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Introduction

This thesis collects some of the results I obtained during three years of PhD
studies at the Scuola Normale Superiore in Pisa. As the vagueness of the title
may lead to suspect, the subjects of this thesis are far from being homoge-
neous, indeed, the core of this thesis belongs to Geometric Measure Theory,
as the number of pages devoted to currents shows. Part I contains classical
results about currents and some original results related to problems with a
classical flavour, too. Part II deals with currents with coefficients in a group
and their applications: they still belong to Geometric Measure Theory, in-
deed, but are less known and less studied — most of the results presented in
this part are new.

Adopting a chronological/heuristic point of view, I should admit that
my starting point was the idea of a variational approach to the Steiner tree
problem of Section 3.2. From this idea, one has to step back to the theory of
currents with coefficients in a group and, at some point, one has to confront
with the classical theory of currents. Thus Chapter 1 is motivated by this
stratified structure of the thesis and almost every result there is well-known
and can be found in the standard literature for Geometric Measure Theory,
mainly [24], [43], [36] and [51]. The exceptions are contained in Section 1.3:
we are not able to cite any reference for some facts, that belong to folklore
anyway.

Hence, Chapter 1 is essentially a long review starting with Measure The-
ory (Section 1.1) and differential forms (Subsection 1.2.1). Despite the efforts
at making this first chapter a systematic and consistent review of the classi-
cal theory of currents, one can detect a certain insistence in some notation or
some concept: indeed, Chapter 1 serves as a toolbox for the next chapters.
For instance, the formalism of differential forms in Subsection 1.2.1 is needed
not only for the abstract definition of currents but also in Chapter 2, where
we will borrow some notation from Differential Geometry in order to deal



with Frobenius Theorem.

Though pretty standard, Sections 1.2, 1.3 and 1.4 have another reason to
be in this thesis: they are a sample of the classical theory and they will be
a model for the theory of currents with coefficients in a group that we will
develop in Section 3.1.

We introduce currents in Subsection 1.2.2, as functionals on the space
of compactly supported smooth differential k-forms in R?. This definition
by duality enlightens the analogy with distributions but it is abstract, it
can be made milder by the introduction of proper subsets of currents and by
approximation theorems, such as the theorems in Subsection 1.2.3. The most
important subset of currents is the class of integral currents, introduced in
26] by Federer and Fleming: the integral representation [y (w;7)0 d7% (with
0 a Z-valued measurable function) allows to think of integral currents as a
class of generalized surfaces with good compactness properties, with all the
implications concerning the treatment of the Plateau problem in this wider
context. The second class of currents we have to keep in mind is the linear
subspace of normal currents, that is, currents with an integral representation
Jpal{w; T)dp (with a suitable measure p and real multiplicity) for them and
for their boundaries. Integral currents are a subset of normal currents, the
latter playing a crucial role whenever a real vector space structure is needed.

Subsections 1.2.3 and 1.2.4 contain the fundamental theorems on (inte-
gral) currents: the Deformation Theorem 1.2.49 and the Closure Theorem
1.2.59, respectively. As I previously prompted, integral currents were intro-
duced as a generalization of surfaces for the solution of the Plateau problem,
with the mass replacing the area. Since the mass is lower semicontinuous, the
Closure Theorem 1.2.59 for integral currents is the (nontrivial) part allowing
for the application of the direct method of Calculus of Variations.

The room given to results concerning 1l-currents only, in Section 1.3,
marks the fact that we are focusing on what will be useful later, namely
in Sections 3.2 and 3.3, where the main applications of the theory of cur-
rents with coefficients in a group are displayed, both of them needing 1-
currents only. Not surprisingly, 1-currents are simpler than k-currents with
k > 2, so, first of all, we have a structure theorem in Subsection 1.3.1: in-
tegral 1-currents are union of countably-many loops and finitely-many open
curves, with integer multiplicities. Moreover, in Subsection 1.3.2 it appears
for the first time a serious issue regarding the commensurability between
mass-minima among different subsets of currents. We expose the problem
here: as in many variational problems, in the mass-minimization problem one
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can choose the class of currents among which one looks for the minimizer.
Since integral currents are normal currents, in general one might wonder if
the minimum of the mass among normal currents is strictly less than the
minimum among integral currents (that is, if some sort of Lavrentiev phe-
nomenon occurs). This does not happen for 1-currents, for the two minima
coincide. If k£ > 2, on the contrary, there are counterexamples to the coinci-
dence of minima, but other problems (e.g., commensurability of minima) are
still open.

Finally, Section 1.4 introduces calibrations, a powerful tool for the study
of mass-minimizing currents. In this introduction, let me just say that a cali-
bration is a closed differential form (with certain properties) associated with
a submanifold or a normal current, guaranteeing, by its mere existence, that
this submanifold, or current, is a mass-minimizer among cobordant competi-
tors. Actually, finding a calibration for a candidate minimizer means having
solved the mass-minimization problem! As we will see later, the calibration
technique plays a prominent role in Part II.

With Chapter 2 we really start with some original results. The starting
point was a problem of decomposability of normal currents proposed by F.
Morgan in [1]: roughly speaking, we would like to write a normal current
T as the integral T' = [, R\ d\, on a suitable measure space L, of a family
(Ry), of integer rectifiable currents. In doing this, we do not want to
“waste” mass and we ask that M(7") = [, M(R,)dA (and, possibly, that
M(9T) = [, M(OR,) dX). The problem received some partial answers, which
are recalled in Section 2.3, but the turning point is a counterexample to the
existence of such a decomposition proposed by M. Zworski in [57]. However
the proof proposed by Zworski is not correct, as pointed out by G. Alberti
(see Section 4.5 of [43]). In Chapter 2 I give a correct proof of this statement.

Zworski’s idea is to prove that there is no decomposition for the normal
current £.£¢, when £ is a non-integrable vector field. Here, non-integrability
is a synonym of non-involutive vector field: in Section 2.1 we recall the
Frobenius Theorem (which gives a necessary and sufficient condition on the
vector field £ in order to get a foliation by means of submanifolds having
¢ as tangent space) and we explore some other useful ways of writing the
Frobenius’s involutivity condition on the vectorfield.

In Section 2.2 we show that an integral current behaves like a submani-
fold with respect to the integrability problem. In fact, if the vectorfield &
does not fulfill the involutivity condition of Frobenius Theorem, then there
is no integral current 7' to which £ is tangent (almost everywhere). From



this result, we get the expected conclusion in Section 2.3: since the integral
currents decomposing the normal current £.£¢ have £ as a tangent vectorfield,
then ¢ has to satisfy the condition of Frobenius Theorem, otherwise this
decomposition does not exist.

As I said above, the motivations of Part II and the presentation of the
results do not follow the same order, but just here I will privilege the former.
The starting point is the idea of giving a variational setting and a notion
of calibration to the Steiner tree problem, that is, the problem of finding
the shortest connected set containing n given points in R¢. A variational
approach is advantageous whenever we are able to find a calibration for
the candidate minimizers. Now the Steiner tree problem has become an
application of the theory of currents with coefficients in a group of Section
3.1, it is explored in Section 3.2 and some examples of calibrations are given
in Subsection 3.2.2. Both the theory of currents with coefficients in a group
and the new approach to the Steiner tree problem are contained in a paper
in collaboration with Andrea Marchese, see [41].

This project of replacing the Steiner tree problem with a mass-minimi-
zation problem for currents (in order to establish a notion of calibration)
presents two intertwined issues: first of all, we have to provide a variational
setting where the mass-minimization problem is actually equivalent to the
Steiner tree problem (and prove this equivalence), secondly we must give a
suitable notion of calibration on this setting and use it.

As for the first issue, from some basic examples recalled in Section 3.2
it became clear that we need integral currents with coefficients in a suitable
group, different from Z. In Section 3.2 we prove that, for every number of
points n of the Steiner tree problem in R¢, there exists a normed group G,
depending only on n and generated by g¢i,...,¢g,-1, such that the support
of every mass-minimizing G-current with a suitable boundary! is a solution
of the classical Steiner problem. Vice versa, every Steiner solutions can be
endowed with a structure of 1-current with coefficients in G and this current
Is a mass-minimizer.

It was the idea of using calibrations that forced us to develop a paral-
lel theory of currents with coefficients in a group, in Section 3.1. In fact,
the theory of flat G-chains is well established (see [27] and the subsequent

!By “suitable boundary” I mean something very reasonable, that is, the O-current
concentrated on the points of the Steiner tree problem with coefficients g1,. .., gn-1, gn,
where g, = (g1 + ...+ gn-1)-



papers [54, 55, 19, 4]) but it lacks of an integral representation device for
G-currents. The integral representation provided in Section 3.1 allows us to
make computations and give some examples, in Subsection 3.2.2. The notion
of calibration and the question of its existence are expanded in Subsections
3.1.1 and 3.1.2. We also devote Subsection 3.2.3 and 3.2.4 to comparisons
with (analogues of) the calibration in other contexts. Subsection 3.2.4 has
actually some connections with Section 3.3, too.

Once the theory of currents with coefficients in a group with an integral
representation was developed, we noticed that these currents are an efficient
mathematical description of dislocations, as it is observed in Section 3.3 and
in the paper [13] in collaboration with Sergio Conti and Adriana Garroni,
which is a sort of theoretical support to [15]. Dislocations are defects occuring
in a crystal under the effect of an elasto-plastic stress and currents with
coefficients in Z3 are a good model for them.

After some technical results in Subsection 3.3.1, which are a completion
of the earlier Section 1.3, we focus on the problem of minimizing the energy
functional of a 1-dimensional dislocation, which is something of the form
f7 (0, 7)dF" for an integral Z3-current [, 7,0]. Having in mind the direct
method in Calculus of Variations, we immediately notice that this functional
is not lower semicontinuous, thus we have to characterize its relaxation and
indeed Subsection 3.3.2 is devoted to prove that the integral of the so-called
A -elliptic envelope 1 is actually the lower semicontinuous envelope of the
energy functional. This result is achieved by the study of a cell problem.
Finally, in Subsection 3.3.3 we carry out explicit computations for the J#71-
elliptic envelope of a function 1) mentioned in [14].
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Chapter 1

A review of the theory of
currents
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In this first chapter we review some facts about the theory of currents.
Clearly this presentation is not supposed to be exhaustive, we refer to [24]
for a complete treatise (or [36] and [43] for something more user-friendly).

Our aim here is to fix the notation and recall some important background
results, mainly in Section 1.1 and Section 1.2, recall the main theorems about
currents (again in Section 1.2) and discuss some additional problems, as in
Section 1.3.

1.1 Useful facts from Measure Theory

1.1.1 Measures and representation theorems

For the general Measure Theory see [21],[36] (chapters from 1 to 5) or [49]
(chapters from 1 to 8).

Here the letter p will always denote a positive Borel measure on R?. If
no measure is mentioned in expressions like “almost everywhere”, “negligi-
ble”, “null set” and so on, we are assuming that the measure involved is the
Lebesgue measure £<.

Concerning the notation, if f is a p-integrable function, then we denote
by fu the Borel measure defined by

fuA) = [ 1@ du(a).,

for every Borel set A. In the special case of f = 1g, where S is a Borel set
and 1g is its characteristic function, we will also denote the restriction of the
measure g to S by pL S, ie.

HUS(A) = Tgp(A) = u(An S),
for every Borel set A.

Definition 1.1.1. A Borel measure pu is called Borel reqular if for every u-
measurable set A there exists a Borel set B o A such that u(B ~ A) = 0.
Moreover, we say that p is locally finite if every point has a neighborhood of
finite measure. A locally finite, Borel measure is called a Radon measure.

We endow the space €9 (R?) of continuous compactly supported functions
on R?¢ with the usual topology of uniform convergence on compact sets. A

11



functional F' on €°(R?) is called positive if F(p) > 0 for every ¢ > 0. Thus,
if 11 is a locally finite positive measure on R¢, then the map

o [ o@)du(a) (1.1.1)

is a continuous, positive, linear functional on €°(R?). Actually, every conti-
nuous, positive, linear functional on €2(R¢) admits, for some positive mea-
sure p, a representation like in (1.1.1), as we will see in Theorem 1.1.3.
Therefore it is natural to endow the space .Z*(R?) of locally finite, posi-
tive Borel measures with the weak* topology. In particular, we say that a
sequence of locally finite positive measures (fi, )ney on R converges weakly*

to , and we write p, — p , if

tim [ o= [ edp

for every ¢ € €9(R%). As usual on a dual space of a separable space, the
weak* topology enjoys a sequential compactness property (Banach-Alaoglu
Theorem). We say that a family {p;};e; of measures is uniformly locally
bounded if for every compact set K there exists a constant Cx such that
pi(K) < Ck for every j.

Theorem 1.1.2 (Compactness for measures). Let (p,)nen be a sequence
of uniformly locally bounded positive measures on R%. Then there exists a
subsequence converging to a locally finite measure f.

As we mentioned above, the space of locally finite positive Borel measures
A *(R9) coincides with the subspace of positive functionals in the dual space
(€0 (R%))*, thanks to Riesz Theorem.

Theorem 1.1.3 (Riesz Theorem). Let F' be a continuous positive linear func-
tional on €2(R%). Then there exists a locally finite, positive Borel measure
i on RE such that

F(p) = f pdu.
Since we will need it in Section 1.4, we state also a more general represen-

tation theorem. Let us consider a lattice L of functions on a metric space X,
that is a real vector space containing constants and closed under infimum.

12



Theorem 1.1.4 (Representation Theorem). Let (As,v.) be a separable nor-
med space; we will denote by (A*,v*) its dual space, where

v¥(w) =sup{{w;\) : e A, v, (M) <1} .

Let L be a lattice of functions on X containing a countable subset L' such
that

Y f(x)>1 VzeX.

fel!
Finally C, is a vector space of maps X — A, with the following properties:

feL de N, = fAeC, (1.1.2)
TeC,,ae N = aoTelLvoTel (1.1.3)
TeCy,vor>fel" = 3JteC, st.vot=f (vor)t=fr. (1.14)

Given a linear map F : C, - R with
D(f):=sup{F(7) :voT < f}<o0

and such that
vot, |0 = F(t,) >0

for every sequence (t,),., in C, we have that D is a monotone Daniell
integral and there exists a pu-measurable! & : X — A* such that

vi((z))=1 p-ae veX
and
F(r)= [ (@@)r@)dute) Vrec. .
Moreover w 1s a.e. unique.

For the proof of this theorem, see the second chapter of [24], for instance.

1.1.2 Rectifiable sets

Let k be an integer with 1 < k& < d. With the symbol #* we denote the
k-dimensional Hausdorff measure on R, i.e.

el ( diamB;

k oo
%”k(A) = }511101 inf{Zwk 5 ) : ACUBj,diamBjS(S} ,
- j=1 J=1

with w; being the volume of the unit k-dimensional ball.

Tt means that v* o & is py-measurable.

13



Definition 1.1.5. A set S ¢ R? is called J#%-countably k-rectifiable (or
simply k-rectifiable) if S c U, S;, where

(i) A*(S0) = 0;
(ii) S; = F;(R¥), for j > 1, where F; : R¥ - R? is a Lipschitz function.

In the following, we will always assume the rectifiable set S to be 7%-
measurable and to have s#*-finite intersection with compact sets.

Definition 1.1.6. A set U c R? is called k-purely unrectifiable if
HAMNUNE)=0,
for every k-rectifiable set E.

Thanks to the following proposition, rectifiable sets get an handy geo-
metric structure.

Proposition 1.1.7. An J€%-countably rectifiable set S can be written as

S=Js;

J=1

(o0

where
(i) H7%(So) =0;
(il) SinS;=a ifi+j;

(iii) for every j >0, S;c Sj and S*j is a k-dimensional submanifold of class
&' in R?,
Definition 1.1.8. The map ., : RY > R is defined as
x

ﬁx,r(y) = J-

r

for every x € R? and r > 0. This map will be useful in definitions involving
the blow up technique, jointly with the dilation map

6 (y) =ry.

We will stick to this notation as far as possible.
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Definition 1.1.9. Consider a k-rectifiable set S c R?. An approzimate tan-
gent space to S at some point z € S is a k-dimensional linear subspace W c R4
such that, for every f e %P,

i [T A )= [ ) ).

When the approximate tangent space exists at some point = € .S, it is unique
and we will denote it by T,.S.

There are two important facts to remark about the definition of the ap-
proximate tangent space:

e If the set S is a submanifold of class €', then the tangent space and
the approximate tangent space coincide at every point. Thus there
is no ambiguity between the classical definition of 7,5 in Differential
Geometry and Definition 1.1.9, respectively.

e As a matter of fact, the approximate tangent space 7,5 exists for J#%-
almost every point x of a k-rectifiable set S. See [36] (section 5.4) or
24] (section 3.2) for the proof.

1.1.3 Functions of bounded variation

Definition 1.1.10. Let U be an open subset of R9,

e A function f e L'(U) has bounded variation in U if

sup{f fdivpdz: @ e €1(U;R?) with || < 1} < 00. (1.1.5)
U

The space of functions of bounded variation is denoted by BV (U).
e A Z?-measurable set S c R? has finite perimeter in U if 1€ BV (U).

e Afunction f e L} (U) has locally bounded variation in U if (1.1.5) holds
for any V cc U. The space of functions of locally bounded variation is
denoted by BVi.(U).

e A P9 measurable set S c R has locally finite perimeter in U if 1g €
BViee(U).

15



The following theorem states that a BV -function is essentially a function
whose weak first partial derivatives are Radon measures. The proof is based
on Riesz Representation Theorem 1.1.4 (see, for instance, [21]).

Theorem 1.1.11. If f € BVj,.(U), then there exist a Radon measure p on
U and a p-measurable function g : U — RY such that |g(x)| =1 for p-a.e. x
and

/fdivgpdxz—fg»gdp VeGH(U;R?).
U U

We will call the measure p above total variation of f (denoted by |Df])
and we will often denote by Df the measure g|Df|. Similarly, if f = 1g
for some locally finite perimeter set S, we will denote by |9S| (perimeter
measure) its total variation and by vg := —¢ the outward unit normal?. The
space BV (U) is naturally endowed with the norm

| lvwy = 1fle@y + IDFICU).

Among the properties enjoyed by BV -functions, we recall the lower semi-
continuity of the total variation and the sequential compactness of any boun-
ded subset of the space.

Theorem 1.1.12 (Lower semicontinuity of the total variation). If f; e
BV(U) and f; - f in L, _(U), then

loc

IDFICU) < liminf [ D£;[(T).

Theorem 1.1.13 (Compactness for BV -functions). Let U be an open, boun-
ded subset of R, If (f;).., is a bounded sequence in BV (U), i.e.

j21
sup |/ | By (v < o0
j21
then there exist a subsequence (fj,),s, and a function f e BV (U) such that
h—o0 . 1
fi, — fin L' (U).
Since a bounded variation function is an L'-function, it is not immediate

to define its restriction to a lower dimensional set. The following theorem
extend the usual notion of trace to BV functions.

2pg is called outward unit normal because, of course, in the smooth cases, g coincides
with the unit normal of S, with the outward orientation.
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Theorem 1.1.14. Let U be an open, bounded subset of R® with Lipschitz
boundary OU and outer unit normalP v. There exists a bounded linear map-
ping

T:BV(U) - L'(oU)

such that
ffdivgodx:—fgo~d[Df]+f o vT fd!
U U oU

for every p € €1 (R4 RY).

Definition 1.1.15. The function T'f of Theorem 1.1.14 is called the trace
of f on OU and we will denote it simply by trace(f).

3The outer unit normal of AU exists at % '-a.e. point thanks to Rademacher’s
Theorem.

17



1.2 An overview on currents

1.2.1 Differential forms and Stokes’s Theorem

Consider a real vector space V with finite dimension d and its dual space V'*,
whose elements we will call covectors. The pairing of a covector w € V* and
a vector v € V will be denoted by either (w;v) or w - v, when it is clear we
are dealing with the standard Euclidean product in R<.

Definition 1.2.1. A k-covector on V is a multilinear map

F:Vx...xV >R,
N——
k times

the space of k-covectors is denoted by T#(V'). An l-vector on V* is a multi-
linear map

G:Vix...xV*>R,
———
[ times

the space of [-vectors is denoted by T;(V'). It is also possible to consider
mixed vectors in the space T*(V'), in this case

H:Vx.. xVxV*x...xV*=R.

—~

k times [ times

Remark 1.2.2. Trivially 7°(V') = R, moreover T1(V) 2 V* and T} (V) =
V** 2 V. Since usually we will be considering R¢ as our ambient space, we
will often drop the distinction between the original vector space, its dual
space and the space of 1-covectors on R,

Definition 1.2.3. If F' ¢ T}(V) and G € TP(V), then F ® G € T\"(V),
evaluated in (vy, ..., Ugsp, W1, ..., Wisq), is defined as

F(ur, .. v, w1, W) GV - ooy Uy Wi -+« Wiag) -

If (e1,...,e4) is a basis for V and (¢1,...,¢,) is the corresponding basis
for V* (that is, (¢;;€;) = 0;5), then a basis for T}*(V') is given by

ei1®...®eik®¢jl®...®¢jl

with each index varying in {1,...,d}.

18



Definition 1.2.4. A k-covector F € T*(V) is alternating if, for every choice
of v1,...,v; € V and for every permutation o of the set of indices {1,...,k},

F(Ua(n, H ,Uo—(k)) =sgn(o)F(vi,...,vk).

The vector space of alternating k-covectors is denoted by A*(V). The a-
nalogous definition applies to [-vectors; the space of alternating [-vectors is
denoted by A;(V).

When there is no room for misunderstatements, we will omit the word
“alternating”, calling k-covectors and [-vectors alternating k-covectors and
alternating [-vectors, respectively.

Definition 1.2.5. For alternating covectors (and vectors) we define the ez-
terior product A : A*(V) x Al(V') - A*(V') as the projection of the tensor
product ® to the space of alternating covectors (and vectors).

The exterior product is a bilinear, associative and alternating map . If
wi, ..., wg € AY(V), then

wy A Awg(vr, ., v) = det((wiv;))

Definition 1.2.6. Given a k-covector v € A*(V') and an [-vector w e Ay(V),
with &k > [, the interior product is defined as

(wav;w) = (v;wAaw) YweA (V).
Viceversa, if k <[, we can define
(DywLv)=(vAad;w) YoeA (V).

Remark 1.2.7. On a d-dimensional manifold M, the same linear alge-
braic definitions are possible: simply TFM := [, TF(T,M) and A*(M) :=
L, enr AF(T,M). Possibly, we will change the notation for the standard basis,
that is

T,M =span(0s,...,04), T,M* =span(dzy,...,dz,).

