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LORENTZ ESTIMATES FOR OBSTACLE PARABOLIC PROBLEMS

PAOLO BARONI

ABSTRACT. We prove that the spatial gradient of (variational) solutions to par-
abolic obstacle problems of p-Laplacian type enjoys the same regularity of the
data and of the derivatives of the obstacle in the scale of Lorentz spaces.

1. INTRODUCTION
In this paper we deal with the obstacle problem related to the parabolic Cauchy-
Dirichlet problem
u — diva(z, t, Du) = f — div [|F|p_2F] in Qp =Q x (0,7),
u=20 on Dty = 00 x (0,7),
z(-,0) = ug in ©,
(1.1)
where the vector field models the p-Laplacian operator with coefficients

2n
n+2’

—2
a(z,t, Du) ~ b(z,t)(s* + |Du|2)pTDu, p > s € [0,1],

(1.2)

see (1.8), and where the obstacle v is not continuous, as often considered in the
literature. We are interested in sharp integrability estimates for the gradient Du of
solutions to the variational inequality related to (1.1) in terms of integrability of
the data on the right-hand side f, ' and of the obstacle v in the scale of Lorentz
spaces; here 2 C R", n > 2 is a bounded domain and it will be so for the rest of
the paper. More precisely, given an obstacle function ¢ : Q x [0,7] — R,

¥ € LP(0, T; WHP(Q)) N C([0, T]; L2 () (1.3)
such that
o € L”/(QT) and <0 ae.onduldr (1.4)

and functions
FeIP(QmR")  and  fe LV (Qp) (1.5)

(with p’ we denote the Holder conjugate of p, i.e., p’ := p/(p — 1) for p > 1), we
consider functions v € K, where

Ko = {u e LP(0, T; Wy (Q)) N C([0, T]; L*(Q)) : u = ¥ ae. in Qr},
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satisfying the variational inequality
T
/ (04,0 = U) 1y ptop dE + / (a(z,t, Du), Dv — Du) dz
0 0 Qr
1
> —/ lv(-,0) — u0]2dm —i—/ (]F]Z’*ZF, Dv — Du) dz
2 Jo Qr

+ (v—u)dz (1.6)
Qr

for any function v € K, with
K} :={ve Ko: v e L7 0,T;W 7 (Q)};
(*s ) yy—1.0 5y 1» denotes the duality pairing crochet between VVO1 P(Q) and its dual
0

space W~1P(Q), while (-, -) is the scalar product in R”. We immediately mention
that existence and uniqueness for the problem we are considering can be inferred
from [5, Theorem 6.1]. For the initial value we shall assume

ug € Wol’p(Q) and uo > Y(+,0) ae. in 1.7)

using an approximation scheme, we can also allow for initial data in ug € L?(Q2).
The vector fields we treat model the p-Laplacian operator in the following sense:
we take a : Q7 X R™ — R" such that ¢a is a Carathéodory function and such that
the following ellipticity and growth conditions are satisfied:

(Bala, t, )N > v(s2 + [€2) "7 A2,
(1.8)

p—1

1
la(z,t, &)| + [Ozalz, t, )|(s* + [6]7)2 < L(s* + [¢%) =,
for almost every (x,t) € Qr and all £,&1,&, A € R"; the structural constants
satisfy 0 < v < 1 < L < o0, s € [0,1] is the degeneracy parameter and the
exponent p will always satisfy the lower bound p > f—fz as in (1.2). Moreover
we shall consider the following nonlinear VMO condition in the spirit of [8, 19]:
defining for balls B C 2 and for all ¢ € (0,7) and all { € R" the averaged vector

field
(G)B(t,é) :_][ a('7t7§) dz, (1.9)
B

we require the averaged, normalized modulus of oscillation w,(R) € [0, 2L]

wo(R) = sup ( ]zB (|a<y7t,£> - <a>B<t,§>|)2 dy> 1.10)

I

te(0.7), (s2 + |§|2)(p—1)/2
BeBgr,£€R™
where Bp, is the collection of balls { B = B,(z) C Q: 0 < r < R}, to satisfy
li R)=0. 1.11
Jm wa(R) (1.11)

This means that, if we consider the model case in (1.2) with product coefficients
b(x,t) = d(z)h(t), we can allow bounded and measurable time-coefficients (h €
L*>(0,T)) and bounded and VMO spatial ones (d € (L>* N VMO)(Q)); this
kind on “non-linear VMO condition” includes, as particular case, the regularity
conditions we assumed in [2] for systems. VMO regularity only with respect to the
spatial variables has been often assumed to prove regularity estimates of this kind,
starting from [17, 16], in the case without obstacle; see also [1, 8].
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Finally we are in position to state the main result of our paper:

Theorem 1.1. Let u € K satisfy the variational inequality (1.6), where the vector
field a satisfies (1.8) and (1.11); moreover suppose that

|Dyp| + \(9tw\1/(p_1) + |F| + \f\l/(p_l) € L(v,q) locallyin Qr (1.12)

for some v > p and some q € (0,00]. Then |Du| € L(v,q) locally in Qr and
there exists a radius Ry < 1, depending on n,p,v, L,w,(-),y and on q in the
case q < 0o, such that the following local estimate holds, for parabolic cylinders
Qaor = QQR(Z()) C Qp, with R < Ry:

Qul 100l + sl g < ¢ (£, (Dul 457 dz)"
Q2r

_4d
+e|Qarl T 1War + 117 (4 0y (0un)r (1-13)
where the function V g, belonging locally to L(~y, q)(Q2r), is defined by
= |F|+ Dyl + RYCTD(|fIVE7D 4 o[V E70). (1.14)

The constant in (1.13) depends on n,p, v, L,~, q (except in the case ¢ = co, where
it depends only on n,p,v, L,~) and the scaling deficit d > 1 is defined by

g if p=>2

d=dp) = % on (1.15)
_ if — 2.
p(n+2) —2n U n+2<p<

Note that the constant c depends critically on v — p, in the sense that ¢ — oo when
ez

We recall that the Lorentz space L(v,q)(A), for A ¢ R*, k € N, open set
and for parameters 1 < v < oo and 0 < ¢ < o0, is defined by requiring, for a
measurable function g : A — R, that

> d\
19117 ¢.0¢ ):=q/0 (W{feA lg(¢ |>A}{) = <oo.  (1.16)

If ¢ = 00,1 <y < o0, the space L(~y,00)(A) is by definition the Marcinkiewicz
space M7 (A), the space of measurable functions g such that

1
1901 230000) = lglaescay = sup (N[{€ € A 1g(€)] > AH])™ < 0
A>0
(1.17)

The local variant of such spaces is defined in the usual way; see Paragraph 2.2 for
some more details about Lorentz spaces.

A few comments about our assumptions and our result. To start with, note that
the lower bound for the exponent, analogous to that in (1.2)-(1.19), is unavoidable
since it already naturally appears in the regularity theory of solutions to parabolic
p-Laplacian operators (see [11, 30, 1, 18, 7]).

Note also that the result is sharp, and this follows if we consider the regular-
ity of solutions on the so-called coincidence set, i.e. that portion of the domain
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where the solutions and the obstacle coincide; if we consider solutions to (1.1), the
implication

|F| € L(vy,q) locallyin Q7 == |Du| € L(v,q) locallyin Qg

has been proved by the author in [2]. Our work essentially relies upon the work
[1] of Acerbi and Mingione, where the Lebesgue version ¢ = « of Theorem 1.1
without obstacle has been proved:

|\Fle L] (Qr) = |Dule€ L] (Qr) (1.18)

loc loc

for v > p. In this paper techniques to handle Calderén-Zygmund estimate for de-
generate and singular parabolic systems of p-Laplacian type have been developed
for the first time; see also [7] for a version up to the boundary. These techniques
have then been used extensively in the last year, for instance to obtain global esti-
mates in domains with rough boundaries [7, 8]; these tools (which we shall describe
in a while) have also been shown to be flexible enough to handle parabolic (and el-
liptic) obstacle problem. We refer in particular to [5], where the analogue of our
Theorem 1.1 has been proved in the setting of Lebesgue spaces:

1Dy + |0V =D | F 4 | £V e L) (Qr)
—  |Du| € L7 (Qr)

loc

for v > p. On the other hand in [2] the author proved the natural generalization
of (1.18) to the Lorentz spaces setting, see the same [2] for further comments and
references. In this paper we show how to modify the technique which lead to
(1.18) in order to meet both the obstacle-structure of the problem and the setting
of Lorentz spaces; moreover, while using extensively some of the results proved in
[5], we shall simplify some of the arguments: in particular we will not prove (1.13)
as an a priori estimate for solution with bounded gradient (this will be needed to re-
absorb certain terms appearing on the right-hand side), but we shall argue directly
on truncations of the gradient, see (4.34) and (4.35). Finally, with regard to obstacle
problems, we want to mention the recent interesting paper [21] by Lindqvist &
Parviainen, where it is discussed the topic of existence of solutions for irregular
obstacle problems, in the sense that obstacles do not even possess time derivative;
a delicate interaction between regularity of the obstacle and the regularity of the
test functions comes here into play.

