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SUB-RIEMANNIAN MANIFOLD?

A. LERARIO AND L. RIZZI

ABSTRACT. We investigate the structure and the topology of the set of geodesics (critical
points for the energy functional) between two points on a contact Carnot group G (or, more
generally, corank-one Carnot groups). Denoting by (z,2) € R?” x R exponential coordinates
on G, we find constants C1,C2 > 0 and R1, Rz such that the number 2(p) of geodesics joining
the origin with a generic point p = (z, z) satisfies:
1) C1 12| + Ry <9(p) <C2 &
[l [l

We give conditions for p to be joined by a unique geodesic and we specialize our computations
to standard Heisenberg groups, where C1 = Cy = %.

The set of geodesics joining the origin with p # pg, parametrized with their initial covector,
is a topological space I'(p), that naturally splits as the disjoint union

I'(p) = To(p) UTl'se (p),

where I'g(p) is a finite set of isolated geodesics, while I'so (p) contains continuous families of
non-isolated geodesics (critical manifolds for the energy). We prove an estimate similar to ()
for the “topology” (i.e. the total Betti number) of I'(p), with no restriction on p.

When G is the Heisenberg group, families appear if and only if p is a vertical nonzero point
and each family is generated by the action of isometries on a given geodesic. Surprisingly, in
more general cases, families of non-isometrically equivalent geodesics do appear.

If the Carnot group G is the nilpotent approximation of a contact sub-Riemannian manifold

+ Ro.

M at a point pg, we prove that the number v(p) of geodesics in M joining po with p can be
estimated from below with 2(p). The number v(p) estimates indeed geodesics whose image is
contained in a coordinate chart around pg (we call these “affine” geodesics).
As a corollary we prove the existence of a sequence {pn}nen in M such that:
lim pn = po and lim v(pn) = oo,
n— oo n— oo

i.e. the number of “affine” geodesics between two points can be arbitrarily large, in sharp
contrast with the Riemannian case.

1. INTRODUCTION

If the topology of a Riemannian manifold M is “complicated enough” (for example if M is
closed) a well known theorem of J-P. Serre [19] states that there are infinitely many geodesicsﬁ
between any two points in M. These geodesics have the property of being “global”, in the sense
that their existence is guaranteed by the global topology of the manifold (see [I7] for a recent
quantitative proof of this result).

Somehow on the opposite, if the manifold M is a convex neighbourhood of a point in a
Riemannian manifold, then between any two points in M there is only one geodesic: the local
geometry of M is Euclidean and the structure of geodesics contained in a convex chart resembles
the Euclidean one as well.

"n the spirit of Morse theory, we define Riemannian geodesics as locally length minimizing curves or, equiv-
alently, critical points for the energy functional.
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FIGURE 1. Geodesics in the Heisenberg group.

In the subriemannian case the situation dramatically changes. The study of geodesics that
“loop” in the topology of the manifold was recently done by the first author and F. Boarotto
in [7]: every two points on a compact sub-Riemannian contact manifold are joined by infinitely
many geodesics (the result uses a weak homotopy equivalence between the space of all curves
and the space of horizontal ones). Thus in a sense the global picture in the sub-Riemannian case
is the same as the Riemannian. On the opposite, our main interest here will be in the set of
“affine” geodesics, i.e. geodesics between two points whose image is contained in a coordinate
chart: as we will see new interesting phenomena appear for their structure.

In this framework we consider a constant-rank distribution D C T'M with the property that
iterated brackets of vector fields on D generate the all tangent space (Hormander’s condition).
This condition guarantees that any two points in M can be joined by a Lipschitz continuous
curve whose velocity is a.e. in D (Chow-Rashevskii theorem).

The set of horizontal curves defined on the same interval I and joining two points py and p is
a smooth Hilbert manifold (for the generic choice of the two points). If a smooth scalar product
is defined on D, it makes sense to consider, for any horizontal curve ~, the norm of its velocity
and the energy of this curve is defined by:

0 =35 [l

Sub-Riemannian geodesics between pg and p are critical points of J constrained to have endpoints
po and p. From now on the word geodesic will always mean sub-Riemannian geodesic.

Example 1 (Heisenberg). The Heisenberg group Hs is the smooth manifold R? with coordinates
(21,22, z) and the distribution:

9 om0 9 mo
0z 2 0z 0xy 2 0z

D= span{

The sub-Riemannian structure is given by declaring the above vector fields an orthonormal basis;
higher dimensional Heisenberg groups Hs, 1 are defined analogously.

Let po = (0,0,0) be the origin. Constrained critical points of the energy are curves whose
projection on the (1, x2)-plane is an arc of a circle (possibly with infinite radius, i.e. a segment
on a straight line); the signed area swept out on the circle by this projection equals the z-
coordinate of the final point p.
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If p belongs to the (x1,xz3)-plane there is only one geodesic joining it with the origin (this
is precisely the segment trough py and p); if p has both nonzero components in the (z1,z2)
plane and the z axis, the number of geodesics is finite; finally, if p belongs to the z-axis there
are infinitely many geodesics. In the latter case, given one geodesic, we obtain infinitely many
others (a continuous family) by composing it with a rotation around the z-axis (see Figure [I]).

The following fact is proved in [5, Proposition 7].

Proposition 1. Let M be a step-two Carnot group such that rk(D) > %dim(M). Then for the
generic choice of py and p the number of geodesics between them is finite.

The above proposition does not give a quantitative estimate and in general very little is known
on the problem: a Sard’s like argument for the sub-Riemannian exponential guarantees that for
the generic choice of the two points geodesics are isolated, but finiteness is more delicate (this
is related with the fact that the sub-Riemannian exponential might not be a proper map).

The goal of this paper is to make the above picture quantitative, at least in the case of contactf]
sub-Riemannian manifolds. We address the following question:

“How many geodesics join two points on a contact sub-Riemannian manifold?”

A contact sub-Riemannian manifold is the simplest example of nonholonomic geometry. From the
point of view of differential geometry it consists of a (2n + 1)-dimensional, connected manifold
M together with a distribution D C TM of hyperplanes locally defined as the kernel of a
one-form « (the contact form) such that the restriction da|p is non-degenerate. The sub-
Riemannian structure is given by assigning a smooth metric on the hyperplane distribution.
The non-degeneracy condition implies Hormander’s condition.

Ezample 2 (Heisenberg, continuation). The Heisenberg group is a contact manifold with contact
form o = —dz + % (x1dxg — xodx1). As we will show later:

_ 8 I

= ; ||$H2 + O(l)

(2) #{geodesics between the origin and p = (x1,x2,2)}
In particular when p is “vertical”, p = (0,0, z) the number of geodesics is infinite; otherwise it
is finite and equals the r.h.s. (the O(1) notation means “up to a bounded error”).

For any point pg € M one can consider the so-called nilpotent approzimation of the sub-
Riemannian structure at pg. The result of this construction (that depends only on the germ of
the structure at pg) is a sub-Riemannian manifold Gy, and is an example of a Carnot group.

One of our results (Theorem[7) states that the geodesic count on the Carnot group Gy, controls
the geodesic count on the original manifold M. For this reason, we start our analysis with the
study of contact Carnot groups, namely Carnot groups arising as the nilpotent approximation
of contact manifolds.

1.1. Carnot groups. A contact Carnot group is a connected, simply connected Lie group G,
with dim G = 2n + 1, such that its Lie algebra g of left-invariant vector fields admits a nilpotent
stratification of step 2, namely:

g=0 @92, glaQQ#{O}a
with
[91,91] = 92 and (91, 92] = [g2,92] = {0}.

2We stress here that all our results remain true with almost no modification for more general corank-one
sub-Riemannian structure. For simplicity we restrict our exposition to the contact case.
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A sub-Riemannian structure on G is obtained by defining a scalar product on g; or, equivalently,
by declaring a set f1,..., fon € g1 a global orthonormal frame. The group exponential map:

expg ' g — G,
associates with v € g the element (1), where v : [0,1] — G is the unique integral line of the
vector field defined by v such that v(0) = 0. Since G is simply connected and g is nilpotent,

expe is a smooth diffeomorphism. The choice of an orthonormal frame fi,..., fo, € g1 and
fo € g2 defines exponential coordinates (x,z) € R*™ x R on G such that p = (z, 2) if and only if

2n
p = expg <Z i fi + Zfo) -

i=1
For any such a choice there exists a skew-symmetric matrix A € so(2n) such that
[fi, 5] = Aij fo.
For contact Carnot groups A is non-degenerate. We denote by:
ap < - <ap €RY

the distinct singular values of A and n; their multiplicities. Let z; € R?*" be the projections of
x on the invariant subspaces associated with «;. Accordingly we write p = (z1,...,2%, 2). The
geodesic count for G can be made quite explicit in term of the exponential coordinates of p and
the singular values of the matrix A. Define for this purpose the following “counting” function:

v(p) = #{geodesics in a Carnot group between the origin and p},

where, by convention, the “hat” stresses the fact that we refer to a Carnot group. We have
the following estimates for ©(p) (see Theorems 2426). None of these bounds is trivial: the
upper bound because the exponential map is not proper; the lower bound is in fact even more
surprising, as the typical finiteness techniques from semialgebraic (semianalytic) geometry only
produce upper bounds (we use indeed a kind of “ergodicity” property argument).

Theorem 2 (The “infinitesimal” bound). Given a contact Carnot group G, there exist constants
C1,C3 > 0 and Ry, Ry such that if p = (x,2) € G is a point with all components x; different
from zero, then:
|2] . |2]
(3) & 3 + R < I/(p) < (s 3 + Rs.
(] (]
In fact Cy,Cs (resp. Ry, R2) are homogeneous of degree —1 (resp. 0) in the singular values
ay < -+- < ap of A and are given by:
-1

8 a om\° "y | oy 8k a
4) Ci= __; sin (-) with 0= E =L {—jJ and Cy = ——§

T Qg 2 priee N K T af
Remark 1. For any other choice of fi,..., f5, € g1 (orthonormal) and a complement fj € g

there exists a matrix M € O(2n) and a constant ¢ such that:
2n
fi=Y_ M f}, fo = cfy.
j=1

Indeed this new choice defines a new skew-symmetric matrix A’ and also new exponential coor-
dinates (z',z’). One can easily check that:

A =cM*AM, ¥ = M*z, 2 =cz.
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Since C7, Cy are homogeneous functions of degree —1 in the singular values of A, the upper and
lower bounds (B]) are invariant w.r.t. different choices of exponential coordinates.

Ezample 3 (Heisenberg, continuation). In the Heisenberg group Ha,, 41 there is only one singular
value a = 1, with multiplicity n. By using B and ) one obtains:

recovering (2)) (that holds true for any Heisenberg group, not just the three-dimensional one).

An interesting related question is to determine the set of points p such that (p) = 1 (as it
happens for example if p = (z,0), i.e. p is horizontal). In the Heisenberg group:

A
=) — 4
where A\ is the first positive solution of tan A = .

For a general contact Carnot group the following proposition gives a quantitative way to
estimate when there is only one geodesic (see Proposition 23]).

vp)=1

~ 1.12335,

Proposition 3. Let G be a contact Carnot group and p = (x,z) such that:

7 [ 2a3
1< g (2 - o) P

Then there is only one geodesic from py to p. Moreover if G = Hay,41, let A1 be the first positive
solution of A = tan A. Then there is only one geodesic to p if and only if:

A
2l < e

1.2. Critical manifolds. It is interesting to discuss the structure of all geodesics ending at p,
including the case when the point p belongs to a hyperplane coordinate space (i.e. z; = 0 for
some j), which was excluded from Theorem 2l We still exclude the case p = py, as for the case
of Carnot groups there is only one geodesic: the trivial one v(t) = po.

Sub-Riemannian geodesics starting from py are parametrized by their initial covector n €
T M. As such, the subset I'(p) of geodesics ending at p is naturally a topological space. We
have the following characterization (see Theorem [23]).

Theorem 4 (Topology of critical manifolds). Let G be a contact Carnot group. The set I'(p) of
geodesics ending at p # po can be decomposed into the disjoint union of two closed submanifolds:

['(p) =To(p) UT e (p).

The set T'o(p) is finite and the set T'o(p) is homeomorphic to a union of spheres. Moreover the
energy function J is constant on each component of I'(p).

Remark 2. The structure of the sets of geodesics whose final point is vertical, in the general
step-two Carnot group of type (k,n) is studied in [5]. Geodesics to p are critical points for the
energy functional J : Q, — R (here €, is the space of all admissible curves to p and J is defined
as above); for the generic vertical p these geodesics appear in families, which are tori of finite
dimension depending on the “multiplicity” of the Lagrange multiplier (in particular they are
never isolated and J is a Morse-Bott function). A Morse theoretical study is performed and it
is proved that:

#{critical manifolds of .J with energy less then ¢} < O(c"™%).
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FIGURE 2. The graph of g.

