REGULARITY OF AREA MINIMIZING CURRENTS II:
CENTER MANIFOLD

CAMILLO DE LELLIS AND EMANUELE SPADARO

ABSTRACT. This is the second paper of a series of three on the regularity of higher
codimension area minimizing integral currents. Here we perform the second main step
in the analysis of the singularities, namely the construction of a center manifold, i.e. an
approximate average of the sheets of an almost flat area minimizing current. Such center
manifold is complemented with a Lipschitz multi-valued map on its normal bundle, which
approximates the current with a highe degree of accuracy. In the third and final paper
these objects are used to conclude a new proof of Almgren’s celebrated dimension bound
on the singular set.

0. INTRODUCTION

In this second paper on the regularity of area minimizing integer rectifiable currents (we
refer to the Foreword of [6] for the precise statement of the final theorem and on overview
of its proof) we address one of the main steps in the analysis of the singularities, namely
the construction of what Almgren calls center manifold. Unlike the case of hypersurfaces,
singularities in higher codimension currents can appear as “higher order” perturbation of
smooth minimal submanifolds. In order to illustrate this phenomenon, we can consider the
examples of area minimizing currents induced by complex varieties of C", as explained in
the Foreword of [6]. Take, for instance, the complex curve:

Vi={(z,w): (z —w*)?=w"} C C~.

The point 0 € V is clearly a singular point. Nevertheless, in every sufficiently small
neighborhood of the origin, V' looks like a small perturbation of the smooth minimal surface
{z = w?}: roughly speaking, V = {z = w? £ w”/?}. One of the main issues of the
regularity of area minimizing currents is to understand this phenomenon of “higher order
singularities”. Following the pioneering work of Almgren [2], a way to deal with it is
to approximate the minimizing current with the graph of a multiple valued function on
the normal bundle of a suitable, curved, manifold. Such manifold must be close to the
“average of the sheets” of the current (from this the name center manifold): the hope is
that such a property will guarantee a singular “first order expansion” of the corresponding
approximating map.

A “center manifold” with such an approximation property is clearly very far from being
uniquely defined and moreover the relevant estimates are fully justified only by the conclud-
ing arguments, which will appear in [7]. In this paper, building upon the works [4, 5, 6], we
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provide a construction of a center manifold M and of an associated approximation of the
corresponding area minimizing current via a multiple valued function F' : M — Ag(R™").

The corresponding construction of Almgren is given in [2, Chapter 4]. Unfortunately, we
do not understand this portion of Almgren’s monograph deeply enough to make a rigorous
comparison between the two constructions. Even a comparison between the statements is
prohibitive, since the main ones of Almgren (cf. [2, 4.30 & 4.33]) are rather involved and
seem to require a thorough understanding of most of the chapter (which by itself has the
size of a rather big monograph). At a first sight, our approach seems to be much simpler
and to deliver better estimates.

In the rest of this introduction we will explain some of the main aspects of our construc-
tion.

0.1. Whitney-type decomposition. The center manifold is the graph of a classical func-
tion over an m-dimensional plane with respect to which the excess of the minimizing current
is sufficiently small. To achieve a suitable accuracy in the approximation of the average of
the sheets of the current, it is necessary to define the function and an appropriate scale,
which varies locally. Around any given point such scale is morally the first at which the
sheets of the current cease to be close. This leads to a Whitney-type decomposition of the
reference m-plane, where the refining algorithm is stopped according to three conditions.
In each cube of the decomposition the center manifold is then a smoothing of the average
of the Lipschitz multiple valued approximation constructed in [4], performed in a suitable
orthonormal system of coordinates, which changes from cube to cube.

0.2. C*"-regularity of M. The arguments of [7] require that the center manifold is at
least C3-regular. As it is the case of Almgren’s center manifold, we prove actually C®*
estimates, which are a natural outcome of some Schauder estimates. It is interesting to
notice that, if the current has multiplicity one everywhere (i.e., roughly speaking, is made
of a single sheet), then the center manifold coincides with it and, hence, we can conclude
directly a higher regularity than the one given by the usual De Giorgi-type (or Allard-type)
argument. This is already remarked in the introduction of [2] and it has been proved in
our paper [3] with a relatively simple and short direct argument. The interested reader
might find useful to consult that reference as well, since many of the estimates of this note
appear there in a much more elementary form.

0.3. Approximation on M. Having defined a center manifold, we then give a multival-
ued map on its normal bundle which approximates the current. The relevant estimates
on this map and its approximation properties are then given locally for each cube of the
Whitney decomposition used in the construction of the center manifold. We follow a simple
principle: at each scale where the refinement of the Whitney decomposition has stopped,
the image of such function coincides (on a large set) with the Lipschitz multiple valued
approximation constructed in [6], i.e. the same map whose smoothed average has been
used to construct the center manifold. As a result, the graph of F' is well centered, i.e. the
average of I is very close (compared to its Dirichlet energy and its L? norm) to be the
manifold M itself. As far as we understand Almgren is not following this principle and it
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seems very difficult to separate his construction of the center manifold from the one of the
approximating map.

0.4. Splitting before tilting. The regularity of the center manifold M and the centering
of the approximating map F’ are not the only properties needed to conclude our proof in [7].
Another ingredient plays a crucial role. Assume that around a certain point, at all scales
larger than a given one, say s, the excess decays and the sheets stay very close. If at scale s
the excess is not decaying anymore, then the sheets must separate as well. In other words,
since the tilting of the current is under control up to scale s, the current must in some
sense "split before tilting”. We borrow the terminology from a remarkable work of Riviere
[10], where first this phenomenon was investigated independently of Almgren’s monograph
in the case of 2-dimensional area-minimizing currents. Riviere’s approach relies on a clever
“lower epiperimetric inequality”, which unfortunately seems limited to the 2-dimensional
context.

Acknowledgments. The research of Camillo De Lellis has been supported by the
ERC grant agreement RAM (Regularity for Area Minimizing currents), ERC 306247. The
authors are warmly thankful to Bill Allard and Luca Spolaor for several enlightening dis-
cussions and for carefully reading a preliminary version of the paper; as well as to Francesco
Maggi for many useful comments and corrections to our previous paper [3] which have been
very valuable for the preparation of this work.

1. CONSTRUCTION ALGORITHM AND MAIN EXISTENCE THEOREM

The goal of this section is to specify the algorithm leading to the center manifold. This
algorithm will involve a few parameters. Their choice plays an important role and for a
couple of them it will be fully specified later. In fact the algorithm can be performed only
when these parameters satisfy certain inequalities: these will instead be declared rather
soon.

In what follows let ¥ C R™"" be a C*° embedded submanifold of dimension m + 7,
and T an integer rectifiable current of dimension m in 3. Moreover, set | := n — n.
For balls in R™™™ we will use B,(p). If 7 € R™™™ is a subspace, p, will denote the
orthogonal projection onto it. B,(q,m) is the m-dimensional ball in the affine plane ¢ + 7
with center ¢ and radius r, i.e. B,.(¢)N(qg+m), whereas C,.(p, m) will be used for the cylinder
{(x+y):z € B.(p),y € 7}. The points p and ¢ will be omitted if they are the origin
and the plane 7 will be omitted if it is my := R™ x {0}. In what follows we also assume
that 7 is always oriented by an m-vector 7 := vy A ... A v, (thereby making a distinction
when the same plane is given opposite orientations).

Definition 1.1. Given a current 7', we define the excess of T in balls and cylinders as

B(T, B, (), 7) = (2w, rm)—l/ 7 — 7247, (1.1)
B, (z
E(T, C, (2, 7), %) i= (2wn, rmrl/ 7 —#Pd|T], (12)
C,(z,m)
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and the height functions in a set A as

h(T,A,m):=  sup  |pr1(x) — P (y)l,

z,yespt(T)NA
with 7t the orthogonal complement to 7. The shortened notation E(T,C,(x,7)) will
be used for E(T,C,(x,m),n), which is the cylindrical excess as defined in [6] provided

(pr)sTLC,(x,m) = Q [Br(pr(x),m)]. With a slight abuse of notation, we also write |my —
m| for |7y — 71|. We say that an m-dimensional plane 7 is optimal for T in a ball B,.(z) if

E(T,B,.(z)) := mTin E(T,B,(x),7) = E(T,B,(z),n), (1.3)

and
h(T, B, (z)) := min {h(T, B, (z),7) : 7 satisfies (1.3)} = h(T,B,(z), ).

In other words, 7 is optimal if it minimizes the excess and, among all the minimizers
of the excess, it also minimizes the height: in particular if the minimizer 7 in (1.3) were
unique, then the second requirement would be redundant. In any case we do not claim any
uniqueness (which in general would be false). We are now ready to summarize the main
assumptions of our theorems.

Assumption 1.2. We assume that, for each p € 2, 3 is the graph of a C*% map ¥,
T,% — T,%+. We denote by ¢(X) the number sup ey, [ D*®,||c1.e0. T° is an m-dimensional
integral current supported in 3 and area minimizing in ¥ \ spt(97°) such that

0(0,7% =Q and OT°LBgm =0, (1.4)
IT°ll(Bsimp) < (wn@Q(6v/m)™ +€3) p™  Vp <1, (1.5)
E (T° Bsm) = E (T°,Bg m, o) , (1.6)

m :=max {c(2)%, E (T°,Bsm) } < &3, (1.7)

where g5 is a small positive constant. To simplify the notation later it is convenient to set
T .= TOLB23/4\/E.