The approach developed in [1], with elements from [9, 14], is essentially based
on the construction of an appropriate family of intrinsic cylinders where the equa-
tion re-homogenize: already when considering the homogeneous evolutionary p-
Laplace equation

2n

— 1.19
pat (1.19)

Opu — div [|Du|p_2Du] =0, p >
one has to work nor with the standard parabolic cylinders Q r(xo, to) := Bgr(xo) X
(to — R2,to), but with certain cylinders whose shape is devised to rebalance the
lack of scaling of the equation: indeed the elliptic part is homogeneous of degree
p — 1, while the parabolic part is clearly of degree 1, and this tells us that no
universal family of balls is associated to the equation. As a consequence, typical
harmonic analysis tools like maximal operators are automatically ruled out. One,
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hence, following DiBenedetto [11, 10] and considering here for simplicity in the
case p > 2, works on cylinders of the type

Q)é(Z()) = Q;‘z(l‘o,to) = BR(xO) X (to — )\2_pR2,t0)

with A > 1 a scaling parameter; the heuristic underneath the choice of the scaling
parameter A is the following. Suppose that on one of these cylinders the relation

][ |DulP dz ~ \P (1.20)
Q% (20)

holds; we call such a cylinder intrinsic, since the parameter A appears both in the
definition of the cylinder and in the values Du takes over it and therefore every
of these cylinders depends explicitly on the solution. Relation (1.20) roughly tells
that [ Du| ~ X on Q% (20) and hence one may think to equation (1.19) as actually
dyu — NP2 div Du = dyu — NP2 Au = 01in Qj\%(zo). Now, switching from the
intrinsic cylinder Qf}i(zo) to (Q1, that is making the change of variables

v(x,t) == u(zxg + Rx,to + N> "PR%t), (x,t) € By x (—=1,0) = Qq,

we note that our equation finally rewrites as 0;v — Av = 0 in ;. This argument
tells that on an intrinsic cylinder like (1.20) the solution u behaves as a solution
to the heat equation. Note however that the previous argument is clearly only
heuristic, and its implementation is far from straightforward; in particular it clearly
has to be adapted to the problem we are dealing with, taking into account also
the eventual presence of right-hand sides or obstacles, as in our case. Indeed our
choice of intrinsic cylinders will be, see (4.6),

<][ (|Du\—|—s)pdz>p—l—M<][ (\IJR—}—S)"dz)n =\,
Qx(20) Q7 (20)

for some 1 € (p,v) and a large constant M/. This latter constant is essentially
the key point in the approach of Acerbi and Mingione: the weight M > 11is a
suitably chosen parameter, depending on the structural constants of the problem,
which allow to quantitatively control the contribution of the data f, F),¢. Indeed,
we know that whether

A7

(|Du| + s)"dz = X or ][ (p+s)Tdz = —
][Qﬁ(zo) Q) (=0) M7

holds. Therefore, again heuristically, or the equation is the non-degenerate as above
in Q)}‘z(zo) or, if we choose M large, u solves (approximately) the p-Laplacian type
equation

Owu — diva(z,t, Du) =~ 0 on Q}(20),

with constant, negative obstacle; this, a bit more formally, will be formalized in
two steps: first we compare our variational solution to the solution to the Cauchy-
Dirichlet problem, where the right-hand side has small as we please L¥ norm

{atv —diva(z,t, Dv) = dpp — diva(zx,t, DY) in QY(20),

v=u on pQy(20);
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(see (4.20) for the resulting comparison inequality) and then we compare in turn v
with the solution of the homogeneous problem

{atf) —diva(z,t,D0) =0 inQp 5(20),

V= on 873@3\_-{/2(20);

the result is in (4.23). See also the analogue but somehow different heuristic expla-
nation in [5].

2. NOTATION, FUNCTION SPACES AND TOOLS

Here first we fix the notation we are going to use in this paper; moreover we shall
collect some definitions and results regarding functional spaces we shall employ
but also classic results for p-Laplacian type equations.

2.1. Notation. The Euclidean space R™*! will always be thought as R" x R, so a
point z € R™"! will be often also denoted as (z,t), zq as (o, o) and so on. Being
Bpr(zg) the ball {z € R™ : |z — x| < R}, we shall consider parabolic cylinders
of the form

Qr(20) := Br(o) x (to — R?, t0),
but we shall also deal with scaled cylinders of the form

Br(z0) x (to — A*"PR?t9) ifp>2,

) . @1
B)\%R(xo) X (to - R ,to) if p <2,

Qx(z0) = {

where the stretching parameter will be always greater than one: A\ > 1; hence in
both cases Q% (20) C Qk(20) = Qr(20). With xBr(xo), for a constant y > 1,
we will denote the x-times enlarged ball, i.e. xBr(zo) := Byr(xo), and the same
for cylinders: Q% (20) = Qi r(20). In order to shorten notation, we shall denote

A (to) =t (to — N*"PR?,tg) and Bp(wo) := B/\przR(xg), and we shall drop the
A when it will be one: Ag(ty) =: (to — R? ty) and Bi‘z(mo) := Bpg(xzg). Often we
shall avoid to make explicit their centers in the following way: Q% = Q%(20) and
similar.

Given 7 € (0,7T) we shall write 2, for the cylinder Q x (0, 7); by parabolic
boundary of K := C x I in R"*!, we mean 8pK := C x {inf I} UOC x I. Being
A € R* a measurable set with positive measure and f : A — R™ an integrable
map, with k,m > 1, we indicate with (f) , the averaged integral

(f)ai= ]i £(6) de = |jl| /A £(6) de.

We will denote with ¢ a generic constant always greater than one, possibly varying
from line to line; however, the ones we shall need to recall will be denoted with
special symbols, such as cp; s, ¢, c,. We finally remark that by sup we shall always
mean essential supremum.
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2.2. Lorentz spaces. The reader might recall the definition of Lorentz spaces in
(1.16)-(1.17). Since here we assume A of finite measure, the spaces L(7,q)(A)
decrease in the first parameter +; this means that for 1 < ~; < 72 < oo and
0 < ¢ < oo we have a continuous embedding L(72, q)(A) < L(y1,q)(A) with

11
lgllLev ) a) < TAPT 7219l L(ya.9)(4)-

On the other hand the Lorentz spaces in general increase in the second parameter
g, i.e. we have for 0 < ¢; < ¢go < oo the continuous embedding L(v, ¢;)(A) —
L(7,42)(A) with

191l L.(v,02)4) < (751, @) 19N L(v.q0)(4)

when g2 < oo, while the constant clearly does not depend on g3 when g2 = o0;
see, essentially, Lemma 2.8 for A = 0 and an appropriate choice of the quantities
involved. Note moreover that by Fubini’s theorem we have

= dA
9117 4y = ’Y/O Mg e Axlg(Ol > M == = l9lz ) -

so that L7(A) = L(v,7)(A). Finally we have that L(v, q)(A) C L"(A) for any
n < ~vandall 0 < ¢ < o0, see for instance Lemma 2.9 together with the second
embedding above.

Remark 2.1. Note that the notation we use might be misleading, since, due to the
lack of sub-additivity, the quantity || - [|1(y,q)(4) 18 just a quasi-norm. Neverthe-
less, the mapping g > ||g]|L(y,g)(4) is lower semi-continuous with respect to a.e.
convergence, see [24, Remark 3] or [4, Section 3].

2.3. Parabolic spaces. We collect here some properties of parabolic Sobolev spaces,
restricting to the case p > nQ—fQ First notice that the embedding VVO1 P(Q) —
L?(£2) for such exponents and the identification given by Riesz’s Theorem allows

to identify
<v,u)W,1,pr01,p = /Q'Uu dx ifve L*(Q) c W (Q), (2.2)

for any u € Wol’p(Q), where, we recall, (-, )
between W, P(€2) and W—17(1).

