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Abstract. In this note we characterize compact hypersurfaces of dimension n ≥ 2 with
constant mean curvature H immersed in space forms of constant curvature and satisfying
an optimal integral pinching condition: they are either totally umbilical or, when n ≥ 3
and H 6= 0, they are locally contained in a rotational hypersurface. In dimension two, the
integral pinching condition reduces to a topological assumption and we recover the classical
Hopf-Chern result.
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1. Introduction

The study of constant mean curvature hypersurfaces in space forms of constant curvature
is one of the oldest subjects in differential geometry. There are many interesting results on
this topic (see for example [12, 13, 16, 15, 8, 7, 18, 5, 2], and many others). By constructing a
holomorphic quadratic differential, Hopf [12] showed that any constant mean curvature two-
sphere in R3 is totally umbilical. Chern [7] extended Hopf’s result to constant mean curvature
two-spheres in three-dimensional space forms. Compact immersed constant mean curvature
tori in R3 were first constructed by Wente [17].

To fix the notation, letMn, n ≥ 2, be a compact hypersurface with constant mean curvature
H immersed in a space form Fn+1(c) of constant curvature c. Denote by h the second

fundamental form of Mn and by h̊ its trace-free part. With this notation, Mn is totally
umbilical if and only if h̊ vanishes. It is well known [16, 8, 14] that if H = 0 and |̊h|2 ≤ nc,
c > 0, then Mn is either totally umbilical or a Clifford tori in Sn+1(c), i.e. product of spheres
Sn1(r1) × Sn2(r2), n1 + n2 = n, of appropriate radii. This rigidity result was extended by
Alencar and do Carmo [1] to hypersurfaces with constant mean curvature. The aim of this
note is to show a characterization of compact hypersurfaces with constant mean curvature
satisfying an integral pinching condition on h̊. This improves the result in [1]. Moreover, in
dimension two, the integral inequality reduces to a topological assumption on the surface and
leads to a new proof of Hopf-Chern Theorem. Our main result reads as follows:

Theorem 1.1. Let Mn be a compact hypersurface with constant mean curvature immersed
in a space form Fn+1(c) of constant curvature c. Then∫

Mn

|̊h|
n−2
n

( 1

n
H2 − |̊h|2 − n− 2√

n(n− 1)
|H||̊h|+ nc

)
≤ 0
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and equality occurs if and only if Mn is either totally umbilical or, when n ≥ 3 and H 6=
0, around every non-umbilical point, it is locally contained in a rotational hypersurface of
Fn+1(c).

Note that, if H = 0 and c ≤ 0, the statement is trivial. On the other hand, there are
Clifford tori in Sn+1(c) with |̊h|2 ≡ nc that are not contained in a rotational hypersurface of
Sn+1(c). Hence, the second part of the equality case in Theorem 1.1 cannot be true if H = 0.

In dimension two, Gauss equation and Gauss-Bonnet theorem imply that the integral
inequality is equivalent to the non-positivity of the Euler characteristic of M2 and we recover
Hopf-Chern result.

Corollary 1.2 (Hopf–Chern). Let M2 be a compact surface with constant mean curvature
immersed in a space form F3(c) of constant curvature c. Then, either M2 is totally umbilical
or χ(M2) ≤ 0. In particular, every compact constant mean curvature two-sphere immersed
in a space form F3(c) is totally umbilical.

The proof of Theorem 1.1 relies on an improvement of the Bochner method applied to
Codazzi tensors with constant trace (section 2), which was observed by the the author in [6].