Remark 1.3. Note that (1.7) implies A := ||As|cox) < C’m(l)/2, where Ay denotes the
second fundamental form of ¥ and C'is a geometric constant. Moreover, since D¥,(p) = 0,
we also infer [[DW,||c1 < Cm” in the ball of radius 6y/m. Similarly the oscillation of v,
is controlled, in Bg, /7, by C’mé/ 2

We will sometimes parametrize X as a graph of a function W over a plane which is not
tangent to ¥ but tilted by at most C’mé/Q. By Lemma B.1 we then still have ||[DV||o2.5 <
C’méQ. We show now that, without loss of generality, we can make this assumption for
the plane R™*™ x {0}. Indeed, by (1.7) and the monotonicity formula there is a point
p € ¥ N Bg s such that the distance between my and its projection pr,x(m) is at most

C’m(l)/ ?. Therefore, by possibly rotating the coordinates orthogonal to 7y, we can assume
that R™*™ x {0} is tilted by at most C’m(l]/ * compared to Ty,
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We specify next some notation which will be recurrent in the paper when dealing with
cubes of my. For each j € N, ¢ denotes the closed cubes L of my of the form

[a1, a1+ 20] X ... X [A, G + 2€] x {0} C 79 X 77, (1.8)

where 2¢ = 2177 =: 2/(L) is the side-length of the cube, a; € 2'"7Z Vi and we require
in addition L C [—4,4]™. The center of L is x;, = (a1 + ¢,...,a,, + ¢) and we write
¢ =U e ¢’. In what follows, to avoid cumbersome notation, we will usually drop the
factor {0} in (1.8). If H € €7, we call father of H the unique cube L € €7~ which
contains it and likewise we say that H is a son of L. In general, if H and L are two cubes
in ¢ with H C L, then we call L an ancestor of H and H a descendant of L.

Definition 1.4. A Whitney decomposition of [—4,4|™ C 7y consists of a closed set I' C
[—4,4]™ and a family # C € of dyadic cubes satisfying the following properties:

(wl) TUULey L = [—4,4]™ and T does not intersect any element of #;
(w2) the interiors of any pair of distinct cubes Ly, Ly € # are disjoint;
(w3) if Ly, Ly € # have nonempty intersection, then £0(Ly) < ¢(Ly) < 24(Ly).

Observe that (wl) - (w3) imply dist(I", L) > 2¢(L) for every L € # . However, we do not
require any inequality of the form dist(I", L) < C?(L), although this would be customary
for what is commonly called Whitney decomposition in the literature.

1.1. The Whitney decomposition. For every L € €, set r1, := My/m ¢(L) and choose
a ball By, of radius 64r, where the constant M, will be specified later, and center p;, :=
(xr,yr) € spt(T) (recall that z;, is the center of the cube). The existence of py, is in fact
guaranteed by Assumption 1.2 as proved in Proposition 1.7 below. However the point is
not unique and we fix an arbitrary choice: it turns out that such arbitrariness does not
play any role for our arguments. We are now ready to introduce the main parameters of
the construction.

Assumption 1.5. C,, C},, Bs, 02, My are positive constants and Ny a natural number for
which we assume always

1
B2:462:min{ l

Py 100} , where v, is the constant of [6, Theorem 1.4], (1.9)

1
164/m
Remark 1.6 (Choice of the parameters). Along the various statements of the main propo-

sitions, we will make several further assumptions upon the parameters involved. However,
we stress that their choice is consistent and finally made in the following order:

My > C(m,n,Q), 27N7!< and M2 M < 1. (1.10)

e m,n,n, () and ¢y are given: the dependence of the constants upon these parameters
will usually not be mentioned;

e (35 and 09, as already seen, have an explicit dependence upon ~;;

e M, is chosen large enough, so to fulfill several inequalities and, more importantly,
the assumption of Proposition 3.3, which depends only on ds;
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e N is chosen so to satisfy (1.10) (and hence depends on M) but also so large that
Proposition 3.6 holds;

e (U, is then chosen, depending upon all the previous parameters, so large that the
statements of Proposition 1.7, Theorem 1.12 and Proposition 3.3 hold;

e ()}, is chosen large enough, depending also on C,, in particular such that Proposi-
tions 1.7 and 3.1 hold;

e ¢, is the last to be chosen and will have to satisfy several smallness conditions
depending upon all the other parameters.

Next we identify five families of cubes . and # = #. U #}, U #,,, using the convention
that 7 = . N%7 and an analogous one for all the other families. We start with j = N
and set # Mol := (). A cube L € 67 belongs to

(EX) #7 it E(T,Bp) > Comyg £(L)*>2%2;

(HT) # if L ¢ #J and h(T,B.) > Chymy " (L)%

(NN) #; if L & #J U#; but it intersects an element of #7-1;
(S) .7 if none of the above occurs.

We then subdivide each element of .7 into 2™ cubes of equal side-length, clearly belonging
to €771, and we iterate the selection procedure explained above for each of them. We finally

set
r=-44"\Jr= U L

Lew j>No Le.Si

Proposition 1.7 (Whitney decomposition). Let Assumptions 1.2 and 1.5 hold. If ey is
sufficiently small, the balls By, are well-defined and (', #') is a Whitney decomposition of
mo. Moreover, for any fired My and Ny, there is C* := C*(My, No) such that, if Cy >
C*C, > (C*)?, then #7 = for all j < Ny + 6. As a consequence, under such assumption
the following estimates hold:

E(T,B,) < Comy 0(J)* 2> and h(T,B;) < Com{™™ ()" vJe.”, (111
E(T,B) < Cmyl(L)> > and h(T,B.) < Cm.™ (L)% YLew, (1.12)
where the latter constant C' depends only on My, Ny, 82,09, Ce, C.

1.2. Construction algorithm. We fix next two important functions ¥, o : R™ — R, and

set, as usual, gy := A7"o(F).

Assumption 1.8. p € C°(By) is radial, [ o =1 and [ |z[*o(z)dz = 0.

Ve C([—15, 1™ [0,1]) is identically 1 on [—1,1]™.

Definition 1.9 (7-approximations). Fix next any L € .7 U #7 and an m-plane 7.
(al) If [6, Theorem 1.4] can be applied to T in the cylinder Csy,, (pr, 7), we then call the
resulting map f : Bs,, (pr, ™) = Ag(7*) the m-approzimation of T in Cs,, (pr, 7).
(a2) The map h : By, (pr,m) — 7 given by h := (n o f) * gyz) will be called the
smoothed average of the w-approrimation.
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Definition 1.10 (Interpolating functions). For each L as in Definition 1.9, we select an
optimal plane 77, in B;. We then denote by 77 a m-dimensional plane contained in 7}, >
which minimizes |7, — 7r|. The mp-approximation (if it exists) is denoted by fr. If h
is its smoothed average and h := pr,,=(h), then the map x — hp(z) := W, (x, h(x))
is called the tilted interpolating function relative to L. Moreover, if there is a map gy, :
By, (pr, mo) — w3 such that G,, = Gy, L Cy,, (pr, ™) (notation as in [5]), then gy, is the
interpolating function relative to L.

Definition 1.11 (Glued interpolations). For each j consider the family of cubes 927 :=

SZAV Uszo W' For each L € 27, define ¥r(y) := V(¥ }) and set

@' . ZLe@j ﬁLgL
’ ZL@% v,

We denote by @;(y) the first 7 components of ¢;(y) and set ;(y) = (&;(y), ¥(y, $;(y))).
This latter map will be called glued interpolation.

(1.13)

Theorem 1.12 (Existence of the center manifold). Assume that the hypotheses of Propo-
sition 1.7, Assumptions 1.2 and 1.5 hold. Let k := min{ey/2, B2/4}. If €5 is sufficiently
small (depending on all the other parameters), then

(i) @; is well-defined, | Dyj||c2x < C’m(lj/2 and ||@;llco < Cm(l)/Qm.
(ii) {p;} is a stabilizing sequence: i.e., if L € #* and H is a cube concentric to L with
((H) = 2((L), then @; = ¢ on H for any j,k > i+ 2.
(iil) ¢; converges to a map @ and M = Gr(plj_4ap) is a C** submanifold of ¥.
The constant C in (i) depends only upon My, Ny, Ba, 02,71, Ce and Cj,.

Definition 1.13 (Whitney regions). The manifold M in Theorem 1.12 is called a center
manifold of T relative to my and (', #') the Whitney decomposition associated to M.
Setting ®(y) = (y,¢(y)), we call ®(T') the contact set. Moreover, to each L € # we
associate a Whitney region £ on M as follows:

(WR) £ :=®(H N[—3, ™), where H is the cube concentric to L with ((H) = 1£((L).

272 — 16

2. THE M-NORMAL APPROXIMATION AND RELATED ESTIMATES

In what follows we assume that the hypotheses of Theorem 1.12 are fulfilled. In order
to simplify the notation, for any ¥V C M we will denote by |V| its H™-measure and we
write fv f for the integration with respect to H™. B,(q) denotes the geodesic balls in
M. Moreover, we refer to [5] for all the relevant notation pertaining the differentiation of
(multiple valued) maps defined on M, induced currents, differential-geometric tensors and
so on.

Assumption 2.1. We fix the following notation and assumptions.
(U) U:={zeR™™:3lye Mwith [z —y| <1and (z —y) L M}.
(P) p: U — M is the map such that p(z) is the point y in (U).
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(R) Having fixed all the other parameters, we assume ¢ to be so small that p extends
to C2%(U) and p~'(y) = y + B1(0, 3¢,) for every y € M, where 5, is the n-plane
perpendicular to T, M.

