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Abstract

In the present paper we consider spectral optimization problems involving the
Schrédinger operator —A 4+ p on R, the prototype being the minimization of the
k the eigenvalue A;(u). Here p may be a capacitary measure with prescribed torsional
rigidity (like in the Kohler-Jobin problem) or a classical nonnegative potential V' which

satisfies the integral constraint / V7Pdz < m with 0 < p < 1. We prove the existence

of global solutions in R? and that the optimal potentials or measures are equal to +oco
outside a compact set.
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1 Introduction

In shape optimization problems, as in all general optimization problems, proving the exis-
tence of a solution is a crucial step, which may reveal, in some cases, particularly difficult,
due to the lack of compactness of minimizing sequences. In the case of shape optimization
problems of spectral type, the existence issue was studied by Buttazzo and Dal Maso in
[12], who proved that when the competing domains €2 are constrained to stay in a given
bounding box D C R%, the optimization problem for a shape cost functional F'

min {F(Q) : QC D, [Q <m} (1.1)
admits a solution, provided the assumptions below are satisfied:
i) F' is lower semicontinuous with respect to the y-convergence, that is

F(Q) < liminf F(Qy,) whenever €2, —, ;

ii) F' is monotone decreasing with respect to the set inclusion, that is

F(Q) < F(2) whenever ) C Qo.

Removing the bounded box constraint Q@ C D in (1.1) creates additional difficulties,
and a general existence result, similar to the Buttazzo and Dal Maso one, is not available.
The particular case of spectral optimization problems, in which

F(Q) = 2(A(Q)),



being A\(Q2) = (/\1(Q), A2(Q), .. ) the spectrum of the Dirichlet Laplacian in 2, made by the
eigenvalues A (Q) of the operator —A on the space H} (), was considered in [6] and in [26].
In these papers, by using two different approaches, an optimal solution for the problem

min {®(A\1(Q),..., () : QCRYL Q| <m}

is shown to exist, provided @ is increasing in each variable and Lipschitz continuous. In
addition, these solutions are proved to be bounded domains of R? of finite perimeter. In
particular, this applies to the case

D(N) = N\

which provides the optimal shape for the k-th eigenvalue A\ (£2) under the sole volume
constraint.
The main purpose of the paper is to consider optimization problems for Schrédinger
potentials
min {F(V) : V>0, V eV}, (1.2)

in the spirit of [I3] (see the definition of the class V below). As in the case of shapes, when
the competing potentials are assumed to be supported in a given bounded set D C R%, a
general result (see Theorem 4.1 of [13]) provides the existence of an optimal potential under
the assumptions:

i) F' is lower semicontinuous with respect to the y-convergence (see Section [2.5));
ii) F' is increasing, that is

F(Vp) < F(Vs) whenever V1 < V5 a.e.;

iii) the admissible set V is given by

V:{VZO,/Vpd:cgm} with p > 0 and m > 0 fixed.
D

Removing the assumption spt V' C D, introduces several difficulties and a general result is
not available. The first existence theorem of this paper deals with this difficulty. Precisely,
we prove an existence result for spectral problems of the form

min{)\k(V) V>0, / V7Pdx < m}
Rd

when 0 < p < 1, and moreover we prove that the optimal potential V' equals +oo outside a
compact set. The techniques we use rely on new tools, as concentration-compactness results
for capacitary measures (Section , on the concept of subsolutions for measure functionals
(Section {]) and a De Giorgi type argument (Lemma.

A second purpose of the paper is to study the minimization of the k-th eigenvalue under
a torsion constraint, in the spirit of the Kohler-Jobin [23] result for the first eigenvalue. So
in Section [6] we consider the spectral-torsion problem

min{)\k(u) L € Meap(RY), P(p) < m}

where M.ap(R?) is the class of capacitary measures (see Section and P(p) is the torsion
functional (see Section . Using similar techniques we prove that optimal capacitary
measures exist and that they are +o0o outside a compact set. Nevertheless, we are not
able to prove that the optimal measure is a domain, as in the particular cases k = 1,2. An
interesting property we use in the proof, is concerned with the behavior of the heat equation
solutions in unbounded sets: as soon as the heat source is positive outside a compact set,
the corresponding temperature has the same property.



2 Preliminaries

2.1 Sobolev spaces and capacitary measures

We define the capacity of a generic set E C R? as
cap(E) = inf {||u|]§{1 . ue HY(RY), u =1 a.e. in a neighbourhood of E},

where [lul|F;, = [|ull72 + [[Vull7.. We say that a property P(x) holds quasi-everywhere, if
the set where P(x) does not hold has zero capacity, i.e.

cap ({x e R? : P(z) does not hold}) = 0.

We say that a function f : R? — R is quasi-continuous, if there is a sequence of open
set w, C R such that

cap(wp) — 0 and f:(R¥\ w,) = R is continuous.

It is well-known (see for example [22] 19, 28]) that every Sobolev function u € H'(R?)
has a quasi-continuous representative u : R¢ — R. Moreover, if u; and %y are two quasi-
continuous representatives of the same class of equivalence u € H'(R?), then & = uy
quasi-everywhere. From now on we identify the Sobolev space H!(R?) with the space of
quasi-continuous representatives

HY(RY) = {u :RY - R : u quasi-continuous, / (u? + |Vul?) dz < +oo},
Ra

and we note that each element of H'(R?) is a function defined up to a set of zero capacity.
Moreover, we recall that if the sequence u,, € H'(R?) converges in norm to u € H'(R?),
then u,, converges quasi-everywhere to u.

We say that a regular Borel measure (possibly 400 valued) p in R? is a capacitary
measure, if

(cap(E) = 0) = (,u,(E) = 0>, for every E C R,

Remark 2.1. Any measure p which is absolutely continuous with respect to the Lebesgue
measure, is a capacitary measure. Indeed, if cap(E) = 0, then |E| =0 and so u(E) = 0.

Since the Sobolev functions are defined up to a set of zero capacity, the integral
Jga u?dp is well defined, when p is a capacitary measure, for every u € H'(R?). We
say that the capacitary measures y and v are equivalent, if

/ u?dp = / u®dv, for every u € HY(R?).
R4 R4

We denote by Mcap(Rd) the space obtained as a quotient of the family of capacitary mea-
sures on R? with respect to this equivalence relation. From now on we will identify a
capacitary measure with its class of equivalence. On the space of capacitary measures
Mcap(Rd), there is a partial order, induced by the testing with Sobolev functions, i.e. we
say that p < v, if

/ u?dp < / u?dv, for every u € HY(R?).
R4 R4



We define the Sobolev space H ; as
H)(RY) = {u e HY(RY) : /u2 dp < —|—oo} :
As it was proved in [12], the space H ;, equipped with the norm

lllzy = Nl + lullZa .

is a Hilbert space. By definition, we have that if u© < v, then Hﬁ D H].
Given pu,v € ./\/lcap(]Rd) we denote by u V v the measure

pVv(E)=sup{u(A)+v(E\A) : ACE}.
It is easy to see that uV v € Mcap(R?) and that the corresponding Sobolev spaces verify:

Hl

1 1
wv =H,NH,.

A typical example of a capacitary measure is the measure I associated to a Borel set
Q

3 Cc\ —
Io(E) = {0, if (?ap(Eﬂ Q°) =0, (2.1)
+oo, if cap(ENQ°) >0,
for every £ C R%. For a Borel set Q C R, we use the notation H}(Q) := H}Q (RY). We
note that (see [7, 22]) if Q is an open set, then H{ () is the usual Sobolev space, obtained
as the closure, with respect to the norm || - || g1, of the smooth functions with compact
support in 2, which we denote by C2°(12).

2.2 Torsional rigidity and torsion function

Let 1 € Meap(RY) and fix f € LP(R?) with p € [1,+oc]. For u € H, N LY (R%), where

p = ]ﬁ, we define the functional

1 1
Jyup(u) = 2/]Rd |Vul|? d + 2/Rd u2d,u—/Rd fudz (2.2)

and the torsional Energy of u as
E(p) =inf {Jy1(u) : w€ H,nL'(RY)}. (2.3)

Since J,,1(0) = 0, we have that E(u) < 0. We call torsion of 11 the nonnegative quantity
P(u) := —E(u), extending in this way the classical notion of torsional rigidity of a two
dimensional simply connected domain up to multiplicative constant. We note that P(u)
can be 400, for example, in the case p = 0. On the other hand, if u = I, for some set €2 of
finite Lebesgue measure, then P(u) < +o0o and the functional J, 1 has a unique minimizer
in H}(Q).

