QUASISTATIC EVOLUTION IN PERFECT PLASTICITY AS
LIMIT OF DYNAMIC PROCESSES

GIANNI DAL MASO AND RICCARDO SCALA

ABSTRACT. We introduce a model of dynamic visco-elasto-plastic evolution in
the linearly elastic regime and we prove an existence and uniqueness result.
Then we study the limit of (a rescaled version of) the solutions when the data
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1. INTRODUCTION

The quasistatic evolution of rate independent systems has been often obtained
as the limit case of a viscosity driven evolution (see [27], [20], [9], [6], [30], [22], [13],
[14], [16], [17], [21], [23]). In this paper we present a case study on the approximation
of a quasistatic evolution by dynamic evolutions, in a mechanical problem governed
by partial differential equations. For a similar problem in finite dimension we refer
to [1].

More precisely we approximate the solutions of the quasistatic evolution in lin-
early elastic perfect plasticity (see [27] and [5]) by the solutions of suitable dynamic
visco-elasto-plastic problems, when a parameter connected with the speed of the
process tends to 0.

In the first part of the paper we consider a model of dynamic visco-elasto-plastic
evolution in the linearly elastic regime. The reference configuration is a bounded
open set 2 C R™ with sufficiently smooth boundary. The linearized strain Fu,
defined as the symmetric part of the gradient of the displacement u, is decomposed
as Fu = e + p, where e is the elastic part and p is the plastic part. The stress
o = A% + Al¢ is the sum of an elastic part A and a viscous part A'¢, where A°
is the elasticity tensor, A! is the viscosity tensor, and é is the derivative of e with
respect to time. The balance of momentum gives the equation

i — dive = f,

where f is the volume force, and we have supposed, for simplicity, that the mass
density is identically equal to 1. The evolution of the plastic part is governed by
the flow rule

bp=0p —TKOD,
where op is the deviatoric part of o and 7 is the projection onto a prescribed con-
vex set K in the space of deviatoric symmetric matrices, which can be interpreted
as the domain of visco-elasticity. Indeed, if op belongs to K during the evolution,
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then there is no production of plastic strain, so that, if p = 0 at the initial time,
then p = 0 for every time and the solution is purely visco-elastic.
The complete system of equations is then

Eu=e+p, (1.1a)
o= A%+ Al¢, (1.1b)
i — dive = f, (1.1c)
P=0p — TKOD, (1.1d)

supplemented by initial and boundary conditions.

Under natural assumptions on AY, A!, f, and K we prove existence and unique-
ness of a solution to (1.1) with initial and boundary conditions (Theorem 3.1).
In analogy with the energy method for rate independent processes developed by
Mielke (see [20] and the references therein), we first prove that system (1.1) has a
weak formulation expressed in terms of an energy balance together with a stability
condition (Theorem 3.3). The proof of the existence of a solution to this weak
formulation is obtained by time discretization. In the discrete formulation we solve
suitable incremental minimum problems and then we pass to the limit as the time
step tends to 0.

In the second part of the work we analyze the behavior of the solution to system
(1.1) as the data of the problem become slower and slower. After a standard change
of variables described at the beginning of Section 6, we are led to study the behavior
of the solutions to the system

Eu® = e +p°, (1.2a)
o = A% +eAler, (1.2b)
e — divo® = f, (1.2¢)
epf =0 — TROD, (1.2d)

as € tends to 0.

Under suitable assumptions we show (Theorem 6.2) that these solutions con-
verge, up to a subsequence, to a weak solution of the quasistatic evolution problem
in perfect plasticity (see [27] and [5]), whose strong formulation is given by

Eu=e+p, (1.3a)
o= AV, (1.3b)
—dive = f, (1.3¢)
op € K and p € Ngop, (1.3d)

where Ngop denotes the normal cone to K at op.

The proof of this convergence result is obtained using the weak formulation of
(1.1) expressed by energy balance and stability condition. We show that we can pass
to the limit in this formulation obtaining the energy formulation of (1.3) developed
in [5]. A remarkable difficulty in this proof is due to the fact that problems (1.1)
and (1.3) are formulated in completely different function spaces (see Theorem 3.1
and Definition 5.1).

2. PRELIMINARIES

2.1. Notation. Vectors and Matrices. If a,b € R", their scalar product is
defined by a-b:= 3", a;b;, and |a| := (a - a)'/? is the norm of a. If n = (1;;) and
& = (&;;) belong to the space M™*™ of n x n matrices with real entries, their scalar
product is defined by - & := 37, 1;;€;. Similary |n] := (1 - n)'/?

M is the subspace of M"*" composed of symmetric matrices. Moreover M7, "

is the norm of 7.
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denotes the subspace of symmetric matrices with null trace, i.e., n € ML" if i is
symmetric and trn = Y. 1;; = 0. The space MZ{"" can be split as

Sym

Mnxn :M%Xn @ RI,

sym

where I is the identity matrix, so that every n € M can be written as n =

np + trnl, where np, called the deviatoric part of 7, is the projection of 7 into
M.

Duality and Norms. If X is a Banach space and u € X, we usually denote the
norm of u by ||u|lx. If X is LP(Q) or LP(Q;R™) the norm is denoted by |ju|pe. If
u,v are functions in L?(Q;R™) the scalar product of u and v is denoted by (u,v)q.
In general, if X is a Banach space, X’ is its dual space and (u,v)x denotes the
duality product between v € X’ and v € X. The subscript X is sometimes omitted,
if it is clear from the context.

If T is an oriented hypersurface in R™ and v, w are two R™-valued maps defined
on I', we write

(v, w)r = /v cw dHTL,
r

where H"~! denotes the n — 1 dimensional Hausdorff measure.

3. Visco-ELASTO-PLASTIC EVOLUTION

3.1. Kinematical Setting. The Reference Configuration. The reference con-
figuration is a bounded connected open set 2 in R™, n > 2, with Lipschitz boundary.
We suppose that 02 = I'o UT; U 9", where I'g, 'y, and OI" are pairwise disjoint,
Ty and T’y are relatively open in 012, and OI is the relative boundary in 92 both
of Ty and I';. We assume that 'y # @ and that H* 1(0') = 0. On Iy we will
prescribe a Dirichlet condition on the displacement u, while on I'y we will impose
a Neumann condition on the stress o.

Elastic and Plastic Strain. If u is the displacement, the linearized strain Fu is
its symmetrized gradient, defined as the M "-valued distribution with components
Eju = %(Diuj + Dju;). The linearized strain is decomposed as the sum of the
elastic strain e and the plastic strain p. Given w € H'(Q,R"), we say that a
triple (u, e, p) is kinematically admissible for the visco-elasto-plastic problem with
boundary datum w if u € H'(€;R™), e € L*(; MZX!), p € L* (M), and

Eu=e+p onQ, (3.1a)
ulp, =w onTy. (3.1b)

We denote the set of these triples by A(w). It is convenient to introduce the
subspace of H'({;R™) defined by

Hp (Q;R") == {u € H' (4 R) : ulp, = 0}

and its dual space, denoted by HE;(Q;R"). It is clear that (u,e,p) € A(w) if
and only if u —w € Hf (%R") and Eu = e+ p, with e € L*(Q;MZ5") and
p € L2(Q;ME™).

Stress and External Forces. In the visco-elasto-plastic model the stress o
depends linearly on the elastic part e of the strain Fu and on its time derivative é.
To express this dependence we introduce the elastic tensor A% and the visco-elastic
tensor A'. These are positive definite symmetric linear operators of Mg/ into
itself, therefore there exist positive constants «g, a; and Gy, B1 such that

|A%¢| < Bilel, (3.2a)
A'E € > e, (3.2b)
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for every £ € M and i = 0, 1. The stress satisfies the constitutive relation
o= A+ Ale. (3.3)

The term A'é in the equation above is the component of the stress due to internal
frictions. To express the energy balance it is useful to introduce the quadratic forms

Qule) = SA% € and  Qi(e) = A'€ &

For every e € L2(Q; M%) we define

Sym

Qo(e):/QQo(e)d:v and Ql(e):/ﬂQl(e)dx,

These function turn out to be lower semicontinuous with respect to the weak topol-
ogy of L*(;MZX!"). Qo(e) represents the stored elastic energy associated to
e € L*(Q; M<") while Q1 (é) represents the rate of viscoelastic dissipation.

We assume that the time dependent body force f(t) belongs to L?(£2;R™) and
that the time dependent surface force g(t) belongs to L?(I';;R™). It is convenient
to introduce the total load L(t) € HI?OI (©; R™) of external forces acting on the body,
defined by

L(t),u) = (£(), we + (g(8), W, (3.4)
where (-, -) denotes the duality pairing between Hr_ol (Q;R") and H} (2;R"). When
dealing with the visco-elasto-plastic problem we will only suppose that the total
load L(t) belongs to Hlfol (€;R™), without assuming the particular form (3.4). The
hypotheses on the functions ¢t — L(t) and ¢t — w(t) and the regularity of t —
(u(t),e(t),p(t)) will be made precise in the statement of Theorems 3.1 and 3.3
below.

The law which expresses the second principle of dynamic is

i(t) —dive(t) = f(t) in Q, (3.5)
where we assume that the mass density of the elasto-plastic body is 1. Equation
(3.5) is supplemented with the boundary conditions

u(t) = w(t) on Iy, (3.6a)
o(t)v=g(t) onT}j. (3.6b)
To deal with (3.5) and (3.6), it is convenient to introduce the continuous linear
operator divr, : L?(;MZ5") — Hlfol(Q; R™) defined by
(divr,o, ) == —(0, Ep) (3.7
for every o € L*(Q; ML) and every ¢ € Hf, (€ R™).
If f(t), g(t), o(t), u(t), To, and T'; are sufficiently regular and L(t) is the total

external load defined by (3.4), then we can prove, using integration by parts, that
(3.5) and (3.6b) are equivalent to

i(t) — divp,o(t) = L(t), (3.8)

interpreted as equality between elements of H{;(Q;R”). In other words (3.8) is
satisfied if and only if

(i(t), p) + (o(t), Ep) = (L(t), ) (3.9)
for every ¢ € Hp (€ R™). In the irregular case, equation (3.9) represents the weak
formulation of problem (3.5) with boundary condition (3.6b).

Plastic Dissipation. The elastic domain K is a convex and compact set in
M ". We will suppose that there exist two positive real numbers 71 < Ry such
that

B(O,Tl) gKgB(O,Rl) (310)
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It is convenient to introduce the set
K(Q) = {¢€ € L* (M) : £(z) € K for ae. x € Q}. (3.11)

If 7 denotes the minimal distance projection of M7,*" into K, and 7 (q) denotes
the projection of L?(Q; M5 ") into K(€2), then it is easy to check that

(@) (x) = mxé(x) for ae. x €, (3.12)

for every £ € L?(S; M7<™).

