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Abstract

We study the I'-convergence of the power-law functionals

Fy(V) = (/Q fp(a:,V(x))dm>1/p,

as p tends to +o0o, in the setting of constant-rank operator 4. We show that the I’-limit is given by a
supremal functional on L (€; M**¥) N KerA where M**¥ is the space of d x N real matrices. We
give an explicit representation formula for the supremand function. We provide some examples and
as application of the I'-convergence results we characterize the strength set in the context of electrical
resistivity.
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1 Introduction

In this paper we study the asymptotic behaviour of family of integral functionals of the form

W) = ([ 7)) (1)



where 2 C RY is a bounded open set, f : Q x M — [0,00) is a Carathéodory function and V €
L= (Q; M?*N) is constrained to satisfy a system of first order linear partial differential equations:

N
5OV
AV =Y A0 =, 1.2
2, "
Here A® : M4*N — R! are linear transformations for every i = 1,---, N and the operator A satisfies the

so-called constant-rank property (see [21]).
This type of constraint arise naturally in the setting of continuum mechanics and electromagnestism:
for example,

(a) in the case of solenoidal fields (divergence free fields) which are relevant to treat extreme resistivity:
here
AV =0 if and only if DivV =0

where V' : @ — M4xN.

(b) in the context of effective conductivity (curl free fields) where

AV =0 if and only if curl V = 0;

(¢) in the micromagnetics literature where the constraints are given by Maxwell’s equations;
(d) in the case of higher gradients

(for further details see [18] Section 3).
In [18] Fonseca and Miiller study the necessary and sufficient conditions for the (sequential) lower
semicontinuity of integral functionals of the form

[(U,V) = /Q F@,U(2), V(2))dz (1.3)

when U, — U in measure, V,, — V weakly in LP(Q, M) (weakly* if p = +00) and AV,, — 0 in
W=LP(Q) (AV,, = 0 if p = +00). In this framework they generalize the classical notion of quasiconvexity
(see for example [2], [15]) and prove that a necessary and sufficient condition for the lower semicontinuity
is A-quasiconvexity of f(x,U,-). We recall that a function f : M¥N — R is A-quasiconvex if

£(5) < /Q F(S+V(2)da

for every V € C*°(RY; M%) such that V is Q-periodic, AV = 0 and fQ V dx = 0. Note that if A = curl
then A-quasiconvexity coincides with the well-known notion of quasiconvexity due to Morrey in the case
of the gradients.

So far the asymptotic behaviour of the family (F,) has been studied in the curl-free case. In [20]
Garroni, Nesi and Ponsiglione study the macroscopic behavior of two phases composite materials for the
first failure dielectric breakdown. They consider the family of the power-law functionals F, : L'(Q) —
[0, 4+00] given by

1/p
)\xDvpdx) if ve Wwhe(Q),
| ([ M@D @
+00 otherwise
with A(z) piecewise-constant function (whose constant values represent the two phases) and prove that

(F,) T-converges with respect to the L!-strong topology, as p — 0o, to the so called supremal functional

esssup |A(z)Dv| if v € WH>(Q),
F@);:{ s sup @) Dv (@)

+00 otherwise.



In [14] Champion, De Pascale and Prinari consider F), : C(Q, R?) — [0, oc] of the form

Fy(v) := </Q fp(ff»Dv(x))dw)l/p if ve WhP(Q;RY),

+o00 otherwise

where the function f satisfies a linear growth condition and the following generalized Jensen inequality:
for every z €
f (x,/ Eduw(2)> < - esssup f(z,X) (1.4)
MdXN ZGMdXN

whenever (v;)zeq is a WhP-gradient Young measure for all p € (1,00). They prove that (F},) I'-converges
with respect to the uniform convergence, as p — oo, to the functional

ess su xz, Dv(x if v Loo(Q): R
F(v)::{ s sup f(z, Du(z)) if v € WHE(RT), (1.5)

400 otherwise.

Notice that inequality (1.4) is satisfied, in particular, by the functions that are level convex in the second
variable. We recall that a function f : M4V — R is level convex if

FOAZ+ (1= N)22) < f(31) V f(X2)

for every 1,5 € M%*N and X € [0,1]. In [24] Prinari removes the hypotheses (1.4) in the scalar case
d =1 and shows that (F},) I'-converges to the functional F' given by

F):= zeQ

_ ess sup f(x, Du(z)) if v € WH(Q),
+00 otherwise

where f!°(z,-) is the greatest level convex function less or equal to f(z,-).
In [9] Bocea and Nesi study the LP-approximation in the more general framework of A-quasiconvexity.
More precisely, they consider the power-law functionals F}, : L1 (; M?*Y) — [0, +oc] defined by

1/p
Fy(V) = </Q P (x, V(:c))dx) if Ve LP(Q;MY9*N) N KerA, (1.6)
+00

otherwise,

and, under the assumption that f(x,-) is A-quasiconvex and satisfies standard growth conditions, they
prove a liminf inequality with respect to the weak convergence in L' and in particular they show that
(F,) I-converges, with respect to the L!-strong topology as p — oo, to the supremal functional

F(V) = { es$ses§121p flz,V(x)) if V€ L®(Q;M>N)NKerA, w7)

400 otherwise.

However in the context of supremal functionals the A-quasiconvexity is too restrictive since it is
not necessary for the lower semicontinuity. For example, if A = curl, under suitable assumptions on
f with respect to the variable z, in [8] Barron, Jensen and Wang prove that a supremal functional is
weakly* lower semicontinuous on W1 (€, R) if and only if f(x,-) is (strong) Morrey quasiconvex (see
[8] Definition 2.1). We note that the curl-quasiconvexity, since it is equivalent to the quasiconvexity,
only implies the Morrey quasiconvexity. In fact, if d = 1 or N = 1, we have that the curl-quasiconvexity
coincides with the convexity while the Morrey quasiconvexity is equivalent only to the level convexity.

In this paper we generalize both results proved in [14] and [9] assuming milder assumption on f. More
precisely, in Theorem 4.2 we consider the family F), : L>(Q; M4*Y) — [0, +o0] given by

1/p
B (V) = ( / fp<w7V<x>>dw) iV € XM A Kerd, (L8)

400 otherwise,



and we prove that, for any Carathéodory function f satisfying linear growth condition, (F,) I'-converges,
with respect to the L*°-weak* topology as p — oo, to the functional

. esssup f(z,V(x)) if V e L MY>N) N KerA,
F(V):= z€Q (1.9)
+00 otherwise.
In order to give an explicit formula of the supremand function f we define the class of A-co quasiconvex
functions. We say that a function f : M?*N s [0, +00) is A-0o quasiconvex if for every ¥ € M2V

£(£) = lim inf{(/ P+ V(@)da)": Ve LF(Q:MPN) N Ker A, / Vde = o}
pP—>00 Q Q
where
LE(@Q;MPN) = {V € L, (RN;MPN) ¢ V is Q-periodic} .

We show that the function f coincides with the A-oco quasiconvex envelope of f, that is, the greatest
A-00 quasiconvex function below f. In particular, by Theorem 4.2 we have that the A-oo quasiconvexity
is sufficient for the LP-approximation of a supremal functional with respect to the L>°- weak* topology. If
f does not depend explicitly on z, in Theorem 4.4 we prove that the A-oo quasiconvexity is also necessary.

In general A-quasiconvex functions are A-oo-quasiconvex while the viceversa is not true (see Example
5.5). Therefore, in Theorem 4.1 we generalize the results obtained in [9] since we consider the same family
of functionals (F},) as in (1.6) with f(z,-) A-co quasiconvex and satisfying standard growth conditions.
Under these assumptions we prove that (F,) I-converges, with respect to the L'-strong topology as
p — o0, to F as in (1.7).

Since the I'-limit is always a lower semicontinuous functional (see Section 2.1), by Theorem 4.2 we
can also conclude, under linear growth condition, that the notion of A-co quasiconvexity provides a
sufficient condition for the lower semicontinuity of the supremal functionals under differential constraint.
In particular, the curl-co quasiconvex functions are a subclass of (strong) Morrey quasiconvex functions.
Moreover, in the Example 5.9 we show that such inclusion is strict. In a forthcoming paper [4] we
perform a deeper analysis in order to find necessary and sufficient conditions for the lower semicontinuity
of supremal functional of the form (1.7).