We define the torsion function w, for a generic u € Meap(R?) as

Wy, = SUp WR,
R>0

where wpg is the unique minimizer of J‘U‘VIBR’I’ i.e. the solution of

1 1
min / |Vu|2dx+/ u2d,u—/ wdr: uwe H N HY(Bg) .
2 R4 2 R4 R4 »

4



P

cap (R9) the subclass of capacitary measures y whose torsion

In the following we denote by M
P(u) is finite.

The following result was proved in [§] and [27] and relates the integrability of w,, to the
finiteness of the torsion P(u) and to the compact embedding of H }L into L'(R?).

Theorem 2.2. Let u € Mcap(Rd) and let w, be its torsion function. Then the following
conditions are equivalent:

(1) The inclusion Hﬁ C LY(R%) is continuous and there is a constant C > 0 such that
ullzr < C(|Vul72 + Hu||%2(u))1/2 for every u € H}t (2.4)

(2) The inclusion Hy C L' is compact and (2.4) holds.
(3) The torsion function wy, is in L'(R%).
(4) The torsion P(u) is finite.

Moreover, if the above conditions hold, then w, € H}L N LY (RY) is the unique minimizer of
Jpu1 in Hli and

C? < / wy, dr = 2P ().
Rd

Proof. We first prove that (8) and (4) are equivalent.
(8) = (4). Since the functions in Hﬁ N L' with compact support are dense in Hﬁ NnL',
we have

inf {Ju,l(u) cue H(RY N Ll(Rd)} = inf inf {Jml(u) cu € Hlyp, (RYN Ll(Rd)}

1
= inf = inf { —— 2.
inf Jua(wr) ;5;0{ 2 / wRdx} (2:5)
1
:—Q/Rdwudaz> —00,

where the last equality is due to the fact that wg is increasing in R and converges to
w,,. Moreover, we have that w, € H, ; N LY(R?) and wj, minimizes J, 1. Indeed, since wp
converges to w,, in L'(R?) and wg is uniformly bounded in H ; by the inequality

/ \VwR\Qda:—i—/ szdaf§2/ wRd:USQ/ wy, dz,
R4 Rd Rd R4

we have that w, € H! and J,,1(w,) < liminfp_o0 Ju1(wR).
(4) = (3). By (2.5), we have that for every R > 0,

/ wpdr < —2inf {Juyl(u) tu € H;(Rd) N Ll(Rd)} < 400.
R4
Taking the limit as R — oo, and taking in consideration again ([2.5)), we obtain
/ wy, de = —2inf {Jml(u) Tu € Hﬁ(Rd) N Ll(Rd)} < 400. (2.6)
R4

Since the implication (2) = (1) is clear, it is sufficient to prove that (1) = (4) and (4)
= (2).



1) = (4). Let u, € H! be a minimizing sequence for J,; such that u, > 0 and
1 123
Jujl(un) < 0, for every n € N. Then we have

1 2 1 2 2 2 1/2
Q/Rd |V, dac+2/Rd uy, dp < /]Rd up dr < C’(HVunHLz + HunHm(M)) ,

and so u, is bounded in Hﬁ(Rd) N LY(R%). Suppose that u is the weak limit of u,, in H}L
Then

. L
fullg, <l oy [ e = b [ e,

where the last equality is due to the fact that the functional {u = [u da:} is continuous in

H i Thus, v € H ; N LY(R?) is the (unique, due to the strict convexity of .J, 1) minimizer
of J,1 and so E(u) = inf J, 1 > —oo0.

We now prove (8) = (1). Since, w, € H;ﬂLl(]Rd) is the minimizer of J,, 1 in H}LﬂLl(Rd),
we have that the following Euler-Lagrange equation holds:

Vw, - Vudx + / wyudp = / udz, Yu € Hﬁ(Rd) N LY(RY). (2.7)
Rd Rd Rd
Thus, for every u € Hﬁ(Rd) N L'(RY), we obtain

1/2 1/2
lullzr < (IVwal3e + lwal3agy ) (190l + lulsg,)

1/9 1/2
= Nl (9l + el3agn) -
Since Hﬁ(Rd) N L'(RY) is dense in Hﬁ(Rd), we obtain (1).
(3) = (2). Following [8, Theorem 3.2], consider a sequence u,, € H, }L weakly converging
to zero in Hﬁ and suppose that u, > 0, for every n € N. Since the injection H'(R%) «—

L}Oc(Rd) is locally compact, we only have to prove that for every € > 0 there is some R > 0
such that fB% un dx < e. Consider the function ngr(z) := n(x/R) where

neCP®RY, 0<n<1, n=1onB;, 7=0o0nR?\B,.
Testing (2.7)) with (1 — ngr)uy,, we have

/ [uanu-V(l—nR)—l-(l—nR)un-Vun)] dx+/ w“(l—nR)und,u:/ (1—ngR)uy, dz,
R4 R4 R4

and using the identity |Vnr|l = R71||V7|/oo and the Cauchy-Schwartz inequality, we have

1/2
w, du) ,

which for R large enough gives the desired e. O

BZR R

/ e < R 2V 2+ [V Va2 + lunll 2 ( /B C

2.3 Infinity estimates

Lemma 2.3. Let 1 € Mcap(R?) and consider a nonnegative function f € LP(R?), where
p € (d/2,+0o0]. Suppose that u € Hﬁ N LP (RY) minimizes J, ; in H}L N LY (RY). Then we
have for some constant C, depending on d and p,

1w =) lloo < Cllfllzel{u > e}P41P v >0, (2.8)



Proof. We first notice that, being u € L (R%), we have
1 /
]{u>t}]§// Wz <Aoo V>0,
tP Rd

For every ¢ € (0, ||ul|oo) and € > 0, we consider the test function
ure =uNt+[t+ (u—t—e)t].

Since uy < w and Jy p(u) < Jy, p(ue), we get

;/ ]Vu\de—/ fud:z;<1/ ]Vut5|2d:v—/ fugedx,

and after some calculations

1
2/ |Vu|2dac§/ flu—ue) dajge/ fdx.
{t<u<t+e} R4 {u>t}

By the co-area formula we have

/ Vul dH™ 52/ fda < 2| £l {u > t}[V7.
{u=t} {u>t}

Setting ¢(t) = [{u > t}|, we have that

~1
d—1 2
< ( /{ _ [vulan ) P({u> 1))

< — Iz (t) P Cap (A = — | F A Cap(t) @D/,

where Cj is the constant from the isoperimetric inequality in R%. Setting a = 952 + 1, we

d p?
have that o < 1 and since the solution of the ODE

y =-Cy*,  y(to) = yo,

where tg > 0, is given by

y(t) = (yo~* = (1 — Q)C(t — 1)) /7.

Note that ¢(t) > 0, for every t > 0, and y(t) > ¢(t), if ¢(t) > 0. Thus, we have that there
is some tmax such that ¢(t) = 0, for every t > tmax. Taking yo = ¢(to) = [{u > to}|, we
have the estimate

(e = t0) ¥ lloo < tmax — to < C| fllze[{u > to} 4=/,

for some constant C', which depends only on the dimension, if d > 3, and depends on p, if
d=2. O

Proposition 2.4. Let u € ML (R?), d > 2, p € (d/2,+00] and f € LP(R?). Then there
18 a unique minimizer u € H1 of the functional J,  : H; — R. Moreover, u satisfies the
nequality

[ulloe < CP(1)*[| f]|Le, (2.9)

for some constants C' and «, depending on the dimension d and the exponent p.