In the case M = R9 we keep the basis (dzy,...,dzy) for the dual space.
Proposition 1.2.8. A basis for Aj(R?) is given by

{ei,n.cone i 1<ip << <d}.
Analogously, a basis for the vector space N¥(M) is given by

{dxil/\...dxik: 1S’LI<<Zde}
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For every positive integer k < d, we will denote by Z(d, k) the set of multi-
indices i = (i1,...,1), with 1 <i; < ... <ix < d. Associate with every index
ieZ(d, k) we will often use the formal expression

dl’i:dl'il/\.../\dwik.

Once we fixed a basis, there is canonical way to identify A; = A4 and
AF = Ad—k-

Definition 1.2.9. The Hodge star operator D; : Aj(R?) - A4(R?) is the
isomorphism associating

§ = adry A nday.
Similarly, the canonical isomorphism D* : A¥(R?) - Ay, (R?) associates
W e A...AeLw.
Remark 1.2.10. Let us notice that D; is the unique linear map such that

Die; = (~1)7 Adu; . (1.2.1)

Jei

for every i€ Z(d,l), where the exponent o; is defined as

!
o= Y (1) - (in ) .
h=1
Therefore
(Die;) Adzy=dayA...adey VieZ(d,l).

Dually
IDkd(L’i = (—1)0; /\ej,
Jéi
for every i€ Z(d, k), with
k
of=> (in—h).
h=1

Moreover ID; and D4 are inverse to each other.
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Definition 1.2.11. An [-vector v is called simple if there exist vy,...,v, €V
such that
V=1 N... ;.

Analogously, a k-covector w is called simple if there exist wyq,...,wy € V*
such that
W=WiA. .. AWy .

Remark 1.2.12. In general, k-covectors (and [-vectors, as well) are not
simple: for example, the 2-vector

Vi=e; ANeyt+ez ey GAQ(R4)

is not. If it were simple, then there should be vy, vy € R* such that v = vy Avs.
But then vAv = (v1 Ave) A (v Avy) =0, on the contrary, an easy computation
shows that v Av =2(e; Aexsnezney) 0.

Remark 1.2.13. Simple unit vectors are the correct formalism to represent
homogeneous k-dimensional oriented planes*. In fact, it turns out that the
simple vector v = v1 A...Avg is null if and only if the v; are linearly dependent.
Moreover if Span{v{,...,v;} = Span{vy,..., v}, then v{ A ... Av, = A(v1 A
... Avy) for some A € R.

Definition 1.2.14. In addition to the Euclidean norm |- |, on A;(R¢) and
A*(R?) we are going to consider the mass norm | - | on k-vectors and the
comass norm || - |* on k-covectors defined as follows:

[w|* :=sup{|{w;v)|: v is a simple k - vector with |v| =1},
[oll = sup{l{w;v)| : fw]* =1}

Remark 1.2.15. From the definition above, it is clear that, if a k-vector v
is simple, then the Euclidean norm |v| and the mass norm ||v| coincide.

Definition 1.2.16. A differential k-form w on R? is a k-covectorfield, that
is a map
w:RY - AF(RY).

4We will call homogeneous or linear k-plane a k-dimensional linear subspace of R? and,
when V is a linear k-plane and x € R?, the set  + V will be called an affine k-plane. We
will often use simply the word “k-plane”, when there is no ambiguity.
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Using the standard basis of A*(R?), we can write w as

wz)= Y wiz)dz,

i€Z(d,k)

where the coordinates w; are real valued functions on R¢. We will say that
a differential k-form has a certain regularity, when the coordinate functions
have that regularity. As usual, the support of a differential k-form w is defined
as the closure of the set {x €e R? : w(x) # 0} and we will denote it as supp(w).

Definition 1.2.17. The exterior derivative of a differential k-form w of class
¢! is the differential (k + 1)-form:

dw(z) = Z dw; A daj,
i€Z(d.k)

where .
dwi(z) = Z Oy

1

( )da; .

Definition 1.2.18. A k-form w is said to be closed if dw = 0. Moreover, if
there exists a (k — 1)-form v such that di) = w, then w is an ezact k-form.

Remark 1.2.19. One can check, by means of a simple computation, that
d? =0. Since d? =0, an exact form is always closed.

Definition 1.2.20. Given a k-form w € A¥(R9), one can always define the
differential Dw € A'(RY) ® A¥(R?) as

d
Z > Oy —(z)dz; ® day.
j=1ieZ(d,k) O

Analogously, given an [-vectorfield £ € A;(R?), we define D¢ € Aj(R?) @A (R?)

ne-3 5

LieZ(d,l) axy

i ®@dx;.

Remark 1.2.21. Given a k-form w, its exterior derivative dw is the image
of Dw under the linear map induced by the exterior multiplication

Al (Rd) ® Ak(Rd) Ak+1(Rd)
This is precisely the meaning of Definition 1.2.17.
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Definition 1.2.22. Given an [-vectorfield £ : R? - A;(R?), we define div¢ as
the image of D&(x) under the linear map induced by interior multiplication

A(RY) @ AY(RY) —> Ay (R?)

This means

Remark 1.2.23. We suggest Section 4.1.6 of [24] for a more detailed de-
scription of Definition 1.2.22. Nevertheless, it will be useful for coming com-
putations to see how Definition 1.2.22 works in coordinates. Assume the
l-vectorfield & € Aj(R?) is written as

)= > &(x)e,

i€Z(d,l)
thus

divg(z) = ) Zagi'(ﬂf)eil—dl’jZ >, Z(—l)hl%(m)eih, (1.2.2)

ieZ(d,l) j=1 O, ieZ(d,l) h=1 O,

where €;, is a contraction of the (I - 1)-vector
€, =€ N... A€, A€ N NE .

Notice that, if [ = 1, then (1.2.2) coincides with the usual definition of the
divergence.

Proposition 1.2.24. Consider a smooth l-vectorfield & : R¢ — Ay(R?), then
A (D) = (~1)Dyy (dive). (1.2.3)
Proof. Thanks to (1.2.2), the right-hand side of (1.2.3) becomes

3 . l 1ene1 96
(1) Dy (dive) = o Y (- IW D;-1(es,);

ieZ(d,l) h=1 in

on the opposite side we can compute

! .
d(D§) = Z Z o%; dz;, ADi(es)

ieZ(d,l) h=1 O,
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and the thesis is equivalent to prove that
dl‘ih AN ]Dl(ei) = (—1)d_l+h_1]Dl_1(eih) , (124)

for every i € Z(d,l) and for every h =1,...,1. Clearly, it is just a matter of
sign, indeed

dxih/\]Dl(ei) (—l)ai /\ dl‘j

jé(izh)

(-1)% A day.

jé(izh)

D;-1(e,)

Thanks to (1.2.1), we get

Oéi:Ui+(ih—h),

while
h-1 l
b= o= T (=)= Gem )+ 3 (=D - (=)
= oi+(ip—-h)-(d-1)+(h-1).
This proves the claim in (1.2.4). n

Remark 1.2.25. As it happens for usual differentiation, there are useful
formulas for the exterior derivative and for the divergence of a product. The
most popular one is the following

d (w1 Aws) = dwy Aws + (1) w; Adw,, (1.2.5)

for every pair of forms w; € A*(R?) and wy € A¥2(R9). Given a vectorfield
¢ e Ay(R?) and a form w € A¥(R?), with k > [, we have that

d( sw) =& adw+ (-1)Mdive Jw. (1.2.6)
Moreover, consider a pair of vectorfield &; € Ay, (R?) and & € A, (R?), thus
diV(£1 N 52) = dinl A 52 + (_1)l1§1 N dngz .

This formula can be easily deduced from the analogous property of the ex-
terior derivative stated in (1.2.5), through (1.2.3): indeed

Dy, s,-1(div(€r A €2)) = (1) WA (D, (614 €2))
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but, by definition,

]Dh+l2 (51 A 52) =& IDl2(€2) ==& ]Dll (gl) )

SO

]Dll+l2—1(div(€1 N fg)) divfl | ID52€2 + (—1)1151 _| ]Dl2_1(div§2) (127)

= Dy, 1(dive; A&) + (=1)Dy, 4,1 (6 A divEy),

where (1.2.7) is motivated by (1.2.6).

Remark 1.2.13 establishes a one-to-one correspondence between simple
k-vectors with unit Euclidean norm and oriented k-dimensional vector sub-
spaces of R?. This fact motivates the following definition.

Definition 1.2.26. An orientation of a k-dimensional surface S of class ¢!
is a continuous map 7g : S = Ax(R?) such that 75(z) is a simple unit k-vector
spanning TS for every x € S. If there exists an orientation of .S, then there
is a canonical orientation for the boundary of S, namely the one satisfying

Ts(x) = v(x) A Tos(x) for every z € DS, (1.2.8)
where v is the outer normal to 95.

Definition 1.2.27. We define the integral of a differential k-form w on an
oriented k-surface S as follows:

fsw:[g<w(m);75(x))d%k(x).

Theorem 1.2.28 (Stokes’s Theorem). For every oriented surface S of di-
mension k and for every (k —1)-form of class at least €', the following

relation holds:
/ wzfdw, (1.2.9)
a8 s

where the orientation of 0S has been clarified in (1.2.8).

See [36] or [38] or any other textbook about the integration on manifolds
for the proof.
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Remark 1.2.29. Stokes’s Theorem 1.2.28 is a generalization of the Funda-
mental Theorem of Calculus and it summarizes, with the notation of differ-
ential forms, the Gauss-Green Theorem (for w e AY(R?)), the Curl Theorem
(for w € A1(R?)) and the Divergence Theorem, in fact, if £ € A;(R9), then

[we= [Dig= [ amig)= 0t [ aive

thanks to Proposition 1.2.3.

Finally we define the pull-back of a differential k-form on R? under a
smooth map f: R4 - R?,

Definition 1.2.30. For any simple k-vector v = vy A ... Av, € A (R?) and a
point x € R?, define the push-forward of v as the simple k-vector

dfy(v) =Df(z)vyAn...ADf(x)vy.

This map is extended to all k-vectors by linearity. Then, for any differential
k-form w on R? | define its pull-back fiw on R? by

(flo(@);v) =(w(f(2));dfy(v)) VzeR? VuveAy(RY). (1.2.10)

We conclude this subsection with a clarification on the topology of the
space of smooth compactly supported differential k-forms on U, denoted by
2*(U), where U c R? is an open subset.

Definition 1.2.31. Consider a sequence (w(™), _, of smooth compactly sup-
ported k-forms on U. In coordinates we will write

w(z)= wi(”)(a:)d:ci
ieZ (d,k)

for every n > 1. We have a limit
w —w asn - +oo
if the following conditions are satisfied for a fixed compact subset K c U:
(i) suppwi(") c K for any i€ Z(d, k) and for any n > 1;
(ii) Djwi(”) — Diw; uniformly in K for every i € Z(d, k) and for every
choice of the multi-index j.

The topology induced on 2%(U) by the convergence in Definition 1.2.31
is locally convex and follows the definition of the topology on the space Z(U)
of smooth compactly supported functions.
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1.2.2 Currents

Currents are the right way to generalize submanifolds, providing compact-
ness properties for some bounded subsets of currents and a “good behavior”
in limit processes, namely lower semicountinuity of the mass, which is the
concept that generalizes the area of a submanifold. At first, they appeared
in [50] and [20], but the theory was fully developed in the sixties with the
works of H. Federer and W. Fleming (see [26],[24]).

Definition 1.2.32. Let U c R? be an open subset, the dual of the space of
k-forms 2%(U), endowed with the topology in Definition 1.2.31, is denoted
by 2x(U) and it is called the space of k-dimensional currents (or simply k-
currents). As usual Z(U) is endowed with its weak* topology. In particular
we will say that a sequence of k-currents (7),),en converges to a k-current 7T,

and we write T}, - T, if they converge in the weak* topology, that is:
(Th;w) =~ (Thw)
for every we 2F(U).

Notice that we will use both notations T'(w) and (T;w) for the action of
T e 2:(U) on a test form we Z%(U).

Remark 1.2.33. Since a smooth, compactly supported differential O-form is
a function in the class €= (U), the space Z,(U) of 0-currents coincides with
the space of distributions® and the topology is the same, as well. Roughly
speaking, a k-current is a distribution carrying a higher dimensional geome-
trical structure.

Example 1.2.34. The simplest example of a k-current on R¢ is the one
defined by integration of a Z?-measurable map £ : U - Ai(R?) with [¢] €
LY(U). In fact, we can set

Vwe P ), Te(w)= [ (w(@)iE(@) L @).

Obviously the Lebesgue measure .Z? can be replaced by a measure p. Thus,
it is also possible to define a k-current associated with an oriented k-dimen-
sional surface S of class €': we will denote such a current by [S]. If 7 is
the tangent k-vector carrying the orientation of S, then

YweZ8U), [S)(w):= fS(W(w);T(ﬂf))d%k(ﬂf)-

®See [9] for an o verview on distributions.
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This motivates some authors to use the terminology “generalized surfaces”
when they introduce currents.

By duality, the operations for differential forms in definitions 1.2.5 and
1.2.6 have their counterpart for currents. If £ € € (U; A, (R?)), then

Ve PMM(U), (TAED):=(T;610).
Analogously, if T € 2, (U) and ¢ € €~ (R4, A*(R9)), with h < k, then
Ve Z5MU), (TLysp)=(Tdng).

As for measures, if AcR? and T € 2, (U), by TLA we mean T'L1 4 € 2 (U).

Moreover, if f: U c R? - U’ ¢ R? is a proper smooth map, then it
is possible to define the push-forward of a k-current 7" on U c R? as the
k-current f;T on R? defined by

(fiTsw) = (T; fiw),
for any w e 2F(U").

Definition 1.2.35. The support of a k-current T in 2, (U), with U c R4 is
the set

supp(T):= R~ U{W cU, W open: we @k(U), supp(w) c W = T'(w) = 0}.

Definition 1.2.36. The boundary OT of a k-current T is the (k- 1)-current
defined by
(0T ¢) = (T dg),

for every ¢ € 2+ 1(U).

Remark 1.2.37. The definition of boundary given in 1.2.36 is a natural one,
as the following facts suggest.

e It is immediate to see that 0?1 = 0, because d%2¢p = 0 for every ¢ €

PR=2(U)).

e By Stokes’s Theorem (see Theorem 1.2.28), Definition 1.2.36 agrees
with the usual definition of boundary if S is an oriented surface of class

¢! and T = [S] (meaning that 9[S] = [0S5]).
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e The boundary operator commutes with push-forward, in fact 9( fyT") =
fi(aT).

Definition 1.2.38. Given an open set V' c U, the mass of a current 7" in V
is the quantity

My (T) = sup{(T;w) : we Z*(V),|w(x)|* <1 for every z} .

We recall that, by |- |*, we mean the comass norm of Definition 1.2.14.
When U =V, we just write M(T).

Remark 1.2.39. If S is an oriented k-dimensional surface of class ! and
[S] is the associated current, we have M([S]) = #%(S). Therefore the mass
can be considered a natural extension to k-currents of the notion of k-volume.

Remark 1.2.40. It is easy to show that the mass is lower semicontinuous
with respect to the weak* topology, i.e.

T,>~T =— My(7)<liminf My(T},),

for any sequence (7,),,; and for any open subset V c U.

Remark 1.2.41. In Definition 1.2.32 we endowed 2*(U) with a topology
which is stronger than the one induced by the comass norm

sup |w(2) "
zelU

Therefore a current may have (even locally) infinite mass. As an example,
consider the O-current 7" on R such that

T(p)=¢'(x0) Yoe2(U),

with zp € U. Concerning 2'(U), it turns out that a distribution has finite
mass if and only if it has order 0 (in the example above, the distribution has
order 1).

If a k-current T" has locally finite mass, then, by means of Riesz Theorem
1.1.4, it can be represented by integration, as in Example 1.2.34. So there
exist a positive finite measure g7 on R% and a Borel measurable map 7 : R% —
Ap(R4) with |7] =1 pr-a.e., such that

(T:w) = [ ((@)ir(@) dur ().
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for every w € Z*¥(R?). The mass of T equals the mass® of the measure pr,
which we will often call total variation measure associated with 7'. Sometimes
pr is also denoted by |T'|. Moreover the orientation 7 is the Radon-Nikodym

derivative dT'/d|T| (sometimes 7 is also denoted by 7)

Definition 1.2.42. A k-current T' € 2, (U) is called normal if both T" and
OT have finite mass, i.e. IM(7") < oo and M(9T") < co. The space of normal
k-currents is denoted by N (U).

Remark 1.2.43. As we observed above, thanks to Riesz Theorem 1.1.4, a
normal current admits an integral representation for both the current itself
and its boundary.

Now we focus on rectifiable and integral currents, which are the kinds
of currents we are really interested in, we postpone to Subsection 1.2.3 the
missing definitions about special sets of currents.

Definition 1.2.44. Given a k-rectifiable set Y, an orientation” 7 of the set
> and a real-valued function 6 such that [, 0(x)d%(x) < oo, we define
T=[%,7x,0] as

(T;w) = [E(w(w);Tg(x))Q(m)d%k(x). (1.2.11)

A k-current T is called rectifiable if T admits a representation as in (1.2.11).
The function 6 is often called multiplicity of the current [3, 7, 0].

A rectifiable current whose multiplicity takes only integral values is called
an integer multiplicity rectifiable current. The abelian group® of integer mul-
tiplicity rectifiable k-currents is denoted by Zy(U).

If both T and OT are integer multiplicity rectifiable currents, then T is
called an integral current and the corresponding space is denoted by % (U).

6Let us recall that we are considering Ay (R?) endowed with the mass norm of Definition
1.2.14.

TAn orientation 7y of ¥ is a Borel function such that, for every z € ¥, 7(z) is a
simple unit k-vector spanning the approximate tangent space 7,,3. We recall that every
k-rectifiable set ¥ admits a weak tangent field.

8The set of integer multiplicity rectifiable currents is not a real vector space. We will
denote by italic capital letters abelian groups and by blackboard bold (double struck)
letters real vector spaces, sticking to the notation in [24].
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Remark 1.2.45. If T'is a rectifiable k-current with multiplicity 6 € L(U;R),
then we can compute its mass through the equality

M(T) = fz 0(2)| dA (). (1.2.12)

Remark 1.2.46. An integer multiplicity rectifiable O-current 7" in R¢ admits
the following representation:

M=

T = mz(sml )

i=1
where x; are points in R?, m; € Z and d,, is the Dirac mass at z;. This means
that the action of 7' on a smooth compactly supported function ¢ : R¢ - R
is

(T; ) = Zk;mm(xi)

1.2.3 Polyhedral chains and approximation theorems

In the previous subsection, we introduced currents in a very abstract way, as
the elements of a dual space with a slightly complicated topology. After that,
we defined smaller subgroups of Z;(U) with better representation properties.
It is also possible to go through the theory of currents in the other way,
starting from the simplest objects (polyhedral chains of Definition 1.2.47)
and getting back the to whole abstract space by completion with respect to
a suitable norm (the flat norm in Definition 1.2.53). Following this outline,
we will complete the picture of the relevant subgroups of Z,(R¢) and the
ways they relate to each other, exploiting the Deformation Theorem 1.2.49
and Approximation Theorems 1.2.51 and 1.2.57.

Definition 1.2.47. We define 7,(R%) c 2,(R9) as the additive subgroup
generated by all k-dimensional oriented simplexes in R?. The currents in
P (R?) are called integral polyhedral chains.

The vector space generated by 22, (R9) is the space of polyhedral chains
and it is denoted by Py (R%).

Remark 1.2.48. Connecting Definition 1.2.47 and Definition 1.2.44, a poly-
hedral current T' € P, (R?) is nothing but a rectifiable current of the form

T = zn:[Si7Ti7 ezﬂ 5
i=1
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where S; is a k-dimensional simplex in R?, 7; is a constant orientation of .S;
and 0; is a constant multiplicity.

Theorem 1.2.49 (Deformation Theorem). Fize >0 and consider the lattice
L‘g}e with step € and dimension k < d. Consider a normal current T € Ny (R?).

Then we can write
T=P+R+0S, (1.2.13)

where

e P ePi(R?) is not only a polyhedral k-chain with support in [,ga, but it
15 written as

P= Z [F,TF,QFH

d
Fe£k7€

with constant coefficients O € R. Moreover

M(P) < CM(T) and M(0P) < CM(9T);

o Re Z:(R?) has M(R) <eCM(9T);
o S eNg(R?) has M(S) <eCM(T).
The constant C depends only on k and d. Moreover

suppdPusupp R ¢ [suppdT],. s
supp PusuppS ¢ [suppT],. ;.
Finally, if T € Zx(R?) is an integer multiplicity rectifiable current, then so

are P and S. If OT € %y_-1(R?), then R € Zx(R?) and, if 0T € P_1(R?),
then R e P (RY).

See Chapter 7 of [36] for the proof of the Deformation Theorem 1.2.49
and for the proof of the following isoperimetric inequality, as well.

Theorem 1.2.50 (Isoperimetric Inequality). Consider a compactly suppor-
ted boundary T' € Xy_1(R?), with k > 2. Then there exists T € 7 (R?) such
that 0T =T" and

M(T) ' <CM(T)F.

The constant C' depends only on k,d.
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Among the consequences of the Deformation Theorem 1.2.49, we will
especially need some polyhedral approximation results. We list them here,
starting from the simplest one.

Theorem 1.2.51 (Weak Polyhedral Approximation Theorem). Consider a
normal current T € Ny(R9). Then there exist a sequence (ey),., of real
numbers with &, = 0 and a sequence (P,),,, of polyhedral chains of the form

Pn: Z IIFnaTFnaanﬂ

Fneﬁg,sn
with constant coefficients O, € R, such that
P,>T inU

and OP, = 8T, too. Moreover, if T € A (R?), then we can choose every
polyhedral current P, with integer multiplicities O, € Z.

The proof of this theorem can be found in [36] (Theorem 7.9.2).

Theorem 1.2.52 (Strong Polyhedral Approximation Theorem). Consider
an integral current T € F(U), with U c R?, and fix € > 0. Then there exist
a bi-Lipschitz map f € Lip(R% R?) and an integral polyhedral chain P such
that

M(fyT - P)+M(fy(0T)-0P)<e (1.2.14)

and
IVf(x)-1d| +|f(z)-z|<e VaxeR?. (1.2.15)

Moreover, f(x) =z whenever dist(x,suppT’) > ¢.

This theorem can be found in 4.2.20 of [24], but, since we will use it only
in the 1-dimensional case, we will prove it in 1.3.1 in the simpler case of
1-dimensional currents.

We interrupt the list of approximation theorems in order to introduce
another useful norm on the space of currents, the flat norm, whose essence
has been anticipated by the decomposition (1.2.13) in Deformation Theorem
1.2.49.