In Section 6 we apply the results obtained to characterize via I'-convergence the effective strength set
Keg in the context of electrical resistivity defined by

Ko := {0 := /Qa(ac) dx : o(x) € K(x) ae. x € Q, dive =0}

where o : Q — RY is the current and

K(z)={¢eRY: f(z,6) <1}.

In the context of (first failure) models of dielectric breakdown for composite made of two isotropic phases
considered by Garroni, Nesi and Ponsiglione [20], the constraint o(z) € K(z) is replaced by the condition
that Vu € K(z) where Vu is the electric field and f(z,£) = A(x)|£] with A(z) piecewise-constant function
(whose constant values represent the two phases). Such a model is concerned with electrical conductivity
and therefore the relevant fields are curl free. Here we want to model electrical resistivity then the right
differential constraint is the divergence. We recall that in the context of plasticity the set K (z) is called
the yield set.

In [9] Bocea and Nesi characterize the set Keg under the assumptions that f is a Carathéodory
function, div-quasiconvex in the second variable and satisfying growth conditions (see Proposition 6.1
and 6.2 in [9]). Note that in their case, since d = 1, the div-quasiconvexity reduces to the convexity.
In this paper we characterize the set Ko under more general hypotheses; i.e., we assume that f is a
Carathéodory function, div-oo quasiconvex in the second variable and satisfying a growth condition from
below. This is, in particular, equivalent to suppose that f is level convex in the second variable (see
Proposition 5.4).



2 Notation and preliminaries

Let © be a bounded open subset of RY. We denote by O(£2) the family of open subsets of . We write
LN (E) for the Lebesgue measure of E C RY. Let ¥ € MY where M?*" stands for the space of
d x N real matrices, with a slight abuse of notation, we denote |X| = E?Zl |¥;], where ¥; is the i** row

of ¥ and |%;| its Euclidean norm. We use &; also to denote the i*" component of a vector &. Finally, if
V:Q — M*N we define DivV : Q + R? such that

(DivV); = divV;

for every i = 1,---,d. Here, and in what follows, A is a constant-rank, first order linear partial differential
operator defined on the space LP(Q, M%) 1 < p < oo, by the formula

AV = 3 A0V e R!
~—Z 8751 (e (B RY)
i=1

where A : M?*N — Rl are linear transformations for every i = 1,---, N. We recall that A satisfies the
constant-rank property if there exists » € N such that

rank Aw =r for all w e SN~!

where
N
Aw = ZA(i)wi, we RN,
i=1
We define
LE(Q;MPN) = {V e LY, (RY;M*N) : V is Q-periodic}

loc

for every 1 < p < +oo, where @ denotes the unit cube in RY. Similarly, we denote by Cg the C*-
functions that are Q-periodic.

2.1 TI'-convergence

We recall the sequential characterization of the I'-limit when X is a metric space and when X is the dual
of a separable Banach space that we will use in the sequel.

Proposition 2.1 ([16] Proposition 8.1) Let X be a metric space and let v, : X — R U {£o0} for
every n € N. Then (p,) T'-converges to ¢ with respect to the strong topology of X (and we write
D(X)-lim, o0 on = ) if and only if

(i) for every x € X and for every sequence (x,,) converging to x, it is

p(z) < liminf v, (x,);

n—oo
(ii) for every x € X there exists a sequence (x,) converging to x € X such that

o(x) = lim @, (x,).

n—oo
We recall that the I'-1lim,, o ¢y, is lower semicontinuous on X (see [16] Proposition 6.8).

Proposition 2.2 Let X be the dual of a separable Banach space and let X be endowed with its weak*
topology. Let ¢, : X — RU {£oo} for every n € N. Assume that there exists ® : X — R U {+o00} such
that:
im  ®(z) = +o0,
)l x —+oo
and @, > ® for every n € N. Then (p,) T'-converges to ¢ with respect to the weak* topology of X (and
we write T'(w*-X)-lim, o0 ©n = @) if and only if



(i) for every x € X and for every sequence (x,,) converging weakly* to x € X, it is

() < liminf @, (z,);

(il) for every x € X there exists a sequence (x,) converging weakly* to x € X such that

o(x) = lim p,(x,).

n— oo

The proof of Proposition 2.2 easily follows the one of Proposition 8.10 in [16] with X endowed with its
weak™® topology.

Finally we recall also that the function ¢ = I'(w*-X)-1lim, e ¢n is weakly* lower semicontinuous
on X (see [16] Proposition 6.8) and when ¢, = ¢ Vn € N then ¢ coincides with the weakly* lower
semicontinuous (1.s.c.) envelope of ¥, i.e.

¢(z) =sup{h(z): Yh: X - RU{+oo} w*ls.c., h<ey on X} (2.10)

(see Remark 4.5 in [16]).
We will say that a family (¢,) I'-converges to ¢, with respect to the topology considered on X as
p — 00, if (¢, ) T-converges to ¢ for all sequences (p,,) of positive numbers converging to co as n — oo.

Finally we state the fundamental theorem of I'-convergence.
Theorem 2.3 Let (¢,,) be an equi-coercive sequence I'-converging on X to the function ¢ with respect

to the topology of X. Then we have the convergence of minima

minp = lim inf ¢,,.
X ® n—oo X ¥n

Moreover we have also the convergence of minimizers: if (x,,) is such that lim, oo ©n(2y) = lim, o inf x @,
then, up to subsequences, (xy,) — x and x is a minimizer for .

For a comprehensive study of I'-convergence we refer to the book of Dal Maso [16] (for a simplified
introduction see [11]), while a detailed analysis of some of its applications to homogenization theory can
be found in [12].

2.2 A-quasiconvexity

In this section we recall the notion of A-quasiconvexity and some related results that we will use in the
sequel.

Definition 2.4 Let f : MM 5 R be a function. We say that f is A-quasiconvex if

() < /Q F(S+ V() da

for every V€ O (RN; M*N) such that V is Q-periodic, AV =0 and / Vdx=0.
Q

In the next theorem we collect the results proved by Fonseca and Miiller in [18] concerning the lower
semicontinuity of integral functionals of the form

F(V) = / £, V(z))do (2.11)
Q
in the context of the constant-rank operator A.

Theorem 2.5 ([18] Theorems 3.6 - 3.7) Let 1 < p < +oo and suppose that f : Q x M¥>*N [0, o00)
is a Carathéodory function. Let F: LP(Q; M%*N) — [0,00) be the functional given by (2.11).

(@)



1. (sufficiency) Assume that ¥ — f(x,X) is A-quasiconvex for a.e. x € Q. If 1 < p < 400, then
assume further that there exists a constant > 0 such that

0< f(z,X) < B+ [Z[F)
for every ¥ € M™*N and a.e. x € Q. Then
F(V) <liminf F(V,,)

n—oo
for every V,, — V weakly in LP(Q;M>*N) (weakly* if p = +00) and AV,, — 0 in W~LP(Q;R!)
(AV,, =0 if p = +o0).

2. (necessity) Assume that (f(-,V,(+))) is equi-integrable whenever (V,,) is a sequence bounded in
Lo (0 MAXNY . If
F(V) <liminf F(V,)

n—oo
for every (Vi) € C®(Q;M¥*N) such that V,, — V weakly* in L>=(Q;M>*N) and AV, = 0 then

f(z,-) is A-quasiconvez for a.e. x € ).

In [13] Braides, Fonseca, and Leoni provide an integral representation formula for the relaxed energy
of an integral functional of the form (2.11) in the case p = +oc.

Theorem 2.6 ([13] Theorem 3.6) Let f : Q x MY s [0,00) be a Carathéodory function such that
fe L (QxM>N:[0,00)). Let F: L®(Q;M¥>*N) N Ker A — [0,00) be the functional given by (2.11)

and let F : L= (Q;MY>*N) N Ker A — [0,00) be defined by

]:(V) ;= inf {hmll’lfF(Vn) :V, € LOO(Q;MdXN) N KC?”A, V, =V weakly* in LOO(Q;MdXN)} ]
n—oo
(2.12)
Then we have

F(V) = / Qaf(z,V(x)) de,

for every V€ L>(Q; M¥*N) N Ker A, where Q4 f(x,-) is the A-quasiconvezification of f(x,-), namely
Ouf(z,%) = inf{/ fl@, S+ V(y)dy : VeCP(Q;M>™N)n KerA, / V(y)dy = 0} . (2.13)
Q Q

Remark 2.7 1. If f(z,-) is upper semicontinuous for a.e. z € Q then Q 4f is A-quasiconvex (see [18]
Proposition 3.4.)

