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ABSTRACT. We consider a beam whose cross-section is a tubular neighborhood
of a simple closed curve 7. We assume that the wall thickness, i.e., the size
of the neighborhood, scales with a parameter §. while the length of ~ scales
with €. We characterize a thin-walled beam by assuming that d. goes to zero
faster than e. Starting from the three dimensional linear theory of elasticity,
by letting € go to zero, we derive a one-dimensional I'-limit problem for the
case in which the ratio between &2 and 6. is bounded. The limit model is
obtained for a fully anisotropic and inhomogeneous material, thus making the
theory applicable for composite thin-walled beams. Our approach recovers in
a systematic way, and gives account of, many features of the beam models in
the theory of Vlasov.

1. INTRODUCTION

The attention to thin-walled beams has been motivated by their peculiar tor-
sional behavior. The pioneering works by Prandtl (1903) and Timoshenko (1905),
see [10] and [11], on the flexural-torsional instability of beams opened the way to
an extensive study of the subject that has occupied a large part of the first half
of the last century. A fundamental contribution was given by Vlasov, whose work
became known in the west at the end of the ’50s after the English translation of
his monograph [12].

The high structural performances and the low weight make thin-walled structures
of great interest for applications, especially in advanced technological fields. An
account of the developments of the theory and of the problems arising in classical
structural contexts is found in [8]. Advanced applications are met, for instance, in
aeronautics and turbomachinery. In those fields dynamical and stability aspects
become crucial and have urged research to explore novel areas and problems. In
particular, it is common to use new and fiber reinforced materials, or to resort
to special structural arrangements, in order to influence or control the dynamical
behavior [9]. All this has contributed to the growth of an abundant literature and
to a multitude of models that are often hardly comparable [13].
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The various models are based on ad hoc kinematical assumptions. A different
approach is taken in [5, 6], where the authors deduce an asymptotic model for thin-
walled beams by starting from the three dimensional theory of elasticity and using
the general framework of I'-convergence. These papers deal with homogeneous
isotropic elastic beams with rectangular cross-section. Namely, it is assumed that
the long side of the cross-section scales with a small parameter ¢, while the other
with €2, This different scaling leads to a compactness result in which the different
components of the displacement scale differently. It is also noticeable that the
kinematic restrictions on the limit displacement field, that are the starting point of
many direct models, here follow by compactness.

There is now a wide literature on thin-walled beams with open cross-section via
variational convergence. In particular, in [7] the authors consider the case of an
inhomogeneous anisotropic rectangular cross-section, and in [3, 4] the analysis has
been extended to the non linear context. Recently, Davoli [2] considered the case of
homogeneous anisotropic beams with curved open cross-section within the frame-
work of finite deformations. In that article, however, the analysis of I'-convergence
is carried on in terms of strains rather than displacements, as it is usually done.
In [1] we have studied inhomogeneous anisotropic thin-walled beams with an open
curved cross-section within the framework of linear elasticity. In particular, when
applied to homogeneous and isotropic materials, our results validate Vlasov’s the-
ory.

Here we consider thin-walled beams with closed cross-section. As far as we know,
this is the first paper that deals with this case within the framework of variational
convergence.

The main difference between open and closed cross-sections is essentially due to
the different torsional rigidity. The mechanical reason is that the flux of the shear
stresses across the cords of a closed cross-section does not vanish, upraising by up
to two orders of magnitude the contribution of the De Saint Venant’s regime of
stresses to the global torsional rigidity, see [8]. This fact implies that the effects of
nonuniform torsion produced by loads applied to the ends of the beam die off much
faster than for an open cross-section. Or, in other words, that the importance of
“warping” is severely reduced.

In the present approach the difference between open and closed cross-sections
emerges at the kinematic level and is related to the multiple connection of the
cross-section. The requirement that the displacements fulfill periodicity conditions
yields that additional information can be obtained from the compactness theorem.
Accordingly, the kinematical analysis of [1] can be significantly enhanced. In par-
ticular, it is found that the twist used for an open cross-section, hereafter denoted
by 1, is identically equal to zero. This result essentially states that the sequence
that generates the twist in the case of open cross-sections is too rough and needs
to be refined in the case of closed cross-sections. Indeed, by introducing a further
rescaling it is possible to define a new quantity, ©¢, that describes the twist angle of
the cross-section and that converges to a limit value ©. It is worth saying that, by
definition, ©° and then © depend also on the shape of the cross section, reflecting
a well known technical feature of torsion.

The periodicity of the displacements plays a crucial role and leads to new integral
constraints on the potentials appearing in the limit strains. As a consequence, the
definition of the limit energy density is much more involved with respect to the
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case of an open cross-section. Within the framework of homogeneous and isotropic
materials, one of these integral constraints leads to a formula upon which Vlasov’s
theory of sectorial areas for closed cross-sections is based on, see Remark 4.7 and
equation (43).

The paper is organized as follows. In Sections 2 and 3 we introduce the problem
and recall some useful formulas from [1]. After recalling the compactness results,
in Section 4 we prove that the limit twist J, as we defined it for the open cross-
sections, vanishes and introduce a new measure of twist ©°. We also update the
representation formulae for the limit strains and deduce the integral constraints of
the related potential functions. In Section 5 we compute a lower bound of the energy
by minimizing the strain energy functional in the class of strains characterized in
the previous sections. By this procedure we obtain a reduced form of the energy
that will define the energy density of the I'-limit. In Section 6 we find the I'-limit
through the usual sequential characterization and in the following section we prove
that the I'-limit has a local form. Namely, we give an explicit representation of the
associated strain energy density.

We stress once more that our approach applies to generally inhomogeneous
anisotropic thin-walled beams. The availability of an explicit representation for-
mula for the strain energy density of the asymptotic model can be useful to discuss,
for instance, the optimal arrangement of anisotropies in specific problems, or to
suggest strategies for structural tailoring in advanced technological devices, see [9].
Finally, by the sake of exemplification, in the last section we calculate the I'-limit
for a homogeneous isotropic elastic thin-walled beam.

Notation

We adopt the same notation used in [1], which we recall hereafter for convenience
of the reader. In the proofs, for brevity, we neglect to specify which identities hold
only “almost everywhere”, while we are explicit in the statements of the theorems.

