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Abstract. We discuss the well-posedness of a new nonlinear model for
nematic elastomers. The main novelty in our work is that the Frank energy
penalizes spatial variations of the nematic director in the deformed, rather
than in the reference configuration, as it is natural in the case of large
deformations.

In this paper we discuss a new nonlinear model for nematic elastomers, which contains a
Frank energy term penalizing spatial variations of the nematic director n in the deformed
configuration. Our main result is a theorem on the existence of energy minimizers, which
identifies a class of energy densities for which the model is mathematically well-posed.

In recent years, considerable attention has been devoted to fully nonlinear mechanical
models describing the coupling between elasticity and nematic order (see [16, 1, 2, 6, 7, 10]
and references therein). The Frank term, however, has been typically evaluated in the
reference configuration while, when large deformations are in order, it is more natural to
consider spatial variations in the deformed configuration. Our main result is precisely that
of establishing (under reasonable assumptions) existence of minimal energy states when
the Frank term is written in the deformed configuration.

From the mathematical point of view, the difficulty we face is that our energy functional
has two terms, the Frank one defined on the deformed configuration, and the mechanical
one defined on the reference configuration. Therefore, we need to push-forward the second
one in order to work on the same domain. For this task, it becomes necessary to work with
the inverse of the deformation mapping and establishing sufficient regularity properties of
this inverse map using only the natural energy bounds is problematic.

Let M := {F € R®3: det F = 1} and let W : M — [0,00) be a function such that
W(F) :== W(FFT) is polyconvex and W(F) = 0 if and only if F = I. We follow [1, 10]
and we consider an energy density Wiee : M x S2 — [0, 00) defined by

Whnee (Fyn) := W(V;l ),
where V,, is the stretch in the direction n € S? of a fixed amplitude a > 0:
Vpi=an@n+ (I —n®n)/Va.

Observe that Wiyee(F,n) = 0 implies V,; ' F(V,;7 ' F)T = I and so, since V,;'! is symmetric,
FFT = V2. In particular, since det F' = 1, by polar decomposition it follows that F' = V,, R
for some R € SO(3). This last equality summarizes in one formula the main features of
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the coupling between deformation F' and nematic order n envisaged in [16], showing that
every pair (V,R,n) is a ‘natural’ (or ‘stress-free’) state of the material.
We propose the following type of energy to describe nematic elastomers:

= n 2 ul\xr), niulx X
T(u,m) = /u(m\v (v)| dy+/ﬂwmec(v (2), n(u(x))) d, (1)

where u : Q — R3 is a deformation of a body whose reference configuration is Q (a
bounded, connected, open subset of R?) and n : u(2) — S? is the director field describing
the nematic order in the elastomer. Note that the gradient operator in the first integral is
meant with respect to the current spatial variable y, while the gradient in the second term is

with respect to the material coordinate x. In what follows, Zyem (u, 1) = IU(Q) |Vn|?dy and

Timec(t, 1) = [ Winee(Vu, mou)dx will denote the nematic (or Frank) and the mechanical
term of our energy, respectively. As already highlighted, the main feature (and novelty)
of our model is that it is formulated in the deformed configuration rather than in the
reference one.

Let us introduce the ambient space of our problem, namely, the class of competitors we
allow when minimizing energy (1). We assume that the deformations belong to

W(Q,R?) == {ue WH(Q,R?) : det Vu=1ae. in Q}.

A function u € W(£,R3) has nice properties (see [12]): firstly, it is continuous and dif-
ferentiable a.e. in Q. Moreover, it satisfies the N property (|u(D)| = 0 whenever D C Q
is a measurable set such that |D| = 0), and the N~! property (ju=!(D)| = 0 whenever
D C R? is a measurable set such that |[D| = 0).

Let Q, := {z € Q : u is differentiable in z}. By [11, Theorem 3.1], u is almost locally
invertible in Q,: for every zg € €, there are r = r(x¢) > 0, an open neighborhood O C Q
of 29, and a function w € WH1(B,(yo), R?) (with yo = u(xg)) such that

u(0) = By(yo) and wou(zr) =z a.e. x € O;
w(Br(y0)) = O ae. and uow(y) =y for all y € B,(yo);

Vu(y) = (Vu)" (w(y)) ae. y € Br(yo).

Note that, if [u(2)] denotes the interior of u(2), then u(£,) C [u(2)] and therefore, by
the N property, |u(2) \ [u(Q2)]| = 0.

Remark. In general a map u € W(Q,R3) could be not open, as shown in [5, Example 1]
by considering the cylinder Q := {x € R3: 0 < R < 1, |x3] < 1}, with R := (23 + 23)'/2,
and the deformation u(z) := 2Y/3(R~Y/2x1, R™Y/%x9, Rx3). Since u maps the axis of the
cylinder into the origin, u(2) is not open.