The evolution of the plastic strain p(¢,x) will be expressed by the Maximum
Dissipation Principle, or Principle of Maximum Work of Hill (see, e.g., [11], [18],
[27]): if o is the stress, then p will satisfy the following

(op(t,x) — &) -p(t,x) >0 for every £ € K and a.e. x in
op(t,z) —p(t,x) € K, for ae. xinQ,

where we assume for simplicity that the viscosity coefficient is 1. Thanks to the
characterization of the projection onto convex sets (see, e.g., [12]), this condition is
satisfied if and only if op(t,2) — p(t, x) coincides with mxop(t, x), for a.e. x € Q.
By (3.12), this can be written as

Pt = o(t) — Tyl (3.13)
We define the support function H : My — [0, 40| of K by

H(¢) =sup¢-¢. (3.14)
(eK

It turns out that H is convex and positively homogeneous of degree one. In partic-
ular it satisfies the triangle inequality

H(E+¢) < H(E)+H(C)
and the following inequality, due to (3.10):
rlél < H(§) < Ryf¢]. (3.15)
We define H : L?(; M%) — R by

mm=AHmwm. (3.16)

If p € HY([0,T); L*(Q; M5*™)) and p(t) is its time derivative, then H(p) represents
the rate of plastic dissipation, so that,

T
/ H(p)dt (3.17)
0

is the total plastic dissipation in the time interval [0, T].
We notice that, by the definition of H, the subdifferential of H satisfies (see e.g.
[25, Theorem 13.1])

0H(0) =K. (3.18)
From (3.18), it easily follows
OH(0) = K(£2), (3.19)
where OH () denotes the subdifferential of H at &.
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3.2. Existence Results for Elasto-Visco-Plastic Evolutions. Given an elasto-
visco-plastic body € in R” satisfying all the properties described in the previous
section, we fix an external load £ and a Dirichlet boundary datum w, and look for
a solution of the dynamic equation (3.8) and of the flow rule (3.13), with stress o
defined by (3.3) and strain satisfying equation (3.1). The main existence result for
an elasto-visco-plastic evolution is the following theorem.

Theorem 3.1. Let T >0, let L € LZ([O,T];Hlfol(Q;R")), and let w be a function
such that

w e L2([0,T]; H (9 R™)), (3.20a)
w e C([0,T); L*(;R™) N L*([0, T); H' (€4 R™)), (3.20b)
W € L*([0,T); Hy,' (9 R™)). (3.20c)

Then for every (ug,eo,po) € A(w(0)) and vy € L*(;R™) there exists a unique
quadruple (u,e,p,0) of functions, with

u € L*([0,T); H(Q;R™)), (3.21a)
w € L=([0,T); L*(;R™)) N L2([0, T; H*(Q; R™)), (3.21b)
i € L*([0, T); Hy,' (; R™)), (3.21c)
e € L=([0,T); L* (M), (3.21d)
p € L>([0,T); L*(Q; MB™)), (3.21e)
é € L([0,T); L*(; M3h), (3.21f)
p e L*([0,T]; L2 (9 M}B™)), (3.21g)
o € L*([0,T); L*(; M), (3.21h)

such that for a.e. t € [0,T] we have
Eu(t) = e(t) + p(t), (3.22a)
o(t) = AV%(t) + Até(t), (3.22b)
i(t) — divp,o(t) = L(t), (3.22¢)
p(t) = op(t) — T@)op(t), (3.22d)

and

u(t) = w(t) on To, (3.23)
u(0) = ug, €(0) =eg, p(0) =po, w(0) = vo. (3.24)

Moreover (u,e,p, o) satisfies the equilibrium condition
~H(q) < (A%(t),n) + (Ae(t), n) + (B(t). )
+ (i(t), p) — (L(1), ) < H(=q), (3.25)

for a.e. t € 10,T] and for every (p,m,q) € A(0), where (-,-) denotes the duality
pairing between Hp. (Q R™) and Hy, (€ R™) in the terms containing i and L, while

it denotes the scalar product in L? in all other terms.

Remark 3.2. In view of (3.20) and (3.21) we see that u, w, @, w, e and p are
absolutely continuous, i.e.,

u,w € AC([0, T]; H'(Q;R™)), (3.26a)
i, € AC([0, T]; Hi M (4 R™)), (3.26b)
e € AC([0,T]; L2 (5 M), (3.26¢)
p € AC([0,T]; L*(Q; M<™)) (3.26d)
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(see, e.g., [4], Proposition A.3 and following Corollary). Moreover [31, Proposi-
tion 23.23] implies that

o —w € C([0,T); L*(Q; R™)), (3.27a)
@ — 2. € AC([0,T]), (3.27b)
A i — b7, = 2(ii — b, 4 — ) ae. t €[0,T], (3.27¢)

where (-, -) denotes the duality pairing between Hp, (Q R") and Hf (€;R™). Since
w € CO([0, T); L2(£;R™)), from (3.27a) we obtain

w € C°([0,T]; L*(Q; R™)). (3.28)
This property gives a precise meaning to the initial conditions (3.24).

Before proving Theorem 3.1 we will first state the following result, which char-
acterizes the solutions of equations (3.22c) and (3.22d).

Theorem 3.3. Under the hypotheses of Theorem 3.1, we assume that (u,e,p,o)
satisfies (3.21), (3.22a), (3.22b), (3.23), and (3.24). Then (u,e,p,0) satisfies
(3.22¢) and (3.22d) for a.e. t € [0,T) if and only if both the following conditions
hold:

(a) Energy balance: for everyt € [0,T] we have
Qu(e(t) + gt Ol + [ Qu(@yts + [ Iofiaas + [ 3t

:/0<0,Eu'1>ds+/0<ﬁ i, — s + Qoleo) + lvo — w(O)]3,  (3.29)

(b) Fora.e. t € [0,T] the equilibrium condition (3.25) holds for every (v,n,q) €
A(0).

Moreover, if the two previous conditions are satisfied, then
(op(t) —B(t),p(t)) = H(B(?)), (3.30)
for a.e. t €10,T].

Remark 3.4. If the data w and £ are sufficiently regular and £ has the form (3.4)
with f € L2([0,T]; L?(Q;R™)) and g € L®°([0, T]; L?>(T'1;R™)), then we can integrate
by parts the terms f(j(w,mds and fé(w,mds obtaining that we can rewrite the
energy balance formula as follows:

Qofe(t)) + i) ||Lz+/ Q\(¢ ds+/ ||p||des+/H

:/O< ,Ew>ds+/(f,u— >ds+/0<7 w)r, ds

t
+/ (i, w)ds + Qol(eo) + §||"UO||%27
0

which becomes, using i = divr, o + L:

Qo(e(t)) + lilt)l3 + /91 ds+/||p||L2ds+/H

_ /Ot<au,u>p0ds+ / (f, )ds + / (g, iyr,ds + Qofeo) + 5 ol

where we have used @ = w on I'g. This is the usual formulation of the energy
conservation law. Indeed Qp(e(t)) is the stored elastic energy, %|lu(t)||. is the
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kinetic energy, f(f Q1(é(t))ds is the visco-elastic dissipation, fot 9|3 2ds is the visco-
plastic dissipation, and fot H(p)ds is the plastic dissipation. On the right-hand side
the terms f(f(au, W), ds, f(f(g,u)plds, and f()t(f, 1)ds represent the work done by
the external forces on the Dirichlet boundary, on the Neumann boundary, and on
the body itself, while the two terms Qg(eg) and %||vg||%. are the stored elastic
energy and the kinetic energy at the initial time.

Proof of Theorem 3.3. Let us suppose that the quadruple (u, e, p, o) satisfies (3.25)
and (3.29); let us prove (3.22c). Let ¢ € H{ (€;R™); since (o, Ep,0) € A(0), we
choose n = E(p) and ¢ = 0 in (3.25) and for a.e. t € [0,T] we get
(A%(t) + Ale(t), Bg) + (i(t), ) — (L(t), ) = 0,
which is equivalent to (3.22c), thanks to (3.9) and (3.22b).
It remains to prove (3.22d). Choosing (0,q,—q) € A(0) in (3.25) for some ¢q €
L2(Q,My*™), for a.e. t € [0,T] we get
—H(—q) < (A%(t) + A'é(t), q) — (B(t), q) < H(q),
which, by (3.22b), says that
op(t) —p(t) € OH(0) = K(Q) (3.31)
thanks to the arbitraryness of ¢ (see (3.19)).
By (3.20), (3.21), and (3.23) for a.e. t € [0,7] the function ¢ := u(t) — w(t)
belongs to H%O(Q;R”). Then we use this function in (3.9) and integrate with

respect to time, taking into account (3.22a), (3.22b), (3.26¢), (3.27b), and (3.27c).
We finally get

Qo(e(t)) — Qoleo) + / ' 0,(é)ds - / (o, Biyds + / {op,i)ds

+ %Hu(t) — ()2 — %Hvo —w(0)||2: — /O (L — 0,0 —)ds = 0. (3.32)

for every ¢ € [0,T]. This equality, together with the energy balance (3.29), implies
that (3.30) holds for a.e. ¢ € [0,7]. As a consequence, by the definition of H, we
deduce that for a.e. t € [0,T] and for every £ € K(2) we have

(on(t) —p(t), B(t)) = (&, p(t)),

which is equivalent to

(op(t) = (op(t) = p(t)),€ — (on(t) — p(t))) < 0.
Thanks to (3.31), op(t) — p(t) belongs to K(€2); therefore the arbitrariness of £ and
the well-known characterization of the projection onto convex sets (see, e.g., [12],
Chapter 1.2) give that op(t) — p(t) = miop(t) for a.e. t € [0,T].

Conversely suppose (u, e, p, ) to be a solution of the system of equations (3.22).
Formula (3.25) is proved in Theorem 3.1. In order to get the energy balance we
first prove that, if a function (u, e, p, o) satisfies (3.22), then (3.30) holds. Indeed, if
& € K(£2), then from the properties of convex sets it follows that for a.e. ¢ € [0, 7]

(op—p)-p=7Kop-(op —TKOD) >

> 7mgop - (0op —7mrop) +(§ —7kop) - (op —Tkop) =& (0p — TkoD)
almost everywhere in Q, that is (op —p)-p > H(op — mxop) = H(p) thanks to
the definition of H. Since op —p € K a.e. in  and for a.e. ¢t € [0,7] by (3.22d),
the definition of H gives also the opposite inequality. So integrating on Q we get
(3.30).

Choosing again ¢ = 4(t) —w(t) in (3.9) and integrating with respect to time, we

get (3.32), which together with (3.30) gives the energy balance (3.29).
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O

Proof of Theorem 8.1. We will obtain the solution by time discretization, consider-
ing the limit of approximate solutions constructed by solving incremental minimum
problems. Given an integer N > 0 we define 7 = T//N and subdivide the interval
[0,T) into N subintervals [t;,t;41), i =0,..., N — 1 of length 7, with ¢; = i7. Let
us set

u_1 =ug — T, w_1 =wy— 7w(0),

1 tit1
w; =w(t;), L;= 7/ L(s)ds.
T )i,

We construct a sequence (u;,e;,p;) with ¢ = 0,1,..., N by induction. First
(uo, €0, po) coincides with the initial data (3.24). Let us fix ¢ and let us suppose
(uj,ej,p;) € A(w;) to have been defined for j =0,...,47. Then (uw;+1, €41, Pit1) is
defined as the unique minimizer on A(w;11) of the functional

1 1 1
Vi(u,e,p) :§<AO€, e) + §<A1(6 —ei),e—e;) + EHP —pill7-
1, u—wu;  u; —u;_
+Hp—pi)+5l— - L12s — (s, ), (3.33)

which turns out to be coercive and strictly convex on A(w;y1).

To obtain the Euler conditions we observe that (uii1,€i11,pi41) + A, 1,q9) €
A(w;41) for every (p,n,q) € A(0), and for every A € R. Evaluating V; in this point
and differentiating with respect to A at 0% we get

1 1
—H(q) <(A%;11,m) + ;<A1(€z‘+1 —e),n) + ;(piH — i, q)

1
+ (i = v ) = (Liy0) < H(=q), (3.34)
where we have set )
v; = ;(Uj - uj—1)~ (335)
We now define the piecewise affine interpolation u,, e,, p,, w, on [0,T] by
we(t) = u; + @(t —t;) ift € [t;,tis1) (3.36a)
er(t) =e; + LTy it € [t tisr) (3.36b)
T
pr(t) = pi + 2@(t — ) it € [t tis1) (3.36¢)
wy(t) = w; + LT W ) i€ [t tisr) (3.36d)

The proof now is divided into four steps: in the first one we obtain that a
subsequence of (u,,e,,p,) has a limit (u,e,p) as 7 — 0, and we show that such a
limit satisfies the regularity conditions (3.21). In the second step we pass to the
limit in (3.34), obtaining the equilibrium condition (3.25). In the third step we
obtain the energy balance (3.29) for (u,e,p). From this and Theorem 3.3 it will
follow that (u, e, p) satisfies the required equations (3.22). In the last step we prove
the uniqueness.

