Dissipative continuous Euler flows in two and three dimensions

A. Choffrut, C. De Lellis, L. Székelyhidi Jr.

April 2, 2012

Contents
1 Main results 2
2 General considerations on the construction 4
2.1 Construction of (v, p1, Rl) ........................... 4
2.2 A complete set of stationary flows . . . .. ... ... ... ... .. ..., 4
2.3 The geometric lemma . . . . .. ... L L 6
3 The maps vl,pl,lo%l
3.1 The perturbation w, . . . . . . . . .. 9
3.2 Theconstantspand M . . . .. .. .. L 10
3.3 The correction we . . . . . . . . e e e e e e e e e 11
3.4 The pressure term Pr . . .« .« o ool e 11
3.5 The Reynolds stress tensor Ri 12
4 Notation and assumptions 13
5 Schauder estimates 13
6 Estimates on the corrector and the energy 15
7 Estimates on the Reynolds stress 18
8 Conclusion: proof of Proposition 2 21
9 Proof of Theorem 3 21
9.1 Proofof Theorem 3. . . . . . . . . . . . . . . .. e 24

In [1] the authors construct dissipative continuous (weak) solutions to the incompressible
Euler equations on the three-dimensional torus T2. The building blocks in their proof are

Beltrami flows, which are inherently three-dimensional. The purpose of this note is to
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show that the techniques can nevertheless be adapted to the two-dimensional case. (For
motivation for the search of such flows with “anomalous energy dissipation”, in particular

for more on the Onsager conjecture, the interested reader is referred to the Introduction of

1)

1 Main results

In this paper we will take
d=2 or 3.

Theorem 1 LetT > 0. Assume e: [0,T] — R is a smooth positive function. Then, there is
a continuous vector field v: T?x [0, T] — R? and a continuous scalar field p: T¢x [0, T] — R

solving the incompressible Euler equations
O +div (v ®v) + Vp =0, diveo =0 (1)

i the sense of distributions and such that

e(t) = /Td lv|?(x,t) dz, t €10,7T). (2)

The case d = 3 was proved in [1]. Here we show that the proof can be adpated to the
case d = 2. It is based on an iteration procedure in each step of which one solves a system
of equations closely related to the Euler equations. We introduce some terminology. We
let S¥*? denote the space of symmetric d x d matrices and Sng its subspace of trace-free
matrices. Assume v, p, R are smooth functions on T¢ x [0, T] taking values in R% R, and

o

Sg *d respectively. We say that (v, p, R) solves the Euler-Reynolds system if they satisfy
A +div (v ®v) + Vp = div R, dive = 0. (3)
Theorem 1 is a consequence of the following
Proposition 2 Lete: [0,7] — R be a smooth positive function. Then, there ezist constants
n and M, depending on e, with the following property.

o

Let 6 <1 and (v,p, R) a solution of the Euler-Reynolds system

Ao + div (v ® v) + Vp = div R

such that
Sset) < elt) — [ oP(at)dx < 25e(t),  te0,T] (@)
4 a 4
and
suP |R(a:,t)\ < né. (5)
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Then there exists (v1,p1, Rl) solving the Fuler-Reynolds system and satisfying the following

estimates: 5 .
gée(t) <e(t) — / lv1)?(z,t) dz < gée(t), te[0,T) (6)
o 1
sup R (e.1) < 505 7)
sup o1 (2, 1) — v(w, t)| < MV3, 8)
x,t
and
Su? Ip1(x,t) — p(x,t)| < M. (9)
Proof of Theorem 1: Start with vg = 0, pg = 0, Ry = 0, and 6 = 1. Apply

Proposition 2 iteratively to obtain sequences v,, p,, and R, solving the Euler-Reynolds

system (3) and satisfying

3e(t) 9 5e(t)
sell) iy < 2h T
24 < et /wany (@ de < 29 tepo)
° n
1
Sup|vn+l($vt)_vn($vt)‘ < M 277
x,t

sup [pay1(z,t) — po(x,t)| <

x,t

The sequences v, and p, are Cauchy in C(T? x [0,7]) and hence converge (uniformly)
to continuous functions v and p respectively. Likewise, Rn converges (uniformly) to 0.

Moreover, taking limits in the estimates on the energy,
/ WP (2, ) de = e(t),  te0,T].
Td

Also, we may pass to the limit in the (weak formulation of the) Euler-Reynolds system (3)
and this shows that v, p satisfy the (weak formulation of the) Euler equations (1). [

We also show that the 3D flows constructed in Theorem 1 are genuinely three-dimensional.

Theorem 3 Let d = 3. Then, a typical solution constructed in Theorem 1 satsifies

rank </’JI‘3 v(z,t) @v(z,t) da:> =3, t€[0,7T].

Furthermore, v can be made arbitrarily small in the H™*-topology: for any prescribed € > 0,

we have
[vl[z-1 <e (10)
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This is done by a careful analysis of the proof of [1].