(L) We denote by ;U := p~1(OM) the lateral boundary of U.

The following is then a corollary of Theorem 1.12 and the construction algorithm.

Corollary 2.2. Under the hypotheses of Theorem 1.12 and of Assumption 2.1 we have:
(i) spt(A(T'LU)) C 9U, spt(TL[—1, I]™ x R") C U and p4y(TU) = Q [M];

272

(it) spt((T,p, ®(q)) C {y : |®(q) — y| < Cm*"U(L)"*P2} for every g€ L € W
(i) (T, p,p) = Q[p] for every p € (T').

The main goal of this paper is to couple the center manifold of Theorem 1.12 with a
good approximating map defined on it.

Definition 2.3 (M-normal approximation). An M-normal approximation of T is given
by a pair (K, F') such that

(A1) F: M — Ap(U) is Lipschitz and takes the special form F(z) = ). [z + N;(x)],
with N;(z) L T, M and = + N;(x) € ¥ for every z and i.
(A2) K C M is closed, contains ®(I'N [—Z,]™) and TpLp~*(K) =TLp *(K).

272

The map N =) [N;] : M — Ag(U) is the normal part of F.

In the definition above it is not required that the map F approximates efficiently the
current outside the set <I>(1" N [—%, %]m) However, all the maps constructed in this paper
and used in the subsequent note [5] will approximate 7" with a high degree of accuracy
in each Whitney region. Since the corresponding detailed estimates are rather long, we
prefer to state them in the following theorem. In order to simplify the notation, we will
use | N|yl|lo to denote the number sup,,, G(N(z), Q [0]).

Theorem 2.4 (Local estimates for the M-normal approximation). Let v, := %+, with v
the constant of [6, Theorem 1.4]. Under the hypotheses of Theorem 1.12 and Assump-
tion 2.1, if ey is suitably small, then there is an M-normal approzimation (IC, F') such that

the following estimates hold on every Whitney region L associated to a cube L € W :

Lip(N|£) < Cmg%([/)% and ||N|£||Co < Crrn(l]/zmalj)H_BQ7 (2'1)
IL\K|+ || Tr —T|l(p~ (L)) < C«m(l)-&-wé([/)m-&-%-vg’
/ IDN[2 < C'mg ((L)™+2-2%2 (2.3)
L

Moreover, for every a > 0 and every Borel ¥V C L, we have
/ Imo N| < Crmy (((L)*7° +al(L)*?) V] + % / G(N,QnoN])™.  (24)
1% %

The constant C' depends on all the parameters introduced so far except €s.
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) and the structure

Remark 2.5 (Global estimates). As a simple consequence of (2.1) - (2.3
%, %]m), then we obtain

of the Whitney decomposition, if we denote by M’ the domain ® ([—
the following global estimates

Lip(N|ae) < Cm2 and || N|av|co < Cmy™™,
M\ K|+ ||Tp = Tl|(p ' (M) < Cmy™,

/ IDNJ2 < Cimp . (2.7)

Observe that N = 0 over ®(I") and thus the second inequality in (2.5) follows easily from
the second inequality of (2.1), recalling that ¢(L) < 1 for any cube L € # . For the same
reasons, from (2.3) we conclude

/ IDN|* < Cmg Y U(L)™72% < Cmgy Y ((L)™ < Cmy

M’ Lew Lew

where in the latter inequality we have used that the interiors of the L’s are pairwise disjoint
and all contained in [—4,4]™. (2.6) follows from (2.2) with similar considerations. Coming
to the first inequality in (2.5) fix any two points p = ®(x),q = ®(y) € M’. Observe that
the length of the geodesic segment joining p and ¢ is comparable, up to constants, to |z —y|.
If z,y € T, then N(p) = N(q) = Q[0] and so G(N(p),N(q)) =0. f z e T"and y ¢ T,
then y belongs to some L € # and, by the properties of the Whitney decomposition,
(L) < Clz — y|, where C is a geometric constant. Thus, using the second inequality
in (2.1) we conclude G(N(g), N(p) = G(N(@),Q[0]) < [Nlelleo < Crmif* (L) <
C’m(l)/ |z — y|. Finally, if 7,y ¢ T we analyse two cases. If the geodesic segment [, ]
intersects I', then we conclude the same inequality as above. Otherwise there are points
T = Zzo,21,...,2y =y in [z,y] such that each segment [z;_1, z;] is contained in some single
LieW and ). |z — 21| = |z — y|. It then follows from the first bound in (2.1) that

G(N(p), N(q)) < ZG(N(‘P(%), N(®(zi-1))) < Cmg? Z |2 = zia| = Cmg?le —y|.

Recalling that v, < 55, all the cases examined prove the first inequality in (2.5).

om’
3. ADDITIONAL CONCLUSIONS UPON M AND THE M-NORMAL APPROXIMATION

3.1. Height bound and separation. We now analyze more in detail the consequences
of the various stopping conditions for the cubes in #'. We first deal with L € %#,.

Proposition 3.1 (Separation). There is a dimensional constant C* > 0 with the follow-
ing property. Assume the parameters (o, 0o, No, My, C. and Cy fulfill the assumptions of
Theorems 1.12 and 2.4, and in addition C3™ > C*C,. If e is sufficiently small, then the
following conclusions hold for every L € #j,:

(S1) ©(T,p) < Q — 5 for every p € Bug,, (pr).
(S2) LN H =0 for every H € #;, with {(H) < $((L);

(S3) G(N(z),Q[noN(x)]) > lChmé/Zmﬁ(L)Hﬂ? for every x € L;
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A simple corollary of the previous proposition is the following.

Corollary 3.2 (Domains of influence). The cubes in #;, con be partitioned in disjoint
families #, (L), where L is running in #.. More precisely, for such H and L there is a
chain L = LO, Ll, ey LJ such that Lz € %, LiﬂLi_l 7£ @, g(Ll) = 2€(Lz—1) and L]ﬂH 7£ @
In particular, H C By, sy (zr) for every H € #,,(L).

3.2. Splitting before tilting I. The following is the main consequence of the splitting
before tilting phenomenon. We refer the reader to the discussion in the introduction for
the reasons behind this terminology. Observe that the key assumption of the theorem (i.e.
L € #,) is that the excess does not decay at some given scale (hence the tangent planes
“tilt”) and the main conclusion (3.2) implies a certain amount of separation between the
sheets of the current (hence some “splitting”).

Proposition 3.3. (Splitting 1) Assume the hypotheses of Theorems 1.12 and 2.4 hold.
If My > C(d2), Ce > C(My,d2) and e is chosen sufficiently small, then the following
estimates hold for every L € W, (L its associated Whitney region) and every set Q :=
D(By(r)/4(q, m0)), where q € my is an arbitrary point with dist(L,q) < 4y/ml(L):

CLmol(L)™22% < ((LY"E(T,By) < C / IDNP2, (3.1)
Q

/|DN|2 < CUL)"E(T,BL) < Oﬁ(L)—Q/ |N|?. (3.2)
L Q

The constant C' depends on all the parameters involved except €.

3.3. Persistence of () points. We next state two important properties triggered by the
existence of p € spt(T) with O(p,T') = @, both related to the splitting before tilting.

Proposition 3.4. (Splitting 1) Assume the hypotheses of Theorem 1.12 hold. For every
a,a,& > 0, there exists e3 > 0 (depending upon all the parameters o, 09, My, No, Ce, Cy,
and also o, @ and &) such that the following holds. Assume s €]0, 1],

sup {{(L) : L € #,L N Bs,(0,m) #0} <, (3.3)
HI2H({O(T, ) = Q} N Bs,) > as™ >+, (3.4)
and min {s, mo} < e3. Then,
sup {{(L) : L € #. and L N Bs,(0,m) # 0} < és.

Proposition 3.5. (Persistence of Q-points) Assume the hypotheses of the Theorems 1.12,
2.4 and Proposition 3.3 hold. For everyns > 0 there is 5,£ > 0, with the following property.
IfLe W U(L) <l O(T,p) =Q and dist(p~,(p(p)), L) < 4y/m (L), then

)2 2
¢ (N.QInoN) < s [ g (3.5)
]ége(L)(P(P)) wmé(L) 2 By (p(p))
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3.4. Comparison between different center manifolds. We list here a final key prop-
erty of center manifolds and M-normal approximations. Once again this is also a conse-
quence of the splitting before tilting phenomenon. In what follows we use the notation ¢,
for the map z — 2.

Proposition 3.6 (Comparing center manifolds). Assume the hypotheses of Theorems 1.12,

2.4 and Proposition 3.3. If Ny is larger than a geometric constant, there is ¢; > 0 (which

depends on all the parameters of Assumption 1.5 except for €5 ) with the following property.
1

If g5 is sufficiently small, cg ;= 6/ and r €]0, 1] is a radius such that:

(a) L(L) < csp for every p>r and every L € # with L N B,(0,m) # 0;

(b) E(T,Bg,/m,) < €2 for every p > r;

(c) there is L € # such that ¢(L) > csr and LN B,.(0, ) # 0;

then

(i) the current T := (10, )T L Bgm and the submanifold X' := 1,(X) satisfy the
assumptions of Theorems 1.12 and 2.4 for some plane 7 in place of my;

(ii) for the center manifold M’ of T" relative to m and the M'-normal approximation
N’ as in Theorem 2.4, we have

/ IN'|> > ¢, max {E(T’,Bﬁﬁ),c(z’)Q} . (3.6)
M’'NB2

4. CENTER MANIFOLD’S CONSTRUCTION

In this section we lay down the technical preliminaries to prove Theorem 1.12, state the
related fundamental estimates and show how the theorem follows from them.