Step 1. To simplify the notation we set w; = %(wi — w;—1) and define, for
t e 0,17,
t—t; .
wT(t) = w; + (wi+1 — wi) ift e [ti, ti+1), (337&)
t—t; .
UT(t) =v; + (’L)i+1 — Ul') ift € [tiati+1)- (337b)

T
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We shall use the three following identities:

tit1 T tiv1
(A% 1 €001 —€;) :/ (A, é,)ds + 5/ (A, ¢, )ds, (3.38)
t; t;
<A06i+17 Ewiy1 — Ewi> =
tit1 T tit1
_ / (A, Biby)ds + / (A%.., Exi,)ds, (3.39)
i t;

((Vig1 — ) = (Wit1 — Wi), Vit1 — Wit1) =
1 . 1 s T[T
lvies —winillze = Sllvi —willze + 5 [07 — @rllz2ds. (3.40)
t;

We put
© = Uir1 — U — (Wig1 — wy),
n=eit1 — e — (Bw;y1 — Bw;),
q = DPi+1 — Dis (3.41)
into (3.34) and take the sum over ¢ = 0,...,j — 1. Using (3.38)-(3.40) we get

t; tj tj

/<A@w»w+1/<wzwaﬁ+/<waxmm
0 2 0 0
t .2 T L . 2
+ [ pds+ 5 [ e = e lPs + Glort) = ()P <
tj tj
< / H(—p,)ds + / (L —wr, Uy —Wer)ds
0 0

1 t
+ 5||vO — wo|? +/ (A, + Ale, + %Aoéﬂ B, )ds, (3.42)
0

By (3.15) there exists a constant C such that H(q) < Cl|q||r2 for every ¢ €
L2(Q;My*™). Therefore we obtain

Gl t)en(t) + [l s

t
1
+/|mMMwaxﬁo ot <
0
t]

A [l
. 2 . . 2
55 |, e =irliadst 3 [ i =iy ds

<c/ e ot +

3 [V /\ Y0 2
+ oy [ NBuwrlzds+ 5 [ [[Aer|z2ds
o

2A 2
A A

+7/nmammwl— 1A%, |32ds + D, (3.43)
2 0 4 0

where A is an arbitrary positive number, that we will choose later, and C and D

are positive constants independent of A.
Since 1w € L2([0,T7; H{(}(Q;R”)) and w € L2([0, T]; HY(Q;R™)), we see that

W, — b strongly in L*([0,T]; H*(Q;R™)), (3.44a)
w, — b strongly in L*([0,T]; H*(Q;R™)), (3.44b)
Wy — 1 strongly in L*([0,T]; Hp, ' (€ R™)). (3.44c)

The proof of the first two properties is straightforward. To prove (3.44c) we first
put w,(t) := L ftl“ s)ds € Hp, (Q R™)) for t € [t;,t;41). Since W, tends to w, it
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suffices to show that @, — w, tends to 0 strongly in L?([0,T]; Hlfol (€ R™)). So we
write

. ~ 12 N-1 1 tiy1 1 s ) . 5
llor — wTHL?(Hl:Ol) = TH; /t (; /_ w(r)dr — w(s))ds‘ o <
iZO 7 S—T Fo
1 N-1 tii1 ps )
=7 Z/ / li(r) = i (s) |3 drds <
1 1 tit1 ptiga ) d d
<z w(r $)||%,-1drds,
T /tl . /tz ) ” ( )”Hrol
where we set @w(s) = 0 for s < 0. Defining W (r, s) = ||w(r) _w(s)”z—la we see that
To

the integral in the last line is bounded by

2 2T T
7-/ dh/ W (r,r + h)dr,
T Jor 0

that turns out to go to 0 as 7 — 0, because h +— fOT W (r,r + h)dr is continuous
and vanishes at h = 0.
Therefore from (3.44) we see that the term

tj tj
L— || 1ds + | By ||22ds
[ L

0 To 0

is bounded from above. By Poincaré and Korn inequalities there exists a constant
~ such that

i = vie [l < (lléllZ + 1P 172 + [ Bior172),

and since for some constant C; > 0

ti 1 tj.z
C [Miolinds < €t g [ lpelads,
0 20

using formula (3.2) we get from (3.43)

ts

ap 2 b Lof7 e

Plert)e+ar [ leclads+ 5 [ lprlads
0 0

S lvr(tien) = we(t0)l72 <

Ay B
< [ herleas + 50 [ oeles + 250 [ s

/\5 AB
#2080 [ ferloas + 728 [ ol

where M), is a constant depending on A. Choosing now A in such a way that
ABE < ag, 22y < 1, and 2\y + 237 + TAB2 < 2a;1 we obtain

15 t;
(a7 ay [, 1 /7.
—lle- ()17 +—/ HeTIIizdsﬁLf/ 1p+]|72ds
2 2 Jo 4 Jo

1 (7)) t
g lorltyn) =il < P [Vllediads M (349)

Now neglecting some non-negative terms in the left-hand side we get

t
W#W%SK+AH&EMS vt € [0,7] (3.46)
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K being a positive constant independent of 7. So we can use Gronwall lemma to
obtain that e, is bounded in L>([0, T]; L*(Q; MZ")) uniformly with respect to 7.
Going back to (3.45) we also obtain:

i, € L=([0,T; LQ(Q R™)), (3.47a)
er € L=([0,T]; L*(Q; M), (3.47b)
ér € L([0,T); L ( s Miym))s (3.47¢)
pr € L2([0,T); L*(Q; M), (3.474d)

and ., er, é-,p, are bounded in these spaces uniformly with respect to 7. For the
first condition above we have used that, as a consequence of (3.20) and (3.37), w
is uniformly bounded in L> ([0, T]; L?(€2;R™)). We can then pass to the limit as 7
tends to 0 in a subsequence, and find functions v, e, h and ¢ such that

iy — v weakly* in L>([0,T); L?(; R™)), (3.48a)
er — e weakly* in L>([0, T]; L*(; M), (3.48Db)
é- — h weakly in L*([0,T7; L*(; M), (3.48c¢)
pr — g weakly in L*([0, T]; L*(€; M5<™)). (3.48d)

Integrating by parts we get h = é almost everywhere in [0, T]; thanks to the prop-
erties of the distributional derivatives of functions on a real interval into a Banach
space (see [4], Appendix), we obtain that e is absolutely continuous and its strong
derivative coincides with h a.e. in [0,T].

From the estimates (3.48) and from the equalities u,(t) = fg Urds + up and

pr(t fo prds + po it follows that
u, is bounded in L>°([0, T]; L*(Q; R™)), (3.49a)
pr is bounded in L>([0, T]; L*(Q; M), (3.49Db)
t
ur(t) = u(t) == / v(s)ds +ug weakly in L*(;R"), (3.49¢)
0
t
pr(t) = p(t) = / q(s)ds +po weakly in L*(Q; My*™) (3.49d)
0
for every ¢ € [0,T]. Note that, by (3.48a) and (3.48d) we deduce that
u € L*([0,T); L*(Q;R™)), (3.50a)
p € L([0, T]; L*(; M}™)). (3.50b)

Arguing in a similar way for e and h we see
t
er(t) — e(t) := / é(s)ds +eo weakly in L*(Q; M) (3.51)
0

for every ¢ € [0,T].

In view of (3.49) we see that u and p are absolutely continuous and that their
derivatives with respect to ¢ coincide with v and ¢ almost everywhere in [0, T].
Moreover from (3.47a) and by definition of v, we see that also v, is uniformly
bounded in L% ([0, T]; L*(Q;R")) and we claim that it tends weakly* to v = 4 in
L>([0,T); L?(2; R™)). Indeed let v* be a weak* limit of a subsequence of v, and
let p € Hf (Q;R"). Putting n = Ep and ¢ = 0 in (3.34) we get

. 0 . 16i+1 — € Vit1 — Uy
—leFO (A 6i+1) — leFo (A - ) + - =L,
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which allows us to deduce from (3.47b) and (3.47c) that o, = “+—* is bounded
in L2([0,T7; Hlfol (©; R™)) uniformly with respect to 7, thanks to the continuity of
the operator divr,.

So, using the Holder inequality, we estimate

HUT(t) — UT(ti+1)”H1:01 < T1/2M fort € [ti,ti+1),

for some positive constant M independent of 7, ¢, and i. Since 4, (t) = v, (t;4+1) for
t € [ti,ti+1) we have
o7 (8) = r ()l gy < 712M,

so that v, — @, tends to 0 strongly in L‘X’([O,T],HF_O1 (€;R™)). From this it eas-
ily follows that the two sequences v, and 1, must have the same weak™® limit in
Le([0,T7; H;(}(Q;R”)), so v = v*, proving our claim.

The boundness condition proved above implies that o, tends, up to a subse-
quence, to a function ¢ weakly in L%([0, T); HEOI(Q; R™)), and it easily follows that
¢ = v = 1. Therefore

by — i weakly in L*([0, T]; Hp ' (€ R™)). (3.52)

Now, the identity
Bu,(t) = e-(t) + p,(t), (3.53)
together with conditions (3.47b) and (3.49b), implies that Fu,(t) is bounded in
L2(Q;M2X™) uniformly with respect to 7 and t. Then the Korn inequality implies

sym
that Du,(t) is actually uniformly bounded in L?(£;M"*"), so since u,(t) — u(t)
weakly in L?(Q;R")), we get u(t) € H*(;R") and

ur(t) — u(t) weakly in H'(€;R") and strongly in L?*(Q;R™) (3.54)
for all t € [0,T]. Hence (3.53) passes to the limit giving
Eu(t) = e(t) + p(t) (3.55)

for all ¢ € [0,7]. By (3.48b) and (3.50b) we deduce that Fu(t) is bounded in
L2(Q;M2X™) uniformly with respect to t. By (3.50a) and Korn inequality this

sym

implies that u € L>([0,7]; H'(2;R™)). On the other hand since (3.55) gives
Eu(t) = é(t) + p(b), (3.56)

from (3.48c), (3.48d), and (3.49d) we deduce that Eu € L*([0,T]; L?(Q; MZ5)).

Together with (3.48a) and (3.49) this implies that @ € L2([0, T); H'(Q; R™)). More-
over (3.53), (3.48c), (3.48d), and (3.56) give

Bu, — Eu weakly in L2([0, T]; L?(Q; MZX™)), (3.57)

sym
so that (3.48a) implies
i, —  weakly in L*([0, T]; H'(;R™)). (3.58)

We now define o(t) := A%(t) + A'é(t). The results proved so far imply that
(u, e, p, o) satisfies (3.21).

Step 2. In order to show that the functions above satisfy (3.22) we need to pass
to the limit in (3.34). We consider the piecewise constant interpolation &, defined
by

é‘,—(t) = €i+1 if te [ti7ti+1).
Using (3.47c), it is easily seen that &, —e, — 0 strongly in L ([0, T; L*(Q; MZy3")).
Together with (3.48b), this gives

&, — e weakly™ in L>([0, T]; L*(€; M™X™)). (3.59)

sym
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We also define the piecewise constant interpolation £, by

1 tit1
Lo(t) =L = 7/ L(s)ds if ¢ € [t tisn).
t

T

i

By standard properties of L? functions and of their approximation by averaging on
subintervals, we have that

L, — L strongly in L*([0, T; HITOl(Q;R")). (3.60)
For fixed 7 (3.34) says that for a.e. ¢t € [0, 7] we have

~H(q) < (A%:,n) + (A'ér,n) + (pr,q)
+ (07, 9) = (Lr, 0) < H(—q)
for every (¢,7n,q) € A(0). All the terms in the formula above converge weakly in
LY([0,T]) as 7 — 0, thanks to (3.48), (3.52), and (3.59). So for every (¢, n, q) € A(0)
we can pass to the limit obtaining
~H(q) < (A%, n) + (A'é,n) + (p,q)

+ (i, ) — (£, ) <H(=q) (3.61)
for a.e. t € [0,T]. Since the space A(0) is separable, we can construct a set of full
measure in [0, 7] such that (3.61) holds in this set for every (¢, n,q) € A(0), which
gives (3.25).

