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ABSTRACT. In this paper we prove that every asymptotically cylindrical gradient shrinking
Ricci soliton is a cylinder.

1. INTRODUCTION AND STATEMENT OF THE RESULT

A gradient shrinking Ricci soliton is a complete Riemannian manifold (M", g) satisfying
Ric + V2f = Mg,

for some A > 0 and some smooth function f defined on M". In the following, we will adopt
the normalization A = % Hence, throughout this paper the fundamental equation will be
given by
Ric +V?f = %g. (1.1)

Shrinking gradient Ricci solitons turn out to be Type I finite time singularities of the
Ricci flow. Therefore their classification is important to understand finite time singularities
of the Ricci flow in the large. Since the seminal work of Perelman on the classification of
3-dimensional shrinking gradient Ricci solitons, there has been a vast amount of litterature
on the subject (see [6] for a survey).

In order to state our main result, we introduce the following definition of asymptotically
cylindrical gradient shrinking Ricci soliton.

Definition 1.1. A complete noncompact gradient shrinking Ricci soliton (M", g, f) is said
to be asymptotically cylindrical if for every sequence of marked points (xy)ken which tends to
infinity, the sequence of pointed Riemannian manifolds (M™,g,xy) converges in the smooth
Cheeger-Gromov sense to the cylinder (R x S*~=1 dt? + h), where h is the metric of positive
constant curvature normalized by Ricy, = h/2.

We are now in the position to state our main result.

Theorem 1.2. Let (M™, g,V f) be a complete noncompact gradient shrinking Ricci soliton,
which is asymptotically cylindrical. Then, (M™, g,V f) is isometric to the cylinder (R x
S dt? + 1), where h is the metric of positive constant curvature normalized by Ricy, = h/2.

In case of positive curvature operator, we have the following :

Corollary 1.3. Let (M™, g,V f) be a complete shrinking gradient Ricci soliton with bounded
Vol B(p,r)

positive curvature operator. Kither it is compact either limsup, ., —

peM™.

= +o00 for any
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A first remark on Theorem 1.2 is that we do not use any non negativity assumptions on the
curvature tensor. Moreover, according to the classification of locally conformally flat shrinking
gradient Ricci solitons due to [13], we are reduced to prove that such an asymptotically
cylindrical soliton is rotationally symmetric.

The core of the proof of Theorem 1.2 is essentially based on the proof of the Perelman
conjecture on the Bryant soliton by Brendle [4]. Following the notations of [4], we define
X := Vf. Even if we mimic Brendle’s proof, our proof substantially differs in the interpo-
lation of almost-Killing vector fields (section 4) and the analysis of Lichnerowicz equation
(section 5) since we do not assume the metric to be non negatively curved.

Now, we give the main steps of the proof of Theorem 1.2 :

e It suffices to build n(n —1)/2 independent Killing vector fields orthogonal to X. Gen-
erally speaking, a Killing field U satisfies AU 4 Ric(U) = 0. In the case of a shrinking
gradient Ricci soliton, this gives AU — VX + U/2 = 0. For technical reasons, it is
easier to estimate the operator ®(U) = AU — VxU + U/2. Using the assumption
on the asymptotic behavior, sections 2 and 3 are devoted to build n(n — 1)/2 vec-
tor fields (U;); which are almost Killing (proposition 3.3). In particular, it is shown
that the vector fields U; are bounded and the vector fields ®(U;) decay sufficiently fast.

e In Section 4, we prove Theorem 4.2 that establishes the surjectivity of ® in the fol-
lowing sense : we prove the existence of vector fields V; decaying sufficiently fast such
that ®(V;) = ®(U;) for any i. In particular, this ensures that vector fields U; — V; are
not trivial. For that purpose, we use the potential function as a barrier to establish a
maximum principle at infinity : see proposition 4.1.

e Section 5 studies the rigidity of Lichnerowicz equation. In fact, the vector fields
W; := V; — U; built previously lie in ker ®. Now, ker @ is not reduced to Killing fields
since X € ker ®. Theorem 5.3 shows that there exist real numbers )\; such that the
vector fields W; — A\; X are Killing. Its proof consists in noting that the symmetric
2-tensors %Ay, (g) =: h; satisfy Lichnerowicz equation ((¥x(h;)) — h; = Ar(h;) where
Ay is the Lichnerowicz Laplacian. Theorem 5.3 shows that the only solution decaying
polynomially is, up to a homothety, #x(g). As for vector fields, we need to estab-
lish a priori estimates (proposition 5.2) with the help of our favorite barrier function
v:= f —n/2 which is a positive eigenvalue of Ay : Ayv = —w.

e Section 6 concludes the proof of theorem 1.2 and proves corollary 1.3.

We end this introduction by stating some remarks on related works and some open ques-
tions. Recently, Kotschwar and Wang [10] have proved that two shrinking gradient Ricci soli-
tons whose asymptotic cones are isometric are actually isometric. Their method is completely
different from ours. By using rescaling arguments, can one reprove the result of Kotschwar
and Wang in the particular case where the asymptotic cone is the most symmetric? Actu-
ally, it seems that it is not a straightforward adaptation of the cylindrical case: indeed, the
weighted laplacian we are dealing with, i.e. Ay := A+ Vf, is not invariant under scalings.

The same question can be asked for other kinds of singularity of the Ricci flow called
expanding gradient Ricci solitons (EGS for short). We recall that an EGS is a complete
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Riemannian manifold (M", g) satisfying

Ric — V2f = —lg,
2

for some smooth function f defined on M™. Such singularities naturally arise as blow-up of
non compact non collapsed Type III solutions with non negative curvature operator accord-
ing to the work of Schulze and Simon [14]. As a consequence of their work, studying the
asymptotic geometry of non compact non collapsed Riemannian manifolds with nonnegative
curvature operator reduces to the classification of (the asymptotic cones of) non negatively
curved EGS. Now, Bryant, in unpublished notes, has also built rotational symmetric EGS on
R™ for n > 3 with positive curvature [8, Section 5, Chap. 1]]. This construction gives the whole
classification of non negatively curved rotationally symmetric EGS. Therefore, we ask for the
analogue of the Kotschwar-Wang theorem in this setting. Namely, with the above notations,
is an expanding gradient Ricci soliton asymptotic to the cone (C(S"™1),dr? + (cr)?gsn—1)
rotationally symmetric 7 Recently, Chodosh [7] answered positively in the case the metric
has nonnegative curvature operator. In that case, the main ingredient is the maximum prin-
ciple for symmetric 2-tensors due to Hamilton which is not available in case of mixed sign
curvatures. Now, one has always a barrier function on an EGS since Af(f +n/2) = f +n/2.
Therefore, can one get rid of the sign assumption as well ?
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2. ASYMPTOTIC GEOMETRY

We start by recalling some basic and well known curvature identities that hold on a shrink-
ing gradient Ricci soliton. A proof of these identities can be found for example in [11].

Lemma 2.1. Let (M", g,V f) be a gradient shrinking Ricci soliton. Then, setting X := V f,
the following identities hold true.