Proof. We first note that for any v € H}, such that J,, (v) < 0, we have

[+ [ i< [ fode <2l
R4 Rd R4

On the other hand p > d/2 implies p’ < #5 and so p’ € [1, dQ_—dQ]. Thus, using (2.4) with
C = P(p)Y/? and an interpolation, we obtain

/Rd |Vo|? dx + /Rd v? dx < CaP ()| f1|%s, (2.10)

which in turn implies the existence of a minimizer u of J, r, satisfying the same estimate.

In order to prove it is sufficient to consider the case f > 0. In this case the solution
is nonnegative u > 0 (since the minimizer is unique and J,, (|u|) < J,, ¢(u)) and, by Lemma
we have that u € L. We set M := ||u|oc < 400 and apply again Lemma [2.3]to obtain

M2 M M 8
= [ar—nasciin [ i s 8 a s ol
0

where we set § =2/d —1/p < 1. Thus we obtain

M < C||f || o ull 7, (2.11)
and using (2.10) with v = u, we get (2.9)). O

Proposition 2.5. Suppose that ;i is a capacitary measure such that w, € Ll(Rd). Then
w, € L*®(RY) and vanishes at infinity:

lwulloo < Callwa|ZF - and Jim L oc = 0.
where Cy is a dimensional constant.
Proof. We set w := w,,. Taking f =1 in Lemma [2.3} we obtain
1w = D)4 lloo < lwaylloo < Cal{w >}/, (2.12)
Thus, w € L>®(R?) and setting M = ||w||«, we have
(M = 1)/ < Cf* |{w > 1},

and integrating for t € (0, M], we get

M M
2 ‘132_/ (M—t)d/thng/Q/ w > £} dt = CY2 w11,

which gives the first part of the claim. The second part was proved in [§]. ]

2.4 Schrodinger operators for capacitary measures

Suppose that f € LP(R?) and p € [2, +00]. For a capacitary measure u € ML _(R?), there

cap
is a unique minimizer w, y € H }L of the functional .J,, r, which also satisfies

/Rd Vw, - Vodr + /]Rd wy, pvdp = /Rd fvdz, for every v € Hﬁ (2.13)



By definition, we say that w, r solves the equation
—Awyp + pwyp = f, Wy, f € H;ﬁ
Using v = w,, y as a test function in (2.13), we get that

L s des [ wdpdn= [t e < el

which in turn gives that there is a constant C' depending only on the dimension d and the
torsion P(u) such that
2 <O fllze-

We call the resolvent of u, the continuous linear operator

R, : L*(RY) — L*(RY), Ru(f) = wy. s

Since p € Mcap( 4), the operator R, is compact and so, it has a discrete spectrum 0 <

< Ap(p) < -0 < Ag(p) < Ai(p). Thus the spectrum of the unbounded Schrédinger
operator (—A + u), associated to the bilinear form Q,(u) = ||[Vul3, + ||uH%2(u), is given
by

0 < Ai(p) < Ao(p) <--- < M) <o

where A\ (1) = Ax(u)~'. Moreover, we have the variational characterization

Vul?dz + [qu?d
Ap(¢) = min max fRd [Vl fRd ,u’
SkCH} ueSk fRd u? dx

where the minimum is over all k-dimensional subspaces Sy of H }L
There is a sequence of eigenfunctions uy € H }L, orthonormal in L?(R%) and satisfying

—Aug + upp = )\k(u)uk, U € H;
Moreover, uz, € L>(R?) and we have the estimate (see [17] and [27])
1
oo < €57 g (1) ™. (2.14)

Remark 2.6 (Scaling). Let u € Mcap(Rd) be a capacitary measure of finite torsion and let
U € Hﬁ be the kth eigenfunction of (—A + p). Then we have

—Auy + pug = Mg, (1) ug,
and rescaling the eigenfunction ug with ¢ > 0, we have
A (@) + e/t = 2N (ug(a/t), (/1) € HY,

where the measure y; is defined as ¢ := t42u(-/t), i.e. for every ¢ € L'(u), we have

/ o(x/t) dug(x) = td_g/ o dp. (2.15)
Rd Rd
Repeating the same argument for every eigenfunction, we have that

() = ). (2.16)
Analogously, for the energy function w, we obtain

~A(we/t) + e/ Ow (/) = 0 w(/t) € HY,

and, in particular, we have

wy, (z) = t*w,(z/t) and E(u) = t32E(p). (2.17)
Remark 2.7 (Scaling of potentials). We note that if 4 € MZL_(RY) is of the form p =
V(z)dz, then j; = Vi(x)dw, where Vi(z) :=t=2V (x/t).

cap



2.5 The y-distance on the space of capacitary measures

We define the y-distance between p,v € ML _(R?) as

cap
dy(p,v) = lJwy — wy |1,

where w,, and w, are the torsion functions of u and v, which are integrable by Theorem
In particular, we say that the sequence of capacitary measures u, € Mgp(Rd) y-converges
tou € ./\/lfap (R9), if the sequence of energy functions wy,, converges in L (RY) to the energy
function wy,. It was first proved in [I5] and [16] (see also [14] for a different approach) that
if Q2 is a bounded open set, then the space of capacitary measures in €2

{u € ./\/lfap(Rd) 2 Ig < u},

is compact and, in particular, complete with respect to the y-distance. Using this result, it
was proved in [5] that the space ML, (R?) endowed with the distance d. is complete (we

cap
also refer to [27] for a more direct approach).

Remark 2.8. The vy-convergence implies the norm convergence of the resolvents R, and the
I'-convergence in L%(R?) of the norms | - || w1~ More precisely, we have:

e If the sequence py, € Mfap(]Rd) ~-converges to p € Mf;p(]Rd), then the sequence of
resolvents R, converges in norm to 7, i.e.

nh—>Igo HRMn - R#HE(LQ(Rd)) =0

e If the sequence py, € ./\/lfap(Rd) ~-converges to pu € M(];p(Rd), then the sequence of

functionals

12, + AR — [0, +oo),

HUH2 L= HVUH%2 + HUH%2(,U%) + ||U||%2, ifue Hklbn’
Hien +00, otherwise,

I-converges to || - [|%, : L2(R?) — [0, +00], i.e. the following conditions are satisfied:
m

(T'1) for every sequence u, € L*(R?), converging in L?(R%) to u € L?(RY), we have

lull s, < timm in s 5,

(T'2) for every u € H}“ there is sequence u,, € H}M, converging to u strongly in L?(R?)
and such that

lull gy = lim a7

For a proof of these two facts we refer to [27].

Remark 2.9. We note that the vy-convergence is not equivalent to the norm convergence of
the resolvent operators R,, € £(L?(R%)). In fact, one can construct a sequence of capacitary
measures fi,, € ML _(R?) such that

cap

lwpllzr =1 and  [|Rp, | £(r2may) — O (2.18)
For example, let pu, = Ig,, where €, is a disjoint union of n balls B, := B, (z}),
k=1,...,n, of the same radius equal to r, > 0. Since wy,, = > ;_; Wi, .» We can choose

rp such that ||wy, ||p1 = 1. Since r,, — 0, as n — oo, we have that

~1 2
IRy, [l 22 rayy = A1 (n) = Cary, — 0,
which completes the construction of the sequence satisfying (2.18]).

10



2.6 (A — p)-harmonic functions

In order to prove the boundedness of the local subsolutions for functionals of the form
E; — Eq, we will need the notion of (A — x)-harmonic function.

Definition 2.10. Let u € ML _(RY) be a capacitary measure with finite torsion and let

cap

Br C R? be a given ball. For every u € H; we will denote with hy, the solution of the
problem

min{/ |Vv|2d1:+/ v? dp : UEH}L, u—vGH&(BR)}. (2.19)
B, Br
We will refer to hy, as the (A — p)-harmonic function on Br with boundary data u on OBR.

The following Remark summarizes the main properties of the Harmonic functions, which
we will use in the sequel.

