LINEAR MODELS FOR COMPOSITE THIN-WALLED BEAMS
BY I'-CONVERGENCE.
PART I: OPEN CROSS-SECTIONS

CESARE DAVINI, LORENZO FREDDI, AND ROBERTO PARONI

ABSTRACT. We consider a beam whose cross-section is a tubular neighbor-
hood, with thickness scaling with a parameter é., of a simple curve v whose
length scales with €. To model a thin-walled beam we assume that d. goes to
zero faster than e, and we measure the rate of convergence by a slenderness
parameter s which is the ratio between €2 and d.. In this Part I of the work
we focus on the case where the curve is open.

Under the assumption that the beam has a linearly elastic behavior, for
s € {0,1} we derive two one-dimensional I'-limit problems by letting € go to
zero. The limit models are obtained for a fully anisotropic and inhomogeneous
material, thus making the theory applicable for composite thin-walled beams.
The approach recovers in a systematic way, and gives account of, many features
of the beam models in the theory of Vlasov.

1. INTRODUCTION

Composite, i.e., anisotropic and inhomogeneous, thin-walled beams have been
extensively studied by the engineering community. We refrain from citing the abun-
dant literature on the subject; we quote, instead, the opening lines of the abstract
of [12]: “There is no lack of composite beam theories. Quite to the contrary,
there might be too many of them. Different approaches, notation, etc., are used by
authors of those theories, so it is not always straightforward to compare the assump-
tions made and to assess the quantitative consequences of those assumptions.” This
excerpt well describes the status of the research on composite thin-walled beams.
To shed some light on the huge variety of models present in the literature, it is
necessary to overtake a rigorous approach, possibly free of assumptions. The aim
of this paper is to derive mechanical models for composite thin-walled beams by
I—convergence (see [2]), starting from the three-dimensional theory of linear elas-
ticity.

This line of research essentially started in [6] where a mechanical model was
obtained for an isotropic homogeneous and linearly elastic thin-walled beam with
rectangular cross section. In that paper the long side of the rectangle scaled with a
small parameter € > 0 and the other with £2. This “double” scaling was chosen so
to model a thin-walled beam. One of the main results was a compactness theorem in
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which different orders of convergence for the various components of the displacement
were established. Namely, a sequence of displacements with equi-bounded energy
is such that:

i) the component parallel to the short side of the rectangle is bounded in H';
i7) the component parallel to the long side of the rectangle divided by e is
bounded in H';
iii) the component parallel to the axis of the beam divided by &2 is bounded in
H'.
Thin-walled beams with a multi-rectangular cross section were studied in [7]. Each
rectangle composing the cross-section had sides that scaled with e and €2, respec-
tively. The analysis was carried on by “splitting” the beam in different rectangular
thin-walled beams, so to use the compactness theorem of [6], and then “recom-
posing” the beam by means of appropriate junction conditions. This procedure
circumvented the necessity to prove a compactness theorem specific for the type of
beams considered.

The assumptions of homogeneity and isotropy were completely removed in [§],
where, still for a rectangular thin-walled beam, very detailed convergence results
for the displacements were obtained.

In [4, 5] a hierarchy of models for homogeneous anisotropic thin-walled beams
with a rectangular cross sections have been deduced starting from the three-dimen-
sional theory of nonlinear elasticity. In the nonlinear setting the scaling of the
energy determines the limit model: for “very small” energy a linear model is ob-
tained while for “large” energies different nonlinear limit models are deduced. Some
of the compactness results used in the present paper were inspired by the nonlinear
counterpart studied in [4, 5].

In this paper we consider a fully anisotropic and inhomogeneous thin-walled
beam with arbitrary geometry of the cross-section clamped at one of its bases. More
precisely, the cross-section we take into consideration is a tubular neighborhood,
whose thickness scales with a parameter d. > 0, of a simple planar curve v whose
length scales with €. The curve v can be either open or closed, but not completely
straight. As in [4, 5], the thinness of the “wall” is characterized by the assumption

that
de

lim — = 0.
e—0 ¢

By allowing the thickness of the wall to scale with &,, instead of simply 2, we can
study beams with cross-section having different degrees of slenderness. We measure
this quantity by means of a parameter s defined by
g2
5 := lim —.
e—0 O,
Without loss of generality, it suffices to consider three cases s € {0,1,4+00}. In this
paper we consider only s € {0,1}. As in the case of rectangular cross-sections, our
analysis is based on a compactness theorem. Roughly, it establishes that a sequence
of displacements with equi-bounded energy is such that:
i) the projection on the plane of the cross-section divided by d. /e is bounded
in H;
i1) the component parallel to the axis of the beam divided by ¢, is bounded in
H'.
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In the case of rectangular thin-walled beams the compactness theorem follows di-
rectly from a “rescaled” Korn’s inequality. For beams with a curved cross-section,
treated in this paper, it follows from a rescaled Korn’s inequality and a detailed
study of the sequence of the strain components in the direction of the axis of the
beam and in the direction tangent to the midline curve « of the cross-section (see
Theorem 5.8). The argument used in the proof works only if the curve ~ is not
completely straight, thus our result is complementary to that derived in [6] for
rectangular thin-walled beams.

Recently Davoli [3] generalized the works [4, 5] by studying thin-walled beams
with both open and curved cross-section, starting from the three-dimensional the-
ory of non-linear elasticity. Her impressive work does not contain a compactness
theorem as detailed as ours and thus the I'-convergence analysis is carried on in
terms of strains and not, as customary, in terms of displacements.

A very important kinematical parameter in any beam model is the twist of
the cross-section, hereafter denoted by ¢}. This parameter is “generated by” a
sequence, whose terms involve derivatives of the displacement, bounded in L? (see
i) of Corollary 5.4 for a precise definition). Thus, a priori 9 is only an L>function.
We show that for 5 = 0 the twist ¥ is an H!'-function and in the case s = 1 it
is even an H2-function. This augmented regularity of the twist is essentially a
consequence of the “structure” of the limit displacements.

All the compactness results presented up to Section 6 hold for beams with open
and closed cross-sections, but clearly, a closed cross-section imposes more con-
straints on the limiting displacements than an open. Even if these constraints will
be explored in the second part of this paper, it is worth to mention a few results.
For a closed cross-section it will be proved that ¢ is identically equal to zero. This
result essentially states that the sequence that generates the twist in the case of
open cross-sections is too “crude” and needs to be refined and further rescaled in
the case of closed cross-sections. As it will be shown in Part II, such a refined
sequence strongly depends on the geometry of the cross-section. Moreover, still in
the case of closed cross-sections, further constraints on the limit strains will emerge
and these will drastically affect the I'-limit.

As already stated, in this paper we consider a fully anisotropic and inhomoge-
neous material. This generality makes part of the analysis quite involved, partic-
uarly the proof of the so-called “recovery sequence” condition. Contrary to what
is customary, we do not construct a recovery sequence but instead prove that there
exists one. In order to do this, we set up a sequence of “auxiliary” minimization
problems and show that the sequence of minimizers is indeed a recovery sequence.
This procedure allows us to circumvent awkward constructions of the full recovery
sequence and to limit ourselves to produce only few partial and simple “recover-
ies”, that are needed in order to show that the sequence of minimizers is indeed a
recovery sequence.

The paper is organized as follows. In Section 2 we define the geometry of the
cross-section, with the relative scaling parameters, and we set up the problem. The
curved cross-section is, by a change of variables, “straightened” in Section 3, while
in Section 4 is “rescaled” to a fixed domain, i.e., independent of €. In the same
Section we define a system of curvilinear components that will be used throughout
the paper. Several compactness results are proved in Section 5. In particular, in
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Subsection 5.1 we obtain compactness results for appropriately rescaled compo-
nents of the displacement, while in Subsection 5.2 correspondent results for strains
are proved. Section 7 is devoted to the characterization of the I'-limit, while Sec-
tion 6 anticipates the energy density of the limit problem and studies some of its
properties. The proof of the two compactness theorems is given in the Appendix.

Notation

Throughout this article, and unless otherwise stated, we index vector and ten-
sor components as follows: Greek indices «, § and « take values in the set {1,2}
and Latin indices i, j, k, [ in the set {1,2,3}. With (e1,es,e3) we shall denote
the canonical basis of R®. LP(A; B) and H*(A; B) are the standard Lebesgue and
Sobolev spaces of functions defined on the domain A and taking values in B. When
B = R, or when the target set B is clear from the context, we will simply write
LP(A) or H%(A); also in the norms we shall systematically drop the target set.
Convergence in the norm, that is the so-called strong convergence, will be denoted
by — while weak convergence is denoted with —. With a little abuse of language,
and because this is a common practice and does not give rise to any confusion, we
use to call “sequences” even those families indicized by a continuous parameter
which, throughout the whole paper, will be assumed to belong to the interval (0, 1].
Throughout the paper, the constant C may change from expression to expression
(and even in the same line). The scalar product between vectors or tensors is de-
noted by -. R3*3 denotes the vector space of skew-symmetric 3 x 3 real matrices.

skw
For A = (a;;) € R%*3 we denote the Euclidean norm (with the summation conven-

tion) by |A| = VA-A = \/tr(AAT) = | /a;;a;;. Whenever we write a matrix by

means of its columns we separate the columns with vertical bars (-] - |-) € R3*3.
0; stands for the distributional derivative a%' For every a,b € R3 we denote by

a®b:=1(a®b+b®a) the symmetrized diadic product, where (a ® b);; = a;b;.
From Section 5 on, when a function of three variables is independent of one or
two of them we consider it as a function of the remaining variables only. This
means, for instance, that a function u € H'((0,¢) x (0, L); R™) will be identified
with a corresponding u € H((0,€) x (=h/2,h/2) x (0, L); R™) such that dpu = 0
and a function v € H((0,L);R™) will be identified with a corresponding v €
H((0,¢) x (=h/2,h/2) x (0, L); R™) such that d;v = Grv = 0. The notation da
stands for the area element dz;dz,. As usual, f denotes the integral mean value.