Af +R = g (2.1)

VR = 2Ric(X, ), (2.2)

X?*+R = f, (2.3)
divRm (Y, Z,W) = Rm(Y,Z,W,X), (2.4)
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for every vector fields Y, Z, W. Moreover, setting Ay := A — Vx, we have that

Rm = AyRm + Rmx*Rm, (2.5)
Ric = AjRic +2Rm*Ric, (2.6)
R = AR + 2[Ric|?, (2.7)

where, if A and B are two tensors, Ax B denotes some linear combination of contractions of
the tensorial product of A and B.

Remark 2.2. We observe that the general form of identity (2.3) is |[X|> + R = f + ¢,
where ¢ € R is a real constant. In the rest of this paper we will systematically make the
normalization assumption ¢ = 0.

We recall the following growth estimate due to Cao-Zhou [5] on the potential function of a
noncompact gradient shrinking soliton.

Lemma 2.3. Let (M™, g,V f) be a complete noncompact gradient shrinking Ricci soliton.
Then, the potential function f satisfies the estimates

@) —a)? < (@) < 1) +eo)?,

where r(x) = d(zo,x) is the distance function from some fizved point xo € M, ¢1 and ca are
positive constants depending only on n and the geometry of g on the unit ball B(xo,1).

From now on, we assume that our complete noncompact gradient shrinking Ricci soliton
(M™, g, f) is asymptotically cylindrical in the sense of Definition 1.1 and with bounded cur-
vature. In order to give a more careful estimate of how the soliton metric converges to the
cylindrical one, it is convenient to introduce the following tensor

) R df ® df
T := Ric — —— - . 2.8

* n—1<g |df|? ) &8
We observe that the tensor T is well defined whenever V f 2 0. In particular, from the results

in [5], we have that T is well defined outside a compact set.

Lemma 2.4. Let (M", g,V f) be a complete noncompact asymptotically cylindrical gradient
shrinking Ricci soliton and let T' be the tensor defined in (2.8) outside a compact set. Then,
we have that |T| = o0(1), as f — +o00. This means that for every sequence of points (xj)keN
such that f(x) — 400, as k — +o00, one has that |T|(zx) — 0.

Proof. We start by computing the quantity |72

2 92 :
TP = |Ric? - 1+ B ZETEYS)
 pep . K R (VR,V/)
n—1 n—-1 [|Vf]2

where we used the identity (2.3) in the last equality. By the fact that the soliton is asymptot-
ically cylindrical, it is immediate to deduce that |Ric|? — R?/(n — 1) = o (1), for f — +oc.
For the same reason, we have that |[VR| = 0 (1), as f — 400, whereas, by the results in [5],
one has that |[Vf|?> = O (f), as f — +oco. From these facts, we infer that also the third term
in the right hand side tends to zero, as f — 4o0. O
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So far, we have shown that |T'| = o (1) for f — +o0. In order to improve this estimate we
state the following lemma, in which we prove some basic but useful properties of the tensor
T.

Lemma 2.5. Let (M", g,V f) be a complete noncompact asymptotically cylindrical gradient
shrinking Ricci soliton and let T be the tensor defined in (2.8) outside a compact set. Then,

setting n := X/|X| = Vf/|Vf|, we have
trT=0, |Tm,-)|=o0(f""?) and T(n,n)=o(f), (2.9)
as f — +o0.

Proof. The fact that the tensor T is traceless follows immediately from its definition. Using
the identities (2.2) and (2.3) in Lemma 2.1, we get

IT(,)] = [Rictn, )] = Gt = o7 12),
where in the last equality we also used the fact that the soliton is asymptotically cylindrical
and thus |[VR| — 0, as f — 4o00. From the asymptotic behavior of the soliton it is also
possible to deduce that AR — 0, as f — +oo. Moreover, by the Definition 1.1, one has
|Ric—4g| — 0 and thus 2|Ric|? — R — 0, as f — +o0c. Combining this with the identities
above and with equation (2.7), we deduce

(VR, X) (AR + 2| Ric|> — R)

T(n,n) = Ric(n,n) = XP = XP = o(f Y.

This completes the proof of the lemma. O

In the next proposition, we derive a partial differential inequality for the quantity |7'|%.
This will then be used to improve the estimates of the decay of |T'| at infinity.

Proposition 2.6. Let (M™, g,V f) be a complete noncompact asymptotically cylindrical gra-
dient shrinking Ricci soliton and let T be the tensor defined in (2.8) outside a compact set.
Then, there exists a positive constant c(n), only depending on the dimension n, such that

Af|TI? > e(n)|TP? + O(f71),
as f — 0o. Moreover, we can choose c(n) = 2/(n—2)—n for any positive n sufficiently small.

Proof. Using the same notations as in Lemma 2.5 and taking advantage of the equations (2.6)
and (2.7), we compute the difference AT — T, namely

1
AT —T = AyRic — Ric -— [Af(R(¢g—n®n)) — R(g—n®@n)]|

1
= a1 [(AfR-R)(¢g—n®n) + 2Vyr(n®n) — RAf(n®@mn)]
—2Rm * Ric
1
= — [2|Ric*(¢g—n®n) — 2Vyr(n®n) + RA;(n®n)]

—2Rm * Ric .
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Now, we recall that (Rm * Ric);; := RigjRp. Therefore, we get

(Rmx*Ric,T) = (Rm*T,T>+m(Rm*(g—n®n),T>
= (Rm«T,T) + il(Ric—Rm(n,‘,‘7n),T>
n—
= (Rm«T,T) + R IT|> — iT(n n) — (Rm(n, -,-,n),T)
- ) n—l (n_1)2 ) n—l ? ) )

where in the last equality we used the fact that the tensor T is traceless. Since (M", g,V f)
is asymptotically cylindrical, we use the Lemma 2.4 and the fact that the Weyl part of the
Riemmann tensor tends to zero in order to deduce that

R

N I

~n@n)©(g-nen) +o(l),

where ® represents the Kulkarni Nomizu product. As a consequence, we get

R

(Rm+T,T) = CESCE)) [2[ T, )]* = [TP] + o(IT?)
o R e a2y 4ot
S ) TF + o(IT17) + o(f ),

where in the last equality we have used the estimates in Lemma 2.5. Moreover, using equation
(2.4) shows that

1

(Rm(n,-,-,n),T) = X divRm =T = o(f~?)|T).
Taking the sum, we obtain
At =2 = vt IR R o) o T
+<712_1)<— 2Vyr(n®n) + R(Af(n®n), T> + o(f™h. (2.10)

In order to proceed, we are going to analyze the asymptotic behavior of the second raw. We
claim that

(—2Vyr(n®n) + RAfy(n®n),T) = o(f ™1,
as f — oco. We start with the estimate of the term (2Vyr(n ® n),T). First, we notice that
<VVR(n®n)aT> = <VVR1’1,T(H,')> < |VVRH| ‘T(n’” < |Vn| ‘VR‘ ’T(n7)‘ :
On the other hand, we have that

VVf _VVf@m,)@n| _ |VV/]
VS IV/] Az

Vn| = = 0(/7).