4.1. Consistency of the construction algorithm. The main preliminary technical
work consists in ensuring that all the building blocks of the construction algorithm are
in fact well-defined. Along the way we also conclude some pieces of information which
settle some of the estimates in Theorem 2.4.

Lemma 4.1 (Well-definition of By, and #'). Let Assumptions 1.2 and 1.5 hold. If €5 is
sufficiently small, the balls By, are well-defined and (I',#') is a Whitney decomposition
of mo. Moreover, for any fixed My and Ny there is C* := C*(My, No) such that, if C), >
C*C. > (C*)?, then #7 =0 for all j < Ny + 6.

Proof. Recalling that T := TOLB%\/,;M, we start noticing that, from Assumption 1.2, it
follows that

(pﬂo)ﬁTLcll\/m/2 = Q [[Bll\/%/Q]] and h(T, C5\/m, 7To) é Com(l)/2m. (41)

To this regard, we can argue by contradiction: if the first statement were false, we would
have a sequence of currents T} in Bg v and of submanifolds ¥, satisfying Assumption 1.2

with g5(k) L 0 and (pry)¢T} L(Cr1yimje N Bag i) # @ [[BH\/WQ]]. It is then easy to see
that

T)—Tw = Q [Bsym] and spt(T}) — spt(Ts) locally in the Hausdorff sense.
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Since 9T} vanishes in Bg,/m; L L(Criympe N B23\ﬁ/4) has no boundary in Cyy /m/, for k

large enough, thereby implying that (pr,)s7} L(Ci1 m/e N Bagmsa) = Qk [[Bn\ﬁ/Q]] for
some integer Q. Since TP— T, we deduce that Qr = Q for k large enough, giving the
desired contradiction. Having shown the first claim in (4.1), the height bound now follows
easily from Theorem A.1 because of (P, ):T°L(Cyy /2 N Bog i) = @ [[311\/5/2]] and
O(T",0) = Q: in particular, the latter assumption together with Theorem A.1(iii) implies
that there is one single open set S; as in Theorem A.1(i), which in turn must contain the
origin.

By the slicing theory of currents (see [12, Section 28] or [8, 4.3.8]) and by (4.1), there
is a set A C Bj s of full measure such that, for every # € A, there exist k;(x) € N with

> ki = Q, and points (z,y;(z)) € spt(T) with |y;(z)] < Com*™, for which we have

T Pro, T Z k xyi(x)) VrxeA

By the monotonicity formula and the density of A in Bj /;, we conclude that spt(7’) N
(z +7my) # 0 for every @ € By s. Hence, By, is well-defined for every cube L € € and its
center py, satisfies |py| < 4v/m + Comy™™.

Fix now L € #7 with Ny < j < Ny +6. Since r;, < 277y/m by Assumption 1.5, we have
that By C Bj 7 if €2 is small enough, and

6™ 6™
E(T,B

(6402~ No—6)m (T, By, o) < (64M)m2~(Not6)m

For a suitable C*(My, Ny) the inequality C, > C* implies
E(T,B;) < E(T,By,m) < Cemg ((L)*>™%2 .

E(T BL, 7T0)

my .

Let now 77, be an optimal plane in By : since the center p;, of By belongs to spt(T), the
monotonicity formula guarantees ||T||(Br) > cor* (cp. [12, Section 17] or [6, Appendix
A]). We then conclude

7, — mo|* < C(E(T, By, m0) + E(T,Bp, #1)) < CoCemyg £(L)* >, (4.2)
where () is a geometric constant. This in turn implies that

h(T, BL) < Cly —mol (L) + h(T, By, m) < C C>my*¢(L)*% + h(T, Cs i, m0)

< C(No)(CW 1)my*™0(L) 7 .

Thus, if C*(My, Ny) is chosen sufficiently large and C), > C*C. > (C*)?, neither the
condition (EX) nor (HT) apply to L. Therefore, #™° = {). Similarly, at the successive
step, none of the cube in .#NoF! gatisfies the conditions (EX), (HT) or (NN), because
#No = (). Proceeding in this way, we conclude that #7 = () for every j < Ny + 6. O

Next we show some basic estimates for the tilting of the optimal planes and the height
functions for cubes in # U ..
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Proposition 4.2 (Tilting of optimal planes). Assume the hypotheses of Lemma 4.1 hold
and fix the parameters My, Ny, P2, 02, Ce and Cy. If €9 is sufficiently small, then the fol-
lowing holds for every H,L € # U .Y with H C L:
(1) BH C BL,'

(ii) |7 — 7| < Cmy 0(L)%;

(iii) |7 — 7] < Cmg*0(L)%;
(iv) |mp — 70| < Cmy*;
(v) h(T, Cs,, (pr, m0)) < Cmy " ¢(L) and spt(T) N Cser, (pr, m0) C By;
. 1/om
(vi) h(T, Cse,, (pr, 7)) < Cm*"¢(L)*P2 and spt(T) N Csgy, (pr, 71) C By,
where C'is given by C* times a geometric constant. In addition, (111) and (vi) hold true
also for H,L € #7 U.7 with HN L # 0 and, in particular, Proposition 1.7 follows.

Proof. We prove that, for every ¢ > Ny, given a sequence of cubes H; C ... C Hy,, with
H; € #9 U .29 then (i) - (vi) hold for every H = H; and L = Hj with j > k and
J,k € {No,...,i}. We proceed by induction on i. The basic step i = Ny follows easily
from Lemma 4.1 and the definition of the Whitney Decomposition. We start observing
that for (i) and (iii) there is nothing to prove, since the only case is H = L = Hy,. Next,
since # M = ) by Lemma 4.1, the cube Hy, does not satisfy condition (EX). Therefore,
using the monotonicity formula, ||T|(By,) > co riry, and there exists at least a point

p € spt(T) N By, such that

m
T,

M < O 0(H iy, )2 (4.3)
B,y = ot

I T(p) = 7y, |* < E(T, Buy,)
Since T(p) is an m-vector of T,%, this implies that P, (Fay, ) =Ty, | < Cm(l)/QK(HNO)l_‘s?.
Recalling that \prHNoz(fTHNO) — Pr,s(Tay,)| < Cray, A < CmJ*((Hy,), we conclude
(ii). Next, (iv) follows simply from (4.2) and (ii), while (v) follows from the inclusion
spt(T)NCagry, (PHy,> T0) C Csym and (4.1). Finally, for what concerns (vi), we notice that

0
by (ii), (iii) and (v), if &5 is sufficiently small, then spt(7) N C36rHN0 (PN, THy,) C Csym-
From (4.1) it follows then that spt(7") N C36THNO (PN, > THYN,) C Bhy,- Since Hy, & W', we
then conclude

h<T7 C36THN0 (pHNO ) ﬂ-HNO)? THpy, < h(T7 BHNO) + C€<HN0)|7THNO - 7ATHNO |
< Cm*" ((Hy,) " + Cmy*((Hy,)* ™.

Now we pass to the inductive step: we assume to have proved the conclusions for 7
and show that they hold also for ¢ + 1. For what concerns (i), it is enough to prove that
Bpy,,, C By, because the other inclusions follows by the inductive hypothesis. To this

aim, we notice that by (iv) applied to H; and |zy, — zn,,,| < /m{(H;), we deduce that
lpL—pu| < CU(L) for some geometric constant C' > 0. Therefore, if M is taken sufficiently
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large, we infer By,,, C By,. We show now (ii) for L = H;;;. Note that, by (i),
E(T,By,,,) < CE(T,By,) < CCemg ((Hi1)* >, (4.4)

for some geometric constant C' > 0. Therefore, we can argue as for Hy, and conclude as
above. For (iii) and (iv), we start considering the case H = H; and L = H,_;, for some
I € {Ny,...,i+1}. Note that, by the inclusion in (i), we can argue again by monotonicity
formula (used to estimate | T||(Bg,) and ||T'||(Bg,_,) from below) and infer that

THy
17| (B, )
Therefore, using (i) we conclude (iii) for generic H and L by the estimate " ((H))' %2 <
CL(H;)'=%. As for (iv) it follows from (iii) and the case |7y, — mo| < C’mé/Q. Coming
now to (v), by inductive hypothesis it is enough to show it for L = H;,;. To this aim,
notice that, by (v) for H;, we conclude spt(T') N Cse, (pm,, o) C B, Next, since |vg,,, —
rp,| < /ml(H;) and ry,,, = iry,, we obviously have Cs6rs,,, (P15 T0) C Caory, (P, T0),
provided M, is larger than a geometric constant. Thus:

h(T, Csgryy,,, (PH,150)) < 0(T,Bp,) + Cry,

%m,, — 7m|* < (E(T, By, ,) + E(T,By,)) < CComg0(H)*> 2. (4.5)

7ATHZ. —’/To‘

Y, mJ*"(H) % 4+ Cm*0(H) < Cm*"0(H,),
where we used H; € .*. The inclusion spt(7T") N C36TH¢+1 (PH,.1> ™) C Bg,,, is an obvious
corollary of the bound and of the fact that the center of the ball By,
PH,,,) belongs to spt(7T") N C36TH¢+1 (PH,.1»> T0)-

Next we show (vi) for H = H;,; and L an ancestor of H (included the case L = H;,1).
First we consider the case L = Hy,. By |mg, , — 7| < C_’m(l)/ * and a simple geometric
argument, it is easy to see that, provided e, is sufficiently small, Cae,, (pr, 7r) N Bg m N
Cs/m and thus, by (4.1) we conclude