WLpx WP is the duality pairing

The space L (0, T; W~'#'(2)) is the space of functions f (usually we will
have/denote f = O;g for some function g € LP(0,T; WP(2))) such that f €
W= (Q) forae. t € (0,T) and moreover

Eo 1Dl € L7 (0, 7))

moreover note that the following implication holds
feLPO,T;W(Q)) and 8,f € L (0,T; W17 (Q))
= [eC(0,T; L), (23)

see [22]. This means that we made redundant assumptions (as in (1.3)-(1.4)), but
we shall keep doing that, for the sake of clarity. For the next result, which allows to
manipulate the parabolic part of the variational inequality, see [28] or [5, Lemma
2.1].
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Lemma 2.2. Let u,v € LP(0,T; W'P(Q)) be such that
dyu, v € LP (0, T; W1 (Q)).

Then

1
O Dy g = 5 [ TP Q.4)

for every t € [0, T] and moreover the following integration by parts formula holds
true:

T

T
/ <3tu(.,t),v(-’t)>wLp/XWOLpdt—/qu(-,T)dx
0

=0

T
- /0 (O0(-, £), (-, ) syt A (2.5)

0

Note that the previous result makes sense in light of (2.3).

2.4. The V-function. We introduce the auxiliary vector field V; : R®* — R"
defined by

Vi(2) = (s* + ]2\2)104;22,

which is a locally Lipschitz bjiection from R™ into itself and which turns out
to be very useful in particular to deal with monotonicity conditions related to p-
Laplacian operator. Notice indeed that there holds

i|£1 _ £2|2 < ’V:?(gl) - ‘/8(52)’127_2 < CV’gl B £2|2
v (s* +1&]* + [&*) =

for all vectors £1,&2 € R™ not simultaneously null if s = 0 and for every p >
1; the constant ¢y depends only on n,p. The previous inequality is relevant in
manipulations involving the classic monotonicity estimate

<CL(3§‘7 ta 51) - CL(CC, tv 62)5 51 - €2>
p=2
> —— (" + &P + &%) 7 16 — &)
c(n,p,v)
for any &1,& € R™ as above and with p > 1, which in turn follows by (1.8); and
which, at this point, can be rewritten as

1

2
W}Vs(&) —-Vi(&)]". 2.6

<a(l’,t,£1) - a($7t7£2)7£1 - £2> >

Moreover the function V; can be used to rephrase a quite classical inequality, see
[1, Lemma 5] and references therein.

Lemma 2.3. Let p > 1. Then there exists a constant ¢y = c¢(n, p) such that for
any &1, & € R"™, not both zero, there holds

(s+ [&1])7 < cols + &))" + cr|Va(€r) — Va(&2)
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2.5. Auxiliary results. The following comparison principle has been proved in
[5, Lemma 2.8] in the case the vector field has no dependence on (x, t). The proof
in our case requires no modification, since the only assumption used in to treat the
elliptic part is (the version without coefficients of) (2.6).

Lemma 2.4. Suppose v, € LP(0,T; WHP(Q)) N C([0, T); L?(2)) satisfy in the

weak sense
oy — diva(z,t, DY) < O — diva(zx,t, Dv) in Qr,
P <w on OpSly,

where a satisfies (2.6). Then 1» < v almost everywhere in Q.

The following is the higher-integrability result for local solutions to parabolic
p-Laplacian systems by Kinnunen and Lewis. We restate it for equations with zero
right-hand side, including also minor modifications to adapt it to this situation.
Note that in general is the better estimate we can expect for such equation, due to
the low degree of regularity of the partial map x — a(x,t,£).

Theorem 2.5. Let K = C' x I C Qg and let € LY, (I; W, ;F(C)), p > 2%, be
a local weak solution to

vy — diva(x,t, Dv) =0 in K.

Then there exists a constant €9 > 0 depending on n,p,v, L, such that Dv €

(1+<0)
Lige "

lation

(K) and moreover ifQ%R(zo) C K is a cylinder where the intrinsic re-

][ (s + |D27\)p dz < k)P
Qg

holds for some constant k > 1, then

][ (s + [Do)"" 1 dz < e APOH9) 2.7)
QX
for any € € (0,e9] and for a constant ¢ = c¢(n, p,v, L, k).

Proof. The proof follows in the case p > 2 from [1, Lemma 3] and in the case
p < 2 from [1, Lemma 4], with minor modification. |

Once known that the dependence of the vector field with respect of the spatial
variable is more regular, one can expect gradient boundedness. The celebrated in-
trinsic sup-bound for the gradient by DiBenedetto, see [ 11, Chapter 8], [18, Section
7], [25], is indeed encoded in the following

Theorem 2.6. Let K = C x I C Qp and let o € LY, (I; W7 (C)), p > -2, be
a local weak solution to

Oyw — diva(t, Dw) =0 in K
where the vector field a : I x R™ — R" satisfies (1.8), recast to the case with no

z-dependence. Then Du € L.(K); moreover, if the cylinder Qyp(z0) C K is
such that

][ (]Dw| + s)p dz < g\P
Q35 (20)
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for some constant k > 1, then

sup |Dw|+ s < cpipA
Qx(20)

for a constant cp;p depending on n,p,v, L, k.

2.6. Technical tools. This first Lemma is the classic Hardy’s inequality; see [12,
Theorem 330] or [13].

Lemma 2.7. Let f : [0, +00) — [0, +00) be a measurable function such that

/OO J(A) dX\ < oo; (2.8)
0

then for any o > 1 and for any r > 0 there holds

/OOO \ (/;O F(0) du)adf < (%) /OOO N AT

The following reverse-Holder inequality is also classic; for its proof, see [29,
Appendix B.3] for A = 0 or [2].

Lemma 2.8. Let h : [0,+00) — [0, +00) be a non-increasing, measurable func-
tion and let oy < ap < ocoandr > 0. Then, if ag < o0

[/;O [u’“h(u)]““if‘} 1/aa < Nh(N) + ¢ [/;o [Mrh(u)]"”‘z"} 1/a

for any X\ > 0; if as = o0 then

T r > T a1 d:U’ Lfen
sup [ h(p)] < e XTh(X) + ¢ M [ h(1)] u] : (2.9)

The constant c depends only on a1, g, 1 except in the case oy = oo. In this case
c = c(ag,r).

The following is a a standard Holder type inequality in Marcinkiewicz spaces;
see [23, Lemma 2.8].

Lemma 2.9. Let f € M7 (A) for A C R, k > 1, of finite measure. Then

g 1-12
[ 181z < AP
foranyn € [1,7).
Finally, a very well-known iteration lemma.

Lemma 2.10. Let ¢ : [R,2R] — [0, 00) be a function such that

1
o(r1) < so(re) + A+ forevery R <r; <rg <2R,
2

(ro —11)P
where A, B > 0and 8 > 0. Then

oR) < () | A+ 1]
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3. PROBLEMS WITH VARIABLE COEFFICIENTS

We collect in this section some results regarding the variational inequality (1.6).
First we show how it can be localized in time.

Lemma 3.1 (Localization). Let u € Ky satisfy the variational inequality (1.6) for
every v € K|, with the obstacle 1 and the data F f satisfying (1.3) to (1.5). Then
for every T € (0,T) and for every
o€ Ky = {v € LP(0,7; W, P(Q)) :
o>tae inQ. and 00 € LP (0,7 W_l’p/(Q))},
(see (2.3)), we have

0

/ (040, D — W) -1y i dt+/ (a(z,t, Du), D — Du)dz
0 Q.

1
> —/ |o(-,0) —u0]2dac+/ (|[F|P72F, Dt — Du) dz

2 Jo Q.

+ / f(o—u)dz; (3.1)
Q
we recall that ). = Q x (0, 7).

Proof. This proof is just technical, since we have to show how to appropriately
choose a test function v € K{ in (1.6) to get (3.1); in particular we want to choose
v = uin Q7 \ €2, and this poses some difficulties, since we don’t know whether
Oyu exists. Hence an appropriate approximation should be considered: we hence
define, following [26], for h € (0,7, ¢ € (0,7 and ug as in (1.7), the mollification

[l 1) ::eiuo(-)+i/0 e

and moreover we take

nu(e,s)ds

up, := max{[ufp, ¥},
being 1) the obstacle. In [26], see also [5, 15] for other details, it is proved that
up, € K{j and in particular

dyup, € L (0,T; W=HP'(Q)) N L™22} (),
that up, — win LP(0,T; WP(Q)) and in L?(Qr) as h — 0 and up(-,0) = ug in
the L? sense.

Now, for h € (0,7 — 7] take a decreasing Lipschitz cut-off function in time
(=( € Wh°(R)suchthat 0 < ¢ <1,(=10on[0,7 — ¢, = 0on [,T]
and ¢! = 1/ein (7 — ¢, 7) and use as test function in (1.6)

v =vpe = (04 (1= C)up € K in Q7.