Combining this with Lemma 2.5, we obtain that (Vyr(n®n),T) = o(f~!). We pass now
to estimate the term (RAf(n®n),T) = (RAm®n),T) — (RVx(n®n),T). We start
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with the second term of the right hand side.

(Vx(mn®n),T) = 2(Vxn,T(n,))
5 ‘ (VVf(X,-),T(n,})) VVf(n,X)T(nn)

IV f] IV f]
(Ric(X,-),T(n,-)) VVf(n,X)T(n,n)
< o BSR4 [T
@ n,- n,n)| = o(f7!
< V7 [T(n,-)[ + 2[T(n,n)] (f7),

where we used the identity (2.2) and the estimates in Lemma 2.5. To estimate the term
(RA(n®n),T), we recall that

An®n) = (An)®n + n® (An) + 2Vn* Vn
and we immediately notice that (Vnx Vn,T) = Vin; Vin;T;; = O(f'). Moreover, a

direct computation shows that

1 1 1
An = |X|A <> n + 2V () VX + —AX.
| X RY RY
Using the identities in Lemma 2.5, it is easy to obtain AX = AVf = VAf + Ric(Vf, ) =
—VR + Ric(X,-) = —3VR, and thus

A
‘|)§T| _ O(f_l/Q).

Similarly, |[V(1/|X])| = O(f~!) and | X|A(1/|X]) = O(f1). Recasting all these estimates,
it is straightforward to check that the claim is proven. Combining the claim with the esti-
mate (2.10), we obtain

AfTI? = 2VT] + T + o(ITP?) + O(F71).

2
(n—2)

The statement of the proposition follows at once. ]

In order to analyze the partial differential inequality obtained in Proposition 2.6, we proof
the following algebraic lemma about the evolution of the curvature tensor of a gradient Ricci
soliton. A parabolic proof of this result can be found for example in [1], where the time
derivative plays the role of the covariant derive along V f.

Lemma 2.7. Let (M", g,V f) be a gradient Ricci soliton. Then, for every vector fields U, V,
W and Y,

Vo BRm(U,V,W,Y) = —Vy(divRm)(W,Y,V) + Vi (divRm)(W,Y,U)

Proof. By the second Bianchi identity, we have
Vv Rm(U,V,W)Y) = =VyRm(V,Vf,W,Y) — Vy Rm(Vf,UW,Y).
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On the other hand, one has
vU Rm(V7 va VVv Y)

U (Rm(V, VS, W,Y)) - Rm(VyV, V£, W,Y)
= Rm(V,VZf(U,-),W,Y) — Rm(V,Vf,VyW,Y)
— Rm(V,Vf,W,VyY)
— Vu(divRm)(W,Y,V) — Rm(V, V2f(U,-), W, Y).
where, in the last equality we used the identity (2.4) in Lemma 2.1. This concludes the proof

of the lemma. O

As a corollary of this general lemma, we obtain estimates for the covariant derivatives of
the Ricci tensor along V f.

Corollary 2.8. Let (M", g,V f) be a complete noncompact asymptotically cylindrical gradient
shrinking Ricci soliton. Then, we have that Vv Ric| and |Vy¢VyyRic| are bounded.

Proof. First of all we notice that, in local coordinates, the statement of the previous lemma
reads
fo VpRz'jkl = —Vi(div Rm)klj + Vj(div Rm)kli + V,’fo ijkl — Vjvpf Ripkl
— Vi(ViRy; — ViRy;) + V;(ViRy — ViRy)
—Rip Rjprr + Rjp Riprr — Rijr s
where, in the last equality, we used the contracted second Bianchi identity and the soliton
equation (1.1). By the fact that the soliton is asymptotically cylindrical, we obtain that

|VyvsRm]| is bounded. In particular, we have that also |VyyRic| is bounded. Taking the
trace of the identity above, we get

1
fo VpRjk = *vikaij + ARkj + QVJ'V]CR — Ripijki + ij Rpk — Rjk .(2.11)

We are now in the position to estimate |Vy;VysRic|. In fact, taking the derivative of the
previous expression, we obtain

Vef Vpf (qupRjk) = Vyf Vq(fo VpRjk) = Vof (VgVpf) (VpRi)
= Vof Vo(= ViViRi; + ARy + %VijR)
+Vyf vq( = RipRjpri + Rjp Rpr — R, )
45 VaR(V,R) — 5 Vol (VpRye).

From the estimates obtained in the first part of the proof, we infer that the second and the
third raw of the right hand side are bounded. To estimate the first raw, we first notice that,
by the contracted second Bianchi identity, we have that

1
ivijR — ViViRi; = RigRa — RigRij .

Hence, reasoning as before, it is easy to deduce that the term V, f Vq( % V;ViR — V;ViR;; )
is bounded. To complete the proof, we thus need to estimate the term V,f (V,ARy;). By
the usual formulae for the exchange of the derivatives, we get

VAR = AV Ry; — (divRm)gmRy; — (div Rm)gj R (2.12)
+qu(lekzj) + qukl(valj) + qujl(vakl) . (2.13)
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Using the identites (2.2) and (2.4), it is immediate to check that the last raw contracted with
V,f gives rise to bounded terms. On the other hand we have that

Vof ([divRm)gu = Vof (VoRi — ViRg)
= qu (Vqul) — Vk<vqf qu) + Vkvqf qu
1 1
= Vof (VeRu) — 5 ViVIR = RigRg + SR

and thus, by the previous discussion, it is evident that the second and the third terms in the
first raw of (2.12) contracted with V,f are bounded. Finally, we have

(AVRij) Vof = A(VeRij Vaf) — VeRij(AVf) — 2V, V Ry ViV f
1
= A(VgRij Vof) — VeRij(VeAf) — §Vquj VR +2VpVRij Rpg — ARy
1
= A(V¢Ri; Vof) + §VququR +2V,V Ry Rpg — ARy -

Again, from equation (2.11) and the previous observations, we have that all the terms of the
right hand side are bounded and this completes the proof of the corollary. O

We are now in the position to prove the following quantitative decay estimates of |T'| and
|VFT| as f — oo.

Proposition 2.9. Let (M", g,V f) be a complete noncompact asymptotically cylindrical gra-
dient shrinking Ricci soliton and let T be the tensor defined in (2.8) outside a compact set.
Then, there exists a positive constant a(n) such that

T2 = 0(f ™)  and |V*T? = O(f M),

for every k > 0 and every € > 0. Moreover, we can choose a(n) := min{1,2/(n —2) —n}, for
any positive 1 sufficiently small.