Remark 2.11. Properties of the (A — p)-harmonic functions.

e (Uniqueness). By the strict convexity of the functional in (2.19)), we have that the
problem (2.19) has a unique minimizer, i.e. h,, is uniquely determined;

e (First variation). Calculating the first variation of the functional from (2.19)), we have
Vhy - Vipdx + / hutpdp =0, Vi € Hy N Hy(Br), (2.20)
Rd Rd
and conversely, if the function h, € H }L satisfies (2.20)), then it minimizes (2.19));
e (Comparison principle). If u,w € H}L are two functions such that w > u on 0Bg,

then h, < hy. Indeed, using hy, V hy € H }L and hy ANhy, € H }L to test the minimality
of hy and h,,, respectively, we get

/ \thy2dx+/ hidu:/ |Vhw|2dx+/ h2 dp,
{hu>hw} {hu>hw} {hu>hw} {hu>hw}

which implies that hy, A hy, is also minimizer of (2.19) and so hy A hy = hy,.

3 Concentration-compactness principle for capacitary mea-
sures

In this section we introduce our main tools for studying the behaviur of minimizing se-
quences of functionals involving capacitary measures. Our main result is a concentration-
compactness principle for capacitary measures, analogous to the concentration-compactness
Theorem proved by Bucur in [5], which was the key argument in the proof of existence of
optimal domains for A\; under measure constraint. Before we state the main Theorem, we
need some preliminary results. We start by recalling a classical result due to P.L.Lions (see
[25]).

Theorem 3.1. Let (fn)nen be a sequence of nonnegative functions, uniformly bounded in
Ll(Rd). Then, up to a subsequence, one of the following properties holds:

e Concentration. There exists a sequence (zn)n>1 C R with the property that for all
€ > 0 there is some R > 0 such that

sup/ fndx <e.
neN JRI\ Bg(zy)

11



e Vanishing. For each R >0

lim sup/ fndx ] =0.
"0 \ z€R? J Bg(x)

e Dichotomy. For every o > 1, there is a sequence x,, € R% and an increasing sequence
R, — +00 such that

lim fndz =0,

N0 BaRn (mn)\BRn (ﬁn)

liminf / fndz >0 and lim inf / fndz > 0.
BRn (In) Rd\BaRn (:En)

n—0 n—0

Remark 3.2. Since the inclusion H'(R?) C L}Oc(Rd) is compact, we have that if a sequence
(tn)nen is bounded in L'(R?) N H'(R?) and has the concentration property, then there is
a subsequence converging strongly in L.

Lemma 3.3. Let u € ME_(RY). Then, for every 1 < Ry < Ry < +00 we have

cap
otV Ty og,) < wydz + C(R7 + Ry?), (3.1)
Bary\BR, /2

where the constant C depends only on the torsion P(u) and the dimension d.

Proof. We first consider the case Ry = +00. We set for simplicity R = Ry, wg = WyvIp,
and nr(z) = n(z/R), where

neCX®RY, 0<n<l, n=1lonB;, n=0onR"\B,.

Then we have

dy(p, wV Ipyy) = /Rd(w# — waR) dx

= 2(Ju(w2r) — Ju(wy)) < 2(Ju(nrwy) — Ju(wy))

:/ |V(anM)|2dx+/ n%w2du—2/ anudaz—i—/ wy, dx
R4 R4 R4 R4
_ 2 2 2 2.2
/ wy, Vg +VwM‘V(77RwM)da:+/ npw* du
R4 R4
—2/ anuda:—i-/ wy, dr
R4 R4

:/ wZ|VnR|2dx+/ n%%wde/ anuder/ wy, dx
R4 Rd Rd R4

:/ wi|VnR|2d:1:+/ (1 — nr)*wy dv
R4 R4

IVl
< lwpll 22 + wy d,
R2 K Rd\BR K

which concludes the proof. The case Ry < +00 is analogous. O
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Lemma 3.4. Let u, 1/ € ME_(RY) be such that u < /. Then, we have

cap

1/d
IRy = Ryl en2y < Cap [y (s 1)) V%,

where Cq,, is a constant depending only on the dimension d and the torsion P(u).

Proof. The proof follows the same argument as in [5, Lemma 3.6] and we report it here for
the sake of completeness. Let f € LP, f > 0, for some p > d/2. Then

/ [Ru(f) = R ()P dae < || R, (f) _R,u/(f)Hgol/ Ryu(f) = Ry (f) da
R4 Rd

- -1
<1 [ s, = w)da
< Cp_l”f”%p“wﬂ — wy| o
and so, R, — R, is a linear operator from L? to LP such that

1/p

1Ry = Ryl c(imiiwy < OV Hlwy — wpll}),

where, by Proposition the constant C' depends on the norm ||w,||;1. Since R, — R,y is
a self-adjoint operator in L?, we have that

1/p

1Ry = Ruvll o 1oy < CPHlw —wi |l

and, finally, by interpolation

-1 1
1Ry = Ryl er2y < €7y, — w1
Now using the L estimate on w,, and taking p = d, we have the claim. O

Theorem 3.5. Let p, € Mfap(Rd) be a sequence of capacitary measures of uniformly
bounded torsion P(u,). Then, up to a subsequence, one of the following situations occurs:

(i) (Compactness) There is a sequence x, € R such that ji,(x, + -) y-converges.

(1t) (Vanishing) The sequence of resolvents R,,, converges to zero in the operator norm of
L(L*(RY)). Moreover, we have |[wy, |loo — 0 and A1 (un) — +00, as n — oc.

(iii) (Dichotomy) There are capacitary measures p’ and 2 such that:

o dist(Q1,€,2) = +00, as n — o0;
o pn < A2, for everyn € N;
o d’Y(:U’nnU’rlz A lu"%,) — 0’ as n — 00

o [|Ry, — Runu2lleey — 0, asn — oo.

wy

13



Proof. Consider the sequence of corresponding energy functions wy, := w,,. Since
IVwllz2 + llwallZ2(,) = llwnllr = 2P (),

we have that w, is bounded in H'(R%) N L'(R?%). We now apply the concentration com-
pactness principle (Theorem to the sequence w,,.

If the concentration (Theorem (1)) occurs, then by the compactness of the embed-
ding H'(R?Y) C L} (RY), up to a subsequence wy(- + ) is concentrated in L'(R%) for
some sequence z,, € R% If 2,, has a bounded subsequence, then w, converges (up to a sub-
sequence) in L'(R?) and so, we have (i1). If |2,,| — oo, by the same argument we obtain (72).

Suppose now that the vanishing (Theorem (2)) holds. We prove that (ii) holds.
Since the sequence of norms || Ry, || z(z2) is uniformly bounded, it is sufficient to prove that

for every ¢ € C(Q) the sequence R, () converges to zero strongly in L?(R?). Let
0 € C*(R?%) and let ¢ > 0. We choose R > ¢~ large enough and N € N such that for

every n > N, we have
/ wy, dr < e,
Br

By Lemma [3.3] and Lemma [3.4] we have that
1Rl < 1Ru0) — Bunt (12 + | Bynr (@12 < Cellgl

for some universal constant C'. Thus we obtain the strong convergence in (7).
We now prove that ||wy, ||sc — 0. Suppose by contradiction that there is 6 > 0 and a
sequence x, € R? such that wy,, (z,) > §. Since Aw,, +1 > 0 on RY, we have that the

function
r? — |z — x,]?

waﬂn(x)_ 2d )

is subharmonic. Thus, choosing r = v/dd, we have

2
/ e 2 ) = 3 202

which contradicts Theorem (2).
Let u, € H ﬁn be the first eigenfunction for the operator —A + ji,,, normalized in L?(R?).

By (2.14]), we have
—Aup + pptn = A (pn)un < A () [un |l < 61/(8@)‘1(/%)(6”4)/4'

Suppose that the sequence Aj(uy) is bounded. Then by the weak maximum principle we
have u,, < Cw,,, for some constant C. Thus, we have

- / 2 dy < 02/ w2, di < Oy, ool 11 — 0,
R4 R4

which is a contradiction.
Suppose that the dichotomy (Theorem (8)) occurs. Choose o = 8 and let x,, € RY
and R,, — 0o be as in Theorem (3). Then, setting

M'}Z = Un \4 IBQRH(LEn) a’nd /‘1’37, = Hn \ IB4Rn(zn)Cv
by Lemma equation (3.1)), we have
. 1 2
im dy (g, iy A i) = 0,

which, together with Lemma proves (iii). O
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4 Subsolutions of measure functionals

Consider the functional
F:MELRY) = R

We say that the capacitary measure p is a subsolution for F, if we have

F(p) < F(v), for every ve ME (RY) such that u < v. (4.1)

cap

We say that the capacitary measure p is a local subsolution for F, if

e >0 F(u) < F(v), for every v € ME (R?) such that g < v and d,(p,v) <e. (4.2)

cap

In the rest of this section we study the torsion function w, of a subsolution y for a special
class of functionals F. Precisely, we consider spectral functionals with energy and mass
penalization

F) = M)+ PGo) and F) = M)+ [ ) da,

R

where p € (0,1) and pge. denotes the absolute continuous part of u with respect to the
Lebesgue measure. Our main qualitative results, Theorem and Theorem state that
if  is a subsolution, then it is constantly equal to infinity, outside a compact set. In other
words, the sets of finiteness 2, := {w, > 0} is bounded.