Throughout the article, and unless otherwise stated, we index vector and tensor
components as follows: Greek indices «, 8 and 7 take values in the set {1,2}
and Latin indices i, j, k, I in the set {1,2,3}. With (e1, ez, e3) we shall denote
the canonical basis of R3. LP(A; B) and H*(A; B) are the standard Lebesgue and
Sobolev spaces of functions defined on the domain A and taking values in B. When
B = R, or when the target set B is clear from the context, we will simply write
LP(A) or H°(A); also in the norms we shall systematically drop the target set.
Convergence in the norm, that is the so-called strong convergence, will be denoted
by — while weak convergence is denoted with —. With a little abuse of language,
and because this is a common practice and does not give rise to any confusion, we
use to call “sequences” even those families indicized by a continuous parameter
which, throughout the whole paper, will be assumed to belong to the interval (0, 1].
Throughout the paper, the constant C' may change from expression to expression
and, in some case, even in the same line. The scalar product between vectors or
tensors is denoted by -. R‘;’lfvf denotes the vector space of skew-symmetric 3 x 3
real matrices. For A4 = (a;;) € R3*® we denote the Euclidean norm (with the
summation convention) by [A| = VA-A = \/tr(AAT) = /a;;a;;. Whenever we
write a matrix by means of its columns we separate the columns with vertical bars
(-] - |-) € R3*3. 9; stands for the distributional derivative B%n For every a,b € R3
we denote by a ® b := %(a ® b+ b® a) the symmetrized diadic product, where
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(a ® b);j = a;b;. When a function of three variables is independent of one or
two of them we consider it as a function of the remaining variables only. This
means, for instance, that a function u € H((0,£) x (0,L); R™) will be identified
with a corresponding u € H((0,£) x (=h/2,h/2) x (0, L); R™) such that dou = 0
and a function v € H'((0,L); R™) will be identified with a corresponding v €
HY((0,£) x (=h/2,h/2) x (0, L); R™) such that d;v = dv = 0. The notation da
stands for the area element dridxs. As usual, f denotes the integral mean value.

2. STATEMENT OF THE PROBLEM

We consider a sequence of thin-walled beams with closed cross-section w. that
is an annular neighborhood of thickness d.h of a curve e7. Precisely, let £ > 0 and
I =10,4] C R be a closed interval and « : I — R? x {0} be a regular simple curve
of length ¢ in the plane z3 = 0. We shall assume that v is of class W3 on the
torus [0, £]. Then, the cross-section w. consists of the set of points

h h
2’ 2)7
with A > 0. Here z; is the arc length of v and x5 measures the distance of point &
from the mean curve ey along the normal n(z;). We denote by ¢t := 91y the unit
tangent to v and by n = e3 At the unit normal. In particular, x := 01t - n is the
curvature of v, and we have that 0,1t = kn and dyn = —kt. Clearly, k cannot be
identically equal to zero because the curve is closed.

As in [1], we assume that the cross-section is thin in the sense established by

(1) T =ey(x1) + dexan(zy), w1 €1, x9 € (—

(2) lim — = 0.

Let SAZE := @ x (0, L) denote the domain occupied by the beam in the reference
configuration. We indicate by
Va(z) + Va(z)"
2 )
the strain corresponding to the displacement w : ﬁs — R3.
We consider thin-walled beams made of an inhomogeneous linear hyper-elastic

material characterized by an elasticity tensor C* with components CZ;;, € L™ (ﬁs)
and satisfying the major and minor symmetries, ie., Ci;, = CZ,, = C;.. The
fourth order tensor C¢ is assumed to be uniformly positive definite, that is: there

exists ¢ > 0 such that
(4) C°(2)E-E > c|E|?

(3) Ea(z) = sym(Va(Z)) :=

for almost every Z, for all symmetric matrices F, and for every ¢ > 0.
We take the beam to be clamped at 3 = 0, and denote by

(5) H) (O R3) = {u € H (O R%) i = 0 on & x {0}}

the function space of the displacement fields. Then, the energy functional of the
beam 7. : H} (Q.;R3) — R is given by

(6) Fo(i) = %/@ C°Ei - Budi — Z.(),

where 6??5(11) denotes the work done by the loads on the displacements 4.
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We aim to find a variational limit of the functionals 336, as € — 0, in order
to get an asymptotic model for thin-walled beams with closed cross-section. The
analysis will be focused on the asymptotic behavior of the elastic energy only, and
the reader is referred back to the considerations made in [1], Remark 7.3, for what
concerns the work done by the loads.

3. PROBLEM ON A FIXED DOMAIN

According to (1), let

(7) T = xe(7) := ey(x1) + d-x2n(x1) + T3€3.
be the function that maps the fixed domain [0, €] x (—%, %) x (0, L) to the domain

ﬁg occupied by the beam in the reference configuration.
By means of y. it is possible to write the mechanical problem on a fixed domain
by defining
U= U0 Xe.
The chain rule yields then
(8) Vu =Viox:Vxe,

where Vu = (81u|02u|d3u). From (7) it follows that

(9) Vxe = (e(1 — %xgn)t(x1)|5€n(x1)|eg),
hence
(10) Vi = Vu(Vy.) ! = Vu( ! t(x1)|ln(x1)fe3)T.

e(1- %ngs) e

It is convenient for the sequel to express the deformation gradient and the strain
tensor in a local frame. To this aim, at the points of €., or equivalently at the

corresponding points of [0, £] x (—%, g) x (0, L), we introduce the basis
1)
(11) gi = (1 - ;E‘TQ'%)tv g; =n, 9§ = €3,
and its dual one .
gl=—F—, gZ=n, ¢=es
1-— Ssxok

We write H°u and E°u respectively for the deformation gradient and the strain
tensor when they are regarded as fields over the fixed domain, that is

1 1
(12) Hew i= (Z0yul - 03ul050)(9219219) "

whereas Ffu is given by
Efu :=symH®u.
We note that (12) implies that

1 1
(galu\(s—@gu\asu) = H*u(91195195),
that is,

1 1
(13) galu = Hugf, 5*3211 = Hfugs, Osu = Hfu g5.
€
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We also notice that the components of H°u in the local basis
(H*u)ij := g5 - Hou g5

are given by

(H ) = %g‘f O, (H uz = (57159i - Opu, (Hu)13 = g5 - Osu,
(14)  (Hfu)o1 = %gé - O1u, (H u)9n = 671895 - o, (Hu)os = 45 - Dyu,
(H u)ar = égg O, (H"u)sz = 571895 - Oau, (H u)33 = g5 - O3u.
Likewise,
(15) (Efu)ij = g5 - E°ug; = (Hu)yj + (Hau)ji.

2

By setting .Z. (u) := .Z.(4)/(¢62) and /g% := g5 - g5 x g5 = 1 — (6. /) a2k, from
(6) we get

Fo(t) 1
(16) (@) = 7/ CE®u - Efuy/¢* dz — L. (u) =: F.(u),
565 2 Q
with Q == (0,€) x (—%,%) x (0,L) and C := C* o x.. Hereafter we assume that
C = C(z) does not depend on ¢. From (4) it follows that: there exists ¢ > 0 with
(17) C(z)E-E > c|Ef?

for almost every = and for all symmetric matrices E.
Let
Hy, (4R?) = {ue H'(QR?) :u=0onw x {0}}
with w := (0,£) x (=%, 2). Then, by taking the periodicity of ~ into account, (5)
yields that the domain of the energy functional %, is

H#dn(Q;]Rg) = {u € H(}n(Q;R?’) cu(0, ) =u(l, -, )} .

4. COMPACTNESS RESULTS

Throughout the section we consider a sequence of functions u® € H;#dn (;R?)
such that

1
(18) sup 5—\|E6u5\|Lz(Q) < +o0.
€ €

Since Hj,,, (Q; R3) C H} (;R3) it follows that the compactness results proved
in [1], for thin walled beams with open cross-sections, hold also in the present
context. The following theorem summarizes some results proved in Section 5 of [1].