2. Codazzi tensors with constant trace

Let (Mn, g) be a smooth Riemannian manifold of dimension n ≥ 3 and consider a Codazzi
tensor T on Mn, i. e., a symmetric bilinear form satisfying the Codazzi equation

(∇XT )(Y, Z) = (∇Y T )(X,Z) ,

for every tangent vectors X,Y, Z. For an overview on manifolds admitting a Codazzi tensor
see [3, Chapter 16.C]. In all this section we will assume that T has constant trace. In

particular, the trace-free tensor T̊ = T − 1
ntr(T ) g is again a Codazzi tensor. In a local

coordinate system, we have
∇kT̊ij = ∇j T̊ik . (2.1)

Throughout the article, the Einstein convention of summing over the repeated indices will be
adopted. Taking the covariant derivative of the Codazzi equation and tracing we obtain

∆T̊ij = ∇k∇j T̊ik

= ∇j∇kT̊ik −RikjlT̊kl +RjkT̊ik ,

where we have used the commutation rules of covariant derivatives of symmetric two tensors.
Here Rikjl and Rjk denote the components of the Riemann and Ricci tensor respectively.

Now, since T̊ is trace-free, from (3.1) one has ∇kT̊ik = ∇iT̊kk = 0. Thus, any trace-free

Codazzi tensor T̊ satisfies the following elliptic system

∆T̊ij = −RikjlT̊kl +RjkT̊ik . (2.2)

In particular, the following Weitzenböck formula holds

1

2
∆|T̊ |2 = |∇T |2 −RikjlT̊ij T̊kl +RjkT̊ij T̊ik . (2.3)

In this section we recall a vanishing theorem for Codazzi tensor with constant trace which
was proved by the author in [6], following the work of Gursky [11] on conformal vector fields.
As first observed by Bourguignon [4], trace-free Codazzi tensor satisfies the following sharp
inequality.
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Lemma 2.1. Let T̊ be a trace-free Codazzi tensor on a Riemannian manifold (Mn, g) and

let Ω0 = {p ∈Mn : |T̊ |(p) 6= 0}. Then, on Ω0,

|∇T̊ |2 ≥ n+ 2

n
|∇|T̊ ||2 .

Note that, if n = 2, then equality holds.

From the previous equation, on Ω0, we therefore have

1

2
∆|T̊ |2 ≥ n+ 2

n
|∇|T̊ ||2 −RikjlT̊ij T̊kl +RjkT̊ij T̊ik . (2.4)

Moreover, to apply (2.4) on the whole Mn, we need to measure the set Mn \ Ω0. We have
the following result [6].

Lemma 2.2. Let T̊ be a, non-trivial, trace-free Codazzi tensor on the Riemannian manifold
(Mn, g) and let Ω0 = {p ∈ Mn : |T̊ |(p) 6= 0}. Then Vol (Mn \ Ω0) = 0. In particular (2.4)
holds in an H1-sense on Mn.

Using equation (2.4), an integration by parts argument implies the following integral in-
equality on trace-free Codazzi tensor [6].

Proposition 2.3. Let T̊ be a, non-trivial, trace-free Codazzi tensor on a compact Riemannian
manifold (Mn, g). For ε > 0, define Ωε = {p ∈Mn : |T̊ |(p) ≥ ε}, and

fε =

{
|T̊ |(p) if p ∈ Ωε

ε if p ∈Mn \ Ωε .

Then ∫
Mn

(
−RikjlT̊ij T̊kl +RjkT̊ij T̊ik

)
f
−n+2

n
ε ≤ 0 .

3. Proof of Theorem 1.1 and Corollary 1.2

Let Fn+1(c) be an (n+1)-dimensional smooth Riemannian manifold with constant sectional
curvature c and let Mn be an n-dimensional compact hypersurface immersed in Fn+1(c). For
any p ∈ Mn we choose a local orthonormal frame {e1, . . . , en, en+1} in Fn+1(c) around p
such that {e1, . . . , en} are tangential to M . Since Fn+1(c) has constant sectional curvature c,
Codazzi and Gauss equations read (see for instance [9])

∇khij −∇jhik = 0 , (3.1)

Rikjl = c (gijgkl − gilgjk) + hijhkl − hilhjk , (3.2)

where g denotes the induced Riemannian metric on Mn, Rm its curvature tensor and h the
second fundamental form of Mn. In particular, tracing Gauss equation (3.2), we get