(T, Csgr, (pr, 7)) < (T, Cs /i, m0) + Cri|my — mo| < Cmg*™ (L) 5

(recalling that ¢(L) = 27Nol).
Otherwise we have L = H; with [ > Ny and we can set J := H;,;. We have already
observed that |p; — pr| < CU(J) for a geometric constant. Moreover we have |rg — 7| <

(i.e. the point

Cm(l)/ *0(J)}%. If &, is sufficiently small, a simple geometric argument shows that

C36TL (pLu 7T-I{) N Bﬁx/ﬁ C C367‘J (p.]a ﬂ-J) .
On the other hand by inductive hypothesis we have Csg,, (ps, 7;) Nspt(T) C B, and, since
J & W, we easily conclude
h(T, CgﬁrL(pL, 7TH)) S h(T, BJ) + C?“J <|ﬁJ — ’/TJ| + |7TJ - 7TL|) § Cm(l)/2€(J)l+’62 s

where the constant C' depends only on C' and C},. Since £(.J) = 2¢(L), this concludes the
proof of the bound. As above, the inclusion spt(7") N Csg,, (pr, ) C By, follows from the
bound.
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We pass to the last claim of the proposition. If H, L € #7U.#7 are such that HNL # 0,
then |z, —zy| < 2¢/m{(H) and by (v) it follows that |pr,—py| < C ¢(H) for some geometric
constant C' > 0. This in turn implies that Bss,, (pr) C By N By and therefore, by the
monotonicity formula, we conclude (iii):

Cry
7] (Bser,, (pr.))

For (vi), assume first L € €7 with j > Ny. Note that by (iii) we can argue as above and
conclude that spt(7') N Csg,, (pr, ) C By for the father J of L. The proof of (vi) follows
then the same pattern. When L € ™0 the argument is entirely equal to the one above
and we leave it to the reader.

Thanks to Lemma 4.1, Proposition 1.7 now follows straightforwardly: indeed, (1.11) is
an immediate consequence of the definition and (1.12) follows from (i) and (iii). O

|ﬁ'H — 7%L|2 < (E(T, BH) + E(T7 BL)) < Cmy E(H)Q_%Q,

Next, we prove that the building blocks for the construction of the center manifold are
well-defined. For later purposes, we introduce the following notation.

Definition 4.3. Let H € #7U.%7 and let L be either an ancestor of H (including H itself)
or an element of #7 U .7 with HN L # (. The my-approximation of 7" in the cylinder
Csar, (pr, mH ), derived by [6, Theorem 1.4] (if it can be applied) will be denoted by fpr.
Similarly, setting b := pr, w((mo fuL)* pur)), then the map x — hyp(x) = W, (2, h(x))
is called the tilted interpolating function and, if it exists, the map gy : By, (pr, m0) — 7

such that Gg,,, = G, L Cur, (pr, o) is the interpolating function relative to the cubes H
and L.

If H= L,then hy; = hy and gy = gy are the interpolating functions of Definition 1.10.

Proposition 4.4 (Consistency of the center manifold algorithm). Assume the hypotheses
of Proposition 4.2 hold and fix My, Ny, Ba, 02, Ce and Cy,. The following facts are true
provided €5 is sufficiently small. Let H € #7 U.%7 and let L be either an ancestor of H
(including H itself) or an element of #7 U .7 with HN L # (. Then,

(i) (pﬂH)ﬁ<TL C347“L (pL’ WH)) = Q [[B34T‘L (pﬂ'H (pL)’ WH)]] ;
(ii) the my-approximation fgr and the interpolating function gy are well-defined.

Proof. To prove (i), we join 7y =: m(1) and 7y =: m(0) with a continuous one-parameter
family of planes 7(t) with the property that |w(t) — mo| < C|myg — mo|, with C' > 0
some geometric constant. If e is suitably small, by Proposition 4.2 we have spt(7) N
Csur, (pr, ) C Csgr, (pr, mo) for every t € [0,1]. We consider then the currents S(t) :=
(Prt)): T Csar, (pr, m(t)) and note that S(t) = Q(¢) [Bsar, (Pr(e(pr), 7(t))], where Q(t) is
an integer for every ¢ by the Constancy Theorem. On the other hand ¢ — S(t) is weakly
continuous in the space of currents and thus Q(¢) must be constant. Since Q(0) = @ by
Lemma 4.1, this proves the desired claim.

For what concerns (ii), by Proposition 4.2 it follows that, for 5 smaller than a geometric
constant,

Spt(TLngTL(pL,ﬂ'H)) Cc B, C B5\/m. (46)
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We then conclude
E(T, C327“L (pL7 7TH)) S C’]‘:‘)(]ﬁ7 BL, 7TH) S CE(T, BL) + C|7TH — 7ATL|2 S Cmg E(L)Q_Qéz .

If &5 is sufficiently small, then E(7T, Cs, (pr, 7r)) < €1, where £; is the constant of [6,
Theorem 1.4]. On the other hand (4.6) implies also that O(T'L Csa,, (pr, 7x)) vanishes in
Cssr, (pr,mH)). Therefore, the current T'L Css,, (pr, 7g) and the submanifold ¥ satisfy
all the assumptions of [6, Theorem 1.4] in the cylinder Csy,, (pr, 7)) and therefore the
approximation fy is well-defined. By [6, Theorem 1.4] and the properties of W
have

PH>

Lip(hgr) < CLip(no fur) < C(E(TLCsyp (pr, 7)) < CmgHl(L)™

and

\harr — Prt ()l < Clmo fur — Pﬁil(pL” cg (fHLa Q [[PWH (pL)]])
< Ch(T,Csz, (pr, 7)) + (E(T, Cazp, (. 7u)) > + Ary)ry
< O 1/2m

L,

where the constant C' does not depend on 5. If €5 is then smaller than a suitable constant,

we can apply Lemma B.1 to conclude that the interpolating function gp is well-defined.
O

4.2. Key estimates and proof of Theorem 1.12. We are now ready to state the key
construction estimates and show how Theorem 1.12 follows easily from them.

Proposition 4.5 (Construction estimates). Assume the hypotheses of Proposition 4.4 hold
and set k = min{fy/4,e0/2}. Then, the following holds for any pair of cubes H, L € 27
(cf. Definition 1.11):
(i) llgrllen < Cmg™ and || Dgllcr < Cmg’;
.. . 1 ; .
(i) if HOL #0, then [|gn — grllois,, @) < Cmy*(H)3 = for everyi € {0,...,3};
1
(it)) [D*gr(sr) — Dgi ()| < Cmglawgr — ]
(iv) |lgg — yrllco < Cm1/2m€(H) and |7y — Tiagu@)Gou| < Cm 1/26( H)'=% for all
re H;
(v) if L' is the cube concentric to L € W7 with (L) = %ﬁ(L), then

loi — grll iy < C g L(L)™ 3523 for all i > j.
The constant C' depends upon Pa, 62, My, Ng, C. and C}, but not on e,.

Using the estimates in the above proposition, we can prove the main existence result for
the center manifold.

Proof of Theorem 1.12. The well-definition of the glued interpolations ¢, follows from
Proposition 4.4. Define xp := 05 /(3 c5; ¥1) and observe that

> xu=1 and |xule < Cli,m,n)((H)™"  VieN. (4.7)
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Set Z9(H) :={L e 2 :LNH=+#0}\{H}. By construction ¢(H) < 2/(L) for every
L € &7 and the cardinality of 927(H) is bounded by a constant C'(m). The estimate

|05 < Cm*™ follows then easily from Proposition 4.5(i). For i € {1,...,3} and z € H,
write

D'gj(z) = D' (gHXH + 0y QLXL) () = D'gu(x)+ D" > (92— gn)xs (z). (4.8)
LeZi(H) Le2i(H)
Using the Leibnitz rule, (4.7) and the estimates of Proposition 4.5(i) - (ii), we get

. , 1 »
1D jllcon < Ngalles+ > > Nlgn = gallorspion (L) < Cmg (14 L(H)* ),
0<I<i Le 23 (H)

(assuming M, is larger than the geometric constant 2v/m, we have spt(xz) C B, (z1),
implying that Proposition 4.5(ii) can be applied). On the other hand observe that, by
interpolation between |gg — gr||co < Cmé{%([—[)“” and [D3gy — D3gz]. < C’m(l)/2, we
obtain .
lga — grllcix < C’m()/Qf(l’-.f)3+"_]_"i for any j+ R~ <3+ k.
Thus,
D*¢ilen <> Y, ! (H)™"ID"(gz = gu)llcogn + [D' (91 — gu)lw.mr)

0<I<3 Le 23 (H)

+ [D gH]n,H < C’mo .
Fix now z,y € [—4,4]™, let H,L € 2?7 be such that x € H and y € L. It HN L # (), then

|D*¢;(x) — D*¢(y)| < C([D*@ylus + [D*¢jlr) v — yl™. (4.9)
IfHNL=0,say (H) <{L ), then

max {|z — ay|, |y — x|} <L) < 2]z —yl.

Moreover, by construction ¢; is identically equal to gy in a neighborhood of its center zy.
Thus, we can estimate

1D, (x)—D%p;(y)]
< |DP¢i(x) — D*@i(xn)| + | DPgu () — D3gr(ar) + |D3@;(x) — D3;(y)|
< Cmy* (Jo — ap|* + oy — )" + |y — 2]") < Cmy|e —y|*, (4.10)

where we used (4.9) and Proposition 4.5(iii).