Theorem 4.1. There exists a sequence W € H'((0,€) x (0,L); R3>?) such that
We(0,-) =W<e(,-) and
i) [[Hou® — We|p2(q) < CO,
i) (W L2(e) + 10sWe|p20) < C,
ii1) [|0O1We|| L2y < Ck,
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for a suitable C' > 0 and every € small enough. Moreover, there exist W &
H} ((0,L);R3%3) and B € L*((0,€) x (0, L); R2X3) such that, up to a subsequence,

skw skw
(19) We =W in H*((0,£) x (0,L); R**?),
(20) OWE L B in L2((0,) x (0, L), E¥),

€
and
u — 0 in Hj,(Q;R?).

Since the limit of u® is equal to zero, the following rescaled components of u®
were considered in [1]:

_ u® — uses ug
21 fi=— 379 £.= 3,
( ) v 65/8 ’ U3 56
From (19) it follows that
(22) Wiy = g5 - Wegi = n-Wt=:9 in H'((0,£) x (0, L)),

with ¥ € H} (0,L). In [1], for thin-walled beams with open cross-section, it was
shown that 9 represents the rotation of the cross-section around the xz—axis. It
turns out that for closed cross-sections ¥ is equal to zero, see Theorem 4.4 below,
hence the sequence {W3; } is too ‘crude’ to capture the rotation of the cross-section
in the limit. A measure of the rotation suitable for closed cross-sections is instead
given by

(23) R -1 ][91'“ da.
Fov-ndriJo Oc

Since n = e3 A t, the quantity foe v -ndxy is equal to minus twice the area inside
the curve v, and hence it is different from zero. The quantities ©° are in fact
averages of the local rotations suitably rescaled at a finer scale, see Theorem 4.2
and Remark 4.3 below.

The following identity, which will be crucial in our analysis,

(24) ][ LE&” N gy = 83][ A da

can be deduced from

2(E7uf) 1 c L[ e e
]{Tl?’da: 5]{811;3(1@4—&]{91 - Osu® da

after noticing that the first integral on the right-hand side vanishes in the case of a
closed cross-section.

Theorem 4.2. There exists © € H(}n (0, L) such that, up to a subsequence,
(25) ©0° —~0 inHY(0,L)

and

£ 1

(26) S
0e ff; v -ndr

][g§ -Weg5~y-nda—© in L*(0,L).
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PROOF. From (18), (24), and since u® € Hj,,, (€ R?), we immediately deduce that

ge cuf
sup [ 25 a1, < 40

and hence sup, ||©°|| g1 (0,z) < +00. Thus, statement (25) follows.
Since

§.uf 1 e 1 R e
]{) 9155 da = g]{) u® - O (y + ;56271) da = _E]{J ot - (v + ?IQTL) da,

by means of the identity, see (13),

1
—01u® = Hug§,
€

we find that

€., € Se 5.
][915U daz—éi][ Wegi-(v+ xgn)da—d—][(Hs £ Ws)gf-(w—l—;xgn)da.

By using that ~ + %xgn is orthogonal to ez and that W¢g7 - g7 = 0, since W*¢ is
skew symmetric, the above equation can be rewritten as

{ - uf € O
(27) ][ 915 da:—(s—]l Wegi - g5 (’Y'ﬂ‘i’zl‘g)da

de
5 f (W =W (o Taram) da

Dividing (27) by — fg v -ndx; and taking the limit, we get
€ 1

O — 535€d][ g5 - Wegivy -nda —>][ Wt -nxzsda L2(0,L)
€ O’y-n T1Jw w

where we have used ¢) of Theorem 4.1. Since Wt - n is independent of x5 it follows
that the limit above is equal to zero and hence (26) follows from (25). (]

Remark 4.3. Theorem 4.2 illustrates the meaning of ©°. It follows from (26)
that the field © is the limit of a weighted average of the local infinitesimal rotations
around the axis xg, which is represented by W3, scaled by £/4.. In particular,
we notice that the definition of the sequence of rotations ©° does not involve the
displacement u® only, as in the case of open cross-sections, but also the shape of
the cross-section through the factor (y + %Jign) which appears in the proof, see
(27). This is in accordance with the fact that the torsional rigidity of a closed
cross-section depends on its shape, a property which is well known to engineers.
For instance, a circular cross-section has a torsional rigidity much larger than an
ellipsoidal cross-section with the same length of « but with a small ratio between
the lengths of the axes.

Theorem 4.4. Let § be as in (22). Then, 9 = 0 almost everywhere in (0, L).
PROOF. By (22) we have that

4
][Wa : gév-ndaéﬁ][ v -ndxy in H'(0,L).
0
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But from (26) we also have that
][ Wegs - g5v-nda— 0in L*(0, L)
w
and hence
?9][£'y -ndx; = 0.
0

Recalling that the quantity | foe ~v-ndz]| is equal to twice the area contained in the
simple closed curve -, then we must have 9 = 0. ([

To characterize the limit of the sequence of rescaled displacements v¢ we need

to assume the slenderness parameter
. €?
5:= lim —
e—0 (55

to be finite. More precisely, throughout the paper, we shall assume that
s €{0,1}.

Taking into account that ¥ = 0, we may rewrite Theorem 5.7 and Theorem 5.8
of [1] as follows.

Theorem 4.5. Let
¢
YG ::][ y(xl)dxl.
0
There exist
m e H3 (0, L;R?) := {z € H*(0, L; R?) : 2(0) = 932(0) = 0}
and m3 € H}, (0, L) such that, up to a subsequence, we have
i) v° —m in H} (4 R3), with mz = 0,
i) v5 — vz :=mz — s - (v —yg) in H, (Q).
We conclude the section by studying the limit behaviour of the rescaled strains.

From (18) we deduce that there exists E € L*(;R2*3) such that, up to a subse-
quence,

Efuf

(28) — Ein L*(Q;R**3).

g

We recall from [1] that Ey3 :=t - Feg satisfies

(29) 92 Frs = 0
and
(30) FEy:=t-Et=z9m3+m,

where n; € L2(Q), n3 =t - Bn, and 0an; = don3 = 0, with B defined in (20).
The next lemma integrates these results for closed cross-sections.