Remark A similar analysis in the two-dimensional case leads to the conclusion that the
two-dimensional flows constructed in Theorem 1 are typically not parallel flows. However,
it is classical that such flows are necessarily stationary, and this is not possible if e(t) is not

constant.

2 General considerations on the construction

In this Section we collect the main ingredients in the proofs of Theorems 1 and 3.

2.1 Construction of (v, py, Rl)

o

Assume (v, p, R) as in Proposition 2. Write v; = v + w and p; = p + ¢ where w and ¢ are
to be determined. Then,

dyv1 4 div (v ® v1) + Vpy = div (w @ w + ¢ld + R) + dyw + div (v @ w + w @ v).

The perturbation w should be so chosen as to eliminate the first term in the right-hand
side, viewing the remainder as a small error. Note how this first term is reminiscent of the
stationary Euler equations. Roughly speaking, the perturbation w will be chosen as a high
oscillation modulation of a stationary solution. More specifically, it will be taken of the
form

W = Wy + We

where w, is a highly oscillator term given quite explicitly and the corrector term w. en-
force the divergence-free condition divw = 0. The oscillation term w, will depend on two

parameters A and p such that

A
A u,— € N.
1

In fact, A and p will have to be chosen sufficiently large, depending on v, 132, and e, in order
that the desired estimates (6), (7), (8), and (9) be satisfied.

2.2 A complete set of stationary flows

The stationary Euler equation is nonlinear. The following Proposition says that there exists

a linear space of stationary solutions. We first introduce some notation.

e Case d =2 For k € 72, we let

kLo k€

= i——ehE = .
A N G (1)
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so that
b(€) = Vir(§), where Vi = (=02, 0a).
hence div¢ by = 0. Observe also that by, = b_y, and ¥, = V_y.

e Case d=3 For k € 73, we let
be(€) = Bre™™ (12)

where Bj will be chosen appropriately, see Lemma 5. In particular, one should have
dng bk =0 and a == b_k.

Lemma 4 (A complete set of stationary flows in 2D) Let v > 1. For k € Z? such
that |k|?> = v, let aj, € C such that ag = a_j,. Then,

WE) = > ab(§), T =Y ar(s)

|k[2=v |k[2=v

are R-valued and satisfy

WP w?
diVé(W@W):V§<| 2’ —l/2>. (13)
Furthermore,
k
(W& W) ][ WoWde= Y ]ak]2<d—|k|®|k’> (14)
|k[2=v
In other words, W and V¥ are the velocity field and stream function, respectively, of a
stationary flow with pressure P = —@ + V%Q.
Proof By direct computation one finds Ag1)y, = —|k|*3x, and hence that AW = —v¥.

Recall the identities
1
dive(W @ W) = 7V5|W!2 + (curle W)W
where curle W = 9 W? — 02 W' = AU and W+ = (=W?2 W1). Then,

2
leg(W@W) == VJ

—vUVeU

as desired.

As for the average, write

WeW(E)de = ) ajab; @by

- 7k
iR
(k itk
— —Za]ake +9) 5’ ’®m
iR
- ihgyed g K 15
Z“’““ﬂ ALk (15)
5
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If j # k, fps e* 7)€ d¢ = 0 and it is 1 if j = k. Thus,

ko k
(W @ W)e Z|ak|2—®m Z\aﬁ(m—'k’ |k>

|k[?=

where the last identity follows from II%I ® L = (Id - & ® %) by direct calculation. W

The following three-dimensional version was proved in [1].

Lemma 5 (Beltrami flows) Let v > 1. There exist By € C3 for |k| = v such that, for
any choice of ap € C such that ar = a_y, the vector field

W(E) =Y apb(§) (16)
|k|=v
1s divergence-free and satisfies
w 2
div (W®W):V| 2’ : (17)
Furthermore,
k k
Wd¢ = (1d - — 1
IV ewde= 2l (19 2 ) "
Note that in the three-dimensional case the pressure is given by P = —w.
Proof This is Proposition 3.1 in [1]. |

2.3 The geometric lemma

Lemma 6 (Geometric Lemma) For every N € N we can choose ro > 0 and v > 1 with

the following property. There exist pairwise disjoint subsets

. je{l...N
(keZd : |kl=v} if d=3 A J

A‘C{ (kez? : |k2=v} if d=2
and smooth positive functions
Ve c>(B,,(1d)), je{l,...,N}, keA,
such that

1. k € Aj implies —k € A and ’y,g D = ’y(J,i,

6
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2. for each R € By, (Id) we have the identity

R=Y" (7,9)(3))2 <Id - |Z‘ ® ’:') R € B,,(1d). (19)

k‘EAJ‘

Proof This was proved for the case d = 3 in Lemma 3.2 of [1] (up to a normalization

constant). Here we treat the case d = 2 only. For each v € R? \ {0} we define

M, =Td— — @ —.
ol o]
Step 1 Fix v > 1 and for each set F' C {k € Z? | |k|?> = v} denote c¢(F) the interior of the
convex hull in $2*2 (the space of symmetric 2 x 2 matrices) of the set Mp := {M}, : k € F}.
We claim in this step that it sufices to find v and N disjoint subsets F; C {k € Z? : |k|* = v}

such that
o —Ij=1Ij;
e ¢(Fj) contains a positive multiple of the identity.