4.1 From spectral to energy functionals

In general, the spectral functionals are difficult to treat when the aim is to study the
qualitative properties of the optimal measures. This difficulty is due to the fact that the
eigenvalues Ag(p) are defined through a min-max principle, which makes any perturbation
argument quite involved. In [6] was introduced a technique, which allows to concentrate
only on energy functionals, at least when we aim to study the boundedness of the set of
finiteness.

The following result is just a slight improvement of [6, Lemma 3], but is one of the
crucial steps in the proof of existence of optimal measures for spectral-torsion functionals
of the form F(u) = M\g(p) + P(p).

Lemma 4.1. Let p be a capacitary measure such that w, € LY (RY). Then for every
capacitary measure p < v and every k € N, we have

1 d+4
Aj(p) — Aj(v) < KPen A (p) 2 /]Rd (Ru(wy)wy — Ry (wp)wy,) da. (4.3)
Proof. Consider the orthonormal in L?(R%) family of eigenfunctions wi,...,u; € H }L cor-

responding to the compact self-adjoint operator R, : L*(R%) — L?*(R%). Let Py be the

projection
k

P, : L*(RY) — L2(RY), Py(u) = Z (/ U d:c> uj.
j=1 MR
Consider the linear space V' = Im(Py), generated by uy,...,uy, and the operators 7}, and

T, on V, defined by

T,=P,oR,0P and T,=P.oR,oP,.

15



It is immediate to check that wy,...,ux and Aj(u), ..., A1(u) are the eigenvectors and the
corresponding eigenvalues of 7),. On the other hand, for the eigenvalues Ay(7,), ..., Ax(T))
of T}, we have the inequality

Ai(T,)) < Aj(v), Vj=1,... k. (4.4)
Indeed, by the min-max Theorem we have
P, v o Pi(u),
A;(T,) = min  max (P o Ry 0 Qk(u) w2
V;CV ueVuly; lJull7

o (Ry(u), u) 2
= min max TR
v,cL? ueVulvy  [lullf,

R
< min max 7< V(u);wm
V;CL? wel?ulV;  |lul]7,

=A;(v),

where with V; we denotes a generic (j — 1)-dimensional subspaces of L2(R%).
In conclusion, we obtain the estimate

0 < Aj(p) = Aj(v) < AJ(T) = M(To) < T = Tolleqvy- (4.5)
On the other hand, by definition of the norm || - ||z, we have

T, —T))u,u)z2 R, — R,)u,u)2
HT“ _ Tz/”ﬁ(\/) — Sup <( 14 1/2) >L — sup (( 12 1/2) >L
ueVvV HUHLZ ueV ||u”L2

(4.6)

1
gsup/ R,(u) — R,(u))udx.
SUP Ty Jea () ~ o)

Let u € V be the function for which the supremum in the r.h.s. of (4.6) is achieved. We
can suppose that ||u||z2 = 1, i.e. that there are real numbers ay, ..., ak, such that

u=oiul + -+ agpug and a%—l—---—i—ai:l.

Thus, we have

T~ Tollewy < [ 1Rule) = Rofw]-Jul da

<
Rd

séd(i\(m(uj)—m(%)\) (i‘%‘) . (4.7)
- /Rd (Zf: (Rl = R”(‘“jm) ' <§: \Uj|> da,

where the last inequality is due to the linearity and the positivity of R, — R,. We now
recall that by (2.14), we have [|u;|locc < eﬁ)\k(u)d/‘l, for each j = 1,...,k. By the weak

maximum principle applies for u; and w,, we have

d+4

| < €57 (1) T wp. (4.8)

Using agains the positivity of R,— R, and substituting (4.8]) in (4.7 we obtain the claim. [
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For a capacitary measure p € ./\/lcap(
with respect to the function f € L?, i.e.

), we denote with E(u) the Dirichlet Energy

Ef(/‘)—quglljuf—Jufwuf / fwur,

which can be written in terms of the resolvent R, as

By =—5 [ FRu(F)da. (4.9)

QRd

Proposition 4.2. Suppose that G : Mcap( ) = R is a given functional and that the
capacitary measure p € Mcap(Rd) is a subsolution for the functional F = A\ +G. Then
there is a nonnegative function f € L'(RY) N L>(R%) vanishing at infinity, such that p is
a local subsolution for the functional E¢(p) + G(p).

Proof. We first note that by Lemma we can choose € > 0 such that, for every v €
MUE L (RT) with pu < v and dy (11, v) < e, we have A (1) < Ap(v) < 2A(11). We now consider
veE Mfap(]Rd) with this property. Since p is a subsolution for F, we have

G(u) — G(v) < Me(v) — Mi()
< 22, (p ) ( k(1) — Ag(v ))
< 4]<:2€47r Ak (1 )i( w,L( ) — Eﬂm(y))’

where the last inequality is due to Lemma and the representation (4.9)). Note that for a

generic p € L? and t > 0, we have Ey,(u) = t?E,(u). Thus, setting f = les%r)\k(,u)dziﬂwu,
we have the claim. O
4.2 Subsolutions of spectral functionals with mass penalization
In this subsection we prove that the subsolutions for the functionals of the form
Fl) = M)+ [ sacla) 7 da, (1.10)
R

have bounded sets of finiteness, whenever p € (0,1). Our argument is based on Proposition
and the following Lemma, which is implicitly contained in [I8, Lemma 3.1].

Lemma 4.3. Suppose that p € Mcap(Rd) s a capacitary measure of finite torsion. For the
half-space H = {x € RY: c+ x-& > 0}, where the constant ¢ € R and the vector £ € RY
are given, we have

/ d—1_ 25 2
dy(p, Vv Ip) < 8HwHHOO/8H w,, dH /Rd\H|VwM\ dx /Rd\kudu+2/Rd\kudx.
(4.11)

Proof. For sake of simplicity, set w := wy,, M = |w|r~, ¢ = 0 and { = (0,...,0,—1).
Consider the function

M , L1 g -V Ma
o(z1,. .. T4) = %(2]\4 — (@ + \/2M)2) ,—V2M < 11 <0, (4.12)
0 y 0 § xI.
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Consider the function wy = wAv € Hy(H) N Hj.

dy(p, u vV Ig) = /Rd("w — Wyviy) dr = 2(Ju(wu\/1H) — Ju(w))

w(wn) = Ju(w))

< 2(J,

S/ \V(wH)\2—|Vw\2d:U—/ w2du+2/ (w—wpg) dr
R4 A\H R4

<

R

IV (wi)2 - |Vw\2dac—/ Vw2 do
R\ H

—/ wzdu+2/ (w—wg) dzx
RI\H Rd

VwH-V(wH—w)d:n—i—Q/ (w—wg) dx
{—V2M<z1<0}

—/ |Vw\2dx—/ deu—i-Q/ wdx
RI\H RI\H RI\H

Vv-V(wH—w)dx—i-Q/ (w—wpy)dz
{—Vv2M<z1<0}

—/ |Vw\2dac—/ w2du+2/ wdx
RI\H RI\H RI\H

=V8M wd?—[d_l—/ \wade—/ deu+2/ wdz.
oH RA\H RI\H RI\H

B /{—\/m<a:1<0}

<2

/{—\/W<x1<0}

_9 /
{—V2M<z1<0}

O]

The next result has a double implication: on the one side it plays a fundamental role
in the proof of the existence of optimal potentials, and on the other side it gives a first
qualitative result on them. The spirit of the proof follows a classical argument introduced
by De Giorgi, associated to an Alt-Caffarelli truncation argument [1].