Lemma 4.6. The following representations hold:

Z) E33 =€3 E63 = 331)3,
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ii) there exists ny € L*()) with
¢ h h
(31) Oame =0 and / nadry =0 a.e. in (—5 5) (0,L)
0

such that )
E13=m2— 553@7 ‘1,

iii) there exist n; € L?(2), n3 € H*(Q) with
Oam = Oanz = 0,

¢
(32) / n3dxry =0 a.e. in (—g g) x (0,L),

0 s
/ t/ n3dxyds =0 a.e. in (0, L),
o Jo

Ei1 = z2m3 + 11.

such that

PROOF. i) follows by passing to the limit in
(Esus)gg, - gg . 83@65
o 0
and by applying #i) of Theorem 4.5.
As to point i), from (23), (24), (28) and (25), we deduce that

€
= 831}3

£
(33) 2][ E13 diL’l = 783@][ v ndxl.
w 0
Since, by (29), 92 E13 = 0 we can write
1 Z
(34) FEi3 = N2 — 5 83@'y~n, with N2 € LQ(Q), (92772 =0 and / 72 dry = 0,
0

which is éi).
We now prove #ii). By (20) it follows that

(35) hm/ / W t®n1/}(x3)dx1dx3—/ /B t@mni(xs)dr; des

e—0

for all v» € L?(0,L). On the other hand, since W¢ is skew symmetric, the following
identity holds
81W5~t®n:61(W5 -t®n)

L e c
lim/ / 81:‘/ -t ®@np(xz)dry drs
0

e—0 Jo
L ¢ € .
= lim/ / M Y(x3) dzy dzg =0,

e—0

and hence

because W¢(0,-) = We({,-). Thus, from (35) we have

/1/}1'3/B't®ndx1d$3:07
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which implies

¢
/ B-t®ndr; =0.
0

From this identity and (30) it follows that f(f n3dx; = 0.
Finally, in order to prove that f(f t [y n3 dxyds =0, we set
We, =t-Wen, (H%u®)yp, =1 - H°un,
and remark that, as before, we have
W, =01(t-Wn)=t- (O W)n
because W¢ is skew-symmetric. Hence, by (20) and (30) we get

W5
(36) 71675”—\15-371:773

in L?(Q). By a partial Poincaré inequality, see for instance [7] Theorem 4.1, there
exists a positive constant C such that

L L e LT

for any € > 0. This, together with (36), implies

][ t"dxl—\/ ns dry — ][/n3daﬁ1ds

in L2(Q2). By z) of Theorem 4.1 and using the fact that §./¢ — 0, we deduce that
(37) still holds true if W€ is replaced by Hu®. Then, multiplying by ¢5 = n on
both sides we have that

Heud)y, L Heus )y, T L ps
@957]1 ﬂdmggén/ ns day — ]l / ns 1 ds
€ 0 € 0 o Jo

in L2(€)). By integrating with respect to x; on the interval (0, ¢) and by taking into

account that . ,
/ g5 dry = / ndr; =0,

HE E n
/( )t delé/ /ngdxlds
0

in L2((—=h/2,h/2) x (0, L)). Therefore, from

(37)

it follows that

) )
(Hfu®)12 =97 - Hu®g5 = (1 — f:z:gn)t -Hfun=(1- fxgn)(ngE)m,

we get

£ l s
Heue
(38) / H o )Hggdxl —\/ n/ n3 dxy ds
0 € 0 0

in L2((—h/2,h/2) x (0, L)).
Let us write u® in the following form

1
u® = 0.7 / ngdryt + .t
0

where the “remainder” t° is defined by the equality above and thus satisfies the
periodicity conditions: th 0= t|5 —¢=0.
xr1= 1=
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Since
Efuf 1 ohuf 1)
Eu _ Lige M) (i — a4 65 e,
68 65 S
by taking the limit as ¢ — 0 and recalling that Fq; = x9n3 + 11 we obtain
(39) g5 - Ot =

in L?(Q). Furthermore, by observing that
0c 2(E°us de i e o de
- Q =(1- *132“)/ N3 dxy + g7 - Oot° + — fil”z/ ns dxy+—g5 - 01t°
€ Oc € 0 € 0 €
and passing to the limit we get, thanks to (18), that

) o1
(40) 91 0% + —g5 - Ot — 7/ 13 dzy

0

in L?(). Since
(ngs)lz _ 1 ) 32u5

e
€ _591 Oc

1) o1
=(1- fxgn)/ N3 dry + dot° - gf,
0

if we multiply by g2, integrate, pass to the limit, and recall (38), we obtain that

¢
(41) / g5 - Oat® gf dxy =0
0

in L2((—=h/2,h/2) x (0, L)).
From the periodicity of t* the following identity holds

o [“. .
0=— (91'( dml.
€ Jo

By representing d;t° in components with respect to the basis (g2, g2, e3) and adding
and subtracting the quantity (92t - g5) g2, we get

6. [* )
0 = f / o - g5 gl day +/ f@lte g5 92 + 0t° - g§ g2 dy
(42) y 5 ¢
7/ ot ~g’fg§dm1+f/ et - esesdr.
0 0

Only the second integral in the sum above has a non trivial limit. Indeed, the first
tends to zero because of (39) and the fact that d./e — 0, the third vanishes by
(41) and the last one is null by the periodicity conditions. Thus, taking the limit
as € — 0 and recalling (40), we obtain

4 s
0:/ n/ ns dzy ds.
0 0
The claimed result follows by observing that n = ez A t. (]

Remark 4.7. Tt is worth noticing that part i¢) of Lemma 4.6 can be written in
an equivalent form. Let us set

1
@::2/ 12 dxy + c,
0

with ¢ dependent on x5 only. Then, part ii) can be restated as
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ii) there exists o € H*((0,£); L2(0, L)), with (0, x3) = (¢, z3), such that
(43) 2E13 = 81<p — 83@’)/ - n.

This equation evokes the classical formula for the warping function in Vlasov’s
theory, as better explained in Remark 8.1.

5. REDUCED ENERGY FOR CLOSED CROSS-SECTIONS

Here we introduce two reduced energy densities that will be used to compute
the I'-limit. The first of them is obtained by minimizing the energy with respect
to the strain components that have not been characterized by the analysis of Sec-
tion 4. The second, by a minimization with respect to the functions 7; introduced
in Lemma 4.6. While in the former case the analysis is algebraic and coincides with
that done in [1] for the open cross-sections, in the latter it is not simply algebraic
because of the integral constraints on 7;.

Let

ﬂLM%:%Q@MJm

be the elastic energy density of the body, with M a symmetric 3 x 3 matrix and C
the elasticity tensor introduced in Section 2. We define

f()(ZL'7 Mlla Mlg, Mgg) = rgmf(:c s Mllt(SL’l) ® t(l‘l) + 2D12t(1’1) ® n(:cl)
(44) +2M13t(1’1) ©®es+ DQQTL(.’El) ® TL(!El)

+2D23n(x1) ©es3+ M3363 O] 63)7

the function obtained from f by keeping fixed the components that have been par-
tially characterized in Section 4 and by minimizing over the remaining components.

Let the space of symmetric tensors be decomposed in the direct sum of the
subspaces

S(x1) := span{t(z1) ©n(z1),n(z1) ©n(x1),n(z1) © es}
and
SL(IL'l) = span{t(xl) ® t(xl),t(xl) ® €3, €3 ® 63}7

so that any tensor M € R3*3 can be uniquely written as

sym

M= M®+ M*,

with
MS :=2t-Mn)ton+n-Mn)non+2(n-Me3)n@ez €S
and
ML = Mt ©t+2Mist®es+ Mszez ®ez € St
where

M11 :tMt, M13 Z:t~]\4(237 M33 = €3~M€3.
The decomposition of E, as given by (28), is such that E+ contains the components
of E that have been partially characterized in Lemma 4.6, while £ contains the
remaining ones.
As shown in Section 6 of [1], the minimization problem (44) defines a map

Ep: ST >SSt
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that sends every M+ € S+ into the corresponding “full” strain (Mg + M=) that
minimizes f:

(45) fo(x, My, Mg, Msz) = f(z,EoM™).
Hereafter, we find it convenient to use also the notation
folx, M*) := fo(x, Myy, My3, Mss),
so to have the more compact relation
folw, M*) = f(z,EoM™).