We have then proved that [[D*@,||c2x < C’m(l)/Q. Since ¢;(z) = (¢;(x), ¥(z, ¢;(z))),
where @;(x) denote the first 7 components of ¢;(z), Theorem 1.12(i) follows easily from
the chain rule.

Let L € #% and fix j > i+2. Observe that, by the inductive procedure defining .77 U¥7,
we have P/ (H) = 2"2(H) C # . Moreover, by Assumption 1.8, spt(Jz) Nspt(dg) = 0
VL & 23(H). Thus, Theorem 1.12(ii) follows.

Finally, to prove (iii), it suffices to show that {¢;} is a Cauchy sequence in C° (the
convergence up to subsequence follows straightforwardly from (i)). To this aim, let z €
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[—4,4]™ and assume that + € LN H with L € &7 and H € 27", Without loss of
generality, we can make the choice of H and L in such a way that either H = L or H is a
son for L. Now, if £(L) > 27972 then by (ii) we have ¢;(x) = ¢;11(x). Otherwise, from
(i) and Proposition 4.5(iv), we can conclude that:

|0j(x) = @jp1(x)| < |@j(x) — @j(xm)| + |gu(zn) — gr(2r)| + |@j41(x) — P (L)
< C([|gjller + N1@j+ller) 2™ + lgr — yullco + llgr — yellco + lyu — yi
< C’m(l) 27 + |pg — prl - (4.11)

Since By C By, by Proposition 4.2(ii), we conclude |$;(x) — @;41(z)] < C277, where the
constant C' depends upon the various parameters, but not on j. Given that W is Lipschitz,
we get ||¢; — @jt1llco < C277 and conclude. O

5. PROOF OF THE THREE KEY CONSTRUCTION ESTIMATES

5.1. Elliptic PDE for the average. This section contains the most important compu-
tation, namely the derivation via a first variation argument of a suitable elliptic system for
the average of the m-approximations. In order to simplify the notation we introduce the
following definition.

Definition 5.1 (Tangential parts). Having fixed H € 7 and 7 := 1y C T,, %, we let »
be the orthogonal complement of 7 in T,,,X. For any given point ¢ € R™"", any set Q C 7
and any map & : ¢+ Q — 7%, we denote by £ the map p,. o &, and call it the tangential
part of £&. Analogous notation will be used for multiple-valued maps.

Proposition 5.2 (Elliptic system). Assume the hypotheses of Proposition 4.5 hold. Let
Hc WU and L be either an ancestor of H or another element L € W7 N .7 with
HNL#0 (possibly also H itself). Set w := wy, r :=ry, p := pr, B := Bg,(p, ). Let
[ B = Ag(nh) be the m-approzimation of T in Cs,(p,m) and h its smoothed average,
according to Definition 1.9. Then, there is a matriz L, which depends on ¥ and H but not
on L, such that |L| < CA? < Cmy and

’/ (D(no f): D¢+ (prlz —pr))' - L- Q)| < Cmor™ 2 (r|[(len + [Clleo) . (5:1)

for every test function ( € C°(B, »). Moreover,
1B =m0 fllLi(Be () < Crmgr™ 372, (5.2)

The constant C' depends on all parameters except eo (in particular it does not depend on
H and L).

Proof. We fix a system of coordinates (x,y,z) € ™ X s x (T,,%)* so that py = (0,0,0).
Also, in order to simplify the notation, although the domains of the various maps are
subsets of pr, + 7, we will from now on consider them as functions of z (i.e. we shift their
domains to pr(€2)). We also drop the subscript py for the map V¥, of Assumption 1.2.

Recall that ¥(0,0) = 0, DU(0,0) = 0 and ||¥||cs:0 < Cmy’.
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Given a test function ¢ and any point ¢ = (z,y,z) € X, we consider the vector field
x(q) = (0,{(x), Dy¥(x,y) - ((z)). Observe that y is tangent to ¥ and therefore §7°(y) = 0
Thus,

0G(x)] < [0G(x) — 0T(x)| < C / Dx| d|[Gy =T (5.3)

Csgr (pLﬂT)

Observe also that |y| < C|¢| and |Dx| < C|¢| + C|D(¢|. Set now E := E(T, Csa,(pr, 7))
and apply [6, Theorem 1.4] to conclude that

|'Df| S CE71 S Cmglrf:n’ (54)
< Ch(T,C ) + (B + rA)r < CmJ>"r' P
|f| ( ) 32r(pL, )) ( o ’

l/ﬂﬁﬁgCMWEngmﬂ“Q@ (5.6)
B

Concerning (5.5) observe that the statement of [6, Theorem 1.4] bounds indeed osc (f).
However, in our case we have py = (0,0,0) € spt(T) and spt(T) N Gr(f) # 0. Thus we
conclude |f| < osc (f) +h(T, Csar(pr, 7)).

Writing f = >, [fi] and f= > [[ﬁ]], since Gr(f) C 3, we have f =), [[(ﬁ, Uz, ﬁ))]]

From [5, Theorem 4.1] we can infer that

6 - [ 5 (Du¥(e,) -G+ (¥ ) D) -G+ D J) - DiS)
A (B) (©)
:<Dx\11(x, _,;)—I—Dy\lf(x,ﬁ)-Dﬁ)+/ZDC:Dﬁ+Err. (5.7)
(D) (B) '
To avoid cumbersome notation we use || - ||o for || - [[co and || - [|; for || - ||c1. Recalling [5,

Theorem 4.1], the error term Err in (5.7) satisfies the inequality
Eux| < C [ IDXIDFP < ¢l [ IDAF < Clclmy o2 (5g)

The second integral in (5.7) is obviously Q [, D¢ : D(n o f). We therefore expand the
product in the first integral and estimate all terms separately. We will greatly profit from
the Taylor expansion DV (z,y) = D,D¥(0,0) -  + D,DV¥(0,0) -y + O(mll)/z(\x|2 + |y|?).
In particular we gather the following estimates:

|D\I/(I7fz)| < C’m(l)/Qr and DV(z, ﬁ) =D D\IJ(() 0) -x—|—0( 1/2+1/2m7,1+52)7
ID2U(z, f)| < Cmy* and  D*U(z, f) = D*W(0,0) + O (my’r) .
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We are now ready to compute

[E @ 1= [ S 0000 D36 1+ 0(mor? [ )
/Z T(0,0) - ¢ : Dyp¥(0,0) - J:—i—O(m rl%/\q (5.9)

Obviously the first integral in (5.9) has the form [2'-Lap - (. Next, we estimate

/Z(A) H(E) =0<mé+”7"””/|d>, (5.10)
[ X1 (@4 @) = (mie [1d), (5.10)
[S @ @ =0(myre [ 1nq). 5.12)

Finally we compute

[ 3@ 0) = [ S0 00.0)-0) - D.0) : DG 1)+ 0(mor** [ 100
= /Z(ny\IJ(0,0) -x) - DyC) 1 (Dy¥(0,0) - ) + O(mo b / \DC\) .
Integrating by parts in the last integral we reach

/Z(C) (D) = /xf.LCD.g+0<m0r2+62/|D<|). (5.13)

Set next L := Lp + Lop. Clearly L is a quadratic function of D?¥(0,0), i.e. a quadratic
function of the tensor Ay, at the point py. In order to summarize all our estimates we
introduce some simpler notation. We define f = no f, £ := ¢(L) and recall that K is the
closed set of [6, Theorem 1.4], on which G and T coincide: G;L(K x 7t) = T1L(K x 77+).
Let p be the measure on B given by

p(E) == [E\ K|+ |TI[((E\ K) xR").
We can then summarize (5.3) and (5.7) - (5.13) into the following estimate:

‘/(Df:pgmt.L.g) | ngorHB?/(r|DC(x)|+|C(a:)\)da:
e / (IDC()] + 1¢@)) (IDF@)Pd + du(z)) . (5.14)
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From (5.4) and (5.6), we infer that

/ IDfP < CrLip(f)E < Cmy iy, (5.15)

w(B) < CEM(E 4 r*A*)r™ < Cmygrm 272024 (5.16)
Therefore (5.1) follows from (5.14) and our choice of the parameters in Assumption 1.5.
We next come to (5.2). Fix a smooth radial test function ¢ and set ((-) := ¢(z — -)e;,

where €,,11, ..., €mntn 1S on orthonormal base of s2. Observe that, if in addition we assume
[ <=0, then [y;s(z—y;)dx = 0. Under these assumptions, from (5.14) we get

08w, Dst = iy av| <€ [ 1D + DG - )
+C [UDSl 416D =) duty) + Cmor ™ [GIDS 41D, (.17

Recall the standard estimate on convolutions ||a * u|[1 < ||al|,1pu(B), and integrate (5.17)
in z: by (5.15) and (5.16) we reach

|DE + Do gcmorm+1+ﬁl/(rmgy+yg|) e € C(B,) with /g:o. (5.18)

By a simple density argument, (5.18) holds also when ¢ € Wh! is supported in B, and
[ ¢ =0. Observe next

h(z) — f(z) = /w(y)(f(a: —y) —f(z))dy = /Qe(y) /01 Df(z — o) - (—y) do dy
— //01 o0 (%) Df(z — w) - 0';:')1 dw = /Df(;c —w) - (—w) /01 0e () o™V do duw.

