ur) is rectifiable for every s = 1,...,3. This yields that we may and do
assume
T=Gu+ Y, LgxRy (2.6)
q€H;"" (V)
and by (1.11)
D(T) =D(ur,B")+ > M(Lg) M(R,) < 400, (2.7)
q€H;"" (V)

where the L,’s are i.m. rectifiable currents in R,,_(B™) with pairwise disjoint supports and finite boundary
mass
> ML) < 4.

q€HZP" (V)

In particular, by the boundary rectifiability theorem [5], the OL,’s are i.m. rectifiable currents.

Following [11], see also [13], by applying Federer’s strong polyhedral approximation theorem [5], we
approximate T by a sequence of currents as in (2.6), where this time the L,’s are (n — 2)-dimensional
polyhedral chains. As a consequence, one reduces to approximate dipoles of the type [A] x Ry, where [A]
is the current integration over an (n — 2)-dimensional simplex of B™. We omit writing the details of this
final part, since it is an adaptation of similar arguments from [14]. We only sketch the main steps.

We first recall from [12, Prop. 4.5] how to approximate spherical type cycles.

Proposition 2.9 Let C € Z5(Y) be an integral 2-cycle of spherical type and P € Y be a given point. There
exists a family of Lipschitz functions f. : B2 — Y such that felop2 = P, fex[B%2] — C weakly in D2(Y)
as € — 0 and

D(f.,B*) <M(C) +¢.

Finally, the 2-cycle C. := f-4[ B*] does not depend on the choice of P € ).

Let now A be e.g. given by the convex hull
A :=co({Orn,ler,lea, ..., len_a}), 0<ixkl.
Also, for 6 >0 and 0 <m < 1, let
¢5'(x) = (T, 05" (y(@)T),  T:= (21, 2n2), T:= (Tn-1,%n),

where ¢§*(y) := min{my,d}, y >0, and y(z) := dist(z,dA) is the distance of Z from the boundary of the
(n — 2)-simplex A. Therefore, Q" := ¢§*(A) is a small neighborhood of the simplex A in B™, and, arguing
in a way similar to [14], and making use of Proposition 2.9, we obtain the following

10



Proposition 2.10 Let v : B™ — Y be a W2 map which is smooth in the interior of Qggo, for some fixed
small mg, 89 > 0. Let C € Z5(Y) be an integral cycle of spherical type. For every € >0, 0 < § < dp, and
0 <m < my, there exists a map u. : B" — Y such that G,,, = G, + [A] x C weakly in Dy, 2(B™ x Y) as
e — 0" and

D(u., B") < D(u, B") + H"2(A) - M(C) + €.

Moreover, u. is smooth in the closure of QF', except for the (n — 3)-skeleton of a triangulation of A, and
us = u outside the closure of 15"

Applying Proposition 2.10 to any (n — 2)-simplex A of L,, with C' = Ry, we find an approximating
sequence of graphs of maps {u.} C R3, (é”7 V) which are smooth outside a singular set . given by the
(n — 3)-skeleton of a triangulation of a polyhedral (n — 2)-chain of B™. To remove the singular set Y., we
make use of a variant of a result from [14] that states that in these circumstances, for € > 0 small enough

there exists a sequence of smooth maps {u's)} C C’é(é",y) which converges to wu. strongly in W12 as
m — +oo. This is the point where, even in dimension n = 3, we make use of the injectivity hypothesis on
the Hurewicz map mo()) — H2(Y;Q), together with the condition

9:Gy. =0 on D" M2(B"x ), 0yG,. =0 on Zr=L2(B" x ),

to remove the singular set X., see [13].

3 A strong density result

In this section we prove Theorem 2.8, concluding the proof of Theorem 2.1.

SLICING PROPERTIES. Denote by B,(z) the n-dimensional ball centered at xg and of radius r. Let

Te cartf;l(gn x V) be as in Theorem 2.8. For every point zg € B" and for a.e. radius r € (0,79), where
ro := dist(xg, 0B™), the slice

<T7 d$o7 T> )
where d,,(z,y) := |z — x¢|, is a Cartesian current in cart®!(9B,(z¢) x V). Moreover, due to (1.2) we have
(T L By (xg) x V) = (T, dy,, 1), (3.1)

where the boundary of T is to be intended in the sense of Sec. 1. In this case we will say that r is a good
radius for T at xg.
PROOF: [Proof of Theorem 2.8] We divide it in six steps.

Step 1: definition of the fine cover F,,. We define a suitable dense subset A of B™ and, for every m € N,
a fine cover F,, of A consisting of closed balls with radii smaller than 1/m. To this aim, in the sequel we
will denote by ps the finite Radon measure on B™ given for every Borel set A C B" by

ps(A) = Z M(R,) - H" *(ANL,), (3.2)
q€H3P"(¥)

-,

the L,’s being the (n — 2)-rectifiable sets such that L, = 7(£,, 1, L), see (1.5). Since us is a finite Radon
measure concentrated in the (n — 2)-rectifiable set £,

L= J £,

q€H3P" (V)

by inner regularity, for every m € N we find a closed subset J,, C £ such that
(LN T) < ~ (3.3)
fbs m —- .

11



Let A be the set of points xg in B™ such that

lim Hs (BT (330))

e =0.

r—0

We readily infer that A is a dense subset of B™. Otherwise, the set B™\ A would contain a nonempty open
set, a contradiction since H"~27¢(B"\ A) = 0 for all € > 0. Moreover, since every point zo € A does not
belong to L, and J,, is a closed subset of L, there exists a positive radius r(xg), smaller than the distance
of xg to the boundary 0B", such that for every 0 < r < r(xg)

B, (20) N Jp = 0. (3.4)

We then denote by F;,, the union of all the closed balls centered at points zg € A and with good radii
0<r<r(zg).