Regarding the director field n, we assume that, given a deformation u, it belongs to
H([u(2)],S?). Note that, since n is measurable and u is continuous, the composition nmou
is measurable. Moreover, since u has the N~! property, this composition does not depend
on the particular representative of n. Therefore, the mechanical part of our energy is well
defined.
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Let us make some comments about our ambient space. The stored energy density we
have in mind is the standard one describing incompressible Ogden materials [10, 1]:

W(F) = Z ar (v + vy +vgt —3) + Z by <(vlvg)5f + (v1v3)% + (vyu3)Pi — 3) ,
i J

where vy = vg(F) are the singular values of F, a; > 0, o5 > 1, b; > 0, §; > 1, and
the normalizing constant 3 = tr/ is added so that W vanishes when FFT = I. By [8,
Theorem 4.9-2], we know that on M such energy is polyconvex and satisfies a coerciveness
inequality of the form -
W (F) > a|F|* 4 b|cof F|® — ¢,

for suitable a,b,c > 0 and with o = max;{a;}, f = max;{5;}. At the moment our
existence result is limited to the case a = 3, so that the right ambient space is W(Q, R3).
Indeed we need a certain regularity not only on the deformation u, but also on its “inverse”
u~!. Of course it should be desirable to extend the result to weaker coercivity assumptions
already considered in nonlinear elasticity, such as & = 2 and § = 3/2 (see [4, 15]), but
this goal seems hard to achieve. It would also be interesting to formulate our model in
the setting introduced in [13, 14], namely, a variational model that allows for cavitation,
through a functional that measures in the deformed configuration the surface area of the
cavities opened by the deformation.

In order to prove the existence of minimizers in our model, we need a couple of ingre-
dients. The first one is a stability result about invertibilty in the space W(Q, R3).

Lemma 1. Let u,u;, € W(,R3) be such that v, — u in W3 and let Q' be an open
set compactly included in Q2. Then there exists a subsequence of {uy} (not relabeled) such
that ug converges to w uniformly in q. Moreover, for any xg € ., there exist open
neighborhoods O, 0, C Q' of xg, ko € N, r = r(x9) > 0, and w,wy, : B.(yo) — R3 with
yo = u(xg) such that for k > ko

e u(O) = By(yo) and wou(x) =x a.e. v € O;
up(Ok) = Br(yo) and wg o ug(z) = x a.e. © € O;
uow(y) =y and Vuw(y) = (Vu)"H(w(y)) a.e. y € Br(yo);
ug o wy(y) =y and Vwy(y) = (Vur) Y wi(y)) a.e. y € Br(yo);
inf{diam(w(B;(yo))) : s <1} =0;
X0, — Xo pointwise a.e.;
w,wy, € Wl’%(Br(yO),]R?’) and wy, — w in Wl’%;
e cof Vw, cof Vwy, € L3(B, (o), R3*3) and cof Vwy, — cof Vw in L3.

Proof. With the exception of the last point, this lemma can be obtained from [11, Lemmata
4.3 and 4.5]. Remember that if F € M, then cof FT = F~!. By a change of variables (see
[11, Lemmata 2.4 and 3.5]) we have

/ |Cowak|3dy:/ |(Vwk)_1|3dy:/ Vuy|*dz,
Br(yo) Br(yo) Ok

so that {cof Vwy} is bounded in L3. Similar arguments show that cof Vw belongs to L3.
In order to prove weak convergence, we still make use of a change of variables. Indeed,
because of the low integrability of Vwy, we cannot appeal to the usual continuity of the
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cofactor ([9, Theorem 8.20]). Let ¢ € C§°(B,(yo)). Note that xo,¢ o uj converges to
Xo¢ou pointwise a.e. and therefore in L for any p finite (by Vitali convergence theorem,
being bounded in L*°). We have

lim ¢(y)cof Vuwy(y)dy = lim [ ¢(up(x))(Vug(x))" da
kJ B, (yo) k- Jo,

— [ Su@)(Vut@)Tdr= [ oot Vulu)dy.
10) Br(y0)
O

The second ingredient is the continuity of the cofactor of the “perturbed” gradient
VwV,, with respect to weak convergence.

Lemma 2. Let B be a bounded open subset of R3, and let {wy} C Wl’g(B,Rg) and
{ny} € L>=(B,S?) be two sequences such that wy, — w weakly in Wl’%, cof Vwy — cof Vw
weakly in L, and n, — m pointwise a.e.. Then VwpVn, — VwV, weakly in L? and
cof (Vwy Vi, ) — cof (VwVy,) weakly in L3.

Proof. First of all, note that n € L*(B,S?). Moreover V,,, — V, and Vi Lyt
pointwise a.e.. On the other hand, since {V,, } and {V,; '} are both bonded in L*°, Vitali
convergence theorem leads to Vi, — V,, and Vn_k1 — V1 strongly in any LP, p finite.

This directly implies that Vw;Vy,, — VwV;, weakly in L', and then in L3 because there
{VwyVy, } is bounded. Similarly

cof (Vwi Vi, ) = (Vi) " (cof Vwy) — (Vi) ! (cof V) = cof (VwVy,) weakly in L?.