Lemma 4.4. Consider a nonnegative function f € L>(R?) and a real number p € (0,1).
Suppose that p € ME _(R?) is a local subsolution for the functional

cap

Fn) = Eylp) + [ cla) 7 da

Then the set Q, = {w, > 0} is bounded.

Proof. We first recall that if v € MZE _(R9) is such that y < v, then the functional R,—R,:

cap

L*(R%) — L%(R?) is positive. Thus, we have

By) = Ey) = 5 [ (PR = FRAD) dn < TR (EQ) ~ Ew)

and so, we can restrict our attention to the case f = 1.
For each t € R, we set

Hy={zeR?: 2, =t}, H ={zecR?: z; >t}, H ={zeR?: z; <t}
(4.13)
We prove that there is some t € R such that ]Ht‘" N Q| = 0. For sake of simplicity, set

w = wy, M = ||w]|so and V(z)dr := pac.

18



By Lemma [4.3] and the subminimality of , we have

1 1
/ vay2dx+/ w2de+/ V7Pdx < V2M wd%d—1+/ wdr, (4.14)
2 Juf 2 Ju} oy H, H;

t

for every t € R. By aim to prove that the 1.h.s. is grater than a power of fH+ wdz. Indeed,
t
by the Holder and Young inequalities, we have

/ wrtl dx < / w3V dx / V7 Pdx
Hf Hf H

1
< P | iy —— | vra
L4+p Juy L+p Juy

If d > 3, using the Holder, Sobolev and Young inequalities we get

(1+p)(d+2) (I1—-p)(d—2)

d+2p
d+itp 2 2(d+1+p) 2d 2(d+1+p)
/ wdxr < / wrtl dx / wd-2 dx
Hy H Hy

(1+p)(d+2)

(1—p)d
2p 2(d+1+p) 2(d+1+p)
/ wrtl dx / |Vw]2d:n
HY HY

t

1 d+2 2p 1—p)d
<(—|—p)(+)/ wpzfl dx—l—(p)/ ]Vw|2dx,
HY 2 HY

IN

2(d+1+p) (d+1+p)

which finally gives

Y pd+2) / ) d+2 / - (1—p)d / )
de | < 242 Vde + —2"% [ yrge4 P [ 1gyP2d
(/ij x) 2 dt1tp) Sy T 2 d ) Sy T d+1+p) H;’ wl”de

< CV2M wdH + ¢ wdr,
H, HY

d+2p
d+i+p

where oo =
p. Setting

< 1 and C is a constant depending on the dimension d and the exponent

o) = | v

¢'(t) _—/H wdH*,

we have that

and finally
o(t)? < —CV2M¢'(t) + Co(t),

which gives that ¢ vanishes in a finite time. Repeating this argument in any direction we
obtain that the support of w is bounded.
If d = 2, the same reasoning can be repeated replacing the Sobolev inequality by

3.1 2
lull o g2y < 5 l1ull 2y oy | Vel E2 ey
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Theorem 4.5. Suppose that u € ME _(RY) is a subsolution for the functional F defined

cap

in (4.10). Then the set of finiteness Q,, = {w, > 0} is bounded.

Proof. By Proposition [£.2] we have that u is a local subsolution for a functional of the form
Ef(i) + Jga gl da. The conclusion follows by Lemma O

4.3 Subsolutions for spectral-torsion functionals
In this subsection we consider spectral functionals with torsion penalization of the form
Fu) = Melp) + P(1). (4.15)

We prove that any subsolution p for F has a bounded set of finiteness Q, = {w, > 0}.
As in the case of functionals with mass penalization we will reduce our study to
subsolutions of energy functionals. Our main instrument in proving the boundedness of €2,
will be the following comparison principle ”at infinity”.

Lemma 4.6. Consider a capacitary measure of finite torsion u € ./\/lfap(]Rd). Suppose that
u € H}L s a solution of
—Au+ pu = f, uEHi,

where f € LYRY) N L®(RY) and limg_so0 f(x) = 0. Then, there is some R > 0, large
enough, such that u < w, on RY\ Bg.

Proof. Set v = u — w,. We will prove that the set {v > 0} is bounded. Taking v instead
of v and pV It~y instead of p, we note that it is sufficient to restrict our attention to the
case v > 0 on R? We will prove the Lemma in four steps.

Step 1. There are constants Ry > 0, Cq > 0 and § > 0 such that

1
5
</ U24p2(1+5)> o < Cd/ |V|?v? dz, Yo € WOI’OO(BIC%O). (4.16)
R R

For any ¢ € W1°(R9), we have that vp? € Hﬁ and so we may use it as a test function
in
—Av+pv=f—1, UEH;,
obtaining the identity
/ IV (pv)|? dz —l—/ v dy = / |Vo|?v? da +/ vp? (f — 1) du, Vo € WhHe(RY).
Rd R Rd Rd
(4.17)

Let Ry > 0 be large enough such that 1 — f > di%. Then for any ¢ € Wol’oo(]Rd \ Br,), we
use the Holder, Young and the Sobolev’s inequalities together with (4.17)) to obtain

d+2 d—2 4
9 2d+8 d+4 2d_ d+4 9 d+4
</ v dt2 dx> < </ (pv)d—2 dac) (/ ) dac)
Rd Rd Rd
d Ty
2d
< ¢ 5 d = 24
_d+4(/Rd(SOU) $> +d—|—4/RdeO v

<cy ( [veopas [ vra-g) da:)

<Cu [ Ve,
Rd

(4.18)
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where C} is a dimensional constant.

Step 2. There is some Ry > 0 such that the function M(r) = W Jom, v dHI!
is decreasing and convex on the interval (Ry,+00). We first note that, for R > 0 large
enough, Av > (1— f)x{u=0y > 0 as an element of H~!(B%). Since A(v?) = 2vAv+2|Vv|?,

2

we get that the function U := v? is subharmonic on R? \ Bg. Now, the formal derivation

of the mean M gives
1
M/ - VU d d—1
(r) g /é)BT v-VUdH ",

where v, is the external normal to 0B,. Let Ry > 0 be such that 1 > f on R4 \ Bg,. Then
for any R} <r < R < +00 we have

des(RI M (R) = v M (r)) = /

9Br

= / AU dz > 0.
Bpry\BR,

If we have that M’(r) > 0 for some r > Ry, then M'(R) > 0 for each R > r and so M is
increasing on [r, +00), which is a contradiction with the fact that v (and so, M) vanishes
at infinity. Thus, M'(r) <0, for all r € (Ry,+00) and so for every Ry <r < R < 400, we
have

vR - VU dHI! — / vy - VU dH?
OB

R©Y(M'(R) — M'(r)) > R*”'M'(R) — v ' M'(r) > 0,

which proves that M'(r) is also increasing,.

Step 3. There are constants Ry > 0, C > 0 and 0 < § < 1/(d — 1) such that the mean
value function M (r) satisfies the differential inequality

d—1 —
M(r) < C(T|M'(T)| +M(7‘))75|M’(r)\1_%5, Vr € (Rg, +00). (4.19)
We first test the inequality (4.16]) with radial functions of the form ¢(z) = ¢(|z|), where

o(r) =0, forr <R, o(r) = TE(_R?’ for R <r < R+e(R), o(r) =1, forr > R+e(R),

where R > 0 is large enough and ¢(R) > 0 is a given constant. As a consequence, we obtain

oo = Re+(R)
</ rd= M (r) dr) < Cye(R)™2 / rd= M (r) dr. (4.20)

Rte(R) R
By Step 2, we have that for R large enough:

e M is monotone, i.e. M(r) < M(R) for r > R;

e M is convex M(r) > M'(R)(r — R) + M(R) for r > R.