Other properties of Eq are proved in Lemma 6.1 of [1]. In particular, it is shown
that M € EoS* if and only if

CM-ton =0,
(46) CM-noGn=0,
CM -n®ez=0.

It is easy to see that these conditions are equivalent to
(47) CM - -M*=CM -EM*t vM*test
It turns out that fo(x, M+) takes the form

1
(48)  folx, My, Myg, M33) = §E(:)F(C]E0 ML Mt

cii(z) ciz(z) ciz(z) M, M
= | ci2(®) c22(r) ca3(2) My |- Mys |,
0213(1)) (1223(33‘) ¢33(.T) M33 M33

where the reduced elasticity constants ¢;;(z) can be computed in terms of the
original constants C;;n,(x), see equation (60) of [1].

Let us now consider the optimization with respect to the components of E+. For
any given pair of functions (930, dsv3) with the features described by Theorems
4.2 and 4.5, let us consider the minimum problem

. 1
(49) min / folz,zams +n1,me — 3 0307 - n, 03v3) dx
Q

71,M2,M3
where 7; are as in Lemma 4.6.

The minimization is no longer algebraic, as was the case for the open cross-
sections, but it turns out that a minimizing triad is uniquely determined and de-
pends linearly upon the pair (930, 05v3). A constructive characterization of the
minimizing triad is provided in the next section.

Let &+ be the set of all tensor fields

(50) (xamz +m)tOt+ (2m —avy-n)t©Oesz +bes O es,

with a € L?(0,L); b and n; € L%((0,€) x (0,L)), i = 1,2,3; n2,n3 satisfying the
constraints

(51) / N2 dry = / N3 dry = / / N3 dxy ds = 0.

It can be checked that any tensor field in &+ admits a unique representation in
terms of a, bu s M2, 13-
Let also &% be the set of all tensor fields

(52) EX(a,b) := —y-nat@es +bez Oes,
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with a € L(0, L) and b € L?((0,£) x (0, L)).
Let Egg : &% — &+ be the map
(53) EX(a,b) = (2ang® + 0Pt ot + (20" —v-na)t ez +bes © ez

where (75", 757", 79P") denotes the triad that solves

. 1
(54) min folz,xams +n1,m2 — = a~y - n,b)dz,
n:M2,M3 J 2

where 7; are as in Lemma 4.6. It is worth to notice that this minimization problem is
well posed since the integral functional is strictly convex, weakly coercive in L2, and

the constraints are linear. Furthermore, it follows from the analysis in Section 7 that

the 79P" are measurable, so that the function fo(x,zo 75" + 5P, noPt — 3ay-n,b)

is also measurable, see also Remark 6.4 of [1].
The next lemma gives a characterization of the image of Eqg.

Lemma 5.1. M € &' is a solution of
/ CEoM - (w203 + p1)t Ot + pat © e3) dz =0
Q

for all ; € L*((0,£) x (0,L)), i = 1,2,3, with @2, p3 satisfying the constraints

¢ ¢ e s
(55) / P dry = / padry = / t/ p3dryds =0 a.e. in (0,L),
0 0 o Jo

if and only if
M = EgEX (a,b)
for some a € L?(0, L) and b € L?((0,¢) x (0,L)).

PROOF. Let M € &+. Then, it admits the representation (50) for some appropriate
ni, a, and b. Tt follows that n; = ™", i.e., M = EooE*(a,b), if and only if M is a
solution of the Euler-Lagrange equation for the minimization problem (54) which,
using (48), may be written as

/ E§ CEoM - (a3 + 1)t Ot + gt @ e3) d =0
0

for all ¢; € L*((0,€) x (0, L)), i = 1,2, 3, with 2, @3 satisfying the constraints (55).
The E{" appearing in the equation above can be neglected thanks to (47). (]

By applying the lemma we deduce that
(56) / CEoEqoEX (a,b) - EX (¢, d) dx = / CEoEqoEX (a,b) - EgEgoEX (¢, d) dx
Q Q

for every a,c € L?(0,L) and b,d € L?((0,¢) x (0,L)). Indeed it suffices to notice
that

/ CEoEooE™ (a,b) - (E* (c,d) — EqoE" (c,d)) dz =0
Q

and use (47).
We set foo : © x L2(0, L) x L2((0,£) x (0, L)) — L'() defined by

(57) fOO(SC, a, b) = fO(:EaEOOEK(av b)) = f(maEO]EOOEK(a’ b))7

or, equivalently,

(e) O O 1
(58) foo(z,a,b) := fo(z, 2 773pt + 771pta772pt ) avy-n,b).
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We close the section by noticing that by the definitions of fy and foo we have that
(59) f(.’E,M) 2f0($7ML)

holds for every symmetric matrix M, while
(60) folw M) dz = [ foo(za,b)do
Q Q

holds for every M € &+ with the representation given in (50).

6. I'-LIMIT FOR CLOSED CROSS-SECTIONS
Let J.: HY(Q;R3) — RU {400} be defined by

1
S| CEou-Efu/Fdr  ifue HL, (Q:R3),

6 g 2/9 w-Buy/gFde i u€ Hly, ()
~+00 if ue HY(Q;R3) \ H#dn(Q;R%.

In this section we characterize the I'-limit of the sequence of functionals J. /52
in an appropriate topology. In order to define the limit functional we set
(62)
Ay :={(©,v) € H} (0,L) x H'(;R3) : 3m € H3 (0, L;R®), Ims € H} (0,L)
such that v =m 4 vses and v = mg — 9sm - (v —vg) }-

The T-limit will be the functional Jgo : H*(0, L) x H'(Q;R?) — RU {400} defined
by

/ foo(l’, (93@,831}3) dx if (@,’U) S .A#,
Q

400 otherwise,

(63) J#o(@,’l)) =

with foo as in (57)
We start by proving the liminf inequality.

Theorem 6.1 (Liminf inequality). For every sequence {u®} C H'(Q;R3) and every
(©,v) € HY(0,L) x HY(;R3) such that

¢ +vies — v in H'(Q;R?)

and

-1 £ . ,E
7 ][91 Y da—0 in H*(0, L),
jco’y-ndxl w Oe
u®—ufes

TNy e . U
with v° := 5 /e and v3 := >, we have

lim inf Jg;‘ ) > Ju0(0,v).

ProoF. Without loss of generality we may assume that

€ €
lim inf M = lim Je(u7)
e—0 63 5 53

< 400,

since otherwise the claim is trivially satisfied. By the coercivity assumption (17)
it follows that the sequence {u°} satisfies (18) and hence all theorems contained
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in Sections 4 hold true. In particular, by Theorems 4.2 and 4.5 we have that
(0,v) € Ag. From the fact that E(S—E“ — E in L? and the convexity of f we find

lim inf J= () hmlnf/ fz / f(z,E)d

e—0 02
Z / foo(.l?, 83@, 831}3) dr = J#O(@, 11),
Q

€

> /f0($3E117E13,E33)d$
Q

where the last two inequalities follow from (59), (60) and Lemma 4.6. O

We now prove the existence of a recovery sequence.