O
We are now ready to prove our main result.
Theorem. Assume that W satisfies the following coercivity condition:
W(F)>ci|FP —c; VFeM (2)

for some constants c1,co > 0. Assume also that  has smooth boundary and let T' #
@ be an open (in the relative topology) subset of 9. Given (ug,mp) € W(Q,R3) x
H([ug(Q)],S?) such that I(ug,no) is finite, define Wr o (2, R3) := {u € W(Q,R?) : u =
ug on I'} (the equality is intended in the sense of traces). Then, there exists (u,m) €
Wr a0 (2, R3) x HY([u(Q)],S?) minimizing T.

Proof. We are going to use the direct method of the calculus of variations. Let {(ug,ng)} C
WE a0 (2, R3) x H([ug(2)],S?) be a minimizing sequence. Since F(uy,nk) < F(ug,m0),
and {(Vy, )~} is bounded in L, assumption (2) implies that {Vuy} is bounded in L3.
Moreover, thanks to the boundary condition and the Poincaré inequality, {u} is bounded
in L3. Therefore, by refining the sequence if necessary, we have that u; converges weakly
in W13 to a certain u. The continuity of the determinant (see [9, Theorem 8.20]) ensures
that det Vup — det Vu in distribution and then that det Vu = 1 a.e. in Q. Since the
boundary condition is preserved in the limit, we conclude that u belongs to Wr ,, (€2, R3).
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We now extend by zero ny and Vny to the whole R3. Since the sequence {n;} is
bounded in L> and the sequence {Vny;} is bounded in L2 by refining if necessary, we
can assume that for certain I,

lilgn n, =1 weakly* in L>° and lilgn Vn, =1 weakly in L.

We have to prove that there exists n € H'([u(2)],S?) such that [ = n and I' = Vn
on [u(Q)]. By locality, it is sufficient to prove this in an open neighborhood of each
point of [u(Q)]. Given Q' « Q, let xy € ), and O,O,7,yp as in Lemma 1. Since
By (y0) = uk(Ok) C [uk()], we have {ni|p, (40} € H'(Br(y0), R?). Therefore n :=I|g, )
belongs to H'(B,(y),R?) and Vn = |5 (,,). By the compact embedding of H' in L?,
we can also assume that nj, — m pointwise a.e. in B,(yo). In particular n € S? a.e..

By lower semicontinuity of convex functionals with respect to weak convergence, we
have

lim inf Zyem (ug, ng) = liminf/ |Vny|2dy > / \'12dy > Toom(u,m).
k k R3 R3

It remains to show that liminfy Zec(ug, k) > Zmec(u,m). Refining the sequence
{(ug,ny)} we can assume that the liminf is actually a limit: in this way, if necessary,
we can further refine the sequence keeping the estimates. In order to avoid the difficulty
related to the convergence of the composition ny o up, we operate a change of variables
and work on the deformed configuration.

We start with a localization argument. Using the same notation of Lemma 1, given
Q0 and s <7, we set U := w(Bs(yo)) and Uy, := wi(Bs(yo)). For k > kg we
have

/ Winee (Vg (z), ng (up(z)) ) dar = / W (Vi (ug(2)) Vg, (x)) dae
Uy Uy

:/ W(le(y)(Vwk)l(y))dy:/ W ((VwrVi,) ™ () dy
Bs(yo) Bs(yo)

and similarly
/ Winee (Vu(z), n(u(z)))dz = / W (Vi) (y))dy.
U Bs(yo)

Since (Vwg Vi, ) ™! = cof (Vwy Vi, )T and cof (Vwg Vi, ) ! = (VwgVa, )T, by using Lemma 2,
the polyconvexity of W, and the semicontinuity of convex functionals, we obtain

limkinf/ Wnee (Vuk(x),nk(uk(x)))dx > / Winee (Vu(x),n(u(x)))dm
Up U
We then use a covering argument. For any z € Q, let w”, wf : B, (u(x)) — R? be
the inverse functions of u, uj in a neighborhood of u(z) given by Lemma 1. Since
{w”(Bs(u(z))) : € Q and s < r(z)}

is a covering of (, and inf{diam(w”(Bs(u(z)))) : s < r(x)} = 0, by Vitali covering
theorem (see [3, Theorem 2.2.2]), there exists {(z;,s;)}jen such that, setting U7 :=
w® (B, (u(x;))), the family {U7}jen is a covering of Q' (up to a set of zero measure)
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and U’ NU' = Q if j #i. For e € (0,7(x;) — s;), let U := w® (Bs;+e(u(xy))). For fixed
h eN,i,5€{1,...,h} , and choosing ¢ small enough we have U7* N U** = O if j # i.
Observe now that, since uy converges to w uniformly in €', for k large enough (depending
on €) one has Ulz := w,’ (B, (u(x;))) C U’ so that Ug NU; = @ if j # i. Indeed, if
z € U,g, then

lu(z) — u(zj)| < |u(z) —uk(2)| + Jur(z) —u(z;)| <s;+e

as soon as ||u — ug||so < . By the previous localization argument, we have

lilgnImeC(uk,nk) > limkinf/ Wnee (Vur(2), ng(up())) d

e
> /? W WmeC(Vu(:c),n(u(:c)))dx.

By letting h go to infinity and by invading Q with €’ we conclude the proof. O
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