Indeed, we will show below that, if F; satisfies these two conditions, then we can find r¢g > 0,
a subset I'; C F};, and smooth positive functions /\,&7 ) e C>°(Bay,(Id)) for k € I'; such that

R= > M\ (R)M;.
k’EFj

We then define the sets A; and the functions ’y,gj ) for k € A; according to

° Aj = FjU—Fj;
o M) —0if ke A\ Ty

. 7](ﬁj) — )\’(Cj) + /\](Cj) for k € A;.

Note that the sets A; are then symmetric and that the functions fy,(cj ) satisfy (19). Moreover,

since at least one of )\(ji/,)C is positive on By, (Id), ’y,ij ) is smooth (and positive) in By, (Id).
We now come to the existence of I';. The open set ¢(F}) contains an element ald for
some a > 0. Observe that the space S2*? of symmetric 2 x 2 matrices has dimension 3. Since
ald sits inside the open set ¢(Fj), there exists a 4-simplex S with vertices Ay, ..., A4 € c(F})
such that ald belongs to the interior of S. Let then ¢ sothat the ball U centered at aId and
radius ¥ si contained in S. Then, each R € U can be written in a unique way as a convex

combination of A;’s:
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where the functions f3; are positive and smooth in U.

Using now Carathéodory’s Theorem, each A; is the convex combination Zn )\i,nMviyn
of at most 4 matrices My, ,, where v; , € Fj, where we require that each A;, be positive.
such that A; belongs

to their closed convex hull. If we insist that all coefficients should be positive, then some of

(Carathéodory’s Theorem guarantees the existence of 4 elements M,

i,mn

these elements should be thrown away.)

Set now rq := %. Then

1
R = Z E,Bi(OZR))\ivai,m Re B?ro (Id)

and each coefficient éﬁi(aR))\m is positive for R € Bo,,(Id). The set I'; is then taken as
{vin}. Since one might have v;, = v, for distinct (i,n) and (I,m), the function A, will
be defined by
1
M) = > —BilaR)in
(i,n)w; n=k

and this completes Step 1.

Step 2 By Step 1, in order to prove the lemma, it suffices to find v and N disjoint families
Fy,---, Fnx C /US'NZ? such that each set c(F;) contains a positive multiple of the identity.
Note that S N Q? is dense in S'. Indeed, let

2u  u?-—1

UER’—)S(U) = (W,W

)eSlc]R{Q.

Clearly s(Q) C Q2. Since Q is dense in R and s is a diffeomorphism onto S' \ {(0,1)}, the

claim is proved.

1
NG
the Hausdorff sense, to the entire circle S'. Given the sequence v}, one can easily partition

In turn, there exists a sequence v, — +o0o such that the sets S' N Z? converge, in

each \/7;S! NZ? into N disjoint symmetric families {Ff}j:Lm’N in such a way that, for
1
VK

to S'. Hence, any point of ¢(S') is contained in c(\/%Tijk) for k sufficiently large. On the

other hand, it is easy to see that ¢(S!) contains a multiple ald of the identity in its interior.

each fixed j, the corresponding sequence of sets { Ff}k converges in the Hausdorff sense

(One can adapt for instance the argument of Lemma 4.2 in [2].)

By Step 1, this concludes the proof. |

3 The maps vy, p1, 1-9{1

o

Let e(t) be as in Theorem 1 and suppose (v, p, R) satisfies the hypothesis of Proposition 2.
In this Section we define the next iterates v; = v+w, p1 = p+¢q, and Ry. The perturbation

8
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w will be defined as w = w, + w. where w, is given by an explicit formula, see (27), and

the corrector w. guarantees that divw = 0.

3.1 The perturbation w,

We apply Lemma 6 with
N =24

(where d € {2,3} denotes the number of space dimensions) to obtain v > 1 and rg > 0, and
pairwise disjoint families A; with corresponding functions ’y,gj ) e C*(By,(1d)).

The following is proved in [1] and works for any number of space dimensions. Denote
Ci,...,Cn the equivalence classes of Z9/ ~ where k ~ [ if k — [ € (2Z)%. The parameter
1 € N will be fixed later.