Definition 1.2.53. If T is a k-current, then its flat norm is

| T, := inf{IM(R)+M(S) : T = R+9S, with R € Z,(R?) and S € %1 (R%)}.
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Remark 1.2.54. Obviously |7T'[, < IM(7"), so the flat norm is weaker than
the mass. In a certain sense, the flat norm gives a more geometric notion
of distance between surfaces then the mass norm. For example consider the
l-current T = [I;]-[/2] in R?2, where I; and I, are two parallel segments with
same orientation, same length [ and ¢ is the (Hausdorff) distance between
them. Then the flat norm of 7" does not exceed e, confirming the intuition
that the two segments are close together, while M(7") = 2/, independently
from the Hausdorff distance e.

The importance of the flat norm is due the fact that (at least in the
space of integral currents ., (R?)) it metrizes the weak* topology in the ball
{IM(T") <1}. See Theorem 3.1.2 of [51] or Section 8.2 of [36] for the proof.

Theorem 1.2.55. Let (1))
currents with

ns1 be a sequence of integer multiplicity rectifiable

sup (M(T,) + M(9T},)) < o0.

Then
T, 2T < |T-T,|, = 0.

Definition 1.2.56. Finally, we define the subgroup of flat chains as
F(RY) = {T=R+0S: Re %,(R?),S € %1 (R} .

Moreover b
Fk(Rd) = Pr(R%) . (1.2.16)

Copying the scheme from [24] 4.1.24, we resume the spaces we introduced
with

ZL(RY) ¢ F(RY) ¢ L (R?) c  Zi(R9)
N N N N

Py(RY) ¢ Np(RY) c Fp(RY)n {M(T) < oo} c F(RY) = PBp(RY) .

We conclude this subsection with an approximation theorem which sum-
marizes the role played by polyhedral chains at the base of the theory of
currents, thanks to the flat norm.

Theorem 1.2.57 (Polyhedral Approximation Theorem). Let T be a normal
k-current in R and € > 0. Then there exists a polyhedral k-current P such
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that |T - P|, <& and M(P)+M(OP) < M(T) + M(OT) +&. Moreover, if IT
1s polyhedral it is possible to take OP = 0T and if T is integral it is possible
to take P integral such that

inf {M(R) + M(S): T - P=R+0S, ReZ(R?) and S € Z.1(RY)} <.

The first half of the theorem is stated and proved in [24], 4.2.24: it is a
subtle consequence of Deformation Theorem 1.2.49. The second half of the
theorem, concerning the approximation of integral currents, proceeds from
Strong Polyhedral Approximation Theorem 1.2.52 (see [24], 4.2.21).
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1.2.4 Compactness results for currents

We conclude this section of recap on currents with some essential results of
compactness.

The compactness is an immediate consequence of the compactness the-
orem for Radon measures together with the fact that, given a sequence of

normal currents (7,),., in Ny(U), if T, > T, then 9T, = 0T.

Theorem 1.2.58 (Compactness theorem for normal currents). Let (7,)ns1
be a sequence of normal k-currents on U c R? such that My (T,,) + My (9T},)
is uniformly bounded for every open subset V cc U. Then there exists a
subsequence (T,,);>1 weakly converging to a normal k-current.

The main theorem for integral currents is the Closure Theorem. Actually
the theorem is stated and exploited as a compactness result for .7, (U), but let
us point out that, given a sequence of integral currents (7,),,., the existence
of a converging subsequence (Tnj )j>1 and a limit current 7' € Fp(U) is a
consequence of Theorem 1.2.58. Thus the nontrivial point is that the limit
T is an integral current and this is why the following result is known with

the name of Closure Theorem.

Theorem 1.2.59 (Closure Theorem). Let (T,,)n>1 be a sequence of integral
k-currents on U c R? such that My (T,,) + My (9T},) is uniformly bounded for
any open subset V cc U. Then there exist an integral k-current T € Z(U)
and a subsequence (T,;) 1 such that

TnjiT as j — oo.

This theorem was firstly proved in [26] by means of the structure theory
for sets of finite Hausdorff measure. Among the alternative proofs which
came after, let us mention [53] and [5], the latter introducing the slicing
technique. The same proof by slicing can be found in [36], Section 8.1.

As a consequence of the Closure Theorem 1.2.59, plus the Weak Poly-
hedral Approximation Theorem 1.2.51, we are able to prove that %, (U) n
N, (U) = #,(U), that is, an integer multiplicity rectifiable current turns out
to be an integral current, when its boundary has finite mass. See also Theo-
rem 7.9.3 in [36].

Theorem 1.2.60 (Boundary rectifiability Theorem). Let T' be an integer
multiplicity rectifiable current with M(0T) < oo. Then OT is an integer
multiplicity rectifiable current.
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Historically, integral currents were introduced by Federer and Fleming as
a framework for the Plateau’s problem, that is, find the k-dimensional area-
minimizing surface spanning a prescribed boundary. Thus currents are meant
as a generalization of surfaces and the Closure Theorem above guarantees the
existence of a mass-minimizing solution.

Theorem 1.2.61. Let I' ¢ U be the boundary of an integral k-current in
UcR? with 1<k <d. Then there exists a current minimizing the mass
among all integral currents T € Z,(U) satisfying 0T =T.

Proof. We apply the direct method of Calculus of Variations to integral k-
currents. Indeed, let m be the infimum of M(T") among integral k-currents
with 0T =T" and let (7},),>1 be a minimizing sequence, that is lim,, . (7},) =
m. Since M(7},) is bounded and M(J7T,,) is constant, we can apply Theorem
1.2.59 to the sequence® (7,),., and find a subsequence converging to an
integral current 7. By the continuity of the boundary operator we still have
OT =T and by lower semicontinuity of the mass (see Remark 1.2.40) we have
M(T) < m. O

It is worth mentioning that, in [30], the Plateau’s problem for hypersur-
faces is solved without the Closure Theorem above, using a result of decom-
position of normal currents, instead. We will come back to the subject of
decomposition of normal currents in Chapter 2.

9 Actually, we could state this theorem with I" being the boundary of an integer mul-
tiplicity rectifiable k-current S. Indeed, we could apply Theorem 1.2.59 to the sequence
T, — S, which has no boundary.
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1.3 Some results for 1-currents

We have no choice but to notice that 1-dimensional currents are nicer than
k-dimensional currents, with k£ > 2. In some cases it is just a matter of sim-
plicity: as we underline in Theorem 1.3.2, 1-dimensional rectifiable currents
have a handy structure, and some statements are easier to prove. But there
are also some facts, holding for 1-currents, which are no longer valid in higher
dimension, as we will see in Subsection 1.3.2. The aim of this Section is to
establish these special results for 1-currents only. Their usefulness will be
clear in Chapter 3.

1.3.1 The structure of 1-currents

We start with the proof of the Strong Polyhedral Approximation Theorem
1.2.52: having at least the 1-dimensional case proof is important for the
possible extension of the result to 1-dimensional currents with coefficients in
a group. We formulate this density result on R¢, the local version can be
easily deduced using an extension lemma. It will be important that a current
T without boundary can be approximated by polygonal currents without
boundary, so we insert the possibility of the boundary being preserved in
the statement, with (1.3.2). This possibility holds true only in dimension
1, because of the peculiar structure of rectifiable O-currents (see Example
1.2.46).

Theorem 1.3.1 (1d Strong Polyhedral Approximation Theorem). Consider
a 1-current T € Z1(R?) and fix € > 0. Then there exist a bi-Lipschitz map
f € Lip(R%RY) and an integral polyhedral 1-current P € 221(R) such that

]M(fuT—P) <e (1.3.1)
and
oP =0T. (1.3.2)
Moreover
|Vf(z)-1d|+|f(z) -z|<e VzeR?, (1.3.3)

and f(x) =x whenever dist(x,suppT’) > ¢.

The proof follows closely the one in [24] 4.2.19.

38



Proof. By standard arguments on rectifiable sets, we are able to cover R? by
a countable family F of @'-curves, up to a |T'|-null set. We denote by X a
real parameter in the interval (0, 1), which will be chosen at the end of the
proof.

Step 1: We fix a point xy € v € F such that xg ¢ supp T and that, for some
90 €7z~ {O},
lim
r—0
where S is the current defined by (S, ) = fv Oo(o(x), 7(x))ds#" (), and
Q7 (xg) is the cube of side 2r, center in xy and one side parallel to the vector
7, which is the tangent to v in z.

|7 - 51(Q7(x0)) _, (1.3.4)

Without loss of generality we can assume xy = 0 and Tangy = Re;, where e;
is the first unit vector of the canonical basis of R We denote by @, the
cube of center 0, side 2r and sides parallel to the coordinate directions. Let
¢’ > 0 be a small parameter chosen later. For r sufficiently small, we have
that Q, nsupp 0T = @ and that the set v n Q, is the graph of a € function
g:(-r,r) > R with ¢(0) =0 and |g|l¢ <¢&’. The function g: (-r,r) > R?
defined as g(z1) = (0,9(x1)) obeys

| DGl L= ((rmy <& and |G| e ((rmy <’
We define the function f € €1 (R4 R?) as
f(x) =z -¢(@)g(21),
where 1 € €°(Q,;[0,1]) obeys 1 =1 on @), and

IVl < m .

For 2¢’ < 1-\ the function f is bi-Lipschitz and maps yn@),, into the segment
(Reyp) nQyy. Moreover for sufficiently small €’ (on a scale set by A and ¢) one
has

|[f(x) =]+ [V f(x) - 1d]

IN

[ (x)g(x1)| + [ (2)Vg(z1) ® e
|9(21) ® Vip(z)

6'(7’+1+(1?)\))<€ (1.3.5)

+

N
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—5 L T < v

Figure 1.1: The action of f on T in the proof of Theorem 1.3.1. The inner
cube is ., the outer one Q,.

and
[ o <14e. (1.3.6)

Step 2: We let P be the polyhedral current defined by

P =0 A" .
(790) 0 (_MAT)el(%O,el)

With S as in (1.3.4), by definition of P and f we have
IM(SI—QT_]CN_IP) = |00|<%1 (’yﬂ (Qr \QAT)) .
Since v is a €' curve,

L (0 QN Q)

=0 2r

=(1-X).
Using a triangle inequality and (1.3.5) we obtain

M(fy (T Q) - P)<M(f((T-S)L Q)+ M(fy(SLQ, - f;'P))
<(A+e)MU(T-5)LQ)+(1+e)M(SLQ, - f{'P)
and, recalling (1.3.4),

ey MU (@) = P)
r—0 2r

Since, again by (1.3.4), |T'| (Q,) /(2r) — |6], for r sufficiently small
M(fy (T Qr) - P) <2(1=-N)[T|(Q) - (1.3.7)

<(1+e)(1-N)y.
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Step 3: By [24, Th. 4.3.17] for s#'-almost every point in supp 7'~ supp 9T
there is a f, with the property (1.3.4), and therefore an r, € (0,e/V/d) satis-
fying both

7@ (1) nsupp T = @

and the property (1.3.7) with @, replaced by Q:Z(,x)(x). Using Morse’s cover-
ing Theorem, we cover |T'|-almost all the set R? with a countable family of

Tn

disjoint cubes Q7" (x,) with 7, = 7(x,,) and sides 2r,, with r, <, _; each of
these cubes has positive distance from supp 7. Then we have a polyhedral
I-current P, with support in Q" (x,) and a bi-Lipschitz map f, : R? - R?
satisfying (1.3.5), (1.3.6) and (1.3.7).

We choose a finite subfamily such that
NV

; IT(Q7 () > AM(T). (1.3.8)

and define
f:flo---ofN(,\) .

Since f,(z) = x outside Q7" (x,) for all n and the cubes are disjoint the
condition (1.3.5) still holds and f(x) = z outside an e-neighbourhood of
supp1’. Moreover, we have

Of,T = f,0T = 0T,

because f is the identity map in a neighbourhood of 0T
We define the polyhedral current

N
P = Z Pn7
n=1

write
_ NW 0o
fﬂT_PZ Z:l (fﬂ(Tl— ZZ(In))_Pn)_"fﬂ(TI— %J()\) Z'—Z(a:n))

and, recalling (1.3.7) and (1.3.8), conclude that

M(f,T - P) < 2(1 - M)M(T) + (1= )M(T) = 3(1 - \)M(T) . (1.3.9)
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Step 4: We did not obtain the thesis yet: indeed P is polyhedral, but in
general OP does not coincide with 07". Notice that the current fy7' - P has
multiplicity in Z and hence it is an integral 1-current. We can apply the
Deformation Theorem in [24, Th. 4.2.9] to fyT'— P in order to represent it
as

AT-P=P+R+0S .

Here P, R are polyhedral 1-currents satisfying
M(P) < e(M(fT - P) +EM(I(f;T - P)))
and
M(R) < écgM (O(f;T - P)),
for some € arbitrarily small, where ¢, cg > 0 are geometric constants.
Then P =P+ P + R is a polyhedral 1-current with OP = 9 fiT =0T and

M(fyT - P) M(fyT - P) + M(P - P)
3(1-ANM(T) + M(P + R)
3(1+e)(1-AN)M(T) +&(é+cr)M (/T - P)).

IN N

IN

We first choose a A € (0,1) such that the first term is less than e, then &
such that the second term is also less than %5, and conclude. O]

As a consequence of the Theorem 1.3.1 we easily recover Theorem 1.2.57:
any current T € #(R%) can be approximated by sequences of polyhedral
currents'® (P,), ., in the weak* topology for currents. Moreover IM(FP,) —
IM(T) and, if T is closed, then we can choose a sequence with 0P, = 0 for
every n > 1.

The approximation results proved above allow us to characterize the sup-
port of 1-currents without boundary as the countable union of loops. This
characterization can be found in [24], subsection 4.2.25.

Theorem 1.3.2 (Structure of closed integral 1-currents). Let T e .#;(R%)
with 0T =0. Then there are countably many oriented Lipschitz closed curves

v with tangent vector fields 7; : v; - S*1 and multiplicities 0; € Z such that
T = [[%-,TZ-,@J], th(lt 18

(T;w):i&f(w;n)djfl, (1.3.10)

i=1 Yi

10We recall that the currents P, have support on a finite number of segments.
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for every we 21 (R?). Further,
2101 (i) = M(T) . (1.3.11)
i=1

Proof. From the density of polyhedral currents there is a sequence of closed
integral polyhedral currents (with a finite number of segments) P, € 71 (R?)
such that

P, =T and M(P,) - M(T). (1.3.12)

Each P, can be decomposed into the sum of finitely many polyhedral loops,

Jn
Py=3 Cin, (1.3.13)
j=1
such that ;
> M(Cy,) = M(P,) < M, (1.3.14)

j=1
for some M > 0.

We can assume these loops Cj, to be ordered by mass, starting with
the biggest one. Moreover we can assume (up to extracting a subsequence)
that the currents C;,, have multiplicity 1 and that for every j they weakly
converge to some closed 1-current C;. Parametrizing each polygonal curve
by arc length, and eventually passing to a further subsequence, we see that
ecach converges to a closed Lipschitz curve. Let us denote by T the current

T:iq
j=1

We need to show that 7' =T If M(T') = 0 there is nothing to prove. Other-
wise we fix 0 > 0 and observe that by (1.3.14) we have M(C;,,) < ¢ for all
i>M]/6. We write

(P;w) = Y A(Cinsw) + > (Cipw). (1.3.15)

.M .M
’LS(S 1>

In the first sum of the right hand side we can take the limit as n - oo and
get Zig%(C’i;w).
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The second sum in (1.3.15) can be estimated as follows. For every i > M/§
and for every n we fix a point 27" € supp C;,, = 7, and using the fact that
Vin 1S a closed curve we have

PXCEHEIE |z [ tw-waryiyase|
7J>T

Yi,n

< Z sup [w — w(a7)|[M(Cin) (1.3.16)

M Yin
1> 5

<Owliip > M(Cin) < OM lwpip

M
Z>T

Then we get

(7= 3 (G| < 0(1) +[(Pu = X (Crso)| < (1) +6M sy
< i<
which implies T = T and hence
i ,%”ll_’yj,

with v; = supp L; and 7; the corresponding tangent vector. O]

This theorem is saying that we are allowed to consider an integral 1-
current as the formal sum of a finite number of open Lipschitz curves and a
countable number of Lipschitz loops, with multiplicities in Z. So we conclude
the subsection with its useful corollary.

Corollary 1.3.3. Let T be an integral 1-current in R, then

K
T=>T.+Y C, (1.3.17)

k=1 >1
with

(i) Ty and Cy are integral 1-currents associated to oriented simple Lipschitz
curves with finite length, for k=1,..., K and { >1;

(i1) OCy =0 for every £ > 1.
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Moreover

M(T) = i M(T:) + > M(Cy) (1.3.18)
k=1 >1
and .
M(OT) = > M(9T}) - (1.3.19)

1.3.2 Relating normal and rectifiable 1-currents

There is a series of open and very interesting problems concerning currents:
in the 1-dimensional case we have more advanced answers, thanks to the
simpler structure of 1-currents. Among them, we find the problem of the
decomposition of a normal current in a sum of integral currents which pre-
serves the mass and, related to the existence of a decomposition, the problem
of commensurability among mass-minimizing currents belonging to different
subgroups of Z,(U). Here we do not insist on the k-dimensional formulation
of these problems, because we will examine them afterwards, in Chapter 2
and in Chapter 3, respectively. We limit ourselves to a self-contained expo-
sition of the 1-dimensional results.

Given a compact measure space (L, \) and a family of 1-currents {7, }.er
in R4, such that

AM(TI)dA(x) < 400,
we denote by
T = fL T, d\(z)
the 1-current T' satisfying

(Ti) = [ (L) dA(@),

for every smooth compactly supported 1-form w.

Proposition 1.3.4. Every normal 1-current T in R® can be written as

M
T:f T, d
0

where T, is an integral current with M(T,) <2 and M(9T,) <2 for every x,
and M is a positive number depending only on M(T') and M(0T"). Moreover

M(T) = fOM M(T,) dt .
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The first result of this kind has been stated and proved in [52]: the so-
called solenoidal 1-currents'! can be decomposed in elementary solenoids.
See [45] for the generalization of Proposition 1.3.4 to metric spaces.

The following fact is probably in the folklore, unfortunately we were not
able to find any literature on it. In the proof, it will be made clear where a
decomposition result for normal currents is needed.

Theorem 1.3.5. Consider the boundary of an integral 1-current in RY, re-
presented as

N N
BO:_Zai5$i+ij5yja aiybj eN . (1.3.20)
i=1 j=1

If we denote
AN (By) = min{M(T") : T is a normal current ,0T = By}
and
AM1(Bp) :==min{M(T") : T is an integral current 0T = By} > 4 n(By) ,

then the minima of the mass of 1-currents with boundary By among normal
1-currents and among integral 1-currents coincide, that is

%N(BO) = %](BO) .

Proof. Let us assume that the minimum among normal currents is attained
at some current 7Tj, that is

M(Ty) = AN (By) -

Let {T},}neny be an approximation of Ty made by polyhedral 1-currents,
such that

o M(7},) - M(T}) as h — oo,
e J01), = By for all h eN,

e the multiplicities allowed in 7}, are only integer multiples of %

1 Roughly speaking, a solenoidal 1-current is a normal current which can be represented
by a divergence-free Borel vectorfield.
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The existence of such a sequence is a consequence of the Polyhedral Ap-
proximation Theorem 1.2.57. Thanks to Corollary 1.3.3, it is possible to
decompose such a T} as a sum of two addenda:

Tthh-’rch, (1321)

so that
M(Th) =M(Ph)+M(Ch) Vh>1
and

e 0C), =0, so (Y, collects the cyclical part of Tj;

e P, does not admit any decomposition P, = A+ B satisfying 0A = 0 and
M(P,) = M(A) + M(B).

It is clear that P, is the sum of a certain number of polyhedral currents
P,i’j each one having boundary a non-negative multiple of —%5% + %5% and
satisfying -
M(P,) = Y M(PY).
i.j

We replace each P,i’j with the oriented segment QZJ , from z; to y; having the
same boundary as P’ (therefore having multiplicity a non-negative multiple
of %) This replacement is represented in Figure 1.2.

i,J
",_\Ph
.\>‘~ .*_
) QM -
QY
Ty T . T Y

Figure 1.2: Replacement with a segment

47



Since this replacement obviously does not increase the mass, there holds
M(P,) > M(Qp), where Q = %, ; sz. In other words we can write ), =
/, L Qz dMy, as an integral of currents, with respect to a discrete measure A,
supported on the finite set L of unit multiplicity oriented segments with the
first extreme among the points x1,...,xy_ and second extreme among the
points y1,...,yn,. It is also easy to see that the total variation of A\, has
eventually the following bound from above

M(T) _ M(T)+1

min.; d(z;,y;) ~ ming.; d(z;,y;)

[An] <

Hence, up to subsequences, A\, converges to some positive measure A\ on L
and so the normal 1-current

Q- [ @i

8Q = By (1.3.22)

satisfies

and

M(Q) < M(Tp) = An(By).

In order to conclude the proof of the theorem, we need to show that @
can be replaced by an integral current R with same boundary and mass

M(R) = M(Q) < #n(By). Since L is the set of unit multiplicity oriented
segments X% from z; to y;, we can obviously represent

Q=) kI¥Y with k" R,

i?j
and, again, thanks to (1.3.22),
N- .. Ny ..
Z kY =b; and Z kY =a;.
i1 j=1

If k% € Z for any i, j, then () itself is integral and then we are done; if not,
let us consider the finite set of non-integer multiplicities

Kpg={k7:i=1,...,N_,j=1,... NJ\Z#+2.

We fix k € Kr.z and we choose an index (i, jo), such that k is the multiplicity
of the oriented segment Y%Jo in (). It is possible to track down a non-trivial
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cycle Q in Q with the following algorithm: after Sijo, choose a segment from
x;, * x;, to yj;, with non-integer multiplicity, it must exist because By = 0Q)
is integral. Then choose a segment from z;, to y;, # y;, with non-integer
multiplicity and so on. Since Kg.z is finite, at some moment we will get a
cycle. Up to reordering the indices ¢ and j we can write

@ — (Ziljz _ Zilﬂjl) ]
We will denote by

a = mlin(/{}iljl — [kizsz) >0
mlin(ki”lj’ _ [kiHIjZJ) >0.

Finally notice that both Q—a@ and Q+ 8Q have lost at least one non-integer
coefficient; in addition, we claim that either

M(Q-aQ) <M(Q) or M(Q+5Q)<M(Q). (1.3.23)
In fact we can define the linear auxiliary function
F(t)=M(Q) - M(Q - Q) = ;W = t)d(wi,y,) + (K7 + )d(i,, y5)
for which F'(0) =0, so either
F(a)>0 or F(-0)=>0.
Since Kgr.z is a finite set, iterating the procedure we illustrated for the re-

moval of @ finitely many times we obtain an integral current without increas-
ing the mass. [l
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1.4 Calibrations

We introduce here a very important tool in the study of area-minimizing
currents. Classically a calibration w associated with a given oriented k-
submanifold S ¢ R¢ is a unit closed k-form taking value 1 on the tangent
space of S. As it will be clear from Theorem 1.4.3, the very aim of the
definition of a calibration is to provide a sufficient condition of minimality.