On the other hand the “order of growth” of the topologyl of Q= {y € Q| J(y) < c} (the
sublevel set of the energy) turns out to be given by:

b(2) < O(c" ™+,
an inequality which is stronger than the classical Morse-Bott prediction b(Q5) < O(c™ ™).

In particular, since geodesics in I'g(p) are always finite, the preimage of a regular value of FEis
finite. Geodesics in I'oo(p) appear in families. Since geodesics are critical points for the energy
functional, we call each connected component of I'w(p) a critical family (or critical manifold).

To be more precise on these continuous families, the set ' (p) admits the following descrip-

tion. Given aj, ..., ax (the singular values of A) we define the function:
1A —sin )
Q(A) = g a2
(sn3)

and the sets:

A]' and L()\):{j|)\€A]}

2m r

Aj = Oé_Z \ {O}a A=
J j=1

Thus A; consists of the poles of A — g(Aa;) and the set of indices L(A) tells how many of these

poles occur at A (see Figure[2). With these conventions we have:
Peolp) = |J 82V, N = 3 ny,
AEA, JeL)

where:
A, = )\EA‘ 2= Y agglhay)lla]? | A0
:Ej;éo

For the generic A all singular values are distinct (k = n) and non-commensurable, thus for
every A € A, we have #L(\) = 1, N(\) = 1 and all critical manifolds are homeomorphic to

3Here we measure the topological complexity of a space X with the sum b(X) of its Betti numbers, the number
of “holes” in X (see below).



HOW MANY GEODESICS JOIN TWO POINTS ON A CONTACT SUB-RIEMANNIAN MANIFOLD? 7

#To | #0ae | b(To) | b(Tee) | B

2] 2] El 2

—o| L 0| £ | E
some IJ =0 ”lH2 [S8) oo some x] =0 ||£C||2 HTLH2 ”55”2
r=0 0 00 00 z=0 0 00 00

FI1GURE 3. The order of the contributions to # and B coming respectively from
Iy and 'y (it is assumed p = (z, 2) # (0,0)). The “topology” counting function
B is more stable: it behaves as a rational function, whereas © has a “delta
function” when some z; is zero. Notice that isolated geodesics are always finite.

circles. If some of the singular values have multiplicities greater than one, but still are all pairwise
non-commensurable, #L(\) = 1 but we can have critical manifolds of various dimensions.

As we will see, I'o(p) is not empty only if some of the coordinates =; vanish: the latter is a
necessary condition for the occurrence of families. If ', (p) is not empty, each critical manifold
is homeomorphic to a sphere; here the estimate (3)) can be extended to all points p # py if one
adopts a “topological” viewpoint. Denoting by:

B(p) = {sum of the Betti numbers of the set of geodesics from the origin to p},

we have the following generalization of Theorem [2 which bounds the number of spheres in I'oo (p)
(see Theorems 24130]).

Theorem 5 (The “infinitesimal” bound for the topology). Let G be a contact Carnot group.
There exist constants C1,C% > 0 and R}, Ry such that for every p = (x,2) € G, with p # (0,0):

, 12|

L2l + Ry < B(p) SCQW"'RIQ-

el
As above, C1, C} (resp. R, Rj) are homogeneous of degree —1 (resp. 0) in the singular values
ay < -+- < ai of A and are given by:

C

-1

§'m\? - k
C) = §a_§ sin (—W> with § = Z il {&J and Ch = 8_a_§;
™ 2 70 a; | o T af

and in particular again these upper bounds are invariant w.r.t. change of exponential coordinates.

Figure Bl compares the contribution to 2 and B coming respectively from I'y and I'. In some
sense, B(p) counts the geodesics “up to families”. Thus if  # 0 (we say “p is not vertical”)
then geodesics might appear in families, but still the topology of these families is controlled, in
particular the number of disjoint families is bounded.

Remark 3. On a contact Carnot group there is a well defined family of “non-homogeneous
dilations” 4. (z, 2) = (ex,£22), where € > 0 (see [2, [6]). These dilations have the property that
if v is a geodesic between the origin and p, then d. is a geodesic between the origin and d.(p)
(the energies are though different, see Proposition below). In particular both the counting
function and the topology function are constants along the trajectories of d.:

p(0:(p)) =o(p)  and  B(-(p)) =B(p)  foralle > 0.
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FIGURE 4. Equivalence classes of isometrically non-equivalent families for k = 3
commensurable eigenvalues a; = 1/i for ¢ = 1,2,3,4. Thus A; = iZ.

o) 4 1 2 2 3

1.3. Families of geodesics. A simple way to produce families of geodesics (critical manifolds)
is to act on a geodesic v with sub-Riemannian isometries fixing the endpoints of ~.

Ezample 4 (Heisenberg, continuation). Let us consider the Heisenberg group Ha,, 1. Thus & =1
and @ = 1 (A is the canonical symplectic matrix). Let p = (0, z) be a vertical point and 7y a
geodesic from the origin to p. The group of isometries fixing the origin is isomorphic to:

ISO(HQ»,H_l) ~ U(n) X ZQ.

Each isometry g in the connected component U(n) of the identity fixes the point p = (0, z), thus
g is still a geodesic from the origin to p; such an isometry stabilizes the whole « if it fixes the
initial covector. Then, the stabiliser subgroup of the geodesic v is ISO (Hzp41) ~ U(n — 1). In
this way we produce a family:

X, =U(n)/Un —1) ~ s> 1

consisting of distinct geodesics isometrically equivalent to . In other words all geodesics in X,
are obtained from + by composition with an isometry (and they all have the same energy). In
this case, it turns out that X, is a connected component of I'o(p), i.e. a critical manifold.

Surprisingly this is not the case for more general Carnot groups. In fact, given a critical
manifold X C I'w(p) (one of the above spheres), this might not be obtained by acting with the
stabilizer of p on a fixed geodesic. In other words, geodesics in X, although all with the same
energy and endpoints, might be isometrically non-equivalent - they are “deformations” one of
the other, but not via isometries.

We say that two geodesics with the same endpoints are isometrically equivalent if they are
obtained one from the other by composition of an isometry of G. We denote by I's(p) the set
of equivalence classes of isometrically equivalent geodesics ending at p. For example, a family of
isometrically equivalent geodesics corresponds to just a point in the quotient T'o (p).

The topology of this set (a quotient of T'w(p)) is related with the commensurability of the
singular values of A (see Theorem H0)).

Theorem 6 (Isometrically equivalent geodesics). Let G be a contact Carnot group. The set
T (p) of equivalence classes of isometrically equivalent geodesics ending at p # po is homeomor-
phic to the disjoint union of closed spheres quadrants:

Top) = [ S570 00N = #L(N),

AEA,

where ST, = S™ QRTJI is the intersection of the m-sphere with the positive quadrant in R™+1,

See Figure @l When A is generic, for every A € A, C A we have £(\) = 1 and '« is a
discrete set of points, one for each A € A, (all the geodesics in a critical manifold X ~ S?!
are isometrically equivalent to a given one). Nevertheless, non trivial manifolds of isometrically
non-equivalent geodesics appear when there are resonances, i.e. some of the singular values of
A are commensurable.
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1.4. A limiting procedure. We discuss here the main ingredient of our study for contact sub-
Riemannian manifolds: the nilpotent approximation of the structure at a point pg. Because of
the local nature of the problem, we can assume that M = R?**! and the point pg is the origin.
Moreover, the distribution D C TR?"+! is given by:

D = span{fi,..., fon},

where fi,..., fan are bounded vector fields on R2"*!. The sub-Riemannian structure on D is
obtained by declaring these vector fields to be orthonormal at each point.

We assume that the coordinates (z,2) € R?" x R are adapted to the distribution at the origin
namely, Dy, = span{0y,,...,0s,,} (for example we take canonical Darboux’s coordinates). In
the language of sub-Riemannian geometry these coordinates, at least in the contact (or step 2)
case, are also called privileged.

Using these coordinates we define a family of “dilations” §. : M — M by:

5c(w, 2) = (e, e22), e >0,

and the nilpotent approximation at pg, another sub-Riemannian structure on the same base
manifold M, given by declaring the following fields:

fi=1limeds, fi, Vi=1,...,2n,
e—0 €

a new orthonormal frame. Thus, the nilpotent approximation at a point pg is the “principal part”
of the original sub-Riemannian structure in a neighbourhood of py w.r.t. the non-homogeneous
dilations .. Moreover, it turns out that the nilpotent approximation at any point pg of a contact
sub-Riemannian manifold is a contact Carnot group.

The idea of the study of the asymptotic behaviour of geodesics in contact manifolds originates
in [I]. In that case the author adopts the point of view that geodesics are rays through the
exponential map and produces a kind of “blowup” of the initial covectors; as a result conjugate
times for geodesics, at least asymptotically, are equal to the conjugate times for the nilpotent
approximation [I, Theorem 3.1].

We introduce the following notation:

v(p) = #{geodesics joining py and p}.
Thus v(p) will denote the number of affine geodesics between py and p, i.e. geodesics in M that
are contained in a coordinate chart of py. Similarly 7 denoted the number of geodesics between
the origin and p for the nilpotent approximation. The next theorem relates the geodesic count
on the original structure and on the nilpotent Carnot group structure (see Theorem HT]).

Theorem 7 (Counting in the limit). Let M be a contact sub-Riemannian manifold. For the
generic p € M sufficiently close to pg:

v(p) < lim v(6-(p)).

e—=0
where 0. is the non-homogeneous dilation defined in some set of adapted coordinates in a neigh-
bourhood of pg.

Combining Theorem [7] and Theorem [2] we obtain an estimate for the order of growth of the
number of “affine” geodesics between two close points on a contact manifold (see Theorem (S]).

Theorem 8 (The local bound). Let M be a contact manifold. Denote by (x,z) Darboux’s
coordinates on a neighbourhood U of q. For every point ¢ € M there exist constants C(q), R(q)
such that, for the generic p = (x,2) € U:

|2

lim v(d:(p)) > C(q)

Ly o TR



10 A. LERARIO AND L. RIZZI

As we anticipated, a completely new phenomenon in the sub-Riemannian case is the existence
of a sequence of points ¢, — ¢ with arbitrary large number of affine geodesics between the two
(see Theorem H9)).

Theorem 9 (Abundance of “affine” geodesics). Let M be a contact sub-Riemannian manifold
and ¢ € M. Then there exists a sequence {Gn}nen in M such that:

lim ¢, =g¢q and lim v(g,) = oo.

n—oo n—oo

Notice that, in general, we cannot predict the existence of a point p with infinitely many affine
geodesics between g and p.

1.5. Structure of the paper. In Section 2] we discuss some preliminary material, such as the
definition of the main objects. Section [Blis devoted to the study of the exponential map for
contact Carnot groups and terminates with the proof of the Theorem on the topology of the
critical manifolds (Theorem 23]). Theorem 2] above is split into two parts: the upper bound is
discussed in Section [ (Theorem 24)) and the lower bound in Section Bl (Theorem 26l and Theorem
[B0); Proposition 28lis proved in section [l (Proposition 25]). In Sections Bl we study the isometry
group of contact Carnot Groups. The theorem on equivalence classes of isometric geodesics is
proved in Section [§] (Theorem @0]). Section [@is devoted to general contact manifolds: we first
review their nilpotent approximation at a point and we prove some related properties; next we
prove Theorem [7] (Theorem [7)), Theorem [§] (Theorem H8]) and Theorem [@ (Theorem FJ]).

Acknowledgements. The authors wish to thank A. A. Agrachev, D. Barilari and A. Gen-
tile for stimulating comments. The first author was supported by the European Community’s
Seventh Framework Programme ([FP7/2007-2013] [FP7,/2007-2011]) under grant agreement No.
[258204].

2. PRELIMINARIES

We recall some basic facts in sub-Riemannian geometry. We refer to [2, [I8] for further details.
Let M be a smooth, connected manifold of dimension n > 3. A sub-Riemannian structure on
M is a pair (D, (:|-)) where D is a smooth vector distribution of constant rank k < n satisfying
the Hormander condition (i.e. Lie,D = T, M, Vo € M) and (-|-) is a smooth Riemannian metric
on D. A Lipschitz continuous curve v : [0,1] — M is admissible (or horizontal) if (t) € Dy
for a.e. t € [0,1]. Given a horizontal curve « : [0,1] — M, the energy of ~ is

/ 14 (0))2dt,

where || - || denotes the norm induced by (-|-).
The pair (D, (-]}) can be given, at least locally, by assigning a set of k& smooth vector fields
that span D, orthonormal for (-|-). In this case, the set {f1,..., fi} is called a local orthonormal

frame for the sub-Riemannian structure.
In this paper we are mainly concerned with contact sub-Riemannian manifolds; in this frame-
work admissible curves are also called legendrian.

Definition 10. A sub-Riemannian manifold is contact if locally there exists a one form « such
that D = ker «, and da|p is non degenerate. Notice that, due to the non-degeneracy assumption,
the rank of D must be even.