Notice indeed that since both v and uy, stay above 1, then also v does; moreover,
Vpe = 0in Qr_¢, vp c = up in Qp N €27 Hence the function vy, . can be used into
(1.6) and this yields

T—€ T
/0 (00,0 — u) 1yt b + / (OtVh,es Vhe = Wyp—1.py i A
T—€

0 0
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T
+ / (Ot un — Wy —1p o pte At + / (a(x,t, Du), DU — Du) dz
T 0 Q

T—€

+ / (a(z,t, Du), Dvp e — Du) dz
Qx(r—e,T)

+ / (a(z,t, Du), Dup, — Du) dz
Qx(r,T)

1
> —2/ 15(-,0) —u0|2dm—|—/ (FIP-2F, Db — Du) dz
Q T €

+/ (|F|P~2F, Dy, .—Du) dz—i—/ (|[F|P~2F, Duy—Du) dz
Qx(7—e€,1) Qx(r.T)

+/ f(v—u) dz+/ f(vne—u) dz+/ flup—u) dz.
Qr_c Qx(T—e,7) Qx(r,T)
3.2)

In the display above, first we want to let € , 0. The first and the fourth term on
the left-hand side converge, respectively, to the corresponding ones over (0, 7) and
();; the same happens for the second and the fifth on the right-hand side. For the
other ones, using the explicit expression for vy . and triangle inequality, and also
that |(c| = |¢(¢)| < 1 yields

lim (a(z,t, Du), Dvp  — Du) dz
O Qx(T—e,T)

—1
< / (2 + |Du) "7 [|Dul + |Dus| + D3] dz —> 0
Qx(T—e,T) N
similarly for the sum

/ (|F[P~2F, Duj, e — Du) dz+/ f(vpe—u)dz — 0,
QX (1—e¢,T) Qx(1—€,T) N

Finally, the most problematic one: we split
T
/ <8tvh,€7 vh,e - u>W71,p><W015p dt
T—€
-
= / (O (vn,e = un), One = Un)yy—1p v dt
T—€

.
+ / (O(Vh,e — un)s un — W) -1 p o yiw dt
T—¢€

0

-
+ / (Orup,, Uhe — uh>W,1’pXW1,p dt
T—e€

0

.
+/ (Ovup, up — w1 py e dt =2 T+ 1T+ TIT+1V.
T—€

0

The first one is estimated as follows: taking into account that vy, ¢ —up, = ((0—up,),

Tld
_2a
1 - 242 1 . 2,2
=35 [‘U—Uh| Cg](-,T)d.%'—* “’U—Uh| CE](',T_ﬁ)dl'SO

2 Ja 2 Ja

I= /Qyvh,e(-,t)—uh(-,t)mxdt
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the first estimate follows by (2.4), while the last one is due to the fact that {.(7) =
0. For I11, taking into account that (.(¢) is zeroin¢t = 7 and one int = 7 — ¢,
integrating by parts (in the sense specified by (2.5)) after recalling again (2.2):

III:/ (Oc(vn,e — un), un)y - 1pr“’dt
Qx(T—€,7)

_ / (5 — un)un] (o7 — € da.
Q

Adding now II and /1] and recalling again that

0 — up,

=0t (vh,e—un) = —CeOL(V—up) —0iCe(V—up) = =0 (V—up)Cc+ o

we infer

II—FIIIZ—/ <8t(vh76—uh) >W 1p><W1pdt
Qx(r—e,T)

- / [(17 - uh)uh] (7 —€)dx
Q

:—/ (@0 = ) by
Qx(r—e,T)

]{6/ 0 — up)udx dt — /[wuh)uh]('ﬂ'e)dx

— [ [0 —uwp)u] (-, 7)dx — /Q (0 — wp)up] (-, 7) da,

e—0 (o)

since (9 — up)u, (0 — up)up, € C([0,T); L2(2)). Finally we also have IV — 0 as
€ \¢ 0. Now, taking the limit € N\, 0 in (3.2), we get

/O@t@,ﬁ Uy 1pxw1pdt+/g[(5—uh)u](-,7)dx

T
—/Q[(f)—uh)uh](-,T)dx—l-/T (Opup, up, — >W 1pXW1pdt
+/QT<a(x,t,Du),D17—Du) dz—i—/Q (a(z,t, Du), Dup, — Du) dz

x(7,T)

1
> —/ \6(-,0)—u0]2dm+/ (|FP~2F, Dt — Du) d=
2 Ja Q.

+/ <\F\p_2F,Duh—Du>dz+/ f(0—u)dz
Qx(7,T) Q-

+/ flup —u)dz. (3.3)
Qx(r,T)

To conclude, we want to take the lim sup as A \, 0 in the previous inequality. Note
that by the convergence of uy, to u in LP(0, T; WP (Q)).

/ (a(z,t, Du)—|F|P~2F, Duy, — Du) dz+/ f(o—u)dz — 0
Qx(r,T) Q- h—0

and moreover, by (2.2) and (minor modifications of) [5, Lemma 2.5] we know that
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T
li — ,
1%1§3p/7 (Opup, up, u)W,l,prg,pdt

= lim sup/ Opup(up —u)dz < 0.
N0 Jax(r.T)

To conclude,

limsup/ [(0 — wp)ul (-, 7) do — / (0 — wp)up (-, 7)dz =0
A0 J0 Q

since up, — w in L*(Qr). Indeed, up to a sub-sequence, ||[u, — u](-, 7)||12(q) —
0 for almost every 7 € [0,T]; since 7 — |[[[up — u|(-,7)|[12(q) is continuous
over [0, 7], then convergence actually takes place everywhere. Putting all these
informations into (3.3) finally gives (3.1). U

We shall later need a higher integrability-type result for variational solutions to
(1.6); the following one has been proved by Bogelein and Scheven in [6]. We show
the minor modifications that have to to be done with respect to their proof in order
to get the following formulation.

Theorem 3.2. Let u € LP(0,T; WYP(Q)) satisfy the variational inequality (1.6),
where the vector field satisfies (2.6) and

la(e,t, )] < L(s” + [€]%)
moreover suppose that F,|Di| € LP(HU)(QT) and f, 00 € LPI(HU)(QT) for

loc loc
some o > 0. Then there exists a constant 1 € (0, 0] depending on n,p,v, L, o,
such that |Du| € Lﬁ)(clJrgl)(QT) and moreover if Qyp(20) C Qr is a cylinder
where the intrinsic bound

p—1
2 .
)

L 1/(1+e1)
][ (s + |Dul|)” dz + (][ whi ey dz> < kAP (3.4)
QSR Q%\R
holds for some constant k > 1, where VU i has been defined in (1.14), then
][ (3 + ‘Du’)p(Hsl) dz < ¢ \P(+en) (3.5)
Qx

for a constant ¢ = ¢(n,p,v, L, 0, K).

Proof. We cannot prove the local estimate (3.5) using the rescaling argument em-
ployed in [1, Lemma 3-4], since we cannot localize (1.6): assumptions on the
boundary data in [6] are not usually satisfied locally by the solution we want to
rescale. Therefore, rather than facing a technical regularization process, we prefer
to proceed in a direct way by only showing the modifications to be done in the
proof of [6, Lemma 4.1]. In particular we want here to show that, under the as-
sumptions of the Theorem, if Q%‘R = Q%‘R(zo) C Qr, then the following estimate
holds:

][ (s 4+ 1Dul)" ™ dz < e W19
A

R

14+ed
4 eA(-dpe <][ [(s+\Du|)”+\If§R} dz) +e ][ wh ) 4z
A A

2R Q3R
3.6)
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for all € € (0,2;] and some constant c, as in the statement, with the scaling deficit
defined in (1.15). If moreover (3.4) holds, from the previous display it is immediate
to get (3.5). Since the procedure we are going to implement is very similar to that
we shall describe in detail in Section 4, we shall be very brief and we shall also
write the major points, clearly for the arguments which do not need modifications.