Theorem 6.2 (Recovery sequence). For every (©,v) € H(0,L) x H(Q;R?) there
exists a sequence {u®} C H'(;R3) such that

¢ 4+ vies — v in HY(Q;R?),

-1

g1 - u* . 1
fe p 3 da — © in H (0, L),
0’)/’71 T1Jw €

1 — u®—uge ug
with v° 1= =72 2 and v := %, and
€ €

. Jo(u®)
1
e =

< J#o(@ ’U)
PROOF. If (©,v) ¢ Ay there is nothing to prove. Let (6, v) € Ay and set

(64) .E’Opt = EoEooEK(a:g@, 831]3)

be the optimal strain associated to the pair (0, v). Consider the functional
E* Efu
(65) Re(u) == / C(x) ( 5 v_ EOpt) . ( 5 E0pt> Ve dx,
Q €

g
and let u® be the minimizer, i.e.,

Re(u®) = min Re(u)

u€HY ., (UR?)

Then, u® satisfies the following problem

(66) /QCC(x)(T — E°PY). Tw\/g?dx =0 V£ € Hyy, (R,

€

By taking ¢° = u® into (66) and substituting the resulting equation into the
expression of R.(u®) we find

/(C YE°Pt . EOptfdx—/C
from which we deduce that

(67) /Q(C(x)EOPt.EOPt\/gdeZ/Q(C(x)EEu

EEE EEE

\Fdx

Ecu E\Fd J(gus).

€
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Since the term on the left hand side is bounded, then the sequence on the right
is also bounded. Therefore, by Theorems 4.2 and 4.5, we conclude that there is a
subsequence (not relabelled) of u® such that

(68) v° +viez — 0 in HY(Q;R?),
-1 g1 -’ A 1
(69) fg y 5 da — © in H(0, L),
O’}/'Tl T1Jw €

where the rescaled displacements v® are defined by means of (21) and (é, 0) € Ay.
Also, there exists E € L2 (2; R3X3) such that, up to a subsequence,

sym
Eeuc ~
— Ein L*(Q;R**?),

)

with F related to (©,%) as stated in Lemma 4.6.
We first prove that F € EqS+.
Let us choose

—h/2

T2 T2

902($17C7$3)d4n+/ @3(x1,¢, x3) dCes)

—h/2
with ¢; € C5°(R2), for i = 1,2,3. Then, y° € #dn(Q R3) and
EE,IZ}E
0e
uniformly. Thus, passing to the limit in (66), we get

— 1t O N+ pan O n+ pzes O N

/ C(z)(E — E°PY) - (1t O n + pan @ n + pze @ n)da =0 Vo € C5° (S R3).
Q

It follows that
C(z)(E — E®) .t & n =0,
(70) C(zx) (E E°PY) . non=0,
C(z)(E — E°*") -n ez =0.
6)

Recalling (64) and using (46) twice we deduce that

(71) E € EySt, ie., E=E(E*
with B+ € &4, ) i

We now show that E = EqEqoEX (030, 0303). For any o1, 2 € C5°((0,£)x(0, L))
such that

£
(72) / ©2 dml = 07
0

let

x1 4
(a1, x3) = (558[(/0 ©1(8,23) ds — x1]€ v1(8,23) ds)t(zq)

14 T1
—|—][ v1(8,23) dsy(z1) —|—/ cpg(s,xg)dseg},
0 0
Then, ¢ € Hy,, (2;R?) and
E6¢E
de

1 4
—>(/O apl(s,xg)ds—xl]é wl(s,xg)ds)nt(an—i—g01t®t+<p2t®eg
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uniformly. Thence, if we take account of (70), and pass to the limit in (66), we
deduce that

/ C(z)(E — E°®) - (o1t Ot + ot © e3) dz = 0
)

for all ¢1,p2 € C§°((0,€) x (0, L)) with oo satisfying the integral constraint (72).
Recalling (64) and using Lemma 5.1 we find that

(73) / C@)E - (g1t Ot + pot @ ez)dr =0
Q

holds, by density, for every o1, @2 € L2((0,£) x (0, L)) with o satisfying the integral
constraint (72).
Let us now take @3 € C§°((0,¢) x (0, L)) such that

4 4 z1
(74) / pzdxr; =0 and / n(xl)/ w3(s,)dsdx; =0
0 0 0
and set
z1
P(x1,23) 1= / p3(s, x3) ds,
0
and
1
Y° = d.exapt — 52/ ondry.
0
Then ¢* € H#dn (;R3) and we have
EEwE
Oc
uniformly. By passing to the limit in (66) and using (70), we deduce that

z1
—>x281¢t®t—5n~/ J3pndrin®es
0

/Q:vg(C(x)(E — E°PY) st ©tdx = 0.
Again, recalling (64) and using Lemma 5.1 we find that
(75) /ng(C(x)E 3t Otdr =0
holds, by density, for every @3 € L?((0,£) x (0, L)) satisfying the constraints (74).
From (71), (73), (75), and Lemma 5.1 we deduce that
(76) E = EoEooEX (850, d50s).

From (64), (76) and the linearity of EX(-,-) and of the operators Eq and Eqq it
follows that

(77) E — E* = EoBoo EX (95(6 — ©), d3(03 — v3)).

Finally, we show that (©,v) = (©,7).
Let ¢ € H3 (0,L;R? x {0}), (3 € H}, (0,L) and ¢ € H2 (0,L). Set

7€ 55_ 5?
P* = ;C+5e¢63 ANy — ?Iﬂbt

and

~ 5.
)5 1= 0.3 — 0 03 - (v + ?Izn) — 62030 wat - .
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Setting ¢ := ¢ + ¢5ez € Hy,, (2;R?) we find that
an(f
de

uniformly. Therefore, by passing to the limit in (66) and taking (77) into account
we deduce that

(78) | CEEqEX(05(0-0),05(t3—v3))-(—n-y 03¢ t@ez+d3ws e3Oes) da = 0,
Q

—)—n-’y@g(ﬁt@&g+(93(C3—83§-’7)63®63

where - -

w3 =3 —03(-v and w:=(+ wses.
Equation (78) holds true for every w as above and, by density, for every ¢ €
H} (0, L), that is: it holds for every (¢, w) € Agx. Recalling the definition (52) of
EX | and using (56), we may rewrite (78) as

/ CEoEOQEK(ag,(é — @), 83(’[)3 — ?]3)) . EoEooEK(63¢, 8311]3) dl‘ =0.