Step 3. We will now prove the energy balance (3.29): let A € (0,1) and put
© = Uip1 — MUir1 — ;) + AMwip1 — w;)
N =eit1 — AMeir1 — &) + AMEw;11 — Ew;)
q=Dpit1 — ANPi+1 — Pi); (3.62)

by the minimality of (u;41,€;41,pi+1) for the functional V; defined by (3.33) we
have V;(uiy1, €41, 0i+1) < Vi(p,n, ¢). This implies

1 1
—(A%; 1, ei01) + §<A1(ei+1 —€;) €41 —€) + EHLI%‘H —pil|32

2
1
+Hpi = pi) + 5llvin = vill 72 = (Liyuipa) <
1)) A2
< u@‘l%wh eir1) F A1 = A (A%; 41, e) + 7@4061‘, ei)
)\2
+ §<AO(E’LU¢+1 — Ewi), E’LUZ*+1 — Ewl> + )\<A06i+1, Ewiﬂ — Ewi)
2/ 40 (1=X?*
— X (A (eit1 — €i), Ewiyr — Bw;) + T<A (€it1 — €i),eit1 — €;)
/\2
+ ?<A1(Ewi+1 — Bw;), Bwi11 — Ew;)
T
Al =X
+ ¥<Al(ei+1 —€;), Bwip1 — Ew;)
1—))2 1
A s Dl + (= Vs — )+ gl — il

)\2
+ ?HviJrl_WiJrlH%? — AM0ig1— Vi — (Wig1— Wi), Vig1 —Wig1)

Wit1 — Wy

—(Liswit1) + AT(L; — yVig1 — Wit1)-
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Dividing by A we get

2— A
T(Aoei-&-la eiv1) — (1= N)(A %41, €;)

— <A06i+1, Ewi+1 — Ewl> —+ /\<AO(61‘+1 — 61‘), EwH_l — EUJZ>

A 2—-A

— §<AO(EIUZ'+1 — Ewi)7Ewi+1 — sz‘> + ?<A1(€i+1 — ei), €i+1 — ei)
2\ ) A

+ 5 Ipiv1 = pillze + Hpirs = pi) = 5 (A (Bwigy — Bwi), Ewity — Ewi)
1—A

- (A'(eix1 — €i), Bwiy1 — Bw;) + (vig1 — v — (Wig1 — Wi), Vit1 — Wit1)

Wit1 — W; A A
—7{L; — Dl i — wit1) < §<A0€i76¢> + §||Uz‘+1 — wit1 |72

Since (A%;11,e;41) > 0 and A € (0,1) it follows that

2—A e i — e
(1 — )\)<Aoei+1, €i11 — ei> + 5 T<A1 €it+1 617 €it1 61>
T T
— (A% 41, Bwisy — Buw;) + Ar2(A0SHL G 21 7 20
T T

)

€ir1 — € Bwipr—FBw;, 2=\ piy1— D
(- wyrar s B - ey 20 b —puye,

. T2é<A0 EwiJrl — E’LUZ" E’LUZ'+1 — sz
2 T T

Dis1 — Di
+ TH(M) + ((vig1 — Vi) — (Wit1 — wi), Vig1 — wig1) <

Wit1 — Wi
<7(L; — — Vi1 Wit1)

A

2

<A0€ia€i>+§‘|vi+1—Wi+1||i2+77<141 w+1T wi wHT wiy

+

Now, thanks to (3.38)-(3.40), from the last inequality we get

tit1 9_ )\ [ti+
(1-=X) / (A, e, )ds + - (Alé,,é,)ds
t; t;

2 -\ tit1 ] tit1 )

+ 7/ |pr||32ds + H(p,)ds
2 t; t;
tit1

T . 1 1

# 5 [ o = lBads + Gl = wenals = 5l - wilfe <

i

6— 7\

ti+1 t'H»l
< / (L — oy ity — b, )ds — 7/ (A%, ¢é,)ds
t t

i K

A tit1 A tit1
+ 7/ ity — iy ||Zads + f/ (7 A Bty + A B, B, )ds
27 [, 2 /i,

tit1 tit1
+ / (A%, + A'e,, Er,)ds + / <(g —M)A%, — \A'e, F,)ds
t; ti
A tit1 N [t
+ — (A, e, )ds — 7/ (A, ¢, )ds,
27 Jy, 2 J

7

where we have used that

A A [l
§<A06’iaei> = Z/ <A0€7'767'>d3
ti
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)\ tit1 A tit1
5 [ e s+ T s
ti

We now sum over ¢ =0, ..., j and we obtain

1—A 1—A

T(AOeT(tHl), er(tjv1)) — 7@40807 €o)

92 _ )\ [ti+ 92 _ )\ [ti+1 ti+1
+ 22 [Tt s+ 202 [ eds+ [ Gds
2 0 2 0 0
]

AR -2 1 2 1 2
3 [ o= rlBads + Sz — wialiEs — gl —wola <
0

tj+1 tj+1
g/ (L — dor iy —wr>ds+/ (A%, + A'e,, B, )ds
0 0

2T 2T
_ 6 — 7)\
12

tit1 T A tita
+/ (5 - A)A%, — NA'é,, By )ds — 5/ (A%, ér)ds.
0 0

A [ttt A [l
+— (A%, e.)ds + — / ity — 1y ||32ds
0

tj+1 A [ti+
T / (A%, ¢, )ds + 3 / (1A° B, + A' Fiir,, Fairy )ds
0 0

We now take A = o(7) and then pass to the limit as 7 — 0. To this aim we fix
t € [0,7] and, for every 7 > 0, we define i, = tjt+1, where j is the unique index
such that t; < t < t;4q1. For the third, fourth, and fifth term in the left-hand
side of the previous inequality we just use the lower semicontinuity with respect to
the convergences in (3.48); for the sixth term we use (3.44a) and (3.44b); to deal
with the first and the seventh term we apply Lemma 3.5 below taking into account
(3.44b), (3.48b), (3.48¢c), and (3.52), obtaining

er(tjs1) = er(tr) = e(t) weakly in L*(Q; M),

Vjp1 — Wi = vr(tr) — w(t;) = a(t) — i(t) weakly in H{(}(Q;R”).

Since the L? norm is lower semicontinuous with respect to weak convergence in
HF_OI(Q;R") (this can be proved by a duality argument as in the classical case of
~1(Q;R")), we obtain a lower semicontinuity inequality also for these terms.

As for the right-hand side of the previous inequality, we can pass to the limit
in the first term thanks to (3.44) and (3.58), and in the second term thanks to
(3.44a), (3.48b), and (3.48c). All other terms tend to 0 by (3.44) and (3.47). Thus
we obtain

Qo e(t)) - / Q1 (é)ds + / 16]122ds + / M)ds + 3 i(t) (1) 3

/(Aoe—i—Ale Ew)ds—f”vo ()||L2—/ (L — W, 4 —w)yds <0.
0 0

To prove the energy balance (3.29) we need to show that also the opposite
inequality holds. To this aim, for a.e. t € [0, T, we use the first inequality of (3.25)
with ¢ = 4(t) —w(t), n = é(t) — Ew(t), and ¢ = p(t). This gives

(A%(t), (1)) + (Alé(t), e(t)) — (A%e(t) + ATe(t), B (t)) + [[p(t)]I7
+ () —a(t), a(t) — (t)) + H(P(E)) — (£(t) — @ (t), aft) —w(t)) = 0;
integrating from 0 to ¢ and using (3.26¢), (3.27b), and (3.27¢) we get the thesis.

Now thanks to Theorem 3.3 the quadruple (u,e,p,o) satisfies the system of
equations (3.22), since the two conditions (3.25) and (3.29) hold.
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Step 4. It only remains to prove that the solution is unique. Let (uj,eq,p1)
and (ug,e2,p2) be two solutions with the same initial data. Setting u = u; — uo,

e =ej — ey, and p = p; — pa, we will prove that (u,e,p) must be costantly zero. In
order to show this, we prove that

t t t t
/<Aoe,e>ds+/ <A1e,é>ds+/ ||p||2L2ds+/ (i, @) ds < 0 (3.63)
0 0 0 0

for every t € [0,7]. Since the initial data for u, e, p, and @ are zero, from this
inequality, from (3.26), and from [31, Proposition 23.23] it follows that

t t
1
Qo(e(t)) +/ Ql(é)d5+/ IPlIZds + 5 la(®)]7= < 0.
0 0

We then deduce that all the terms are zero for every ¢ € [0,7T]. Together with the
initial conditions this implies that (u, e, p) is constantly zero.
Inequality (3.63) is equivalent to

t t t
/ <AO€1,é1>d8+/ <A1é1,é1>d8+ ||p1||2des
0 0 0
t t t
+ / <A062, 62>d$ + / <A1é2, €2>d8 + ||p2||%2d8
0 0 0
t t t
+ / <’U,1 — g, Uy — UQ>dS — / <A061, ég)ds — / <A0€2, €1>d5
0 0 0
1 t t
—/ <A1é1,é2)ds—/ <A1é2,é1>ds—2/ {p1,p2)ds < 0. (3.64)
0 0 0

From (3.26¢), (3.27b), and (3.27c), and from the energy balance (3.29) we get,
fori=1,2

t t t
/ <A0€i, €Z>d5 + / <A1éi, éi>d8 + ||le%2dS =
0 0 0
t t
= / (04, F)ds — / H(p;)ds
0 0
t t
—/ ity — 1, 15 — w>ds—|—/ (L — b, s — 1) ds,
0 0
where 0; = A%; + A'é;. Substituting in (3.64) we obtain
t t
/<,C—1D,’Cbl—w>ds+/<£—’lf),it2—1b>ds
0 0
t t t
— / <A061, €2>d8 — / <A062, é1>d8 — / <A1é1, 62>d8
0 0 0
t t t
7/ (Aléy, é1)ds — 2/ (p1, p2)ds +/ (o1, B)ds
0 0 0
t t t
+/ (03, Eni)ds —/ liiy — 1, 113 — 1) ds —/ (il — 1, i1y — 1)ds <
0
/ H(p1 ds+/ H(p2)d (3.65)

Since ¢ := 1 (t) —w(t) € Hp (9 R™) for a.e. t € [0,T], by (3.22¢) we can use it
in (3.9) for ug, o2, and obtain

(ily — W, 101 — W) = (£ — 1,10y — ) — (A%q + Aég, é1) — (02, p1) + (02, Eb).
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Similarly we have
(iiy — 1, 11y — ) = (L — 1, i1y — ) — (A + A'éy, é2) — (01, P2) + (01, Eab),
and substituting in (3.65) we find that (3.63) is equivalent to

t t t
/<0171'72>d5+/ <02,P1>d5—2/ (p1,p2)ds <
0 0 0
¢ ¢
< / H(pr)ds + / H(po)ds.
0 0

This follows easily from the inequalities

(01(t) = p1(1), B2(t)) < H(P2(1)), (o2(t) — p2(t), p1(2)) < H(p1()),
which are direct consequences of the the definition of H and of the inclusion
(oi)p(t) — pi(t) € K(Q), due to (3.22d).
O

Here we prove the lemma we have used in the previous proof.

Lemma 3.5. Let X be a Banach space. Assume that q; tends to qo weakly in
HY([0,T); X) as T tends to zero. Then it holds

qr(t-) = qo(to) weakly in X (3.66)
for every t,,tg € [0,T] with t, — ty as T — 0.