Proof. We have already observed that, for f > fy large enough, |V f| > 0 and thus {f > fo}
is diffeomorphic to [fo, +00) x {f = fo}. Hence, the metric g can be written as

_df @df
VI
where § = (6',...,60"!) are local coordinates on the regular level set {f = fo} and h(f,-)},

is the metric induced on the regular level set {f = f(p)}. Let u be a smooth function on M.
Then, it is well known that the Laplacian of u can be written as

+ has(f,0) d0™ @ d6°

Au = Vu(n,n) +H(Vu,n) + Alu, (2.14)

where H(p) is the mean curvature of the level set {f = f(p)}. We notice that V2|T|? (n,n) =
O (f~1) and that
" - Af —V2f(n,n) _n— 1 — R+ Ric(n,n) _0(f 1.

VS 2|V f
To proceed, we notice that from Corollary 2.8 one has (V|T|?,Vf) < (1, for some C; >
0. In particular, from identity (2.2), 9¢|T|*> < Cof ! for some Cy > 0. Morever, from
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Proposition 2.6, we have
fO;T)? = (V|T’Vf)+ Ros T
AITP = e(m)|TP? + Cy
AMTP? = e(n)|T)? + Cyf 71,
for some C3,Cy > 0. Setting s := log f, sg = log fo and v(s, 0) := |T'|?(e®, ), we have
v < Ahv —e(n)v + Cye®. (2.15)

IN A

Since {f = fo} is compact, it is well defined vy := maxg v(sp, ). By the parabolic maximum
principle one has that 0 < v(s,6) < V(s), where V(s) is the unique solution of the ODE
associated to (2.15) with initial condition V' (0) = vg, namely
Vis) = — L s (vo el so _ &e(c(m—l)so) o—cln)s
e(n)—1 e(n)—1

Recalling that ¢(n) = 2/(n —2) —n, we set a(n) := min{1,2/(n —2) —n} > 0 and we obtain
0 < v(s,0) = O(e*™*) as s — co. Rephrasing this in terms of |T'| and f, we have proved
that |T]> = O (f~*")). Combining the standard interpolation inequalities as in [9, Corollary
12.6] with Sobolev estimates and using the fact that the metric is asymptotically cylindrical
it is possible to prove the C*-estimate. For instance, if k = 1, we consider compact domains
of the form Q, ¢ = {p € M"|dist(p, {f = r}) < s} and a cutoff functions x € C°(€,.2) with
X = 1 on Q, . By interpolation inequalities, we have

IV D)llzotea < COnp) XTI,y VPO, ) < C00DITIL, )

where in the last 1nequahty we have used the fact that the soliton is asymptotically cylindrical
and hence the derivatives of the curvature are bounded. For p large enough, Sobolev inequality
implies that there exist a constant C's(£,2) such that

IV e (0,2) < Cs(Qe2) IV (X D)l Lr(0,.2)

Again, it is not hard to see that Cg := sup,-q Cs(£r2) < 400, since the soliton is asymptot-
ically cylindrical. In particular, this shows that

IV DIz 0,.0) < Cs C'(n,p) || T[1:7 2p < orpmem(-2/n)

r2) =
for some positive constant C”. This concludes the proof of the proposition.

In dimension greater than three, one can estimate the scalar curvature from 7.

Corollary 2.10. Let (M™, g,V f), n > 4, be a complete noncompact asymptotically cylindrical
gradient shrinking Ricci soliton. Then, we have that

‘VkR‘ _ O(ffa(n)/ZJrs) and |Vk RiC‘ _ O(ffa(n)/ZJrs)
for every k > 0 and every € > 0.
Proof. Reasoning as the previous proposition, it is not hard to see that

-3 1 -3
VzTZJ = z ——V,R+ 7VZ(RHZ Ilj) = hijJr O(f71/2) .

2(n—1) 7 n—1
By Proposition 2.9, there exists a positive constant a(n) such that

| divT| < [VT| = O(f~ /2t
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for all € > 0. And this proves the first estimate. To obtain the estimate for |V Ric]| it is
sufficient to compute |VT'| and use both the estimate for [VR| and Proposition 2.9. This proves
the case k = 1. For k > 1 it is sufficient to repeat the same argument, based on interpolation
inequalities and uniform Sobolev estimates, as in the proof of Proposition 2.9. g

We are now in the position to improve the decay estimate of the scalar curvature at infinity.

Proposition 2.11. Let (M", g,V ), n > 3, be a complete noncompact asymptotically cylin-
drical gradient shrinking Ricci soliton. Then, we have that

+ O(ffa(n)/QJre).

n—1

R:

Proof. Recall that AR + 2| Ric |*> = (Vf, VR) + R. Therefore, if U := (n — 1)/2 — R, then U
satisfies

n—1 _n—lT(n’n)

(VF,VU) = —AR+R-2 (\T|2 +

2R
— —a(n)/2+e
U+ ol ),

R? 2R )

where we have used Proposition 2.5, 2.9 and Corollary 2.10. Integrating this equality along
the flow generated by Vf/|V f|? and using the fact that U tends to zero at infinity gives the
result. O

Proposition 2.12. Let (M", g,V ), n > 3, be a complete noncompact asymptotically cylin-
drical gradient shrinking Ricci soliton. Then, we have that

1
Rin= 5055 —n@n) © (g—n@mn) + O(f /),
Proof. In the case of a shrinking soliton, Lemma 2.7 tells us
VysRm = V2 Ric — Rm + Rm * Ric.

Now, by the very definition of T', we get

2R
Vs Rm = V2 Ric +(

n —

- 1) Rm + Rm 7.

Therefore, by Proposition 2.5, 2.9 and Corollary 2.10, one has
va Rm = O(ffa(n)/QJre)'

As
Vysllg—n®@n)® (g—n@n) = ORic(n,-)) = O(f /%),
one has
1
I YETSY — — — —a(n)/2+e

Vys(Rm 2(71_2)(9 n®n)©®(g—n®n)) = O(f )
Integrating this estimate along the flow generated by V f/|V f|> we conclude the proof of the
proposition. <

Let M; be a connected component of the level set {f =t} and let g{*) be the metric induced
by g on M;. We notice that the second fundamental form of M; satisfies

& _ ViVif 1)
hy = = Ot .
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Thus, combining the last proposition with Gauss equations, we obtain
1 —aln
R = R — ki + (G = 2(n —2) (9" © )i + O /2t
R®
A O () ®)y, . O(t—n)/2+e

where we have used Proposition 2.11 in the last equality. As a consequence of the Riemann-
Cartan uniformization theorem, for ¢ large enough, there exists a family of diffeomorphisms
¢ : My — S such that

-1 —a(n
[12(n — 2) ¢t9 HC’C(Mt,g(t)) = Ot ( )/2+8) )
for every k > 0 and every € > 0.

3. ALMOST KILLING FIELDS AT INFINITY

It well known that on the (n — 1)-dimensional sphere there are n(n —1)/2 linearly indepen-
dent Killing vector fields, hence, by construction the same is true on (M, ¢; gSn_l), for t large
enough. The aim of the following sections is to show that for some tg, the (n — 1)-dimensional
manifold (Mj,, g*)) admits n(n — 1)/2 Killing vector fields as well. By classical results, this
will imply that (M, g(t)) must be homothetic to the round sphere S~ 1.