T (w)

Note that T is smooth on R™ \ {0} and unbounded in a neighborhood of 0. However,

1 1
1T = // jwl o (L&) o™ " do dw = E// lul|o(u)| do du < Cr. (5.19)
0 0

Observe also that Y(w) = w(Jw|). Therefore T is a gradient. Since Y (w) vanishes outside
a compact set, integrating along rays from oo, we can compute a potential for it:

oo 1 oo 1
g(w):/ T/ 00 (ﬁ) UmldUdT:]w]2/ t/ o (2)o ™ dodt.  (5.20)
fwl - Jo 1 Jo
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Then, ¢ is a W function, supported in By(0), [¢ = 0 by Assumption 1.8 and (5.17).
Summarizing, h' — £ = (Df?) * Dg for a convolution kernel for which (5.18) holds. Since

H<HL1<// /t\w\ lo ()| o™ o dt dw
—62/ / /|u| |p(u)|duodo t—™ tdt < Or?, (5.21)

we then conclude from (5.17) and (5.18)

/m ] < Cmg 1B /(T|D§| l6]) < Crrmg P+, 0

5.2. C* estimates for hy; and gy;. We fix cubes H, L as in Proposition 5.2 and the
maps hgy and ggy, of Definition 4.3.

Lemma 5.3. Assume that H and L are as in Proposition 5.2 and the hypotheses of Propo-
sition 4.5 hold. Set B’ := Bs,,,(puy, ) and B := By, (pu, 7). Then,

e — hallcisy + lgur — gulleis) < Cmo (L) Vje{0,...,3}, (5.22)
||hHL — hH||C3v“(B’) + ||gHL — gH”CB,N(B) S Cmo E(L)IIi . (523)

As a consequence Proposition 4.5(1) and (iv) hold.

Proof. Consider a triple of cubes H, J and L where:

(a) either J = H and L is the father of J;
(b) or J = H, and L € .7 U #7 adjacent to H;
(c) or J is an ancestor of H and L the father of .J.

In order to simplify the notation let 7 := 7wy and r := r;. By Proposition 4.2(i), up
to choose M larger than a geometric constant, we can assume that B’ := Bg,(ps, 7) C
B* = Biz2(ps,m) C B := Bz, (pr,m). Consider the m-approximations fyy and fu,,
respectively in Cg,(pr, 7) and Csg,,(pys, 7), and introduce the corresponding maps

fL ==p.(no fur) and f] = px(no fus),
hur =L % 0qry and  hyy =L % 0y .

If 1is an affine function on R™ and ¢ a radial convolution kernel, then ¢x1 = ( Ik g) 1 because
1 is an harmonic function. This means that [(( * 0),1) = [(¢,1) for any test function ¢
and any radial convolution kernel g with integral 1. Similarly [ ((C* d'0),1) = [(¢,0M)
for any partial derivative ! of any order. Consider now a ball B concentric to B® and
contained in B* in such a way that, if ( € C®(B ) then ¢ * g4y and ¢ * gg(y are both
supported in B*. Set & := hy — hyy and (assuming p,(zy) is the origin of our system of
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coordinates) compute:

/<C Ag) = /D (har — hay) - D¢ = /DfJ (C* 0ur)) /DfL (¢ * our))
:/ (Dfy: D(C * 0ury) +2' - L (C % 0u))) — / (DfL - D(C * 0ury) + 2" - L+ (C* 0uwy))

where the last line holds for any matrix L because z + ! - L is a linear function. In
particular, we can use the matrix of Proposition 5.2 to achieve

/(C, AE) < Cmyg ™72 (THC * 0oyt +7I¢ * 0oy lln + 1€ * oenyllo + IIC * Qe@)“o) ;

where || - || and || - ||; denote the C° and C' norms respectively. Recalling the inequality
1Y *Cllo < |Y]loo||C]| 21 and taking into account that ¢(L) and ¢(.J) are both comparable to
7 (up to a constant depending only on My and m), we achieve [(¢, A&) < Cmgrt™22||(| 11
Taking the supremum over all possible test functions with ||{||z1 < 1, we obviously conclude
AL () < Cg r1*P2 Observe that a similar estimate could be achieved for any partial

derivative D*¢ simply using the identity

/D(Dk(a %G)) : Db = —/Da . (Db D¥).
Summarizing we conclude
IAD*(fur = fui)llcosy < JAD*E|| < Cmgrt %7, (5.24)

where the constant C' depends upon all the parameters and on k£ € N, but not on e,
mg, H, J or L. By [6, Theorem 1.4] (cp. also the proof of Proposition 4.4), we have

osc(fir) + ose(fuy) < Cmd*™r and
Hm({fHL 7é fHJ}) < OE(T, C32TL(pL77TH)) rm < C'm(1)+71rm+2+“/2-

Therefore, taking into account (5.2), we conclude ||hyr — hpsl|p < Cmgr™ 352, Thus,
we appeal to Lemma C.1 and use the latter estimate together with (5.24) (in the case k = 0)
to get HBHL—BHJHCk(Bl) < Cmyr3tP2=% for k = {0, 1} and for every concentric smaller ball
B' C B (where the constant depends also on the ratio between the corresponding radii).
This implies |D(hgr — hag)||l iy < Cmer™ 2+%2 and hence we can use again Lemma
C.1 (based on the case k = 1 of (5.24)) to conclude ||hgr — hpyllc2pny < Crgr't72.
Iterating another two times we can then conclude |k, — hHJHCk(Bﬁ < C’mor:)’*BQ * for
ke€{0,1,2,3,4}. By 1nterpolat10n since k < Bo/4, |hurr — hrglloste < Cmg £(L)3".

Fix now L =: L; C Lj—y C ... C Ly, be the chain of fathers with L; € .7 Summing
the corresponding estimates, we get

7j—1

hrs = harn lless < C Y Nhpy,, — hawlloss < Cmg Zz < Cmyg.  (5.25)

i=Np
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Observe next that f_zHLNO = fHLNO % 09-N, and that

HDfHLNOH%2 < Dir(fury,) < CE(T, Csor,  (PLy,,7H)) < Cmg + Clmy — mo|* < Cmy .

No

Thus, by standard convolution estimates, HDf_LLNOHCk < Cmé/ * (where the constant C
depends on k£ € N and on he various parameters). The latter estimate combined with
(5.25) leads to ||Dhyyp|lc2s < C’m:‘)h. Moreover, we infer ||hgp||co < Cmé/Qm, appealing
again to (5.25) and using this time W_lHLNOH < C’mé/%". Since hyp = ¥(x,hyr) and
hiy = Y(x, hyy), we deduce the corresponding estimates for hyy, and hy; from the chain
rule.

Now we pass to prove Proposition 4.5(i) and (iv). Since hyy = hy and gyy = gy, the
first claim of (i) follows then from Lemma B.1. Coming to (iv), the estimate on gy — yu
is a straightforward consequence of the height bound, [6, Theorem 1.4] and Lemma B.1
(applied to hy). Note that, together with (4.1), this implies the second claim in (i). Next,
observe that

IDhallz> < CID(m o fu)liz < CDir(fu) < Cmg ((H)*7*.

Thus, there is at least one point ¢ € Gr(hy) such that |1T,Gy,, — mg| < Cm(l)hé(H)l*‘;?.
Since ||D2hyllo < Cmy?, we then conclude that [Ty Gy, — 7| < Cmy>¢(H)'~% holds
indeed for any point ¢ € Gr(hgy). Since Gr(gg) is a subset of Gr(hy) (with the same
orientation!), the second inequality of Proposition 4.5(iv) follows. O

5.3. Tilted L' estimate. In order to achieve Proposition 4.5(ii) and (iii), we need to
compare tilted interpolating functions coming from different coordinates. To this aim, we
set the following terminology.

Definition 5.4 (Distant relation). Four cubes H, J, L, M make a distant relation between
H and L if J, M € 7 U #7 have nonempty intersection, H is a descendant of J (or J
itself) and L a descendant of M (or M itself).

Lemma 5.5 (Tilted L' estimate). Assume the hypotheses of Proposition 4.5 hold. Let
H,J, L and M be a distant relation between H and L, and let hgy, hry be the maps
gwen in Definition 4.3. Consider the map hiw : Buy,(py, i) — 735 such that Gy, =
G,y LCur,(ps,mH) (the existence is ensured by Lemma B.1). Then,

e — ilLMHLl(BQTJ(pJ,ﬂH)) < Cmg £(J)™ 3470 (5.26)

Proof. First observe that Lemma B.1 can be applied because

|7TH — 7TL| S |7TH — 7TJ| + |7TJ — 7TM| + |7TM — 7TL| S C’m(l]/2€(J)1_52.

Set m := my and s for its orthogonal complement in 7,3, and similarly 7 = 7 and 7
its orthogonal in T}, 3. After a translation we also assume p; = 0, and write r = r; =
ra, €= (J) = £(M) and E := E(T,Cs2,.(0,7)), £ := E(T, Csy(par, 7)). Recall that
max{E, F} < Cmg (=2, We fix also the maps ¥ : Ty — TyXt and ¥ : 7,3 — T, 34
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whose graphs coincide with the submanifold ¥. Observe that |7 —7|+|s¢— 3| < C’m(l]/ o2

19|z + [ U]|oeo < Crmy? and
|DW]| 0084y + | DT |co(sy,y < Crmg >0,

Consider the map f : By (0,7) — Ag(r") such that G = Gy, L Cy (0, 7), which exists
by [5, Proposition 5.2]. Recalling the estimates therein and those of [6, Theorem 1.4], if
we set f = fg; we have

Lip(f) 4+ Lip(f) < Cmd* ™ and |f|+ |f] < Cmy*" 0"+, (5.27)
Dir(f) 4 Dir(f) < Cmyg (™22 (5.28)

Consider next the projections A and A onto 7 of the closed sets Gr(f) \ spt(T) and
Gr(f) \ spt(7'). We know from [6, Theorem 1.4] that

[AUA| < C |Gy = TI(Ca(0,7)) + G = TI(Caalpar, )| < Crmg 772474 (5.20)

Define next f = ¥ (z, p,.(nof)), h:=hys = VY(z,p,.(mo f)*x00)), far = V(x, px(no frm))
and hpy = U(z,px((n o foar) * o). We define that h : By (0,7) — 7t such that
G; = Gy,,,L C4,(0,7) and f such that G; = Gy,, | C4,.(0, 7). We use Proposition 5.2, the
Lipschitz regularity of ¥ and Lemma B.1 to conclude

Ih — ]| < Cllhpar — farl| 1 < Cmg r™+3+0.