2. If f(x,-) is upper semicontinuous and locally bounded from above, then, applying Fatou’s lemma,
it is easy to show that in the definition of A-quasiconvexity and of 4-quasiconvexification the
set of functions C°°(RY; M?*¥) may be replaced by L>(RM;M¥*N). If, in addition, |f(z,%)| <
B(1 4+ |2[P) for some B > 0, for every X € MY and for a.e. x € Q, then C°(RY; M¥*V) may be
replaced by LP(RY;M?*N) (see [18] Remark 3.3(ii)).

3. If f satisfies also a coercivity condition then by Proposition 2.2 we have that F, given by (2.12), is the
I'(w*-L>)-limit of the sequence F,, = F', Vn, and coincides with the weakly* lower semicontinuous
envelope of F' .

2.3 Young measures

In this section we recall briefly some results on the theory of Young measures (see e.g. [5], [10], [29]). If
D is an open set (not necessarily bounded), we denote by C.(D;RF) the set of continuous functions with
compact support in D, endowed with the supremum norm. The dual of the closure of C.(D;R¥*) may be
identified with the set of R*-valued Radon measures with finite mass M (D;R¥), through the duality

(1, ) 1= /Dw(y) du(y),  peM(D;RF),  peC(D;RY).

A map p: Q — M(D;RF) is said to be weak*-measurable if = ~— (u,, ) are measurable for all ¢ €
C.(D;RF).



Definition 2.8 Let (2,) be a bounded sequence in L'(Q). We say that (z,) is equi-integrable if for all
e > 0 there exists § > 0 such that for every measurable E C Q if LN (E) < § then

sup/ |zn(z)| dx < €.

We say that (z,) is p-equi-integrable if (|z,|P) is equi-integrable.

Theorem 2.9 (Fundamental Theorem on Young Measures) Let Q C RY be a measurable set of finite
measure and let (V,,) be a sequence of measurable functions, V,, : Q — M¥>N_ Then there exists a
subsequence (Vy,,) and a weak* measurable map p: Q — M(M*N) such that the following hold:

L pe 20, [[pe || agaax vy =/ dpe <1 for a.e. z € Q;
MAxXN

2. if K C M™N s a compact subset and dist (V,,,, K) — 0 in measure, then

supp p, C K fora.e.x € Q;

3. |lpzll mauaxny = 1 for a.e. x € Q if and only if
lim sup £V ({|V,,| > M}) =0;
M—o0

4. if (3) holds then in (2) we may replace “if” with “if and only if”

5. 0f £ Q x MP*N 3 R is a Borel function bounded from below and f(x,-) is lower semicontinuous
for a.e. x € Q, then

hmlnf f(x Vi, (z)) dz > / f(z

where

F@)i= G £l = [ Fo) dia(o);
MdxX N
6. if (3) holds and if f : Q x MV s R is Carathéodory and bounded from below, then

lim /f(m,Vnk(x))dx:/Qf(x)da?<+oo

k—oo Jq
if and only if (f(-,Vh,(+))) is equi-integrable. In this case
fC V() = f weakly in L*().

The map g : Q — M(M?*N) as in Theorem 2.9 is called Young measure generated by the sequence
(Voi)-

Remark 2.10 1. We recall that if (;,) is a bounded sequence in L'(Q; M?*Y) and there exists a
continuous function g : [0; +00) — [0; +00) such that

9(t) _
t_l}linoc = +0o and sup/Qg(|Vn(x)\)dx < +00

then the sequence (V;,) is equi-integrable.

2. By Dunford-Pettits Theorem, if (V;,) is bounded in L9(€;M¥*N) for some 1 < ¢ < +o0, then
(f(Vy,)) is equi-integrable whenever f : MY — [0, 4+0c0) is a continuous function such that

%
o ché|q) = 0. In particular, if f is a continuous function such that |f(X)| < B(JX| + 1), then
— 00
P(X
o f|2§|q) = 0 for every ¢ > p; hence, for every (V},) bounded in L>(2;M?*Y) we have that
—o0

(fP(V,,)) is equi-integrable for every p.



3. As a consequence of Theorem 2.9 (6), if (V},) is equi-integrable then taking f = id we obtain
Vi, =V weakly in L'(Q), V(z) i= (g, id) .
(See [18] Remark 2.3 (ii)).

Definition 2.11 Let p be a Young measure. Then p is said to be homogeneous if there is a Radon
measure jig € M(M*NY) such that p, = po for a.e. x € E.

We conclude this section by recalling the following proposition which will represent an important tool to
prove the LP-approximation Theorems 4.1.

Proposition 2.12 ([18] Proposition 3.8) Let 1 < p < oo and let (V;,) be a p-equi-integrable sequence
in LP(Q;MYNY) such that AV,, — 0 in W=LP(Q) if 1 < p < 0o, AV, — 0 in W=L7(Q) for some

r € (1, %) if p =1, and (V,,) generates a Young measure u. Let V,, — V weakly in LP(£;M**N),

Then for a.e. zg € S there exists a sequence (W) C L;(Q;dez\[) N Ker A that is p-equi-integrable,
generates the homogeneous Young measure i, and satisfies

/ Wa(y)dy =V (zo) .
Q

In particular for a.e. xy € )

f(V (o)) < (o f)
for every continuous A-quasiconvex function f such that
|FE)] < BL+[ZP) (2.14)

for some B > 0 and for all ¥ € M**N,

3 New sets of functions

In order to study the asymptotic behavior of the power-law functionals
1/p
Fy(V) = (/ f”(a:,V(x))dx) , V e LP(Q; MPN) N Ker A
Q

we introduce the classes of A-weak and A-co quasiconvex functions. In this section we analyse the main
properties and their mutual connections.

3.1 A-weak and A-oco quasiconvex functions

We start introducing the notion of A-weak quasiconvexity. It seems the natural definition in the context
of supremal functionals compared with the notion of A-quasiconvexity (see Definition 2.4). However, we
will see that the A-weak quasiconvexity does not play the same role that the A-quasiconvexity plays in
the context of integral functionals.

Definition 3.1 We say that a Borel function f : MV — R is A-weak quasiconvex if for all ¥ €
deN

f(X) <esssup f(X + V(z))
z€Q

for every Ve L (Q;M™N) N Ker A with JoVdz=0.

Remark 3.2 1. Note that, by Remark 2.7(2), we have that every A-quasiconvex function (upper
semicontinuous and locally bounded from above) is A-weak quasiconvex.



2. If f is curl-weak quasiconvex then f is weak Morrey quasiconvex; i.e.,

@ = inf{ess sup f(X+ Dyp): ¢ € WOI’OO(Q;IRd)} ,
z€EQ

for all ¥ € M4xN,

The weak Morrey quasiconvexity, introduced by Barron, Jensen, Wang in [8], is necessary for the
lower semicontinuity of a supremal functional defined on W1°°(€; R%). In the scalar case; i.e., d = 1 or
N =1, such condition is also sufficient and it coincides with the notion of level convexity. We recall that
f: R* = R is level convex if for every t € R the level set {5 € RF: f(¢) < t} is convex. It is an open
problem to determine if the weak Morrey quasiconvexity is sufficient also in the vectorial case.

Since the aim of this paper is to prove that under suitable conditions on f the family (F},) approximates
via T'-convergence a supremal functional (which is lower semicontinuous being a I'-limit) we deduce that
the A-weak quasiconvexity may not be the right notion for f. Therefore we introduce the class of A-co
quasiconvex functions.

Definition 3.3 We say that a Borel function f : M s [0, +00) is A-co quasiconvex if for every
¥ € MdxN

f(¥) = lim inf{(/Qf”(E + V(x))dx)l/p Ve L (Q;MPN) N Ker A, /Qde = 0}. (3.15)

p—o0

In the sequel we will denote by
£o(2) = inf{(/ PP+ V(@)da)'" Ve LF(Q:M™N) N Ker A, / Vde = o}. (3.16)
Q Q

Remark 3.4 Let f be an upper semicontinuous function. By Remark 2.7(2), if f satisfies also the
growth conditions |f(X)| < (14 |3]) then we may replace the space L™ with L? in (3.15); i.e., f is A-00
quasiconvex if for every ¥ € M@*V

£(£) = lim inf{(/pr(z +V(2))dz) " V € L (Q;MPN) N Ker A, /Qde = o}.

p—>00

In the next Proposition 3.6 we study the connections between level convex, A-quasiconvex, A-weak
quasiconvex and A-oo quasiconvex functions. In particular, we show that

f A-quasiconvex = f A-co quasiconvex = f A-weak quasiconvex;

and
f level convex and lower semicontinuous =—> f A-weak quasiconvex.