We fix Q%‘R C €2, in both cases p > 2 and p < 2, and we consider the nested
cylinders

QLC Q) CQ) CQy  with  R<r <ry<2R

We also fix the quantity

= NS (f [(s+ 1Dl + 98] 00) 2 28

2R

and we consider points z € Qﬁl and cylinders Q5 (2). Note that in the case p < 2
we are considering here cylinders as defined in (2.1), differently from [6]; we shall
however show the modification that should be done, taking into account that in any
case Q5 (2) C Q,(z), since we are going to consider > 1. Notice that also
our notation is slightly different from that of [6]: we indeed denote with Q5 (2)
the (intrinsic) cylinders which play the role of the ng\) (z0) in [6, Section 4]. We
consider here

160R )N ro — 11
; <p<rg—m

80

and the important point is to note that, for such radii o, Q4 (2) C Q35 if 2 € Q%
and p > ), since B > 1. Hence, defining the operator

C’Z(Qg(z)) ::][ [(S-i— |Du!)p+‘P§R} dz
Qe (2)
we can estimate as in [6, Step 1, pag. 951], enlarging the domain of integration

CZ(Q‘U(Z)) < ‘Q%\R‘ )\(d—l)glﬁ < ‘Q%R‘
T Qe (=)l NAB]

In both the cases p > 2 and p < 2 the right-hand side is bounded by p”: indeed
when p > 2

A _ -N
|%2R‘ A@-DG aB~d = (ﬁ)p 2(2R>N)\P—2M2< 1601 ) < P
Qe (2)] A 0 rg—T1

recalling that d = p/2 in this case and that 1 /90 < 80/(r2 —r1);if p < 2

@ > By, where Bi = (
To — T

AGDE B pE,

A
92kl y@-vz 2 p-t

Q5 (2)]
- () EY e ()

and the last quantity is again bounded by p”; recall that now d = 2p/[p(n+2)—2n].
At this point the proof continues as in [6]: if | Du(z)| 4+ s > pu, then by Lebesgue’s
differentiation Theorem we have that CZ(Q%5(z)) > p for small radii 0 < o < 1
and by absolute continuity we find a critical radius o, < (r2 — 71)/80 such that
CZ(Q5.(2)) = p. Note again that Q%,_(2) C Q35 and we slightly changed the
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super-level sets in play. Now the proof goes on exactly as after equation (4.8) in
[6], just keeping into account that there the ¥ function does not include the radius
R; this is to say, calling U the function therein appearing, that U = Wy, where
U r has been defined in (1.14). This change, on the other hand, does not prevent to
have the reverse Holder’s inequality of [6, Lemma 3.1] also in our setting: that is,

][u (|Du| + s)P d=

ez (Z)
b
q
§c<][ (|Du|+s)qdz> +c][ vg,. dz,
2. (%) b0, (?)

80z

where ¢ = q(n,p) < p and ¢ = ¢(n,p,v, L). Indeed, at a certain point (see in
particular the estimates after (3.11)), in [6] the authors estimate Wg,, < Wg =
c(p)\fl since their radii g, are smaller than one. At this point the proof, that is
mostly algebraic and does not take into account the different expression for the
cylinders we have, goes exactly as in [6] until the end of Section 4, once taking
into account the aforementioned different meaning of the quantities into play; we
have just to stress that, at a certain point of the proof, after the covering argument,
we have to pointwise estimate Wg, < Wor. Hence, the application of Lemma
2.10, together with a truncation argument similar to that we are going to use at the
end of Paragraph 4.3, leads to

][ (s+ ]Du|)p(1+€) dz
Q/\

R
<c <,u8p][ (s + |Dul)" d= —|—][ \115%4_6) dz>
Qg Qg
for any ¢ < €1, €1 described in [6, Page 957]. Recalling the definition of pyg it
is immediate now to see that (3.6) follows. Finally note that taking A = 1 gives
exactly back the result and the proof of [6]. U

4. THE PROOF OF THE THEOREM

Fix Qr(z0) as in the statement of the theorem, such that Qr(z9) C Qp and
2R < Ry; at this point of the proof we fix Ry = 1, but in a subsequent step we
shall reduce it in order to satisfy certain smallness conditions and this will cause
the dependence stated in the theorem. For d > 1 defined in (1.15) and ¥ given
by (1.14), and for M > 1 to be fixed later (only depending on n,p,v, L,~ and
possibily ¢), define the quantity

Ao = <][ (Du|+s)f”dz)p
Q2r(20)

a
+Md(][Q ( )(\I/2R+s)’7dz>"+1. (4.1)
2R\(%0

where 1) := p(14-¢1), 1 = €1(n, p, v, L, ) being the higher integrability exponent
given by Theorem 3.2 for the choice o = (v — p)/(2p) (that yields p(1 + o) =
(p + 7)/2); note indeed that Top € L2V (Qp) ¢ LPUTD(Qp) by (1.12)

loc loc
and the facts described in Paragraph 2.2 about inclusions between Lorentz spaces.
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Notice moreover that this choice fixes a little imprecision in [2]; this value should
replace the not correct one [2]; on the other hand, the whole proof does not require
essentially any other change.

Consider now two intermediate radii r1, 79 such that R < 1 < ro < 2R and
consider

Ng _
B = 2d( 80R )” , 27N <y — . 4.2)
ro — 1 40

To begin, we prove that for points z € Q),,, levels A > B¢ and radii as in (4.2),
we have

c2(@) - (f

Q=)

(|Du| + )" dz) ’

+ M(][ (Wap + s)”dz> Ton 43)
QM=)

Indeed, enlarging the domain of integration (notice that for cylinders as those we
consider, we have Q(2) C Q,(z) C Q2r and hence |Q}(2)| < |Q2r|) we infer,
since A > B)g

1 1
|Q2r| |7, |Q2r| 7, 1
CZ(Q)Nz) gz{ <2 BTa\d.
(@ @) =2{ioxen) M =2{jec)
Now in the case p > 2 we estimate, recalling the definition of d
(Qarl AH(ﬁ)N < APU—%)( S0R )N,
QX (=) T B Ty — 11
while if p < 2 we make the necessary changes, but we have the same result:
Q2R <\ (%)N < )\p(l_é)< 80R )N'
Q2 (2)] r T2 — Tl

Hence, plugging these two estimates into (4.4), depending clearly on the value of
p, one immediately sees that (4.3) holds. On the other hand, if we consider points

=

4.4)

ze E(\Qr)
:= {2 € Q,, : zis aLebesgue’s point of Du and |Du(z)| + s > A},
for A > 0, by Lebesgue differentiation Theorem we have

lim CZ(Q,))(E)) > lim <][ (|Du| + s)” dz> " |Du(z)| +s > A
™0 MONJQAM2)

(4.5)

and therefore the converse inequality holds true. Hence, taking the previous two
facts (4.3) and (4.5) into account, we get from the absolute continuity of the integral
that for each A > B¢ and for every z € E(\, Q,,) there exists a maximal radius
rz such that

(][ (IDul + 5)" dZ) T M(][ (P2r + 5)" dZ) "= @6
Q. (2) Q. (2)
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we use the word maximal in the sense that for any r € (15,72 —71], CZ(Q)2)) <
. Note that by (4.3) we have 7z < (ro — r1)/40 and therefore Q7y,_(2) C Qr,
since in particular zZ € (),,,. Moreover, we have

/\N < <][ (|Dul + s)” dz> ’
40; Q?l\Org(Z)

1
+M(][ (o + 5)" dz>" <A @47
Qo (2)

the left-hand side inequality reducing the integration domain to Qﬁg (%), the right-
hand side from the aforementioned maximality of the radius 7.

We stress again that for the remainder of the proof, when dealing with cylinders
of the type Q}\z we shall implicitly understand which kind of parabolic cylinders
we are using, depending on the value of p.

4.1. A density estimate. Fix here A > B)( and single out one of the cylinders
previously chosen, say @ = Q;_(z), such that CZ(Q)) = A\. We must be in one of
the following two cases:

A A
(§>p < ]lQ (1Du| + )" dz or (5)” < M"][Q(\Ilgg—i—s)”dz. 4.8)

In the case the first alternative holds, we split the average in the following way:

A\ P
2V < Du| +s)"d (4.9)
(2) ]{2(| ul + )" dz
|Q ~ E()‘/47Qr2)| )‘ p 1 p
< A L D d
- Q| (4) Q| QOE()\/4,QT2)(| ul +5)" dz

N (1QNEM4, Q) T (aer) ) T
< (Z) +( 0] > (]{g (|Du|+s)p dz> ,

being £; the higher integrability exponent of Theorem 3.2. Thus, taking into ac-
count (4.6), we have a constant depending on n, p, v, L, v but not on M such that

][ (|Du| + s)p(H_El) dz < ¢ APUFeY),
Q

Therefore plugging this estimate in (4.9), reabsorbing (A/4)?, dividing by \? and
recalling that @ = Q. (2) yields

Q. (2)] < ¢|Q.(2) N E(A4,Qr,)], (4.10)
with the constant depending on n, p, v, L, 7.
If, on the other hand, (4.8)5 holds, take
1
- . 4.11
=L (4.11)

then using Fubini’s Theorem and splitting the integral

(= s
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o0 d
=¢&AzﬂveQ:%ma+s>th

< (A" + OOM"HZEQi‘P2R(Z)+S>M}’d:-

/a

’Q‘ SA
The choice of ¢ allows to reabsorb the first term on the left-hand side and to infer,
dividing by A" and recalling the expression for ¢

o0 d

Merging the estimate in the last display with (4.10) gives
Q2. (2)] < |Q(2) NE(V/4,Qry)]
s [l QL) ara) +5 > L @)
wz (2) 1 WaR(2) + 5> py|—, .
(sA)n GA " K
with ¢ depending on n, p, v, L,y but not on M.