2. SETTING OF THE PROBLEM

We consider a sequence of thin-walled beams whose cross-section is a tubular
neighborhood, with thickness scaling with a parameter 6., of a simple curve -y
whose length scales with ¢, as detailed below.

Let (e1,e2,€e3) be an orthonormal basis of R? and ¢, §. two positive parameters
converging to zero. We consider a simple curve v € W3 (I;R? x {0}), where I is
an interval of length ¢ > 0, for two distinct instances which are:

o [ =(0,£), with lim 7'(s) = lim +/(s) if lim 7(s) = lim 5(s);

e [ =[0,¢], with v(¢) = ~v(0) and +'(£) = v/(0).
In the former case we will say that the curve is open; in the latter that it is closed.
We assume v to be parameterized by the arclength parameter s € [0, lenght(~)], so
that ¢ := ~/ is a unit tangent vector contained in the plane spanned by e; and es.
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We denote by n := es At the unit normal to v and by  := t' - n its curvature, so
that ¢ = kn and n’ = —kt. We assume that x is not identically equal to zero.

Let € € (0,1), I. := eI and 5° : I. — R? x {0} be the map defined by 34°(s) :=
ev(s/e). We set t° = 35/, i° = e3 At° and R&° = t' - 7%, so that t°(s) = t(s/e),
n°(s) = n(s/e) and k°(s) = k(s/e)/e.

Let h > 0. We consider a beam with cross section of diameter that scales with
¢ and constant thickness d:h. To deal with thin-walled beams, we assume that

. Oc
(1) lm =0
To define the region occupied by the beam in the reference configuration we set
0:h dch
)
where L > 0 denotes the length of the beam, and we consider the map x° : §~25 —R3
defined by

(2) X°(Z) == A5(&1) + 220 (Z1) + Tzes.

Q. := . x (0,1L),

B = {(551,:52) €R?: G el and #y € (—

T3

X2

FiGUurE 1. The domains (AZE, ﬁg, and €.

The region occupied by the beam in the reference configuration is

(3) Qo= 0 (Q0).
We note that ﬁs is an open set independently of the fact that the curve « is open
or closed. If the curve 7 is open (closed) we say that the thin-walled beam has an
open (closed) cross-section (see Figure 2).

Henceforth we denote by
Via(z) + Va(z)T

(4) Bi(2) = sym(Va(z)) == . ,

the strain corresponding to the displacement # : ﬁg — R3.
In what follows we consider an inhomogeneous linear hyper-elastic material with

~

elasticity tensor C°, whose components Cf;;, € L> (€2.) satisty the major and minor
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FIGURE 2. Two cross sections with lim y(s) = lim y(s) but one
5—0 s—L

closed and the other open.

symmetries, i.e., (ijkl = (ijlk = Cilij. We further suppose C* to be uniformly
positive definite, that is: there exists ¢ > 0 such that
(5) C(&)M - M > c|M|?

for almost every & and for all symmetric matrices M.
We assume the beam to be clamped at 3 = 0, and we denote by

HL (R = {a € HY(Q:;R%) - @ =0 on 90 N {x3 = 0}}.
The energy functional of the beam F. H(}n(ﬁg; R3) — R is given by
. 1 .
(6) Fe (1) = i/A C°Ed4 - Eudi — £.(u),
Qe

where Z(ﬂ) denotes the work done by the loads on the displacements 4. Our
analysis will focus on the asymptotic behavior of the elastic energy; the work done
by the loads will be considered only in Remark 7.3.

3. REPRESENTATION OF THE DEFORMATION GRADIENT AND THE STRAINS AS
FIELDS ON §).

We shall use the curvilinear coordinates {Z1, 2, Z3} and the natural basis (g5, g5, 95),
where the bases vectors are defined by

g‘f.‘: = 8)’68 .
! 0Z;

A simple computation yields
9i = (1 =22/, g3 =n°, §5=es.

The dual basis (g2, g2, 2), defined by the set of equations gt - g5 = 5} with 5;'- the

Kronecker’s symbols, turns out to be

1 i’s 2 3
gE:].—ifg/zf, g =N, g: = €3

Since

e~ R 0c h|K(Z1 /€

det VX©(Z) =1 — 29k (Z1) > 1 — —EM
€

for any e small enough, due to assumption (1), then x° is locally invertible and,

in fact, it is a diffeomorphism, up to a set of measure zero in the case of closed

cross-sections, between ). and (..

>0
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For every 4 : Q. — R3, let @ : Q. — R3 be defined by

U= 1o X",
so that 4(Z) = 4(Z) where & = x°(Z). By the chain rule we find
(7) Hea:= Va(Vy) ' = (Vi) o X°.
We set
(8) E°0 :=symH%i = (Ed) o X°.

We refrain from writing the energy on (2. since it will have no use in our analysis.

4. PROBLEM ON A FIXED DOMAIN

In order to rewrite the problem on a domain which does not depend on ¢, let
us introduce the notation: w := @1 and Q2 := (~21, and consider the rescaling map
e Q — Q. defined by

re(x) = (ex1,0: 22, x3).
Let g5 :=gf or, gt :==glor®, i.e.,

) ] —1
gi= (1= Zwr)t, gi= (1= Zmr) t, gi=g2=n g5=gl=cs
Accordingly, we associate to @ : Q. — R3 the function u : Q. — R? defined by
u:=1aor®
so that u(z) = @(Z), where & =r ( ). By the chain rule we have

( 81u| 82u|83u) (Va)ore

Observing that

- e lne~ ey —1 11-921-3\T
(9) VY= (g5195135), (VX)) = (82132132) "
then we have
(10) Heu ( 81u| agu\ﬁgu) (gs|ge|g5) (I}Eﬂ) ore,
and
(11) Efu:=sym Hou = (E°@) o 1°.

We note that (10) implies
(12) ( Orul = 02UI83U) = H¢u (97l95195),
that is
1 1

(13) galu: Hfugf, F@gu:Hsugg, Osu = Hfu g5.

Let x¢ := x° or®. By means of (8) we may rewrite (11) as
Eu = (E*@) o1° = (Ba) o x°.
Then, by setting .Z. (u) := Z.(uwo x*~1)/(e6.) and /gF := 1 — (8. /¢)xak, we get
Fe (@)

(14) = % /Q(CEEu cEfun/gf dx — Lo (u) =: Fe(u)
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where we have assumed that C := C® o x° is, in fact, independent of €. The
functional %, will be discussed in Remark 7.3. The domain of the energy functional
. becomes

Hy, (R?) := {ue H'(QR?) :u=0on @& x {0}}
for an open cross-section, and
Hylé’:dn(QJRB) = {U € Hén(QvRB) : U(O7 ) ) = u(@, ) )}
for a closed cross-section.

From the assumptions made on the elasticity tensor C* (see (5)) it follows that
Cijr € L>=(Q), that Cyji = Cyjie = Cpyij, and that there exists ¢ > 0 such that

(15) C(z)M - M > c|M|?

for almost every = and for all symmetric matrices M.
For later use we write
(Hu)ij = g; - H°ugj,
which give the components of H°u in the local basis {¢5, ¢5,¢5}. From (13), they
are

1 1
(H°u)11 = —gf - O1u, (Hfu)12 = 5*9% - Do, (Hu)13 = g - O3u,

g €
1 1
(16) (Houor = S50, (Hou = 1g5-Opu,  (How) = g5 - O,
€
1 1
(Hfu)31 = ggé - Oru, (Hfu)39 = 5*95 - Do, (Hfu)33 = g5 - O3u.
€

‘We also note that
(Hou)ij + (Hu)ji
5 .

(17) (Efu)ij == g; - Eug; =

5. KINEMATIC RESULTS

Throughout the section we consider a sequence of functions u® € Hj (£;R3)
such that

1
(18) sup || B7u| 120y < +oo.
€ £

Theorem 5.1. There exists a sequence {We} C H'((0,£) x (0, L); R3%3) such that
i) [[Hou® — We||p2(q) < CO,
ii) [[WellL2(0) + [[0We |20y < C,
i) [|01W?||L2q) < Cé,
for a suitable C' > 0 and every € small enough. Moreover, there exists W &
Hén((O,L);RM?’) such that, up to a subsequence,

skw
(19) We —~Ww
in H'((0,€) x (0, L); R3X?).

skw
PROOF. Given in appendix (Section 8).