We first recall the Jensen inequality introduced by Barron, Jensen, and Liu in [7] for lower semicon-
tinuous and level convex functions (see also [8] Theorem 1.2) that we use in the sequel.

Theorem 3.5 Let f : RF — R be a lower semicontinuous and level convex function, and let p be a
probability measure supported on 2. Then for every function u € LL(Q; R¥), we have

(] werin(e)) < -ess sup(r 0 ) o), (3.17)

Proposition 3.6 Let f : MY [0, 4+00) be a Borel function.

1. If f9 is upper semicontinuous, locally bounded from above and A-quasiconvex for some q > 1, then
f is A-00 quasiconvex.

2. If f is A-oo quasiconvez then [ is A-weak quasiconvex.

10



3. If [ is lower semicontinuous and level convex then f is A-weak quasiconvexz.
4. If f is continuous, level convex and there exist o > 0 such that
f(X) > a3 for every ¥ € M4V
then f is A-0o quasiconver.
Proof.
1. By Definition 2.4 and Remark 2.7(2) for ¢ > 1 we have that

i) = inf{/ fUS+ V())de : V€ LF(Q;MPN) NKer A, / Vdr = 0}
Q Q
for every ¥ € MV hence,

7(®) inf{(/qu(2+V(a:))dz)1/q; Ve LF(Q:MPN) N Ker A, /chzxo} = f.(%).

For every p > g and V € L (Q; M¥*N) N Ker A with fQ V dz = 0, by Hélder’s inequality, we have
that

f® < (/foJ(z +V(2))da) ' < (/pr(z +V(2))da) P

In particular
f(®) < inf{(/ P2+ V(x))daz)”” 1 Ve L (Q;MPN) N Ker A, / Vdr = 0} < f(D).
Q Q

This implies that

fp(E) = f(2)
for every ¥ € M%¥ and p > ¢q. Therefore we get in particular that f(X) = lim,_, o f,(X) for every
Y e M™*N e fis A-co quasiconvex.

2. Let ¥ € M4V Then

() = lim inf{(/ P+ V(@)da)'": Ve LF(Q;M™N) N Ker A, / Vidr = o}
p=ee Q Q
< inf{esrsesgp fE+V(x): Ve L;’;(Q;MMN) NKer A, /Qde = O}
< f(®)

which concludes the proof.
3. Let V € L;"(Q;M‘“N) N Ker A be such that fQ V dx = 0, applying Jensen’s inequality (3.17), we
have that

F(E) = f(]£2 S+ Vi(e)de) < esssup f (2 -+ V(x).

Then f is A-weak quasiconvex.

4. Let (fP)** be the convex envelope of the function fP. By Jensen’s inequality we have that

(/7)™ (%) < /Q (/)" (2 + V(2)) dr < /Q f2(S + V() de

for every V' € L (Q; M*N) N Ker A such that fQ Vdx = 0. It follows that
(fP)(3) < inf{/ FPE+V(@)da : Ve LT QMY N) N Ker A, / Ve = o} — f2(%); (3.18)
Q Q
hence, ((f?)**)Y/P < f, < f. Moreover, since f is continuous, level convex and satisfies a linear

growth condition, we have that lim, .. ((f?)**)"/? = f (see e.g. [24] Remark 3.12). Hence, passing
to the limit as p — oo we get that in particular f = lim,_, fp; i.e., f is A-c0 quasiconvex.

O
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Remark 3.7 1. In Section 5.2 we will exhibit some counter-examples (see Examples 5.9 and 5.5)
which show that if d, N > 1 then

f A-weak quasiconvex = f A-0o quasiconvex;

f A-00 quasiconvex = f A-quasiconvex;

respectively.
2. The coercivity assumption cannot be dropped in the statement of Proposition 3.6(4) (see Example

5.9).

3.2 A-oo quasiconvex envelope
For any function f: M?*Y — R we define
Q%7 f(2) :=sup{h(X) : his A-oo quasiconvex and h < f} (3.19)

the A-oco quasiconvex envelope of f. In the next proposition we prove, among others, that for any
continuous function f, the A-oo quasiconvex envelope can be obtained as limit of the A-quasiconvex
functions f,, as p tends to oo.

Proposition 3.8 Let f: MY — [0,4+00) be a continuous function and let f, be defined as in (3.16)
for every p > 1. Then

1. P is A-quasiconvez;
2. QX f(¥) is A-oo quasiconvex;

3. (fp) converges to Q% f, as p — oo; i.e.,
QX (%) = lim mf{(/ fp(E+V(y))dy)1/p: Ve LF(Q;M>N)NKer A, / dezo}, (3.20)

for every ¥ € MM

Proof. We recall that

£,(2) = inf{(/pr(Z+V(;v))dgc)1/p: Ve LF(Q:MPN) N Ker A, /chzx_o}.

Note that (f,) is an increasing sequence; hence, there exists the pointwise limit f = lim, o fp and
fp < f for every p.

1. By Remark 2.7 (1) Q4 f? is A-quasiconvex; hence, since f}(¥) = Q4 f?(¥) we have that also f} is
A-quasiconvex.

2. Fix ¥ € M™% and € > 0. Let h. be a A-0co quasiconvex function such that h. < f and such that
QX f(2) < ho(X)+e.
Since h. < Q% f we have that (h.), < (Q% f)p. This implies

Q3T F(5) < ha(S) + = = Tim (he)y(%) += < Tim (QFS)p +2

p—o0

and, by the arbitrariness of ¢ > 0, we obtain that

QXS = lim (QF/)p(%) < Q2 f ().
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3. Since by definition Q% f < f, we get that for every p > 1 (Q%Xf)p < fp. Since QF f is A-00
quasiconvex, passing to the limit as p — oo, we obtain Q% f < f . In order to show the converse
inequality, we recall that by definition f, < f for every p > 1, passing to the limit as p — oo, we
obtain that f < f. Therefore if we show that f is A-00 quasiconvex, we get that f < Q%X f which
concludes the proof of step 3.

We already know that f} is A-quasiconvex and f, < f ; hence,

() < (/Q S+ V)
< (/Q P4+ V() dx) v
< esxsesqlzlp f(E+V(2)) (3.21)

for every p > 1 and V € L°#°(Q;MdXN) N Ker A, fQ Vdx = 0. By (3.21), we have that

f(E) = lim f,(%)

p—r0o0

< lim inf{(/pr(z+V(x))dx)”p; Ve LF(Q:MPN) NKer A, /chzx:o}

p—00

< inf{ess sup f(£ + V(x)): V € LE(Q;MP>N) NKer A, / Vdr = o}
z€Q Q

< f(®).

By Definition 3.3 we get that f is A-00 quasiconvex.

Proposition 3.9 Let f : MY — [0,+00) be a continuous function satisfying weak growth condition:
there exists o > 0 such that
f(2) > alX] for every ¥ € M4V,

Then for every p > 1, the function f, given by (3.16) is continuous. In particular Q% f is a lower
semicontinuous function.

Proof. We start by proving that, for every p > 1, f, is upper semicontinuous; i.e., for every sequence
(3,) € M¥*N converging to ¥ € MY we have that

limsup fp(Z,) < fp(2). (3.22)

n— 00

Without loss of generality we may assume that f,(X) < +oo. Let V. € L (Q; M) nKer A be such
that [, Vo dz =0 and

1/p
) 2 ( / S+ Vela))dr) e
Q
By definition of f, we have that

o) < (f e vyar)

for every V € L3 (Q; MIXN) N Ker A, fQ V dx = 0. In particular, taking V. as test function we have

limsup f,(X,) < limsup</ P2, + ‘@(m))dm) Up.
Q

n—oo n—oQ

13



Since f is continuous and V; € L (Q; M¥*N) N Ker A, applying the Lebesgue theorem, we have that

limsup fp(E,) < (/Q P(E+ Va(x))dx> 1/p < (D) 4e.

n—oo

By the arbitrariness of € we get (3.22).
Let us deal with the lower semicontinuity of fp; i.e., fp(2) < liminf, .o f,(X,). Since f is continuous
and satisfies the weak growth condition, by Remark 2.7 (2)-(3) the functional

Vs [ pvyde = [ (Qam(v)de
Q Q
is weak* lower semicontinuous in L*°. Hence, for every converging sequence Y,, — ¥ we have that
fr() = /Q £2(2) do < lim inf /Q F2(50) de = liminf £2(5,).

which concludes the proof of the lower semicontinuity of f,. By (3.22) there follows that f,, is continuous.
In particular, since Q% f = sup,, f,, we can conclude that Q% f is lower semicontinuous. a

We can prove now that, under suitable growth conditions, the A-oc quasiconvex functions satisfy a Jensen
inequality for a particular class of Young measures.