Step 2: covering argument. We apply the following extension of the classical Vitali-Besicovitch covering
theorem, with A and F = F,,, as in Step 1, with respect to the Lebesgue measure L™.

Theorem 3.1 Let A C B™ be a dense subset of B™ and let F be a fine cover of A made of closed balls
contained in B™. There is a disjoint countable family G of F such that

cr(B\Jg) =0.

Step 3: approximation on the balls of G,,. In Step 2 we have obtained for every m a disjoint countable

family G,, = j:f Bj of closed balls B; C B™ with centers in A. Moreover, if B; = B,(z), then (3.4)

and (3.1) hold true, being r a good radius for T" at xg.
Following an idea from [15], for any j € N we let

T; == {T € cart®' (int(B;) x V) : T = (T, dy,,7)}

denote the class of Cartesian currents in int(B;) x Y with boundary equal to the boundary of the restriction
TL int(Bj) x Y, see (3.1). For any T € T; let

D(T) := D(T,int(B;) x V).

Moreover, we let u; := ug|p, denote the restriction to B; of the function ur € W;’Q(E", V) corresponding
to T.
For any ¢ > 0 we consider the minimum problem

inf{D.(T) | T € T;}, (3.5)

where )
DT) = D) + 1 [ g~ ufdo.
13 Bj
ug € W1’2(Bj, )) being the W12-function corresponding to T. By the closure of the class 7; under the
weak convergence in Dy, o(int(B;) x V), and by the lower semicontinuity of 7'+ D.(T), we infer that (3.5)
has a solution 77 € 7; such that upy; — u; in L*(B;,RY) as & — 0. By [8] we may and do assume that

the singular part STg =0 and that T/ decomposes as

,8ing

T9 =G+ > Lo(T?) x s,
s=1

where L, (T

Y) € Ry—2(int(By)). Possibly taking a sequence ej \, 0, we find that T? weakly converges in
Dn?g(int(Bj) X y)

to a current T; € 7;. The TY’s being minimizers, we also infer that 7} satisfies
3
T’j = Guj + ZLé(T]) X Vs (36)
s=1

12



where L(T¢) € Ry—2(int(B;)). In particular, uz, = u;. Moreover, since
D(T?) < D.(T?) < D(T}) = D(T}),
by the lower semicontinuity of the Dirichlet energy we have

D(T;) < liminf D(7Y) < limsup D(77) < D(T}),

e—0+ e—0t

so that D(T¢) — D(T}). On the other hand, if T is any Cartesian current in 7; such that uz = uj, we
clearly have ' 4 B B
D(T?) < D.(T?) < D(T) = D(T),

which yields D(Tj) < D(f), letting ¢ — 0%. As a consequence, taking T:=TL int(B;) x Y, we obtain
that

M(LLs(T})) - M(7s) < > M(Ly(T'L int(B;) x ) - M(7s). (3.7)

s=1

Mw

Il
—

S

Step 4: approzimation on the whole of B™. By paying a small amount of energy, we may and do modify
the current 77 in Step 3 in such a way that 77 weakly converges in Dy 2(int(B;) x Y) to the restriction
TL int(Bj) X y

In fact, we notice that by (1.7)

—8L5(T7') L int(Bj) = ]P’s(u]‘) =—-0Ls(TL int(Bj) x V),

whereas by the membership to 7;
0T; = 90(TL int(B;) x V).

Therefore, since T? — Tj, letting

T2 =T/ + ) (Ls(TL int(B)) x ¥) = La(T})) X s,
s=1

we readily infer that TEJ belongs to 7; for every € and that TVEJ weakly converges to T'L int(B;) x Y in
D, 2(int(B;) x V) along a sequence {ej }ren, possibly depending on j, with €5 \, 0. Moreover, on account
of (3.7), since by (3.2)

S

Y M(Ls(TL int(Bj) x V) - M(vs) = pus (int(By)) ,

s=1

whereas D(T?) — D(T};) and D(T}) < D(T,int(B;) x V), we also obtain that

limsup D(T?) < D(T,int(B;) x V) + 2 s (int(B;)) . (3.8)

e—0+

We finally define for every k
T :=TL(B"\|JG™) x Y+ > 17 .
j=1

Step 5: strong convergence. Due to the membership of Tgk to 7;, we readily infer that 77" belongs to the
class carti’l(éi x V). The weak convergence of Tgk to TL int(B;) x Y yields that T;" weakly converges
to T in D, 2(B™ x Y). Moreover, the energy estimate (3.8) yields that

“+o0

limsup D(T}", B" x ¥) < D(T,B" x ¥) + 2 . (int(B;))

k—+o00 i=1
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and hence, by (3.3) and (3.4),

2
limsup D(T}") < D(T) + — VmeN.
k—+4o00 m
Step 6: conclusion. Now, the W12-function up® corresponding to 17" belongs to W;f(é” x )) and
coincides with wj, on each ball B;, where u], denotes the function in W172(Bj,y) corresponding to Tgk
Arguing similarly to when proving partial regularity results in [11, Vol. II, Sect. 4.2.9] or [8] to the minimum
problem (3.5), with & = e, since [, |uz — u;|* do is a lower order term, it follows that the Sobolev maps
. J
u;, satisfy the condition
L"(singuy) =0,
where sing ui denotes the closure of the the discontinuity set of ui. As a consequence, the functions

are smooth outside the closed subset of Bn given by B™\ UG,,, which has zero full measure, plus the union
of the singular sets sing u],. Definitively, singu] is a closed subset of B™ of null measure £"(singu}") = 0.
In conclusion, letting m — +o00, a diagonal argument yields the assertion. O
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