Proof. Since H'([0,T]; X) is continuously embedded in C%1/2([0,T]; X), we have
¢r — qo weakly in C%/2([0,T]; X). This implies in particular that

qr(t) = qo(t) weakly in X (3.67)
for all t € [0,T]. If t; — to we have

tT
lar(t) = ar )l < [ it < Mt ~ 1)1
to

where || - || is the norm in X and M is an upper bound for the norm of ¢, in
H([0,T); X). Now (3.66) follows from the previous inequality and (3.67). O

4. PERFECT PLASTICITY

In this and in the next sections we study the behavior of the solutions of (3.22)
when the data of the problem, i.e., the external load and the boundary conditions,
vary very slowly. We are going to prove that the inertial and viscosity terms become
negligible in the limit, and that the solutions of the dynamic problems actually
approach the quasistatic evolution for perfect plasticity. To this aim we provide in
this section the mathematical setting and tools to formulate and solve the perfect
plasticity problem.

4.1. Preliminary Tools. Space BD. In perfect plasticity the displacement w
belongs to the space of functions with bounded deformation on €2, defined as

BD(Q) = {u € L' (4 R"™) : Bu € My(Q; M)}

sym
Here and henceforth, if V' is a finite dimensional vector space and A is a locally
compact subset of R™, the symbol M;,(A4; V') denotes the space of V-valued bounded
Radon measures on A, endowed with the norm ||A||aq, := |A|(A), where || is the
variation of .

The space BD(R?) is endowed with the norm

lullsp = llullr + [|Eullrm, -
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Besides the strong convergence, we shall also consider a notion of weak* convergence
in BD(Q)) . We say that a sequence ug converges to u weakly* in BD(Q) if and
only if uy converges to u weakly in L!(£; R™) and Euy converges to Fu weakly* in
My (Q; M), Every function u in BD(f2) has a trace in L'(8€;R™), that we will
still denote by wu, or sometimes by u|sq. By [28, Proposition 2.4 and Remark 2.5]
there exists a constant C' depending only on 2 such that

lull L1y < CllullLrry) + [[Eull am, o)) (4.1)

For technical reasons related to the stress-strain duality, in addition to the assump-
tion already introduced in Section 2.1, we now suppose that

OS2 and 9T are of class C?. (4.2)

Elastic and Plastic Strain. In perfect plasticity the plastic strain p belongs
to My (Q U To; ME*™). The singular part of this measure describes plastic slips.
Given w € HY(Q;R"), we say that a triple (u,e,p) is kinematically admissible
for the perfectly plastic problem with boundary datum w if u € BD(Q;R"), e €
L2 Q; M), p € Mp(Q U Lo; M™), and

sym
FEu=e+p onQQ, (4.3a)
p=(w—u)©@vH" ' onTy, (4.3b)

where v denotes the outer unit normal to 92 and ® denotes the symmetrized tensor
product.

The set of these triples will be denoted by Agp(w). Note that in this definition
of kinematical admissibility, the Dirichlet boundary condition (3.1b) is replaced by
the relaxed condition (4.3b), which represents a plastic slip occurring at I'g. It is
also easily seen that the inclusion A(w) C App(w) holds, so that every admissible
triple for the visco-elasto-plastic problem is also admissible for the perfectly plastic
problem.

The following closure property is proved in [5, Lemma 2.1].

Lemma 4.1. Let wy be a sequence in HY(Q;R™) and (uy, ex,pr) € App(wy). Let
us suppose that wy — W weakly in HY(R™), up — us weakly* in BD(R),
er — eso weakly in LQ(Q;MZ;,,?), and pr — poo weakly™ in My(2 U To; M),

Then (Uoo, €cos Poo) € ABD(Woo)-

Stress. In addition to the assumptions of Section 2.1, we now suppose that
the elastic tensor A° maps the orthogonal spaces M7™ and RI into themselves.
This is equivalent to require that there exist a positive definite symmetric operator
A% M — M™ and a positive constant £° such that

A% = A%Q¢p + KO (161 (4.4)
In the perfectly plastic model the stress o is related to the strain by the equation
o= A% (4.5)

where e is the elastic component of the strain Fu. Therefore if (u, e, p) is kinemat-
ically admissible, then o belongs to L?(; M2X").

In perfect plasticity the stress satisfies thgycr?)nstraint
op € K(Q), (4.6)
where K(Q) is defined in (3.11). In particular
op € L>®(;ME™). (4.7

Convex Functions of Measures. In perfect plasticity we need to define the
functional (3.16) for p € My(Q UTo; M7™). This is done by using the theory of
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convex functions of measures (see [10] and [28]): for every p € My(Q U To; M™)
we consider the non-negative Radon measure H(p) on QUT defined by

H(p)(B) = /B Hp/Ip))dlp] (48)

for every Borel set B C QUT, where p/|p| is the Radon-Nikodym derivative of p
with respect to its variation |p|. We also define

H(p) == H(p)(QUTo) = H(p/lpl)dlpl.
Qur,
The function p — H(p) turns out to be lower semicontinuous with respect to the
weak* topology of M,(QUIo; M,*™), and satisfies the triangle inequality. Moreover
if pr — p weakly* and |pi|(Q2UT) — [p[(2UT), then H(px) — H(p).
Stress-Strain Duality. If o € L*(Q; M)<"), with dive € L*(€;R™), we define
the distribution [ov] on 9 by setting

([ov], @)aq = (dive, @) + (o, Eg), (4.9)

for each ¢ € H'(Q;R™). It turns out that [ov] € H~ 2 (9 R") (see e.g. [28,
Theorem 1.2, Chapter I]). We define the normal and tangential part of [ov] by

[ov], = ([ov] - V), [ov]} = [ov] — [ov],, (4.10)

v o

and we have that [ov], and [ov]1 belong to H ™2 (9Q; R™) thanks to the regularity
assumption (4.2) on 9Q. If op € L>°(Q;ME ™), by [15, Lemma 2.4] we also have
that [ov]1 € L>®(0Q;R") and

1
o]y lloo.00 < Slople= (4.11)

The set of admissible stresses for the perfectly plastic problem is defined by
2(Q) :={o € LX (ML) : dive € L*(;R") and op € L=(;M}*")}.

sym

The set of admissible plastic strains I, (€2) is the set of all p € M;,(QUTo; M*™)
such that there exist u € BD(Q), e € L*(; M%) and w € H'(Q;R™) satisfying
(u,e,p) € App(w).

If o € %(Q2) it turns out that o € L7 (;MZT) for all r < +oo (see [29, Propo-
sition 2.5]). For every u € BD(Q) with divu € L?(Q2) we define the distribution
[op - Epu] by

(lop - Epul, ) = —(dive, pu) — %(tra, edivu) — (o, u © V) (4.12)

for every ¢ € C°(£2). As proved in [29, Theorem 3.2] the distribution [op - Epul]
is a bounded Radon measure in €2.

Asin [5], if o € 2(Q) and p € IIp,(2), we define the bounded Radon measure
[op - p] on QUT by setting

lop-p]:=|op-Epul —op-ep on (2,
[op - p] = [ov], - (w—u)H""! on Tg,

where u € BD(Q), e € L*(; ML) and w € H' (Q; R™) satisfy (u, e,p) € App(w),
and we notice that this definition does not depend on the particular choice of wu,
e, w (see [5, page 250]). We also define the duality pairing between o € X(£2) and

p e H[‘o (Q) by
(op,p) :==[op - pl(QUTY). (4.13)
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The following inequalities between measures hold (see [5, (2.33) and Proposition
2.4]):

lop - pll <llopllz=lp| on QUTy, (4.14)

[op -p] < H(p) on QUTy, (4.15)

where H(p) is the measure introduced in (4.8). The following integration by parts

formula is proved in [5, Proposition 2.2] when ¢ € C*(Q). The extension to Lips-
chitz functions is straightforward.

Proposition 4.2. Let 0 € (), f € L™"(;R™), g € L>°(I'1;R™) and suppose
(u,e,p) € Agpp(w) with w € HY(Q;R™). If —dive = f on Q and [ov] = g on Ty,
then it holds
<0D,p>+<o,ewa>:<f,u7w>+<g,ufw>pl. (416)
Moreover
<[UD p]»@ + <U : (6 - EIU),QD> + <Uv v@ © (’U, - w)> =
for every ¢ € C%1(Q).

As a consequence of the formula above we obtain the following lemma.

Lemma 4.3. Let 0,0 € X(Q), wi,w € HY(Q;R?), (ug,ex, pr) € App(wi), and
(u,e,p) € App(w) be such that

sym )

or — o strongly in L*(; M
divey, — dive strongly in L™ (;R™),

(ok)p are uniformly bounded in L (Q; M,*™),
up — u weakly in L1 (Q;R™),

wy, — w weakly in H'(Q;R™),

ex — e weakly in L?(€; M™X™),

sym
then ([(0)p - pi)s @) — ([0 Pl @) for every ¢ € CO1(QUTY).

Proof. Our hypotheses imply that o), — o strongly in L™(Q; M2X") by [29, Propo-

Sym
sition 2.5]. The conclusion follows now from (4.17). O

4.2. Hypotheses on the Data. We discuss here the hypotheses on the data for
the quasistatic evolution problem in perfect plasticity.

External Load. In contrast to the dynamic case, in perfect plasticity it is not
enough to assume that the total load L£(t) belongs to Hr_ol(Q; R™). Instead, we as-
sume that £(t) takes the form (3.4), with f(t) € L™(2;R™) and g(¢) € L>(T'1;R"),
so that now the duality (L£(¢),u) is well defined by (3.4) for every u € BD().

The balance equations for the forces are

—dive(t) = f(t) in Q, (4.19)
[c(t)v] =g(t) onTy, (4.20)
where [o(t)v] denotes the normal component of o(t), which can be defined as a

distribution according to (4.9), since dive(t) € L*(;R™) by (4.19). As for the
time dependence, we assume that

f € AC([0,T); L™ (% R™)), (4.21a)
g € AC([0,T]; L=(T'1; R™)). (4.21b)
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This implies that for a.e. ¢ € [0,T] there exists an element of the dual of BD((Q),
denoted by L(t), such that
; . L(s)—L(t)
(L(t),u) = lim{——"————
for every u € BD(Q) (see [5, Remark 4.1]).
As usual in perfect plasticity problems, we assume a uniform safe-load condition:
there exist a function o : [0, 7] — L*(, M) and a positive constant ¢ such that
for every t € [0,T] we have

,u) (4.22)

—divo(t) = f(t) on Q, (4.23a)
[o(t)v] = g(t) on Iy, (4.23b)
and
op(t)+ & € K(Q) for every & € MY" with |¢] < 4. (4.24)
Moreover we require that
t— o(t) and t+— pp(t) are absolutely continuous (4.25)
from [0, 7] to L*(€;MZ5") and L>(Q;M}*") respectively, so that the function
t — o(t) belongs to L' ([0, T]; L*(Q; M) and
t) —
M — op(s) weakly* in L>®(;ME") ast — s, (4.26)
for a.e. s € [0,77], and
t > ||o(t)|| L~ belongs to L([0,T]) (4.27)

(see [5, Theorem 7.1]).
Using (4.14) and (4.25) we see that for every p € IIp,(€2) the function

t— (op(t),p) belongs to AC([0,T)). (4.28)
Moreover, by (4.21a), (4.23a), (4.24), and (4.25), we obtain
%<QD(t)7p> = <QD(t)7p> for a.e. t € [OaT]a (429)

thanks to [5, formula (2.38)].