Theorem 5.2. If {u"} C Hy,, (2 R?) is a sequence for which (18) holds, then the
conclusions of Theorem 5.1 hold for a sequence {W¢} such that W<(0,-) = We(¢, )
for every €.



LINEAR COMPOSITE THIN-WALLED BEAMS 9

PROOF. Given in appendix (Section 8).
For the rest of this section W¢ and W will be as in Theorem 5.1.

Corollary 5.3. The following propositions hold up to subsequences.
i) Hou® — W in L?*(Q;R3%3),
ii) there exists u € HY (Q;R3) such that u® — u in H} (Q;R3).

PROOF. Item i) follows from (19), Rellich’s compactness theorem, and part i) of
Theorem 5.1. From (13) and the definition of ¢f it follows that

1 1
Vel ey < N(Z0 T 5-00u%10500) || o o) = (|70 (53195195 [ 2 )
= CHHEUEHL?(Q)’
and hence i) follows from ). O

Hereafter we set 9 :=n - Wt. By the regularity of v we have ¥ € H} (0, L).
Corollary 5.4. There exists B € L*((0,¢) x (O,L);Rg’kxvf) such that, up to subse-
quences,

LA
€

(20) B

in L2((0,0) x (0, L); R ?). Then
i) W5y = g5 W*gi — 9 in Hy,((0,¢) x (0, L)),
i) W=9net—tn),
Z’LZ) B€3 = 83’[9’/1,
)

w) u=0.

PROOF. The existence of B is a consequence of 7ii) of Theorem 5.1.

Item 4) follows from (19) and the uniform convergence of g§ and ¢5 to t and n,
respectively.

Let Wis :=t-Wes and Was :=n - Wes. From (16) and ¢) — ii) of Corollary 5.3
we deduce that

(21) W13:t~33u:83(u~t), ngznoagu:%(u~n).
We now claim that
(22) B€3 = 33Wt

Indeed, let ¢ € C§°((0,£) x (0,L)). By i) of Theorem 5.1, i) of Corollary 5.3, and
taking into account (12) we have that

HE g WE a € WE
0 = lim [ (22— Z 59 pde =lim [ (B - 229, pde
e—=0 Jo £ £ e=0 Jq £ £
€ WE WE
= lim/ Oru O3 + O eBz/;dx = lim/ Heufg703¢ + o edex
e—0 Jo € £ e—0 Jo 5

/ Wtds3¢ + Besp dx = / (—0sWt+ Bes)y dux,
Q Q
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from which we get (22). Since B is a skew-symmetric matrix field we have that
es - Bes = 0, and hence by (22) it follows that

0= —€3 (3'3Wt =t- (3'3W63.
Since t is not constant and also ez - 93Wesg = 0, it follows that
63W€3 =0.

Thus Wes = 0, because Wes = 0 at {z3 = 0} as W € H} ((0,¢) x (0, L); R3?).
Hence, W13 = Was = 0 and this implies 7).

From (22) it follows that ¢ - Beg = 0, since W is a skew-symmetric matrix field,
and still from (22) we have that n - Beg = 05(n - Wt) = 039. Hence also ii) has
been proved.

We finally prove iv). Since Wiz = Wag = 0 and u € H} (Q;R?), from (21) we
deduce that u -t = uw-n = 0. Therefore, to conclude the proof it suffices to show
that uz = 0. Indeed, from (16), ¢) of Theorem 5.1, and since W$; = 0, it follows
that d3u§ — 0 in L?(2). Hence, by ii) of Corollary 5.3, we have d3uz = 0 which
implies that ug = 0, since ug =0 on {a3 = 0}. O

Remark 5.5. The regularity W3 of the curve 7 is fully exploited in i) of Corollary
5.4. Indeed, 0; W3, involves 0;¢f which, in turn, involves the derivative of the
curvature x of 4. Thus, under the W3 regularity of the curve v we have that
01g5 is in L> and 9, W5, is an L? function.

If the regularity of the curve v were assumed to be W2, we could only claim
that Ws; weakly converges in L2((0,¢); H'(0,L)). Thus, a weakening of the regu-
larity of v weakens also the convergence of W, .

5.1. Limit of rescaled displacements. Since the limit of u® is equal to zero, we
look at the following rescaled components of u®:

u® — uses
23 7¢ = —— 372 5=
( ) v 65/8 U3

u3

8

To measure the slenderness of the cross-section we introduce the parameter s defined
by
2
5 := lim E—,
e—0 55

where we have assumed that the above limit exists. Without loss of generality, it
suffices to consider three cases s € {0,1,+00}. In this paper we consider only the
cases

s€{0,1}.

Let
¢
gle; 12][ v(z1) dzy.
0

Lemma 5.6. Up to a subsequence we have

€ 0 €
Wres —][ WS gy — By9es A (7 — 1)
0

9 3

in H'((0,0); L*((0, L); R?)).
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PROOF. Let

€ 4 €
be = w €3 _][ w €3 dl‘l.
€ 0o €

By Poincare’s inequality and iii) of Theorem 5.1 it follows that b is bounded in
H((0,£); L*(0, L)). Thus, there exists a b € H((0,£); L?((0, L); R3)) such that

b* — b
in H'((0,€); L*((0, L); R?)), and

V4
(24) ][ bdr, = 0.
0

Since 016 = 01 W¢es/e, from (20) we deduce that 916 = Bes. Thus, by iii) of
Corollary 5.4 we have that

Ohb = 039n = O39e3 ANt = O (8319 es N\ ’)/),
and from this identity and (24) we find b = 939e3 A (v — va). O

Lemma 5.7. Fors € {0,1}, we have that
o° —][ﬂgdaésﬁeg/\(w—vg)
w
in H'(;R3).

PROOF. By i) of Theorem 5.1 we have that
Hfufes Weéeg

(25) 1557 = e vy < 0=
and by Jensen’s inequality we then have that
Heufes Weées

(26) I 5.2 6)c dal 20 1y < Ce.
Since

Ozu’ _][ Ozu’ da - Heufes _][ Heufes da

S./e ), 0c/¢ - 6. )e . Oc/e
(27) _ H¢ufes _ Wees H¢ufes _ Wees da

defe  ofe [, ofe oc)e
W‘Eeg Waeg 52
_ da) —

+( € ]{J 5 @) 5’
by taking into account (18), (23), (25), (26), and Lemma 5.6 we deduce that

95 (v° —][ v° da) — s03(Vez A (v —7a))

in L?(©;R?). In particular, it follows that the sequence v := v° — f~ " da is
bounded in H'((0,L); L?(w;R?)), hence ©¢ — © in H'((0, L); L*(w; R3)), up to a
subsequence. Since 93(0 — s¥e3 A (v —vg)) = 0 and © — sd¥ez A (v —vg) = 0 on
{z5 = 0}, it follows that © = sves A (7 — ya)-

To conclude the proof it suffices to show that the sequences {0;9°} and {9.9°}
are bounded in L?(2;R?). By means of (13) we find

(Hou® — W*)gf = éalus —Weg = %81 (u® —][ u da) — Wegf,

w
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thus, by the definition of ¢¢, (23), (12), and from i) — i) of Theorem 5.1 we find

2

e
1015 120 < O <||<H€ = Wi llace + WG ) < O
€

which is bounded for s € {0, 1}. Similarly we find
1020° || 220y < e((H u = WF)g5ll2(0) + W g5l 22(0) < Ce.

Theorem 5.8. Let s € {0,1}. There exists m € H} ((0,L);R3) such that

][ﬁgdaém
w

in HY ((0,L);R3), up to a subsequence. Moreover, there exists ms € L?(0, L) such
that, setting

(28) vi=m +5’L963 A (’}/ — ’yg),
(29) v = my — Dy - (v — 1) +sagz9/ (v —76) - nds,
0

up to a subsequence we have
i) v° — v in H} (Q;R?),
ii) v§ — vs in H} (Q).