Definition 11. Let M be a contact manifold. A sub-Riemannian geodesic is a non-constant
admissible curve v : [0,1] — M that is locally energy minimizer. More precisely, for any
t € [0,1] there exists a sufficiently small interval I C [0, 1], containing ¢, such that the restriction
~|r minimizes the energy between its endpoints.
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Pontryagin maximum principle implies that any geodesic starting at py can be lifted to a
Lipschitz curve n : [0,1] — T*M called sub-Riemannian extremal, as we discuss now. In general,
sub-Riemannian extremals can be normal or abnormal. Abnormal extremals appear in many
structures, and their regularity is one of the main open problems in sub-Riemannian geometry
(see [13} [15] and references therein for recent progresses on this topic). Abnormal extremals
do not appear in contact (or Riemannian) structures; for this reason, we now give an explicit
characterization of normal extremals. We start with an important definition.

Definition 12. The Hamiltonian function H € C*°(T*M) is
k

1 2 *
mm;ggxm», e T°M
where f1,..., fi is any local frame and (7, -) denotes the action of the covector n on vectors.

Let o be the canonical symplectic form on T*M. With the symbol @ we denote the Hamil-
tonian vector field on T*M associated with a function a € C*°(T*M). Indeed @ is defined by
the formula da = o(-,@). Consider the Hamiltonian vector field H € Vec(T*M).

Definition 13. Non-constant trajectories of the Hamiltonian system 7 = H (n) are (normal)
sub-Riemannian extremals.

Since normal sub-Riemannian extremals are non-constant trajectories of the Hamiltonian field
H, we obtain the following well known result.

Theorem 14. Normal sub-Riemannian geodesics are exactly projections on M of normal sub-
Riemannian extremals. In particular, all normal geodesics are smooth.

We stress that in any structure where abnormal extremals do not exist (such as contact
or Riemannian structures), Theorem [[4] completely characterizes all geodesics. Moreover, any
(normal) sub-Riemannian geodesic can be specified by its initial covector. In this setting, we
introduceﬁthe sub-Riemannian generalization of the classical Riemannian exponential map. Let
n(t) = et (no) denote the integral line of H, with initial condition 7(0) = no.

Definition 15. The sub-Riemannian exponential map (with origin pg) E : Ty, M — M is

E(no) :=m(e" (m0)),  Vno € Ty, M.
Thus all (normal) geodesics starting from pg are the image through F of the ray ¢ — tn. We
denote by I'(p) the set of geodesics from pg to p # pg, with the topology induced by its inclusion:
I(p)=E '(p) C T;; M.

2.1. Fibers of the exponential map and geodesics. Notice that the correspondence:

N, () = ()
defines a continuous map from T M to the set of admissible curves. If we endow this set with
the W1>°_topology and we assume p # po, this map restricts to a homeomorphism between I'(p)
and the set of geodesics to p: the topologies on I'(p) as a subset of T, M or as a subset of the
space of admissible curves coincide and the point of view we adopted is not restrictive.
On the other hand, recall that extremals (resp. geodesics) are non-constant and for these
reasons we will always make the assumption:

P # Po-

In fact, most of our results are still true also for p = pg, but then one should regard I'(p) simply
as the fiber of F and not as the set of geodesics to p.
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2.2. Contact Carnot groups. We start with the preliminary study of contact Carnot groups.
As we will see, their analysis provides the main building block for the general theory on contact
manifolds. Since we are mainly interested in contact structures, we restrict ourselves to step 2
Carnot groups. We refer to [I1] 12} [16] for more details.

A Carnot group G of step 2 is a simply connected Lie group whose Lie algebra of left-invariant
vector fields g admits a nilpotent stratification of step 2, namely

g=g1®g2, 01,027 {0},
with
[g1.01] =92,  and  [g1, 2] = [92,92] = {O}.
A left-invariant sub-Riemannian structure on G is obtained by defining a scalar product on g;

or, equivalently, by declaring a set fi,..., fr € g1 a global orthonormal frame. In particular,
D|. = g1z, for all z € G. The group exponential map,

expg : g — G,
associates with v € g the element (1), where v : [0,1] — G is the unique integral line of the

vector field v such that v(0) = 0. Since G is simply connected and g is nilpotent, exps is a
smooth diffeomorphism. Thus we can identify G ~ R™ with a polynomial product law.

Remark 4. In the literature, these structures are also referred to as Carnot groups of type (k, m),
where k = dim D = rank g; is the rank of the distribution and m is the dimension of G.

Definition 16. A contact Carnot group is a Carnot group of type (2n,2n + 1) that admits a
contact structure.

Notice that the only non-trivial request is the non-degeneracy of the contact form. In fact, let
G be a contact Carnot group. Let fi,..., fon, € g1 be a global orthonormal frame of left-invariant
vector fields, and fo € go a generator for the second layer. Indeed:

[fwf]]:Al]an Viajzla"'72na
for some constant matrix A € so(2n). Observe that there exists a unique never-vanishing left

invariant one-form « (up to multiplication by a constant) such that D = ker . Using the identity
da(X,Y)=XaY) —Ya(X) — o([X,Y]) we obtain:

(5) do(fi, ;) = —a([fi, 1;]) = Ajia( fo).
Since a(fy) # 0, a Carnot group G of type (2n,2n + 1) is a contact Carnot group if and only if
the matrix A is non-degenerate.

2.3. Normal form of contact Carnot groups. By acting on g; with an orthogonal transfor-
mation, it is always possible to put A in its canonical form. Such a transformation can be trivially
extended to an automorphism of g, and thus lifts to a group automorphism of G that preserves
the scalar product. Therefore, isometry classes of contact Carnot groups are parametrised by
the possible singular values of non-degenerate matrices A € so(2n). In the following we describe
the possible normal forms of contact Carnot groups. Consider the triple (k, 7, &), where:
(i) ke N, with 1 <k <n,

(ii) @ = (n1,...,n) is a partition of n, namely n; € N and Z?zl n; =mn,

(i) @ =(a1,...,0ax) with0 < a1 < ... < ag.
For a fixed choice of (k, 7, &), let:

(6) A= diag(alJnl, ceey OékJnk) € 50(271), with Im = (0 l(gn) ’
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In other words, A has k distinct singular values 0 < o < ... < ag, with multiplicities n1,...,ng
(half the dimension of the corresponding invariant subspaces). This gives the normal form of the
(2n,2n + 1) graded Lie algebra with parameters (k, 7, @). As an abstract algebra is given by:

g =91 D g2, g1 :Span{fla"'af?n}a 92:Span{f0}7
with:

[fuf]]:A’L]f07 27]:1752’”‘

Let G be the unique connected, simply connected Lie group such that g is its Lie algebra. We
define a scalar product on g; in such a way that fi,..., f2, is an orthonormal frame. This gives
G the structure of a contact Carnot group associated with the parameters (k, @, ). Any contact
Carnot group is isomorphic to one of these structures, for a choice of (k, &, ). Notice that the
normal form is determined only up to rescaling of the eigenvalues & (see [5, Remark 1] for more
details).

2.4. Exponential coordinates. The orthonormal basis fi, ..., fo, and fy realize the splitting
g=g' ... 80" S g,

according to the generalized eigenspaces of A. Accordingly, we identify:
G~R™ g@...0R™ R

through the group exponential map expy : g — G, in such a way that p € G has exponential

coordinates (z1,...,zx, z) with z; € R fori=1,... k and z € R.

2.5. An explicit representation. An explicit representation of the contact Carnot group with
parameters (k, @, ) is given by the sub-Riemannian structure induced by the following vector
fields on R*"*!  with coordinates (z,z) € R*" x R:

0 1 B B
= _ Az i—, =, :17,2
!/ ox; 22 ijaz fo 0z ! "

where A is the matrix of Eq. (@) with k singular values & and multiplicities 7.
The next lemma clarifies the relation between “tautological” coordinates (z,z) and exponen-
tial coordinates. In fact, there is no difference.

Lemma 17. The coordinates (x, z) are the exponential coordinates induced by f1,..., fon, fo-
Proof. Assume that p = (z, z) has exponential coordinates (6, p), namely
2n
(z,2) = expg <Z 0 fi + Pfo) :
i=1

This means that (z,z) = (1), where v(t) = (z(t), 2(t)) is the solution of the Cauchy problem

2n

B0 = A =pt3 Y wmdys, 4(0) = (0,0

ij=1
By the skew-symmetry of A, the solution is x(t) = 0t and z(t) = pt. Then (x,z) = (0, p). O

By the Campbell-Baker-Hausdorff formula, the product on G, in exponential coordinates, is:

1
(z,2)-(2',2)) = (:c +2',z+2 + ix*A:c) :
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Ezample 5. A classical example is the (2n + 1)-dimensional contact Carnot group Hay, 1. This
is the case with £ = 1, i.e. a unique singular value a; = 1 with multiplicity n. In this case
0 1 0 0 1 0 0
= —— — —Tiip— = —  —x— = — =1,...
Ji Ox; 2PNy Foi O%nii * 292 fo 0z’ ‘ et

and A is the standard symplectic matrix J = (—(1)1n L ).

Remark 5. We introduced contact Carnot groups as special contact sub-Riemannian structures.
We stress that the following construction can be generalized, with minor modifications, to any
corank-one Carnot group, namely structures of type (k,k + 1) where A may also have odd
dimension and some vanishing singular values.

3. THE FIBERS OF THE EXPONENTIAL MAP FOR CONTACT CARNOT GROUPS

Let E : T;G — G be the exponential map for the contact Carnot group whose (nonzero)
structure constants for its Lie algebra are given by:

A= diag(aljnu oo ody ); where Im = 0 L .
k —1,, 0

In the following, we write p € G in exponential coordinates as p = (z1, ..., %k, 2), with z; € R27
and analogously, for n € T3 G, we write n = (u1, ..., ug, A), with u; € R2™ . Thus:
E(ul,...,uk,)\):(xl,...,xk,z) with I'j,UjERan, ji=1,... k.

When convenient, we adopt the compact notation p = (z, 2) and n = (u, \), with z,u € R?>" and
n= Z?Zl n;.

Proposition 18. With the above notation we have for every j =1,... k:

. k .
A Aaj) — 1 S Aa; — sin(Aay
e (sm( a])]l+ cos(Aay;) J) u; and ( a; — sin( 04])> 112

)\Oéj )\Oéj 2)\20éj

j=1
where we understand that, if A\ =0, thenz; =u; forj=1,...,k andz =0, i.e. E(u7 0) = (u,0).

Proof. We recall that the sub-Riemannian exponential map is given explicitly by [3]:

1 1 1 t
(u, \) — (/ e Mtudt, f—/ <eAAtu,A/ eAAsuds> dt> .
0 2 Jo 0

We start by considering the horizontal components (we omit the subscript for J = J,;):

1
_ —AdaJt,
x; 7/0 e~ "ty dt.

If A =0, then e %" = 1 and x; = u;; otherwise the expression for x; follows immediately
from writing the integrand matrix as:

(8) e 7t = cos(Aa;t)1 — sin(Aa;t).J.
In fact using (§]) we can also evaluate the matrix integral:
¢ in(Aajt Aajt) — 1
9) / e—dasargy = Sty cosQagt) =1 g g
0 )\Oéj )\Oéj

For the z component, we notice that it can be rewritten as z = u*Su, where S is the matrix:

1 1 t
S = f—/ / Mt Ae M3 dsdt,
2Jo Jo
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and since A is assumed to be block-diagonal, we obtain:

k 1 1 t
z= Zu;Sjuj with S; = 75/ e)‘o‘j‘”ajJ/ e 273 dsdt,
j=1 0 0

where once again we removed the subscript from the matrix J = J,, in the expression for S;.
Notice that if A = 0 then S = —%A and, being skew-symmetric, z = u*Su = 0. If X\ # 0 the
integrand matrix in S; equals, using (8):

t
(10) emﬂ"]tajJ/O e 75 ds = (aj cos(Aa;t)J — ajsin(Aa;t)1) (a(t)l + b(t)J) =

= (c(t)L 4+ d(t)J) (a(t)L + b(t)J) = (ac — bd)(t)1 + (ad + be)(t)J.
where we defined c(t) = «a; cos(Aa;t) and d(t) = —a;sin(Aa;t). Since [(ad 4 be)J will be a

skew-symmetric matrix, then:

1 1
ulSju; = uil <%/ (ac— bd)(t)dt) u= fHu]HQ%/ (ac — bd)(t)dt.
0 0

Using the explicit expression of a,b,c,d (given by (@) and ([I{)), we obtain (ac — bd)(t) =

%, whose integral equals:

/1 cos(Aa;t) — ldt _ sin(Aay) — Ay
0

A )\20éj
Substituting this into the above formula for u}Su; concludes the proof. (I
For all j =1,...,k, we define the 2n; x 2n; matrix:
Iay) = sin(Aa;) . cos(Aaj) — 1[]7
)\Oéj )\Oéj

where we understand that 7(0) = 1. I this way, equation () reads z; = I(a;A\)u,;.
Proposition 19. Assume Ao ¢ 20Z \ {0}. Then I(Aay;) is invertible with inverse:
_ Aoy Aoy pYe
I(A\aj)~ ! = Tj cot <Tj) 1+ T]J’
where if A; = 0 we have I(0)~' = 1. In particular if x; = I(Aaj)u;, then:

Aoy — sin(Aay)
2X2%a;

aj Ay —sin(Aay)

LS a2
sm(TJ)

Jlugll* =
Proof. The determinant if I(Ae;) is:

det I(Aaj) = 2 <71 — COS(Mj)) ,

22
)\aj

Aaj
27

and is nonzero if and only if
and is the inverse of I(Aa;).