We consider now the sequence t,, = 2" and the corresponding sequence of Riemannian
manifolds (M2 /4,d™), where we set

~m Snfl

. 1
9" = s P2, 149

We then let {U]" }i1,. nn—1) /2 be a collection of linearly independent Killing vector fields for
g™. By the results of the previous section, these vector fields can be regarded as approximate
Killing vector fields on My /4 for the matrix gt?n/ 4. In particular, it is possible to prove that

i ||Uzm’|ck(Mt2 /47g(t$n/4)) = 0(1)7 for every k > 0.
o« Lup gD = 0",
o fus, (UM UP) diim = Vol(Myg 12,5™) 63

In the next proposition, we are going to extend these estimates to an annulus bounded by
the level sets M2 /4. To do that, we define €2, := {t2,/4 < f <t2}, so that 99, = Mz /4 U
Mz and we extend the vector fields {U"} on Q,, by imposing the condition [U]", X] = 0.
With a small abuse of notation, we still denote by {U;"} the extended vector fields.

Proposition 3.1. Let (M™, g,V f), n > 3, be a complete noncompact asymptotically cylin-
drical gradient shrinking Ricci soliton. Then, with the notation introduced above, we have that
for every m € N and every i € {1,...,n(n —1)/2} the following estimates hold
(@) NU"llek @, g) = 0(1)7 for every k >0,
(i1) supg, | Lomg| = O, ),
(ii) supg, (U7 m)| = O(t,' =™+,
(iv) AU+ UM/2 = O(t,2F),
(

v) / (U Uimdpy = Vol(My, g 6;5 4+ O (t=M/2€)  for every t € [t2,/4,12,] .
My
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Remark 3.2. We notice that in general, a Killing field U on a Riemannian manifold satisfies
AU + Ric(U, - ) = 0. Using the shrinking solitons equation and recalling that, by construction
we have [U]", X] = 0, one can deduce that AU™ + Ric(U", -) = AU + U] /2. Therefore,
part (iv) of the statement can be thought as an estimate of how far the vector fields U]" are
from being Killing.

Proof. (i) This statement is a consequence of the the equations [U]", X] = 0, which we have
used to extend our vector fields.

(73) Let us check this estimate on Mz 4 first. Indeed, if V' is orthogonal to X,
(Lumg) (X,V) = (VxU™V)+(VyU", X)
= (Vyr X, V) —(U/",VyX) =0.
To proceed, we compute
(Lum g) (X, X) =2(VxU", X) =2V>f(U]", X) = —2Ric(U]", X).
Therefore, (Zym g) (n,n) = O( %2_(1(”)%) on My 4. Now, as [U", X] =0,
Lx(Lum 9) = Lom (Lx g9) = Lum (g9 — 2 Ric).

Moreover, (¥x S) = VxS + S —Ric oS — SoRic, for any symmetric 2-tensor S. Therefore,
for S := Lym g, we get

Vx(Lum g) = —2(Lum Ric) + Rico(Lym g) + (Lum g) o Ric.
Consequently, as ( Lum Ric) is bounded, one has by Kato inquality,

2| Ric|
X2

Vx| (Lom 9)| < | Vxyixp (Lo g)| < |(Lum g)| + O(F ).

Hence, we obtain the result by integrating over {2,,.
(7i7) As before, we compute,
Vx(U", X) = (VxU", X)+ ({U]",VxX)
= (U, X)+ O(f W/,
Now, by construction, we have that (U/”, X) =0 on M2 /4. Hence, integrating the previous
estimate on ,,, we obtain (U, X) = O(t;La(nHe)

(iv) As we noticed in Remark 3.2, one has that AU/ + Ric(U/",-) = AU + U™ /2. On
the other hand, it holds the identity

on (), and the result follows at once.

div(Zup9) = 5V(6( Loy 9) = AU + Rie(U", ).

To estimate the left hand side, we notice that (ii) gives supg | Zmg| = O (tr_na(n)+€). More-
over, it is possible to deduce form (i) that supg  |[V* Zym(g)] = O(1), for every k > 0. By

the interpolation inequalities, we know that supq, |V Zum(g)| = O(t,}a(n)ﬁ). This implies
the desired estimates.
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(v) To see the last estimate, we denote by H®) the mean curvature of M; and we compute

Um™ . um™\d Uum . ygm d ? J ? J d
dt m< i UT) dp /Mf U x| /m | X2 Ht

1)/2—R 4RI 2 (Vym X, U™
_ / <U{”,U]m)(n )/ 2—|— 1c(n,n)d t+/ ( U ' ]>
M, | X| M, | X|

_ O(t—l—a(n)/2+€)+/ (i, Uj") — 2Rie(U", U")
M, X2
(", n)(Uj",m) = 2T (U™, Uj")

- 0 t—l—a(n)/Z—f—e +/ i j d
( ) M, ‘XP e

duy

— O(t—l—a(n)/2+e)’

where we used the estimates obtained in the previous section. The result follows now by a
simple integration. O

For future convenience, we simplify the notations and summarize the results of this section
in the following proposition.

Proposition 3.3. Let (M", g,V f), n > 3, be a complete noncompact asymptotically cylin-
drical gradient shrinking Ricci soliton. Then, there exists a collection of n(n — 1)/2 wvector
fields {Ui}iz1,.. nn—1))2 defined on (M",g) such that, for every i € {1,...,n(n —1)/2}, the
following estimates hold

(1) |VEU; | = 0(1), for every k >0,
(i) | S, 9] = O(f*a(n)/ﬂe),
(131) AU+ U2 = O (f~om/2+ey,
(iv) /M (U, U;) dpy = Vol(My, g) 85 + O (#7)/2+ey,
t

4. INTERPOLATING ALMOST KILLING VECTOR FIELDS

In this section, we will provide an a priori estimate as well as an existence result for solutions
to the following equation
AV +V/2 = Q, (4.1)

provided the vector field ) has a suitable asymptotic behavior at infinity. As we have already
seen, the almost Killing vector fields constructed in the previous section satisfy an equation
of this type. We start with the a priori estimate.

Proposition 4.1. Let (M™, g,V f), n > 3, be a complete noncompact asymptotically cylin-
drical gradient shrinking Ricci soliton and let V' be a vector field satisfying

AV +V/2 = Q,
where Q) is vector field such that Q = O(f*a(”)/ﬂe). Then, there exists positive constants A
and tg such that, for tg < t1 < ta, one has the following estimate

max |V‘ +Af—a(n)/2+e I ‘V’ +Af—a(n)/2+e'max H/| +Af—a(n)/2+e
t1<f<ta f—n/2 F=t1 f—n/2 7f:t2 f—n/2

dp
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Proof. First of all,
AflVIP = —|[VP+2[VVP +2(Q,V).
Therefore,
2lVIAfV] > =V +2[VV [ = 2[V|V[]* = 2(Q[|V].
Hence, by the Kato inequality,
V]

avI>-Sl -1l

as soon as V does not vanish.