Proposition 3.10 Let V,(V,,) € L*(, M) be such that AV,, =0, V,, — V weakly in LI(Q; M*N)
for every 1 < g < co. Assume that (V,,) generates a Young measure p. Then there exists a negligible set
N C Q such that

A Ba(®) < o ess s ()
MdxN SeMEx N

for every x € Q\ N and for every continuous and A-co quasiconvex function f : M*N — [0, +00)
satisfying the following standard growth conditions: there exist o, B > 0 such that

alX] < f(2) <B(2]+1) for every ¥ € MI*N,

Proof. Since the sequence (V},), is weakly converging in L™, we have that (V;,) is m-equi-integrable.
Moreover, by Propositions 3.9 and 3.8 we have that f is a continuous and .A-quasiconvex function
satisfying (2.14) and f,, < f (where f,, is given by (3.16) with m in place of p).

By Proposition 2.12 applied to the subsequence (V,,),, with the function f in place of f and m in
place of p, we have that for every m > 1 there exists a negligible set E,, C € (independent on f) such
that

PRV < G £ < uan ™) = [ () dial(S)

for every z € Q\ E,,. In particular, we have that

1/m
s ([ e )
MdXN
for every m > 1 and for every € Q\ |,,, Er. Hence, passing to the limit as m — oo, we obtain that

lim fr (V(2)) < po- esssup f(X)

m— oo SeMExXN

for every x € Q\ U,, Em. Since f is A-oo-quasiconvex, we can conclude that

f(/MIdXN Ydup, (X)) = f(V(x)) = lim [, (V(z)) < pg- esssup f(X)

m—o0 SeEMEXN

for a.e. x € Q. O
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4 The LP-approximation theorems

In this section we study the LP-approximation, via I'-convergence, of supremal functional under differen-
tial constraint with respect to the L!-strong topology (see Theorem 4.1) and to the L°°- weak* topology
(see Theorems 4.2). The results obtained generalize the I'-convergence theorems proved by Bocea and
Nesi in [9] and by Champion, De Pascale, and Prinari in [14]. We prove also that the A-co quasiconvexity
is a necessary and sufficient condition for the LP-approximation with respect to the L°°- weak* topology
(see Theorem 4.4).

We start stating all theorems to easily compare the results obtained according to the different hy-
potheses and topologies considered. In Section 4.1 we collect the proofs of the theorems.

Theorem 4.1 Let f : Q x M¥*N — [0, +00) be a Carathéodory function such that f(z,-) is A-0o
quasiconvez for a.e. x € Q and satisfying the standard growth conditions: there exist a, 8 > 0 such that

oY) < flx,X) < B(%]+1) for a.e x € Q, for every & € MV, (4.23)
Let Fy, : L' (Q; M4*N) — R U {400} be the functional defined by

1/p
Fy(V) = (/Q 1P (z, V(x))dx) if Ve LP(Q;M¥*N) N KerA, (4.24)

400 otherwise,

and let F : LY (Q;MY*N) — RU {+oc} be the functional defined by

FV) = { esss:up f(x,V(x)) if Ve L®QM>N)N KerA, (4.25)
—+00 otherwise.
Then,
(i) for every V € LY (Q;M™*N) and (V,) € LY (Q;M*™*N) such that V,, = V weakly in L*(Q;M*N),
we have

F(V) < liminf 15, (V,,);
(ii) for every V. € LY(Q;M®PN) there exists (V,) C LY(MPN) such that V,, — V strongly in
LY (;M9NY) and
limsup F,,(V,) < F(V).
p—00

In particular, (F,) T- converges to F, as p — +00, with respect to the L'- strong convergence.

Theorem 4.2 Let f : Q x M¥*N — [0, +00) be a Carathéodory function satisfying the weak growth
condition: there exists a > 0 such that

f(z,X) > ol for a.e x € Q, for every & € MV, (4.26)
Let F, : L>°(Q;M™N) — RU {+oo} be the functional defined by
1/p ;
; oo . XN
F (V) = (/Q fP(x, V(m))dm) if Ve L>®(Q;M*Y) N KerA, (4.27)
400 otherwise,

and let F: L°(Q;M*P*N) = RU {400} be the functional defined by

. { esssup QX f(z, V(x)) if V € L=®(Q;MP>N) N Ker A,
€N

F(V) = (4.28)

+00 otherwise

where Q% f(x,-) is the A-oco quasiconvex envelope of f(xz,-). Then (Fp) I'- converges to the functional F,
as p — +o00, with respect to the L°°- weak* convergence.

In particular, if f(z,-) is also A-co quasiconver for a.e. x € Q, then (F,) I'- converges to the
functional F given by (4.25) with respect to L™ - weak* convergence.
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Remark 4.3 Let f: Q x MY — [0, +00) be a Carathéodory function satisfying the standard growth
conditions (4.23) and let F}, be given by (4.27). It is easy to show that F}, I'- converges to the functional
F given by (4.25) with respect to the L*-strong convergence without additional assumptions.

Note that Theorem 4.2 imply that the A-co quasiconvexity is sufficient to get the LP-approximation
of the supremal functional F' with respect to the L*°-weak* convergence. The following theorem shows
that if f does not depend explicitly on = then the A-co quasiconvexity is also a necessary condition for
the LP-approximation of the supremal functional F'.

Theorem 4.4 Let f : MY*N — [0, +00) be a continuous function satisfying the weak growth condition
(4.26). Let F,, F : L>=(Q;M®N) — RU {+o00} be given by

1/p
+00

otherwise,
and

F(V):={ ze0 (4.30)

esssup f(V(x)) if V € L®(Q;M>N) N Ker A,
400 otherwise,

respectively. Then the following statement are equivalent:
(i) f is A-oco quasiconvex function;

(i1) F, I'-converges to F', as p — oo, with respect to the L>- weak™ topology.

4.1 Proofs of Theorems

We first prove the following lemma.

Lemma 4.5 Let f: Q x MY — [0, +00) be a Carathéodory function. Then

1/a
lim inf (/ / fz, E)qd,um(E)dx) = esssup (p,- esssup f(z,%)),
g0 Q JMdxN zEQN LeMdx N

for every Young measure (tig)zeq-

Proof. The following inequality

1/q
lim inf (/ / [z, E)qdui(E)dx> < ess sup (um— esssup f(x, E))
Q JMaxXN

g—ro0 z€Q TeMdxN

is straighforward. Let us prove the converse inequality. Without loss of generality we assume that

1/q
lim inf (/Q /deN f(x,E)qd,uI(Z)dx) < 400. (4.31)

q—o0

For every fixed ¢ > r, by the convexity of ¢ — t%/" on [0, +00), we can apply the Jensen’s inequality and
we get that

(/Q /WNf(x, E)qd#z(E)daz)l/q > (/Q </MdXNf(x,Z)’"dux(2)>q/r dx) " : (4.32)

Passing to the limit as ¢ — oo, by the convergence of the L?-norm to the L°°-norm, we have that

1/q

i ([ emrane)” ) = ([, seoramm) "
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We now denote

= ([ f(w,E)Tdum(E)>1/r~

Then (g,) is an increasing positive sequence pointwise converging to the function

g(x) := pp- esssup f(z,%)
SeMdxN
as 7 — oco. Moreover, by (4.31)-(4.33), we have that sup, ||gr|lcc < +00. In particular, by Lebesgue
Theorem, we have that g, — g weakly® in L>°. By (4.32), (4.33) and the weak* lower semicontinuity of
the L°°-norm, we have that