1.4.1 Definition and usefulness of calibrations

We give the definitions in a very general setting, our purpose is to give some
interesting examples not only in R?, but also in the complex space C¢.

Definition 1.4.1. Given a d-dimensional Riemannian manifold X, we say
that a k-dimensional smooth differential form w is a calibration associated
with a k-dimensional integral current S € #,(X) if the following properties
hold:

(i) the form w restricted to the (a.e. defined) tangent plane of S coincides
with its volume form, that is'?2 (w;7g) = |75];

(ii) the form w is closed, that is dw = 0;

(iii) for every other k-section 7 € T'X, the form w does not exceed the volume
form, that is (w; ) < |75

Definition 1.4.2. Given a d-dimensional Riemannian manifold X and a
pair of k-dimensional integral currents S and 7', we say that S is cobordant
to T if their sum is the boundary of a k + 1-dimensional integral current
Re Z.1(X), that is OR=S-T.

Theorem 1.4.3. Consider a d-dimensional Riemannian manifold X and
a k-dimensional integral current S € S (X), if there exists a calibration
w associated with S, then S is a mass-minimizing current among integral
currents in its cobordism class.

12We stick to the notation introduced in Section 1.2, so ||-|| is the mass norm of Definition
1.2.14.
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Proof. Consider a competitor T € #.(X) with OR = S - T for some R ¢
F+1(X). Therefore!?

M(S) D S(w) = R(dw) + T(w) D T(w) € n(T). (1.4.1)
]

Remark 1.4.4. We have a simpler case of the theorem above when S is a
genuine submanifold of X and we look for area-minimizing submanifolds in
the cobordism class of S. Thus (1.4.1) becomes

vol(.S) @/Sw@/;w(lg)[TdvolT=vol(T),

for every submanifold 7' c X with OR = SuT for some compact submanifold
R c X one dimension higher. Here the equality [qw = [, w is no longer a con-
sequence of the definition of boundary of a current, but truly a consequence
of the Stokes’s Theorem.

Remark 1.4.5. From line (1.4.1), it is clear that IM(.S) = M(T") if and only
if T'(w) = M(T"). Thus, a calibration associated with an integral current S
“calibrates” simultaneously all the mass-minimizers for the given cobordism
class of S.

Remark 1.4.6. From the proof of Theorem 1.4.3 it is clear that a calibrated
integral current S is a mass-minimizer not only among integral currents, but
also among normal currents in its cobordism class. Indeed, the inequality in
(1.4.1) still holds if the competitor T" € N (X') has an integral representation.

The remark above is not trivial, since mass-minima among normal cur-
rents and among integral currents do not coincide, in general, as [] and ||
show. See also Subsection 3.1.2 for a detailed discussion of the matter in the
context of currents with coefficients in a group.

An outstanding example of use of the calibration technique is the following
observation, due to H. Federer (see [24], 5.4.19).

Theorem 1.4.7. In C¢ a complex submanifold S is always area-minimizing.

13We think that line (1.4.1) is more incisive with a direct reference to the reason of each
equality or inequality: Roman numerals above each equality or inequality correspond to
those in Definition 1.4.1.
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Proof. As a real orthonormal basis for the tangent bundle of C¢ = R? + {R?
we choose {dz1,dy,...,dxrg, dys}. We define the Kéhler form

d
wi= Y da; Ady;. (1.4.2)

J=1

We claim that the form w”/k! is a calibration for every complex submanifold
S c C4 of real dimension 2k and the equality in (1.4.1) holds if and only
if S is complex. Property (ii) is trivial, since w has constant coefficients.
Properties (i) and (iii) - and the characterization of the equality case - are
a consequence of the Wirtinger’s inequality, which is stated in the following
lemma. O

Lemma 1.4.8 (Wirtinger’s inequality). Consider the Kdhler form w defined
in (1.4.2), then for every 2k-dimensional real subspace V c C? we have that

— <dvoly. (1.4.3)

Moreover, equality in (1.4.3) holds if and only if V is a complex subspace.
Proof. If we denote by J the multiplication by i := /=1 in C¢, we can write
w(u,v) = {(Ju;v) Yu,veCl2R+iRe.

Thanks to Cauchy-Scharz inequality
lw(u,v)| < |ul|v] Vu,veC? =R+ RY, (1.4.4)

thus we have to characterize the equality case. Fix a 2k-dimensional real
subspace V' c C?, the matrix representing wyy is skew-symmetric, so wyy has
a canonical form: we can represent it with a 2k x 2k block diagonal real
matrix, with & blocks of the form

0 A
- 0 )

We will call {ey,fi,..., e i} the basis of V' for such a representation of wyy,

and {d&;,dn; ..., d&,, dn,} will denote the associated dual basis. With this

notation
ok

1
Fa Ad& Adn + .+ Aedé Adne)T = A Aedvoly
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Notice that (1.4.4) implies |\;| <1 for every j =1,...,k, thus
k

w .

E:idvolv = [\|=1Vy=1,... k.
The latter condition holds if and only if J(V') = V| meaning that V is a
complex subspace. O

The proof above is a reinterpretation of [24], 1.8.2. See also [23].

Remark 1.4.9. Theorem 1.4.7 can be generalized to every Kéhler manifold
X. Indeed, by definition, a complex manifold X is a Kahler manifold if the
Kahler form w := Z;-izl dz; Ady; (in the coordinates of each chart) is closed.
Moreover, Wirtinger’s inequality (1.4.3) remains true in a general Kéhler
manifold.

Remark 1.4.10. Actually, in the case of the Kéahler structure for complex
manifolds, it is possible to make a link between complex submanifolds and
currents calibrated by the Kéhler form: structure theorems by King ([35])
and by Harvey and Shiffman (see [32]) state that a 2k-dimensional current
T with a.e. complex tangent planes can we written as

T= Z[[VJVTﬁnj]] )
J

where n; € N and V; are complex submanifolds.

As we just saw, calibrations are a powerful tool for the theory of mass-
minimizing currents (and area-minimizing submanifolds, respectively). No-
netheless, it can be very hard — or even impossible! — to find a calibration
for a given current, whom we suspect to be a minimizer. The approach
suggested by Harvey and Lawson in [31] is reversed: it is not difficult to find
a closed k-form w with comass norm less or equal than 1 (choose a form with
constant coefficients and possibly rescale it, for instance!), then the problem
becomes to find a submanifold, or a current, for which w is a calibration.
The following definition can help to figure out the new problem: ¥ is the set
of candidate calibrations, provided we endow it with some properties.

Definition 1.4.11. Consider a d-dimensional Riemannian manifold X and
the Grassmannian of k-dimensional tangent planes Gr(k,T'X). Fix a subset
4 c Gr(k,TX). We say that a k-dimensional submanifold S ¢ X is a -
submanifold if, for every z € S, T,.S € ¥,, where ¥, is the intersection of ¥
with the fiber on =z if Gr(k,7X). Analogous definitions may be given for
integer rectifiable currents, integral currents, chains, ecc.
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Remark 1.4.12. With the formalism of the definition above, we can see
complex submanifolds of a Kéhler manifold as ¢-submanifolds, where

G=JY% = {recGr(2k, TX): (w(z);7(x)) =1}

reX reX

and w is the Kahler form.

1.4.2 Existence of calibrations

The existence of a calibration is a sufficient condition for a manifold to be a
minimizer; one could wonder whether this condition is necessary as well. In
general, a smooth (or piecewise smooth) calibration might not exist; never-
theless, one can still search for some weak calibration, for instance a differ-
ential form with bounded measurable coefficients.

A duality argument due to H. Federer ensures that a weak calibration
exists for mass-minimizing normal currents. Therefore an equivalence prin-
ciple between minima among normal and integral 1-currents is sufficient to
conclude that a calibration exists. This equivalence principle has been stated
in Theorem 1.3.5 for 1-currents only. As we already noticed, for k-currents
with k£ > 2 this equivalence principle does not hold in general.

The remainder of this section is devoted to Federer’s argument on the
existence of a generalized calibration for normal currents, in the sense of
Theorem 1.4.16. See [25] for the original and detailed proof.

Definition 1.4.13. Fix an arbitrary subset I' c Ny (R9), for any T € N;(R%)
we define

AMr(T) =inf {M(S): S eNy(R?) and S-TeT} .

Heuristically, we fixed a family I" of admissible differences — for our pur-
poses I' will be the family of k-boundaries — and we look for the “smallest”
mass M(S), where S is close — in the I' sense — to the current 7" € Ny (R?).

Remark 1.4.14. If T is a convex cone, then .t : N (R4) — [0, oo] is convex
and positively 1-homogeneous.

Definition 1.4.15. Given a subset I' ¢ Ny (R?), as in Definition 1.4.13, we
consider the dual space Hom(Ny(R9);R) with the following norm

Mr(a) =1inf{r: a(T) < r.ar(T) with T e Ny (R?)} .
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From now on we will set T' = B;(R?), the set of boundaries in Ny (R?), so
that the infimum of the mass is calculated among cobordant currents. Thus
we get

Ar(T) = M(To)
where T} is a mass-minimizing normal current, cobordant to 7T

Theorem 1.4.16. If T € N (U) is a mass-minimizer in its cobordism class,
then there exists a functional ¢ € Hom(Ny(R4),R) such that

(1) ¢(T) = M(T);
(i1) ¢ is “closed”, that is

¢(8R) =0 VRGNk+1(U) )

(i1i) ¢ has unit norm with respect to Definition 1.4.15.

Proof. Notice that .t is convex and positively 1-homogeneous as we stated
in Remark 1.4.14, so, by Hahn-Banach Theorem, there exists

¢ € Hom(Ny(R?),R)
such that
(i) o(T) = M(T);
(i) ¢ < ..
Therefore
VReNpi(RY)  ¢(OR) < 4+ (OR) =inf {M(S): S e Zy(R?%)} = M(0) = 0.

Finally, property (iii) comes from the bound ¢ < . together with the defi-
nition of .1 (¢). O

Remark 1.4.17. We stated Theorem 1.4.16 in an abstract way, proving the
existence of a so-called flat cochain (see [24], 4.1.19, [25] and [56]) playing
the role of a generalized calibration. This was done in order to preserve the
analogy with Definition 3.1.15 in Subsection 3.1.1. Nonetheless it is possible
to improve the result of Theorem 1.4.16 by means of the Representation
Theorem 1.1.4: there exist bounded Lebesgue measurable differential forms

wy € AF(RY) and @, € AF1(R?) such that
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L ¢(§2L7) = [rafws(2);€(x)) dx for every § € G.(R% Ap(R?));
2. ¢(0(CL?Y) = [gal@ws(x); ((2)) dz for every ¢ € C.(R?; Agyi (RY));
3. Jrafwe:; div() + {@y; ¢) = 0 for every ¢ € 6} (RY; Apa (RY)).

This cannot be considered as an actual representation for the generalized
calibration ¢, since it works only for very special currents, but it is the best
we can expect.

56



Chapter 2

Decomposition of currents
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2.1 Frobenius Theorem on the integrability
of vector fields

One of the most important theorems in Differential Geometry fully answers
to this question: under which conditions a given k-dimensional simple vector
field € =7 A ... AT € € (RE AL (R?)) represents the tangent vector field of
a smooth manifold M?

Definition 2.1.1. A k-dimensional simple vector field £ = 7y A ... AT, with
Tiyo oy Tk € EHRE AL(RY)), is integrable if, for every point xy € R? there
exist an open neighborhood U > zy and a k-dimensional submanifold M > x
such that

T.M =span{r(z),...,7(z)}

for every x € U n M. We will say that £ is completely integrable if, for every
xo € R4, there exist an open neighborhood U > zy and a ¢2-function! F : U —
R4* such that its level sets { F' = p} are k-submanifolds with span {r,..., 7}
as tangent space.

Roughly speaking, a completely integrable vector field is a tangent field for
a local foliation of R¢ in %’2-submanifolds. Obviously, a completely integrable
vector field is integrable.

We recall the definition of the Lie bracket in (2.1.1) in a convenient co-
ordinate version.

Definition 2.1.2. Given a vector field X : U ¢ R? - R9 of class €', we
represent its action on a smooth function f : U — R as X(f) = Vx /[ :=
(Vf;X) =YL, g—iXi. If X =e; for some i € {1,...,d}, then we also write
Vil = 5k

Given two €'-vector fields X,Y : U — R? their Lie bracket is [X,Y] :=
XY -YX and [X,Y](f) = VxVyf—-VyVx/f. In coordinates

(XY = (Y55 X) = (VX0 Y) = 3 X -

i=1

d
(ay" Y) with h=1,...,d.

'From this perspective, it is clear that this problem and the problem of the existence
of a potential F: U c RY - R for a given map f: U — R, with VF = f, are related and
we refer to them as integrability problems.
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The proof of the following theorem characterizing integrable vector fields
can be found in [38] or in any other book about the basics of smooth mani-
folds.

Theorem 2.1.3 (Frobenius Theorem). A k-dimensional simple vector field
E=TIA ... AT, with Tp,...,7 € € (R% AL(RY)), is completely integrable if
and only if
[Tms T ] () € span {7 (z),..., ()} (2.1.1)
for every x € R® and for every m,n=1,... k.
Let us remark that condition (2.1.1) does not depend on the choice of
Ti,..., Tk, but only on their product £ = 7 A... AT, This fact will be a clear
consequence of Corollary 2.1.5. We will say that a vector field & = 7 A. .. ATy

is involutive if (2.1.1) is satisfied and we will spend the remainder of this
section characterizing the involutivity condition in convenient ways.

Lemma 2.1.4. Consider a k-dimensional simple vector field & =1 A... AT,
with 1, ..., € €1 (R% AL(RY)), then?

diVEA Ty AT = =E A [T, Tn ] (2.1.2)
for every m,n=1,... k.

Proof. We need to find a connection between the Lie bracket [7,,,7,] and
divé A 7, A T,. Using the isomorphism D of Definition 1.2.9 and Proposition
1.2.24, we can write

Dysq (divEA T, A Ty) (divEAT, ATy) 2dap AL Aday
(T A T) 4 Dy (dive)
= (=D (rn A7) 2d(DRE).

Moreover, for any multi-index? i € Z(d,d — k - 1), we can write

(Tm AT —'d(]Dkf) 1€ N Aeid—k—l)

= (d(Dg),ei A...n€iy AT ATy)
d-k-1

>, ()" NV, (Dré); e, AT A Tn) (2.1.3)
h=1

(-1 UV, (Dé); € A )
+ (—1)d_k (Vq—n(IDkf), (STIVAN Tm).

2The divergence divé has been defined in Definition 1.2.22.
SRemember that by e;, we mean the (k—1)-vector e;, =e;, A... A€, A€, A... A€,
with i={iy,... i}

+
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Since (Dx&; €5, AT AT,) =0 for any h=1,...,d—k-1, then (2.1.3) becomes

d-k-1
hZ:: (_1)h71<]})k5;eih A (g% ATy = Tm A STTZL) )

th

iy OTm oty
Z:: ( 1)h 1 d$1 Add]d;eih/\(#ih/\Tn—Tm a;—lh)/\g)

Also (Dy&; €5 ATp) =0 = (Di&; €5 ATy), then we conclude through (2.1.4) and
(2.1.5) that

(
(Dr&; e A [T, Ta])
(
(

doy A Andxg e A [T, Th] AE)
]])k+1 ([Tm77—n] A 5) ;ei> )

for every multi-index i € Z(d,d — k — 1). The thesis follows, since D, is an
isomorphism. O

Corollary 2.1.5. Consider a k-dimensional simple vector field & = Ty A. . AT,
with 11, ..., 7, € €Y (R% A (RY)). Involutivity holds if and only if

divéE AT, AT, =0 for everym,n=1,...,d. (2.1.6)

Lemma 2.1.6. Given a non-involutive simple k-vectorfield & =1 N ... ATy,
with 11,...,7 € €Y (R Ap(RY)), there exist an open subset U ¢ R? and a
(k= 1)-form a such that, in U, we have

(da; &) # 0 (2.1.7)

and
(a;m) =0 (2.1.8)

whenever 1 is a simple (k - 1)-vectorfield representing at each point a linear
subspace of €.

Proof. Since £ is non-involutive, Lemma 2.1.4 provides us a pair of indices
(m,n) and an open subset U c R? where

~diVEA T ATy = EN [T, Tn] £ 0.
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For every point z € U, we get a basis for R? by completing the set of lin-
early independent vectors {71, ..., 7Tk, [Tm, 7]} with unit orthonormal vectors
Vi,... Va_(k+1)- For the sake of brevity, we denote by N the (d -k —1)-
vectorfield vy A ... Avg_(x1). We claim that

=Dy 1 (Tin AT AVLA LA Vg (k11))

satisfies (2.1.7) and (2.1.8) at the same time and we devote the remainder of
this proof to prove this claim.
Concerning (2.1.7), we can compute

(da; &) = (D) Ndzy Ao Adzg EAiv (T, ATy AN)) (2.1.9)
= (dzy A .. Adeg; diVEATL, AT, AN) £0; (2.1.10)
where (2.1.9) is a consequence of (1.2.3) and the equality in (2.1.10) is allowed

by Proposition 1.2.25, because £ AT, =§ AT, = 0.
Finally, if n is a (k — 1)-vectorfield with spann c span¢, then

() =(dzy A ... A"dag;n AT AT, AN) =0

because n A7, AT, = 0. O

2.2 Non-integrability for integral currents

Consider a non-involutive k-vectorfield £ in R?, as above. We may wonder
if the non-involutivity property is strong enough to prevent not only the
existence of a surface with tangent field &, but also the existence of an integral
current with such a tangent field. The answer is affirmative, as we state in
Theorem 2.2.6. We begin with the key theorem.

Theorem 2.2.1. Let £ be a continuous k-dimensional vector field on R® and
let R e Z,(R?) be a k-dimensional integral current with R = [3,£,0]. If
OR =[X"n,0"], then

spann(z) cspané(x) A t-ae. xeX. (2.2.1)

The proof of Theorem 2.2.1 is based on the blow up technique and can be
essentially split in two lemmata: Lemma 2.2.4 deals with the possibility of
doing the blow up at % 1-a.e. point of X’ (remember that OR = [X/,n,0']),
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while Lemma 2.2.5 draws some conclusions about the structure of the blow
up current. Lemma 2.2.4 is proved by means of a family of “projections”
on a k-dimensional space and Lemma 2.2.3 deals with the blow up of these
projected currents. We recall that we denote

Bea(y) =1 (y-2).

Moreover, we will repeatedly need Theorem 4.3.17 of [24]. We briefly recall
it here, adapting the notation to ours.

Theorem 2.2.2. Let S = [I',7,g] be a h-dimensional rectifiable current,
then " -a.e. y el we have that

. = aph
LI_I)IOlﬁyJ«ﬂS =y" T,
where
Y=gy
1s the orientation of S at y, multiplied by the multiplicity g of the current S
at y.

Lemma 2.2.3. Let P be a normal k-current in R, then, for 7% 1-almost
every 1o € RF we have that

M(PL B.(y0)) = O(r"). (2.2.2)

We will denote by G the set of points where (2.2.2) holds, i.e.,

G:= {yo : hHTlfglpM (ﬁyqu) < +oo} )
Proof. First of all, let us remark that Theorem 2.2.2 cannot be applied
straight to P, because we need a result for % l-a.e. y, J*-almost ev-
erywhere is not enough!

Since P is a k-dimensional normal current in R*, then its multiplicity p
is a BV -function and we have that?

r—0 . _
]{B ( )p(y) dy — p(yo) H* ' —ae. yoeRF, (2.2.3)
r Y0

4See Section 5.3 in [21] for the results concerning approximated limits and traces of
BV-functions.
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where p is the precise representative of p. Moreover, since |dp| is a finite
measure, we have that®

|dp| (B:(y0)) = O(+") (2.2.4)

for sh-a.e. yo.

Thus, let us fix a point yo such that both (2.2.3) and (2.2.4) (with h = k-1)
hold. We claim that yo is a point in G. In fact, thanks to the Poincaré
inequality, we get

MPLB ) < [ Ip(y)ldy
Br(yo)
< [ bw-(f p) el + o6t
Br(yo) Br(yo)
< cr/ dp| + O(*) = O(+)
Br(yo)
Finally notice that, by construction, 7%~ 1(R¥ \ G) = 0. O

Lemma 2.2.4. Let £ be a continuous k-dimensional vector field on R% and
let R € #.(R?) be a k-dimensional integral current with R = [X,&€,0] and
OR=1[%"n,0"]. Then for % -a.c. x €X' we have that

limsup M(3; ) < +00. (2.2.5)

r—0

Proof. We cover ¥ with a family of balls B,, (x;) = V; such that there exists
an orientation preserving linear map whose restriction m; : V; — RF has the
following properties:

(i) m; has maximal rank k on span&(z) for every x € Vj;
(ii) m; has rank k-1 on spann(x) for every x € X' n'V;;
(iii) the pushforward m;;(RL B, (;)) is an integral current.

The first property is easy to fulfill, since ¢ is continuous. Property (ii) can be
obtained by a Lusin-type argument on 7, possibly getting the thesis (2.2.5)
HF 1 ae. x e X' n K., where the compact set K, is arbitrarily large in X’

°In some sense, this is equivalent to apply Theorem 2.2.2 to OP, getting IM(OP L
B.(y0)) = O(Tk_l) for A% ace. yo.

63



(that is 7 1(X/' N K.) < e for any € > 0), and then passing to the limit. The
existence of a linear map with maximal rank on both {(x;) and n(z;) is a
trivial fact in Linear Algebra. The third property holds, provided we chose
the right p;: indeed, the slicing process (7;), (RL B,(z;)) gives an integral
current for almost every p (see Chapter 7.6 for this kind of results).

We will denote by P; the integral current (), (RLV;) = [m:(2nVi), m;, 01],
with boundary 0PF; = [I';,7;,p.]. Let us remark that, since m; is not changing
the orientation, then

Ol (y)= >, 0(z)>0. (2.2.6)
wem 1 (y)

Thanks to Lemma 2.2.3, we have that
M(P;L B,(y)) = O(")

for every yo € Gy, with 1T, \ G;) = 0.

Now we have to step back from R* to the original space R¢ with the
original current RL V; to prove that M(R L B,(x)) = O(rk) for % 1-a.e.
x €Y. Firstly, let us notice that

%k_l (71'1_1(1—‘1 N Gz) ﬂzl) =0.