Proposition 7 (Partition of the space of velocities) There exists a partition of the

space of velocities, namely R-valued functions oy(v) for 1 € Z% satisfying

> ()’ =1 (20)

lezd
such that, setting
¢(j)(U ) = Z o —i(k-L)r s d
p (v, T) = 1(puv)e wt j=1,....,N, keZ, (21)
lECj
we have the following estimates:
sup Doy (v, )| < Clm, )™, (22)
sup | D0, +i(k - v)o ) (v, 7)< C(m, K|, d)p™ ", (23)

Furthermore, @ = qﬁ(_J,)c and

\d)k v, T) Zal (24)

leC;
Set now )
p(s) = o) < (t) <1 — > / [v|*(x, t) da:) (25)
and
R(y, s) := p(s)1d = R(y, s). (26)
Define
wo(x,t) == W(x,t, \t, A\zx) (27)

9
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where

W(y,S,T,g) = Z ak(yvsaT)bk(f)

k2=

- iy S (M

J=1keA;

) Dio(y, ), 7)bu(e).  (28)

(The velocity fields by were defined in (11).) We also introduce the corresponding stream

function
Yoz, t) 1= W(x,t, M, Ax) (29)

where

\I/(y,s,r,f) = Z ak(yasa'r)d)k(g)

|k[2=v

N O (B2 6000,y

J=1keA;

(The stream functions 1, were defined in (11).)

3.2 The constants n and M

In this Section we fix the values of the constants 77 and M from Proposition 2.
The perturbation w, is well defined prov1ded € By, (Id) where rg is as in Lemma 6.

By definition (25) of p and assumption (4),

1 9
t) > —e(t) > ¢ mi t
p(t) = d(27r)d4e( )=c tg[gg]e()
where ¢ = m. Then,
-
p(t) cd mingefo,7) e(t) cmingepo,7) e(t)
Thus, we choose 7 satisfying
1
< = t)r
n< 2ctg[gg]e() (30)

Observe that this restriction is independent of §.
We choose first a constant M’ > 1 such that

M > 2 Zzsupw B)] sup ) (0,7)| sup b (©)| (31)

J=1keA;

10
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and, in case d = 2, we additionally impose that
1 & : :
M > =373 sup [y (R)] suplg (v, 7)) sup [ () (32)
L= ker; T ur ¢

and then choose M > 1 such that

supg<;<7 €(t)
M>M | —=== 7
=\ T aden)?

Observe that with these choices we have

.

VU [ollo and  [lwollo < (33)

since p(t) < mée(t) by (25) and (4).

3.3 The correction w,

To obtain w from w, we need to introduce the Leray projection onto divergence-free vector

fields with zero average.

Definition 8 (The Leray projector) Let v € C®°(T¢,R%) be a smooth vector field. Let

Qv::V¢+][ v

Td

where ¢ € C(T) is the solution to
A¢ =dive in T?¢ subject to ¢ =0.
Td

We denote by
P.=1-0

the Leray projector onto divergence-free vector fields with zero average.

The iterate vy is then expressed as

v1 = v+ Pw, = v+ w, + we, we = —Quw, = W — W,. (34)

3.4 The pressure term p;

We set
2 2
p— (—‘ug" - U%) if d=2,

‘w |2 . (35)
pP— 5 if d=3.

p1 =

This choice for p; will become clearer at the end of the proof, see Lemma 18.

11
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3.5 The Reynolds stress tensor }D%l

To construct }021, we introduce another operator.
Definition 9 Let v € C%°(T¢,R%) be a smooth vector field. We define Ruv to be the matriz-

valued periodic function

_— { Vu+ (Vo) T — (div u)Id it d=2

1 (VPu+ (VPu)b) + 3 (Vu+ (Vu)t) — §(divu)ld if d=3

where u € C™(T%,RY) is the solution to

Au:v—][ v in TY, subject to ][ u = 0.
Td Td
The operator R satisfies the following properties.
Lemma 10 (R = div ') For any v € C®(T¢ R?) we have
1. Ru(x) is a symmetric trace-free matriz for each x € T<;
2. divRv =v— fpav.

Proof The cased = 3is treated in [1] and thus we assume d = 2. Clearly, Rv is symmetric.
Next,
trRv =2divu — 2divu =0

and
divRv = Au+div(Vu)' — div ((divu)Id)

= Au+div(Vu)" — Vdivu

= Au

= v —][ v

'[FQ
by definition of u. |
Then we set
Ry := R (1 + div (v1 ® v1) + Vp1) . (37)

One verifies, as in [1] (after Lemma 4.3, p. 15), that the argument in the right-hand side
has zero average: div (v1 ® v1 + p11d) clearly has average zero, and so does dyv1 = v + yw
since Oyv = —div (v ® v + pld) has average zero as well as w by definition of P. In turn,
Lemma 10 yields

o1 + div (v1 ® v1) + Vpp = div Ry

12
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4 Notation and assumptions

The letter m will denote a natural number (in N), and « a real number in the interval (0, 1).
The letter C' will always denote a generic constant which may depend on e, v, }Q?, v, o, and

0, but not on A nor p. We will further impose that
1<pu<A (38)

The sup-norm is denoted || f||o = suppa |f|. The Holder seminorms are given by

Ul = max D7 flo,
[f] ‘= max sup |D7f($) B D’Yf(y)|
mee [v[=m Ty |$ - y|a

and the Holder norms are given by

£l = > 1f];

7=0
I fllmta = Ifllm+ [-ﬂm—i—a :

We also recall the following elementariy identity: for 0 <r <1

[£9], < C(f], lgllo + [[fllo lg],.)-

5 Schauder estimates

In this Section we record estimates in Holder spaces (“Schauder estimates”) established in

[1].
The next Proposition collects estimates in Holder spaces (“Schauder estimates”) for

varous operators used in the remainder.