Vi+Af@
Af(’V|+Af_a)+’|+7f

—a A —a

> Aaf 7N (f —n/2)
Fda(a+ )X + 5570 - 1Q)
> fo (A <a+ 1/2 — O‘”) - fo‘\Q!) > 0,

2f
outside a compact set where a := a(n)/2 — e. Finally, consider the function v := f — n/2,

which satisfies A jv = —v, and define u := |V|+ Af~%/2+¢ For v > 0, a direct computation
gives

A A

u v Jw
> (=1/2+ D)= +2(Vut, V)
v
I X2\ u u
u
> —2(Vinw,V (;)>,
outside a compact set. The result is now a consequence of the maximum principle. O
We are in the position to provide an existence result for the equation (4.1).

Theorem 4.2. Let (M", g,V f), n >3, be a complete noncompact asymptotically cylindrical
gradient shrinking Ricci soliton and let Q) be a vector field such that QQ = O(f*“(")/ﬂe). Then
there exists a vector field V' such that,

AfV+V/2=Q onM", and V= O(fom/>e),

Proof. Let (tm)men be a sequence tending to +oo and, for every m € N, let V™ be a solution
of the Dirichlet problem

AV VT2 =Q in{f < tp/4),  with  V™=0 on{f=1,/4}.

To study the growth of V", we are going to prove the following claim.

Claim. Given 7 and « in (0,1), there exists a positive constant py such that, for every
t € [po,tm], it holds the estimate

Oé_lTa(n)_2€Am(Tt) < Am(t) +t—a(n)+25,
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where we set A™(s) :=supyp— 243 [V

Assume by contradiction that there is a sequence (7,,)men going to +00 such that

aflTa(n)erAm(Trm) > Am(rm) + T;La(n)+26 (42)
an define
m
V= — 4 - T
max{A™(Trm) + (77m) =4 +2 72(A™ (rp,) + )}
—a(n)/2+e
Jm = /

max{ A" (1) + (7rn) 4042, 72(A7 (1) + 7" 2

By Proposition 4.1, we get,

1< sup V™ + Afy < 772 (4.3)
(Ttm)? [A<F<t3,/4

Moreover, V™ satisfies
o ym
AV + —-=Q", (4.4)
5 Q
Q™ = - - : (4.5)
max{A™ (77 + (77 ) ~0+26 72(AM(7,) + rrt (20

By assumption on the growth of @, the sequence Q™ is uniformly bounded. To blow-up this
equation in order to reach a contradiction, we need first to control the covariant derivatives
of V™.

Let (¢¢)te(—oo,1) be the flow generated by V f/(1—t). Then, define V™ (t) := ¢r V'™, Q™ (t) :=
#;Q™/(1 — t) and the associated Ricci flow g(t) := (1 — t)¢jg. Then, V™(-) satisfies the
following heat equation:

8t17m(t) = Ag(t)f/m(t) + Rng(t)(Vm(t)) — Qm(t) (4.6)

Applying the classical interior parabolic estimates to the heat equation (4.6), we deduce that
there exists a constant C7 such that,

sup[VEOV(0)]g0) < 1 Jswe o (V@) QT Blew) -
{(TtT)2 ng%} {((37’/%1)757”4) §f§(3t'ﬂz/2) }X[S,O]

It is worth pointing out that, by the fact that the soliton is asymptotically cylindrical, the
constant C', which a priori depends on the ellipticity constants of A,;), the bounds on the
coefficients of the zero order term in (4.6) as well as on the diameter of the domain, can be
chosen uniformly. We claim that the right hand side can be further estimated to obtain
[/m [ym Am C3
sup [VV™| < Cy sup (V™ +1Q™) < =-
(Ttm)2/A<f<t3,/4 ((T/2)tm)2/4<F<(2tm)? /4 T

(4.7)

In fact, the last inequality follows by (4.3). To prove the first inequality we first need some
remarks about how the flow (¢t)ie(—o0,1) acts on the sublevels of f. As the scalar curvature
is nonnegative and bounded by some constant Cy, one has, by the soliton identities,
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VP od _ (Fod)

(S o) 1—t — 1-t°
o -C
afos) » oW C
Hence, by integrating the previous differential inequalities between a negative time s and 0,
(1= s)f(z) < f(ds(x)) < C5+ (1= s)(f(x) — Cp), (4.8)
for z € M. Thus, observing that [V (t)|,) = (1 — t)1/2|1_/m\g(0) o ¢¢, one has
sup |Vm(t)|g(t) < (1- 5)1/2 sup sup V™|
{ ((37'/?75771)2 <f< (375772/2)2 }>< [570] tE[S,O] { ((3T/‘i)tm)2 <f(o(x))< (375772/2)2 }
< (1-9)Y2 sup sup v

t€ls,0] f (Br/4)tm)2 _ C (3t /2)2
(500 { Gsrfasem)? _ Cs 4 0y < (o)< Coml22

< (1—5)1/2 sup V™|
{ ((ST/i)tm)Q —%+C6§f(fl)g (3t7r2/2)2 }

Therefore, up to choose s such that for every m large enough,
2 2
(Gr/m? G (/)

4 15 4 7
the claim is proved. To sum it up, we have obtained the uniform estimate
_ C
sup VvV™ < —27
(Ttm)2/4<f<t2, /4 T

In particular, it means that the family of vector fields (V™),, restricted to (7t,,)%/4 < f <
t2 /4 is equi-Lipschitz.

Therefore, going back to the static equation (4.4) as (M", g) is asymptotically cylindrical,
by blowing-up this equation we obtain that (V™),,en converges to a vector field V*° which
is radially constant, i.e. V5 V> = 0. Observe also that, if fo := limy,— 400 fin,

Vorfeo = m1—1>I—Ii-loo VVQ\/ffm = 0.
Consequently, the supremum of |[V*°| on each slice of the cylinder is a nonnegative constant

¢ independent of the slice, the same holds for f,,. Now, inequality (4.2) reads, as m tends
to 400,

a lram) =2, > 4 Afs > 0.
In particular, co > 0, i.e. V> does not vanish identically and
a—lTa(n)—2e >1,
which is a contradiction if o and 7 are chosen properly. This proves the claim.
The claim ensures that sup,, Supyc(y, +,,] SUP{ f=¢2/4} fo2=€|ym| < 400, Therefore, if

the sequence (V),en is not uniformly bounded on M, this can only happen on a fixed
compact set. Assume on the contrary that sup,, sup,m |V"™| = 4oc.
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Define W™ := V™ /supy» |[V™|. Since @ is bounded on M™, this implies that (W"™),en
uniformly converges on compact sets to a non vanishing vector field W with compact support
satisfying AW + W /2 = 0. Now, by the work of Bando [2], A is an elliptic operator
with analytic coefficients, therefore, W must be analytic too. Since it has compact support,
it must vanishes everywhere which is a contradiction. O

5. RIGIDITY OF THE LICHNEROWICZ EQUATION

We start this section with the following proposition, which provides an elliptic equation for
the Lie derivative of the metric along a vector field which satisfy equation (4.1) with @ = 0.