Assume by contradiction that %! (771(I'; N G;) n¥') > 0. Since by con-
struction m; has rank k-1 on the approximate tangent space to X/ in J#%-1-
a.e. point of ¥’ nV;, then we can apply the Area Formula (see Section 3.3 in
21]) to m;, and we get that

0 <A (m (77 (Tin Gi) n X)) < AU (DN G)

contradicting the fact that 7%1(T'; \ G;) = 0.
Moreover, thanks to (2.2.6), there exists a number ¢; > 0 such that for
every xg € m; ' (yo) N X’ and for every r with ;7 < p;, we have that

M(RL Bs,,(70)) < M(Pi L B,(y0)) = O(r%) . O

Lemma 2.2.5. Consider a normal k-current in R?, written as R = £, where
& 1s an orientation and p 1s a finite measure, and assume that there exist a
point xg € ¥ and a sequence (1) with r, - 0 as n — oo, such that there
exists the limat

n>1’
RO = hm 5$07TnuR'
n— o0

Then Ry has constant orientation &(xo).
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Proof. We simply notice that, for every k-dimensional covector v orthogonal
to &£(xo) (that is, (v,&(xg)) = 0) and for every ¢ € 7, we get

RoLv(p)=Ro(pnrv)= 7}1_210 Buorny R Av) =0.

We are now ready to prove Theorem 2.2.1.

Proof of Theorem 2.2.1. Fix a point zo € ¥’ satisfying (2.2.5) in Lemma
2.2.4. Thus there exists a sequence (7,,) with 7, - 0 as n - oo, such
that

nx1’
lim 5I07rnﬂR = RQ € j]f(Rd) .

Recalling Lemma 2.2.5, we get a constant orientation £(xg) for Ry. We claim
that Ry L v =0 for every v € A1(R?) such that £(xo) L v =0, indeed

ORyLv(p) =0Ry(pAv)=—Ro(rAndp)=-RyLv(dp)=0. (2.2.7)

On the other hand the orientation of dRy is n(z) by means of Theorem
2.2.2, thus (2.2.7) means that spann(zy) c span&(xg). O

Theorem 2.2.6. Let £ = Ty A... ATy be a k-dimensional simple vector field on
R, with 7,...,7 € €Y (R?), and let T € . (RY) be a k-dimensional integral
current with R =[3,€,0], then

[T, T ](x) € span {7 (z),...,7(z)}

for every pairm,n=1,...,k and for every x in the closure of the set of points
of positive density of 3.

Proof. Choose a (k—1)-form « satisfying (2.1.7) and (2.1.8) of Lemma 2.1.6
for some open set U c R4, Therefore,

0+ (T'LU;da)=(0TLU;a),
because of 2.1.7. But then Theorem 2.2.1 and condition (2.1.8) imply
(0T U;a)=0

and this is a contradiction. ]
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Remark 2.2.7. The spirit of the question arised in this section and answered
by Theorem 2.2.6 is more or less this: consider a non-involutive k-dimensional
simple vector field £ = 7y A ... A T, for which weak notion of k-dimensional
surface (weaker than a submanifold, of course) the conclusions of the Frobe-
nius Theorem hold? We provided the answer for integral k-currents. When
the vector field in analysis is the horizontal distribution of the Heisenberg
group H¢, i.e.

+ xiaxzdu

Td+1:a /L.:l’...,d

Td+i

Ty = axl - xd+iaI2d+1
in R24*+1 there is a rich literature on the subject starting from [7]. Being
an important example of space endowed with a non-involutive vector field,
we try to sketch the state of the art in the case of the first Heisenberg
group H'. In [7] it is proved that, if ¥ is a 2-dimensional Lipschitz graph
in H', then ¥ satisfies a suitable non-horizontality® condition which brings
us back to Frobenius Theorem. Moreover, if ¥ is the image of a function
in W5H(Q,R3) (with Q c R2) with maximal rank Jacobian matrix, then we
have non-horizontality, too, and this is proved (in the more general case
of k-dimensional horizontal distributions in H? with d < k < 2d) in [40].
The picture is completed by a different result of horizontality in [7]: it is
proved that there exists a BV-function defined in the square (0,1)% c R?
whose graph is contained in the so-called Heisenberg square @), which is
an horizontal fractal introduced by Balogh and Tyson in [8]. Moreover, this
graph is 2-dimensional in a suitable sense.

2.3 Decomposition of normal currents

As we anticipated in Subsection 1.3.2, an interesting problem in the theory
of currents concerns the decomposition of a normal current by means of a
family of integral currents. This problem firstly appeared in [1], formulated
by F. Morgan. More precisely, given a normal current T € N (R?), we ask
whether there exists a family of integral currents (R)),.;, where L is a suit-
able measure space, such that

5By “non-horizontality” we mean a suitable property, too technical for the scope of
this remark, catching the fact that ¥ cannot have the horizontal distribution as a tangent
distribution.
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(i) T = [, RydA, ie., for every w e Z*(R?), we can write
T(w)= [ Raw)dx;
L

(ii) M(T) = [, M(Ry) dA;
(iii) M(OT) = [, M(DRy) dA.

Condition (ii) and (iii) recall (1.3.18) and (1.3.19), respectively, from Corol-
lary 1.3.3: they express the requirement of a decomposition where no mass is
wasted someway. In the analysis below, we will discuss also weaker versions
of the problem: we can drop condition (iii), and we can also change the type
of “decomposing” currents, saying we are satisfied with a family of rectifiable
currents, instead of the family of integral ones. We agree that, when we do
not specify the type of currents to which the decomposing family belongs, we
will always be looking for a decomposition into integral currents; otherwise,
we will always specify the type of the decomposing currents.

When the dimension of the normal current is 1, it is known that there
exists a decomposition satisfying (i) and (ii): see Proposition 1.3.4 and [52] or
[45] for the proof (while a decomposition satisfying (i), (ii) and (iii) may not
always exist). When the codimension of the normal current is 1, there exists
a decomposition in rectifiable currents satisfying (i) and (ii) (as pointed out
by G. Alberti), too. In the special case of codimension 1 with an integer
rectifiable boundary, there exists a decomposition satisfying (i), (ii) and (iii),
thanks to an observation by M. Zworski in [57], and we will see the core of
this argument at the end of this section.

The existence of a decomposition for normal currents with rectifiable
boundary in codimension 1 is an isolated result. Indeed, in general the search
for a decomposition by means of integral currents is actually too strong: we
claim that any normal current of the form £.£¢ cannot be decomposed into
integral currents satisfying (i) and (ii), provided ¢ is non-involutive. This
claim follows from Lemma 2.3.1 and Theorem 2.2.6.

In [57], M. Zworski exhibited this very same counterexample, claiming
that, in general, a normal current has no decomposition satisfying (i) and
(i), even if we allow the decomposing currents to be rectifiable only. However
the proof in [57] does not work, as pointed out by Alberti (see Section 4.5 of
[43]). There is a gap in the argument, possibly due to a misunderstanding
when referring to the Federer Flatness Theorem 4.1.15 in [24]. We propose
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the same counterexample for the problem of decomposing a normal current
with a family of integral currents satisfying (i) and (ii) (at page 66) and the
results we got in Section 2.2 fill the aforementioned gap. Lemma 2.3.2 is a
piece of Zworski’s argument, but it can also be read and proved as a classical
result on the decomposition of vector-valued measures, as we do in Lemma
2.3.1.

Lemma 2.3.1. Consider a vector-valued measure j = &|u|, where
£ e € (RY; A (RY))
1s a smooth k-vector field and assume that

(i) p= [, prdX, where (L, \) is a measure space;

(i) Jul = f, lualdn,
Then, for \-a.e. uy, we have that

px = &Elpal -

Proof. For every A € L we can write

px = (& +vn) |l

where f) is a real-valued function and v, is an orthogonal (with respect to
€) k-vector field. Consider the family of measures

fir = faélpun|  for every Ae L,

u=fﬂAdA.
L

Indeed, given any smooth and compactly supported test covector field w €
€= (R4 TF(R?)), we can split it as w = wE* + w,, where &* € T (R?) is the
dual element of ¢ in the biorthogonal system of Ty(R?) and T*(R?), that
is, (£*,€) = |€]?, (£*,v) = 0 whenever v € Tj,(R?) is orthogonal to ¢ and
(w,; &) =0, then we can compute

{u,w) = f(w§*+wy;§>dlu|=(u;w5*)
O [umsagyan= [ [ g g+ ) sl ax
_/;[<w§*+wy;f/\f)d|u,\|d/\=/L(ﬂA;w>d)\_

we claim that

—
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Therefore, we can estimate

- (i)
lal< [ Nistar< [ lulax @ jul,

meaning that ||f\]| = | x| for almost every A. We can conclude that vy(z) =0
for py-a.e. x and a.e. A O]

For the sake of completeness, we also state the analog of Lemma 2.3.1 in
the version given in [57].

Lemma 2.3.2. Consider the normal current T := £ € N (R?) given by
the smooth vector field £ € €= (R%; A,(RY)) and assume that

(i) T = [, RydX, where (L,\) is a measure space and {R}xer, ¢ Zr(R?);
(i) M(T) = f, M(Ry) d.
Then, for \-a.e. Ry, we have that

R)x = [ZA’ga 9)\]] )
for some rectifiable set Xy c R® and some 0y € L*(R?).

Theorem 2.3.3. Consider the normal current T := ££? € Ni(R?) given by
the smooth non-involutive vector field £ € €°°(R?; A, (R?)). Then there exist

no measure space L and no family of integral currents (Ry),., such that (i)
and (ii) at page 66 hold.

The proof of this theorem is a consequence of Lemma 2.3.1 and Theorem
2.2.6.

As we said before, we conclude this section with an explanation of the
existence of the decomposition for a (d-1)-dimensional normal current with
integer rectifiable boundary (see also [57]). Indeed, if N is a closed normal
(d—1)-current, then N is the boundary of a normal d-current associated with
a suitable function” f € BV (R?), that is N =0 (f(x) e; A...Aeq). Applying
the Coarea Formula®, we get

N:/a(el/\.../\edL{fZS}) ds,

"This result is related to the comparison between currents and distributions in Remark
1.2.33: the function f has bounded variation because N has finite mass, implying that
div f is a distribution of order 0.

8For the Coarea Formula see [21], or [28] for the original paper.
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with L = L1(R). Moreover

IM(N)=/]M(8(el/\.../\ed|_{f23}))ds.

More generally, if ON € Z4 2(R?), then we can reduce to the previous case
thanks to this result due to R. Hardt and J. Pitts (see [30]).

Theorem 2.3.4 (Hardt-Pitts decomposition). Consider a compactly sup-
ported normal current N € Ng_1(R®) with rectifiable boundary ON € Zq_o(R?).
Then there exists an integral current R € I, 1(R?) with the same boundary
OR =0N and

M(N -R)=M(N) + M(R).

Moreover, for |R|-a.e. x € R, we have that the orientation of R—N at x coin-
cides with the orientation of R at x. Finally, if N—-R=0(f(x) e1A...Aeyq),
then

DYN - R|[(z) = DY R|(2) = f(x) - f(2) € Z

for |R||-a.e. x € RY, where f and f are the approzimate lower and upper
limits of f, respectively.

As we announced at the end of Subsection 1.2.4, Theorem 2.3.4 provides
an alternative solution to the Plateau’s problem for integral currents in codi-
mension 1, without invoking the Closure Theorem 1.2.59.
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Part 11

Currents with coefficients in a
group
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Chapter 3

Currents with coefficients in a
group
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Currents with coefficients in a group were introduced by W. Fleming.
There is a vast literature on the subject: let us mention only the seminal
paper [27], the work of B. White [54, 55|, and the more recent papers by T.
De Pauw and R. Hardt [19] and by L. Ambrosio and M. G. Katz [4].

In the aforementioned works, the set of flat G-chains is obtained by com-
pletion: they define polyhedral G-chains as the additive group generated by
oriented simplexes with multiplicities in G (compare with Definition 1.2.47).
The group G is required to be a normed abelian group such that its norm
makes it a complete metric space. The group of flat G-chains is the smallest
group containing the polyhedral G-chains and closed under the flat norm (see
Definition 1.2.53). The most important theorems about currents still hold in
the context of G-chains: in [54] we can find the analog of Deformation Theo-
rem 1.2.49. In [55] a closure theorem for flat G-chains is proved, provided G
satisfies the following property: any non-constant continuous path in G has
infinite length. Let us remark that discrete groups fulfill this property.

We will need a different approach to G-chains, or currents with coefficients
in G. Since we are interested in the calibration technique, we need an integral
representation for currents with coefficients in a group. In Section 3.1 we
provide definitions for currents over a coefficient group, with some basic
examples. We also restate the main theorems in this new framework and we
conclude the section by investigating the existence of calibrations for mass-
minimizing currents with coefficients in G.

In Section 3.2 we analyze the Steiner tree problem by means of currents
with coefficients in a suitably chosen group G. Section 3.1 and Section 3.2
are both drawn from [41].

In Section 3.3, following [13], we discuss an application of currents with
group coefficients to models of crystals dislocations.

3.1 Definitions and main theoretical results

This first part of the section may seem a pretty tedious repetition of Section
1.2, but we actually need it in order to fix the notation and clarify some
choices.

Fix an open set U c R? and a normed vector space (F, || - | ) with finite
dimension m > 1. We will denote by (E*, |- |g+) its dual space endowed with

73



the dual norm

I£1

pei= sup (fi0) |

vl m<1

Definition 3.1.1. We say that a map
wiA,(RY) x E-R
is an E*-valued k-covector in R? if
(i) V7 e Ap(R?), w(r, )€ E*, that is w(7,-) : E > R is a linear function.
(ii) Vve B, w(-v):AL(R?) - R is a (classical) k-covector.

Sometimes we will use (w;7,v) instead of w(7,v), in order to simplify the
notation. The space of E*-valued k-covectors in R? is denoted by A% (R?)
and it is endowed with the comass norm

|w] :=sup {|w(T,)| g« * |7] < 1,7 simple} . (3.1.1)
Remark 3.1.2. Fix an orthonormal system of coordinates in R?, (ey, ..., eq),
as usual, with its corresponding dual base in (R%)* given by (dw1,...,dz,).

Consider a complete biorthonormal system for F| i.e., a pair

(V1. ,Um) € E™; (wr,...,wy) c (EX)™

such that |v|gp = 1, |w;]
covector w, we denote

g+ = 1 and (w;;v;) = ;5. Given an E*-valued k-

w! = w(-,vj).

For each j € {1,...,m}, w’ is a k-covector in the usual sense. Hence the
biorthonormal system (vy,...,v,), (w,...,w,,) allows to write w in “com-
ponents”

w=(wh ..., ™),

in fact we have .
w(r,v) = ) {w’; TN wjiv) .
j=1
In particular w’/ admits the usual representation

J

J—
W = Z @ i

1<ig<...<ip<d

dz;, Ao Ada, j=1,...,m.
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Definition 3.1.3. An E*-valued differential k-form in U c R?, or just a
k-form when it is clear which group we are referring to, is a map

w:U - Ap(R?);

we say that w is @*-regular if every component w’ is so (see Remark 3.1.2).
We denote by €= (U, A% (R?)) the vector space of € -regular E*-valued k-
forms with compact support in U.

We are mainly interested in E*-valued 1-forms, nevertheless we analyze
k-forms in wider generality, in order to ease other definitions, such as the
differential of an E*-valued form and the boundary of an E-current.

Definition 3.1.4. We define the differential dw of a € *-regular E*-valued
k-form w by components:

dwj:d(wj):U_)Ak+l(Rd)7 j:17"'7m7

Moreover, €°(U, AL (R?)) has a norm, denoted by |-, given by the supre-
mum of the comass norm of the form defined in (3.1.1). Hence we mean

Jw] = sup [w(z)] - (3.1.2)
xzeU
Definition 3.1.5. A k-dimensional current 7" in U c R?, with coefficients in
E, or just an E-current when there is no doubt on the dimension, is a linear
and continuous function

T (U A (RY) — R,

where the continuity is meant with respect to the locally convex topology on
the space €= (U, A% (R?)), built in analogy with the topology on € (R"),
with respect to which distributions are dual. This defines the weak* topology
on the space of k-dimensional FE-currents. Convergence in this topology
is equivalent to the convergence of all the “components” in the space of
classical! k-currents, by which we mean the following. We define for every
k-dimensional E-current T its components 77, for j =1,...m, and we write

T=(T,...,T™),

'In the sequel we will use “classical” to refer to the usual currents, with coefficients in
R or possibly in Z.
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denoting

(T7;0) = (T3 3;)
for every (classical) compactly supported differential k-form ¢ on R¢. Here
@; denotes the E*-valued differential k-form on R? such that

& v5) = @, (3.1.3)
@-(-,Ui) =0 for 1+ . (314)

It turns out that a sequence of k-dimensional E-currents Tj weakly* con-
verges to an E-current T’ (in this case we write 7, = T') if and only if the
sequence of the components T,Z converge to 7Y in the space of classical k-
currents, for 5 =1,...,m.

Definition 3.1.6. For a k-current 1" over E we define the boundary operator
(0T59) = (T dp) Yo=(p'...,¢") e €7 (U AN (R))

and the mass
M(T) := sup (T;w).

Jwl<1
As one can expect, the boundary 9(77) of every component 77 is the
relative component (07)7of the boundary 90T

Definition 3.1.7. A k-dimensional normal E-current in U c R is an E-
current 7" with IM(7") < +00 and M(97") < +o00. Thanks to the Riesz Theorem,
T admits the following representation:

(Tiw) = [ (w(@)ir(@) o(@) dur(e) . Yo e €U ARRY) .

where p7 is a Radon measure on U and v : U — F is summable with respect

to pr and || = 1, pr-a.e. A similar representation holds for the boundary
oT.

Definition 3.1.8. A rectifiable k-current 7" in U c R?, over E, or a rectifiable
E-current is an F-current admitting the following representation:

(Ti) = [ (w(@);im(2), 0(2)) A (@), Ve 6= (R AL(D))

where ¥ is an JZ%-rectifiable set contained in U, 7(x) € T,,X with |r(z)| =1
for A F-ae. x € X and 0 € LY (U; E). We will refer to such a current as
T =[%,7,0]. If Bis a Borel set and [X,7,0] is a rectifiable E-current, we
denote by T'L B the current [¥ n B, 7,0].
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Consider now a discrete subgroup G < F, endowed with the restriction of
the norm || - | g. If the multiplicity 6 takes only values in G, and if the same
representation holds for 0T, we call T" a rectifiable G-current. Pay attention
to the fact that, in the framework of currents over the coefficient group F,
rectifiable E-currents play the role of (classical) rectifiable current, while
rectifiable G-currents correspond to (classical) integral currents. Actually
this correspondence is an equality, when F is the group R (with the euclidean
norm) and G is Z.

Example 3.1.9. Let £ = R¢ and let G be the additive subgroup generated by

m elements g1, ..., g,. Given m+1 points pi, ..., Pm, Pms1 € R2, consider the
cone C' over (py,...,pm) With respect to py,1: if ¥, is the oriented segment
from p, to pms1, 7=1,...,m, then
m
c=U%, .
r=1

We can define a rectifiable G-current supported on C' as

(i) == 3 [ ((@)in ()04 @),

where 7, is the unit tangent vector to X, pointing towards p,,.1. It is
easy to see that, denoting ¢,.1 = —(g1 + ... + gm) We can represent the 0-
dimensional rectifiable G-current 9T with the points py, ..., pme1 with multi-
plicities g1, ..., gm+1, respectively. From now on we will denote such a current

as g10p, + ...+ Gm+10p,, ., -

Proposition 3.1.10. Let T = [3,7,0] be a rectifiable E-current, then

M(T) = [ [6(2)|od#" (@) .

Since the mass is lower semicontinuous, we can apply the direct method
of the Calculus of Variations for the existence of minimizers with given boun-
dary, once we provide the following compactness result. Here we assume for
simplicity that G is the subgroup of E generated by vy,...,v,,. A similar
argument works for every discrete subgroup G.

Theorem 3.1.11. Let (1}),., be a sequence of rectifiable G'-currents such
that there exists a positive finite constant C' satisfying

M(T3) + M(913,) <C forevery h>1 .
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Then there exists a subsequence (T,),,, and a rectifiable G-current T such
that

Ty, =~ T.
Proof. The statement of the theorem can be proved component by compo-
nent. In fact, let 7}, ..., 7;™ be the components of Tj,. Since (v1,...,v,,) and
(w1, ..., wy) is a biorthonormal system, we have

M(T)) + M(9T}) < M(T3,) + M(OT3,) < C',

hence, after a diagonal procedure, we can find a subsequence (7},),,, such
that (T,{)Z> . weakly* converges to some integral current 77, for every j =
1,...,m. Denoting by T the rectifiable G-current, whose components are
T, ..., 7™, we have

Ty, > T.
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3.1.1 Generalized calibrations

As we recalled in the introduction to this chapter, our interest in calibrations
is the reason why we have chosen to provide an integral representation for
E-currents, in fact the existence of a calibration guarantees the minimality of
the associated current, as we will see in Proposition 3.1.13. As it happened
for the definitions on currents, the model for this theory is the well-known
standard case (E' =R and G =Z), which can be found in Section 1.4.

Definition 3.1.12. A smooth calibration associated with a k-dimensional
rectifiable G-current [X,7,0] is a smooth compactly supported E*-valued
differential k-form w, with the following properties:

(1) (w(x);7(x),0(x)) =]0(x)|g for H*-ae. zeX;
(ii) dw=0;

(iii) |w| <1, ie., [{w;T)|

g+ < 1, for every simple k-vector 7 with |7] = 1.

Proposition 3.1.13. A rectifiable G-current T which admits a smooth cal-

tbration w is a minimizer for the mass among the normal E-currents with
boundary OT.

Proof. Fix a competitor 7" which is a normal E-current associated with the
vectorfield 7/, the multiplicity #” and the measure puz+, with 97" = 9T. Since
(T -T") =0, then T -T" is a boundary of some current S in R¢ and then

MT) = [ plodrt (3.1.5)
O [ w)ir(@), 02) ™ = (Tiw) (3.1.6)
@ (T';w):Ad(w(x);T’(x),H'(I)>dqu (3.1.7)
<[ W leduT = m(r) (3.18)

where each equality (respectively inequality) holds because of the correspond-
ing property of w, as established in Definition 3.1.12. In particular, equality
in (ii) follows from

(T-T"w)=(0S;w) =(S;dw) =0.
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Remark 3.1.14. If T is a rectifiable G-current calibrated by w, then every
mass minimizer with boundary 07T is calibrated by the same form w. In fact,
choose a mass minimizer 7" = [¥/,7/,0'] with boundary 97" = 9T obviously
we have IM(7") = M(7"), then equality holds in (3.1.8), which means

(w();7'(2),0(2)) = |0/ (2)|g for A% —ae xe¥ .