Proposition 11 For any o € (0,1) and m € N there exists a constant C = C(m,«a,d)
satisfying the following properties. If ¢,1: T — R are the unique solutions to

Ap=f Ap=divF
deﬁb:O 7 dewZO

9

then
[9llm+2.0 < Cllfllma, and  [[¥]lm+1,.a < ClF||m,a-

13
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Moreover, we have the following estimates:

[Qullmta < Cllvllm+ta; (39)
[Pollmia < Clvllmtas (40)
[Rollmt1.a < Cllvlmtas (41)
[Rdiv Allm+a < CllAllmta; (42)
[RQAV Allmia < CllAlm+ta- (43)

These estimates are proved in [1] in three dimensions, and it is easy to see that they should
also hold in two dimensions as well. (The difference in the expressions for the operator R
is only superficial.) Suffice it to say that these estimates are the expected ones: P and Q
are differential operators of degree 0; R is a differential operator of degree —1; and div is a
differential operator of degree 1.

The effect of the oscillation parameter A is described in the following
Proposition 12 Let k € Z¢\ 0 and X\ > 1 be fized.

1. For any a € C>®(T%) and m € N we have

/ a(z)er? dy
Td

2. Let ¢y € C(T?) be the solution to

Loy

Agy=fr in T
subject to fra ¢y = 0 where f(z) = a(x)eMkT — fra a(y)eMvdy. Then, for any
a € (0,1) we have the estimate

ol + ol

||v¢>\||a < )\1770[

Am—«a
where C' = C(m, a,d).
This was established in [1] and is in fact valid in any dimension.

The following is a consequence of the definition (36) of R, the Schauder estimate (40)
for P, and Proposition 12.

Corollary 13 (Estimates for the operator R) Let k € Z?\ 0 be fired. For a smooth
vector field a € C®(T4 R?), let F(x) := a(x)e**. Then, we have

lalm + ol

C
IR la = yy=5llallo +

)\mfa

for C =C(m,a,d).

14
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6 Estimates on the corrector and the energy

We recall that w,(z,t) is defined in (27).

Lemma 14 1. Let aj € C®°(T? x [0,T] x R) be as in (27). Then, for any r >0,

la (s, 7)llr < Cu,
Hasak("SaT)HT < CMT-H’
[0-ar (-, s, T)ll, < Cp',
1(rar + ik - v)ag) (s, 7)llr < Cu'™
2. The matriz-valued function W @ W is given by
(WeW)(y, 5,78 =R(y,s)+ > Uky,s,7)e** (44)
1<|k|<2w

where the coefficients Uy, € C(T9 x [0, T] x S¥™9) satisfy, for any r > 0,

[Uk(5s,7)llr < Cu,
185Uk (-5, 7)l» < Cp'™,
10-Uk(-; s, 7)llr - < Cu,

18- +i(k - 0)UR) (5,7l < Cu' ™
3. For d =2, we have
w2 2 o
’2 —vy= ) et
1<[k|<2v

where the functions ay satisfy for any r >0
lax (- s, 7)[lr < Cp".

In all these estimates the constant C' depends on r, e, v, and }o?,, but is independent of

(s,7) and p.

Proof The first two items are proved in [1] for d = 3 and we only briefly recall their proof
since it is identical for d = 2. The estimates on the coefficients a;, follow from the estimates
(22) and (23) on ¢§j)- Next, write W @ W as a Fourier series in :

W®W(y78577€) = UO(Z%S,T) + Z Uv]g(y757'7')€ik'5
1<|k|<2v

15
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where the entries in the Uy’s are quadratic in the a’s and ||ag||o < C. Thus, the Uy’s satisfy

the claimed the estimates. Furthermore,

U()(y,S,T) = dW®Wd§
T
N 2
14 N (R ; k k
2\ \p W TR
N 2
(24) N (R k k
* LR T ) ole- e
7j=1 kEAJ‘ leC; P
19 <
=" RY Y aj(v)
Jj=11eC;
(20)
2 R (45)