1/q
lim inf (/ / f(a:,E)qduw(E)dx> > ess sup (pq- esssup f(z,%)),
q—00 Q JMdxN e SeMAxXN

which concudes the proof. a

Proof of Theorem 4.1. The limsup inequality (ii) easily follows by the convergence of the LP-
norm to the L>®-norm. We now deal with the liminf inequality (i). Let (V) € L'(;M**N) be a
sequence L!-weakly converging to V € L'(Q;M?*¥). Without loss of generality, we can assume that
M = liminf, ,, F,(V,) < +o00; hence, we have in particular that there exists po > 1 such that

Fp(Vp) <M +1

for every p > po. This implies that V,, € LP(; M¥*N) N Ker A, for every p > po. By Hélder’s inequality
and (4.23) we have that

([ Whwpa) ™

/p

IN

@i [ v era)

1/ 1
A ORE A

1/QM

< £NQ) -

(4.34)

for every p > ¢ > po. Then (V,),>, is bounded in L(Q, M?*Y) and it converges weakly in L7(€; M4*)
to V for every ¢ > py. We now prove that V € L*°(Q, M9*Y). By (4.34) we have that

1/ 1/
(/ \V(o:)\qd:c) qghminf(/ |Vp(l‘)|qd:c) "o Vel
Q Q

p—o0 o

(4.35)

for every g > py. Moreover, for every xy € 2, r > 0 and q > pg, by Holder’s inequality, we have that

94 1/q
Lo V@l < (f - veras)
£ (o)) ([ (V@) "

IN

Letting ¢ — +o0 and using (4.35) we get

M+1
][ V(a)|de < 2T
Br(wo)

for every r > 0 and for every zo € 2. In particular, if xg is a Lebesgue point of V', it follows that

V(20)| < lim WV (2)|de < M1

r—0+ B, (z0) «
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which implies that V' € L>(Q; M%), In particular, V € L>(Q, M%) N Ker A. In fact,

(AV,9) = lim (AV,,6) =0,  ¥¢ € C5°(Q,MY).
D [eS)
By the density of the C5° (€, M®*N) functions in W' (€2, M?*N) with respect to the strong convergence
we get that also V' satisfies the constraint AV = 0.

Since (V},) is L'-weakly converging then (V},) is also equi-integrable; hence, by Remark 2.10(3), we
have that (V) generates a Young measure (ig)zen such that

Vi) = [ Sdu(®)

for a.e. x € Q. In particular, by Theorem 2.9(5) for any fixed ¢ > 1, we have that

1/q
liminf F,(V,) = liminf Uz, V,(2))d
iminf Fy(V,) im in ( Qf (@, Vp(x)) x)
1/q
> (// fq(:z:,E)d,um(E)d:c) .
Q JMIXN
Applying Lemma 4.5 we obtain

liminfliminf F,(V,) > esssup (ja- esss ). 4.36
im inf lim in (Vo) = ef;?p(“ ;Ziﬂzggf(x ) (4.36)

Now, by assumption f(y,-) is A-00 quasiconvex for a.e. y € £2; hence, we denote by
V' ={yeQ: f(y,) is A-co quasiconvex} .

Note that £V (Q\ Q') = 0. Since (V}),>, is bounded in L9(Q, M4*N), by Proposition 3.10 there exists a
negligible set N C €2 such that

f(y7 V(l‘)) S Ha- €SS Sup f(xa 2)
DeMdxN

for every y € ' and z € @\ N. In particular for every z € Q' N (2 \ N) we have that

F(2, V(@) < - esssup f(z,5).

SeMaxN
Therefore
esssup f(z,V(x)) < esssup (ug- esssup f(z,%)). (4.37)
e €N SeMIxN

Finally, gathering (4.36) and (4.37), we infer

F(V) = esssup f(z,V(x))

€N
<  esssup (,ux— esssup f(x, E))
z€eN SeMIxN
< Tminflami
< hqrg%gfhprrﬂlggf F, (V)
< liminfliminf £N(Q)Y9"VPE,(V,)

q— o0 p—0o0

liminf F,(V,) (4.38)
p—00

which implies the liminf inequality. O
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Remark 4.6 In the proof of Theorem 4.1 we deal with L'-weakly convergent sequences (V},) that are
bounded in L9(£2; M4*N) for every py < ¢ < -+00, for some py > 1, and we prove that their limit functions
are in L (£; M%), In view of Theorem 4.2 we want to observe that the following boundedness condition
(see (4.34))

sup  sup ||Vl pa(omaxny < +00,
1<g<+o0 p>q

does not imply that (V}) is also bounded in L>°(Q; M%*") as the counter-example below shows. Therefore
it does not give rise to a L>(Q; M%*N)-weak* convergence to V.
Let us consider, the sequence V,(x) = %logx where z € (0,1). For every 1 < ¢ < 400 we have

that (V) C LY(Q,M>N) V, — 0 weakly in LI(Q,M%*Y) and it is not bounded in L (Q, M?*N),
Nevertheless, for every 1 < g < +00, by Holder’s inequality, we have that

1 1/q 1 1 1/q 1 a=1
I, = (/ |logac\qu) = (/ q|log z|? dx) <qi(ly)
0 O

which implies that
1,

e =4

Therefore (V) satisfies the condition

1t
sup  sup ||V} | pa(omaxny < supf(/ \logx|qd:r)l/q <1.
1<g<+oco p>q 19 Jo

Proof of Theorem 4.2. Let us consider the sequence of functionals (F,) given by

1/p
Fp(V) = (/ﬂ I3 (=, V(x))da:> if Ve L>*(Q,M>N)NKerA,
+00

otherwise.

Since f2 = Q4 f?, by Remark 2.7(3) we have that for every p the functional 7, is the lower semicontinuous
envelope of the functional F,, on L> (€, M®*¥)NKer.A with respect to the L>-weak* topology. Moreover
(Fp) is non-decreasing. Therefore, by [16] Proposition 5.4, we have that

I(w*-L )—plgrolO F,(V)= plgr;o Fp(V) = ilili]:p(V). (4.39)

We recall that (f,) is an increasing sequence pointwise converging to Q% f (see Proposition 3.8(3));
hence, for every p > 1

Fp(V) = (/Q f2(x, V(x))dm)l/p < LV(Q)% ess sup Q% f(, V()

zeQ
for every V € L>(Q, M%N) N KerA. In particular,

sup F,(V) < lim £N(Q)» F(V) = F(V) (4.40)

p>1 p—roo
By (4.39) and (4.40) we get that
I'(w*-L>)- lim F,(V) < F(V)
for every V € L>°(Q,M4*N).
We now prove the converse inequality; i.e.,
D(w*-L®)- lim F,(V) > F(V)

for every V e L>®(Q, M N). Let V be such that F(V) < co. Hence, V € L>®°(Q,M%N)NKerA and, by
(4.39), it is sufficient to show that sup,.; Fp(V) >



For every fixed € > 0 there exists a measurable set B. C Q such that £V (B.) > 0 and

ess ssglp QU [z, V(x)) < QX f(x,V(x)) + ¢
fAS

for every z € B.. This implies

zEQ

esssup Q% f(x, V() LY (B.) < /B O% f(z,V(x))dx + LN (B.).

By Proposition 3.8(3), Beppo Levi Theorem, and Holder’s inequality we obtain

esssup Q% f(z, V(z)LN(B.) < lim / fo(z, V(z))dz + LN (B.)
zeN p—o0 B
. P B N 1-1 N
< lim (/B F3(e.V(@))de) " £V (B 4 <L (B.).
This implies
esssup Q% f(z,V(x)) < lim fp(V)EN(BE)_% +e=supF,(V)+e. (4.41)
€N p—0 p>1

By (4.39), (4.41), and the arbitrariness of ¢ we have that

[(w*-L°)- lim F,(V) > esssup Q% f(x,V(x)) = F(V)

p—oo zeQ

for every V € L>(Q; M¥*N) N Ker A.