Boundary Conditions. The boundary condition on I'y is given in the relaxed
form considered in (4.3b) with a time dependent function ¢ — w(t). We assume
that

w € AC([0, T]; H (Q;R™)). (4.30)

Plastic Dissipation. In the energy formulation for the quasistatic evolution
problem for perfect plasticity, it is not convenient to use formulas like (3.17), be-
cause they require the existence of the time derivative of p(t). Instead, for an
arbitrary function p : [0,7] — M(2 U To; M*") we define the plastic dissipation
in [a,b] C [0,T] as

N—1
Dpu(a,b;p) := sup Z H(p(tiv1) — p(ti)), (4.31)
i=0
where the supremum is taken over all the possible choices of the integer N > 0 and
of the real numbers a =ty < t; < ... < ty—1 < txy = b. One can prove (see [5,
Chapter 7]) that, if p: [0,T] — M,(QUTo; M*") is absolutely continuous, then

b
Dula,bin) = [ MO (432
where p is the derivative of p defined by

p(t) := w*- an% pi(si : ?(t) )

(4.33)



QUASISTATIC EVOLUTION AS LIMIT OF DYNAMIC PROCESSES 23

As a consequence of the safe-load condition (4.24) we can easily prove that for
every t € [0, T
H(q) — (e(t), a) = 7llallm,, (4.34)
for every q € L'(Q,M}*"), where the positive constant v is independent of ¢ and
t (see [5, Lemma 3.2]). Moreover we have that
H(q) —o(t)-¢>0a.e. in Q, (4.35)
for every ¢ € L'(Q,MB*™).

5. QUASISTATIC EVOLUTION IN PERFECT PLASTICITY
We recall here the energy formulation of a perfectly plastic quasistatic evolution.

Definition 5.1. Let ug € BD(Q), eg € L*(Q; ML), and py € My(QUTo; Mp").
Suppose that f, g, £, 0, and w satisfy (3.4), (4.21), (4.23), (4.24), (4.25), and (4.30).
A quasistatic evolution in perfect plasticity with initial conditions ug, eg, po, and
boundary condition w on Ty is a function (u, e, p, o) from [0, 7] into BD(2,R™) x

L2(Q, M) x My(Q U To, MIS<™) x L2(Q, MX™), with

| u(0) = ug, e(0) =eg, p(0) = po, (5.1)
o(t) = A%(t) for every t € [0,T], (5.2)

such that ¢t — p(t) has bounded variation and the following two conditions are
satisfied for every t € [0, T]:

(a) (u(t), e(t), p(t)) € App(w(t)) and
Qo(e(t)) — {L(t), u(t)) < Qu(n) — (£(t), &) + H(g — p(t)) (5.3)
for every (p,n,q) € App(w(t)); t t
(b) Qo(e(t)) — Qoleo) + Drr(p;0,) = / (0, Bub)ds — / (£, ) ds

L), u(t)) — (£(0), ug) — A (£, u)ds, (5.4)
where Dy (p;0,t) is defined by (4.31).

The integrals in the right-hand side of (5.4) are well defined thanks to [5, The-
orem 3.8 and Remark 4.3].
If (uo, eo,p0) € App(w(0)) satisfies the following stability condition

Qo(eo) — (£(0),u0) < Qo(n) — (L(0), ) +H(q — po) (5.5)

for every (p,n,q) € App(w(0)), then there exists a quasistatic evolution in perfect
plasticity with initial conditions ug, €, po, and boundary condition w on 'y (see [5,
Theorem 4.5]). Moreover the function t — (u(t), e(t), p(t)) is absolutely continuous
from [0, T into BD(Q; R™) x L?(£; M) x Mp(QUTo; M) ([5, Theorem 5.1]).

In our analysis of the behavior of the solutions (u¢, e, p¢,0¢) of (1.2) as € — 0
we find that (u€, e, p®,o¢) converges to a function (u,e,p, o) which satisfies con-
ditions (5.3) and (5.4) only for a.e. t € [0,T]. The following theorem shows that
this is enough to guarantee that (u,e,p,o) is a quasistatic evolution, according to
Definition 5.1.

Theorem 5.2. Let ug, ey, po, f, 9, £, w, and o be as in Definition 5.1. Let
S be a subset of [0,T) of full L* measure containing 0 and let (u,e,0) : S —
BD(Q) x L2(; M™X™) x L2(; M2X™) be a bounded and measurable function satis-

sym sym
fying (5.1) and (5.2) for allt € S. Suppose that p : [0,T] — My(QUTo; M"™) has
bounded variation and that conditions (a) and (b) of Definition 5.1 are satisfied for
every t € S. Then there exists an absolutely continuous function (u,e,o) : [0,T] —
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BD(Q) x L*(Q; Mz x L*(%; M?yﬁl) which extends (u,e, o). Moreover p is abso-
lutely continuous and (u,e,p, o) is a quasistatic evolution in perfect plasticity with

inatial conditions ug, eg, po, and boundary condition w on Ty.

Remark 5.3. Let t € S, (u(t),e(t),p(t)) € App(w(t)) and o(t) := A%(t). As
shown in [5, Theorem 3.6] the following conditions are equivalent:

(a) Inequality (5.3) is satisfied for every (¢,7,q) € Agp(w(t));

(b) —H(q) < (A%(t),n) — (L(t),v) < H(—q) for every (v,7,q) € App(0);

(c) o(t)eX(2), op(t) e K(2), —divo(t)=f(t) in Q, and [o(t)v]=g(t) on T';.

The following lemma gives an elementary but useful tool for the proof of Theorem
5.2.

Lemma 5.4. Let p : [0,7] — My(Q U To;MY™) be a function with bounded
variation and let ¥(t) := Dy (p;0,t) for t € [0,T]. Assume that there exists a set
S C[0,T) of full LY measure such that p|s and |s are absolutely continuous on S.
Then p is absolutely continuous on [0,T).

Proof. The absolute continuity on S implies that
lim 4p(s) = lim 1¥(s)

s—t s—tt
seS ses

for every t € [0,T]. Since 1 is non-decreasing, we deduce that the common value
of the limit coincides with 4 (t). This shows that 1) is continuous on [0, T]. Since

lp(t1) — p(t2)llm, < Du(psti,ta) = w(ta) — P (t1)

for every 0 < t; <ty < T, we conclude that also p is continuous on [0, T']. Moreover
the fact that the restriction of p to S is absolutely continuous implies that it is
absolutely continuous on [0,77] as well. O

Proof of Theorem 5.2. We first prove that the functions e, p and u are absolutely
continuous on S. We argue as in the proof of [5, Theorem 5.2] using only times 1,
to and s in the set S, and we obtain that for any ¢1, to € S with t; < to we have
that

t to

Je(t2) = () < [ lets) et so(s)ds+ ([ o))

1 1
where ¢ is a suitable non-negative integrable function As a consequence of [5,
Lemma 5.3] we get that ||e(ta) — e(t1))||rz < g . 2 ¢(s)ds so that t +— e(t) is
absolutely continuous from S into L?(€; MZ"). Continuing as in the proof of [5,
Theorem 5.2] we obtain also that p and u are absolutely continuous on S. From
equation (5.4) it follows that ¢ — Dy (p; 0, t) is absolutely continuous on S, so that,
applying Lemma 5.4, we get that p is absolutely continuous on [0,T]. Now (u,€)
admits an absolutely continuous extension to [0, 7] that we still denote by (u, e). By
continuity this extension satisfies (5.3) and (5.4) for every ¢ € [0, T]. This completes
the proof. O

Remark 5.5. Under the hypotheses of Definition 5.1, for every ¢ € [0, T] condition
(b) of Definition 5.1 is equivalent to the following condition:

(b") The function p: [0,T] — M(2 U Lp; M'*™) has bounded variation and
Qo(e(t)) + Du(p; 0,t) = (o(t), e(t) — Bw(t)) — (on(t),p(t)) =

= Qo(eo) = (2(0), e(0) = Ew(0)) — (en(0), p(0)) +/0 (o, Eo)ds

— /Ot<g, e — Bw)ds — /Ot<@D,p>d8' (56)
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This is proved in [5, Theorem 4.4] using the integration by parts formula (4.16).
Note that the duality product (op(t),p(t)) is well defined for a.e. t € [0,T] by
(4.21a), (4.23a), (4.25), and (4.26).

6. LIMIT OF DYNAMIC SOLUTIONS

Here we formulate in a precise way the asymptotic analysis of the dynamic
problem as the data become slower and slower. This will be done by a suitable
change of variables. We start from an external load £(t), a boundary datum w(t)
defined on the interval [0,7], and initial conditions wg, eg, po, and vy. We then
consider the rescaled problem with external load L. (t) = L(et), boundary condition
we(t) = w(et) on the interval [0,7 /€], and initial conditions u.(0) = ug, e.(0) = ey,
pe(0) = po, and 4(0) = evg. The dynamic solutions of the corresponding systems
(3.22) are denoted by (uc(t), ec(t),pe(t), oc(t)).

To study the limit behavior of (uc(t),ec(t),pe(t),0c(t)) on the whole interval
[0,T'/€] it is convenient to consider the rescaled functions (u€(t),e(t), pc(t),o¢(t))
= (ue(t/e),ec(t/e), pe(t/e),cc(t/€)), defined on [0,T], and to study their limit as
€ | 0. A straightforward change of variables shows that (u€,e€, p¢, o¢) will satisfy
the following system of equations on [0, 7]

Eu® =ef +p°, (6.1a)
o¢ = A +eAlel, (6.1b)
%ii€ — divp, (0°) = L, (6.1c)
epf =0 — o, (6.1d)

with boundary and initial conditions
ué(t) =w(t) on I'g for every t € [0,T], (6.2)
u(0) = ug, e°(0)=eo, p(0)=po, 4(0)=nvp. (6.3)

We shall prove (Theorem 6.2) that, under suitable assumptions, the solutions
(uf, e, pc,0¢) of (6.1) tend to a solution of the quasi-static evolution problem in
perfect plasticity, according to Definition 5.1.

Hypotheses on the Data. The regularity assumptions on the data considered
in the dynamical problem are not sufficient to study the limit of the solutions of
(6.1). Therefore we introduce a new set of hypotheses, which includes also the case
of data depending on € and converging in a suitable way as € tends to 0.

Let M > 0 be a constant. For € € (0,1) we consider the following assumptions.

(i) Hypotheses on w*® and w:

w® € L*°([0,T); H*(Q; R™)), (6.4a)
we € CO([0, T; L*(Q;R™)) N L2([0, T]; H (Q;R™)), (6.4b)
W € L*([0,T); Hy, (4 R™)), (6.4c)
w € AC([0, T]; H(Q; R™)), (6.4d)
w® — w strongly in WH([0, T); H (9 R™)), (6.4¢)
efw(0)]|z2 — O, (6.4f)
ellw(t)||L2 < M for all ¢t € [0,T], (6.4g)
T
[ e —o. (6.41)

T
62/ |2 1 dt < M. (6.4i)
0 To
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(ii) Hypotheses on f€¢, ¢¢, f, and g: we assume that there exist ¢ and p
satisfying (4.23) and (4.24) with f€, ¢¢ and f, g respectively, and with §
independent of e. We also suppose that

fee AC([0,T); L™ (Q; R™)), (6.5a)

o € AC([0, TT; L™ (2 ML), (6.5b)
feAC([0,T]; L™ (S R™)), (6.5¢)

g € AC([0,T]; L>=(I'1; R™)), (6.5d)

0 € AC([0, T); L™ (2 MM, (6.50)

op € AC([0,T); L= (; ME™)), (6.51)

f€ — f strongly in Wh([0, T]; L™ (Q; R™)), (6.5g)

0° — o strongly in W1([0, T7; L™ (Mg ) (6.5h)

(iii) Hypotheses on the initial data (u§, €5, p§), (uo, €0, Po), and v§.