PROOF. Since

(E* 0
+00 > sup II%HMQ sup || =5= 2% = ll120) = sup [102953]| 2
by Poincaré mequahty we have that
(30) sup ||'U§||H1((O,L);L2(w)) < +00,
g

and there exists v3 € H*((0,L); L?(w)) such that, up to a subsequence, v§ — v3 in

H'((0,L); L?*(w)). Also, by (16) and (17) we have

Oruf
56

By (18), i) of Corollary 5.3, and ii) of Corollary 5.4, this implies that

82’U§ — Ws3 =0 in LQ(Q)

£

Oov3 = g5 -

= (HE’UJE):;Q = 2(E5u5)32 — (HEUE)Qg

Thus

(31) v — v
in H'((—h/2,h/2) x (0,L); L?(0,¢)) and

(32) Bov = 0.
Let

From (16) and (17) we have that

2(Efu® 1
(33) 2(Eu)13 = 5 — g5 O +

(55/6 Ozu® = 811}§ + gi - 030°

5/ gl
= 81’03 +gl~33m +gl 83(1_)57m5).
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Let

B — 2(E5u5)13
0 /e

and note that, by (18) and Lemma 5.7, we have that

— g1 - 03(0° —m®) = 01v5 + g7 - O3m°

(34) sup ||h€|| L2 () < +o00.
Let ¢ € C§°(0,4), let € L*(0,L) with |l¢||r2(0,) < 1, and denote by
L
M; 2:/0 83m690d$3.
We then have

/hswdx = /31v§¢@+g§-33mewdw
Q Q

—/U%@lwgoda:—i—/M;-gfwda
Q w

and therefore

| / M - gipda] < [llwm o (1Al 22 + 105 ocany)-

w

Since
/ Mg, - giYpda = M - / givda = Mg, - / ty da,
w w w
we find that
215 - [ 0 da < 1m0 I L)+ 051 )
Since t is not constant, by choosing two appropriate functions ¥ one can show that
M| < CUIR N2 @) + 1v5ll2 (@),
which implies that

105 |20,y = sup [MZ] < C([A%[| 22 + ([0l 2@)-

|‘P”L2(01L)S1

Thus, taking into account that v° € Hj (Q;R?) and using (30) and (34), we deduce
that sup_ ||m*||g1(0,z) < +00, and hence, up to a subsequence,

ms —m
in H}, (0, L), which is the first part of the statement. By Lemma 5.7 then we have
(35) o = m+sdes A (v —va)

in H} (©;R3), which proves i).
By (33) it follows that

2(E5u8)13

(36) (911)3 = T/g‘

— gf - 030°.
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Hence, also 905 is bounded in L?(Q) and the convergence in (31) is, in fact, weak
in H(Q), as stated in ii). By using (18) and (35) to take the limit in (36) we
deduce that

Oivy = —t-03(m+svdezA\(y—g)) =—t-0sm+s9(y —g) n
= Oi(—0sm-(v—a) +58319/0x1(w—vc) -nds).
Taking into account (32), we conclude that
(37) vg:m3—83m~(7—7c:)+53319/0w1(7—vg)-nds,
with ms € L?(0, L). |

In fact, (28) and (29) imply further regularity on ms, m and ¥.

Theorem 5.9. Let s, ms, m and ¥ be as in Theorem 5.8. Then,
i) mz € H} (0,L),
ii) m € H3 (0,L;R3) := {z € H*(0,L;R3) : 2(0) = 852(0) = 0},
iii) if s = 1 then ¥ € H3 (0,L). In particular, the displacement v defined
in (28) belongs to the space H?((0,£) x (0, L); R3).

PROOF. Let us consider the case s = 0, first. To prove that ms € H} (0,L) it is
enough to take the integral over (0, ¢) with respect to the variable 21 in (29). In this
way we get mg = jfg v dzy, which implies mg € Hj, (0, L) because v € Hj ().
Statement 4i) can be proved similarly. Indeed, since the curve v is W3 and not
a straight line, then there exist x7, 2} € (0,¢) such that the vectors foxll (v —7a)ds

and fom/l/ (Y —"¢) ds are linearly independent and can be used as a basis in the plane
x3 = 0. Then ii) follows by integrating (29) with respect to x; over the intervals
(0,z7) and (0,z7) and by taking a linear combination.

Consider now the case s = 1. Without loss of generality we may take the origin
of the axes coincident with ~g, that is 7¢ = 0, and rotate axes ej, e, if necessary,
so that they coincide with the principal axes of inertia of the curve ~:

14
/ ’}/1’}/2 d:l?l = O
0

We also introduce a point yg¢ in the plane of the cross-section and a scalar ¢ to be
chosen in the sequel. Then, by means of the identity

(38) /011 v-nds = /Oml(v —vsc) -nds+vsc-es Ay —7(0)),
the displacement v can be written as

(39) v=E+des Ay —sc), vz =& — 0sE -y + Y0
where

(10) v o= e [0 rs0) nds

(41) £ = m+des Avysc € Hy,((0,L);R?),

(42) & = my—039(c+e3 Av(0)-vsc) € L*(0,L).
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By means of (38) it can be shown that ys¢ and ¢ are uniquely determined by the
requirements

(43) /wda—/mlda—/mda—o

For such a choice of y5¢ and ¢, from (39) and (43) we deduce that

/wv3da—/1/) da 039,

hence ¥ € H2 (0, L), and that
][ V3 da = 53.

Thence &3 € HJ, (0, L), since the left hand side of the above equality is in H}, (0, L).
By (42), this implies in particular that ms € H, 1.(0,L). Finally, we deduce from
(39) that & € H2 ((0,L);R®). The claimed regularity of m follows from (41). O

In the technical literature the point vs¢ defined by (43) is called the shear center
and plays a special role in the uncoupling of the torsional and flexural effects. Also,
1 describes the warping of the cross-section, and the scalar ¢ introduced in (40)
defines the warping at point 1 = 0 on the curve ~.

5.2. Limit of rescaled strains. From (18) it follows that there exists E € L?({; R3*3)
such that

EE £
(44) -

— Ein L*(Q;R3*3),

g
up to a subsequence. The following lemmas give a characterization of some com-
ponents of E.

Lemma 5.10. Let E33 :=e3- Ees. Then
E33 = (931}3.
PROOF. Indeed, from (16), (17), and (23), we have

(E5u5)33 - g§ . 83’&5
e N Oc
and the thesis follows by applying Theorem 5.8. O

€
= 631]3

Lemma 5.11. Let Fi5:=1t- Fes. Then
Ey3 = —x3 039 + 12,
where 1y € L2(Q) and dane = 0.

PROOF. Let
g7 o Hu )21 — (Hu )12
o 2
We claim that
1 1
(45) 83196 = gal(EE'LLE)Qg - 6—32(E€u5)13,
€

in the sense of distributions. Assuming this, note that
9 = (H*u)o1 — (E°uf)a; — 9 in L2(9Q),
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by (18), i) of Corollary 5.3, and the definition of ¢ (see Corollary 5.4). Thus,
using (44) to take the limit in H~! in (45), we find

8319 = —82E13.

The statement of the lemma follows from the equality above.
Let us now prove (45). Since

1 1
2095 = Zg€ - O uf — —af - Ol
592 1u 5591 22U,

we have that

1 1
233’(96 = ggg . 81831[5 - ;gi . 328311,6

g

1 1 1 1
81(gg§ . 831,66) - galgg -BguE - 62(5*95 . a3u€) + 5—8295 . 83u5.

Since 0295 = (0¢/€)0145, then

2000 = O1(25 - 00u) — Bul5-g5 - Ouu) = 201 (HAw)as — - 0a(H g
1 1 1 1
— OB ) — O () — 5022 o+ 5-O(How
_ éal(zEsus)23 - iaz(QEsus)m + iag(ggg L Ouf) — éal(igg - 0o
_ éal(zEeus)23 - iaz(weue)m,
and hence (45) has been proved. O

Lemma 5.12. Let Eiy :=t- Et. Then,
(46) Ev = zam3+m,
with 1 € L?(Q), n3 =t - Bn, and Oamy = danz = 0.

PRrROOF. Note that

1 1 owE 1. 0wl
5 Oa(Hulgi) L 2t
£

[
\
&

1
= -0 (H"ug3)
€

_ 81(Hu

1
)95 + SH U 0ugs,

and by means of this identity we have that

Efuf) 1 1 1
82% = 5091 Hougi) = 509t - Hou gl + =91 - O2(H u"g1)
€ € € €
1 Heu® 1
= 57091 HowCgi 49101 (=) gz + _9i - Hw 0ig3.
€
Since - .
N = —0ogf = ———— a’
192 65 291 1_ (65/6)5U2K/gl
we deduce that
(Efu®)11 Heus de 2K (E°uf)11
47 Oyl I g g — )
(47) 2T, AT TR T T (0c/€)xar e
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From 4) of Theorem 5.1 and (20) it follows that
Heuf
5

o1 — Bin H Y (Q;R3*3),

and from (44) we have

(EEUE)H
0c

Hence from (47) we deduce that

(92 — 62E11 in H_l(Q)

62E11 =t-Bn.

Since B, t and n do not depend on x5 we have the claim. O

6. REDUCED ENERGY DENSITIES FOR OPEN CROSS-SECTIONS

In this section we introduce and study some properties of two reduced energy
densities that will appear in the I'-convergence result presented in the next section.

Lemmas 5.10, 5.11, and 5.12, give a partial characterization of the components
Es3 =e3- Ees, E13 =t- Fes, and Ey; = t- Et of the limit strain F defined by (44).
No information is instead given on the components F1o = t- En, Fos = n- En, and
Fs3 = n - Fes. Motivated by this fact, with

1
flz, M) = 5<C(:L~)M M, M eR3

sym
we define

folx, My1, My, M33) := Ii}glf(:c,Mut(m) O t(x1) + 2419t(z1) © n(zq)
(48) +2Mqst(x1) © ez + Axan(z1) © n(z1)

+2A93n(z1) © €3 + Maszez © e3).