2
As for the third item of the Proposition, concerning ng — 1/%2 when d = 2, we compute,

omitting variables and remembering that the sums are over j and k such that |j|? = |k|* = v,
V2= ) ajapdtn
g,k
_ 1 S ajaeilHie

v
gk

1 o

v
7,k

1 9 1 (ke
= 3 Xl g e

|k|2=v Jj#k

1 -
= =D lal+ Y g™

|k‘|2:V 1<|k|<2v

where the coefficients a;, are quadratic in the a;’s. But from the expression (14) for (W@W )¢

we deduce

WP=tr(WeW) = trR+ >  trUe**

1<|k|<2v

= Z lax|? + Z tr Upe'™ <.

|k|2=v 1<|k|<2v

Subtracting the above expression for v¥? from that of |WW|? we obtain the desired expression

with suitable coefficients a; which satisfy the same estimates as the ag’s. |
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Lemma 15 (Estimate on the corrector)

[wella < C~E

<ol (46)

Proof This is proved in Lemma 6.2, p. 21, in [1] for d = 3. For clarity we reprove it for

d = 2 with the appropriate adjustments. Recall that

wo(z,t) = Y ag(x,t, M)V hp(Ax) = VEU(x,t, At Ax)

|k|2=v
where \Il(y7 S, T, 5) = Z|k|2:1/ a’k(yv S, T)¢k<£) But
V4 (ap(z, t, M)vp(Ax)) = Aag(z, t, X) (V) (Az) + e (Az) VEag (2, t, At)

or

an (@, £, M) (V) ) = £ { V- (an (a8, M (O0a)) = v (O0) V- ai (a1, 0) §

>| =

and thus
1oy 1 L
wo(z,) = 1V lkl; a(z,t, M)YR(Ar) | = kz; Ur(Az)VEay(z, t, At).
Since Q eliminates the divergence-free part and div o V' = 0, we have by (34)
1 1 1
we(, 1) = Quo(,1) = 1.Q > () Viag(a,t, M) | = 1 Que(w,t). (47
|k[2=v

Thus, by Schauder estimate (39) for Q and the estimates on the coefficients aj from

Lemma 14, we find

C Iz
[wella < ~luclla < C)\l,a'
|
Lemma 16 (Estimate on the energy)
e(t)(1 - ) —/ o1 |2 da| < O (48)
2 Td ! - )\170{'

Proof This is proved in Lemma 6.3, p. 21 of [1] for d = 3. For clarity we briefly recall it
in the case d = 2. Taking the trace in the expression (44) for W @ W gives

W|> =trR + Z tr Urpe™*.

1<|k|<2v
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From part (1) of Proposition 12 with m = 1, and using estimates on Uy, from Lemma 14,

we find
‘/ lwo|? — tr Rdx / v - wo dx
Td Td

This, along with the estimate (46) on w. and ||w,|lo < C, implies

[ = o = o
T

Now by definition (25) of p we have tr R = dp = ﬁ (e(t) (1 —3) — [ra |v|*dx). Putting

the above together finishes the proof. |

and

I
< C=.
- A

"
< Ciia

7 Estimates on the Reynolds stress

In order to clarify the choice for p; as in (35), we will temporarily write p; = p + ¢. With

this, we have

divR, = 08w +div (1 ®v1) + Vpr
= Ow, + v - Vw,
+  div (wo ® we + ¢ld + R)
+ Orwe + div (V1 @ We + We @ V1 — We @ We + U & Wy).

We split the Reynolds stress tensor into the transport part, the oscillation part, and the error
as shown on the right-hand side of the above identity. In the remainder of this Section we

estimate these terms separately.

Lemma 17 (The transport part)

& MZ
IR (Do + v - Vawy)||la < C (M + AM) . (49)

Proof This is proved in Lemma 7.1, p. 22 of [1] for d = 3 and is valid for d = 2 as well. B

Lemma 18 (The oscillation term)

R (div (wo @ wo + qld + R))|| <C s (50)
= ( )|

a )\1704 :

18
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Proof This is proved in Lemma 7.2, p. 23 of [1] for d = 3. The main difference in the case
d = 2 is in the role of q.

Recalling that R(y,s) = p(s)Id— R(y, s), see (26), and noting that p = p(t) is a function
of ¢ only,

div (wo ® we + R + ¢ld)
= div (w, ® w, — R + ¢lId)

2 2 2 2
= div (wo®wo—R—<|w2o‘—V%)Id)—kV(q—%—’wy—l/%)
2 2
= diVy<W®W—R—<|I/V2’—l/\I;>Id>
2 \Ifz
+ Adivg <W®W— <|VZ| —l/> Id)

2
2 2
- V<q+|w0‘ _V%)

2 2

2 \1,2
= divy<W®W—R—<|W;| —1/2)Id>

= divy | Y Upe™T— Y aperId

|k[2=v |k[2=v

where two cancelations occur by construction of w,, see (13), and by definition of ¢, see
(35). The estimate follows from Corollary 13 with m = 1. [ |
Lemma 19 (The error - I)

2
7]
IROwella < O35 (51)