In Definition 3.1.12 we intentionally kept vague the regularity of the form
w. Indeed w has to be a compactly supported? smooth form, a priori, in
order to fit Definition 3.1.5. Nevertheless, in some situations it will be useful
to consider calibrations with lower regularity, for instance piecewise constant
forms. As long as (3.1.6)-(3.1.8) remain valid, it is meaningful to do so; for
this reason we introduce the following very general definition.

Definition 3.1.15. A generalized calibration associated with a k-dimensional
normal F-current 7" is a linear and bounded functional ¢ on the space of nor-
mal F-currents satisfying the following conditions:

(i) ¢(T) = M(T);
(ii) ¢(OR) =0 for any (k + 1)-dimensional normal E-current R;

(iif) o] <1.

Remark 3.1.16. The thesis in Proposition 3.1.13 is still true, since for every
competitor 7" with 0T = 0T, there holds

M(T) = ¢(T) = o(T") + 9(IR) < M(T") ,

where R is chosen such that T'—- 77 = 9R. Such R exists because T and 71"
are in the same homology class.

As we will show by some examples (see 3.2.6 and 3.2.7), an easy way to
“build” a calibration is to search it among piecewise constant forms. So we
have to establish a compatibility condition which brings piecewise constant
forms back to Definition 3.1.15. Since this definition has a practical aim, we
allow ourselves to treat the case of 1-currents in R? only.

2Since we will always deal with currents that are compactly supported, we can easily
drop the assumption that w has compact support.
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Definition 3.1.17. Fix a 1-dimensional rectifiable G-current 7" in R?, T" =
[2,7,0]. Assume we have a collection {C,},»; which is a locally finite, Lip-
schitz partition of R?, i.e., U,»; C, = R?, the boundary of every set C, is a
Lipschitz curve and C, n Cy = @ whenever r # s. Assume moreover that 0C,
is a connected set for every r and that C). contains the connected non-empty
interior of its closure. Let us consider a compactly supported piecewise con-
stant F*-valued 1-form w with

w=w, ondC,

where w, € AL (R?) for every r. In particular w # 0 only on finitely many
elements of the partition. Then we say that w represents a compatible cali-
bration for T if the following conditions hold:

(i) for almost every z € X, (w(z);7(x),0(x)) = |0(x)|c;
(ii) for .#1-almost every point x € 9C, N dC; we have
{wr —ws;T(2),) =0,
where 7 is tangent to 0C);
(ili) [w,| <1 for every r.

We will refer to condition (ii) with the expression of compatibility condition
for a piecewise constant form.

Proposition 3.1.18. Let w be a compatible calibration for the rectifiable G-
current T'. Then T minimizes the mass among the normal E-currents with
boundary OT .

Proof. Firstly we see that a suitable counterpart of Stokes’s Theorem 1.2.28
holds. Namely, given a component w? of w and a classical integral 1-current
T =[%,7,1] in R2, without boundary, then the quantity

(Wi T) = [ (@ (@)i7(2))d A ()

is well defined, and we claim that it is equal to zero. The fact that it is well
defined is a direct consequence of the compatibility condition (ii) in Definition
3.1.17. To prove that it is equal to zero, note that it is possible to find at
most countably many unit multiplicity integral 1-currents T; = [3;, 74, 1] in
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R2, without boundary, each one supported in a single set C,, such that
>, T; =T. Since
[ (@) -0
)]

for every i, then the claim follows from (ii). As a consequence we have that
there exists a family of Lipschitz functions ¢; : R? - R such that for every
(classical) integral 1-current S with M(9S) <2 (in particular 05 =d,, -9
and zg = yg if and only if S =0) there holds:

Ys»

(w’;8) = ¢;(xs) - d;(ys), forevery j.

In fact it is sufficient to choose ¢,(0) =0 and

0y(a) =l [ty ) .

Moreover it is easy to see that every ¢; is constant outside of the support of
w’, so we can assume, possibly subtracting a constant, that ¢; is compactly
supported.

Now, take a 2-dimensional normal E-current 7. Let {T7}; be the com-
ponents of 7. For every j, use the decomposition given by Proposition 1.3.4,
in order to write 57 := 977 = fOMj S7 dt. Then we have

Mo M;
(won) =% [Twishat=3 [ 6iwg) - 65(us) b
j J
Since for every j we have
. M;
— W - —
0= 9T = [0 by = 0y,
then, for every j, we must have

M;
fo 9(rg) = 9(yg) dt =0,

for every compactly supported Lipschitz function ¢, in particular for every
¢;. Hence we have (w;07T) = 0. ]

We postpone the examples of calibrations to Section 3.2.
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3.1.2 The equivalence between minima and the exi-
stence of a calibration

Once we established that the existence of a calibration is a sufficient condition
for a rectifiable G-current to be a mass-minimizer, we may wonder if the
converse is also true: does a calibration (of some sort) exist for every mass-
minimizing rectifiable G-current?

Let us step backward: does it occur for classical integral currents? The
answer is quite articulate, but we can briefly summarize the state of the art
we will rely upon. See also [12] for an overview of this problem of duality
between minima and calibrations.

Remark 3.1.19. An actual calibration cannot exist for every minimizer.
In fact there are currents which minimize the mass among integral currents
with a fixed boundary, but not among normal currents (in some cases the
two problems have different minima). This means that such integral cur-
rents cannot be calibrated, in fact the existence of a calibration proves the
minimality among normal currents.

Remark 3.1.20. For every mass-minimizing classical normal k-current 7',
there exists a generalized calibration ¢ in the sense of Definition 3.1.15. More-
over, by means of the Riesz Representation Theorem, ¢ can be represented
by a measurable map from U to A¥(R¢). This result is contained in [25].

In particular, Remark 3.1.20 provides a positive answer to the question
of the existence of a generalized calibration for mass-minimizing integral
currents of dimension k = 1, because minima among both normal and integral
currents coincide, as we proved in Theorem 1.3.5. It is possible to apply the
same technique in the class of normal FE-currents, therefore we have the
following proposition.

Proposition 3.1.21. For every mass minimizing normal E-current T, there
exists a generalized calibration.

In order to guarantee the existence of a generalized calibration also for
1-dimensional mass-minimizing rectifiable G-currents, we need an analog of
Proposition 1.3.5 in the framework of G-currents. Namely, we need to prove
that the minimum of the mass among 1-dimensional normal F currents with
the same boundary coincides with the minimum calculated among rectifiable

83



G-currents. Here the boundary is of course a O-dimensional rectifiable G-
current. This is a well-known issue for classical k-dimensional currents: for
k > 2 it is not even known whether the two minima are commensurable,
i.e., whether or not there exists a constant C such that, for every fixed
(k — 1)-dimensional integral boundary B, the minimum of the mass among
integral k-currents with boundary B is less then C' times the minimum among
normal k-currents with the same boundary. From the argument used in the
proof of Proposition 1.3.5 we realize that the equality of the two minima in
the framework of 1-dimensional E-currents is equivalent to the homogeneity
property in Remark 3.1.22. This property, which is trivially verified for
classical integral currents, seems to be an interesting issue in the class of
rectifiable G-currents. In Example 3.1.23 we exhibit a subset M c R? such
that, if our currents are forced to be supported on M, then the homogeneity
property does not hold. In other words, we can say that equality of the
two minima does not hold in the framework of 1-dimensional E-currents on
the metric space M. We can see the same phenomenon if we substitute the
metric space M with the metric space R? endowed with a density, which is
unitary on the points of M and very high outside.

Thus, we want to know whether the analog of Theorem 1.3.5 holds also in
the framework of 1-dimensional E-currents. Fix a 0-dimensional rectifiable
G-current R in U ¢ R%. Do the minima for the mass among 1-dimensional
normal E-currents and rectifiable G-currents with boundary R coincide?

Remark 3.1.22. The answer to the previous question is positive if and only
if the following is true: given R = YI", ¢;0,, with ||g;[|¢ = 1 and T" a rectifiable
G-current which is mass-minimizer with 9T = R, then for every k € N we
have that

min {IM(S) : S rectifiable G — current, S = kR} = kIM(T) . (3.1.9)

Notice that, using the notation introduced in Theorem 1.3.5, (3.1.9) can be
meaningfully written as

M (kR) = kM1 (R) . (3.1.10)

The condition 3.1.10 is clearly necessary to have the equality of the two
minima. It is also sufficient, in fact one can approximate a normal E-current
with polyhedral currents with coefficients in QG.
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Figure 3.1: Metric space in the Example 3.1.23

Example 3.1.23. Consider the metric space® M c R? given? in Figure 3.1.
Consider a group G ¢ R? which has three elements g1, g2, g3 € G such that
lgilz = |g2lle = 93| 2 = 1 and g1 + g2+ g3 = 0. Such a group exists and we will
analyze with all the details in Section 3.2. Let R := g10,, + 920, + g30,,. We
will show that (3.1.10) does not hold even when k = 2. In fact it is trivial to
prove that

AMi(R) =12 .

Nevertheless, concerning .Z;(2R), it is shown in Figure 3.2 that
M1(2R) <23<24=2.47(R) .

Remark 3.1.24. One can expect a behavior like that in Example 3.1.23 in
the metric space R? endowed with a density which is very high outside of the
subset M c R2. To be precise, let us consider a bounded continuous function

3For currents in metric spaces, see [5].
4The length of each segment is explicitly declared in Figure 3.1, note that the set is
symmetric with respect to the vertical axis.
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b3

J4! —0 —92 P2

Figure 3.2: Counterexample to (3.1.10)

W:R? > R, with W =1on M and W >> 1 out of a small neighborhood of
M. For any couple (g, 1) € R?, the distance on (R?, W) is given by

d(zo, 1) = inf{fol Y @OW (y(t)) dt: 4(0) = 2o and (1) = xl} :

3.2 The Steiner tree problem revisited

The classical Steiner tree problem consists in finding the shortest connected
set containing n given distinct points py, ..., p, in R%. Some very well-known
examples are shown in Figure 3.3.

The problem is completely solved in R? and there exists a wide literature
on the subject, mainly devoted to improving the efficiency of algorythms for
the construction of solutions: see, for instance, [29] and [16] for a survey of
the problem. The recent papers [46] and [47] witness the current studies on
the problem and its generalizations.

Our aim is to rephrase the Steiner tree problem with an equivalent mass
minimization problem by replacing connected sets with 1-currents with coef-
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Figure 3.3: Solutions for the vertices of an equilateral triangle and a square.

ficients in a more suitable group than Z, in such a way that solutions of one
problem correspond to solutions of the other, and vice-versa. The use of cur-
rents allows to exploit techniques and tools from the Calculus of Variations
and the Geometric Measure Theory, such as calibrations.

Let us briefly point out a few facts suggesting that classical integral poly-
hedral chains might not be the correct environment for our problem. First,
one should make the given points pi,...,p, in the Steiner problem corre-
spond to some integral polyhedral O-chain supported on py, ..., p,, with suit-
able multiplicities mq,...,m,. One has to impose that m; +...+m, =0
in order for this 0-chain to be the boundary of a compactly supported 1-
chain. In the example of the equilateral triangle, see Figure 3.3, the condition
ms = —(my + my) forces to break symmetry, leading to the minimizer in Fig-
ure 3.4. The desired solution is instead depicted in Figure 3.3. In the second
example from Figure 3.3, we get the “wrong” non-connected minimizer even
though all boundary multiplicities have modulus 1; see Figure 3.4.

These examples show that Z is not the right group of coefficients. In this
section we recast Steiner problem in terms of a mass minimization problem
over currents with coefficients in a discrete group G, chosen only on the basis
of the number of boundary points. As we already said, this construction
provides a way to pass from a mass minimizer to a Steiner solution and
viceversa.

This new formulation will permit to initiate a study of calibrations as a
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Figure 3.4: Solutions for the mass minimization problems among polyhedral
chains with integer coefficients

sufficient condition for minimality; this is the subject of Subsection 3.2.2. In
examples 3.2.6 and 3.2.7, we will exhibit calibrations for the problem on the
right of Figure 3.3 and for the Steiner tree problem on the vertices of a regular
hexagon plus the center. It is worthwhile to note that our theory works for the
Steiner tree problem in R? and for currents supported in R?; we made explicit
computations only on 2-dimensional configurations for simplicity reasons.

3.2.1 The equivalence between the Steiner problem
and a mass-minimization problem

We now establish the equivalence between the Steiner tree problem and a
mass minimization problem in a family of G-currents. We first need to choose
the right group of coefficients G. Once we fix the n points in the Steiner
problem, we look for a subgroup (G, |-| &), of a normed vector space (E, ||| ),
(where |- | is the restriction to G of the norm |- | g) satisfying the following
properties:

(P1) there exist gy,...,9,-1 € G and hy, ..., h, 1 € E* such that (g1,...,9n-1)
with (hq,...,hn-1) is a complete biorthonormal system for £ and G is
additively generated by g1,...,9n_1;

(P2) |gi, +..-+gi,|c=1 whenever 1<i; <...<ipy<n-1and k<n-1;
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(P3) |lglg =1 for every g € G~ {0}.

For the moment we will assume the existence of G and E. The proof of their
existence and an explicit representation, useful for the computations, will be
given later in this section.

The next lemma has a fundamental role: through it, we can give a nice
structure of 1-dimensional rectifiable G-current to every suitable competitor
for the Steiner tree problem. From now on we will denote g, :== —(g1 + ... +

gnfl)-

Lemma 3.2.1. Let B be a connected 1-rectifiable set with finite length in R?,
containing p1,...,pn. Then there exists a connected set B’ ¢ B containing
D1y -+, Pn and a 1-dimensional rectifiable G-current Tg = [B', 1,0], such that

(i) |0(x)|g=1 for a.e. xe B,

(i1) 0T is the 0-dimensional G-current g10,, + ...+ gn0p,

Proof.  Since B is a connected set of finite length, then B is connected by
paths of finite length (see Lemma 3.12 of [22]). Consider a simple path B,
contained in B going from p; to p,. In analogy with Example 3.1.9, associate
it with a current T} with constant multiplicity —¢g; and orientation going from
p1 to p,. Repeat this procedure keeping the ending point p,, and replacing at
each step p; with po,...,p,_1. To be precise, in this procedure, as soon as a
new path B; intersects an other path B; (i > j), then the remaining part of B,
must coincide with the remaining part of B;. The set B’ = Bju...uB,,.1c B

is a connected set containing pi,...,p, and the 1-dimensional rectifiable G-
current T =T +...+T,,_; satisfies the requirements of the lemma, in particular
condition (i) comes from (P2). O

Via the next lemma, we can say that mass minimizers for our problem
have connected supports. In its proof we will need Corollary 1.3.3 on the
structure of integral 1-currents. As we said in Section 1.3, it allows us to
consider an integral 1-current as a countable sum of oriented simple Lipschitz
curves with integer multiplicities.

Lemma 3.2.2. Let T be a 1-dimensional rectifiable G-current, such that 0T
is the 0-current gi10p, + ...+ gn0p,. Then there exists a rectifiable G-current
T =[3,7,0] such that

(i) oT =0T = G10p, + « oo+ GnOp, ;
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(ii) M(T) < M(T) and the equality holds only if T =T}

(iii) the support of T is a connected 1-rectifiable set containing {py, ..., pn}
and it is contained in the support of T';

(iv) 7 (supp(T)\ ) = 0.

Proof. Let T7 =[%7,77,07] be the components of T', for j =1,...,n—1 (with
respect to the biorthonormal system (g1,...,0n-1), (h1,...,hn-1)).
For every j, we can use Corollary 1.3.3 and write

Ko .
Ti=>T]+>CY.
k=1 >1
Notice that, for every j =1,...,n -1, if Qi denotes the multiplicity of T,g,
then, by (1.3.18), we have

K, _ '
S |07] < 167] " -a.e. onsupp(T7). (3.2.1)
k=1

We choose T the rectifiable G-current whose components are

. K
Tj:=ZT,g.

k=1

Again, because of (1.3.18), we have supp(7’) c supp(T') (the cyclic part of
T7 never cancels the acyclic one).

Property (i) is easy to check. Property (ii) is a consequence of (3.2.1) and
of the following property of the norm |-|g: if 6 = ¥/~ #7g; and 0 = Iy fig,
(with 0 < 69 < 69 when 69 > 0 and 0 > 69 > 67 otherwise), then [0]a < |0]q
(this property follows from the fact that (gi1,...,9n-1), (h1,...,hy-1) is a
complete biorthonormal system for E).

Property (iv) is also easy to check, because the corresponding property
holds for every T,f and therefore for every component T7.

It remains to prove property (iii). By construction T is a finite sum
of oriented curves with multiplicities; since we are considering curves with
ending points (closed sets), supp(T') has a finite number of (closed) connected
components far apart: consider S a connected component of supp(f ) and the
related restriction T'L_S. Notice that S has positive distance from any other
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connected component of supp(j;). We want to prove that either S contains all
the p;’s or none of them. Assume by contradiction that S contains a proper
subset of {p1,...,pn}, let us relabel the points such that S > {p1,...,px},
with 1 <7 <n, and p; ¢ S if j >7. Thus A(T1_S) is the 0-current associated
with pq, ..., psz with multiplicities g1, ..., gs. Then we can choose an element
w € E* such that w(g;) =1 for j =1,...,7 and take ¢ € €= (R4 AL(RY)) a
smooth E*-valued 1-form such that

Y= w on S
p= 0 on supp(f) NS

Then 0 = TL S(dp) = d(TL S)(¢) = 7, which is clearly a contradiction.
Therefore there is no boundary for the restriction of T to every connected
component of its support, but one. Possibly replacing T by its restriction to
this non-trivial connected component, we get the thesis. O

Theorem 3.2.3. Assume that Ty = [3o, 70,60] is a mass-minimizer among
rectifiable 1-dimensional G-currents with boundary

B = g10p, +...+ gnop, -

Then Sy := supp(Ty) is a solution of the Steiner tree problem. Conversely,
gwen a set C' which s a solution of the Steiner problem for the points
D1,--.,Dn, there exists a canonical 1-dimensional G-current, supported on
C, minimizing the mass among the currents with boundary B.

Proof. The existence of T is a direct consequence of Theorem 3.1.11. More-
over, since Tj is a mass minimizer, then it must coincide with the current T
given by Lemma 3.2.2. In particular, Lemma 3.2.2 guarantees that Sy is a
connected set.

Let S be a competitor for the Steiner tree problem and let S’ and T
be the connected set and the rectifiable 1-current given by Lemma 3.2.1,
respectively. Hence we have

i)

ANS) > (S L M(Ts) 2 M(Ty) S A (50) W o (S,)
in fact

(i) thanks to the second property of Lemma 3.2.1 and Proposition 3.1.10,
we obtain

M(Ts) = [ 165(2)|od#" (2) = 27 (S")
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(ii) we assumed that 7 is a mass-minimizer;

(iii) from property (P3), we get
M(T) = [ 1o(@)|adot (@) > [ 147 @) = 7 (S)
>0 o

(iv) is property (iv) in Lemma 3.2.2.

To prove the second part of the Theorem, apply Lemma 3.2.1 to the set
C. Notice that with the procedure described in the lemma, the rectifiable
G-current T¢r is uniquely determined, because for every point p;, C' contains
exactly one path from p; to p,, in fact it is well-known that solutions of the
Steiner tree problem cannot contain cycles. By Lemma 3.2.2 T is a solution
of the mass minimization problem. O

Eventually, we give an explicit representation for G and F. Let eq,..., e,
be the standard basis of R"; we consider on R” the seminorm

|ul+ = max w-€;— min u-e; .
=

=1 i=1,...,n
We now take the quotient
RTL
. Span{e; +...+e,}

and denote by 7 the projection of R"® onto E. According to the relation in
the quotient, we get [(u1,...,u,)] = [(u1 +¢,...,u, +¢)], for every c € R and
for every u = (uy,...,u,) € R® (here [u] denotes the element of the quotient
associated with the vector u € R"). Since |u. = ||u+v|. for every u e R* v e
Span{e; +...+e,}, then it is well defined the corresponding seminorm |- | g
induced on E and it is actually a norm. Moreover |- |, is constant on every
fibre. For the sake of completeness, we remark that, with this notation, the
dual space E* can be represented as E* = {(21,...,2,) e R* : ¥, 2, =0} and
its dual norm |- g+ coincides with 3| - 1. In fact, for every [u] € E with

|[u]|£ =1 we can choose a representative u, such that |u;| < 3, i=1,...,n
and then
n 1 n
|2z = sup Zziui = —Z|zi| )
[[u]lg=1i=1 2

The choice of E as a quotient is motivated by the idea that the sum of
the coefficients e; must be zero, for boundary reasons. Anyway, we find that

92



a slightly different representation of F, would ease computations later and
we would rather introduce G with this new representation. Consider

F:={veR":v-e,=0}cR"
and the homomorphism ¢ : R” — F' such that

A(upy .. ty) = (U = Upy ooy Upe1 — Uy, 0) 5 (3.2.2)

the seminorm | - |, is a norm on F.

The homomorphism ¢ in (3.2.2) induces an isometrical isomorphism (E :
E — F defined by the relation dom=¢: in fact, if ve E and u € 7 (v), then
[vle = lul. = [¢(u)]. = [¢(v)].. Foreveryi=1,...,n-1, define g; = ¢~ (e;)
and define g, = —(g1 + ...+ gn-1). Let G be the subgroup of E generated by
J1,---50n-1. Foreveryi=1,... n—1denote by h; the element of £* satisfying
hi(g;) = 0;j. The pair (g1,...,0n-1), (h1,...,hy_1) is a biorthonormal system.
With these coordinates, an element v € E has unit norm |v||g =1 if and only
if

lv]e = |6(v)]. = A_{nax_l(vi v0)- ﬂmin_l(vi AO)=1. (3.2.3)
The norm | - || g+ of an element w = wihy +...w,_1h,1 € E* can be char-

acterized in the following way: let us abbreviate w” = ¥7'(w; v 0) and
wh = = 3 (w; A 0) and M(v) = max;-y 1 (v; v 0) €[0,1], then

n-1
Jwleg = sup Y wivi = sup [A(v)w” + (1= A(v))w"]
lvlz=1 4=1 lvlz=1
= sup [(Aw” + (1 -N)w"]=w” v . (3.2.4)
Ae[0,1]

Notice that, recalling the notation of Section 3.1, m = n — 1. Properties
(P1), (P2) and (P3) are easy to check.

In the sequel, we will fix both the normed space E and the group G,
where n is the number of points in the corresponding Steiner tree problem
that we want to solve.