Proposition 5.1. Let (M™, g,V f), n > 3, be a gradient shrinking Ricci soliton. Assume a
vector field V' satisfies

AV +V/2 = 0. (5.1)
Then the Lie derivative h := (%4 g) satisfies the Lichnerowicz equation
(Lx h) —h=ALh, (5.2)
where Aph denotes the Lichnerowicz laplacian.

Proof. Consider the flow {¢;}; generated by the vector field V' and the family of metrics
g(t) := ¢;g. By equation (2.31) in [1, Chapter 2] we obtain the variation of the Ricci curvature
at the initial time.

0

ot t:o(_2 Ricyy) = Aph+Hesstr(h) — Zaivn)(9)

= Arh = Ly 1vu(n) (9);

where we set h := %g(t)h:g. Since h = (A g), we have that
1
div(h) — §V tr(h) = AV + Ric(V). (5.3)

Using both the equation (5.1) satisfied by the vector field V' and the soliton equation, we
deduce

div(h) — %v t(h) = AV - Vy X +V/2 = [X,V].
We can conclude that
—2( % Ric) = AL(Lr 9) — (Lxv) 9)-

Recalling that 2Ric = —(%x g) + g, one has — A/ (—(Lx 9) +9) = AL(L 9) — (Lxv9)
an thus

—(A 9) + Lx (L (9) = AL (9)),

which is the desired equation. ]

We conclude this section with the analysis of the Lichnerowicz equation (5.2), providing
an a priori estimate and a Liouville-type theorem.
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Proposition 5.2. Let (M™, g,V f), n > 3, be a complete noncompact asymptotically cylin-
drical gradient shrinking Ricci soliton and let h be a symmetric 2-tensor satisfying the static
Lichnerowicz equation

gx(h) — h=Aprh.
Then there exists o > 0 large enough such that for tg <t < to,
|? |? |?
max —— = max { max -——; max -— .
t1<f<ty v f=t1 v*  f=ta v°

Proof. We start by observing that on a shrinking soliton, the Lichnerowicz equation can be
rewritten as

Arh+2Rmx*h = 0.
Define as before v := f —n/2. Then, we have the following estimate
2 A
Ay <‘Z’L> = v (2Ash — an“h, h) + 20" % Vh|* + 2(Vu™® V|h|?)
|2

rUOé

h2
< v_“<ah—2Rm*h,h>—2a<Vlnv,V< >>—2!vmv!2|vc|¥

2\ [hf? |2
> (a—c¢(|]Rm|x) —2|Vinv| )v—a —2a(Vinv, V )

,UOL

|2
> —2a(Vlnv,V|—)),
rUOZ
outside a compact set for « large enough. The result, follows then by the maximum principle.
O

Building on the previous a priori estimates, we are now in the position to present a Liouville-
type theorem for solutions to the Lichnerowicz equation with a suitable decay at infinity.

Theorem 5.3. Let (M",9,Vf), n > 3, be a complete noncompact asymptotically cylindri-
cal gradient shrinking Ricci soliton and let h be a symmetric 2-tensor satisfying the static
Lichnerowicz equation i.e.

Zx(h) —h = Aph, (5.4)
such that h = O(f~°), with ag > 0. Then h = 0.

Proof. If there is a sequence (t,, ) tending to 400 such that SUPy, |h| = 0 for any m, then
h =0 on f~!([t;,+00)) by the a priori C” estimate given by proposition 5.2.
Assume by contradiction that A(t) := SUPy,, |h|? is positive for any large t. By the

growth assumption on h, given 8 € (0,1) and 7 € (0, 1), there is a sequence (t,,),, diverging
to +o0o such that

B0 A(Ttm) > Altm). (5.5)
Now, define
B = max{ max |h; 7% max |h]} .
f=((r/2)tm)?/4 f=(2tm)?/4
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By proposition 5.2, if b := h/h,,, there exist universal positive constants C; and C3 such
that
Co

Ci < o

< |hm? < (5.6)

max
((7/2)tm)? /A< f<(2tm)? /4
Moreover, h™ still satisfies the Lichnerowicz equation.

Let (¢1)tc(—o0,1) e the flow generated by Vf/(1 —t). Then, define h"™(t) := (1 — t)p;h™
and the associated Ricci flow g(t) := (1 —¢)¢;g. Then, h™(-) satisfies the Lichnerowicz heat
equation:

athm(t) = Ang(t)hm(t) = Ag(t)hm(t) + 2 ng(t) *hm(t) — 2 Ricg(t) *hm(t) . (57)
Applying the classical interior parabolic estimates to the heat equation (5.7), we deduce that
there exists a constant Cj such that,

sup |v9(0) B (0)|g(0) < Cs , . sup . ‘hm(t)|g(t) .

{ (rtT)Q ngz%%} { ((df/i)tm) <f< (3“1/2) }X[S,O}

It is worth pointing out that, by the fact that the soliton is asymptotically cylindrical, the
constant C'3, which a priori depends on the ellipticity constants of Ag;), the bounds on the
coefficients of the zero order term in (5.7) as well as on the diameter of the domain, can be
chosen uniformly. We claim that the right hand side can be further estimated to obtain

C
sup VR < Cy sup | < =

= 5.8
(Ttm)2/4§f§tgn/4 ((T/Q)tm)2/4§f§(2tm)2/4 7—2a ( )

In fact, the last inequality follows by (5.6). To prove the first inequality we first need some

remarks about how the flow (¢:)ie(—o0,1) acts on the sublevels of f. As the scalar curvature
is nonnegative and bounded by some constant Cg, one has, by the soliton identities,

VIR od _ (fod)

0
i(f o) 1—t — 1-t°
AW(fod) = W~
Hence, by integrating the previous differential inequalities between a negative time s and 0,
(1 —s)f(z) < f(#s(2)) < Cr+ (1= s)(f(z) — Cs), (5.9)
for x € M. Thus, observing that [h™(t)|4) = |h™] o ¢, one has
sup W)y < sup sup 1
{ ((37'/‘51)tm)2 <f< (375772/2)2 }X[S,O] tE[S,O] { ((ST/i)tm)Q Sf(¢t(-1'))§ (3t7r2/2)2 }
< sup sup A"

tels,0] f (3r/9)tm)2 _ C St /2)2
(500 { Usmpasem)? _ O 0 < f(a)< Soml22

A

sup [h™|
{ ((37'/‘i)tm)2 *%+C8§f(x)§ (3tn’2/2)2 }

Therefore, up to choose s such that for every m large enough,

((37/11)%)2 _ 10—73 L > ((7/24)1%)2 ’
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the claim is proved. In synthesis, we have obtained the uniform estimate

sup [VR™| < %
(Ttm)?/A<F <13, /4 T
In particular, it means that the family of symmetric 2-tensors (h™),, restricted to (7t,,)%/4 <
f < t2,/4 is equi-Lipschitz. Going back to the static equation (5.4) and by rescaling this
equation with ¢,,, as (M", g) is asymptotically cylindrical, (h"™),, converges to a symmetric
2-tensor A*° which is radially constant, i.e. Vg h* = 0. In particular, the maximum of the
norm of h* restricted to each slice of the cylinder is a positive constant denoted by c¢~.. Now,
as t,, goes to 400, inequality (5.5) reads :

B_ITZQOCOO > Coos

which is a contradiction if we choose 8 and 7 such that ~'72% < 1. Therefore, h vanishes
outside a compact set and satisfies an elliptic equation with analytic coefficients, therefore, h
vanishes everywhere. O

6. CONCLUSION

6.1. Proof of the Theorem 1.2. With the notations and the results of Proposition 3.3,
one can apply Theorem 4.2 to each vector field U; to ensure the existence of vector fields V;
satisfying

v

f U
Af‘/;:+§ :AfUi+

?i on M,
V; _ O(f—a(n)/2+e).