4.2. Comparisons. We start with the solution v € Kj to (1.6) and a cylinder
40Q = Q2. (%), z = (z,1), defined as above, for A > BXg and z € E(), Qy,);
hence we have 40Q) C ), and that (4.7) holds.

First comparison. We want to build an admissible comparison function v €
K, to be used in the variational inequality (1.6), and to do this we shall solve an
appropriate Cauchy-Dirichlet parabolic problem. We shall write () = 401 x 408
independently of the value of p; therefore for the meaning of 407 and 40 B we refer
to (2.1). Take the solution

v € u+ LP(401; W, P (40B)) N C°(40T; L*(40B))

to

{atv —diva(z,t,Dv) = Opp — diva(z,t, DY) in40Q), (4.13)

vV =Uu on 873(40@),

where v is the obstacle; existence of such a function is a classic fact since the right-
hand side belongs to ) (40Q) by (1.3)-(1.4) and the boundary value u belongs to
the energy space; moreover we clearly have, by difference and (1.3)-(1.4), that

dyv € LV (401; WP (40B))
in the following sense: for ¢ € W&’p(4OB) and for a.e. t € 401

(O (-, 1), <p>W,17p/Xw01,p

- / (ae,t, Dv) — a(z,t, Do), DY du + | O da
40B 40B

moreover the map t +— (9yv(-,1),9) -1,/ yp1e belongs to LP (40I). By com-
0

parison Lemma 2.4 we infer that v > ¢ on 40Q), since v = u > v on 9p(40Q).
If we now extend v to €27 (keeping denoted it by v) by setting v = u in Q7 \ 400,
this would give an admissible test function for the localized inequality (3.1), up to
a regularization process - recall here that u does not belong necessarily to K. We
shall proceed formally here, referring the reader to [5, Paragraph 4.1] for the subtle
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regularization argument; see also [6] and the approach in [27]. Hence we have,
after changing sign

— / (O, v — U1 p e At — / {(a(z,t, Du), Dv — Du) dz
401 0 40Q

< —/ (\F]p_QF,DU—Du) dz — (v—u)dz, (4.14)
40Q 40Q

taking into account that the extension of v agrees with u outside 40¢) and hence
also the term [, |v(-,0) — ug|® dx disappears. On the other hand, using as test

function p = v —u € WO1 P(40B) in the weak formulation of (4.13); and adding
it to (4.14) we get

][ (a(z,t, Dv) — a(z,t, Du), Dv — Du) dz
40Q

g][ <a(:c,t,D1/J)—|F|p_2F,Dv—Du)dz—i—][ (Oph—f)(v—u) dz,
40Q 40Q

after taking averages. Using now (2.6) to estimate the left-hand side from below
we deduce

][ |Vs(Dv) — VS(DU)‘QdZ
40Q

< c][ (a(z,t, D) — |F|P72F, Dv — Du) dz
40Q

—1—0][ (O — f)(v—u)dz (4.15)
40Q

with ¢ = ¢(n,p,v). At this point we shall use the previous inequality in two
directions. First we use Lemma 2.3 to get the following bound for the energy of
Dv:

][ (|Dv| + s)" dz < c][ (|Dul| + s)" d=
40Q

40Q
+ c][ (a(x,t, D) — |F|P~2F, Dv — Du) dz
40Q

—I-c][ (O) — f)lv—wu)dz, (4.16)
40Q

for a constant depending on n, p, v; we call the three terms on the right-hand side
cli,cIl; and cIII;. We simply estimate I; < ¢ AP by (4.7); also the estimate
for the remaining terms are easy. Indeed using the growth condition (1.8)2 and
Young’s inequality with ¢ € (0, 1) to be chosen, we have

IL < c][ [(52 + |D¢|2)p7_1 + |F|p—1} (|Du| + |Dv|) dz (4.17)
40Q

<cl+ce” ][ 1Dyl + PP+ 57| dz + 5ep][ \Dol? dz
40Q 40Q
¢ depending on n, p, v, L. In the same way, using Poincaré’s inequality slicewise
(note that (v — u)(-,t) € W()l’p(leB) for a.e. t € 40I) we estimate, again with
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Young’s inequality, for € as above and triangle inequality
I < ce™r? ][ (10" + 1) d=
40Q
+ Esp][ (|Duf? + |Dv[P) dz. (4.18)
40Q

At this point we choose ¢ small enough, so that £P(¢ + ¢) = 1/2; reabsorbing the
right-hand side energy of Dwv, recalling that 7z < 2R and the definition of U5y in
(1.14) and also (4.7) and performing simple algebraic manipulation, gives

][ (|Dv|+s)"dz < c)\p+c][ Uhpdz < [c+ %])\p < cAP (4.19)
40Q 40Q

since M > 1, for a constant depending only on n, p, v, L. The second estimate we
shall deduce from (4.15) is the following comparison one: up to a constant, we still
have the two terms /1y, I11; on the right-hand side; that is

1
f Va(Du) — Vo(Dv)[* d= < — (11 + ITEy);
40Q Ce

here we simply use Young’s inequality in a different way (we don’t have to reabsorb
the energy of Dv). We have, recalling (4.17), using Holder’s inequality, (4.7) and
(4.19)

1
I < C(p)(Mp][ (IDYJP + |FIP + 57 dz> " x
M 40Q

p—1
1
X <][ (|Du| + |Dv|)pdz> ’
40Q

Similarly we can bound I11; by

S

1
s (02 @l 1) @) (£ o pupa)
40Q 40Q

C
p.
< W

hence, all in all we have

c
Mp—1

][ |Vs(Du) — Vy(Do) | dz < P (4.20)
40Q

for a constant ¢ depending only on n, p, v, L; this is the first comparison estimate
we were looking for.

Second comparison. On a smaller cylinder now we want to consider the function
agreeing with v on the parabolic boundary but solving an homogeneous parabolic
equation. Therefore, with the same notation introduced in the previous step, we
consider the solution

o € u+ LP(201; W, P (20B)) N C°(201; L*(20B))
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to the Cauchy-Dirichlet problem
{8t17 —diva(z,t,D0) =0 in20Q,

(4.21)
= on 9p(20Q);

also here the existence is guaranteed by classic results. We test now the weak
formulation of (4.13) with v — ¥ as test function, extended to zero in 40Q) ~ 20Q)
and that of (4.21), tested with v — ¥; notice that in both cases a regularization in
time via Steklov averaging is needed; however we shall proceed formally, here,
subtracting the second from the first one (we could also follow [5, Lemma 2.1], in
a more abstract setting). We hence have

O(v—2)(v—0)dz+ ][ (a(z,t, Dv) —a(z,t, Dv), Dv— Dv) dz
20Q

= ][ [{a(z,t, D), Dv — D3) + 0yp(v — )] dz.
20Q

20Q

We call Iy and 115 the terms on the left-hand side (respectively, the parabolic and
the elliptic one) and /11, the term on the right-hand side. For the parabolic term
we have

1
I, =- 8t|v—17]2dz:][ v — 0|?(-, 1) dx > 0;
2 Ja00 2 JooB

therefore we can discard it. Monotonicity formula (2.6) tells that we can bound

1L > |Ve(Dv) — V(Do) dz,

vl
Cm(nvpal/) 20Q

while for the remaining one we estimate, similarly as in (4.17)-(4.18), using Young’s
inequality twice, Poincaré’s inequality and enlarging the domain of integration:

IIT, < ¢(n, L) ][

(5 +1DuR) T (Dol + i)
20Q

+e 7 o + EP<L — 9| )p dz
207"5

< 5c(n,L)][ |Dv|P dz + c(n, p, L)][ (|Dv| + s)" dz
20Q 40Q

+e(np L,2) ][ (1Dl + @R |l + ) d
20Q

][ |Dv|P dz + c¢(n, p,v, L) AP
20Q

1
<
~ 2¢meyp
choosing € = e(n, p, v, L) small enough in the last line, taking into account (4.19)
and (4.7), exactly as done to obtain (4.19). Hence appealing to Lemma 2.3 and
again to (4.19), we have the following energy estimate for Dv:

][ (D] + s)" dz < c AP (4.22)
20Q

for a constant again depending on n, p, v, L. Now, working in a competely anal-
ogous way as done to deduce (4.20), estimating quite differently /715, one can
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deduce the following

][ Va(Dv) - Va(DB)|? d= <
20Q

C

VIR (4.23)

the (easy) details are left to the reader. Before passing to the next step, however,
let us stress that due to (4.22) we have that the higher-integrability estimate (2.7)
reads here as follows:

][ (1D + 5)P0 ) dz < e Ar(+20), (4.24)
10Q

Third comparison. We finally come to the last comparison, and here we want
to get rid of the (z,t¢) dependence using (1.10) and comparing © to another ap-
propriate more regular solution w, having bounded gradient. We consider here the
cylinder 10(Q) and for shortness we denote the averaged vector field

a(t, &) = (a)im(t,§) :][ a(-,t,¢&)dx,

10B

for any ¢ € 107 and for all £ € R", accordingly with (1.9). Now we define the
solution

w € v+ LP(101; Wy P(10B)) N C°(101; L*(10B))
to the initial-lateral boundary value problem

Oyw — diva(t, Dw) =0 in 10Q,

w=7 on dp(10Q).