We now consider take ¢(R) = %WL(%))\’ i.e. 2¢(R) is exactly the distance between (R, 0) and
the intersection point of the z-axis with the line tangent to the graph of M in (R, M(R))

(see Figure [1). With this choice of £(R) we estimate both sides of (|4.20)), obtaining

1

(R+<(R)) T (1M<R>5<R>) "< R+ e(R) (R 2M (), (4.21)
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e(R)

MR |

M(r)

—

R R+e(R) r

Figure 1: We estimate the integral [ 1? +e(B) (r) dr by the area of the rectangle on the right,

while for the integral |’ 1;:( R) M (r) dr is bounded from below by the area of the triangle on
the right.

. . . . 1 M(R) .
which, after substituting e(R) with STAr (R 8ives (4.19).

Step 4. Each non-negative (differentiable a.e.) function M (r), which vanishes at infinity
and satisfies the inequality (4.19) for some 6 > 0 small enough, has compact support.

Let r € (R2,+00), where Ry is as in Step 3. We have two cases:

(d—1)8

(a) If 7|M'(r)] > M(r), then M(r) < Cir |M/(r)|1+g;

B I P M) < M(r), then M(r) < ColM'(r))**5(1-5%).

Choosing § small enough, we get that in both cases M satisfies the differential inequality
M(r)'=% < —Cro2 M (r), (4.22)
for appropriate constants C' > 0 and 0 < 41,92 < 1. After integration, we have
' — "% > M (), (4.23)
for some constants C’, C” > 0, which concludes the proof. O

Remark 4.7. An alternative shorter proof of Lemma could be made by using viscosity
solutions. For the sake of completeness we report this alternative proof in the appendix.

Lemma 4.8. Consider a capacitary measure of finite torsion u € ./\/lgp(Rd). Let f be a
bounded measurable function converging to zero at infinity, i.e. limp 1 Hf”Loo(B%) = 0.
If p is a local subsolution for the functional E¢(p) 4+ P(u), then the set Q,, = {w, > 0} is

bounded.

Proof. Let v € /Vlfap(]Rd) be such that ¢ < v and d(p,v) < e. The subminimality of p
gives
Ef(1) - E(n) < Ey(v) - E(v),
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which can be stated in terms of R, and R, as
[ ) = sru) o< [ (R = FRAD) (4.24)
R4 Rd

Moreover, by considering f/2 instead of f, we can suppose that the above inequality is
strict whenever w,, # w,.
We now show that choosing v = p V Ip,, for some R large enough, we can obtain

equality in . Indeed, we have
02 [ (Bu1) = Ro(D) = F(Ru(f) = R) d
> / (Ru(1) = Ru(1)) = (Ru(llflloof) — Bol| flloof)) dac
Rd
~ [ (Bu) = Ro)) = (Bl ) = Rl o) d
" / (Ru() = Ru(llf oo f)) d
.

R

> / (Ru(1) = Ro(1)) = (Ryu(llfllocf) — Ro(l|flloof)) d,
Bgr

where the last inequality holds for R > 0 large enough and is due to Lemma We now
set for simplicity w,u € H ; to be respectively the solutions of

—Aw+ pw =1 and — Au+ pu = || flloof-
Thus, the functions

hew = Ra(1) — R,(1) GH; and hy = Ro([| flloo f) — R (|| flloc ),

are (A — p)-harmonic on the ball Bg. By the comparison principle, since w > u on 0 Bg, we
have that h,, > h, in Bg. Thus, for R large enough and v = u V Ip,, we have an equality
in (4.24), which gives that w, = w, and so €, is bounded. O

Theorem 4.9. Suppose that p € Mcap(Rd) 18 a subsolution for the functional F from
(4.15). Then the set of finiteness 2, = {w, > 0} is bounded.

Proof. By Proposition we have that p is a subsolution for a functional of the form
E¢(p) + P(p). By Lemma [4.8| we conclude that €2, is bounded. O

5 Optimal potentials for Schrodinger operators

In this subsection we consider optimization problems for spectral funcionals in R?. In
particular, we consider the problem

min {)\k(V) ViR [0, +00] measurable, / VPdy = 1}, (5.1)

R4
where p € (0,1). In the following proposition we prove that, under the integrability con-
straint in (5.1)), the spectrum of —A + V' is discrete and thus, A\; (V') is well-defined.

Proposition 5.1 (Compactness of the embedding H{, < L'). Let V : R? — [0, +00] be
a measurable function such that fRd VPdx < 400, where p € (0,1]. Then the torsion
function wy, related to the measure Vdzx, is integrable. In particular, the embedding H‘l/ —
Ll(Rd) is compact and the spectrum of the operator —A + V' is discrete.
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Proof. See Example 3.10 of [§]. O

By Remark the cost functional \¢(V') and the constraint fRd V=P dx have the fol-
lowing rescaling properties:

Ae(V2) = 2 0(V) and / Vi, Pdr = t2p+d/ VPdx, (5.2)
Rd Rd
where
Vi(z) == t72V (z/t). (5.3)
This rescaling property allows us to make the following remark.

Remark 5.2 (Measure penalization). The potential V : R? — [0, +oc] is a solution of

min {)\k(V) +m [ V7 Pde: V:RY— [0, +od] measurable}, (5.4)

R4

if and only if, for every ¢ > 0, we have that V;, defined as in (5.3), is a solution of

min {)\k(V) ViR [0, +00] measurable, /d VPdy = ) IN/t_p dw}, (5.5)
R R

and the function

F@) =t (V) +mt?Ptd [ VP dy,
Rd

achieves its minimum, on the interval (0, +0c0), in the point ¢ = 1.
In the case k = 1, the existence holds for every p > 0. The following result was proved
in [13].

Proposition 5.3 (Faber-Krahn inequality for potentials). For every p > 0 there is a
solution V, of the problem (5.1) with k = 1. Moreover, there is an optimal potential V),
given by

"
Vo < / 27/ P41 dx) |20, (5.6)
]Rd

where uy is a radially decreasing minimizer of

(p+1)/p
min / \Vul|? da + </ |u|?P/ (PHD) dm) :uwe HY(RY), / wdr=13. (5.7)
R4 R4 R4

Moreover, u, has a compact support, hence the set {V,, < +oo} is a ball of finite radius in
R4,

We now prove the existence of an optimal potential in the general case k > 2.
Theorem 5.4. Suppose that p € (0,1). Then, for every k € N, there is a solution of the

problem (5.1)). Moreover, any solution V' of (5.1)) is constantly equal to 400 outside a ball
of finite radius.

Proof. By Remark every solution of is a solution also of the penalized problem
, for some appropriately chosen Lagrange multiplier m > 0. Thus, by Theorem 4.5
and Lemma we have that if V' is optimal for , then it is constantly 4-co outside a
ball of finite radius.
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The proof of the existence part follows by induction on k. The first step & = 1 being
proved in Proposition . We prove the claim for £ > 1, provided that the existence
holds for all 1,...,k — 1.

Let V,, be a minimizing sequence for . By Remark we have that the sequence
wy,, is uniformly bounded in L'(R?) and so, by Theorem We have two possibilities for
the sequence of capacitary measures V,,dx: compactness and dichotomy.

If the compactness occurs, then there is a capacitary measure y such that the sequence
Vpdx y-converges to p. The sequence, v, := Vj, * /% is a bounded sequence in L%(R?) and
so, up to a subsequence, we have that v,, converges weakly in L? to some v € L?(R%). We
will prove that the function V := v~2/? is a solution of . The function V satisfies the
constraint from and so it is sufficient to prove the inequality

(V) < A(p) = lim A(Va), (5.8)

where the equality is just the continuity of Ay with respect to the ~-convergence. Since
Vndx ~-converges to p, we have that the sequence of functionals || - ||z I-converges in
L?(R%) to the functional || - || my (see Remark . In particular, for every u € Hy, there is

a sequence Uy € H‘l/n which converges to u in L?(R?) and is such that

/ \Vu]de—i—/ u?dp = lim |V, |? dx—l—/ u2V, dx
Rd Rd n—o0 JRrd R4

= lim |V, |2 da:+/ w2 2/P da (5.9)
Rd Rd

n—oo

/ |Vu)? dx—l—/ PP dx
Rd R

:/ yvu\2dx+/ u?V dr,
R4 R4

where the inequality in (5.9)) is due to strong-weak lower semicontinuity of integral func-
tionals (see for instance [9]). Thus, for any u € H }“ we have that

/quuZ/ u2Vd:r,
Rd R4

and so, V' < p. Since Ay is an increasing functional, we obtain the first inequality in (5.8])
and so, V' is a solution of (5.1]).

v

If the dichotomy occurs, then we can suppose that V,, = V,F vV V.~ where
1V =1/V.F+1/V, ", dist ({V,," < oo}, {V,; < o0}) — +o0.
Since V,, is minimizing, there is 1 <[ < k — 1 such that
Ae(Va) = N(VoF) > M (V).