For the second part of the statement we write I()\ozj)_l = c11+4+coJ, where c; = )‘% cot (Aﬂ>

¢ 7\ 0; in this case the matrix I(Aa;) ™! as above is well defined

2

@y

A . .
and ¢ = =52. Then, u; = c1x; + caJx; and since z; and Jx; are orthogonal we obtain:

lus|1* = el |* + 3l ;1 = (cF + )l 1.
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|
|
|

2k BE Mg 2(k + 1)

FIGURE 5. Detail of the function g(A) in the interval I, = (2km, 2kw + 27).

Computing ¢? + 3 = (%m)% and setting y = Aa; we finally obtain:

. . 2 .
yfsmy”u_HQnysmy y 1 ”x'ngﬁyfsmy 0
2y2/a; " 2y2/a; \ 2sin(y/2) / 8 (sin¥)?’

Lemma 20. Assume \oj € 20Z\ {0}. Then z; = 0.

Proof. Tt follows immediately from (). O

3.1. A relevant function. We introduce the function g : R — R U {co} defined by:
1A —sinA
9N = g
(Sln E)
Each pole of g is of order two and lies on 27Z \ {0} (see Figure [ in Section [Il and Figure
above).

Proposition 21. Let k € Z and I, = (2kn, 2kn + 2m). Then:
1. g(A) = —g(=A) and g(A) >0 if A > 0;
2. |g| is strictly convex on each interval Iy;
3. if py is the point of minimum of |g| on I, we have g(ux) = & < (%';1)77 ;

4. g(|]A]) > % — g for every A.

Proof. The first property is clear, since g is the sum of two odd functions. To derive the other
properties, we compute the first two derivatives of g:

A
1 A cot (5) -2

2
8 (sin3)

and ¢"(\) = i2)\+)\cos)\73sin)\'

_ ki
16 (sin2)

g\ =

For A > 0, a standard check shows that g’/(\) > 0, which proves g is strictly convex for A > 0;
being an odd function g is strictly concave for A < 0 and the statement for |g| follows.

To estimate the value of the minimum of |g| on Ij, we evaluate g and its derivative at the
middle point Ay, = (2k 4 1)7 for k& > 0 (the situation being symmetric for k£ < 0):

2k+ 1) 1
g(Ag) = @k+ m and g =~
8 4
Thus ¢ is increasing at Ak, its point of minimum g must be in the interval (2km, A;) and its

value must be smaller than the value g(A;) = @ (see FigureB). Let’s prove g(uy) = & If
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pr is a minimum, then ¢’(ux) = 0. Using the above expression for the derivative we must have:

i cot (%) —-2=0 ie. sin% = % cos %

Substituting this into the definition of g we have:

g(u)ilﬂkfslnﬂkilﬂk72( %) (COS%) _
k) = = = =
S (smig)” 8 (sim4)”
8 1- (cos %)2 8"

For what concerns the last property, it is sufficient to prove it for A > 0. In the (A, y)-plane, the
equation for the tangent line to the graph of g at the point Ax > 0 is:

_ A (2k+D7

4 8

Since the function is strictly convex we must have g(\) > 2 — @ for all A € I. On this
interval A > 2k7 and thus:
A 2k+)r NN 2kr m_ A 0w

N> @RADm A A Zkm om AT 0
9(N) = 8 sTs§ 8 8§78 3

3.2. Decomposition of the fiber. In this section we give a description of the fibers of the
exponential map for the contact Carnot group G. We introduce the notation:

T'(p) = E*I(x, z), p = (z,2).

Recall that we are always assuming p # pp, so that I'(p) consists of all geodesics ending at p.
Given ag, ..., ar we define:

k
Aj = {poles of X — g(Aa;)}, A= U A;j and In={j|z; = 0}.

j=1
Notice that Lemma 20] implies that, if (u, ) € T'(p), then:

Proposition 22 (Characterization of the fiber). Let p = (x,z) € G, p # (0,0). The set I'(p)
consists of the points (u, \) such that x; = I(Aaj)u; for every j =1,...,k and:

1
(12) 2= >~ agg(hay)lo; I + 5 Y llusll
j¢lo jely

Proof. The condition on the z;’s is given by Proposition [I8 and it remains to understand the
equation for z in (). Now we can decompose the summation in the terms defining z as:

Aa; — sin(Aay) Aa; — sin(Aa;)
(13) =y (T ) P+ > Faa ) sl
: 2X%q; 222
Jj¢lo j€lp
If j ¢ Iy then j ¢ L(A) by (II) and Proposition [[J allows to write:

(M) g |2 = @ dag —sindag) o
2)\204]' 8 sin (L;J)
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On the other hand the sum ;. (%W) luj||? can be split as:
Aa;j — sin(Aa;) Aa;j — sin(Aa;)
> () Y (g
JELNL(N) ! JELNL(N)*® !

The second summation is zero, because for a j ¢ L(A) the matrix I(Aa;) is invertible and
uj = I(Aaj)z; = 0. By (), the index set for the first summation equals L()) itself. Moreover,
for each term j € L(\) we have Aa; € 2nZ \ {0} and, for some k; € Z \ {0}:

Aaj —sin(Aa;) _ 2mk; —sin(2mk;) 1
2\2q; o 20(27ky) 22X
Subsituting what we got into (I3]) we finally obtain:

2= ajg(ay)ayl? + Z 1% O

QIO ]EIU

We finally introduce a decomposition of the set I'(p) into two closed disjoint subsets, reflecting
its “discrete” and “continuous” part. We set indeed I'(p) = I'g(p) U I'so (p) where:

> luyl> =0 and  Tuo(p) = To(p)".

j€lo

FO(p) = (u7 A

The next theorem clarifies the subscripts and the terminology “discrete” and “continuous” part.

Theorem 23. If p # po, the set To(p) is finite and T (p) is a closed set homeomorphic to:
p)= J SNV N = D
AEA, JEL(N)

where:

(14) A, = )\GA‘ Z—Zajg()\aj)ﬂxjHQ A>0
i¢Io
Moreover the energy function J is constant on each component of T'(p).

Remark 6. By definition, I's(p) # 0 implies Iy # 0. Thus, a necessary condition for occurrence
of families of geodesics ending at p = (x, z) is that some of the components z; must vanish.

Proof. We start noticing that if (v, A\) € To(p) then all the u;’s are determined. In fact if j ¢ Iy

then, by [ j ¢ L(\), I(a;A) is invertible and u; = I(a;jA\)"txj; if j € Iy, then the condition

diel, lu;]|* = 0 implies u; = 0 (notice that this condition is automatically satisfied if Iy = ().
Consider now the projection g onto the A-axis:

q:T5G = R, (u, A) — A

By the above discussion g|r,(p) is one-to-one onto its image ¢(I'g(p)) and it is enough to show
that this last set is discrete. To this end we notice that by Proposition 22 if (u, ) € T'g(p) then:

(15) 2= ajgla;N)|z;]*.
J¢lo
The set of solutions in A of this equation coincides with ¢(T'o(p)) and is discrete: remember that

(x, z) is fixed, the function g is strictly convex (by Proposition 2I)) and a linear combination of
strictly convex functions is still strictly convex (on the domains of definition). Moreover since the
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set of solutions of (5] has no accumulation points, ¢(T'g(p)) is closed and T'o(p) = ¢~ 1(q(To(p)))
is closed as well.

We prove that To(p) is finite. If  # 0 the cardinality of T'g(p) is bounded by Theorem
below; if = 0 then equation (IZ) reduces to z = 3 D el luj||? and since I'y is defined by
Zjelo lu;]|> = 0, it implies z = 0 as well, contradicting the assumption p # po.

Now we turn to I'no(p). For each fixed A € ¢(T's(p)) consider the fiber of the projection
(the set of pairs (u,A) € T'x(p)). We show that A € A, and that the fiber is a sphere. By
Proposition 22 this is the set of u € R*" such that z; = I(Aa;)u; for every j =1,...,k and:

1
(16) B3\ Dol === Y ajg(hay)llz;)*.

j€lp Jj¢lo

Now, if j ¢ L()), then u, is fixed by the value of z; (since I(c; ) is invertible). For the remaining
ones the only constraint comes from Eq. ([@). Consider the summation in the Lh.s. Notice that
L(\) C Iy, but if j € Io N L(A)° then u; = 0. Therefore:

(17) Dol =D gl

j€lo JEL(N)

In particular, since (u,A) € I'so(p) this implies that L(A) must be non-empty, namely A € A.
Moreover Eq. (8] reduces to:

1
(18) B3\ Do gl === ajg(ray)llz)*.

JeL(N) i¢lo

The r.h.s. of the above equation has the same sign of \. Thus A € A, and ¢~ !(}) is a sphere of
dimension 2N (\) — 1.

Finally ¢ is surjective over A,. In fact, for any A\ € A,,, we choose for j € L(\), u; that satis-
fies (I8), and for j ¢ L(\) we set uj = I(a;\) " 'x;. The point (u, A) € I (p) by construction.

The image ¢(T'oo(p)) of this projection is certainly discrete, as it is contained into A. Also, it
has no accumulation points, since A itself has no accumulation points. Thus ¢(I'w (p)) is closed
and 'y (p) is closed as well.

Since the energy of a geodesic (u, \) is given by ||u||?/2, it is constant on each component. [

Remark 7. Rephrasing the above theorem, we have essentially proven that I'(p) is a smooth
submanifold of T35 M; this manifold can be decomposed into the union its zero-dimensional
components, I'g(p), and the union of the components of dimension at least one. Since the energy
function J is constant on each component, these is really a union of “critical manifolds”.

4. UPPER BOUNDS

Let us introduce the following “counting” functions 7, B :G = RU{0}:

v(p) = #L(p) and B(p) =b(L(p)),
where b(X) denotes the sum of the Betti numbers of X (which might as well be infinite a priori).

Remark 8. The Betti numbers b;(X) of a topological space X are the ranks of H;(X,Z) (the
homology groups of X)) and they measure the number of “holes” of X, see [10]. For example for
a point or a line all b; are zeroes except by = 1; for a sphere S* they are all zero except by, by = 1
(here k > 1). The sum of the Betti numbers b(X) is sometimes called the homological complexity
and measure how complicated X is from the topological viewpoint; for example b(S*) = 2.
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If E‘l(p) is finite, then »(p) = B(p); on the other hand if a point p has infinitely many
geodesics arriving on it 7(p) = oo and it could either be that they are “genuinely” infinite, i.e.
also 3(p) = oo, or they arrange in finitely many families with controlled topology, i.e. 3(p) < co.

Theorem 24. Let G be a contact Carnot group. Then there exists a constant Ry such that, for
every point p = (x,z), with p # po:

5 8k ar\ |z|
B(p) < <——> W + Ro,

T a?
Ry is homogeneous of degree 0 in the singular values oy < ... < ay of A. In particular, if
x = (x1,...,2x) has all components different from zero, then I'(p) = To(p) and:
N 8k ay | |2]
o (SBYEL L p,
maf) [l

Remark 9. Thus, whenever at least one z; is not zero, the topology of I'(p) is finite; if z # 0
and x = 0, then the above formulas are meaningful in the sense that loil = 00.