That is, fo is obtained from f by keeping fixed the components that have been
partially characterized in Section 5.2 and by minimizing over the remaining com-
ponents.

For open cross-sections by Lemmas 5.10, 5.11, and 5.12, we have that

Eun=m+xoms, FEi3=—22030 412, E33=03v3,

where 1; € L?(Q), i = 1,2, 3, are functions of (x1,23) that have not been charac-
terized in terms of vz and 9. This leads us to a second minimization and hence to
the definition of a second reduced energy density. In contrast to the minimization
performed in (48), the minimization over 7; is not completely local because of the
presence of the variable x5 in E1; and E13. For z; and x3 fixed and a,b € R, let

neP* = 0P (21, x3,a,b) be the minimizers of
h/2
(49) inf / folx,m + xams, —x2a + 12, b) dxs.
ni€R J_p o

In Section 6.1 it is proved that nfpt, for i = 1,2, 3, are unique and that they can be
written as a linear combination of a and b with L°°—coefficients. In particular, the
maps 75" : (0,£) x (0,L) x R x R — R defined by

(1'1,1'33 a, b) — n;pt(xlax37 a, b)
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are measurable. Then we can define the function foo: Q2 x R xR = R as
(50) Joo(,a,b) := folz, ™ + x2n5™, —waa + 15", b)

where the 79P" are evaluated in (1,23, a,b).
From the definition of fj it follows that there exists a constant ¢ > 0 such that

(51) folw, Myy, Mz, Mss) > ¢ (M7 + 2M7s + M3y).

and from this inequality and the definition of fyy we deduce that there exists a
constant ¢ > 0 such that

h/2
(52) / foo(x, a,b) dra > c(a® + b?).
—h/2

The given definitions are sufficient to prove the so called liminf inequality (see
Theorem 7.1). On the other hand, to provide the so called recovery sequence (see
Theorem 7.2) several properties of fy, foo and their minimizers are needed. These
properties will be determined in the next lemmas.

In order to keep the notation compact we shall not use the components of F, as
done in (48) and (50), but work with tensors. For fixed 1, let

S(z1) = spanft(z1) © (1), n(@1) © n(z1), () © s},
and
St (z1) := span{t(z;1) O t(z1),t(z1) © e3,e3 @ ez},
so that
RS;IS = 8(1‘1) D Sl(l‘l).

Thus any tensor M € R3%3 can be uniquely written as

M =M%+ M*,
with
M :=2(t-Mn)tOn+ (n-Mn)non+2(n-Mes)n®es € S(x1)
and
Mt = (t-Mt)tOt+2(t- Mes)t©es+ (e3- Mes) ez © ez € SE(x).

The decomposition of E, as given by (44), is such that E+ contains the components
of the strain F that have been partially characterized by Lemmas 5.10, 5.11 and
5.12, and E° contains the remaining components. With a slight abuse of notation
we may write

53 ML) = i  MS + M1,

(53) Jolz, M) i flz )

We shall denote by EqM~ the “full” tensor achieving the (unique) minimum in
(53), i.e.,

(54) EoM*t := M5+ M+ for f(z, M5+ M*) = Smirg )f(x,MS + M.
MSeS(x1

Hence Eq maps the fixed part of the strain M+ to the “full” minimizer of (53) as

stated by (54). Since f is a quadratic function we have that Eq ia a linear operator

from S+ to Rg’;rf; We also have

(55) folz, M) = f(z,EoM™),
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and
(56) (I-P)EM*t = M+

for every M+ € S+, since (I—P)MS = 0 for every MS € S. To write the mapping
Eq explicitly, and in compact form, we introduce the projection operator
. TR3x3
(57) ]P)(Il) : Rs;m — S(Il)
M — PM:=MS.
Then M+ = (I — P)M, where I denotes the identity.

Lemma 6.1. The mapping Eg defined by (54) is given by

(58) Eo =1 (PCP)"'PC.

Moreover, for every M & Rg;i we have that

(59) PCM =0 if and only if M = EqM™,

and

(60) CEoM* - BY = CEqM* - E¢B* for every B+ € S*.

PROOF. Set E¢ := I — (PCP)~'PC. We first prove that (59) holds with Eq in place
of Ey. Note that PCP : § — S is an invertible operator, since
PCPUS - US = C(PUS) - (PUS) = CUS - US > ¢|US|?,
where we used the facts PUS = US for every US € S and PU -V = PV - U for every
UV e Rf;n? Since M = PM + M+, then PCM = 0 holds if and only if
PC(PM + M) =0,

that is

PCP(PM) = —PCM*,
or

PM = —(PCP)~'PCM*,

which is equivalent to R

PM + M+t =E M*.
Thus, (59) holds for E, in place of E.

Let M$ € S(x1) be the minimizer of (53), i.e.,

JMS + M) = i JMS + M1,
f(x, Mg ) Msrgggzl)f(m )

The minimality conditions for (53) are
C(M§ +M*) - teon=0,
C(M§ +M*) neon=0,
C(M§ +M*) - noes =0,
that is PC(M§ + M+) = 0. Thus, by (59) with E, in place of Eg, as proved above,
we deduce that .
MS + M+ =EoM*,
and hence, from (54), we conclude that Eq = E.
To prove (60) note that

CEgM*-Bt = CE M~ - (I-P)E¢B* = (I-P)CE,M~* -EqB+ = CE,M* -E¢B*,
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where the first identity follows from (56) while the last one has been obtained by
applying (59). O

The previous lemma characterizes the minimizer of fy. We now study the mini-
mizers of fyo.

6.0.1. Properties of foo for beams with an open cross-section. Let E be the limit
strain defined by (44). Then

Et = (1 + zam3)t Ot + 2ot © e3 + EX (939, 93v3),
where EX (039, 03v3) is the part of E+ that is known in terms of vz and 9, that is
(61) EX(a,b) := —2x5at ® ez +bes O es,

for every a,b € R. By means of the minimizers 7" of (49) we define the mapping
Eoo by

(62) EooEX (a,b) == (n{" + 2anyP )t © t + 2057 © e3 + EX(a,b),
so to rewrite (50), with the slight abuse of notation introduced in (53), as
(63) foo(w,a,b) = fo(z,EeE™ (a,)).

Thus Eqq essentially associates to the known part of the strain the “full” minimizer
of (49) as stated by (63).

Thus the mappings Ey and Egg allows us to rewrite the densities fy and fyo in
terms of f
(64) foo(x,a,b) = fo(z,EeoE" (a,b)) = f(z,EoEooE"™ (a,b)),

as follows from (55) and (63).
Hereafter, still to keep the notation compact, we denote by

h/2
<> ::][ . da?g
—h/2

Lemma 6.2. For a,b € R let M € R3X2 be a tensor field such that

Sym

the average over the xo variable.

(65) M* = (m + 2am3)t © t + 2mt © e3 + B (a,b),
where 1m; = n;(x1, r3,a,b) and EX is defined by (61). Then,
(CE M™) - tot =0,
(66)  M™* =EoEX(a,b) (i.e., ni =n") <= { (CE(ML) - t®es =0,
(292CEQM ™) -t ot = 0.
Moreover, if M+ = EqoEX (a,b) then
(67)  (CEoEoE"™(a,b) - B*(c,d)) = (CEqEqE™ (a,b) - EoEoo B (c, d))
for every a,b,c,d € R.

PROOF. Let us denote by EY(n;) := (11 + w213)t Ot + 22t © ez so that B+ =
EY(n;) + EX(a,b). By (55) we may rewrite the minimization problem (49) as

(F (@, Eo(BY (1) + E*(a,)) = inf (f (2, Eo(E” (n:) + B (a.1))
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whose minimality condition is
(CEo(BY (15") + EX (a,b)) - EoEV (&)) =0 V& €R.
Thus, since f is convex and Eg is a linear operator, we have that
ni =" < (CEo(EY(n;) + E®(a,0)) - EoEY(&)) =0 V¢ €R,
which, by (60), is equivalent to
i =" <= (CEo(EY(n;) + B (b)) EY(&)) =0 V& €R,

and this, in turn, is equivalent to (66).
To prove (67) note that

<CE0E00EK(G/, b) . EK(C, d)> =
= <CE0E00EK (a, b) . I['EOOIZJ((C7 d)> = <CE0E00EK(CE, b) . EoEooEK (C, d)>7
where the first equality follows from (66) and the last from (60). O

Remark 6.3. By taking a = ¢ and b = d in (67) and using that C is positive
definite, we deduce that there exists a constant C' > 0 such that

[EoEooE™ (a,b)] < C|E" (a,b)|
for every a,b € R.