Remark 3.2.4. We already know that the elements ¢, ..., g, are the mul-
tiplicities of the n points in the boundary, for the Steiner tree problem. The
definition we just gave does not seem to be “symmetric”, in fact g, has,
in a certain sense, a privileged role, while the n points in the Steiner tree
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problem have of course all the same importance. To restore this lost symme-
try, one may note that the group E is represented in R™ as the hyperplane
P:={zy+...+x, =0} with a norm which is a multiple of the norm induced
on P by the seminorm | - ||, on R”. Here g,..., g, are the orthogonal pro-
jections on P of eq,...,e, 1 and —(e; +...+e,_ 1) respectively. It is easy to
see that these points of 7 are the vertices of an (n — 1)-dimensional regular
tetrahedron. In particular the unit elements of GG are the vertices of a convex
(n—1)-dimensional polyhedron which is symmetric with respect to the origin.
The vertices of the polyhedron are all the points of the form g;, +...+g¢;, with
1<iy<...<ip <n-1 and their inverses. It is clear that in this representation
the role of the p;’s is perfectly symmetric.

3.2.2 Examples

After the theoretical preliminaries, we can give some examples: we solve
some Steiner tree problems converting them in mass-minimization problems
and then building suitable calibrations.

We need a short digression on the representation of a E*-valued 1-form
w; we will consider d = 2, all our examples being for the Steiner tree problem
in R2. Remember that in Section 3.2 we fixed a basis (hq,...,h, 1) for E*,
dual to the basis (g1, ...,9n-1) for E. We will represent

w1 dey + w2 day
w= :
Wn-1,1 dz; + Wn-1,2 dxs

so that, if 7=71e; + e € Aj(R?) and v =v191 +... + V19,1 € E, then
n-1
(w;T,v) = Z V(Wi 1T + Wi aTa)
i=1

Example 3.2.5. Consider the vector space F and the group G defined in
Section 3.2 with n = 3; let

Po = (070)7]71 = (1/2,\/5/2)7]72 = (1/27_\/5/2)7173 = (_170)

(see Figure 3.3). Consider the rectifiable G-current 7" supported in the cone
over (p1, 2, p3), with respect to pg, with piecewise constant weights g1, g2, g3 =
—(g1 + g2) on X1, %5, X3 respectively (recall Example 3.1.9 for notation and
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orientation). This current 7" is a minimizer for the mass. In fact, a constant
G-calibration w associated with T" can be represented as

( Tday + %5 dxsy )
W = \/g .

% d:z:l -5 d.TQ

Condition (i) is easy to check and condition (ii) is trivially verified because

w is constant. To check condition (iii) we note that, for the general vector
T =cosae; +sina ey, we have

o %cosa+§sina
(W,T,'>— 1 V3 :
5 COSQ— 5~ Sl

In order to calculate the comass norm of w, we could stick to the method
explained in Section 3.2, but for n = 3 computations are simpler. Since the
unit ball of E is convex, and its extreme points are the unit points of G,
then it is sufficient to evaluate (w;7,-) on +g1, £go, £(g1 + g2 ) (remember that

lg1 — 92| 2 = 2). We have
()
sinla+ =
6

(o)
sin{a+ =7
6

(w; T, 91+ g2)| = {wi T, =(g91 + g2))| = |cosal < 1.

{w; T, 91) = {w; 7, —g1)| = <1

Y

{wi T, g2)| = (w3 T, —g2)| = <1,

One may notice that, for every x € R2 the E*-covector w(x) can be
represented as a map from R? to itself, since E* and R? coincide as vector
spaces. Moreover, with a suitable choice of a basis for £* this map is the
identity. It turns out that the form w has unit norm because the Euclidean
unit ball is contained in the unit ball of £*. One may be led to believe that
for the same reason the cone on the vertices of a regular tetrahedron centered
at the baricenter is the Steiner minimizer for the 4 vertices. This is not the
case, and the analog of the form w is not a calibration in this case, because
its norm is bigger than one. In fact the Euclidean unit ball is not contained
in the unit ball of £* in dimension larger than 2.

An interesting way to generalize this result will be recalled in Remark
3.2.10.
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Figure 3.5: Solution for the problem with boundary on the vertex of an
equilateral triangle

Both calibrations in Example 3.2.6 and in Example 3.2.7 are piecewise
constant 1-forms (with values in normed vector spaces of dimension 3 and 6,
respectively), that is why we established a compatibility condition in Defini-
tion 3.1.17.

Example 3.2.6. Consider the points
b1 = (1’ 1)7]92 = (17_1),]93 = (_1,_]—),]94 = (_17 ]-) € RQ'

The length-minimizer graphs for the classical Steiner tree problem?® are those
represented in Figure 3.3. We associate with each point p; with j=1,...,4
the coefficients g; € G, where G has “dimension” m = 3: let us call

B := g10p, + g20,, + g30p, + Ga0p, -

This 0-dimensional current is our boundary. Intuitively our mass-minimizing
candidates among 1-dimensional rectifiable G-currents are those represented

°In dimension d > 2, an interesting question related to this problem is the following:
is the cone over the (d — 2)-skeleton of the hypercube in R? area minimizing, among
hypersurfaces separating the faces? The question has a positive answer if and only if d > 4
(see [11] for the proof).
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in Figure 3.6: these currents T, Tver are supported in the sets drawn, re-
spectively, with continuous and dashed lines in Figure 3.6 and have piecewise
constant coefficients intended to satisfy the boundary condition 07}, = B =

ajjver .

Figure 3.6: Solution for the mass minimization problem

In this case, a compatible calibration for both T}, and T, is defined
piecewise as follows (the notation is the same as in Example 3.2.5 and the

partition is delimited by the dotted lines):

Bay + td,

w1 = (1_\/7§>d1)1 - %dl’Q Wy =
(—1 + 73>d.’13'1 - %de
(1—§ dzy + 3dxy

W3 = @dxl — 1dw, Wy =
—§d$1 - %dl’g

1
del
1
§d$1
1
_§d$1
1
§d1)1
1
§dl'1

1
—§dl’1

It is easy to check that w satisfies both condition (i) and the compatibility
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condition of Definition 3.1.17. To check that condition (iii) is satisfied, we
can use formula (3.2.4).

Example 3.2.7. Consider the vertices of a regular hexagon plus the center,
namely

pl:(1/27\/§/2)’ p2z(170)7 p3:(1/27_\/§/2)’
Psa = (_1/2a_\/§/2)7 b5 = (_170)7 Pe = (_1/27\/5/2)a b7 = (070)
and associate with each point p; the corresponding multiplicity g; € G, where

G is the group with dimension m = 6. A mass-minimizer for the problem with
boundary

is illustrated in Figure 3.7, the other one can be obtained with a 7/3-rotation
of the picture.

Figure 3.7: Solution for the mass minimization problem

Let us divide R? in 6 cones of angle 7/3, as in Figure 3.7; we will label
each cone with a number from 1 to 6, starting from that containing (0, 1)
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and moving clockwise. A compatible calibration for the two minimizers is
the following

—@dm +%da:2 0 0
%gdxl +1dz, ¢§ dxy . 0
wy = 0 Wy = 2day —%d@ s = 2day +%dx2
0 0 —dzs
0 0 0
0 0 0
0 0 dCL’Q
0 0 0
0 0 0
Wi = \/ngl’l _%dl‘Q Ws = 0 We = 0
—gdl'l —%dl’g —d$2 0
0 ~ By +ida, ~Bdzr, ~Ldz,

(3.2.5)

Again, it is not difficult to check that w satisfies both condition (i) and

the compatibility condition of Definition 3.1.17. To check that condition (iii)
is satisfied, we use formula (3.2.4).

Remark 3.2.8. We may wonder whether or not the calibration given in
Example 3.2.7 can be adjusted so to work for the set of the vertices of the
hexagon (without the seventh point in the center): the answer is negative, in
fact the support of the current in Figure 3.7 is not a solution for the Steiner
tree problem on the six points, the perimeter of the hexagon minus one side
being the shortest graph, as proved in [34].

Remark 3.2.9. In both Examples 3.2.6 and 3.2.7, once we fixed the group
G and we decided to look for a piecewise constant calibration for our candi-
dates, the construction of w was forced by both conditions (i) of Definition
3.1.12 and the compatibility condition of Definition 3.1.17. Notice that the
calibration for the Example 3.2.7 has evident analogies with the one exhib-
ited in the Example 3.2.5. Actually we obtained the first one simply pasting
suitably “rotated” copies of the second one.
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3.2.3 Comparisons with calibrations in other settings

With the following remarks we intend to underline the analogies and the
connections with calibrations in similar contexts. See Chapter 6 of [43] for
an overview on the subject of calibrations.

Remark 3.2.10 (Clusters with multiplicities). In [42], F. Morgan applies
flat chains with coefficients in a group G to soap bubble clusters and im-
miscible fluids, following the idea of B. White in [53]. The model (in R4
for m immiscible fluids) associates to each fluid a coefficient f; € G, where
G z27Z™ c R G 2 R™ throughout the paper. Naturally, we are looking
for least-energy interfaces, that is a minimizing (d-1)-dimensional flat chain
with coefficient in G. The mass norm is induced by the largest norm in Re G
such that

I fila=a; Yie{l,...,m}
and
Ifi=fill =ai; Vij.
Concerning soap bubble clusters, we choose a; = a;; = 1; hence, if m = 2, the
unit ball is pictured in Figure 3.8.

RQ

Figure 3.8: Unit ball in F. Morgan’s model for soap bubble clusters
Following the idea in [42], a calibration for a rectifiable m-chain T in R?
is a homomorphism

w:G - €= (RYA™(RY))
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with the following properties:
(i) (T(x);w(9)(2)) = |gllc for a.e. xesupp(T);

(il) w(g) is a closed differential m-form for every g € G;
(iii) lw(g)| < |lgl¢ for every g e G.

These properties guarantee that 7' is a mass-minimizer among flat chains
with the same boundary; the proof is by all means analogous to the one given
in Proposition 3.1.13. Notice that this definition for the calibration works
truly well in the case of a free abelian group Z™, because we are considering
homomorphisms with values in a vector space and every finite order subgroup
is trivialized by such a homomorphism. As F. Morgan shows in Proposition
4.5 of [42], in this framework it is easy to prove a generalization of Example
3.2.5: consider a cone C' = Y7, g;v; in R? of unit vectors v; with coefficients
in G =span{g;} and assume that

<

VA>0,

> Aillgillavs
=1

Z Aigi
i=1

then C' is a minimizer because it admits a calibration with constant coeffi-
cients.

G

Remark 3.2.11 (Paired calibrations for the tetrahedron). It is worth men-
tioning another analogy between the technique of calibrations (for currents
with coefficients in a group) illustrated in this paper and the technique of
paired calibrations in [37]. We confine our attention on a specific exam-
ple: consider the 1-skeleton of the tetrahedron in R3, centered in the origin,
then the truncated cone over the skeleton is the surface with least area among
those separating the faces of the tetrahedron. In [37] this is obtained through
paired calibrations.

We sketch here a way to get this result through currents with coefficients
in a groupb. Put

g1:=pP2— D1 g2 :=pP3 —P2 g3 :=pP4a—P3
g4 = P4 — P2 gs :=P4a—P1 g6 *=P3 —P1,

6Notice that the theory of currents with coefficients in a group has been stated for
every dimension k. Of course, the equivalence with the Steiner tree problem of Section
3.2 has no meaning in dimension %k > 2.
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Figure 3.9: 1-skeleton of the tetrahedron and mass-minimizing current

where p; € R? are the vectors directed from the baricenter of the tetrahedron
to the centers of the faces, with labels as in Figure 3.9. The points p; are the
vertices of the dual tetrahedron with unit edges. Notice that the Euclidean
norm of p; —p; is 1 for any ¢ # j. This choice of g; will be made clear in
few lines, but let us remark that the coefficients g; coincide with those of
the paired calibration in [37]. If G ¢ R? is the additive group generated by
{p1,p2,p3} and it is endowed with the Euclidean norm in R3, let us assign
a (constant) coefficient g; to each segment of the skeleton, as illustrated in
Figure 3.9. Thus the identity is a calibration for the 2-current in the right side
of Figure 3.9, that is the truncated cone on the 1-skeleton of the tetrahedron
with coefficients g1, ..., gs on each piece of plane”.

Following an idea of Federer (see [25]), in [42] and [37] (and in [11] and
[12], as well) one can observe the exploitment of the duality between minimal
surfaces and maximal flows through the same boundary. We examined this
very same duality in Subsection 3.1.2, but we conclude with a remark closely
related to this idea.

Remark 3.2.12 (Covering spaces and calibrations for soap films). In [12]
Brakke develops new tools in Geometric Measure Theory for the analysis of

"The orientation in each flat piece of the cone is determined by the orientation of the
corresponding segment in the 1-skeleton of the tetrahedron, as shown in Figure 3.9. Let
us finally point out that the boundary of the truncated cone with coefficients g1, ..., gs
has no support out of the 1-skeleton of the tetrahedron because the sum of the coefficients
on the edges of the cone gives 0.
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soap films: as the underlying physical problem suggests, one can represent a
soap film as the superposition of two oppositely oriented currents. In order
to avoid cancellations of multiplicities, the currents are defined in a covering
space and, as stated in [12], the calibration technique holds valid.

Let us remark that cancellations between multiplicities were a significant
obstacle for the Steiner tree problem, too. The representation of currents in
a covering space goes in the same direction of currents with coefficients in a
group, though, as in Remark 3.2.11, a sort of Poincaré duality occurs in the
formulation of the Steiner tree problem (1-dimensional currents in RY) with
respect to the soap film problem (currents of codimension 1 in R9).
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3.2.4 Comparison with the BV theory

This subsection has to be considered as a completion of Subsection 3.2.3.
With the same intent of comparing the existing literature and our way to
treat the Steiner tree problem, this subsection is devoted to the theory of
partitions of an open set €2 in a finite number of sets of finite perimeter. This
theory was developed by Ambrosio and Braides in the papers [2, 3], which
we refer to for a complete exposition.

The interest in minimizing interface energies depending on the partition
of a domain €2 arises from Physics. Consider, as examples, crystals or immis-
cible fluids, where the energy may depend, respectively, on the orientation
of the interface between fluids and their densities, or some other constant of
proportionality varying for each pair of fluids.

Our motivation for this parenthesis is twofold: on the one hand we would
like to stress the analogy between minimal partitions and the Steiner problem
discussed above; on the other hand, for section 3.3, it will be useful to bear
in mind some results about relaxation of integral functionals depending on
the partition of €.

If H={m,...,n,} is a finite subset of R™, we will consider BV functions
u: ) > H, that is, u is a function separating {2 in a finite number of finite
perimeter sets, namely {u=1;} withi=1,... n.

We define the jump set of a function u € BV ({2, H) as the union of
essential boundaries® of level sets, that is

J(u) = Ua ({u=n}) .

Since for each point z in Q \ J(u) there exists a unique value 7; for which
x has density 1 in {u =n;}, we will refer to this essential value 7; of u in x
with the same notation u(x). Moreover, by standard results on sets of finite
perimeter, for % 1-almost every point z in the jump set J(u) there exist
u*,u~ € H and a normal direction v € S! such that

h}glr_d%d({yEBT(ZE)Hy—fL‘,V)>0, u+¢u(y)})=0
and analogously
limr~ . ({y € Bo(a) | (y=,v) <0, u” #u(y) }) = 0.

8By definition, the essential boundary 0* A of a Borel set A c € is the set of points of
satisfying limsup, o ¢#%(An B.(z)) > 0 and limsup, o7 42 (2~ A)n B,.(x)) >0
at the same time.
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We are interested in the study of variational problems defined by a func-
tional depending on an integral on the interfaces of a partition of the domain
2 c R4 since the (finite perimeter) sets of the partition are the levels of a
BV function u: ) - H, we can represent such a functional as

Flu) = fJ o Gt ) A @), (3.2.6)

Naturally, we want to minimize the functional (3.2.6) among BV functions
with values in H, thus, in sight of the direct method of Calculus of Varia-
tions, a first important result in [2] is a closure result under I'-convergence®
- under a reasonable equicontinuity condition on the sequence of functions
(integrands).

Paper [3] is devoted to characterize the lower semicontinuity of the func-
tional (3.2.6). Let us open a small parenthesis to enlighten the efforts to
characterize the lower semicontinuity in other classical contexts: for varia-
tional functionals of the type £(u) = [, L(x, u(z), Du(x)) dz it is well known
that sequential lower semicontinuity (in the weak* W1-topology) is equiv-
alent to quasiconvexity of the Lagrangian L, that is

L(A) g][ LA+ DgYdr Ve C=(QR™).
Q

Concerning functionals defined on partitions of {2, Ambrosio and Braides
introduced the BV-ellipticity, as it is recalled in the following definition.

Definition 3.2.13. Fiz a point T € Q, i + j € {1,...,n} and v € S, we
define

_ . ;i 1f<£L‘ - f, ;) >0
() '_{ n;  if(x-7,7)<0.

A function f: H x H x S*1 — [0, +00) is BV -elliptic if, for every i + j and
every v € S, we have

SadGins [ )

J(u)nQ

for every u € BV (Q; H) with the same trace of w on 0. A function f :
QO x Hx HxS§%1 - [0,+00) is BV -elliptic if f(x,-,-,-) is so for every x € Q.

9For an overview on I'-convergence, see [10].

105



As we suggested above, BV -ellipticity holds if and only if the functional
is lower semicontinuous with respect to the convergence in measure (see [3],
Thm. 2.1, for further details).

If the integrand f is not BV-elliptic, one can naturally define the BV-
elliptic envelope E(f) as the greatest BV -elliptic function less or equal than
f. Tt is possible to see that not only E(f) coincides with

inf{/( )f(u*,u’,uu) d# \u e BV (Q, H), same trace of 7 on 89} ,
J(u

but also F(f) provides a representation of the integrand for the relaxed
functional

inf {lim inf fup,up, v,) d () |up, — v in measure} ,
h—+o0  JQnJ(up)
that is, the greatest lower semicontinuous functional less than F(u).
We conclude this short excursus on functionals defined on partitions with
the changes for the Dirichlet problem: in fact, assume g : 92 - H to be a
Borel function and consider

F(u) = { F(u)  if trace(u) =g

+00 otherwise.

This case does not distance itself from the original one: in [3] it is proved
that, under reasonable equicontinuity assumptions on the integrands fj,, if
Fi, do T-converge to [ f(x,u*,u”,1,)d#%", then the functionals Fp do
['-converge to

[](u)f(x,u+,u_,uu) dA(z) + faﬂf($,trace(u),g,Vg)d%d_l(x),

for every ue BV (Q), H).

Once we treated the Dirichlet problem it is easy to link the theory of
minimization of functionals defined on partitions with the Steiner problem,
albeit only in dimension d = 2 (later we will see why).

Consider a Steiner problem on points z1,...,x, € ), where () is a convex
open subset of R2. We can choose H = {n,...,n,}, with a distance!® d in H

1%We will often assume that H ¢ R™, with dist(n;,n;) = [7; —n;|. Clearly (3.2.7) holds if
{n,...,mn} are the vertices of a regular m-dimensional tetrahedron in R™. See Remark
3.2.4 to deepen the analogy with our group G in Section 3.2.
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Figure 3.10: Boundary data

and the property

d(ﬁi,nj)zl Vi:/:j, i,jE{l,...,?’L}. (327)
The boundary datum ¢ : 02 — H is defined as follows: the set 02 \
{1,...,2,} consists of n connected components, namely C,...,C,, we set

g =n; for each C;.

If the integrand f = f(z,n;,n;,v) is nothing but 1 = |n; — n;|, then the
problem of minimization of the functional F in (3.2.6) is equivalent to the
Steiner problem, whose solution coincides with the jump set J(u) of a mini-
mizer u; in fact it is immediate to notice that J#'(J(u)) = F(u). Therefore
we find again the existence of the minimizer for the Steiner problem via
Ambrosio-Braides result in [2].

Let us point out analogies and differences between the two methods:

e condition (3.2.7) is a transcription of condition (P2) with k= 1;

e the other conditions on the group coefficients are useless here, connec-
tion being “forced” by the boundary data.

Actually the relationship between the Steiner problem and the theory of
functionals on partitions is more complex in dimension d > 2, where a sort
of Poincaré duality occurs. The latter is a problem in codimension 1 and
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its actual counterpart in minimal surfaces is the problem illustrated in [37]:
given a polyhedron © c R? (the convex set of the partition problem, roughly
speaking) what about the surface with boundary in the (d - 2)-skeleton of
Q) (the edges) minimizing the area and separating the faces at the same
time? Let us notice that separation of faces is a way to select the homology
class to work in. For this kind of “dual” problem (with respect to ours) the
existence of a minimizer is guaranteed by the Ambrosio-Braides partition
theory. Moreover, in [37], calibration-like method is proposed and applied in
some interesting examples.

The equivalent of a calibration for functionals on partitions is given by a
special class of Null Lagrangians, that is, a functional depending only on the
boundary behavior of a BV function (see [17] for further explanations).

Proposition 3.2.14. Consider a set H = {ny,...,n,} ¢ R™ satisfying condi-
tion (3.2.7), then consider a functional F defined on partitions of 2, F(u) =
fJ(u) lut —u~|dA", and a BV -function u:Q — H. Assume that V : Qx H —

R is a vector field with the following properties:
(i) for every x € J[u],
[V(z,u") - V(z,u)]-v(z) =1;

(i1) marking v;(x) =V (x,n;),i=1,...,n,
div,V (z,n;) = dive;(z) =0 ;

(iii) for everyi,j=1,...,n,
lv;(x) —vj(z)| <1 .

Then V' defines a Null Lagrangian and, as it happens in Proposition 3.1.13,
u is a minimazer for F among BV functions with values in H and the same
trace of u on Of).

Proof. Thanks to properties of V' listed above

Fu) @ fﬂ div(V (2, u(z))) dz = [Q div(V (2, (x))) dz
(74) / /
= [QVu(az,u (2))-vu'(x)dx

= [ V@) @) V() (@) va) do )
(idi) . N . ) /
: fJ[quu) - (W) da " (x) = F(u').
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Uyer = T)4 Uyer = T1)2

Unhor = 13 Uyer =13

Figure 3.11: Minimizers

where u/ is a competitor in BV (§2; H}) with the same trace as v on 9. [J

In order to seal the similarity of the Null Lagrangian problem with the
calibration for the Steiner tree problem, consider the trace ug in Figure 3.10.
The minimizers of the functional F are showed in Figure 3.11. As a matter of
fact, the minimizers uy,, Uy admit a Null Lagrangian vector field, satisfying
a compatibility condition and clearly related to the calibration w defined
above.
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3.3 Dislocations of crystals

Currents with coefficients in a group turned out to be a useful tool in the
study of some models for dislocations in crystals. The purpose of the follow-
ing lines is only to sketch a rough picture of the context, the subject being
really wide. For an introduction to crystal dislocations from both physical
and mathematical point of view, see [44, 33, 48].