Proof This is proved in Lemma 7.3, p. 23 of [1] for d = 3. For clarity we briefly recall it
for d = 2 with the appropriate adjustments.
Recall that ue =32, Yp(A\x)V=+ag(z,t, M) was defined in (47) and thus

Dpue(w,t) = A D G(A2)VEOrap(z, b, At)

k2=

+ Y e(A2)VHsag(z, t A

|k[2=v

But for any vector-valued function A(y, s, 7), we have

: k- ik , ek (K
div A(x,t,/\t)@)we = iAA(x, t, \t) 7l +e W-V Az, t, \t)
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hence

~ 1 k 1, k
ik . iNk-x iNk-x
Yp(Az) Az, t, At)e = adlv (A(x,t, M) ® W@ ) — e <\/<:]3 : V) Az, t, \t).
Therefore d;u. is of the form
O = divU, + 1,
where
[Uclla < CuA®, l[tella < CMQAQ
owing to the estimates from Lemma 14. In turn,
1 . N
[Rowwella < i (IRQdiv Uella + R Qo)
C -
< By (IUclla + llticlla)
2
i
< O3
owing to the estimates (39), (41), and (43). [
Lemma 20 (The error - II)
IR(div (v1 & we + we ® v1 — We @ we)) |0 < oAlﬁm. (52)

Proof This is proved in Lemma 7.4, p. 24 of [1] for d = 3 and the proof is valid in the
case d = 2. |

Lemma 21 (The error - III)

G

IR(div (v @ wo))lla < C3=-

(53)

Proof Thisis proved in Lemma 7.4, p. 24 of [1] for d = 3 and we briefly indicate the proof
in the case d = 2. Using that div¢b, = 0, we find

div(v @ w,) = w, - Vu+ (divw,)v
= Z ak(bk . V)'U + (Vak . bk)v

k2=

ikt ikt ik
= 3 [w (G 9) o (o i) o] e

|k[2=v

The estimate follows from Corollary 13 with m = 1. |
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8 Conclusion: proof of Proposition 2

o

Recall that e(t) is given as in Proposition 2 and that (v,p, R) is assumed to solve the
Euler-Reynolds system (3) and to satisfy the bounds (4) and (5).

We have now all estimates available in order to fix the parameters u, A, and « so that
the estimates (6), (7), (8), and (9) may hold. For simplicity we will take

p=x\ (54)

for some ( to be determined (although strictly speaking this can only hold up to some
constant depending only on 3 since it is required that p € N). Recall that C' denotes a
generic constant (possibly) depending on e, v, R, v, a, and 4, but not on A nor 1b.

Recall that the constant M of Proposition 2 has already been fixed in (33) so that

Villwlo and oo < Y2V, (55)
Since v1 — v = w, + we, the bound (8) on v; — v follows provided
lwello < C3=5 = CXHA=1 < /5.
The bound (9) on p; —p = — (‘WSF = V%‘%) also follows from (55).
The bound (6) on the energy follows from (48) provided
C'Afia = O\ < gtg[lgg]e(t).
Finally, the estimates (17), (50), (51), (52), and (53), imply that
[Rifla < COACTF 4 NF21 g (20671,
In conclusion, imposing
a<f and a+28<1 (56)

ensures that the bounds (6), (7), (8), and (9) hold provided A is chosen sufficiently large.

This concludes the proof of Proposition 2.

9 Proof of Theorem 3

In this Section we fix d = 3. The proof of Theorem 3 follows from a closer analysis of the

proof of Theorem 1.
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Lemma 22 Let e,v,p, R be given. Let R, W, we, v1, Ry be defined as in (26), (27), (34),

o

and (37). Then, there exist constants C = C(e,v,p, R) and v > 0 such that

[wella < CATY (57)
/ vowedr| < CATY (58)

T3
/11‘3 Wo @ Wodr — Rdz| < CX77 (59)
/Tsm®v1v®vwo®wodx < CX77 (60)
IRlla < OA. (61)

Proof Take 0 < a < f < 1 satisfying o + 28 < 1, see (56), and set
y=min(l —a—28,—a,1 —2a—pf).

Estimate (57) is Lemma 15. Estimates (58), (59) and (60) follow from the proof of
Lemma 16. Specifically, (58) follows since v is fixed and w, is oscillatory, and (59) fol-

lows since w, ® w, — R is the sum of oscillatory terms. For (60) we write

/ V1 Qv dr = / v®vdx+/ w0®w0dm+/ (V@ WA+ wRV+ Wy ® We + We @ W,) d.
T3 T3 T3 T3

The estimate follows since w, is oscillatory and w, is small (v is fixed). Estimate (61) follows
from Lemmas 7.1-7.4 of [1]. |

The following is a refined version of Proposition 2.

Proposition 23 Let e be as above and let v, p, R solve the Euler-Reynolds system. Suppose
that there exist 0 < § < 1 satisfying

e(t)(1—96) — lo(t)|? dz| < %e(t)

T3

I1Rllo < nd.