Let V € L®(Q; M%) be such that F(V) = 4oc0. In particular, we consider the non trivial case where
V e L*(Q,M¥*N) N KerA and esssup,cq, QX f(x,V(z)) = +o00. Hence, for every fixed M > 0 there
exists a measurable set By; C Q such that £V (Bjs) > 0 and for every z € By,

QA f(z,V(z)) > M.
Let 6 > 0 be such that £V (Bjy;) > 6, by Egoroff Theorem there exists Es such that £V (Es) < § and
T 1, V) = QF SV o pssssny = 0.
There follows that for every € > 0 there exists p. such that for every p > p.
fo(@, V(2)) = QA f(,V(2)) > —e
for every z € 2\ Es; hence, in particular
fplz,V(z))>M —¢, VYreBy\E;s.
Then, we have
1/p
Fp(V) = (/Q fg(m,V(x))dx) > (M —e)LN(Ba \ Es)M/P.
Passing to the limit as p — 400 we get, by the arbitrariness of ¢, that for every fixed M > 0

sup Fp(V) > M ;
p>1

hence, also sup,,.; F,(V) = +00; i.e., sup,~q Fp(V) = F(V). O

Proof of Theorem 4.4. (i) = (ii): follows by Theorem 4.2. (ii) = (i): by Theorem 4.2 we have
that -
D(w*-L®)- lim F,(V) = F(V)

p—0o0
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for every V e L>(Q; M?*N), with F given by (4.28). Therefore, by assumption we have that

esssup QF f(V(x)) = F(V) = esssup f(V(x))
zeQ zeQ

for every V € L (; M?4*N) N Ker A. In particular, we get
QAf(X) = f(¥)

for every ¥ € M%¥ . By Proposition 3.8(2), we can conclude that f is A-co quasiconvex. 0O

5 Some remarks and examples

In this section we characterize the A-co quasiconvex functions for some particular choice of the constant-
rank operator A and of the dimension d and N.

5.1 A-oo quasiconvexity: some particular cases
We recall the following inequality characterizing the level convex function f:

FAZ 4+ (1 —)%) <max{f(Z1), f(Z2)} Vte (0,1), B! #£%2 e MV, (5.42)
Proposition 5.1 Let f: MY - [0,4+00) be a Borel function.

1. If f is A-weak quasiconvex function; i.e.,

f(®) = inf{ess sup f(S+V(z)): V€ LF(Q;MP>N) N Ker A, / Vdr = 0}
T€EQ Q

for every ¥ € MN | then f satisfies (5.42) with (X! — ¥2) € KerA(w) for every vector w of the
canonical basis.

2. If f is upper semicontinuous and A-oo quasiconvex then f satisfies (5.42) with (X! — X?) € A,
where
A= U KerA(w) . (5.43)

weSN-1
Proof.

1. Let X1, %2 € M™% and let w € RY be a vector of the canonical basis such that (X! — $2) €
Ker A(w). We define
11—t =%, ze€ A
V(z) =
—t(El — 22) R x € As
where
Ay ={zeRN: j<(z,w)<j+t,jel},

Ay={z eRY: j+t<(zmw)<j+1,j€Z}

for fixed t € (0,1). Since (X! — X2) € Ker A(w), we may easily check that AV = 0 (see e.g. [3]
Theorem 4.2 Step 3). Moreover, by construction V € L;(Q;Md“\') and satisfies fQVdI = 0.
Hence,

f8) < esssup f(S+ V(@)

r€EA1UA,
= max{esssup f(Z + (1 — t)(Z! = £?)), esssup f(Z — t(Z' — %))} .
TEA; TEA2

In particular, for ¥ = tX! + (1 — )22 we have that
IS+ (1 - 0)52) < max{ f(21), f(52)}
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2. Since f is upper semicontinuous, by [18] Proposition 3.4 we have that
QufP (B! + (1= 1)%%) <tQafP(BY) + (1 - 1)QafP(2%) < max{f7(2), f(2%)}.
for every p > 1 and (3! — ¥?) € A. By definition of f, we have that
(S + (1= 1)5?) < (QufM)VP(E8! + (1 - H3%) < max{f('), F(3*)}
passing into the limit as p — +o0o0 we get that
fEE + (1 =02 <max{f(2), f(Z?)}.

for every X1, 32 € M%*¥ such that (X! — X2) € A.

Proposition 5.2 1. (A =div, d = 1). Let f : RN — [0,+00) be an upper semicontinuous and
div -co quasiconvex function. Then f is level convex; i.e., f satisfies (5.42).

2. (A=Div,d >N > 1). Let f : M™>*N s [0,400) be an upper semicontinuous and Div -0o
quasiconvez function. Then f is rank-(N — 1) level convex; i.e., f satisfies (5.42) with rank (3! —
¥2) < (N —1).

3. (A = curl). Let f: M™*N s [0,400) be an upper semicontinuous and curl-weak quasiconves
function. Then f is rank-1 level convex; i.e., f satisfies (5.42) with rank (X! — ¥2) < 1. In
particular, if either d =1 or N =1 then f is level convex.

Proof.
1. If d =1 and A = div we can prove that
Ker A(w) = {€ e RN : (£, w) =0}

for every w € SN~! which implies that A = RY . Note that, since for every &' # ¢2 there always
exists w € SNV~! such that (¢! — &2, w) = 0, we have in particular that (¢! — ¢2) € A. Hence, by
Proposition 5.1(2), f satisfies (5.42) for every £!,£2 € RY; i.e., f is level convex.

2. We recall that if d > 1, we define DivV : Q — R? such that
(DiV V)l = le(V)l

for every i = 1,---,d. Hence, assuming that d > N > 1 we can generalize the case d = 1 and prove
that if (X! — X2) € A then rank (X! — $2) < (N —1). Hence, by Proposition 5.1(2) we have that f
satisfies (5.42) for every X! # %2 € M¥*N with rank (X! — $2) < (N —1).

3. By Proposition 5.1(2) we have that f satisfies (5.42) for every (X! — ¥2?) € A, where A is given by
(5.43). By [18, Remark 3.3 (iii)] we have that

KerA(w) = {¢@w e MV . ¢ e R we SN

Therefore f is level convex along any rank-one directions; i.e., f is rank-1 level convex. It is easy
to see that if either d =1 or N = 1, then the rank-1 level convexity reduces to level convexity.
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Remark 5.3 Higher gradients. Let A be the constant-rank operator defined by

AV = (ivk _ 9

Ly,
ox; " Oz J)lgi,j,kgz\/

for every V € C3° (RY; BEY) with EY := {symmetric 2-linear maps RY + R?}. In this case
{V € C’;?(Q;Eg) NKer A, / Vde = O} ={D%*u: uc C?(Q;Rd)}
Q

and
A= U Ker A(w) = U (e EY: ¥ =a®w®wforsomea € R}

weSN -1 weSN -1

(see [18], Example 3.10 (d)). Hence, if f is upper semicontinuous and A-co quasiconvex then, by Propo-
sition 5.1(2), we have that f satisfies (5.42) for every t € (0,1) and X! # X2 € MV with (X! - %2) € A.
In particular, if d = 1 we have that A is strictly included in the set of rank-1 matrices.

Proposition 5.4 Let f : M*N — [0, +00) be a continuous function satisfying the weak growth condition

(4.26).

1. If d =1 then f is level convexr <= div -co quasiconvex.

2. If eitherd =1 or N =1 then f is level conver <= curl -weak quasiconvex <= curl -co quasiconvez.

Proof. By Proposition 5.2 and Proposition 3.6(2)-(4) we get the thesis. O

5.2 Examples

In this section we discuss some examples which clarify the connection between the different classes of
functions introduced in Section 3. More precisely, we start by constructing a A-oo quasiconvex function
which is not A-quasiconvex in the case A = curl. In particular such example allows us to conclude that
the I'-convergence result in Theorem 4.1 generalize the Theorem 3.2 in [9] proved by Bocea and Nesi. We
recall that a function f is curl-quasiconvex if and only if f is quasiconvex.

Example 5.5 Let f: MY — [0, 4+00) be the continuous function given by

S ifD<1
FE)={ 1 if1<|g<2
LS| s> 2

Then f is curl-co quasiconvex since it is level convex (see Proposition 3.6(4)) but it is not quasiconvex
since it is not rank-1 convex.

We now recall the definition of polylevelconvex functions. Note that such functions have been referred
in [8] as polyquasiconvex functions.

Definition 5.6 A measurable function g : MY — R is called polylevelconvex if there exists a level
convex function f: REND — R such that g(2) = f(T(X)) where ¢(N,d) is given by

min(N,d) dIN!
e(N,d) = ; (sN2(N — 5)I(d — s)!

and T : MPN — RN s the map consisting of X and all of its s x s minors for s < min(N,d).

In the next proposition we prove that, under a suitable growth condition, the polylevelconvex functions
are also curl-co quasiconvex.
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Proposition 5.7 Let f : ReV:d) [0, +00) be a continuous level convex function satisfying the weak
growth condition (4.26). Then the polylevelconvex function g = f oT is curl -co quasiconvez.