The usual procedure, already applied, after discarding the positive term gives
I3+ 115 := ][ (a(t, Dv) — a(t, Dw), Dv — Dw) dz (4.25)
10Q
+ ][ (a(x,t, Dv) — a(t, Dv), Db — Dw) dz
10Q
= ][ (a(x,t, Dv) — a(t, Dw), Db — Dw) dz < 0.
10Q
Energy estimate for Dw. We split, after using the growth condition (1.8)2
—II3< 2L][ (s + |D#|)" Do) dz
10Q
+ 2L][ (s + |D&|)" " |Dw| dz;
10Q
we estimate in the first term
][ (s+ \D@\)p_llDﬂ dz < c(n)][ (s +|D3|)" dz < ¢ NP,
10Q 20Q

¢ = ¢(n,p,v, L), while for the second we estimate, using Young’s inequality, € €
0, 1) to be fixed and (4.22)

][ (s + |D3)" | Duwl d=
10Q
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< 5][ |Dw|P dz + c(p,e)][ (s+ |D3|)" d=
10Q 10Q

< 5][ |DwP dz + ¢(n,p,v, L,e)AP. (4.26)
10Q

Therefore, first estimating I3 from below with (2.6), then using Lemma 2.3 as done
in (4.16) (notice that (2.6) also, clearly, apply to a(¢,£)) and finally re-absorbing
the energy of Dw appearing in (4.26) we get

][ (s+ |Dw|)’ dz < c AP (4.27)
10Q

for ¢ = ¢(n, p, v, L). To complete this list of estimate, we come to the third com-
parison one; again, we want to take into account a smallness condition, that in this
case will be given by (1.10). We start again from (4.25).

Comparison estimate for Dw. Here we have to go trough a different path, since
we need to encode a smallness condition in the estimate; on the other hand, we can
use the just proved energy estimate (4.27). We call

o ]a(x,t, Dﬁ) — d(t,D6)|

Ay(D?,10B) : 1D

‘We now have

 vion)-vi(Duw)f dz
10Q
< ][ (a(t, D) — a(t, Dw), Db — Dw) d=
10Q

< ][ (a(t, D¥) — a(w,t, D¥), Db — Dw) d=
10Q

by (2.6) and (4.25). Now we estimate, using Holder’s inequality with exponents
p, D' (14+¢€0),p (1 + &), where £ is the exponent in (4.24),

][ (a(t, Dv) — a(x,t, Dv), Dv — Dw) dz
10Q

< ][ As(Dv,10B)(s + |D17|)p_1|Dw — D] dz
10Q

1 1
' P (+<0)
< (][ [|[Dw[’ + |DoP] dz> P (][ (s+ |D{,Dp(1+so) dz) eoN
10Q o
e
X <][ [As(D’D 1OB)]P/(1+60)’ dz) p’(1+50)'
10Q ’

Now we bound the first averaged integral using (4.22) and (4.27), the second with
(4.24); hence, taking finally into account that A4(D9,10B) < 2L and Holder’s
inequality

][ |Vs(D?) — Vi(Dw)|* dz
10Q

<o (f [ )
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< e NP [w,(10r,)]5; (4.28)
€ € (0,1) is an exponent depending on ¢y and hence on n, p, v, L.
4.3. Level-set estimates. Take a point z € E(A\, Q,, ), for A > 1 to be chosen;

hence |Du(z)| + s > A\ and in particular Z € E(X,Q,,). Therefore we can
consider the cylinder Q,))Z (z) previously defined, where (4.6) and (4.7) hold. Define

the comparison functions v, v and w, respectively, over the cylinders QiOTZ(E),
Q%o,. (%) and Q7y,_(2), as in Paragraph 4.2.

Observe now that w is solution to a systems with just time-dependent coeffi-
cients and therefore Dw turns out to be locally bounded in @}, (%), see Theorem
2.6, and by estimate (4.27) we have that

sup |Dw|+ s < cpiA, (4.29)
Q3. (2)

with cp;p just depending on n, p, v, L but not on the cylinder, neither on A. We
shall use this to prove that
- 2
(IDw(2)| + 5)" < [Vs(Do(2)) — Vs(Dw(2))]
- 2 2
+ [Vu(Do(2) = Va(Di(2)* + [Va(Du(z)) = Vu(Do(2))[* 430)
holds for any z € Qgrg (2) N E(AN, @), for an appropriate choice of A. Indeed

using Lemma 2.3 three times, we infer the inequality

(IDu(2)] +5)" < ¢ (s + [Dw()) + ¢ [Va(Di(2)) — Va(Du(2))[*
+ ¢} |Va(Do(2)) = Va(D(2))|” + e¢ | Va(Du(2)) = Va(Du(=)) [
(4.31)
Suppose now that (4.30) fails: this, together with the latter inequality would yield
(|IDu(2)] + s)” < 26} (s + [Dw(2)])”
and then, also by (4.29) and the fact that | Du(z)| + s > A\
(|Du(z)| + s)”
Ap

(1Dw(2)] + )",

(IDw(2)[ +5)" < g AP < g

3
2¢; C%iB
Ap
which is a contradiction for the choice

A= An,p,v, L) := (20?)%013“3 > 1.
Combining (4.30) and (4.31) we thus get
(IDu(z)] + 5)" < 26| |Va(D3(2)) = V(Do (2))
+ |Va(Du(2)) = Va(D(2)[* + [Va(Du(2)) = Vs(Do(2)) ]
forall z € Q3,_(2) N E(AX, Q2r). Hence
[{z € Q3..(2) : (|Du(z)| +5)" > AN}|

<z € Q. (2) : [Va(Du(2)) — Va(Du()] > (’;‘C})p}l
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12 € Q) WD) - VD) >
12 € @3 (2) s D) - D) > L3

Now recalling that A is fixed as a constant depending on n, p, v, L and enlarging
appropriately the domains of integration we get, using also the comparison esti-
mates (4.20), (4.23) and (4.28) and finally the density estimate (4.12)

[{z € @3,.(2) : (IDu(2)| +5)" > AN}

2
< _
<v L, (E)\VS(DU) Vy(Dv)|* d=

+ — |Vs(Dv) — V(DD)| d=

+ < |Vy(D#) — Vi(Dw)|* dz
N J Q. ()

107z

+ [wa(10r)] 7] [ Q2 (2)]

< 1
=¢ [Mp—l

< cG(2R, M) [m(a A EO4,Qr)]

1 = n A=) . di
()7 /g/\ p{z € QN.(2) : War(2) + s > n}| ik (4.32)

where we denoted by G(2R, M) the quantity M'~? + [w,(2R)]%; the constant ¢

depends only on n, p,v, L. Note that we used clearly the monotonicity of p —
wq(p) and the fact 107z < 2R.

Now consider the collection £, of cylinders @} (), when z varies in E(AX, Q).
By a Vitali-type argument, we extract a countable sub-collection F) C &) such that
the 5-times enlarged cylinders cover almost all E(A\, @)y, ) in the sense that if we
denote the cylinders of ) by Q¥ := Q; (%), for i € T, being possibily 7, = N,
with their “verteces” z; € E(AX, Qr), we have

E(ANQr) C [ J QIUNy  with [N} =0
1€Ty
and where we denoted Q} = 5Q? = Qg‘w (z;. Moreover the cylinders are pair-

wise disjoints, i.e., QY N Q(JJ- = () whenever i # j. Using these two facts we can
deduce an estimate for the measure of the level sets in the full Q,, of | Du| + s: fix
A > B, take (4.32) over the cylinders of the covering Qérg = @} and sum over
Iy: we get

|E(AX, Qr,)| < cG(2R, M) [IE(A/ZL Qr,)|

_%

o ' du
BE /g)\ 1" {z € Qry : Wop(2) + s > M}‘7 . (4.33)

Finally we show how to refine the previous estimate in order to be allowed to
reabsorb the Lorentz norm of Dwu on the right-hand side. We define the truncations
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|Du(2)|, := min {|Du(z)|, k} for z € Qr and k € NN [B)g, 00)
(4.34)

and note that by (4.33), calling E(\, Q) := {2z € Q, : [Du(2)|, + s > A}, we
have

|E(AX, Q)| < ¢cG(2R, M) [\Ek()\/zl, Qr,)|

_|_

5 |l Qu i e 45 > L, @3s)
(g)‘)n SA " K ’
for k € NN [B\g,00). Indeed in the case k < A\ we have Ei (AN, Q) = 0 and
therefore the previous estimate holds trivially. In the case k£ > A\ on the other hand
it follows since Ey (AN, Qr,) = E(AX, @y, ) and Ex(A/4,Q2r) = E(M\/4,Q2R).