6.1. Computation of the reduced energy densities. In this subsection we
outline the computation of the energy densities. Let

E11 =1- Et, E13 =t- E€3, E33 = €3 - E63.
From (55) we find

1
fO(x7E113E133E33) = f(x7EOEJ_) - §(C]EOEL EoEJ_
1
= §CE0(E11 tOt+2E13tOes+ Es3e3 ©es)
'EO(EH tOt+2F13t®es+ E3z3e3 ® 63)
1 cii(z) ciz(z) cis(x) By By
= 3 ci2(z) co2(z) co23(w) Ei |- | Eus
(]:13(1') ng(x) ¢33(£C) E33 E33

where ¢;; are given by

C11 = C]Eo(t O] t) . Eo(t ® t), Co2 = 4@E0(t O] 63) . Eo(t O] 63),
(68) Cip = 4@E0(t ® t) . ]Eo(t O) 63), Co3 = 4@E0(t ® 63) . Eo(eg © 63),
€13 = 2CEo(t ©'t) - Eg(es ®e3), €33 = CEg(es @ e3) - Eg(es © e3).

The 75" may be computed by solving the system

(e11)  (c12)  (z2€11) U (z2€12)a — (€13)b
(69) (C12)  (C22) (z2C12) ne?t | = (za€22)a — (C23)b |,
(roc11) (woci2) (z3ciy) nP* (z3cio)a — (xocy3)b

since (69) is equivalent to (66). Indeed, let E* be as in (65) with 7; = 13", then
by means of (60) and (68) we have

0= (CEE"Y) -ttt = (CEE" - tot) = (CEE" - Eo(t ©t))

= (c1)n®" + (wac11)nS™ + (C12)nSP — (zaci2)a + (c13)b,
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and hence the first equation of (69) is equivalent to the first equation of (66). The
equivalence of the other equations is proved similarly.
We note that (69), and hence (66), has a unique solution since

(1) (e12)  (@2emn) ay ai
<¢12> <¢22> <$2¢12> a2 : a2
(zac11) (woCi2) (w5C1n) as as
_ ][h/Q C11 <12 a1 +x2a3 \ [ a1+ 203 di
—n/2 \ C12 €22 a2 a2
h/2 2
> c][ (a1+x2a3 )‘ dxy > c(a} + a3 + a3)
—h/2 az

for every aj,as,as € R. The first inequality above is a consequence of (51).

Remark 6.4. From (69) we also deduce that the maps n;’pt are measurable. In-
deed, from the measurability of C and the Lipschitz continuity of the projection
P we deduce the measurability of Eq thanks to (6.1). Then, from (68) it follows
immediately that the coefficients ¢;; are measurable.

7. T'-LIMIT FOR BEAMS WITH AN OPEN CROSS-SECTION
Let J. : HY(Q;R3) — RU {400} be defined by
R e e ek o
In this section we shall prove the I'-convergence of the functional J./§% under an
appropriate topology. In order to define the I'-limit we set
Ag = {(v,9) € HY(Q;R3) x H}T#(0,L) : 3m € H2 (0,L;R?), Ims € H}, (0, L)
such that v = v + vses, where o = m + sdes A (v — vg),
and vz = m3z — A3m - (7 — vg) + 5039 foxl(w —7G) -nds}.

The I'-limit will be the functional Jo : H(Q;R?) x H(0, L) — R U {+00} defined
by

fQ foo(ﬂ?,@gl?,agvg) dx if (1)719) S Ag,

+00 otherwise.

JQ(U, 19) = {

We split the I'-convergence analysis in two parts. In the next theorem we study
the liminf inequality.

Theorem 7.1 (liminf inequality). For every sequence {u.} C H'(Q;R3) and every
(v,9) € HY(Q;R3) x HY(0, L) such that

¢ 4+ vies — v in HY(Q;R?),

and
g5 - Houg5 — ¢ in H*(Q),
where . A . .
Ceg s Wegh o HR = ofons
£ 1>
we have
Je(u®)

lim inf
e—0 53

> JO(/Uvﬁ)'



LINEAR COMPOSITE THIN-WALLED BEAMS 23

Proor. Without loss of generality we may assume that
Je (u®) ~ lim Je (uf)

2 2
02 e—=0 )2

lim inf
e—0

< +o00,

since otherwise the claim is trivially satisfied. By (5), it follows that the sequence
{u®} satisfies (18) and hence all the theorems contained in Section 5 hold. In
particular, by Theorems 5.8 and 5.9 we have that (v,9) € As. From (44), the

convexity of f, and (48) we find
lim inf I () = hmlnf/f _/f(va)dI
Q

2
e—0 =

> /fo(Z,E117E137E33)d$
Q

= /fo(éﬂ,ﬂl + 2913, 12030 + 12, 03v3) dx
Q

where the last equality has been obtained by means of Lemmas 5.10, 5.11, and 5.12.
Here n; do not depend on x5 and have the regularity prescribed in the lemmas just
quoted. Thus from (49) and (50) we deduce that

A h/2
lim inf 52 > . inf Jo(z,m(x1,23) + x2m3(x1, 23),
£ 0 "

e—0 (z1,23) J_p /2

—22030 + (w1, 3), 03v3) dradrydr3
= / foo(z, 039, 03v3) dx = Jo(v, ),
Q
and hence the theorem is proved. O

We now prove the existence of a recovery sequence.

Theorem 7.2 (recovery sequence). For every (v,9) € HY(Q;R3) x H'(0, L) there
erists a sequence {u.} C HY(;R3) such that

o° +v5e3 — v in H'(Q;R?),
g5 - Heurgs — 0 in H'(Q),

where . . . )
U~ — Usé€ u
—c __ 363 e 3 5 e € € __ 5 €
v = (5 ) IU?,* ) 92'Huglfig2'alua
./e 0 €
and

lim sup Je §2 ) < Jo(v, ).
e—0

PROOF. Let (v,9) € HY(;R3) x HY(0,L) be given. To avoid trivial cases we
assume that Jo(v,9) < +o00. Thence (v,9) € As. Let

(71) EK(8319, 331)3) = 72I28319t ®es+ 8312363 ® es,
and
(72) E°PY .= EoEoo EX (959, d3v3).

At the end of Section 6 we have remarked that the maps n?pt are measurable.
From (62) it follows that Ey and hence E°P' are measurable. Moreover, from
Remark 6.3 it follows immediately that E°P* € L2(Q; R3*3).
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Define R. : H} (;R?) — R by

1 Efu Efu
P . opty | o opt
Re(u) = 5 /Q(C( 5 F ) (—65 E°PY) dz.

It follows that for each e the functional R. has a minimizer. Let u° be the minimizer,
i.e.,

Re(u®) = ir&f Re(u).

By (15), we trivially find that [|E°u®|[z2(q) < Cd., and hence from Corollary 5.4
and Theorem 5.8 we deduce that

%+ ’U§63 —~ v+ U3e3 =: ¥ in Hl(Q;RS),
g5 - Hfuf g5 — ¥ in HY(Q).
Moreover, we also have

FEfuf

€

— Fin L?(Q;R3*3),

We split the proof into several claims.
CramM 1.: B =EoE*, thus fo(x, EY) = f(z, E);
CLAIM 2.: Bt =B EX (939, d5103), thus foo(z, 939, 0303) = fo(z, EL);
CLaM 3.: 9 =49, and ¥ = v.

Assuming that the claims hold we easily conclude the proof. Indeed, from Claim 3
we deduce that

o° 4+ vies — v in H'(Q;R?),
g5 Hugs — 0 in H'(%),
and from the three claims it follows that
E= E(J]E()()EK(asﬁ,afws) = EOpt7

where the last identity is a consequence of (72).
The minimizer u® of R. satisfies the following problem

EE € EE
(73) /Q(C( 5u — E°P) . Tw dx = 0 for every ¢ € H} (Q;R?).

For later use we note that this problem is equivalent to

EE € HE
(74) /Q(C< 5u — E°PY) . Tw dx = 0 for every ¢ € H} (;R?).

By taking 1) = u® in (73) we find

E,,E €,,E €.,
/C&.Eiudx:/@E“ . FOPt g
R 0 o
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and hence, by (64),
EEuE

5. dx

() 1 / Eeu Ecuf 1 / Eeus
1 —lim- [ C : VFEdr=lim=> [ C
e T ), e e VI T ).

1 €,,E
zlimf/(CEu
e 2 Q 55

1
= 5/ CEoEoo E" (059, 03v3) - EgEoo B (9319, O3v3) da
Q

1 .
- E°PY dy = 5/ CE - E°** dx
Q

= / f(x, E()EO()EK(83’(9, 33’03)) dr = / foo (JC, 8319, 63113) dﬂf,
Q Q
= Jo (v, ’19)
which is the thesis of the theorem. We now prove the claims.