(ug, €5, p5) € A(w(0)), (6.6a)

(uo, €0, p0) € App(w(0)), (6.6b)

(uo, €0, po) satisfies the stability condition (5.5), (6.6¢)

u§ — ug strongly in L7 (Q; R™), (6.6d)

ef — eo strongly in L*(Q; M), (6.6e)

Py — po weakly® in My(QUTo; ME™), (6.6f)

vy € L*(Q;R™) and e||v§| g2 — 0. (6.6g)

Remark 6.1. If we assume that
0p € AC([0,T]; L= (2 ME™)), (6.7a)
T
/0 165 — épllL=dt — 0, (6.7b)
then we can replace (6.5b), (6.5¢), and (6.5h) by the weaker conditions

0, 0 € AC([0, T; L*(; ME ), (6.7c)

0° — o strongly in WHH([0, T]; L*(Q; M) (6.7d)

Indeed using [29, Proposition 2.5] (see also [28, Chapter 2, Proposition 7.1]) from
(4.27), (6.5g), and (6.7) we deduce that ¢, o0 € AC([0,T7]; L™(Q2; Mf;5")) and that
(6.5h) holds.

We now state the main result.

Theorem 6.2. Assume hypotheses (i)-(iii) above. Let (uf, ef,p¢,c¢) be the solution
of (6.1) satisfying the boundary condition w® on Ty for every t € [0,T], and the
initial data
u®(0) = ug, e(0) =eg, p(0) =p; 4(0) = vg.

Then there exist a quasistatic evolution in perfect plasticity (u,e,p,o), with ini-
tial conditions (ug,€q,po) and boundary condition w on Ty, and a subsequence of
(us, ef,p¢, 0¢), not relabeled, such that

u(t) = u(t) weakly* in BD(Q), (6.8)

e“(t) — e(t) strongly in LQ(Q;M?yXW?),
for a.e. t €1[0,T], and

pe(t) — p(t) weakly* in My(QUTo; ML), (6.10)
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for allt € [0, T]. Moreover there exists M > 0 such that
[u @)L + lle )z + POl a, < M (6.11)
for every e € (0,1) and every t € [0,T].

Proof. From Theorem 3.3 we get the energy balance formula

2
Qo (e (1)) + 5 i (1)1 (1) 3 +e/Q1 ds+e/||p |\L2ds+/H
/0t<06,E’u'J€>ds+/ (fe,0° —w >ds+/ (¢, uf —w)p,ds

0 0
2

t
€ € "€ € € € €
— e [ i — s+ Qoled) + Gl ~ OV (6.12)
0

where 0¢ = AY%° + eA'éc. Using the safe-load condition (4.23) and (4.24) and
integrating by parts in space, we get

2
Qo(e (1)) + Sl (1)~ (1) +e/91 ds+e/||p |\L2ds+/H
t
:/<GE,EwE>ds+/<g Eif — Eif)ds — € /(w ut — w)ds
0 0 0
2
+ Qoleh) + 5 llvg — i (0) 3. (6.13)

By (3.2), (6.4e), (6.4g),(6.41), (6.5h), (6.6e), and (6.6g), using the Cauchy inequality,
we get a positive constant Dy such that

t t t
e (1) 3 + con / 12 ads + € / 15°]2.ds + / () ds <
t

Qo

t t
Sﬂo/ HeeHLQHEw6”L2d5+€61/ HéEHBIIEweIIdeer/ (0f,€)ds
0 0 0

t 2 t
+ [ (05, p)ds + = [ || — |2, ds+ Dy, (6.14)
0 2 Jo To

for every € € (0,1). By Poincaré and Korn inequalities there exists a constant ¢
such that

i = 1, <2ellé N3 + 2613+ 2¢] B
0

Integrating by parts in time the term (o%, é¢°) and using again the Cauchy inequality
and the inequality [|e®||2 < 1+ ||e]|2., we obtain that for every A > 0 the right-
hand side of (6.14) can be estimated from above by

t t t
Bo / 122 | B | ads + eAB: / 169 2ads + Ae ()22 + / 16 2 e 2. ds
0 0 0

¢ ¢ ¢
+ [eitds o [ feads o [ [ |ads + Dy, (615)
0 0 0
for a suitable constant D) independent of e that can be obtained using (6.4¢), (6.4h),

(6.5h), and (6.6e). Taking A = min{<2, 73-}, from (4.34), (6.14), and (6.15), we
get

t t t
(e} a7 . . .
SOOI + (Grece) [ Bads + (emce?) [ 5[ ade + [ Iilads <
0 0 0

t
S/ o[l 22ds + Dy, (6.16)
0
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where ¥ = Bo||Ewc||r2 + [|6°||z2. Since ¥ is bounded in L'([0,T]) by (6.4e) and
(6.5h), using the Gronwall Lemma we obtain that |e€(¢)||z2 is bounded by some
constant independent of ¢ and e. Together with (6.16), this gives

lle“(t)||z: < M for all t € [0,T], (6.17a)
T
| s < (6.17b)
0
T
e/ le€)|32ds < M, (6.17c)
0
T
¢ | 1 ads < . (6.17d)
0

for all € € (0,1) and some constant M > 0 independent of ¢ and €. Using the Korn
inequality, from (6.4e), (6.4h), (6.17¢), and (6.17d), we get

T
e/ |42, ds < M. (6.17¢)
0

Since L (Q; M'B*™) is naturally embedded into M;(QUTo; MB*"), the functions
p© are actually continuous functions from [0, T'] into M, (QUTg; M'5*"), and inequal-
ity (6.17b) says that the total variation of p¢ is bounded uniformly with respect to
e. Taking into account (6.6f), we can employ a generalization of Helly Theorem (see
[5, Lemma 7.2] and [3, Theorem 3.5, Chapter 1]), which implies that there exist a
subsequence, still denoted by p€, and a function p : [0,7] — M(Q U To; ME*"),
with bounded variation, such that, as e — 0,

pS(t) = p(t) weakly* in My(QUTTo; ME*") for every t € [0,T7]. (6.18)

It then follows that p(t) is bounded in M;(Q U T; M)*™) uniformly with respect
to t.

From (6.17a) we also get, possibly passing to another subsequence, that there
exists e € L ([0, T]; L*(Q; M2X")) such that

sym

et — e weakly™ in L>([0, T); L*(Q; M2X™)), (6.19)

sym

as e — 0.

Writing E(u¢ —w®) = e¢+p*— Ew®, by (6.4e), (6.6f), (6.17a), and (6.17b), we see
that E(u®—w*) is bounded in L>°([0, T]; L' (€; MZ5")) uniformly with respect to e,
so that, thanks to (4.1), u¢—w*® is bounded in L>°([0, T]; BD(£, R™)) uniformly with
respect to €. Then, as a consequence of the embedding BD() — Lﬁ(Q;R"),
there exists u € L>([0, T]; L7 (Q; R™)) such that

u® — u weakly* in L>°([0,T]; L7 (€;R™)), (6.20)

again for a suitable subsequence, as € — 0. Using the equality Eu® = e + p¢, from
(6.18) and (6.19) we obtain that u € L°([0,T]; BD(R?)) and Eu = e + p.
By (3.25) we see that the function (u€, e, p¢) satisfies the equilibrium condition
—H(q) < (A%(t),m) + (A e (1), m) + (ep (1), q)
(€i(t), ) — (f(t), ) — (g°(t), o)ry < H(—0), (6.21)

_l’_
for every (¢,7,q) € A(0) and a.e. t € [0,T].
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Let us fix a smooth and non-negative real function ¢ on [0,7]. Multipling the
previous formula by 1 and integrating on [0, 7] we get

S 0 (s s)ds Te Leg(s s)ds
/H 5)d </<A (), ) (s)d +/O<A (), ) (s)d
T T
€ 2:0€ o €(g s)ds
+ / (ep°(5), ab(s)ds + / (i8(s), )p(s)ds / (4 (s), )b(s)d

- [ @i < [ Heauis (6:22)
0 0

for every (p,m,q) € A(0). It is easily seen that, if ¢) has compact support, thanks
o (6.17e) the term

/0 (Qii(s), g)p(s)ds = —& / (), ) (5)ds

vanishes as ¢ — 0, and the same is true for the terms

T T
/ (cATe(s), m(s)ds + / (), g (s)ds
0 0

thanks to (3.2a), (6.17c) and (6.17d). Moreover, by (4.23) we can write

T T
/ (F(), @) + {g°(), @) )b(s)ds = / (0(s)m + Q) (s)ds,
0 0

and, thanks to (6.5h), we obtain that the last expression tends to

T T
/ (o(s).1 + q)b(s)ds = / ((F(5), ) + (9(5), @)1 )b (s)ds.
0 0

So from (6.19) and (6.22) we get

/ H(q)(s)ds < / (A%%(s), ) (s)ds — /0T<f<s>,so>¢<s>ds

—/0<<> - ds</H

and thanks to the arbitrariness of :

—H(q) < (A%(t),n) — (f(t), ) — (9(t), )1, < H(—q), (6.23)

for a fixed (¢,7,q) € A(0) and for a.e. t € [0,T]. The fact that A(0) is separable
allows us to prove that for a.e. ¢ € [0, T] inequalities (6.23) hold for every (¢, n,q) €
A(0).

Let us define o(t) := A%(t). For each q € L*(Q;M}*™), since (0,q, —q) € A(0),

we see that
H(—q) (t),q) < H(q), (6.24)

<{o
which says that op(t) € OH(0) = K(2) (see (3.19)). Moreover, since for each
¢ € Hp (€ R™) we have (o, Ep,0) € A(0), from (6.23) we obtain

(0(t), E@) — (f(t), ) = (g(t),)r, for all p € HL (4 R™). (6.25)

From this we get divo(t) = f(t) a.e. in Q, and [o(¢t)v] = g(¢t) on T';. Therefore,
(u(t),e(t),p(t)) satisfies condition (c) of Remark 5.3. This implies that for a.e.
t € [0,T], (u(t),e(t),p(t)) satisfies the minimality condition (5.3) for all (¢,n,q) €
App(w(t)). We now set S := {0} U{t € (0,T] : (5.3) is satisfied} and we define
u(0) := ug and e(0) := eg. Since p(0) = py by (6.6f) and (6.18), we deduce from
(6.6¢) that condition (5.3) is also satisfied for t = 0.
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Since t — p(t) has bounded variation from [0, 7] into M, (Q U To; M7™), it is
globally bounded and there exists a countable set N C [0,7] such that for every
tel0, T]\ N

p(s) — p(t) strongly in My(QUTo; ME™) as s — t. (6.26a)
By the minimality property of (u(s),e(s),p(s)) for s € S we can apply [5, Theorem
3.8] and for every ¢t € S\ N we obtain

e(s) — e(t) strongly in L*(Q; ML) as s — t, (6.26Db)
u(s) — u(t) strongly in BD(Q2) as s — t. (6.26¢)

By the continuity of the embedding BD(2) < L7-1(Q;R") we also get
u(s) — u(t) strongly in L7-1(Q;R") as s — t. (6.26d)
In order to prove the energy balance (5.4) we fix t € S\ (VU {0}). For every
klet 0 =tk <th <..<tF=tbe elements of (S\ N)U {0} such that max;(tf —
tF ) — 0 as k — oo. Then, since (u(tF) — (w(tF) — w(tF ), e(tF) — (Ew(tF) —
Ew(ti_,)),p(t})) € App(w(ti_,)) by (5.3), we have
Qo(e(ti_y)) = (f(ti_1), ultl_y)) — (g(tf), u(ti_y))r, < Qole(t)))
— (A%(t}), Bw(t]) — Bw(ti_y)) + Qo(Bw(tf)) — Ew(t_;))
— (FtE1),u(th) — (w(tf) —w(ti_)))
—{g(ti_1), ultf) — (w(t) — w(ti_))r, + Hp(tF) —p(tiy)).
Employing the integration by parts formula (4.16) and then summing up over i =
1,...,k, we obtain

Qo(e(t))—Qo(eo) +§H(p(tf)—p(t?1)) + i Qo(Buw(t;)—Buw(t} 1)) >
i ). Buw(th) — Bw(tE 1))+ {o(t), e(t) — Ew(t)) — (0(0), e(0) — Ew(0))

01401 ~ (000,00~ 3t e )

+Z () = o(th ), Bw(tf)) ij (op(t) — op(tF_1), p(t})). (6.27)

By (4.28), (4.29), (6.4d), (6.5¢), (6.5f), and (6.26) we can apply Lemmas 7.1 and
7.2, with S replaced by S\ (N U{0}), and we obtain that the four Riemann sums
in the right-hand side of (6.27) converge to

/Ot<cr, Ew)ds, /Ot<é, e)ds, /Ot@, Ew)ds, /Ot<éD,p>ds.