A crystal is a solid (a metal, for instance, but there are many other classes
of nonmetallic solids) whose atoms are arranged in a 3d-periodic pattern. It
is a quite complex material, due to the structures at many different scales.
As we will see throughout this section, dealing with crystals needs methods
built around the explicit consideration of multiple scales simultaneously: the
microscopic scale (atoms), the mesoscopic scale and the macroscopic scale.

Under the effect of a stress, a crystal undergoes a deformation, which can
be either elastic or elastoplastic. In the latter, the (plastic) main mechanism
competing with the elastic deformation is the slip on the so-called slip planes.
The slip not being uniform causes topological defects in the crystal lattice,
called dislocations. By definition, a dislocation is a line on the slip plane
separating regions undergoing different slips. The attention is often restricted
to a single slip plane.

0O 0 0 0 0 O
O @ OO0 Q () dislocation core
O G—8-0-0-0 O
00 0O0O0O0O0

Figure 3.12: Burgers circuit and dislocation core in section.
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For each dislocation we can identify a dislocation core and a Burgers
vector, often denoted by b, representing the magnitude and direction of the
lattice distortion (see Figure 3.12). Roughly speaking, the Burgers vector
is a label, recording the topological information about the distortion of the
crystal lattice. Since the deformation is represented by means of a lattice,
then b € Z3. In formulas, if u: 2 c R3 - R3 is a deformation including the
dislocation phenomenon, we can study the Lebesgue decomposition of the
deformation gradient

Du=vu.Z?+[u]®@nds? LY = golast 4 gplast (3.3.1)

where the absolutely continuous part Vu is the diffuse elastic distortion and
the singular part [u] ® n is the slip along slip planes. Decomposition (3.3.1)
means that, from a mathematical point of view, dislocations may be under-
stood as singularities of the dislocation density u = curlVu.

A fundamental goal in the study of crystal dislocations is to get a continu-
um model taking into account the underlying discrete or hybrid semidiscrete
structure (possible models in [6, 39]): choosing a variational approach , this
may be faced with the I'-convergence!! of the energy functional F. (e is
microscale) to some functional F', preserving the same relevant features of
F..

For better clarity let us mention that the plastic slip for a straight dislo-
cation, along the direction t € S and with Burgers vector b, is

Bo = 2To(0),
T

with curlfy = b® t ' L v. We omit, in these circumstances, the linear
elasticity term of the energy.
In general, an admissible plastic slip 8 has the form

B=bevi#?LY,

where ¥ is a 2-dimensional rectifiable subset of €, v is (almost everywhere)
its normal and b is Borel measurable. The distribution of dislocations is
described by

p=setdA Ly,

1Gee [10] and [18] for an introduction to I'-convergence.
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where v is a 1-dimensional rectifiable subset of €, ¢ : v —» §? is (almost
everywhere) its tangent vector and s belongs to the set of Burgers vectors.

Such plastic slip may be interpreted as an L-valued 1-currents, where £
is a lattice in R3, and the variational problem has the form

[io(bet)ydat e M(R?)

+00 otherwise

Ey(y) - { (332)

The approach via 1-currents needs some generalization of well-known facts
about classical currents. This generalizations and adjustments are treated in
[13] and are fully exploited in [15].

3.3.1 Some technical results on Z"-valued 1-currents

In the case of crystal dislocations, we will consider currents with coefficients
in Z™ c R™, which is the group where the Burgers vector takes values in.
Actually, a significant part of the theory of Z™-valued currents can be done
componentwise, reducing to the classical theory, nevertheless we already es-
tablished some useful theorems in Section 3.1.

For the sake of brevity, we will denote by %, (R?,Z™) the set of rectifiable
1-currents. Consistently with Section 3.1, we say that a rectifiable 1-current
is polyhedral if its support v is the union of finitely many segments and 6 is
constant on each of them. We denote by £2;(R¢;Z™) the set of polyhedral 1-
currents. Alternatively, one can interpret rectifiable 1-currents as measures:
we denote by Mys(€2) the set of all divergence-free measures p € 4 (2; R™")
of the form

p=0@rd" Ly

where v is a 1-rectifiable set contained in €2, 7: v — S9! its tangent vector,
and 6 : v - Z™. With this identification the total variation of u coincides
with the mass of T, M(T) = | u]|(€2).

We start with an extension lemma, that can be found in various forms in
the literature. We sketch here the argument for the case of interest, in which
the closedness is preserved.

Lemma 3.3.1. Let Q c R¢ be a bounded Lipschitz open set. For every
closed 1-current T € 98,(%; Z™) with finite mass there is a closed 1-current
ET € 2, (R:Z™) with ETLQ =T and M(ET) < CM(T). The constant
depends only on €.
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Proof. Step 1. We first extend T' to a neighborhood of €.

Choose a function N e C1(99;S%1) such that N(x)-v(x) > a > 0 for
almost all x € 9€), where v is the outer normal. For p > 0 sufficiently small
the function g : 9Q x (=p,p) = R9, g(x,t) = x + tn(x), is bi-Lipschitz. Let
D, =g(0Q x (-p,p)) and f: D, - D, be defined by f(g(z,t)) = g(x,-t).
Then f is bi-Lipschitz and coincides with its inverse.

We define T'= T~ f,TL (D, ~ Q). Let ¢ e Wy ™(QuD,). Then
(T, D) = (T, Dg) = (f;T, Dg) = (T, Do~ D(po f)) =0 (3.3.3)

since go—gpofewol’w(ﬂ). )
Step 2. Let 4 and 0 be the support and the multiplicity of T. Since

M(T) > fo (O l))ds (3.3.4)

2eyNI(Qs)
we can choose!? s € (0, p) such that

>, ()| < CM(T), (3.3.5)

xeyNI(Qs)

with a constant depending only on 2. In particular, the sum runs over
finitely many points xq,...,zy. The points zq,...,z,, with multiplicity
0(x1),...,0(xy) and positive orientation if 7 exists Q2 at 2, is the boundary
of TLQ,. Foreachi=2,..., M, let v; be a Lipschitz curve in R¢ \ © which
joins 1 with z; and has length bounded by C(€). Let 7; be the tangent
vector, with the same orientation as 7 in x;. We set

~ M ~
(ET, ) ={TLQy,0)+>.0(x;) | (Do, m)dA" VpeCr(RY,RY). (3.3.6)
1=2 Yi

Since T" was closed one can see that ET is also closed and the proof is
concluded. O

Another result we need to recall is a strong polyhedral approximation re-
sult, like Theorem 1.3.1: an integral current 7" can be approximated through
a current fy7', where f is a bi-Lipschitz map and it is close to the identity
(see (1.3.3)) and P is a polyhedral current with the same boundary of 7.
The same density result of Theorem 1.3.1 can be obtained for 1-currents

12 A5 usual, Q, = Ugeq Bs ().
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with vector-valued multiplicity working componentwise. We formulated this
density result on R?, the local version can be easily deduced using the above
extension lemma.

Finally, let us remind that we already proved compactness in Theorem
3.1.11. With the same argument of Theorem 1.3.2, we get that a rectifiable
1-current with coefficients in Z™ can be represented as the sum of finitely
many paths and countably many loops with multiplicities in Z™.

3.3.2 The energy relaxation and the J7!-ellipticity

In this section we consider the relaxation of functionals of the form

f¢(9, NAA i p=08 A Ly e My(RY,Zm)
E(p) =17~
+00 otherwise.
We shall show that the relaxation is
_ [1/_1(9,7')(1%1 if u=0@ 771 Lve Mg(RI,Zm)
E(p) =17

+00 otherwise.

where, for be Z™, t e S¢-1,
9(b.t) =in { [ 0(6.7) A"+ e Mar(R).
Y
supp(p-b®t" L (Rt)) c Bl/Q(O)}. (3.3.7)

We call the function Y the A1 -elliptic envelope of 1) and say that ¢ is H#71-
elliptic if ¢ = 1. We use for the localization the notation

E(u,Q) = ﬁ (.1 (3.3.8)

where j1 =0 ® 71 Ly € Mg (R?), and the same for E.

Lemma 3.3.2 (Truncated energy). For every h,l >0, let us define the trun-

cated energy on the parallelepiped Ry, = (—é, é) X (—%, g)n_l as

e(l,h) := inf{lilrgr_l)glfl‘lE(uk,Rl,h) t g € Mag(Biy2),
e S b tH L (REnRyy) b, (3.3.9)

with t = ey, for simplicity. Then e does not depend on | and h.
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Proof. The thesis is obtained through the following remarks.

(i) With a rescaling argument we get that

e(l,h) =e(A,Ah) ¥ Ae(0,1). (3.3.10)

(ii) It is also immediate to notice that
e(l,h) <e(l,H) whenever h< H (3.3.11)
by definition.
(iii) Moreover
e(}%,h)ge(l,h) VpeN-~ {0} (3.3.12)
with a selection argument!3.

Thus our claim is proved, because
l (3.3.12) 3. [ h\ 3311 (]
e(—,h) < e(l,h) (8.3.10) e(—,—) < )e(—,h) VpeN~{0}.
p pp p
]
In the following we will simply denote by e the truncated energy in (3.3.9).

Proposition 3.3.3 (Cell problem). Given 1 : Z™ x §*1 — [0,00) Borel
measurable with (b, 7) > ¢|b| and ¥(0,-) =0, the energy density i defined by
(3.3.7) satisfies:

(i) For every sequence i € Mas(Bij2) with juy, Lhet AL (Rtn Byy2) one
has

(b, t) <lim inf E(ug, Bij2) - (3.3.13)

(ii) The function 1 is subadditive in its first argument, i.e.,

Y(b+b,t) <(bt) + (b, 1), (3.3.14)

13 Assume p = 2, then (3.3.12) is obtained choosing for each k the half part of R; ), with
energy less than £ E(uk, Rip).
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(iii) The function ¢ obeys )
(b, t) < Cb| (3.3.15)

for all b and t.

(iv) The function 1 is Lipschitz-continuous in the sense that
(b, 1) = (b, )| < clb =]+ c|b| |t -] (3.3.16)
with C' depending only on ;

Proof. 1:

Consider a sequence jiy, — p = b® tH! L (Rt n Bij). Without loss of
generality we can assume t = e;.

We begin modifying the sequence, represented as puy = 0, ® T H! L ;.

Figure 3.13: The construction for the truncated energy.

Choose!* some parameters h << H and [ € (0,1). Since 1, = ju then

kl}lm E(,uk,Rl’H AN th) =0.

“1n order to remain in B, we imply 2+ (n-1)h%<1.
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We denote by 7; the union of connected components of the rectifiable set
v (that is, the support of y;) with a non-trivial intersection with Ry j,.
Since
H' (v n Ryg ~ Rip) — 0 as k — +oo,

then ~; ¢ Ry oy, definitely.
Consider p; =y L ~y;: this new sequence of vector-valued measures satisfies

Hy = M

with suppp;, ¢ Ry 2, and Ouj = 0.
As a consequence of the definition of the truncated energy in Lemma 3.3.2
we get

11122ng(szle211) > (l-2h)e,

thus
liininfE(,uZ, Sh) < 2he,

with S, := Rion N Ri—an.2n-

Figure 3.14: Passing from p;, to p;°.

As we drew in Figure 3.14, we head to the conclusion squeezing the mea-
sure up out of Sy through the projection f : Rjon — Rion. We mean that
JiRi_on o = id, while, writing Ry oy, > @ = (11,27),

l 1
Let us define
py = fy(uy) -
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Thus
E(py’, Sh) < CE(ug, Sh)

and

E(MZO,Rl7h) —> 6+O(%) . (3317)

Finally we deal with the boundary which we possibly changed through
the projection: this is the last step, because (3.3.17) is what we needed as
h/l - 0. We write

8#20 =0 (5l/2e1 - 571/2e1) .
Indeed, the measure
pse® = st + 0 @ tH L (Rey \ Ry p,)

[e]e]o)

satisfies Op;°° = 0, but at the same time
12° > b@tH' L (Reyn Byyy) + 0 @ tH L (Rey \ Ryy),

thus 6’ = b.

2: This property follows easily from 1 by approximating the measure
(b+b)®t" L (Rtn Byjy) with to measures supported on disjoint segments
converging to Rt n By, and multiplicity b and b’ respectively.

3: Set

M= i Zn:(?ﬁ(% ei) +(ej,—e) +(-ej,e) +(-e;,—e;)).  (3.3.18)

i=1j=1

Let t € ST1. For notational simplicity assume ¢-e; >0, b-e; > 0 for all 4, j.
Choose a piecewise affine curve 7 joining —t/2 with ¢/2 such that its tangent
vector takes values in {¢;}. From the definition one obtains

Dlejt) < fvw(eﬂ)d%l <3 (e;.er) (3.3.19)
i1
From 2 one then obtains
V(b t) <Y [b-ejlip(es t) < Y |b-ej| > (ej,e;) <nlb|M . (3.3.20)
P i1 i=1

4: From 2 and 3 we obtain

U(b,t) <PV t) +c|b- V. (3.3.21)
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Construct now + as the curve that joins —t'/2 with ¢//2, then t-#'/2, extended
t-periodic. Let ; be a copy of v scaled down by a factor j, 7; its tangent

vector. Then p; =b® ;761 L v; SbetL (tR). By 1 we obtain
t—t

U(b,t) < (b, t") + [t = | (D, m) < (b, t") +clpl[t - '] (3.3.22)
]

Lemma 3.3.4. Assume that 1) : R™ x S - [0, 00) obeys
[0(b,t) = (Ut <clb=b'|+e(1+|b]) [t -t]. (3.3.23)

Let u=0@ 1" Ly, ' =0 7' _~', with 7 and 7' the tangent vectors
and v, 7' one-rectifiable. Then

B () - B(u)| < Clu - | (RY), (3:3.21)
where E(p) = [ (0, 7)dA". Further, if f:R? —R? is bi-Lipschitz then
IB(n) - B(f)| < CE(u)| DS ~1d] = (3.3.25)

Proof. The first estimate follows from the properties of v, considering sep-
arately the sets yn~/, vy~ +" and 7'~ ~v. The second one follows from the
change of variables formula. O]

Theorem 3.3.5 (Relaxation). Let ¢ and v be as in Proposition 3.3.3. Then
the energy

- ﬁw(e,f)djfl if 1€ Mys(R?)

+00 otherwise.

Fo(
1s the lower semicontinuous envelope of

EO(M){'/vlﬁ(@,T)%l if e Mge(IR3)

+00 otherwise.

with respect to the weak convergence in Mg (R3), i.e.,

/@E(b, t)dA#" = inf {lim inf [ (0;,7;)dA" ;> M} (3.3.26)
v o

J—>o0

where 1=0 @ T Ly and p; =0; @ ;7 L y; € My
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Proof. Upper bound. Let pe€ Mgs. By Theorem 1.3.1 there is a sequence of
polygonal measures p; and a sequence of bi-Lipschitz maps f such that

e~ [Dfe=1dJp= -0, and  Jux - (fe)pul >0, (33.27)

By Lemma 3.3.4 one easily obtains
%im E(uy) = E(u). (3.3.28)

Therefore it suffices to prove the upper bound for polygonal measures.

Let p € Mg¢, polygonal. Then ~ is a finite union of disjoint segments
Yi, © = 1,...,N. Let b;, t; be the corresponding vector multiplicity and
orientation. For each i consider a sequence p; : N - Mg (R3) such that

,}1_{{}0 E(pig, B1j2(0)) = tp(bi, t:) . supp(puie — b ® t:2" L (Rt;)) € Byy(0).

(3.3.29)
The recovery sequence is obtained covering each +; with an increasing number
of small balls and gluing scaled and translated copies of 1, .

Lower bound. Let p € Mg (R?), and py, — . We identify p and py, with
the corresponding currents T, Ty € Z1(R%;Z™).

We shall approximate the limit 7" by a polygonal current, and show that
there is a small modification of the sequence (T;) which converges to the
polygonal current. On this sequence the lower semicontinuity will follow
from (3.3.13).

We fix € > 0 and apply the density theorem to 7', let f and P be the
resulting bi-Lipschitz map and polygonal current. We define

T = (f )% (T - Q), where Q =T — f4P. (3.3.30)
It is easy to see that Tk X P and that aTk =0. From Lemma 3.3.4 we have
E(T}) < (1+Ce)E(Ty) + Ce. (3.3.31)

We can cover a (1-¢)-fraction of the support of P with finitely many disjoint
balls, centered on it. In each ball P is supported on a segment and has
constant multiplicity and T}, =~ P. By (3.3.13) the statement follows. O

Remark 3.3.6. Notice that for d = 2 this reduces to the concept of BV-
ellipticity for vector-valued partition problems in [2],[3].

As in that case, the conditions of Proposition 3.3.3 do not completely
characterize the J!-ellipticity.
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3.3.3 An example

We focus here on the 2-dimensional case, with an explicit function 1 borrowed
from [14] (see (1.8) for the definition).

Consider multiplicities of the form 6 = (6;,605) € Z? and a tangent vector field
T = (cosa,sina) € S, we define

_ .9 .
V(0,7 = 1 ( 2-2usin“a  vsin(2«) )9’

4(1-v) vsin(2a)  2-2vcos?a

with a parameter v € (-1,1/2). First of all, we observe that

¢ _ 1 cos? o sinacosa
Yo, ) = EG[(2—2V)Id+2y( dmarcosa sinor o v (8. 7) )]
1
- m(2(1—u)|0|2+2u(9-7)2)=%w(eﬁ), (3.3.32)
where

(0, 7) = 0] +n(0-7)?
and n = 1% < 1 (because v < 1/2).

Wlthout loss of generality we can assume 7 € [0,1): indeed, if v < 0, we
can rewrite (3.3.32) as

(0.7) = gy (9 =00 r) -

where ¢/ (0,7) = |0]>+n'(0-7+)? differs from ¢ for the constant n’ := —v € [0, 1)
and for the rotation on 7. In what follows, we focus on ¢ with n € [0,1) and
we neglect the differences between 1 and )’.

Remark 3.3.7. If 0; > |0,| and 6; > 2, then
1/]<07 7-) 2 ¢(0 — €1, T) + w(ela 7-) .

Proof. A simple computation leads to the estimate

(O, 7) =0 -e1,7)=v(er,T)
= P =10-e =10 ((0-7)* = (0-7-71)* - 7D)
2(6, - 1) +2n (6177 + o772 — 77)
261 - 1)(L+n77) + 200172
2001 1) = (02| = 261 — |62] -2 20,

o0, 7),

v
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where the hypothesis on #; have been used in the last line together with
nel0,1). O

If be Z? and t € S', we want to compute the relaxation!
(b, t) :inf{f¢(0, T)dA": carl (0@ T Ly —b@tA L (-1/2,1/2)t)= 0}
vy

The computation of the infimum above can be considerably simplified by the
following remarks.

(1) Thanks to the density result in Subsection 3.3.1, we can assume 7y to be
the union of finitely many segments, with 6 constant on each of them.

(2) We can further assume that 6; € {-1,0,1} (i = 1,2) almost everywhere.
In fact, suppose 01 > 2 and 6; > |65 on the segment [s,s"”] x {0}. The
measure QT L ([s',s"]x{0}) has energy ¥ (0, 7)(s"-s"). We replace
it by the sum

(0-e)) T L([s',5"]x{0})+e1 @7 Lo’ +e 07" Lo’ | (3.3.33)

where o/ and ¢ are the segments connecting (s’,0) and ((s'+s")/2,¢€)
and ((s'+s)/2,¢€) and (s”,0), respectively, and 7/, 7" are their tangent
vectors. Thanks to Remark 3.3.7 the energy of the new measure (3.3.33)
is not higher than ¢)(6,7)(s” - s'): in fact the new energy is

V(0 -e,7)(s" -5)+U(e, 7)) + (e, ") A (")
= Y(@-e,7)(s"-5)+(e,7)(s" = 5")+O(e).

(3) Finally we can assume that

065 >0 on segments with 7375 <0

0,05 <0 on segments with 775 > 0.
In fact, if 91927’17’2 > 0, then
(0, 1) 0] + |0 - 7|* = ¥ ((61,0),7) +((0,0:),7) + 2001057175

0 + 010 - 72 = ((61,0),7) +¥((0,02),7) = 200105717
7vb((_gh 02)77_) :

151t is implied that, in the infimum of below, v is a 1-dimensional rectifiable set in B; /2
with tangent 7 almost everywhere and the multiplicity 6 belongs to L (v, Z?).

\
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We decompose the support v of a measure 6 ® 7.1 L v in

v = {xevy:0,=0}

Yo = {zey:by=0}
Y+ = {l’E"y: 0162>O}
Y- = {$€71€102<0}.

Let us notice that the curves above are pairwise disjoint. We define!®

Y1

T = Oy d.F!
72

T+ = 61’7’ d%l
T+

T = 917’ d%l
y-

and
T +T,+T-

., Ty+T, -T-

@®7wi[e®7¢%ﬂ=( )eRW?
With this notation
E(@eoTt#'y) = f VY(ey, ) dAA" +f P(ey, 7)dA!
71 Y2

+ (e +eq,7)dA + (e — ey, 7) dAB.3.34)
T+ -

Remark 3.3.8. Consider b € R? and 4 a union of simple curves with tangent
vector 7(x), then

[t ar' @z oo, )i

4

where 7 := [[ 7(x) dA ().

6The illusory asymmetry in the definition of N, N_ is motivated by the fact that 6; = 6,
on v; and 0, = —65 on _.
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Proof. Since the map 7~ n(b-7)? is convex and]%T =71 (y)7!, then, by
Jensen inequality,

A

L (b, 7Y dA > A (H) (|b|2 +77(b- m) ) —h(L),  (3.3.35)

with L = 221(5) and h(l) :=l|b]> +1"'nb-T.

This function h is increasing in our interval of interest, since it has a global
minimum at [y = \/ﬁ% < |7] (and it is increasing afterwards) and we have

that
I- [|T| > [T = 7] 2 . (3.3.36)
v Y
Thus we can conclude that
(3.3.35) (3.3.36) 7
Joteryaor 87wy 8 e - o (0. )
5 T
The equality holds if and only if 7 is constant along ~. m

Coupling this remark with (3.3.34) we get
E(@®r/ L) > f(T),Ts. T.,T.), (3.3.37)

where f:R?x...xR? - R is the function

f(21,20,23,24) = |2l (617 i) + |zl (62, ﬁ)

|21 |20

z3 24

+ |2alp (61 + e2, —) + |24t (61 - e2, —) )

|Z3| |Z4|

and equality in (3.3.37) holds if and only if 7 is constant in each of the four
subsets of 7.
We conclude that

V(b t) =min{f: Ty +To+T_ =0T, To+T, - T =bT}.

This is a 4-dimensional minimization problem with constraint.
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