Proof. The decomposition of Theorem 23] implies:

b(T'(p)) = b(To(p)) +b(Teo(p)) -

Let us start with the computation of b(I'g(p)). Notice that, since I'g(p) consists of points, then
b(To(p)) = #L'o(p) and:

(19) # (Lo(p)) = # 4 A

2= Y ajg(Aay)z])?
Ji¢lo
We recall that Iy = {j|z; = 0} and distinguish two cases.
1. If Iy = {1,...,k} (i.e. z =0), then I'g(p) is empty: in fact from [[9 we obtain that also
z = 0, contradicting the assumption p # po.
2. If Iy € {1,...,k} (there is at least one z; # 0), then property 4 of Proposition 21l implies
that:

Al T
2l = |3 ajghay)llz; 12| > 3 > ad|lzl* - 3 > g,
Ji¢lo i¢lo i¢lo

which tells equivalently that:

) I ERR WL N E R T
Yjer Gl Ygep oflaslP T odllzll T of ’

where in the last inequality we have used the fact that ||z||? = 2idl |lz;]|>. The number of
solutions of (I9) is the number of intersections of the horizontal line w = z with the graph of:

2
Go(N) = > ajg(hay)llz]1%,
Ji¢lo
in the (A, w)-plane, with the restriction |A\| < p we found in (20). The function Gy, being a sum
of strictly convex functions, is itself strictly convex (on each interval where it is defined) and the
number of points of intersections of w = 2z with its graph is:

b(To(p)) < 2#{poles of Gy on the interval (0,p)} + 1.
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Since the function Gy has poles exactly on the sets Aj = {\ # 0| Aa; € 27Z, j ¢ Iy}, we obtain:

e 4oz L OOy
) <2 [—J <2 { +1<
e g;o 27 Z 7ro<1|\:c||2 202
8ag |z
(k/’ # 0) k ||| ||2 +TO7
af

where 79 is a bounded remainder (homogeneous of degree 0 in the singular values) given by:

o2
ro = (k — #Io)—lgc L.
Qg
Let us consider now b(T'o(p)). By Theorem 23] T' o (p)
for each point A € A, where:

is a disjoint union of spheres, one sphere

Ay ={NeA|(z—Go(\)A> 0}

Since the total Betti number of sphere is 2 (independently on the dimension), we have:

(22) bToo(p) =b | [J SNV =244,
AEA,

We assume z > 0 for simplicity. This implies A > 0. Moreover, if A € A, C A, then A must
belong to the complement of the set of poles of the function G, namely

redo=J A= ?Z\{o}gA.

j€lo jely 7

Thus we finally rewrite:

Ay ={AeAo | A>0, z>Go\)}.

It only remains to estimate the cardinality of A,. We distinguish again two cases.

1. Iy ={1,...,k} (ie. x =0). By our assumption p # py it follows that z > 0. Moreover, in
this case Go(A\) = 0 and Ag = A. Therefore A, = A is infinite and I'so(p) consists of infinitely
many spheres, thus b(I's(p)) = 0.

2. Iy € {1,...,k}. In this case we have to count the A > 0, such that:

(23) 2> Y ajg(ay)|lasll*,  with X € Ao.
i¢lo
Arguing exactly as in (20) we obtain that:
8|z| oy

A — =
afllzl®> - af

Thus the number of A satisfying (Z3)) is bounded by the (finite) number of elements A € A in
the interval (0, p) (arguing as in (21))):

, 2
> |52] < s 2t + B0,
: 2m mast ||x))? 2 of

Jj€lo
Combining this with (22]) we get:

8 ozk Azl

of JJl?

b(roo(p)) < #IO + roo,
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where r is a bounded remainder (homogeneous of degree 0 in the singular values) given by:

2
«
— k
Too = #IQ —5-
51

Finally, since the union I'g(p) U s (p) is disjoint and closed, we obtain:
b(T'(p)) =b(To(p)) +b(Tx(p)) <

8 ay |7]
< (k- #Io);a—%w

8ak> |2
=|k—— +R2a
< mai) ||z

where R is a bounded remainder (homogeneous of degree 0 in the singular values) given by:

OéQ
R2:TO+Tw:k_g-
o

1

8ay |z
+ #1o— k|—|||2+7’0+7’oo

(24) T |z

Notice that if all z; # 0, then Iy = ) and I'(p) reduces simply to Io(p), which is necessarily
finite by the first part of the statement. (I

Remark 10. Tt is interesting to notice that equation (24)) splits clearly the contribution to the
topology into two pieces:

8 ag |Z| 8 ag |Z|
b(L(p) < (k= #lo)—— 1 + #lo—— 71—+
™ af |2 a2 ||z
>b(To(p)) >b(Toe(p))

If we ignore the error term and interpret the r.h.s. with the convention of Remark @] this
inequality is correct (for example if #1y = 0 then b(I'x(p)) = 0 and if #Iy = k there is no
discrete part).

The following proposition gives a quantitative way to estimate when there is only one geodesic.

Proposition 25. Let G be a contact Carnot group and p = (x, z) such that:

T [ 2a2
(25) M<—(—i%)mm
a,

Then there is only one geodesic from py to p. Moreover if G = Hay 41, let A1 be the first positive
solution of A = tan A. Then there is only one geodesic to p if and only if:

A1
(26) |zl < T ll=l

Proof. We give the proof only for the Heisenberg case; we leave to the reader the verification
that condition (2H) guarantees that I'o,(p) = 0 and that 2(p) = 1.

In the case of the Heisenberg group, condition (26) implies automatically that p is not a
vertical point and by Theorem 23] ' (p) = . In particular, using (I9)), we can write:

27) o) = # {7 |2 =900 lelP}.
Let 2); be the first positive local minimum of g; 2)\; is also a zero of ¢’ and by property 3. of
Proposition Il we have g(2\;) = 2L. Computing the derivative of g we obtain:
A
_ 2 — Acot (5)

(sin %)2

g\
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A z

I

L
—

{llull® = c}

FIGURE 6. A two-dimensional qualitative picture of the exponential map for
the Heisenberg group. The critical points are the A-axes, the set R (in red) and
the set B (in blue). The broken curve is the section in the (x, z)-plane of the
image of the cylinder {|lu||?> = ¢}. The number of geodesics to p is constant
on each shaded region (the white one is where o(p) = 1). When c¢ varies the
blue dots on the right figure (the images of B N {||ul|?> = ¢}) “span” all the
paraboloids |z| = g(Ag)||z]|?.

Thus A; is the first positive solution of tan A = A and:
At
(28) gO)llzl* = -l
By 1) 2(p) =1 as long as |z| < Go(A1): condition (26) and (28) imply the statement. O

Ezample 6 (Heisenberg, conclusion). The Jacobian of the exponential map in the 3-dimensional
standard Heisenberg case can be computed explicitly using ():
- lul|?(Asin A + 2 cos A — 2)
det (d(%)\)E) = — )\4 .
Setting to zero the previous equation we find critical points of E:
{critical points of E} = {llul®> =0} U{\ = 2km, k # 0} U {)\‘ 2 =tan3}.

A R B

The critical values are the images of these sets. For convenience of notations we label A\x the

solutions of % = tan %: these numbers, in the case of the Heisenberg group, coincide with the

minima of the function g and are of the form Ay = (2k + 1)7 + ;. The critical values of E
decompose into the union of the three sets:
E(A) =origin,  E(R) =z-axis, E(B)={z=|z]?9(\) |k €Z}.

In particular, E(B) is an hypersurface (a paraboloid), and has the following interesting charac-
terization: for x # 0, we have:

(p) = #{\ | 2 = g(\)[l|*}.
By the properties of the function g (Proposition2]]), and assuming z > 0, two new contributions
to ©(p) appear (or disappear) every time the ratio |z|/|z||* crosses the values g(\x), for k > 0
(resp. for k < 0 assuming < 0). Thus the function (p) “jumps” by two every time p crosses
E(B) transversally (see Figure [G).
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In the general case, the computation of the Jacobian of the exponential map for corank-one
Carnot groups is done in [3| Lemma 38].

5. LOWER BOUNDS

In this section we prove the lower bounds of Theorems [2] and [§] for the number of geodesics
v(p) = #I'(p) and the topology B(p) = b(I'(p)) in a contact Carnot group G, with constants
(k,7i, @). According to the decomposition of Section[B] for p # py we have the following splitting:

I'(p) =To(p) UT'x(p),
where T'g(p) is a finite set and I'w(p) is homeomorphic to a disjoint union of spheres. According
to Remark [6] if p = (z, z) is a point with all components x; # 0, then I'nc(p) = @ (in particular
this is the case for a generic point p). In this setting we prove the next theorem.

Theorem 26 (The “infinitesimal” lower bound). Given a contact Carnot group G, there exist
constants C1, Ry such that if p = (z,z) € G has all components x; different from zero, then:

2|
]2

In particular, denoting by a1 and oy, the smallest and the largest singular values of A:

C + R1 < 0(p).

-1
8ar; . [0\’ ) a a1 |
C1=——5sin| — with 6 = E — | =
T af, 2 — o | o
Jj=1
Moreover, Ry (resp. Cy) is homogeneous of degree 0 (resp. —1) in the singular values a1, . . ., ay.

Proof. When all the z; # 0, then I'(p) = T'o(p). According to Proposition 22] and recalling that
Iy = 0, the number of geodesics ending at p = (z, z) is computed by:

k
v(p) =#{A[2=GN} GO = Z ajllz;l*g(asA).

The idea of the proof is to build an increasing sequence of values S\n, with “spacing” growing
linearly with n, such that G(S\n) < cn + d for some constants ¢ and d. By the strict convexity
of G()), we have at least one contribution to ©(p) for any point A of the sequence such that
G(An) < z. Then it is sufficient to count the number of points A, of the sequence such that
G(An) < z. We now proceed with the proof.

Without loss of generality, we assume z > 0 and then A > 0. For fixed 0 < § < 1 and every

j=1,...,k define the intervals:

2nm 2(n+ )7 - 2nw Om 2(n+1)m  om
I = {_’ u] and Inj=|—+—, 2nt+ lm _ om
@ a;j a;j A a;j @
Each interval IAn,j is contained in I, ; and the lengths of these two intervals are (see Figure [T]):
2m .
|In,j| = — =ia and |In,j| = aj(l — 5)
]
The singular values 0 < a; < ... < oy, are ordered, then the intervals I,, 1, for n € N are the

largest. We also define y,, := (2n — §)7. Notice that L is the maximum of the interval fn7j,
J
and will play an important role in the proof.
Each function A — g(a;A) is unbounded in the intervals I,, ; (it has poles at the extrema),

but it is controlled on all the smaller intervals I,, j, as stated by the next lemma.
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o a;(1—9) o

@

aj
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| I
o s
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2nm Ynt1 (2n+1)7
a; aj o

FI1GURE 7. The intervals fn,j C ;.

Lemma 27. There exist constants c1(9), d1(6) such that, for all j =1,...,k:
g(ajN) < er(8)n+di(6),  VYAel,;.

Proof. By Proposition 211 for all j = 1,...,k the functions A — g(a;\) are strictly convex on
the intervals I, ; C I, ;. Each function is clearly unbounded on I,, ; but, when restricted on

I, j, it achieves its maximum value at the point ygfl
J

(i.e. the maximum of the interval I, ;).

Therefore, by explicit evaluation, for all A € fnyj we have:

27 27 — dm + sin(dm)
) < = = .
9(0i ) < glynt) 8sin(dm/2)2 nt 8sin(dm/2)2 c1(9)n + d1(9) =

The next lemma implies that, for each n > 0, the large interval I, ; contains at least one
point that belongs to all the smaller intervals Iy, 1,. .., Im, i, for some mq,...,my.

Lemma 28. Let fj = UmZO IAm,j forallj=1,... k. If0 <6 <1 is small enough then:
k
Vn>0 LN () #0.
j=1

Proof. We argue by contradiction. Assume there exists n > 0 such that for all A € I,, ; we can
find j € {1,...,k} with X\ ¢ I;. This implies:

(29) Sn ::/ #{j|)\€fj}dz§(k71)a1.
In,l
On the other hand the above integral equals:

k k k
S 267 | o 2 | s
Sn = |I] M In’1| Z kal — E —’/T {—ZZJ Z (k’ — 1)(11 -+ ayp — 5 E —aﬂj \‘—ZZJ
J

j=1 =1 Y j=1
Recalling that a; = i—’:, if we choose
. —1
a1 | O
30 0<o< — {—]J
0) >ale])
we obtain s, > (k — 1)as, contradicting (29). O

The next lemma builds a sequence A, where the behaviour of G()) is controlled.
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Lemma 29. There exists an unbounded, increasing sequence {5\n € I, }nen and constants ci(0),
di () such that:

k
Zg(j\naj) < ek (0)n + di(0).

Jj=1

Proof. By Lemma (28)), for all n > 0 there is a point A € I N fml’l N fm2,2 N...N fmk,k, for
some mi, ..., mg. This sequence is unbounded and increasing by construction. Notice that, by
construction, m; = n and

ST L I N
aq

(n+1)a; Qg
(5] (5]

mj§{

By the estimates of Lemma 27, we have

k k
> alus) < Y- (1@ + @) < |a@r |t 2@ - D% L kae)|. O

oy

j=1 j=1

ck(9) di(8)

We are now ready for the computation of the lower bound for o(p). Indeed

k
(31) pp) = #{A[2=GN)} GO = az9hay)|a]*.
j=1
By Proposition 21 each function A — g(a;\) is strictly convex in the intervals I, ;, for n € N,
and has poles at the extrema of I, ; (excluding the point A = 0), i.e. the discrete set A;. Then
also G(\) is a strictly convex function in each interval in which it is defined, with poles at the
points of A = U?zlAj.

Consider the sequence A, of Lemma[2d There are at least 2 solutions contributing to Eq. (&)
for any value A, such that G(A,) < z. This follows by strict convexity of G in the interval between
two successive poles containing A,. The only exception to this rule is when A, belongs to Iy y:
in this case there is only 1 solution (there is no pole at A = 0). We have:

k
G(\) < allz]® Zg(ajﬁn) < a2l [er(8)n + di(8)] -

According to the discussion above, Mo gives a contribution of 1 to #(p), while each point 5\n,

with n > 1 of the sequence, such that G(A,) < z, give a contribution of 2 to ¥(p). Therefore,
taking in account all the contributions, we obtain:

1 di. (0 dy (0

WMZQ{ V|2_k<w . EINAG

e (®) axllzl? () arer®) 27~ “enld)

Plugging in the constants obtained above, we obtain:

— 1.