Therefore, W; := U; — V; satisfies AgW; + W;/2 = 0. Moreover, the maximum principle
applied to V; gives VV; = O(f~*"/2+¢), Since, by construction, %, (g) = O(f~*("/2+€) we
get that h; = %y, (g) = O( fam)/ 2+€). Consequently, Theorem 5.3 ensures that h; = 0 on
M. Consequently, we have built n(n — 1)/2 independent non trivial Killing vector fields on
M. Now, it remains to show that they are orthogonal to X. Indeed,

Wi )
Wi, X] = VX = VxWi = = = Rie(W;) — VxW;
= %+AWZ'—VXVV¢=O.

Now,
2VEWi, X) = 2V2 L (f) = 22w, (V)
L (£x(9)) = Zx(Lwi(g)) = 0.
We conclude by using the Bochner formula :

0 - A(W):‘V2<I/VZ-,X>\2+Ric(V<Wi,X>,V<Wi,X>)

HVAW;, X), V(W;, X))
= RiC(V<WZ’,X>,V<W¢,X>) > 0,

unless V(W;, X) = 0. Therefore, (W;, X) are constants. Now, X vanishes somewhere, there-
fore, (W;, X) = 0 for any ¢. This completes the proof of Theorem 1.2.
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6.2. Proof of corollary 1.3. Let (M", g,V f) be a shrinking gradient Ricci soliton with
bounded positive curvature operator. Assume M" is not compact. Then, by Naber [Corollary
4.1, [12]], we know that, for any sequence of points (x); tending to infinity, (M",g, zk)x
subconverges to (R x N,dt? + h, 1) where (N,h) is a non flat shrinking gradient Ricci
soliton with nonnegative curvature operator. If (M",g) has linear volume growth, N is
compact and it is diffeomorphic to the levels of the potential function f~1(¢) for large t. Now,
since M™ has positive curvature operator, M™ is diffeomorphic to R"™ by the Gromoll-Meyer
theorem. In particular, f~!(¢) is homeomorphic to a (n — 1)-sphere. By the classification of
compact manifolds with nonnegative curvature operator [3], we claim that N is diffeomorphic
to the standard (n — 1)-sphere and h is the metric of positive constant curvature normalized
by Ric, = h/2 and therefore, by theorem 1.2, (M™, g) is cylindrical, in particular, it is not
positively curved. Contradiction.

REFERENCES

1. P. Lu B. Chow and L. Ni, Hamilton’s Ricci flow, Graduate Studies in Mathematics, vol. 77, American
Mathematical Society, Providence, RI, 2006. MR 2274812 (2008a:53068)

2. S. Bando, Real analyticity of solutions of Hamilton’s equation, Math. Z. 195 (1987), no. 1, 93-97.
MR 888130 (88i:53073)

3. C. Bohm and B. Wilking, Manifolds with positive curvature operators are space forms, Ann. of Math. (2)
167 (2008), no. 3, 1079-1097. MR 2415394 (2009h:53146)

4. S. Brendle, Rotational symmetry of self-similar solutions to the Ricci flow, ArXiv e-prints (2012).

5. H.-D. Cao and D. Zhou, On complete gradient shrinking Ricci solitons, J. Differential Geom. 85 (2010),
no. 2, 175-185. MR 2732975 (2011k:53040)

6. Huai-Dong Cao, Geometry of complete gradient shrinking Ricci solitons, Geometry and analysis. No. 1,
Adv. Lect. Math. (ALM), vol. 17, Int. Press, Somerville, MA, 2011, pp. 227-246. MR 2882424

7. O. Chodosh, Ezpanding Ricci Solitons Asymptotic to Cones, ArXiv e-prints (2013).

8. B. Chow et all, The Ricci flow: techniques and applications. Part I, Mathematical Surveys and Mono-
graphs, vol. 135, American Mathematical Society, Providence, RI, 2007, Geometric aspects. MR 2302600
(2008f:53088)

9. R. S. Hamilton, Three-manifolds with positive Ricci curvature, J. Differential Geom. 17 (1982), no. 2,
255-306. MR 664497 (84a:53050)

10. B. Kotschwar and L. Wang, Rigidity of asymptotically conical shrinking gradient Ricci solitons, ArXiv
e-prints (2013).

11. G. La Nave M. Eminenti and C. Mantegazza, Ricci solitons: the equation point of view, Manuscripta Math.
127 (2008), no. 3, 345-367. MR, 2448435 (2009m:53088)

12. A. Naber, Noncompact shrinking four solitons with nonnegative curvature, J. Reine Angew. Math. 645
(2010), 125-153. MR 2673425 (2012k:53081)

13. Lei Ni and Nolan Wallach, On a classification of gradient shrinking solitons, Math. Res. Lett. 15 (2008),
no. 5, 941-955. MR 2443993 (2010i:53127)

14. F. Schulze and M. Simon, Ezpanding solitons with non-negative curvature operator coming out of cones,
ArXiv e-prints (2010).



RIGIDITY OF ASYMPTOTICALLY CYLINDRICAL GRADIENT SHRINKING RICCI SOLITON 23

(Giovanni Catino) DIPARTIMENTO DI MATEMATICA, POLITECNICO DI MILANO, PIAZZA LEONARDO DA
Vinct 32, 20133 MiLANO, ITALY
E-mail address: giovanni.catino@polimi.it

(Alix Deruelle) MATHEMATICS INSTITUTE, UNIVERSITY OF WARWICK, GIBBET HILL RD, COVENTRY, WEST
MipLANDS CV4 TAL
E-mail address: A.Deruelle@warwick.ac.uk

(Lorenzo Mazzieri) SCUOLA NORMALE SUPERIORE, CLASSE DI SCIENZE, P1azzA DEI CAVALIERI 7, 56126
Pisa, ITaLy
E-mail address: 1.mazzieri@sns.it



	1. Introduction and statement of the result
	2. Asymptotic geometry
	3. Almost Killing fields at infinity
	4. Interpolating almost Killing vector fields
	5. Rigidity of the Lichnerowicz equation
	6. Conclusion
	6.1. Proof of the Theorem 1.2
	6.2. Proof of corollary 1.3

	References