Q

Taking ¢ = © — O and w3 = 3 — v3 we find

/ (CEoEooEK(ag(é — @), 83(?73 — ’1)3)) . EQEOQEK(ag(é — @), 83(’53 — Ug)) dx = O,
Q

from which we deduce that
(79) EoEoo EX (03(6 — ©), 05(73 — v3)) = 0
since C is positive definite. Observing that
Eo]EooEK(ag(é — @),63(173 — ’03)) ez ® ez = (93(’[73 — U3),

from (79) it follows that d3(v3 — v3) = 0. This, and the boundary condition 3 =
vg = 0 at z3 = 0, imply that 03 = vs. By the definition (62) of Ax we have also
(80) U =w.
Indeed, by (62) the following relations hold true

vV =M + vzes,

U= ﬁ’L + 17363,

v3 =mz — O3 - (v — a),

U3 = mz — dzm - (v —7a)-
By integrating the last two in 21 € [0, ¢] and using the fact that 03 = vz we obtain
mg = mg, and hence

O3m - (v —6) = Osm - (v — 7a)-

Since v is not a segment, and using the boundary conditions, it follows that m = m,

and hence (80).
From (53) and (79) we find

. ~ 1 ~
o:J%EWEK@%«y—@%%@B—ugyt@eg:5—57.n&«)—ey

where € € L%((0,£€) x (0, L)) is such that foefdxl = 0. Thus, integrating the above
equation over (0,/) we deduce that d5(© — ©) = 0 and, because of the boundary
condition, that

(81) ©0=06.
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Since (©,7) = (©,v) we have that the sequence of minimizers u® generates two
sequences, see (68) and (69), as in the statement of the theorem. Moreover from
(67) we find

€ 1
lim sup Js(’g ) < lim sup f/ C(z)E°P* - E°P'\/¢¢ dx = / foo(z, 050, O3v3) du,
e—0 65 e—0 2 9] Q
where we used (64) and (57). O

7. THE REDUCED ENERGY DENSITY ASSOCIATED TO foo

The aim of this section is to show that the I'-limit functional admits a local
representation, that is, we shall give a pointwise characterization of the map foo
introduced in (57). This will be achieved by localizing the stationarity conditions
associated with the minimization problem (54).

Let a € L*(0,L) and b € L?((0,¢) x (0, L)). From Lemma 5.1 with ¢g = @3 =0
we find

(82) <(CE(]]E()()EK (a, b)> TRt = 0,

where, as in [1], we have denoted by

h/2
<> 22][ . d.TQ
—h/2

the integral average over the x5 variable. By means of (47), (48), and (53) we may
rewrite (82) as

O O O 1
(83) (C)nP" + (Cr2)msP" + (waern)ns? = §<¢12>7 “na— (ci3)b.

Still from Lemma 5.1, by taking ¢1 = @3 = 0 we deduce that there exists a scalar
function q € L?(0, L) such that

(CEEooEX (a,b)) -t @ e3 = g,

or, in expanded form,

1
(84) (C12)m7P" + (Con)sP" + (maci2)ns? = 5{e22) v na—(ca)b +q.

This equation is the consequence of a standard result recalled in the next lemma.

Lemma 7.1. Let F € L?((0,¢) x (0, L)) be such that

/ Fiypdr=0
(0,€)x(0,L)

¢
for every ¢ € L*((0,¢) x (0,L)) with / Y(x1,23)dxy = 0 for a.e. x3 € (0,L).

0
Then, 01 F = 0 in the sense of distributions.

PROOF. Let ¢ € C§°((0,¢) x (0,L)) and ¢ := 01¢. Then, v satisfies the constraint
stated in the lemma and, in the sense of distributions,

81F(<p)=—/(0 Fiydx =0.

)% (0,L)

The claim follows by the arbitrariness of ¢. (]
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To characterize the stationarity condition with respect to 13, we use a Lagrange
multipliers argument in order to handle the double constraint, see for instance [14],
Section 4.14.

Let F : L?((0,L); H}(0,¢)) — R and G : L?((0, L); H}(0,¢)) — L*((0, L); R? x
{0}) be defined by

1
#) = [ folowads®+ o = 5 na ) do
and

£
g(@) Z:/ @td.’lﬁl.
0

We note that with 73 = 0;® the constraints (51), 5 hold if and only if G(®) = 0.
Let

T
t 0 t
PP (.231,3?3) I:/ P dml

0

Since G is continuous, differentiable and its Frechét derivative G’ = G is a surjective
map from L?((0, L); HE(0,£)) onto L%((0, L); R?x {0}), as is shown in the Appendix,
it follows that there is a Lagrange multiplier y* in the dual of L?((0, L); R? x {0})
such that at the stationarity point we have

F(®PH[§®] + y*G'[6®] =0 V5P € L*((0,L); H3(0,£)).

By identifying the space L?((0,L);R? x {0}) with its dual, this equation can be
written as

// 5? 22) 0160 +y* - 5B drydrs =0 V5D € L2((0, L); H(0,4)),
11

(2, 290y DOPE 4 7PT PP — 37-na,b). It follows that the

where a form
statlonarlty condition is

dfo —
81<6E11x2> —y*-t=0.

Recalling that ¢ = 01y and y* does not depend upon z1, by integrating we arrive
at

(39) (s} =y (7= 70) +

with y* € L?((0,L); R? x {0}) and ¢ € L*(0, L).
We may rewrite (83), (84), and (85) in expanded form as

(86)
(€11) (c12)  (@a2Ci1) e Herz) v -na—(c13)b
(€12)  (€a2) (w2C12) nt | = 3(C22) v-na—(ca3)b+q
(za€11) (w2€12) (x3€11) neP* 3 (zai2) v - na—(zacis)b + k
with
(87) ki=y" - (y—c)+ec

The matrix of coefficients in (86) is invertible, in fact uniformly positive defi-
nite, by the argument following equation (61) in [1]. Thus, system (86) provides
(nfpt, 75" nSP%) in terms of (a,b,q, k). By imposing the constraints (51) we then

find ¢ and k in terms of the pair (a,b). To see this, let

o := ({€13), (€23), (x2€13))7, so := ((€12), (€22), (w2€12))”

i
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and

<¢11> <¢12> <$2¢11>
A= (c12) (€22)  (x2€12)
<$2¢11> <$2¢12> <33§¢11>

Then, (51); and (51), respectively require that

¢ ¢
1
/ Anoq + Asz(c+ (v —ag) -y ) dxy = / (Arg)2b — 5(1450)27 ‘nadry,
0 0
(88)

¢ ¢
1
/ Azoq + Asz(c+ (v =) -y ) dxy = / (Arg)sb — 5(1450)37 ‘nadr;.
0 0

As a matter of fact, (Asg)2 = 1 and (Asg)s = 0, because sg is the second column
of the matrix A~!. Thus, equations (88) take the form

¢ ‘
1
/ A22q + A23(C + (")/ - ’Yg) . y*) dx1 = / (A’l‘o)gb — 5 - nadxl,
0 0
(89)
¢ ‘
/ As2q + Ass(c+ (v —va) - y") dey = / (Aro)sbday.
0 0
Moreover, from (86) we find
(90) 5P = —(Arg)s b+ Asaq + Ass(c+ (v —va) - y").
Observing that ¢ = 01(y — 7¢), the constraint (51), can be written as
£ T1
/ o (y— 7@)/ nSP" ds dx; = 0.
0 0
Thus, after an integration by parts and taking account of (51), we get