PrOOF OF CLAaIM 1. With ¢; € C§°(Q), for i = 1,2, 3, let

¥ = 55(/12 <P1($17C7w3)d6t+/

—h/2 —h/2

T2 T2

QOQ(J,’l,C,.'L'g)an“F/ 803(‘T17<7$3)d€-€3)~

—h/2
Then

€

Oc
uniformly. From (74) we deduce that

— P1it@n+pan@n + p3ze3@n

/C(E_E()pt)'(¢1t®n+@2n®n+@3€3®n>d$:07
Q

which implies that
(75) PC(E — E°PY) =0,
where P is defined in (57). Since, by (59), PCE°P* = PCEqEqEX (9399, 03v3) = 0
it follows that
(76) PCE = 0.
Hence, Claim 1 follows from (59).
PrOOF OF CLAIM 2. Let

T1

Y= 556(/ ¢1(¢, w3)t(¢) d¢ +/ p2(Co3) dCes),
0 0
with ¢; € C§°((0,£) x (0, L)) for i =1,2. Then
Hey
de
uniformly. By passing to the limit in (74) we deduce that

— P11t QT+ ez @ ¢

/ C(E — E°PY) - (g1t @t + poe3 @ t) dz = 0,
Q

and hence

(77) C(E — E°PY)) -t & e3 = 0.

—~

{((C(E — E°P)) -t t =0,

We now take .
1
1 = dexqpt — 52/ pndxy,
0
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with p € C*°((0,¢) x (0,L)) and ¢ = 0 nearby x3 = 0.
After some calculations we can check that

E'E
LN To01 0t @t
de

uniformly. By passing to the limit in (73) we get

/ C(E — E°PY) - 20010t @ tda = 0.
Q
Let ¢ := [[" ¢(C,x3) d¢, with ¢ € C§°((0,¢) x (0,L)). Then, the above equation
implies that
(78) (x2C(FE — E°PY)) -t ©t =0.
Since E°P = EoEgoEX (9319, d3v3), and by Claim 1 we have that £ = EqE+, from
(77), (78) we deduce that

(CEoE*) -ttt =0,

(CEGEY) -t ®e3 =0,

<.’E2CE0EJ‘> Ot = 0,
since the part involving E°P' in (77) and (78) disappears by applying Lemma 6.2.
Thus, still by Lemma 6.2, it follows that

E+ =EoEX (959, d303).

PROOF OF CLAIM 3. Let ¢ € H2 (0, L;R?), (3 € H} (0,L) , and ¢ € H2, (0, L).
Set

Y= %5 +edes A (v — a) — -pzat

and

_ 5. 1
W3 1= 55@,—5533(-(7—7G+;x2n)+5263¢/ (v=7G) nds—0:e03¢0x2(7—c) 1.
0
With v := 1) + 1)3e3 we have
E=q
0e

O 0
= 232059 (1 — Q—EHxQ)gi ®es+ ::51/13

e3 © ez,
and hence

5¢ — —2$283¢t®€3+(33C3—6363§:'(V_VG)+56383¢/ (v=7c) -nds)es©es,
€ 0

uniformly. By passing to the limit in (73) we deduce that

(79) / (C(E - EOpt) . (—2%2&3¢t ® es + 8311}363 ® 63) dr = 07
Q

where N
w = Cs — DeC - (¥ = 6 +5as¢/ (= 7e) - nds.
0

Equality (79) holds for every w; as above and every ¢ € H3 (0,L). By density it
also holds for every ¢ € H}*(0,L). In view of (72) and Claims 1 and 2, we have

/ CE()E()()E‘K((93(1;l - 19), 83(’[)3 - 1)3)) . EK(a;g(b, 83’(1}3) dr = 0,
Q



LINEAR COMPOSITE THIN-WALLED BEAMS 27
and by (67) it follows that also
/Q((3]E()I[‘3()(JEK(33(19 — ), 03(03 — v3)) - EgEoo EX (93¢, O3w3) dz = 0.
By taking ¢ = ¥ — ¢ and ws = 05 — v3, and by using (64) we deduce
(30) /Qfoo(x, B5( — ), s(t3 — v3)) i = 0.

Thus (80) and (52) imply that
(93(19—’(9):0, 83(’{)3—1}3):0.

Thus, using the boundary conditions, ¥ = ¢ and 05 = vs. From these equalities we
also deduce that v = ©. O

Remark 7.3. The energy considered in (14) includes the work done by the loads,
while the T'-convergence analysis deals with the elastic energy only (see (70)). Let
Z.(u®) denotes the work of the loads rescaled by €d., as in (14), and assume that
(1/62).%.(uf) continuously converges to .4, with respect to the convergence used
in Theorems 7.1 and 7.2. Then, the I-limit of (1/6%).%. := (1/62)(J. — £Z.) is
Fo = Jy — %. For instance, the simplest case is

2.6) = [ ¥ u Vi da,
Q

where
b, =d.eby, a=1,2, and b5 =0.bs
with b,, b3 € L?(Q). By taking (23) into account we get

€ 1
L(u®) = 53 / (?(blui + bous) + 6—b3u§) Vg dx
Q € e

= 5? / (b1v§ + bavs + b3vs) /g du,
Q
and

(81) fo(’v,’ﬁ) = / bl’l)l + bg'UQ + bg'l)g dlE,

Q
where we have used the notation of Theorems 7.1 and 7.2. In the case s = 1, the
right hand side of (81) could be written in terms of m, ms, ¥, and their derivatives.
In the case s = 0, the dependence on ¥ drops out unless a more general sequence
of loads is considered.

8. APPENDIX - PROOF OF THEOREMS 5.1 AND 5.2

The proofs given in this appendix freely use ideas introduced by Kohn and
Vogelius [10], Anzellotti, Baldo, and Percivale [1], Friesecke, James, and Muller [9],
Freddi, Mora, and Paroni [4].

In order to prove Theorems 5.1 and 5.2 it is useful to extend our functions and
their domain of definition. The proof will be carried on for closed cross-section,
since the proof for open cross-sections could be obtained by simplifying sligthly
that given for closed cross-section beams.
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‘We consider the extension
0" = (0,20) x (— . 5) x (~L.L)

of the reference domain Q = (0,€) x (—%,2) x (0, L). The extension in the variable
x3 will simplify the analysis of the boundary condition at x5 = 0, while that in the
first variable will be used to take into account the periodicity of displacements. We
note, incidentally, that in the case of an open cross-section it would be enough to
extend the domain in the x5 variable only.

Hereafter, we will consider, without mentioning it, the extension of some func-
tions defined on €2 to the domain Q°.

First of all, we extend the base curve 7y to the interval (0, 2¢) by setting v(z1+¢) =
v(z1). We also extend u® by translation in the variable x1, while we set it equal to

zero when x3 € (—L,0). By the boundary conditions at x3 = 0 then we have
u® € HY(Q%RY).

We wish to split the domain Q¢ into small cube-like sub-domains whose edges
have length approximately equal to d:h. To this aim, let the natural numbers

R el
55h]’ = [55h]’

be defined as the integer part of L/(6.h) and ef/(d:h), respectively, and subdivide
¢ into the 2n§ x 2n§ rectangular boxes

Iy il (i+1)¢ h h JjL (j+ 1)L
QY = (;, ne ) x (—5’5) x (E’T)
1 1 3 3
with ¢ = 0,...,2n§{ — 1 and j = —n§,...,0,...,n§ — 1. Then, the corresponding
subdomains of Q¢ are given by
~ R R 4 il i L
QY :={z : &=ey(—=+w)+0yen(—+uy)+ (‘]7 +ys)es
ng ng ng
/ h h L
ith = — - =, = — )t
wi ye Ce (O’n‘i)x( 2,2)X(0,n§)}

The lengths of the edges of QY are ¢/n$, b and L/n§ and they approximately
correspond to the lengths indicated in Figure 3, as it is straightforward to check.
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~ dch/e
|‘_'| x°
],‘3 ~ 55}1
/ =
h
Ty Kﬁ/ IN §€h
/: 8-h ~ 0:h
Y J
i) ..
Q? Xe = >~<s ort

FIGURE 3. The domains Q% and Q\? .

The following lemma states that there is a function that maps @? onto a fixed
cube and whose gradient is arbitrarily close to a rescaled rotation.
Lemma 8.1. Let C = (0,1) x (=1/2,1/2) x (0,1). For any pair of indices i €
{0,....,2n7 =1} and j € {-n5,...,0,...,n5 — 1} there exists a diffeomorphism Y and
a rotation Ry such that

J Q¥ 0
and
.7 ~L o~

(82) |6:h Ry~ VP (2) — I| <c. Vi e QY with c. — 0.
PROOF. Write Q¥ in the form

Qi ={z:z= (ié,()’jé)—&-ywithyecs}
ni n3

and define ¢¥ : Q¥ — C by
nj 1 nj

oY (@) i= (P =i g Pas = ),

and 1/3? : @? — C by
PP =0 o ()7,
where we recall that x*(x) := X o r® = ey(x1) + dexan(x1) + x3e3. Then, from
Vx© = ((e — dckx2)t|6:-n|es), we have
Vi = Voo ()T V()T
ni 1 nj 1

. 1 T
= dlag(7,ﬁ,f)(mtlzn|€3)

€ 1 €
(—— | —n|"Bes) ",
l(e — 0cwak) Och L
where the intrinsic basis {t,n,e3} is evaluated at x1 = il/n5 + y1.