Proof. Let g, and f, be defined by (3.16) and let (f?)** be the convex envelope of the function f7.
Reasoning as in the proof of Proposition 3.6(4) we have that

(fP) (X)) < F(IT(E) =g"(%)
and

F(T(®) = lim ((f7))VP(T(2))

p—o0

for every ¥ € M?*¥ . Since the function (f?)**oT is polyconvex it is in particular quasiconvex. Moreover,
gh is the quasiconvexification of g¥; hence,

(fP)HT(®) < gp(%)
for every ¥ € M?*N | which implies
((f2))/P(T(2)) < gp(E) < 9(2)
for every ¥ € M4*YN_ Then, passing to the limit as p — oo in the previous inequality we get that

9(2) = f(T(2)) = lim ((f*)™)(T(D)) < lim g,(%) < ¢(T)

p—r00 T p—ooo

for every ¥ € M4*¥: ie., g is curl-oo quasiconvex. a

In the following example we show that the class of A-co quasiconvex functions strictly contains the
class of the A-quasiconvex functions and the class of the level convex functions.

Example 5.8 We consider the following family of functions g, : M?*2 — [0, +-00) given by
gc(X) = (arctandet 3) V ¢| (3, det X))

where ¢ is a positive constant and (X,detX) denotes the vector (211, %12, 221, Xa2,det X) for every
¥ € M2x2,
Then

1. for every ¢ > 0 the function g. is curl-co quasiconvex. In fact, if we consider the level convex
function f. : R®> — [0, +00) given by

fe(&) = (arctan &s) V ||,

we have that g. = f. o T. Therefore, by Definition 5.6, we have that g. is polylevelconvex. By
Proposition 5.7 we conclude that g, is curl-oo quasiconvex.

. . 1
2. for every 0 < ¢ < arctani the function g. is not level convex. In fact, let ©! := < 0 8 ) and

¥2 = ( 8 (1) ) ; then for every A € (0, 3]
ge(AS! 4+ (1 = N)X?) > arctan det(AX! + (1 — \)X?) = arctan(A(1 — \)) > 0

and
9:(2?) = g.(21) = (arctandet ©') v ¢/(1,0,0,0,0)| =0V ¢ = c.

In particular when 0 < ¢ < arctan § we have that g.(35" + 35%) > ¢ = go(Z') V gc(E?) which
implies that g. is not level convex.
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3. there exists ¢y > 0 such that the function g, is not quasiconvex for every 0 < ¢ < ¢g. At this end,
we first note that the function go(X) = (arctandet ¥) v 0 is not quasiconvex. In fact, assume that
go is quasiconvex then it is also rank-1 convex. Since gg is bounded then gq is in particular constant
(see [12] Exercise 4.2) but this is false.

Since g is not quasiconvex there exists ¥y € M?*? and a Q-periodic function Vy € C(RY; M4*Y)
satisfying curl Vg = 0, fQ Vo(x) dz = 0, and such that

90(X0) > /ng(Eo + Vo(z))dx > 0.

Since go < g., we have that
90(2) < 9(2) < go(B) + ¢|(, det )| (5.44)

for every ¥ € M2%2, Therefore we get that

/ g0(Xo + Vo(x))dx
Q

IN

/ 9e(Zo + Vo(a))de
Q

IN

/ 90(S0 + Vo(2))da + c/ (S0 + V(a), det(Zo + Vo (x))|dx (5.45)
Q Q
for every ¢ > 0. By (5.44) and (5.45) it follows that

lim g.(Xo) — /Qgc(Eo + Vo(2))dz = go(Z0) — /ng(zo + Vo(z))dz >0

c—0t

which implies that there exists ¢y > 0 such that
gC(EO) — / gC(EO -+ Vo(l')dx >0
Q

for every 0 < ¢ < ¢g; i.e., g. is not quasiconvex for every 0 < ¢ < ¢p.

Note that, for every 0 < ¢ < min{cy, arctan i}, the function g, is curl-oo quasiconvex but it is neither
quasiconvex nor level convex.

In Proposition 3.6(2) we prove that if f is coercive, continue and level convex, then f is A-00 quasi-
convex. In the following example we show that if we drop the coercivity assumption this implication can
be false. Moreover, Example 5.9 allows us to deduce that the curl-weak quasiconvex functions are not
necessarily curl-oco quasiconvex and that the class of curl-co quasiconvex functions is strictly contained
in the class of (strong) Morrey quasiconvex functions.

Example 5.9 Let us consider the continuous function f : R — [0, +00) given by

0 ift<0
fit)y:={ t ifo<t<1
1 ift>1

Then
1. f is curl-weak quasiconvex and (strong) Morrey quasiconvex since f is level convex.

2. f is not curl-oo quasiconvex. In fact, since we are in the scalar case, fJ' coincides with the convex
envelope (f?)**. Moreover f? is bounded then fF = (f?)** = 0. This implies that Q25,f = 0;

curl
hence, f(t) > Q% f(t), for every ¢ > 0. Therefore f cannot be curl-co quasiconvex.
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6 An application to the effective strenght for resistive materials

In this section we apply the results obtained to characterize via I'-convergence the effective strength set
K. in the context of electrical resistivity (how strongly a given material opposes the flow of electric
current). More precisely, we consider

Ko = (€ €RY 130 € L®(Q:;RY), /adsz, dive =0, f(z,f+o(x)) <lae ze€@} (6.46)
Q

Thanks to Theorem 4.2 we can characterize the set K.g by assuming that f is a Carathéodory
function, div-co quasiconvex in second variable and satisfying the weak growth condition (4.26). Note
that, by Proposition 5.4, this is equivalent to supposing that f is level convex in the second variable and
not necessarily convex as in [9].

Theorem 6.1 Let f: Q xRN = [0, +00) be a Carathéodory function, level convex in the second variable
and satisfying the weak growth condition (4.26). For any & € RN let

5H(E) = inf{(/pr(:c,S—i—a(x))dx)l/p: o€ L®(Q;RY), /

odr =0, dive = O}.
Q

Then, for any & € RV, ]sz(f) converges to jST (&) given by
seff s . . RN _ ; _
Jje (€)= 1nf{ess sup f(z, & +o(z)) : 0 € L=(Q;RY), / odr =0, dive = 0}.
Q

zeQ

Moreover, the set Keg is described by
Keg = {6 e RN o) <1}, (6.47)

Proof. For a fixed £ € RY we consider the functional G, : L>(Q;RY) — R U {+o0} given by

1/p
(/ fP(x,0(x) —|—£)da:> if o€ L>®(Q;RY), dive =0, / odr =0
Gp(o) := Q Q

400 otherwise.

We state that

esssup f(z,o(z) + &) if o € L®(Q;RY), dive =0, / odr =0
D(w*-L®)- lim Gy(o0) =4 “¢ Q

p—o0

+00 otherwise.

In fact, by Theorem 4.2 the I'-liminf inequality is straightforward. The proof of the I'-limsup inequality
is an immediate consequence of the convergence of the LP-norm to the L°°-norm.
By Theorem 2.3, it follows that for any ¢ € RV

lim 5o (¢) = < (€).

pP— o0

We now prove (6.47). Let & € K, by (6.46), there exists 0 € L>(Q; R™) such that fQ odr=0,dive =0
and

flz,o(x)+&) <1
for a.e. x € @. This implies that

i (€) < esssup f(z,0(z) +€) < 1.
TEQ

26



Conversely, let £ € RY be such that < (¢) < 1. By definition, there exists a sequence o,, € L>(Q; RY)
such that fQ ondr =0, dive, =0 and

lim esssup f(x,& + o, (x)) = jif(é)

n— oo IGQ

Thanks to the weak growth condition (4.26), there exists a subsequence of (o,) (not relabelled) such
that o, — o weakly* in L>°(Q; R") with | oo dr =0, divo = 0. Since f is level convex, the functional

ess su r,o(x)+ &) 1s wea ower semicontinuous on ; . 1t follows that
Preq f(2,0(x) + &) i kly* 1 iconti L>(Q;RN). Tt follows th

esssup f(z, €+ o(x)) < liminf ess sup f (2, + o () = j&0 (€) < 1

zeQ z€EQ
and therefore { = [, + o(z) dz € Kegr. o
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