R = n(n− 1)c+H2 − |h|2 , (3.3)

were R and H denote the scalar curvature of g and the mean curvature of Mn, respectively.
Now, if Mn has constant mean curvature H, then by Codazzi equation (3.1) the tensor

h̊ = h − 1
nHg is a trace-free Codazzi tensor. Thus, if h̊ is not identically zero, namely if

Mn is not totally umbilical, then Proposition 2.3 applies and we obtain the following integral
inequality ∫

Mn

(
−Rikjl̊hij h̊kl +Rjkh̊ij h̊ik

)
f
−n+2

n
ε ≤ 0 , (3.4)



4 GIOVANNI CATINO

where

fε =

{
|̊h|(p) if p ∈ Ωε

ε if p ∈Mn \ Ωε .

and Ωε = {p ∈Mn : |̊h|(p) ≥ ε}. Using Gauss equation (3.2), a simple calculation shows

−Rikjl̊hij h̊kl +Rjkh̊ij h̊ik =
1

n
H2 |̊h|2 − |̊h|4 −H h̊ij h̊ikh̊jk + nc|̊h|2 .

Moreover, since h̊ is trace-free, we have the sharp Okumura inequality (for a proof, see for
instance [1, Lemma 2.6])

h̊ij h̊ikh̊jk ≥ −
n− 2√
n(n− 1)

|̊h|3 (3.5)

and, if n ≥ 3, equality occurs at some point p ∈Mn if and only if h̊ can be diagonalized at p
with (n− 1)-eigenvalues equal to λ and one eigenvalue equals to −(n− 1)λ, for some λ ∈ R.
Hence, we obtain

−Rikjl̊hij h̊kl +Rjkh̊ij h̊ik ≥ |̊h|2
( 1

n
H2 − |̊h|2 − n− 2√

n(n− 1)
|H||̊h|+ nc

)
,

and from (3.4), we get∫
Mn

|̊h|
n−2
n

( 1

n
H2 − |̊h|2 − n− 2√

n(n− 1)
|H||̊h|+ nc

)
|̊h|

n+2
n f

−n+2
n

ε

≤
∫
Mn

(
−Rikjl̊hij h̊kl +Rjkh̊ij h̊ik

)
f
−n+2

n
ε ≤ 0 .

Taking the limit as ε→ 0, since |̊h|
n+2
n f

−n+2
n

ε → 1 a.e. on Mn by Lemma 2.2, we conclude∫
Mn

|̊h|
n−2
n

( 1

n
H2 − |̊h|2 − n− 2√

n(n− 1)
|H||̊h|+ nc

)
≤ 0 (3.6)

and, if n ≥ 3 and H 6= 0, equality occurs if and only if, at every point, either h̊ is null or it
has an eigenvalue of multiplicity (n− 1) and another of multiplicity 1.

Now we can conclude the proof of Theorem 1.1 and Corollary 1.2. If n = 2, then we have
showed that either M2 is totally umbilic, or the following integral pinching inequality holds∫

M2

(1

2
H2 − |̊h|2 + 2c

)
≤ 0 .

Since |̊h|2 = |h|2 − 1
2H

2, we have ∫
M2

(
H2 − |h|2 + 2c

)
≤ 0

and from Gauss equation (3.3), we obtain∫
M2

R ≤ 0.

Corollary 1.2 now simply follows from Gauss-Bonnet theorem.
If n ≥ 3, we have that inequality (3.6) holds and equality occurs if and only if either h̊ is

null and Mn is totally umbilical or, when H 6= 0, around every non-umbilical point, h̊ splits
with an eigenvalue of multiplicity (n − 1) and another of multiplicity 1. Notice that, from
Lemma 2.2, the open set of non-umbilical points is dense in Mn. Theorem 1.1 now follows
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from [10, Theorem 4.2], where the authors showed that every hypersurfaces in a space form
with this property is contained in a rotational hypersurface of Fn+1(c).
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