2|

+ R(9),

with:

1*k+ﬂ5ﬂfsin(5ﬁ)*2ﬂ
(677 s

— 1.
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Both C(d) and R(d) are non-decreasing functions of 4, for 0 < § < 1, thus the best estimate is
given by the values at the largest . According to (B0]) this value is:

—1
k (6] «
o
Op = E — {—jJ
(0] [0
j=17 LT

Notice that C; := C(dpr) is homogeneous of degree —1 w.r.t. the singular values aq, ..., ax,
while Ry := R(dar) is homogeneous of degree 0. O

The previous theorem holds if all the x; are different from zero. When some of the z; = 0,
continuous families might appear. Nevertheless, the topology of these families is controlled. We
obtain the following lower bound.

Theorem 30 (The “infinitesimal” lower bound for the topology). Let G be a contact Carnot
group. There exist constants R}, C} such that for every p = (x,z) € G with p # po:

2
o
JEE

In particular, denoting by a1 and oy, the smallest and the largest singular values of A:

, 8ay . (&« 2 . , a1 | oy
O] =——5sin| — with § = Z — =
T Qg 2 oy a; o

+ R} < B(p).

-1

Moreover, R} (resp. C1) is homogeneous of degree O (resp. —1) in the singular values aq, .. ., .

Proof. Recall that Ip = {j | z; = 0}. If I = 0 the statement reduces to Theorem [30 since

I'(p) = To(p) is finite and £(p) = #I'(p) = b(L'(p)) = B(p). Then assume Iy # (). By Theorem 221
I'(p) =To(p) UT o (p) and:

B(p) = b(I'(p)) = b(To(p)) = #L'o(p)-

In particular T'g(p) is in one-to-one correspondence with its projection on the A component, since
all the u; are uniquely determined by the point p = (z, z) once A is known. Therefore

#To(p) = #{A | 2 = Go(N)},  Go(N) ==Y ajglag Nyl

Ji¢lo
Now we only have to bound from below the number of solutions of z = G(\). The proof is
analogous to the one of Theorem [26] where only the indices j ¢ Iy appear. O

6. ISOMETRIES OF THE HEISENBERG GROUP

Sub-Riemannian isometries are distance-preserving transformations. According to the result
in [8], isometries of Carnot groups are smooth. Moreover the set of all sub-Riemannian isometries
ISO(G) of a Carnot group is a Lie group, and any isometry is the composition of a group
automorphism and a group translation (see [9, [14]).

Remark 11. For our purposes it is sufficient to consider the subgroup ISO¢(G) of isometries that
fix the identity. With no risk of confusion, we denote this subgroup simply ISO(G).

In this section we focus on the case G = Ha, 11 (we refer to the notation of Section 2] and
Example B]). Then we use this result to study the isometry group of any contact Carnot group.
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Lemma 31. The isometry group of Hop11 is:
ISO(Hap41) = {(M,0) |0 € {-1,41}, MM* = 13,, MJM* = 0J},
with the action of ISO(Hap41) on Hapt1 given by:
(M,0) - (z,2z) = (Muz,0z).
Moreover:
ISO(Hgp+1) ~ O(2n) N Sp(2n) x Zg ~ U(n) X Zs.

Proof. A diffeomorphism is an isometry of Carnot groups fixing the identity if and only if is a Lie
group isomorphism. In particular, it is induced by Lie algebra isomorphisms ¢ : han+1 — hont1
that are orthogonal transformations on the first layer. Since ¢ is a Lie algebra isomorphism, it
preserves the stratification. Then we can write ¢ = (M, 0) € O(2n) x R, such that

2n
O(f) =D Mjifs,  6(fo) = 0fo.
j=1

The isomorphism condition [¢(f;), #(f;)] = Jij¢(fo) implies:
MJM* =6J.
It follows that #2 = 1. Then:
ISO(Hzp41) = {(M,0) |0 € {—1,4+1}, MM* = 13,, MJM* =6J}.

This Lie algebra isomorphism generates a Lie group isomorphism that, in exponential coordi-
nates, reads (M, 0)- (z,z) = (Mz,0z). Let ISO(Hzp41)+ <ISO(Hzp41) be the normal subgroup:

ISO(Hapt1)+ :={(M,1) | MM* =1, MJM* = J} ~ O(2n) N Sp(2n).
Moreover, let K be any matrix such that KJK* = —J. Then, let :
H:={(1,1),(K,-1)} ~ Zy

be another subgroup of ISO(Ha,41). Any element of ISO(Hs,+1) can be written uniquely as
the product mh of an element of m € ISO(Ha,+1)+ and an element of h € H. Thus the map
mh +— (m, h) is a group isomorphism:

ISO(H2n+1) = ISO(H2n+1)+ X H,

where H acts on ISO(Hay,+1)+ with the adjoint action. As we observed ISO(Ha,41)+ =~ O(2n)N
Sp(2n) and H ~ Zs, thus

ISO(Hgp+1) =~ O(2n) N Sp(2n) X Z,.
Remark 12. With this identification, the action of ¢ : Zy — Aut(O(2n) N Sp(2n)) is:
oM =M,  o(-1)M = KMK*,
the product on O(2n) N Sp(2n) x Zg reads:
(M, 0)(M',6") = (Mp(6)M',66"),
and the action of O(2n) N Sp(2n) x Zy on Hap4q is:

(Mz, 2) =1,

(M,0) - (z,2) = {(MK:E,Z) 0=—1.
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Finally, to see that O(2n) N Sp(2n) ~ U(n), write M € GL(2n,R) as M = (A 8). Then
M € O(2n) N Sp(2n) if and only if:

A B * * * *
M<_B A>, AA* + BB* =1,, AB*— BA* =0.

Thus the map M — A +iB is the group isomorphism O(2n) N Sp(2n) ~ U(n). O

6.1. Stabilizers of points. Let p € Ha,41. From now on we restrict our attention to the
connected component ISO(Hz,11)+ that contains the identity. As in the proof of Lemma 3] we
identify:

ISO(H2n+1)+ = U(’I’L)
With this identification, the action p : U(n) x Hapq1 — Hapyq s

p(A+iB, (2,2) = (M, 2), M(_AB i).

What is the stabilizer subgroup ISO,(Hap41) € ISO(Hay 1)+ that fixes p € Hapiq?
Lemma 32. Let p = (z,2) € Hapy1. Then
U(n) x =0,
IS0, (Hs, ~
p(Hzni) {U(n— 1) z#0.

Proof. Let A+ iB € U(n). Let p = (x,z) € Hapy1, with 2 # 0 and write © = (v, w) with
v, w € R™. Then

p(A+iB,p)=p<= Mz =2 < (A+iB)(v —iw) = v — jw.

This means that A + iB must be a unitary matrix with a prescribed eigenvector v — iw with
eigenvalue 1. This identifies a copy of U(n— 1) C U(n) that fixes p. On the other hand, if z = 0,
the point p = (0, 2) is fixed for any element of ISO(Ha,11)+- O

6.2. Stabilizers of geodesics. Let (u, A\) € TiHap41. Let v(t) the associated normal geodesic.
What is the subgroup ISO (Ha,+1) C ISO(Hap41)+ that fixes the whole geodesic? Recall that

t 1 t T )
~y(t) = </ e_”\JTudT, f—/ (e_)‘JTu, J/ e_)“]éuds>d7) .
0 2 Jo 0

Lemma 33. Let (u,\) € T§Ha,11 be the initial covector of the geodesic y. Then

U(n) u =0,

Un—-1) u#0.

Proof. Let A+iB € U(n) be an isometry and (t) = (z(t), z(¢)). Then p(A+iB, (z(t), 2(t))) =

(z(t), 2(t)) if and only if Mx(t) = x(t) for all ¢, namely to stabilize the geodesic is equivalent to
stabilize its “horizontal” component. For u # 0, take one derivative w.r.t. ¢ at t = 0; we obtain:

ISOV(H2n+1) >~ {

Mu = u,
as in the proof of Lemma [32] this identiﬁes a subgroup U(n — 1) C U(n). Notice that the
condition Mu = u implies also Mx(t) = x(¢t). In fact:

t
M/ 77/\‘]“ _ / 77/\JMU _ I'(t),

where we used the fact that, being an isometry, MJ = JM. Thus, in this case, ISO,(Hzp11) =
U(n — 1). When u = 0 the geodesic is the trivial one, and is stabilized by the whole U(n). O
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Remark 13. Notice that in this case u = 0 if and only the geodesic is trivial y(¢) = 0. When v # 0
two possibilities can occur: 1) x # 0, in which case ISO, (Hap+1) = ISOp(Hop41) ~ U(n—1); 2)
z = 0 and the subgroup ISO,(Hap41) ~ U(n—1) is properly contained in ISO,(Hapn41) >~ U(n).

6.3. Isometrically equivalent geodesics. We introduce the following equivalence relation on
geodesics with the same endpoint in a contact Carnot group G.

Definition 34 (Isometrically equivalent geodesics).
(32) v1 ~y2 <= there exists g € ISO(G) such that v1 = ge.

Let p € Hay,y1, and v be a normal geodesic such that v(0) = 0 and (1) = p. By acting
with ISO,(Ha,+1) we obtain families of isometrically equivalent by construction. Still, since
ISO,(Han+1) € ISOp(Han41), we may obtain in this way non-distinct geodesics. To avoid
duplicates, we have to take the quotient w.r.t. the subgroup ISO,(Hszy41).

Let X, be the set of geodesics isometrically equivalent to a given one . This is a homogeneous
space w.r.t. the action of ISOp,(Hsap41). From Lemma B2 and B3] we obtain the structure of X,.

Proposition 35. Let v be a geodesic such that v(0) = 0 and (1) = p, with initial covector
(u,\) € TqHaypy1. Then:

SIn=1 4y #£0,\=2mm, m € Z\ {0},

Xy =1SOp(Han+1)/ ISO4 (Hap1) =~ {1 otherwise

Proof. Observe that if u = 0, then v(¢) = 0 is the trivial geodesic. In this case Xy is just a point
(the trivial geodesic). Then we may assume u # 0 in the following. Let p = (0, z). Then an
explicit computation leads to

1
O=/ e ™My = \=2mnr, mecZ\{0}.
0

Then, when A = 2mz (and u # 0), according to Lemma B2 and [33 we have:
1SO, (Hap+1)/ IS0, (Hayy 1) = U(n)/U(n — 1) = §27 1,

If A # 2mm, then p = (z, z) with 2 # 0. According to Lemma B2 and B3] (see also Remark [3]) we
have ISO, (Hap+1) = ISO (Hany1) = U(n — 1). Thus their quotient is the trivial Lie group. O

Remark 14. In fact, in terms of the endpoint, the only possibility for having a family of iso-
metrically equivalent geodesics ending at p is that £ = 0 zero. In fact, A = 2mm and u # 0 if
and only if p = (0,z) with z # 0. This means that for non-vertical points p, all the geodesics
connecting p with the origin are not isometrically equivalent, while if p = (0, z) is vertical, for
any geodesic v connecting p with the origin, we have a family of distinct geodesics (all with the
same energy) diffeomorphic to S27~1.

7. ISOMETRIES OF CONTACT CARNOT GROUPS

We now pass to the study of the isometry group of a contact Carnot group G. By “isometry”
we still mean distance preserving transformations that fix the origin.

Lemma 36. The isometry group of the contact Carnot group G with parameters (k, 7, &) is:
ISO(G) ={(M1,...,My,0) |0 € {—1,+1}, M; M} = 1oy, M;Jp, M =0.J,,},
with the action of ISO(G) on G given by:
(My,...,My,0)- (x1,...,25,2) = (Mi21,..., Myx), 02).
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Moreover this group is isomorphic to:
ISO(G) ~ O(2n1) NSp(2n1) X ... x O(2n) NSp(2nk) X Zs ~ U(ny) X ... x U(ng) X Zs.