4.4. Conclusion, case g < oo. Now the proof goes on exactly as in [2], since
the estimate we start from is very similar to [2, Inequality (5.14)]; we sketch the
details, referring to the aforementioned paper for more details. Multiply inequality
(4.33) by (AN)Y for v > p, then raise both sides to the power ¢/~ for ¢ < oo and
integrate with respect to the measure d\/(A\) over B\, since (4.33) holds true
just for A varying in this range. This yields, recalling again that A > 1 is a constant
depending on n, p, v, L and ¢ depends on p, M

L d\

/OO ((AA)V\{z € Qr: |Du(z)|, +5 > AA}\) “@

BXo

< c[G(2R, M)]" [/Ooo<m}{z € Qry ¢ [Du(z)|), +s > A/4}\):61A

+c(p,v,q, M)x

o /[P du\ ¥ dA
></ AT (/ u”\{zeQrzthzR(Z)+8>M}}M> A]
0 S H

A
—: ¢[G(2R, M)]" [I + IT]; (4.36)
¢ depends on n,p,v, L,7,q. A change of variable yields I = c¢(q)|||Dulx +

s[4 . For I1 the situation is a bit more involved, and we have to con-
L(7,9)(@ry)

sider separately two different cases. The first one is when g > -y; after changing
again variable A <> ¢\, recalling the definition of ¢ in (4.11), and then we use
Lemma 2.7 with f(u) = " |{z € Qr, : ¥ar(2) +s > u}|,a = q/v > 1 and
r=q(1—mn/v) > 0 to infer

¢ = a1 D)+nt : 2 dA
I71 < (’y—p)qm/o MNETIT {2 € Qpy : Uap(2) + 5 > A} 3

and the latter integral is nothing else than || U5z +5||7 (v
and note that (2.8) is satisfied since Var € L"(Qy,).

QTZ); here c = c(p7’>/7 q, M)

In the case 0 < ¢ < 7y we use Lemma 2.8 with r = ng/v, a1 =1 < v/q = o
q
and h(p) = [{z € Qr, : Yor(z) +s > p}:
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aq
5

[T € Qs wan(e) 455 )|
A I
<A {2 € Quy : Uap(2) + 5> A}

+c/ W2 € Qry : Vap(e) + 8 >u}]v7“.
A

Putting this estimate into the expression on the right-hand side of (4.36), again after
changing variable ¢\ <> A

q
IT <c| ¥R+ SHL(%Q)(QW)

we [Tt [/ W € Quy o) 5 > )] a| D
0 A

¢ q
< o5 1Per+ 5l 0@,

by Fubini’s Theorem, ¢ = ¢(p,~,q, M). Therefore, all in all, putting all these
estimates in (4.36), after simple manipulations, we have that for all v > p and
0<q< oo,

11Dl + 5], rnny < € BrolQrlT

+2[GR M) [[1Dul+5] 1, g0 TN ¥2r+ 5] 160 @0y) |

with ¢ depending only on n, p, v, L, 7, q. At this point the reader might recall the
definition of G(2R, M) after (4.32); we choose M large enough and Ry small
enough to have
¢ 1 s 1

-1 < 27 5[Wa(2RO)]E < >
and this, taking into consideration the dependencies of ¢ and &, yields the depen-
dencies for R stated in Theorem 1.1. Now we also have that M is a fixed constant
depending on n, p, v, L, 7, q; recall that € has been defined after (4.28).

With these choices and taking into account that d > 1, we have

1
1Pul + 51l . @) = 5112+ 5l 2000
R \3d
) X
ro —T1

X K]{)QR (|Du| + s)pdz>z + <]£22R(%R+ 1)" dzy] (4.37)

all the constants depending on n, p, v, L,, q. At this point Lemma 2.10 allows to
re-absorb the L(, ¢) norm of D in the right-hand side: ||| Dul;, + 5|l £(+,q)(Qar) 18
clearly finite. Moreover first using the Holder’s inequality in Marcinkiewicz spaces
Lemma 2.9, then using (2.9) with A = 0 to get the Lorentz norm of Uy + s from
the Marcinkiewicz one (see [2, (5.19)—(5.20)] for the missing details), we get

1
+ellPor+ 15 g, + 12l (

1
ng )" < 0 o -2
(f, (ans1)a)" < EE2E10u01 0+ U

Putting all these informations in (4.37) yields
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0w+ 0L,y < 10l ( f

Q2r

d
Du| + s)P dz '
(IDul + s)

_d d
+ |Q2R| v H\IJ2R + 1HL(%Q)(Q2R):| ;

7, taking the limit k& — oo and using Fatou’s Lemma
together with Remark 2.1 yields (1.13) for ¢ < oo.

4.5. Conclusion, case g = oco. We have to come back to the second alternative
in (4.8). This time we split, for 7 small to be chosen

(%)" < M7 ][Q(%R +s)Tdz

< MW(T)\)U—I-i (Vor + 5)"dz,
Q1 Jwsn(rr,Q)

calling in short Wor(7A, Q) the set {z € Q : Var(2) + s > 7A}. Hence, using
again Holder’s inequality for Marcinkiewicz spaces, Lemma 2.9, we have with
Yor(p, Q) :={z € Q : Vap(2) + s > n}
A M
(7> — MM < — (Uar +s)"dz
2 Q1 Jwsn(rr,0)
_ MY [ War(TA, Q)
Ty Q)
n
< sup 7 |{z € Wor(rA Q)¢ [Wan(:)| + 5 >}
p>
< fYMn |:|\IIQR<T)‘7 Q)’
Ty Q

Wor(TA, =3
[¥2r( |Q|Q)| sup 1 " Wop(p, Q)|
U>TA

Again we have been quite sloppy: we refer to [2, Paragraph 5.4]. Choosing 7
appropriate:

X

(TA)"

L gm0 _dnpv L)
2 y—n T AT - B M ’
we have
n
[Tar(rA, Q)" { ¥
<c sup | , ]

Q| < ay sup sk, Q)|

c(TA) 77 sup p|War(p, Q)|-

n>TA

Now we match the previous estimate, which follows if we suppose (4.8)2, together
with (4.10), which follows from (4.8); without changes with respect to the case
q < oo, we estimate as in (4.32) and then we sum as in Paragraph 4.3; we get
hence

[E(AN,Qn,)| < cGERM)[|EO/4,Q)]
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(707 sup 17 [Wan(p, Q)|
BT

and also, with the notation introduced after (4.34),
‘Ek(A)‘a er ) ‘
< cGR,M)|[Be(M/4, Qe) | + (N sup 17| Wan(is, Qr,)| |
u>T

We now multiply inequality (4.33) by (A\)” and we take the supremum with re-
spect to A over (B)\g, o0); this gives, after changing variable

sup (AN)|{z € Q, : |Du(2)], +s > AN}|
A>B)\o

< ¢G(2R, M) Lig N|{z € Qry 1 |Du(2)l, + 5 > A4}
0

+c¢(M) sup suppﬂ\%R(anrz)u-
A>BTAg p>A

Now some easy algebraic manipulations, see again [2, Paragraph 5.4], yield

1
H]Du\k + SHM’Y(Q”) < §H|Du]k + SHM’Y(Q,?) +c|[Var + SHMV(Qrz

)
+eRY (7«2 fﬁ)?d [(]{gm (IDul+s)" dz) Z+(]{2r (Wop+1)" dz) %‘]

2

after choosing M large and R small enough to ensure that G(2R, M) < 1/(27¢)
for all R < Ry. Using one more time Lemma 2.9 we get

1
g c(p,7) _1
Uor+1 ndZ) < 7 [@2rl 7 [ 2r + 1| m
(]{221% ( ) (v — p)l/” 7(Q2R)

and this finally leads to (1.13) in the case ¢ = oo.
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