Taking the solutions, V' and V~ respectively of

min {)\Z(V) . V:R? = [0, +00] measurable, / V7Pdr = lim |7 d:c},
R4

n—oo Rd

min { Ay (V) : V : R? = [0, 400] measurable, V7 Pdr = lim V,, dz ¢,
Rd n—oo Rd

in such a way that dist({V" < oo},{V~ < oo0}) > 0, we have that V = VT AV~ is a

solution of (/5.1]). O
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6 Optimal measures for spectral-torsion functionals

In this section we consider consider the problem

. P d
min {)\k(,u) D€ Mep(RY), Pp) = c}, (6.1)
where ¢ > 0 is a given constant. Asin the case of potentials, we can substitute the constraint
by a penalization.

Remark 6.1 (Measure penalization). The capacitary measure fi € Map(R?) is a solution
of

min {)\k(u) tmP(u): pe Mfap(Rd)}, (6.2)

if and only if, for every t > 0, the capacitary measure fi;, defined as in Remark is a
solution of

min {\() : € MEL(RY), P(u) = P(n) }, (6.3)

and the function
FE) =72 N () + mt* TP (),

achieves its minimum, on the interval (0, +oc0), for ¢t = 1.

Theorem 6.2. For every k € N and ¢ < 0, there is a solution of the problem (6.1).
Moreover, for any solution p of (6.1)), there is a ball Bg such that I, < p.

Proof. Suppose first that p is a solution of (6.1). By Remark 1 is also a solution of the
problem ([6.2)), for some constant m > 0. In particular, p is a subsolution for the functional

F(n) = Ae(p) + mP(p).

By Theorem we have that the set of finiteness Q, = {w, > 0} is bounded and so, there
is a ball Br such that Ip, < p.

The proof of the existence part follows by induction on k. Suppose that £k = 1 and let
Un be a minimizing sequence for the problem

min {)\1(#) +mP(p): pe M{?ap(Rd)}. (6.4)

By the concentration-compactness principle (Theorem [3.5]), we have two possibilities: com-
pactness and dichotomy. If the compactness occurs, we have that, up to a subsequence, pu,
y-converges to some u € ME (R?). Thus, by the continuity of A\; and T, we have that p is

cap

a solution of ([6.4]). We now show that the dichotomy cannot occur. Indeed, if we suppose
that u,, = . V u, where it and p,; have distant sets of finiteness Qui and Q#;, then

M(pn) = min{Ai (up), M(f)}  and  B(pn) = E(uf) + E(uy,)-
Since, by Theorem

liminf P(p,7) >0  and  liminf P(u,) > 0,

n—00 n—oo

we obtain that one of the sequences p, and pu.,, say u is such that
tim inf {1 () +mP () } < Hminf {As (un) +mP(pn) },

which is a contradiction and so, the compactness is the only possible case for pi,.
We now prove the claim for £ > 1, provided that the existence holds for all 1,...,k — 1.
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Let u, be a minimizing sequence for . The sequence wy,, is uniformly bounded in
L'(R%) and so, by Theorem we have two possibilities for the sequence of capacitary
measures fi,: compactness and dichotomy.

If the compactness occurs, then there is a capacitary measure p such that the sequence
ln y-converges to p, which by the continuity of Ay and the torsion T, is a solution of .

If the dichotomy occurs, then we can suppose that p, = ut V ., where the sets of
finiteness Q;ﬁ{ and Quﬁ are such that

dist(Q,+,92,-) = +00,  P(un) = P(uy) + Pluy,),

ILm P(pt) >0 and lim P(u,)>0.

n—oo

Since p, is a minimizing sequence, there is a constant 1 <[ < k — 1 such that

Ae(pn) = Ni(pry) = Ama (i)

Taking the solutions, ™ and u~ respectively of

min{)\l(,u) VNS Mcap(Rd)a P(M) = lim P(:u;t)}7

n—oo

min { At (1) € Meap(RY), P(u) = lim P(y) },

n—oo

in such a way that dist (Qu+7 Q,F) > 0, we have that g = u* Vv u~ is a solution of (6.1). [

Remark 6.3. The Kohler-Jobin inequality (we refer to [4] and the references therein for
more details on this isoperimetric inequality) states that the ball B, such that E(B) = ¢,
minimizes the first eigenvalue A1(€2) under the constraint E(2) = ¢, among all open sets
Q C RY. Since the set {Ig: Q C R? open} C Mgp(Rd) is dense in Mcap(R?) (see [12]),
we have that the measure Ip solves (/6.1]) for & = 1.

Open Problem. It would be interesting to establish whether the optimal measure
p given by Theorem is actually a domain. Some numerical computations made by
Beniamin Bogosel and Ioana Durus (private communication) seem to indicate that this is
true and that, at least in dimension two, the optimal set is made by k disjoint equal disks.

A Appendix: an alternative proof of Lemma 4.6

Proof of Lemma[4.6] Set v = u — w,. We will prove that the set {v > 0} is bounded.
Taking v instead of v and pu Vv I {v>0} instead of u, we note that it is sufficient to restrict
our attention to the case v > 0 on RY. We now prove that if v € H'(R?) is a nonnegative
function such that

—Av+pv=f-—1, ’UGH;, (A1)

where € ME(R?), f € L®(R?) and lim|; o f(2) = 0, then {v > 0} is bounded.

We first prove that there is some Ry > 0 large enough such that the function v satisfies
the inequality Av > 1/2 on R%\ Bg, in viscosity sense, i.e. for each 2 € R%\ Bg, and each
@ € C®(RY), satisfying v < ¢ and ¢(z) = v(z), we have that Ap(x) > 1/2.

Suppose that ¢ € C(R?) is such that v < ¢, ¢(z) = v(x) and Ap(z) < 1/2 —e. By
modifying ¢ and considering /2 instead of €, we may suppose that, for § > 0 small enough,
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{v+0 > ¢} C B, and Ap < 1/2—¢ on the set {v+6 > ¢}. Now taking (v—¢+6)* € H
as a test function in (A.1)), we get that

/(f—l)(v—g0+5)+d:c: V%V(v—g&—i—éﬁdm—i—/ v(v—@+06)T du
R4

R4 R4

> [ Vo -V(—9¢+9)Tdx
Rd

= —/Rd(v—g0+5)+A<pdx

> (—;+5>/Rd(v—g0+5)+dx,

which gives a contradiction, once we choose Ry > 0 large enough such that f < 1/4 on
RY\ Bg,.

For r € (Ry, +00), we consider the function M (r) = supyg_v. Then M : (Ry, +o0) = R
satisfies the inequality

d—1

s

M"(r) + M'(r) >

1
2 5 in viscosity sense. (A.2)
Indeed, let r € (Rp, +o0) and ¢ € C*°(R) be such that ¢(r) = M(r) and ¢ > M. Then,
taking a point 9 € 0B, such that v(z) = M(r) (which exists due to the upper semi-
continuity of v) and the function ¢(z) := ¢(|z|), we have that ¢ € C®(R?), ¢(z¢) = v(r)
and ¢ > v, which implies Ap > 1/2 and so ({A.2]) holds.

There is a constant €9 > 0, depending on Ry, the dimension d and ||v||~, such that the
function ¢ € C*°(R), which solves

" d—1 , 1
¢(r)+ ——¢(r) =3, &(Ro) = é(Ro +e0) = 2[|v], (A.3)
changes sign on the interval (Ry, Ro + £9). We set
to=sup{t: {M >¢+t}#0} >0.

Since M is upper semi-continuous, there is some r € (Ry, Ro+¢¢) such that M (r) = ¢(r)+to
and M < ¢ + tg, which is a contradiction with (A.2)). O
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