¢
/ s> (v — vg) dzy = 0.
0

Thence, by implementing (90) we obtain

L

¥/
1) [ An(-16)0+ An(=16)(c+ (=16) ") dar = / (Aro)a(y—e) by

Equations (89) and (91) can be rewritten as

(92) Alg. eyt y3)" = F(a,b),

where
(93)
A=

Jo Aspdzy [y Agday [ Ags(y —c)1der [y Axs(y — @2 dra
Jo Assdzy [y Ass(y —6)1der [y Ass

Jo Ass(v=ra)Rdar [y Asg

sym f(f Ass(y — e
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and

¢ ¢
F(a,b) := ( /0 (Arg)ab — %7 . nadml,/o (Arg)sbdxy,

¢ ¢ .
/ (Aro)s(y — VG)lbdl“lv/ (Aro)s(y = vc)2bdz1) .
0 0

The matrix A is positive definite. Indeed, for z € R* we have

¢
Azp Ao 21 2
Az -z = " . . d ,
2rF /0<A32 A33)<22+(7—7G)'Z > (Z2+(’Y—’YG)'Z ) o

where z* = (23, z4). Since A is uniformly positive definite, there is a constant o > 0

such that
¢
| :
0 ( 2+ (v =) 2" )

L
g/ A+ 4100 —6) 2 dn
0

2
d.’L’l

Az -z

Y

since foé(w —g) - 2*dry = 0. Thus,

Az -z

Y

4
o (U(z} + 23) +/ (v =) ® (v — va) doy 2* - 2%)
0
o(6(zF + 23) + Imin|2* %),

where I,;, denotes the minimum eigenvalue of the tensor of inertia of the midline
curve « that appears in the first line.
From system (92) we deduce

(94) (@ ¢.y1,93)" = A7 F(a, ),
and hence, from system (86) we find
n(fpt = _(ATO)l b+ Aqs (A*IF(a, b))l + Algk,

(95) 5P = 3y na— (Arg)ab+ A (AT F(a,b)), + Az,
03" = —(Aro)s b+ Aga (A1 F(a,b)), + Assk,

Y

where
k= (A7 F(a,h), + (7= 76) - (A7 F(a,b)) . (A F(a,b)) ,,0).

These equations deliver the optimal n’s in terms of a € L?(0, L) and b € L?((0,£) x
(0, L)). It is possible to make these relations pointwise (local) by restricting b to
the subclass of functions of L2((0,¢) x (0, L)) having the same structure of d3vs,
that is those of the form

(96) b=bo—(y—7c) b", b :=(b1,02,0)
with bg, b1, by € L?(0, L). Indeed, we can define a function

g: QxR > R?
such that, for b as in (96), we can write (95) as

(97) 7P = gi(z,a,bg, by, by).
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By means of this function g we define the energy density foo : Q x R* = R as

_ 1 i
Joo(z,2) := fo(z,z2 g3z, 2) + g1 (2, 2), go (2, 2) — 5V ALz - (v —7e) - z),
with z* := (23, 24,0). Taking into account (58), we may rewrite the energy appear-

ing in the I'-limit as
(98) Joo(x,050,03v3) = foo(x, 030, Dsms, D3ma, 3mma),
with
vz =m3z — (v —7g) - Oz,
see (62).

8. THE CASE OF HOMOGENEOUS ISOTROPIC MATERIAL

We conclude with the computation of the strain energy functional of the asymp-
totic model for a thin-walled beam made of an isotropic and homogeneous elastic
material, that is

CE :=2uE + \E- DI,
for every symmetric matrix E, where A and y are the Lamé constants. In this case,
from (44), the reduced elastic constants introduced in (48) can be computed as

A1 9 AL

A+ 2u’ A+ 2’

all others being equal to zero. It follows that the matrix of coefficients in system
(86) is diagonal, its inverse A being given by

(99) €11 = €33 = 4p Cop =4, €13 =C31 =

1/(]:11 0 0
A= 0 1/(1:22 0
0 0 1/<JJ%¢11>

By choosing principal axes of inertia, also the matrix A defined in (93) is diagonal
and

1 ¢
A7 F(a,b) = (f 5(1:22][ ~v-ndr a,O,O,O)T.
0

From (95), by using this expression we may compute the optimal n’s, and then,
from (97), find

n(l)pt =g = fl/(bo — ("}/ ; ’)’G)lbl - ('7 - 7G)2b2)a
1
(100) nSpt=92=§(v-n—][ 7 - ndzy)a,
0
T};(g)pt =93 = 07
where
R
T2+ p)

is the Poisson ratio. The reduced energy density turns out to be

_ 1 £ 1
foo(+, 2) = 5#(][ v - nd%l)QZf + §EY(Z2 — (v —a) - (2’3724,0))2
0

where
120+ 3))
Ey =————=
A
is the Young modulus.
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Let (0©,v) € Ag. Then 0svs has the representation
Bzv3 = dzmz — (v = 7g) - Dym,
and from (98) and (63) we deduce that

I 1
J#o(@,l}) = i'u(]{ 7-ndz1)2/ﬂ(83@)2d1'+§EY /9(83113)2d1‘

— 5Mhe(][ fy~ndx1)2/ (836)2dx3+§Eyh€/ (93m3)? das
0 0 0

1 L 1 L
+§Eth2/ (8§m1)2dx3+§Eth1/ (02m)* dxs,
0 0

where we set

¥/ l
Ji :=/ (v —ve)sdxy, Ja ::/ (v = v¢)} do1.
0 0

Remark 8.1. For the field (©,v) € Ay as above, let the optimal strain be
denoted by E°P' := EgEqEX (050, 03v3), see the proof of Theorem 6.2. Then,
nPt = gi(x, 030, dzms, I3y, 031ns), from (100) and (53),

E?ft = —V (931)3,
1 £
(101) B = 5| v endnioe,
0
E;)gt = 63’[}3.
opt opt

We observe that component E7}" of the strain is proportional to E55" (Poisson
effect). From (43) and (101), we find

l
1o — 7 1050 = 2B = —][ o diy 950
0

and, by integration, one obtains

T 4
cp:(/ ’y~ndx1—ﬂ/ v -ndzy)d30.
0 £ Jo

The expression within the square brackets is the sectorial area formula for the
warping function in Vlasov’s theory, see [8].

In Section 7 we used the theory of Lagrange multipliers with the proviso that
the map G' : L2((0, L); H}(0,¢)) — L?((0, L); R? x {0}) defined by

£
G'(®) ::/ Ot day
0

was surjective. Here we prove this statement.
It is possible to choose (), p(2) € H}(0,¢) such that the vectors

¢ ¢
e :/ oW tdr, and 0@ :/ ©? tday
0 0

are linearly independent in R? x {0}.
Let y € L2((0, L); R? x {0}). We look for a pair of functions a, = a,(z3), a =
1,2, such that for
& = a1M + app®
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‘
/ dtdr, =vy.
0

This is equivalent to require that a; and as satisfy

we have that

a1 v(l) + aso v(2) =.

More explicitly, the above equation takes the form

oo ( ar ) _ ( ” )

vél) véz) a2 Y2
Since the matrix of coefficients is invertible, we may write a; and as as a linear
combination of y; and y». Thus a, € L?(0, L) and hence ® € L2((0,L); H}(0,¢)).
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