Let R,vi = v+w = v+ wo = we,p1 = p+q, Ry be defined as in (26), (27), (34), (35), and
(87), so that they satisfy the Euler-Reynolds system:

Oyv1 + div (’Ul ® ’01) + Vp = div él.

For any €, the following inequalities are satisfied provided X is chosen sufficiently large
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depending on (v, p, R)

) )
ey (1-2) = / m@Rde| < le(t) (62)
2 T3 8
. 1
Ifilo < win(gwse) (@)
Jor —vllo < MV, (64)
o1 —vllg1 < €, (65)
lpr—pllo < Mo (66)
/ v1®v1daz—/ v®vdaz—/ Wy @ wedr| < € (67)
T3 T3 T3
/ w, @wy, — Rdz| < € (68)
T3
Proof With ) 5
= 1—=) — 2
() = gm0 (13 ) = [ I de] (69)
we have ] ()5 ()5
ming<¢<7 € maxop<¢+<T €
—v = < —v =
e PSS T om0 (70)
Owing to the definition (30) of 7 we obtain
HR —Id|| = E <70.
P 0 Pl

Thus, vy, p1, Ry etc. can be defined and estimated as in Lemma 22. We will now choose A

in Lemma 22 sufficiently large (depending on e, v, p, R) so that the desired estimates hold.

Recalling the definition (26) of R in terms of p, we have

o1-9)- L
= e (1-3) = [ ds— [ e [ (P - 1oR - fuf) o

— —/ (\wO\Q —trR) dx+/ (!1}1|2 — |v\2 — |w0\2) dx.
T3 T3

Invoking (59) and (60), we obtain (62) with large A.

From (61) it is clear that the bound (63) on R; holds with \ large.

From (57), w. can be made arbitrarily small with A large, while from (27) and (32) we
have |w,| < 1M’f < $M+/§. Thus, the bounds (64) on v; — v = w, + w, and (66) on
pL—p= — lwol” "| follow with A large. Furthermore, w, is a fast oscillating function and w,
is small in the sup-norm, so that we achieve the H!'-bound (65) on v; — v as well with A

large.

23

dissipative-continuous-in-2d-and-3d.tex — April 2, 2012



Finally, (59) and (60) trivially imply (67) and (68) with large A. [ |

9.1 Proof of Theorem 3

We are now ready to prove that the solution v, p constructed in Theorem 1 in the case d = 3
satisfies the estimates of Theorem 3 provided A is chosen sufficiently large at each iteration.
Set

1

= = 1 t).
€0 2 022%6( )

We recall that the solution (v, p) is obtained as a limit
v = lim o™, p = lim p™
n n

n)

where the sequences v(™), p(® are as follows. We let

00 — , p(U) =0, RO — .
For n > 0, we construct
() — () w("+1), p(n+1) — p(n) + q(n+1)’ RO+
using Proposition 23 with o™ =y, p) = p, R = 10%1, vt = gy, wS"“) = W,
wi ) = we, R = R, and
—n—1 / : 1 —n—1 —n—1
0=2 , € =min <6602 , €2 > . (71)

Observe in particular that

W(t) > telo,T
M0z i el
according to (69) with v =0 and 6 =1 (step n = 0).
Now
[e.e]
oll -1 <D ™ D1 < e
n=0

easily follows from (65). This establishes (10).
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Next, for each n,

/ o) @ o+ gp = / o™ @ y™ —i—/ wi™ @ wtY da
T3 T3 T3

+/ (U(n—i-l) ® ,U(n-i-l) _ ,U(n) ® ,U(n) o w(n+1) Q w(n-l,-l)) da
T3 o o
= / v @ y®) +/ R dy
T3 T3
+/ (w(n+1) ® wt — R(n+1)> dx
3\ ° ©
+/ (y(n-i-l) @ vt _ () g () _ gy(nt]) o w(n+1)) da
T3 0 0
= / v™ @ o™ 4 3(2m)3p+D1d — / R+ gy
T3 T3
_|_/ (w(n+1) @ wmtD) _ R(n+1)) do
3\ ° ©

+/ (U(n-i-l) 2 o) _ ) g o) _ ) g w(n-i—l)) .
']1‘3 o o

But the sum of the last two integrals is bounded by %602*"*1 using (67), (68), and (71).
Then,

vudr = — / RO dz 4+ 3(21) Y ptIId + error
J. 2k e

where “error” denotes a term which is bounded by €. Also, by (63) and (71) we have

Z/ POt g
n=0 T3

<1
—€
60

and so

/ v@uvdr = 3(21)? Z p" V1A + error’
T3

n=0
where the new error term is bounded by %eo. Since p(™*t1) > 0 for n > 1 and 3(277)3p(1) > €,

and setting ¢ = j we have

leoId] .

N

/ v®vd:1:—eold‘ >
T3

This implies that [p3 v ® vdx has full rank. [ |
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