Proof. The proof is analogous to the proof of Lemma [31] after splitting the equations in the real
eigenspaces associated with the eigenvalues of A. (I

Remark 15. Once again, we restrict our attention to the connected component ISO(G)4 con-
taining the identity. We identify:

With this identification, the action p : ISO(G)4+ x G — G is
p(A1 +iBy, ..., Ap +iBy, (z1,..., 2k, 2)) = (Mi21, ..., Mgy, 2),

where A; +iB; € U(n;) for all j =1,....k and M; := (fléj ij)

7.1. Stabilizers of points. Which is the subgroup ISO,(G) C ISO(G)+ that fixes p € G?
Lemma 37. Let p = (z1,...,2k,2) € G. Then:
IS0, (G) = Ulm) =0 U Ze =0
U(ny—1) 21 #0 Ung —1) xzx#0

Proof. Following Remark [5 an isometry (A + iBy,..., A + iBx) € ISO(G); fixes p =
(x1,...,2x, 2) if and only if (A; +iBj)z; = x; for all j =1,..., k. This means that A; +iB; €
ISO(Hzn, 1)+ fixes the point p; := (2, 2) € Hap, 41, for all j =1,... k. Then :

ISOP(G) = ISO;,,1 (H2n1+1) X ... X ISOpk (H2nk+1)7
and the result follows from Lemma O

7.2. Stabilizers of geodesics. Let (u,\) € TyG. Let « the associated geodesic, such that
~v(0) = 0 and p = y(1). What is the stabilizer subgroup of the geodesic ISO,(G) C ISO,(G)?
As usual, we write u = (ug,...,ux), with u; € R?". Accordingly v(t) = (z1(t),...,zx(t), 2(t)),
with z;(t) € R*. In particular:

t k t T
1 s
z;(t) :/0 e~y dr, 2(t) = ~5 g /0 <€_T/\ai‘]uz‘704i<]/0 e~ yds)dr,
i=1

where we suppressed the explicit mention of the dimension of the matrices .J,,. Notice that
u = 0 if and only if the geodesic is the trivial one (¢) = 0.

Lemma 38. Let (u1,...,ur, \) € TG the initial covector of the geodesic . Then:
150,(G) = U =0 U up =0
Un—-1) wu #0 Un—-1) up#0
Proof. Let (A1 +1iBy,..., A +iBy) € ISO(G)4. Then, according to Remark [[B] this isometry
fixes the geodesic (z1(t),...,xk(t), z(t)) if and only if

A, B, )
My =ai0, M= (T R) =tk

This implies that A; +iB; € ISO(Hzp; 1)+ fixes the geodesic v; of Hyp; 41 associated with the
initial covector (u;, o;A). Then:

ISO»Y(G) = ISO’Yl (H2n1+1) X ... X ISO’Yk (Han+1),
and the result follows from Lemma O
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Remark 16. In the proof of Lemma [B8 starting from a geodesic v in G with initial covec-
tor (ug,...,uk,A), we built “auxiliary” geodesics ~; in Hay, 1 associated with initial covector
(u;, a; A). Notice that the points p; := (z;, z) are not the final points of the geodesics ;. In fact,
if we write v(t) = (x1(t),...,zk(t), 2(t)), we have that v;(t) = (z;(t), z:(t)), with

k t T k
1
z(t) = —3 Z/o (e Ty, aiJ/O e 2y ds)dr = Z ;7 (t).
i=1

i=1
7.3. Isometrically equivalent geodesics. Let v be a geodesic connecting the origin with a
point p € G. Let (uy,...,ug, A) be the initial covector of the geodesic, and let p = (z1, ..., zk, 2)
its endpoint. Let X, be the set of geodesic isometrically equivalent to the given one. This is an
homogeneous space w.r.t. the action of ISO,(G).

Proposition 39. Let G a contact Carnot group with parameters (k,7,a). Let v be a geodesic
=p

in G with initial covector (u1,...,ug, A), such that v(0) =0 and (1) . Then:
(33) X, =180,(G)/150,4(G) ~ X,, X ...x Xy,
where:

2n;—1 . N\ = 2m.;
X, = {S wi A0 A =2ma, L o).

1 otherwise,

Proof. By the proofs of Lemma B8 and 37 we have
ISOP(G) = ISOpl (H2n1+1) X ... X ISOpk (H2nk+1)7

ISO’Y(G) = ISO’Yl (H2n1+1) X ... X ISO’Yk (H2nk+1);

where p; = (24,2) € Han, 41 and ~; is the normal geodesic in Ha,, 1 with initial covector
(s, i A) € TyHap, 41, for all 4 = 1,..., k. Since each factor ISO,, (Ha,,+1) is a subgroup of
the corresponding ISO,, (Hay,+1), the quotient of the direct product of Lie groups factors in the
direct product of the quotients:

k k k
,51 ISOPz (HQTH +1)/ ,i<1 ISO% (HQniJrl) - ,i<1 ISOPz (HQTH +1)/ ISO% (HQniJrl)'
Then:

k
Xy = 4><1 Xy, X5, =180, (Han,+1)/ISO,, (Hap,+1)-
=
Recall that the geodesic 7; of Hay,, 11 is associated with initial covector (u;, a; A) by construction.
Thus for each factor X, we proceed as in the proof of PropositionBhland we obtain the result. O

Ezample 7. Proposition B9l implies that the for generic geodesic (i.e. with generic initial covec-
tor), the manifold X, of distinct isometrically equivalent geodesics is trivial.

Ezample 8. When k = 1, G is isometric to Ha, 1. Then Proposition B9 recovers Proposition B3l

Example 9. Consider the generic Carnot group G, associated with the generic choice of A €
$0(2n). In this case n = k, n; = ... = np = 1 and all the a; are not commensurable. Thus
the only geodesics vy admitting a non-trivial manifold X, of distinct isometrically equivalent
geodesics are those with initial covector (u, A), such that A = 2mz/«; for a unique i € {1,...,n}
and m € Z \ {0}. In this case:

szSl.
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In fact o;A # 2m 7 for all j # i otherwise some a; would be commensurable with «;. Then
there is only one factor in Eq. (B3]). Notice that these geodesics have endpoint (z, z), with z # 0,

8. FAMILIES OF ISOMETRICALLY NON-EQUIVALENT GEODESICS

We ended the previous section discussing families X, of isometrically equivalent geodesics
connecting two points. These families arose as homogeneous space w.r.t. the stabilizer ISO,(G)
of the final point p = (1) of a fixed geodesic v. In this section we adopt a different point of
view, and we investigate how many isometrically non-equivalent geodesics join two points in G.

It may well be that some of the families of Theorem 23] contain geodesics that are isometrically
equivalent, as defined in (82)). This is the case in the Heisenberg groups Ha,, 1, where all the
families are S* of equivalent geodesics. Is this the correct picture for any contact Carnot group?
In other words, are the spheres appearing in I'o (p) families of isometrically equivalent geodesics?
In general the answer is no, and the picture is more complicated as shown in the next theorem.

Theorem 40. Let G be a contact Carnot group. The set T'oo(p) of equivalence classes of iso-
metrically equivalent geodesics ending at p # po is homeomorphic to the disjoint union of closed
spheres quadrants:

Too(p) = |J 85071 o) = #L(),

AEA,

where S%, = S™ N Rggl is the intersection of the n-sphere with the positive quadrant in R™1
and A, is defined in (I4).

Remark 17. Thus a family X C T'w(p) is made of equivalent geodesics if under the above
equivalence relation it corresponds to just a point in T'oo(p).

When all the aq, ...,y are pair-wise non-commensurable (e.g. the Heisenberg groups), then
#L(A\) =1forall A € A, C A and N(A) = 1. Thus all the “continuous” families in I'oo(p) are
topologically S of isometrically equivalent geodesics. Nevertheless, for resonant structures (i.e.
when some of the «; are commensurable) there exist continuous families of non-isometrically
equivalent geodesics.

Proof. Fix A € A,. Without loss of generality, we can assume that L(\) = {1,...,¢} for
¢ = #L(\). Notice that this implies 1 = --- = 2y, = 0 by Lemma 20 From Lemma 3Tt

ISOP(G) = U(nl) X ... X U(TLg) X U(TLg_H — 1) X ... X U(nk — 1),
and the action p : ISO,(G) x G — G is:

p(A1+iB1, ..., A + By, (x1,..., 2, 2)) = (Myiz1, ... Myag, 2), M; = (:41%_ ij) .

J

In particular ISO,(G) is the subgroup that fixes all the components x¢11, ..., 2, (With no other
restriction on the other components). It is easy to check that the action on the initial covector
(u1,...,uk, A) is exactly the same. In particular, ISO,(G) is the subgroup that fixes all the
components ug1, ..., u, with no other restriction on the other components.

According to Proposition 22] and the definition of I (p):

Too(p) A=A} = § (ureeyuza) | S gl = (V) §

j€lo
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uy € R?ng

[[uzll € R

~ 52n1+2n2 —1

~ gl
~ 55

u; € R2™

]l € R

FIGURE 8. An example of the quotient under the action of ISO,(G), for the

case L(\) = {1,2}.

where c¢(\) > 0. On the other hand, all the u; with j ¢ L()\) are fixed by the equation
u; = I(aj\)"'z;, thus we can rewrite, as in (I7) the above formula as:

Poo(p) N{X = A} =~ < (ug,...,up) Z 12 = e(3) § =~ g2V,
JEL(N)

The action of ISO,(G) on S2N()=1 g the action of U(ny) X ... x U(ng), namely one copy of

U(n;) on each component u; with j € L(X). Thus consider the map:
€PN SO E(un, . ue) = ((fualls- - [fuel))
This map indeed descends to a continuous map on the quotient (see Figure B)):
€: 8NN U(ny) x ... x Ulng) — S5

It is indeed surjective and injective (recall that u; € R?" and the action of U(n;) on R?" is
exactly the classical action of U(n,;) on C", which is transitive on spheres with the same radius).
Being a continuous map from a compact space to a Hausdorff space, € is closed, then is open,
thus it is an homemorphism. O

9. CONTACT SUB-RIEMANNIAN MANIFOLDS

In this section we define the nilpotent approximation of a contact sub-Riemannian structure
at a point pg, and we review some of its basic properties. Then we relate the local geodesic count
on the original manifold with the geodesic count on the nilpotent structure.

9.1. The nilpotent approximation. Let M be a contact sub-Riemannian manifold and let
po € M. All our considerations being local, up to restriction to a coordinate neighbourhood U
of pg, we assume that M = R?"*! and the sub-Riemannian structure (D, (-|-)) on M is defined
by a set f1,..., fon of global orthonormal vector fields. Namely

D = span{fi,..., fon}, and (filf;) = d4j.

The vector fields f are assumed to be bounded with all derivatives as well. This will certainly
be true if they are the coordinate representation of local orthonormal fields on a neighbourhood
U of py of a larger sub-Riemannian manifold. Due to this assumption, it is easy to verify that
any convergence below is uniform in all derivatives.
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Definition 41. Coordinates (x,z) € R?" x R are adapted at pg if they are centred at pg and

0 0
DPO Span{a—xl,...,ﬂ}.

Example 10. Darbouz’s coordinates on a contact manifolds are local coordinates (z,2) € R*" xR
such that the contact form has the following form:

1 2n 0 1
a=—dz+ 3 Z Jijridz;, where J = (]]-n 0") .
i,j=1
In particular, in these coordinates da = ), _ j Jijdx; A dxrj. The classical Darboux’s theorem
states that Darboux’s coordinates always exist in a neighbourhood of any point py. Since D, =

ker a|p, = span{0y,, ..., Os,, }, Darboux’s coordinates are indeed adapted at po.

Remark 18. In the language of sub-Riemannian geometry, and strictly speaking of contact struc-
tures, adapted coordinate are called privileged. For more general sub-Riemannian manifolds some
more properties are required (see [2, [6]).

In these coordinates we define “non-homogeneous dilations” 6. : M — M by:
5c (2, 2) = (ex,e%2), e >0,
and the following family of vector fields:
ffi=ebafi=fi+eWs, >0

The fields f; represent the “blowup” of the original structure in a neighbourhood of pg through
the dilations §.. The nilpotent approximation is the “principal part” of the original structure
w.r.t. this non-homogeneous blowup.

Definition 42. For all ¢ > 0, the e-blowup is the sub-Riemannian structure (M, f€) on M
defined by declaring ff,..., f5, a set of global orthonormal fields. Likewise, the nilpotent ap-
prozimation (at po) is the sub-Riemannian structure (M, f ) on M defined by declaring fiyoos fon
a set of global orthonormal fields.

We call D (resp. 75) the distribution of the e-blowup (resp. of the nilpotent structure).
The next proposition describes the structure of the nilpotent approximation of a contact sub-
Riemannian manifold.