Moreover we see that Zle Qo(Bw(tF) — Bw(tF_)) tends to 0 as k — oo, thanks
to the absolute continuity of ¢ — Ew(t). Therefore, passing to the limit in (6.27)
we obtain

Qo(e(t)) + Du(p; 0,t) — (o(t), e(t) — Ew(t)) — (en(t),p(t)) =
= Qo(eo) = (0(0),€(0) = Ew(0)) — (¢n(0), p(0)) +/0 (o, Etbo)ds

_ /Ot<g, e — Bw)ds — /Ot<g'D,p>ds, (6.28)
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for a.e. t € [0,T], where o = AC%.
We want to show that actually equality holds. In order to prove the opposite

inequality we consider equation (6.13).
Thanks to the semicontinuity of Qg(-), by (6.19) we have

/ Qo(e(t))dt <11m1nf/ Qo(e(t))dt (6.29)

forall 0 <a<b<T. We claim that

b t
/ (DH<p; 0.0) = en(®).p(0) + (e0(0).p0) + [ (6p.p)ds)t <

t
<hm1nf H ds—/ (05D >ds)dt (6.30)

e—0

for all 0 < a < b < T. This, together with (6.29), implies

t

b
/ (Qo(e(t))+DH(p;0,t)—<ap(t),p(t)>+<9D(0),p0>+/0 <Q~D7p>ds)dt§
b 9 .
< lim inf / (Qoler(t) + (1) — i (D)7 + e / Q1 (é)ds

e—0

t t t
¢ / 15°13ds + / H(5)ds — / (e ) )t =
0 0 0

b t
= lireri)i(?f ’ (/0 (o€, Ew)ds + (0°(t), e (t) — Ewe(t))
~ (2 0).€(0) = Bur(0) = [ (3.t = Bu)is

t 62
- 62/0 (i i — s+ Qo(eg) + 5 10§ — 0 (0) 3. ), (6.31)

where the equality follows from (6.13) after an integration by parts in time.
Using (6.4f), (6.4h), (6.4i), (6.6g), and (6.17e) it is easily seen that

b t
62/ (/ (i i — )ds )dt — 0, (6.32a)
a 0

€lvg — i(0)[|72 — 0, (6.32b)

while

/ab(/otwiEwﬁ)ds)dt_)/ab (/Ot<g,Ew>ds)dt, (6.32¢)

Qo(eh) — Qoleo), (6.32d)
/ (0°(1), e(t) — Bw"(t))dt — / — Buw(t))dt, (6.32¢)
(0°(0),€°(0) = Ew(0)) — (2(0),e(0) — Ew(0)), (6.32f)

/ab (/Ot@'i e — Ew€>ds)dt - /ab (/Ot<g, e Ew}ds)dt, (6.32g)
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thanks to (6.4e), (6.4h), (6.5h), (6.6e), (6.17¢), and (6.19) . This implies that
b t
[ (Q(ett)) + Du:0.0) = (en(®).p(0)) + o0 (©).p0) + [ (e, p)ds)dr <
a 0
b, ot
< [ ([ 0. Biyds+ Qolen) + to(t)elt) - Bu(®)
a 0
¢
— (0(0), e(0) — Ew(0)) f/ (6,¢ — Ew)ds)dt. (6.33)
0
From the arbitrariness of a and b and from (6.28) for a.e. ¢ € [0,T] we obtain (5.6),
which is equivalent to (5.4).
It remains to prove claim (6.30). This will be done by adapting the proof of
[5, Theorem 4.5]. Let ¢ : [0,400) — R be a non-negative C*° function such that
#(s) = 0 for s < 1 and ¢(s) = 1 for s > 2. For 6 > 0 we define 95(v) :=

¢(3dist(z,T)) for x € Q.
Since H is positively 1-homogeneous and satisfies (4.35) we have that

t

/O H(sp)ds — / (0, 505} ds < / H(p)ds — / (0 5)ds.  (6.34)

Integrating by parts with respect to time and using then (4.17), this is equivalent
to

t t t
[ Hewsiyas = [t - Butyusias + [ (st - w)ds
0 0 0
t
- [ = w) © Ts)ds = (e 6) 501 v) + (e (0) - 50N ) <
0
t t
< [ s~ [ a5 (6.35)
0 0
The lower semicontinuity of the variation, together with (4.32) and (6.18), implies
t
D (pi0.1) < limint | M (9)ds (6.36)
€— 0
By (4.24), (6.4e), (6.5g), (6.5h),(6.6d), and (6.6e), using Lemma 4.3 we obtain

([ep(0) - p*(0)], ¥s) — ([en(0) - p(0)], ¥s)- (6.37)

For what concerns the term ([o%(¢) - p€(¢)], ¥s), we fix 0 < a < b < T and integrate
on [a, b] with respect to time. Using (4.17) we write

b b
/ (L5 - T, ) ds = — / (o - (¢ — Bu), s)ds

b b
—|—/ <f€7¢5(u5—w6)>ds—/ (0%, (u® — w*) ® Vips)ds,

where we have used the fact that 15 is zero in a neighborhood of I'y. The last
three terms pass to the limit thanks to (6.4e), (6.5g), (6.5h), (6.19), and (6.20).
Therefore, using again (4.17) we obtain

b b
/ ([ - ), vs)ds — / (e - Bl s)ds. (6.38)
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We now integrate in (6.35) with respect to time. By (6.4e), (6.5g), (6.5h), (6.19),
(6.20), and (6.36)-(6.38) we get

b ¢ t
| (©atwai0.0= [ (-~ By voris + [ (Fslu—w)ds
— [0 tu=w) © Vus)ds = (lon®) - (0 vs) + (l2n(0) - p(O)). ) )t <

gliminf/ab (/OtH(pe)ds—/0t<g},,p€>ds>dt. (6.39)

e—0

Using (4.17) we get

t

b
[ (Prtwspi 0.0~ e (®9(0) v5) + (en0)9(0). vs)+ [ (ep8) vyds) e <
b, ot t
Shgl%lf ’ </o H(ﬁe)ds—/o (g}ﬁ)ds)dt.

Letting 6 — 0 and using the semicontinuity of Dy we then obtain (6.30). This
concludes the proof of (5.4) for a.e. ¢t € [0,T).

Since (5.3) and (5.4) are satisfied for a.e. ¢t € [0, 7], and in particular for t = 0, we
can apply Theorem 5.2. We obtain that p : [0, T] — M (QUTo; M*") is absolutely
continuous and we can redefine u(t) and e(t) on a set of times with measure zero
so that w : [0,T] — BD(Q) and e : [0,T] — L*(Q,MZx") are absolutely continuous
and the function (u, e, p, o), with o(t) = A%(t), is a quasistatic evolution in perfect
plasticity with initial conditions ug, ey, po, and boundary condition w on I'y.

From (6.32) and from the energy balance (5.4) it follows that the inequality in
(6.31) is actually an equality and that the liminf is a limit. So, since

b 2 t t
€ .. e e e
| (Gl =i +e [ Qs+ [ 5iads)ie = o

it follows that equality holds also in (6.29) and (6.30), and that the liminf is a limit
also in this formulae. In particular

T T
/ Qo (e(t))dt — / Qo (e(t))dt, (6.40)
0 0
Since e¢ — e weakly by (6.19), from (6.40) it follows that
e — e strongly in L*([0, T]; L* (M), (6.41)

which gives (6.9) for a suitable subsequence. From this and (6.18) we conclude that

Euf(t) — Eu(t) weakly* in My(QUTg; M), (6.42)

sym

for a.e. t € [0,T7.

Let us fix ¢ for which (6.9) and (6.42) hold. Since u¢(t) € A(w(t)), it follows
from (4.1) that u¢(¢) is bounded in BD(2) uniformly with respect to e. Up to a
subsequence we may assume that u(¢) converges weakly* in BD(Q) to a function
v. By Lemma 4.1 it follows that (v,e(t),p(t)) € App(w(t)). Since we have also
(u(t),e(t),p(t)) € Agp(w(t)), we deduce that Ev = Eu(t) in Q and (w(t)—v)Ov =
(w(t)—u(t))®ov H" '-almost everywhere on I'g. This implies that v = u(t) H" !
almost everywhere on I'g, and applying inequality (4.1) to v — u(t) we obtain that
v = u(t) almost everywhere in . This concludes the proof of (6.8).

(]
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7. APPENDIX

This section contains the proof of two technical results concerning the conver-
gence of suitable Riemann sums for functions with values in Banach spaces.

Lemma 7.1. Let X be a Banach space, let ¢ € WH1([0,T]; X), let S C (0,7
be a set of full measure containing T and let b : S — X' be a bounded weakly*
continuous function. For every k > 0 let {tf}o<;<) be a subset of SU{0} such that
O=tf <th < - <th =T and max}_, |th —tF || = 0 as k — +oo. Then

k

T

dim 3200008, 0008) = otk 1)) = [ (oo oo)
i=1

where (-,-) denotes the duality product between X' and X.

Proof. Let vy, : [0,7] — X' be the piecewise constant function defined by ¥y (t) =
P(th) for tF | <t <tF. Then

k T
Do) 6(e) = o) = [ wnlo). o)

Since 15, (t) —(t) weakly* for every t € S we have (¢ (t), d(t)) — (), ¢(t)) for
a.e. t € [0,T]. The conclusion follows from the Dominated Convergence Theorem.
(]

The next lemma extends the previous result to the case of the duality product
introduced in (4.13).

Lemma 7.2. Let g be the function introduced in the safe-load condition (4.23)-
(4.25) and let p : [0,T] — Mp(QUTo; M™) be a bounded function. Assume that
there exists a set S C (0,T] of full measure containing T such that for every t € S
the function p is continuous at t with respect to the strong topology of My(Q2 U
Do; M™) and p(t) € Hr, (). For every k > 0 let {tk}o<i<k be a subset of SU{0}
such that 0 =tk <t < ... < t® =T and maxt_, [tF —tF || — 0 as k — +oo.
Then

k T
i 3 enlth) ~ enttt-).th) = [ (eo@) iyt

where (-,-) denotes the duality product introduced in (4.13).

Proof. Let pi : [0,T] — IIp, () be the piecewise constant function defined by
pi(t) = p(tF) for t¥ | <t < tF. Using (4.28) and (4.29) we obtain that

k T
> (en(th) = enth).p(th) = [ (a(®). )t =
- / (@n(t), pi(t) — p(t))dt + / (@n(t), p(t))dt. (7.1)

By (4.14) we have
T

T
/ (6 (8), pr(t) — p(B))|dt < / 16n ()12~ I9s(t) — p(E)l|ney e
0 0

Since ||pk(t) — p(t)||m, — O for a.e. t € S by our continuity assumption and
t — ||6()|| L~ belongs to L1([0,T]) (see [5, Theorem 7.1]), we obtain
T

lim [ |[(¢p(t),pr(t) — p(t))|dt =0 (7.2)

k—oo Jo
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by the Dominated Convergence Theorem. The conclusion follows from (7.1) and
(7.2). O
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