By calling Ro(x1) the rotation that transforms the local basis {t(z1 ) n(xy),es}
into the Cartesian one {ey, ez, es}, that is Ro(z1) = (t(z1)|n(ay |63) , we have
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o

T3 g X°
XSS
V2R

T C QY

FIGURE 4. The domains C, Q% and Q.

therefore
i B n5och _ n5o:h _
|§5hv¢e RO} - |([£(€_5ey2,€) 1]t|0|[ L 1]63)|
n{o:h ngo-h
< Ol )
< ce

where ¢, are constants independent of the pair (7, ;) and such that 1111(1) ce =0.
e—

(i +3)¢

Let now Réj = Ro(
ni

). Since Ry € W1°(0,2¢; R3*3) it follows that

©j 14 65
|Ro(21) — R{| < C”? < C;

e (i+1)¢

€ €
7L1 "Ll

for every z; € ( ) Therefore, recalling that % — 0 as ¢ — 0, we have

0-hVYE — R§ | < |0.hV — Ro| + [Rog — R§ | = 0
or, equivalently,
16.hVYE — RY| < c..

Inequality (82) follows by recalling that |R{ A| = |A|, since RY is orthogonal. O

PROOF OF THEOREMS 5.1 AND 5.2. Setting

(@) = 0 R DY)
we have that the diffeomorphism ¢% : Q¥ — 8.h RY "¢ satisfies the inequality
|V¢Aﬁg - I| <ece

where c. is the same constant as in Lemma 8.1. Since lim._oc. = 0 together
with the fact that Korn’s constant is invariant under rotations and homogeneous
dilations of the domain, imply that Korn’s inequality holds true in the sets @? with
a constant that does not depend either on ¢ or on {i,j} (see for a similar argument
Pideri and Seppecher [11]). Hence, for every € > 0 and every ¢ = 0, ...,2n5 — 1 and
j = —n§,...,n§ — 1 there exists a skew symmetric constant tensor W/ such that

/ Va4 — Wi 2di < C/ |Eaf |2di.
Q¥ QY
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Or also, after a change of variables,
(83) / |HuE — WH A /gF da < C/ |EFuE PV da.
QY QY

Set
. y
W™= Z W xqii
ij

with X the characteristic function of Q¥. Then, from (83), we get
(84) / |H*u® — W >/gF da < c/ |Euf |2\/gF da.
Qe Qe

We notice that W° could be identified with a function of (z1,z3) only. Hereafter
we shall tacitly make this identification. Furthermore, the periodicity condition
W (14 4,-) = W (x1,-) for every x; € [0, 4] holds true, and W* (z) = 0 whenever
x3 € (—L, 0)

We need now to estimate the variation of W' from the parallelepiped Q% to the
next one in Q°¢. To this aim, for a same thin-walled beam occupying the physical
domain ﬁg, we consider different subdivisions of the set Q¢ described below.

In place of the pair ij we use a multi-index
14 1 L

0,(5+7)—=

(85) a:=(0,0,a3) = ((% +i)n7§’ ) ni)

With this notation we set

V4 L 1 1.3
Qa(a)z{(a1+n?y1,hy27a3+n*§y3) (Y€ (—575) },

the parallelepiped centered in « and with side lengths £/n§, h, and L/n§. Likewise,
we denote by

. 3¢ 3L 1 1.3
3 .
Qé )(0!) = {(al + Eylvhy23a3 + nfg%) ‘Y€ (* 5 5) }
the parallelepiped with the same center and side lengths 3¢/n5, h, and 3L/n§. We
will denote by Wa(a) and Wig,)(a) the rotations appearing in Korn’s inequality
(83) when Q¥ is replaced by Q.(«) and Q¥ («), respectively.

By Korn’s inequality, for any e small enough there exists a skew symmetric
constant tensor W?B) (cr) such that

(86) / |W?3)(a) — Hu®|*V/gf da < C/ |Efuf|?\/gF dx,

Q¥ (a) Q¥ ()

which holds whenever Qg’) () C Qe
Let now 8 = o + A with « as in (85) for some i and 7, and

4 L L L

A= (>\1303 A3) € {(030’0)77(”?703”7%)3 (ana%)}
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Since Q.(8) € Q¥ (a), then
1Q(8)| [T (8) — Wiy (a) 2 < 2 / W5 (8) — Hov* [P /gF da
Q:(B)

+2/Q(3)( )|W§3)(a) — H®|?\/gF da.
Therefore, using (83) and (86), we have that
(87) Q=B W™ (8) = Wzy(@)? < C [ [EvPV/gF da.
QY ()

Since [I7° () ~ W (A)? < 2(|T7" () ~ Wiy (@) + [ (8) ~ Wigy (@)?). by (87)
and its special case @ = 3 (that is A = 0)

(88) Q=(8)| W™ () =W (B) < C/ |E“v°|?VgF d,
Q¥ (@)
which can also be written, being w* piecewise constant,
/ T (2 + V) — W () da’ <—/|E€E|\/>da:
Se () Q¥ (a
where 2’ := (z1,23), N := (A1, \3), and
14 L 11
Se(a) = {(al + Eyl,as + %93) “(y1,y3) € (*57 5)2}

Then, for 7 = (n1,n3) € R? such that |n/|s := max{|n|,|n3|} < max(¢/n5, L/ng),
we get
[ WP < 5 [ 15 da,
Se(a) h (53)(a)
Let now V' be an open set compactly contained in V' = (0,2¢) x (—L, L) and

consider a more general translation vector ' € R? such that |n/|., < dist(V’,9V).
Let

Im| |3
N := ,
() (L g}
and pick 7g,..., Ny 1 such that g = (0,0), 0y 11 =1, My1—Meloo < max(€/ng, L/n3).
Then,

N
W@ +0) = W ()2 Z (@' +1hsr) = W (2 + )
and therefore
N
_ — C(N+1
W ) - W aPa < CEFD S [ e g an
Sel() k=0"QM (atn)

with ng := (91,0, 7g3). Summing over all S.(«) NV’ # & and using the fact that
each z € )¢ is contained in at most N + 1 of the sets Q(g)(a + nx) we deduce that

W5 ) = W @)’ < (2L B2 ) [l
v’ e
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By using assumption (18) it follows that
(89) W& + ) = W (') da’ < C(elm]| V ns] +62)°
V/

for any 0" = (m1,n3) such that |n| < dist(V’,9V).
Let us extend W' to the whole of R2 by successive reflections. Let 7. be any
sequence of mollifiers which will be made precise in the following and define

Wely) = T wnaly') = [/ = )
Using the fact that f ne = 1 and Holder’s inequality, we observe that

= 2
We =T ey = [ | [ e) (7 =) =) d oy

< [nra | W — )~ W () dy d=".
suppne 4V’

Let us now choose the sequence of mollifiers as follows. For ¢ = 1,3, let 7; €

C(—-1/2,1/2),m; > 0, [m; =1 and define

g EZ1
775(2'/) . 52 771( 5

(90)

z3

)773(56)

Then n. € C°((—6./2¢,0./2¢) x (—6./2,6./2)) and [1n. = 1. In particular, for
any ¢ small enough, supp 7. is contained into a ball with radius smaller than the
distance from V' to V. Therefore we can apply estimate (89) in (90) and substitute
the expression of 7)., so obtaining

W =T oy <C [P [ ((elan] v [zl +.)° dardag

Supp 7e

<C’/\62n |2;d:c /Supp77 62dz' < C8?

which implies that
(91) IWe =Wl 2wy < C8,

since the constant C' does not depend on the choice of V'. From (84) and (91) it
follows that

[H*u® = We |72y < CO2.
Applying Hoélder’s inequality and proceeding as above, we have

/v,|83W5|2dy’ :/ ’/83778 (W =) =W () d'["dy

< / |05 |2 dz’ / / |W€(y' -2 - Ws(g/)|2 dz'dy’
Supp 7e " Jsupp ne

= C%/ ((elza| V |z3]) +6.)% d2' < C©
55 sSupp Ne
which implies
(92) [0sWe | L2(vy < C.

Analogously, it can be proved that
(93) H81W8||L2(V) S C&.
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By Poincaré inequality and (92) we have
(94) HW€||L2(V) < CH83W6HL2(V) <C.

Thus, the sequence {W¢} is bounded in H(V;R3) and thence there exists W &
HY(V;R3) such that

(95) We—~W  in HY(V;R3).

Therefore the theorems are proved by taking the restrictions to © (of the trivial
extensions to 2¢) of W€ and W. In particular,

i) of Theorem 5.1 follows from (84), (91) and (18),

1) of Theorem 5.1 follows from (94) and (92),

141) of Theorem 5.1 follows from (93),

W e H} (0,L; ngxvf’ ). In particular, it depends only on the variable x5 as
a consequence of #ii) and of the fact that W< is independent of z5. The
boundary condition follows instead from the convergence (95), since W¢(z)

is zero for x5 € (—L, —6./2) and lim._, 6. = 0.

This proves Theorem 5.1.

Theorem 5.2 follows by noticing that u® € Hj,, (2;R?) implies that W¢(z1 +
4,-) = We(xyq,-) for every z1 € [0,¢]. In particular, we have that W<(0,-) = We(¢, )
for every e. O
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