Proposition 43. The nilpotent approximation (M, f) at po of a contact manifold is a contact
Carnot group, with contact form given by

. N S,
&= ilg(l) ?‘550"
Let fo be a vector field transversal to D (in the original structure), and let
fo := lim 5251*‘]“0.
e—0 €
Then the Lie algebra g = g1 @ g2 of the contact Carnot group G = (M, f) 18
g1 =span{fi,..., fan}, g2 =span{fo}.
with structural constants given by A € so(2n) such that:

[fis £5] = Aij fo, Ay =— % ;
Po

in terms of the given frame.
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Proof. We first prove that the nilpotent structure is contact. For £ > 0 let a® := 5%5:04. Indeed
D¢ =kera®. Let (z, z) be the set of adapted coordinates that define the dilation .. Then

2n

o= Zgidxi + wdz,

i=1

for some smooth functions &, w : R*"*1 — R, bounded with all their derivatives. Since D, =

ker a|p, = span{dy,, ..., Os,, } in adapted coordinates we have the following Taylor expansions
2n

(34) gz(maz) :Zaijmj+bz+Ri(maz)a w(:c,z) :U}O+R0(IL’,Z)~
j=1

where the remainder terms R;(x,z) (resp. Ro(z,z)) are actually bounded by polynomials of
degree > 2 (resp. > 1) in (z,2). Moreover a;; is non-degenerate since da|p is non-degenerate
and wo # 0. A straightforward calculation using the definition of §} gives
2n 1
af = z; g«fi(gx, e22)dx; + w(ex,22)dz.
1=

In particular, using Eq. (34]), we notice that a® converges uniformly to &:

2n
G = lir% o = g ai;ridr; + wodz.
E—r
ij=1

Indeed a A (da)™ = wp det(a) # 0, which implies non-degeneracy of the contact form. Moreover,
ker & = span{ f1,..., fan}. In fact, for all i = 1,...,2n, we have

o N 1 _
a(fl) - Ehg% 5—25506(5(5%*]2) - gg% ga(fl) = 0.
Now we show that the nilpotent approximation (M, f ) is a Carnot group. Counsider the fields
fi,..., fon defining the original structure, and any field fy transversal to D. Then

2n
(35) (i fil = elifu+sfo, Vij=1,....2n,
k=1

for some family of smooth functions cgj and ci-“j. Now consider the blowup of Eq. (35]), namely
we act on both sides with 5251/5*, and we take the limit for £ — 0. The first term on the r.h.s.
vanishes in the limit (due to the factor £2), and we obtain

[fia f]] = Aijfo-
where A;; := c?j (po) is a constant skew-symmetric matrix. Analogously, one can check that
[fiafO]:[f07f0]:0a VZ:].,,277J
Thus the fields fl, ceey fgn and fo define a graduated, nilpotent Lie algebra g = g1 & g2 with
g1 :==span{fi,.... fan}, g2 = span{fo}.

Since M = R?"*! is simply connected and the Lie algebra of vector fields g is nilpotent, there
exists a unique group structure on M such that g is its Lie algebra of left-invariant vector fields.
The definition of the product law can be written explicitly in exponential coordinates on G
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adapted coordinates dilations d. nilpotient approximation exponential coordinates
(z,2) € R?" x R 0 (z, 2) = (e, e22) f= 611_%55§*f (0,p) € R?™ xR

t |

change of coordinates (z, z) = (B6,0*S56 + cp)

FIGURE 9. Adapted coordinates on M define the dilation map J. that, in turn,
defines the nilpotent approximation (M, f). The latter is a contact Carnot
group, endowed with exponential coordinates.

induced by the fields fl, ceey fg,}, fo through the Backer-Campbell-Hausdorff formula and is left
to the reader. Thus G := (M, f) has the structure of a contact Carnot group. Finally, see (B):

do(fi, f;) = filalfy)) = fi(e(fi) — allfs, f]) = —cijefo)-

Using the relation A;; = C?j (po), it is sufficient to evaluate the above formula at py to obtain

A"i da(f’uf])
W T T N .
a(fo) |,
Indeed A is not degenerate, as a consequence of the non-degeneracy assumption on da|p. O

9.2. Adapted vs exponential coordinates. Recall that, at the beginning of this section we
put adapted coordinates (z,2) € R?" xR on M (e.g. Darboux’s coordinates). This choice defined
the family of non-homogeneous dilations J. that, in turn defined the nilpotent approximation
(M, f ) as the “limit” of the e-blowup structures. Any choice of a global orthonormal frame f;
and fo transversal to D for the original structure induces a global orthonormal frame fl and fo
(transversal to 15) for the nilpotent approximation, where

fi=limeds, fi,  fo=lime?dL, fo.
e—0 B e—0 B

Since G = (M, f) is a contact Carnot group, the fields fl, ceey fgn and fo induce exponential
coordinates (0, p) € R?" x R. Namely a point has coordinates (6, p) if and only if

2n
(z,2) = expg <Z 0:fi +Pf0> ;

i=1

See Figure[dl for a diagram of logical implications. The next lemma clarifies the relation between
adapted coordinates (z, z) and exponential coordinates (6, p) on the same base space M = R*"+1,

Lemma 44. Let (z,2) € R?" x R adapted coordinates for the contact structure (R**1_ f), and
let (0,p) € R?™ x R exponential coordinates for the Carnot structure (R*"*1 f) induced by

some choice f;, fo (and consequently fi, fo). Then the two sets of coordinates are related by the
following transformation

= B
{ z2=0"50+cp
where

B € GL(2n), c e R\ {0}, S € Mat(2n)
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Proof. For i =1,...,2n we have, in adapted coordinates:

ZBJZ x,z) + bi(x, z)é%, ZC’ x, 2) + c(z, z)%,

for some smooth functions B;;,b;, Cj,c: R2"+1 5 R that satisfy:
(36) b;(0,0) =0, det B;;(0,0) # 0, ¢(0,0) £ 0.

By explicit computation we obtain
2n o 9
fi—jz:;Bﬂ (0,0)5— +Z 0)zj=—,  fo=c(0,0)5-.

By definition of exponential coordinates (see the proof of Lemma [IT]) we obtain that
x = B0, and 2z =0"5S0 + cp,

where B is the matrix with components Bij (0,0), ¢ =¢(0,0) and the matrix S has components

", Ob;

Sij:— 8

21(0,0) By (0,0).

Indeed ¢ # 0 and B € GL(2n) by (B4). O

The following proposition compares the geometry of the original structure with the e-blowup.

Proposition 45. The composition v — . = d17y gives a homeomorphism between the set of
admissible curves for (M, f) and admissible curves for (M, f¢). If v(0) = 0,v(1) = p and v is a
geodesic for (M, f), then . is a geodesic for (M, f¢) with v-(0) = 0,7.(1) = 5% (p); the Energies
of these curves are related by J-(7v.) = e 2J(y).

Proof. Since v : [0,1] — M is admissible, there exists u1,...,u2, € L*(I) such that §(t) =

S ui(t) fi(y(t)) a.e. and:
D=3 uldnsite®) =3 ey Zu (0170,

1

where we have set 4 = ¢~ ;. In particular 7. is admissible, and its energy is obtained dividing
by €2 the energy of 4. Thus, a critical point for J, i.e. a geodesics for (M, f), is mapped to a
critical point for J. = e72J, and all critical points arise in this way, as « — . is invertible. O

We denote by E. and E respectively the sub-Riemannian exponential map at the origin for
(M, f¢) and for (M, f):

E.,E:T; M — M.
The next proposition states that the e-blowups “converge” to the nilpotent approximation.

Proposition 46. The family of maps {E.}e>o converges uniformly with all derivatives on com-
pact sets to E.

Proof. See [4, Proposition 5.2]. O
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TEM

K £

FicUurE 10. Picture of J.o; EZ'(p) € I x Ty M. Even if e is small, some
geodesics can still “escape” out of K. The shaded region denotes [0,ex] x K.

9.3. Semicontinuity of the counting function. We define now the counting functions v., 7 :
M — (0, 0] as:

ve(p) = #E-'(p)  and  (p) = #E(p).

In other words, v.(p) counts the number of geodesics between 0 and p for the e-blowup and
v(p) for the limit Carnot group. Setting v = 17 (the counting function for the original structure
(M, f)), we notice that Proposition E3] implies indeed:

ve(p) = v(0:(p))-

In fact given a geodesic v : I — M for (M, f) between 0 and d.(p), then J1v is a geodesic for
(M, f¢) with final point 61 (7(1)) = §1(d:(p)) = p (and vice-versa). The next theorem compares
the asymptotic of v(d.(p)) with 2 (p).

Theorem 47 (Counting in the limit). Let M be a contact sub-Riemannian manifold. For the
generic p € M sufficiently close to pg:
P(p) < lim v(6:(p)).

e—0

where 0. is the non-homogeneous dilation defined in some set of adapted coordinates in a neigh-
bourhood of pg.

Proof. If p is a regular value of E, then the fiber if E‘l(p) is discrete, hence (p) is finite
by Theorem 231 Consider an open bounded set U C TjM, where bounded means that it is
contained in a compact set K, such that:

E7Yp)cUCK.

We claim that there exists ex > 0 such that p is a regular value of E.|y for every ¢ < ek.
If this was not true, then we can find a sequence {e,}nen converging to zero and a sequence
{An}nen C K such that E. (\,) = p and rank(dy, E.,) < dim(M). Then, by compactness

of K, up to subsequences we can assume A\, — A with E(\) = p, by convergence of E. |k
to E|k as guaranteed by Proposition € moreover, by the same Proposition, dx, E., — d5FE
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and since the set of points where the rank of dE is not maximal is a closed set, we also have
rank(d;\EA) < dim(M), which contradicts the fact that p was a regular value of E.

Consider now the function E : U — M (where U = U x [0,ek]) given by (u,e) — E.(u)
(where we have set Ey = E), the uniform convergence of E. with all derivatives on compact sets
implies E is smooth (in fact C! is enough for us). By the above observation X = E~1(p) is a
smooth submanifold of U and its dimension is one. In fact:

(A B0 ) = (du Eo)ir+ 5
Since p is a regular value of E, for all ¢ € [0, ek], the image of d, E. is enough to generate T,,M.

On the other hand zero is a regular value for the the projection 7 : X — [0, £x] on the second

factor. The tangent space to X at (u,0) equals:

(u,e)é, (u,€) € T(U,E)U.

Tw,0)X = {(ﬂ, &) | (duE)iu+ %—f(w 0)é = o}

and since E a submersion at p:
T(u,o)X Nkerdnr ~ TuE_l(p) = {0}.

Thus T(U,O)X must contain some vector (u,&) with € # 0, i.e. zero is not critical for m. Then
g’ > 0 small enough also is noncritical for m; in particular, by Ehresmann’s theorem, 7|19 o
is a fibration (U is contained in a compact set) and:

Ve<e : E:;'(p) = El; (p).
Since v.(p) > #E.|;"(p) the conclusion for this case follows (see Figure [I). O

Remark 19. The definition of e-blowup and nilpotent approximation remains unchanged for a
general sub-Riemannian manifold provided that i) the point pg is equiregular (this is an assump-
tion on the dimension of higher order distributions, true for the generic choice of the point pg)
and ii) we choose privileged coordinates. Since we are mainly interested in contact structures,
we do not dwell into further details. Propositions and E7] remain true with no change
whatsoever in their proof in this more general setting.

Everything is now ready for the next theorem.

Theorem 48. Let M be a contact manifold. Denote by (x,z) Darbouz’s coordinates on a
neighbourhood U of q. For every point ¢ € M there exist constants C(q), R(q) such that, for the
generic p = (z,2) € U:

E

lim v(d:(p)) > C(q)

Lo T

Proof. Darboux’s coordinates are adapted (see [I0]. We consider on U the original structure
(U, f) and the nilpotent structure (U, f) defined in terms of these adapted coordinates (see

Figure [@). Classical Sard theorem implies that the generic p € U is a regular value for E
T;U — U. Then, by Theorem [T

lim v(ée (p)) = 2(p)-

Now choose some orthogonal local frame fi,..., fo, and fy transversal to D for the original
structure. This induces exponential coordinates (8, p) on U (see Section[@.2]). By Proposition A3}
the nilpotent structure (U, f) is a contact Carnot group such that

[fis £5] = Aij fo, Ay = % :
q
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The generic point p has exponential coordinates (0, p) with all §; # 0. Theorem [26] gives

v(p) = Cl% + R’
where C; = C1(q) and Ry = Rj(q) are computed in the proof of Theorem in terms of the
singular values of A. Indeed they depend on the point g at which we consider the nilpotentization.
By Lemma 4] Darboux’s (adapted) coordinates (z,z) and exponential coordinates (6, p) are
related by a quadratic change of coordinates, namely (z,z) = (B6,6*S0 + ¢p) for some B €

GL(2n), S € Mat(2n) and ¢ € R\ {0} and we obtain the result. O
We almost immediately obtain the following corollary.

Theorem 49. Let M be a contact sub-Riemannian manifold and ¢ € M. Then there exists a
sequence {Gm}men in M such that:

lim ¢, =q and lim v(gm) = oco.
n—oo m—0o0

Proof. In Darboux’s coordinates in a neighbourhood U of ¢, for every m € N we pick a point
Pm = (Tm, zm) such that: 1) p,, is a regular value of FE and 2) |||azc:,‘|\2 > m. The existence of
such p,, is guaranteed simply by Sard’s Lemma.

Consider now d.(p,,). Using the fact that p,, is a regular value for E, by Theorem (its

proof indeed implies that “generic” means “regular value of E‘”) we have:
lim v(3< (pm)) > Clg)m + R(q)-

For each such m let ¢,, be such that:

v(0e,, (pm)) =2 mC(q) + R(q) Ve < em.

Notice that we can assume lim,;, o €, = 0. Setting ¢, = Jc,, (pm) we obtain the statement. O
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