Likewise ||k — f||1 < Cmor™3+F2. We therefore need to estimate ||f — f]|;:. Define next
the map g = U(z, p,(no f)) and observe that the ||g —f||,: < C|lnof—mno f|.1. On the
other hand, since the two maps f and f differ only on A U A, we can estimate the latter

with C|A U A|(|f| + |f]) < CmiT/#g3+m+n+82 Tt thus suffices to estimate ||g — ..
This estimate is indeed mdependent of the rest and we prove it in the next lemma. O

Lemma 5.6. Consider two triples of planes (m, »,w) and (7, 3, @), where

e 1.7 are m-dimensional;

e i and x are n-dimensional and orthogonal, respectively, to m and 7,

e w and w l-dimensional and orthogonal, respectively, to m X s and 7™ X .
Assume | — 7|, |3 — 3| < Cm(l)hrl*‘52 and let U - x 3 — w, U : 7 X 52 — @ be two maps
whose graphs coincide and such that | V|| cs.co + || V]| gae0 < C’m(l)/Q, W (0)|+]T(0)| < Cm*r
and

|Dllcoy,) + 1DT oo,y < Omgr' .

Let @ : Bs,(0,7) — Ag(3¢) be a map with
Lip(@) < Cmd'r™,  |lillo < Cmy*™r'*%  and Dir(@) < Cmgr™ >, (5.30)

Consider the maps §(z) = 32, [(@i(2), ¥(z, w(2)))], g(x) = (noa(z), ¥(n o a(z))). Let
u 1 By (0,m) = Ag(s) be such that the map g(x) = >, [(wi(x), V(z,u;(z)))] satisfies
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G, = G;LCy.(0,7) and g : By (0,m) — 3 X w be such that Gg = Ggl Cy.(0,m). If
£(r) = (10 ulx). U(z,n o u(z))). then

g — &lloe < Crmg 3455, (5.31)

Proof. We start fixing the following terminology: we say that R € SO(m+n+1) is a small
2d-rotation if there are two orthonormal vectors ey, e; and an angle |0] < C'(|m—7|+|2—3|)
such that R(e;) = cosfle; + sinfey, R(ez) = cosfey —sinfle; and R(v) = v for every
v L span (eq,e2). We then say that:

e R is of type A with respect to (m, s, @) if €1 € 5 and ey € w;
e R is of type B with respect to (, 3, w) if e; € 7 and es € ;
e R is of type C with respect to (7, ,w) if e; € 7 and ey € w.

The lemma is based on the following claim, whose proof is postponed to the end.

Claim. There is a number N depending only on (m,n,l) and a constant C such that
(7, 22, w) =: (mo, 20, w0) and (T, 3¢, @) = (75, x5, wx) can be joined by a chain of triples
(7, 5¢j,@;) of length N < N such that each (7;, 3;,w;) is the image of (m;_1, 5 1,@;_1)
under a small 2d-rotation of type A, B or C with respect to the latter triple.

For the rest of the proof we will then focus on proving (5.31) under the assumption that
the triple (7, ¢, @) is obtained from (7, 3, @) applying a small 2d-rotation of type A, B or
C. We then iterate the estimate N times and achieve a slight variant of (5.31) in the case
of two general triples:

lg = &l s, v,,) < Cmgr™ 452, (5.32)
Since N is just a geometric constant, a simple covering argument will then conclude (5.31).

Type A. In this case we show the stronger bound ||g — g&||co < Cmgr3+™/2. Use the
notation (z,w) € » x w and (Z,W) € 3 x w for the same point. In what follows we will
drop the - when writing the usual products between matrices. We then have z = Uz + Vw
and w = Wz + Zw, where the orthogonal matrix

u v
e (5 )
has the property that |L —Id| < C’m(l)/ =02 (Clearly, ¥ and U are related by the identity
Wz ZU(z,2) = U(z, Uz + VU(z,2)). (5.33)

Fix x and g(z) =Y, [(wi(x), ¥(z,u;(x)))] = D>, [(zi, ¥(x, 2;))]. We then have

g(z) = (a,b) = (%ZZH‘I/(%%Z%)) in » X w,

and

g(r)=L" (U% Sz + V% S W(x,z), U (x, U% Sz + V% Z\I/(x,zz)>> =: L Y(c,d).
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Since L is orthogonal, we have
&(z) — g(x)| = |L(a,b) — (¢, d)]
- (v (qf (x £ zi> I 103 zi)) WES, 5+ 20 (x 5 zi>
. <x ULy 2 +V%Z\I/(x,zi)>>‘
(V (o (0. 555) - 50w 2)).
b (:E,U%Zzi LV (%zzi)) — (:v,U%Zzi +V%Z\If(x,z,~)>>‘ .

(5.33)

Thus,

&) — g(@)] < (14 Lin(®)) V] [ S 0w, 2) — ¥ (2,5 2]

Observe that |[V| < |L — Id| < Cmé/Q'r’l_‘s?. On the other hand, with a simple Taylor
expansion around the point (z, % > z;) we easily achieve

SN U, z) — U (1‘ . ZzZ) <CIDY[pY s - 52

i

S Omé/2+1/2mr2+ﬂz—52 '

Type B. In this case ¥ = ¥ and, given its Lipschitz regularity, it suffices to estimate
|Inou—p.(g)|L:. We fix an orthonormal base ey, ..., €, €mi1, .-, €min, where the first
m vectors span m and the remaining span ». We also assume that the rotation R acts on
the plane spanned by {e,,, €11} and set v = R(ep,) = aen, +beyiq and vy,01 = R(€ma1).
We then define two systems of coordinates: given ¢ € R™ x R", we write

0= wd)es + Haen + @) + YW @esin
= ai@)ei + 5(@)vm + 0(@)vmar + Dy (@)ejam

The first will be called (¢, 7)-coordinates and the second (s, o)-coordinates.

We fix for the moment x € R™! with |z| < 4r and focus our attention on the interval
I, = {s:|(x,s)| < 6r}. We restrict the map @ to this interval and, by [4, Proposition 1.2]
we know that there is a Lipschitz selection such that a(z,s) = ), [6i(s)]. In the (s, o0)-
coordinates: Gr(6;) = {(z,s,0}(s),...,0/(s)) : s € I,}. In the (t,7) coordinates we can

choose functions ¥J;, also defined on an appropriate interval, whose graphs coincide with
the ones of the #;. We then obviously must have u(xz,t) = ) . [¢;(t)] on the domain of

definition of g. The coordinate functions 95 and 19? are linked by the following relations
P,(t) = at + bV (1),
01(®;(t)) = —=bt + av;(t), (5.34)
0L(D;(t)) = Vi(2), for [ =2,...,n.
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For ®; holds Lip(®;) < (1 + Cmy*r'=%) < 2. Likewise we can assume that Lip(®; ) < 2.
Consider now o(s) = nou(z, s) = 5 L 3. 0;(s) and the corresponding ¢ — 9(t) = p,.og(z,t),
linked to m o @(x,-) through a relation as in (5.34) with a corresponding map &:

O(t) = at+bo'(t),
g 205 (2(t) = 01 (®(t)) = —bt + ad}(t), (5.35)
%Z LD(t)) = o(P(t)) = d'(t), for 1=2,...,7
Moreover, write v(t) = % > 9(t) =mou(x,t). We can then write
nou(r,t) = px(g(e,t)) = v(t) = 0(t) = Q~ Z
—Q- Z ( a701(@i(1) — a0L(@(2), ..., 04 (1)) — 01D (1)), . ) (5.36)
This implies that
Inou(z,t) — pu(glz,1)] = |v(t) — 0 ) dr (5.37)
Next we compute
D;(t) — @(t) = b (9} (t) — 0'(2)) = b(V; (t) — v' () + b(v'(t) — &' (¢)). (5.38)

SInce |b| < Cm(l]/ *¢'=%2 the terms in (5.38) can be estimated respectively as follows:

bllo} () — o (2)] = |b||u1<x 0= (o) (0] < Omi 6 < O

[0 () — o' (t )I |D9||Lo<> Z |@i(t) — @(t)] < Cmg'r™ Z |@i(2) — @(1)]

=1

Combining the last two inequalities with (5.38), we therefore conclude, for 5 small enough,
Z 1D,(t) — D(t)| < C o>yt = (5.39)

With this estimate at our disposal we can integrate (5.37) in ¢ to conclude

@(t)+Cp s+Cp
lu(t) — o( |<C’// | DO|(T det<C’// |Dg|(x,7)drds,
I I, JO(t I

where in the latter inequality we have used the change of variables s = ®(t) and the fact
that both the Lipschitz constants of ® and its inverse are under control. Integrating over
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x and recalling that v(t) — 0(f) = nou(z,t) — p,(g(z,t)) we achieve

367"2 |w\2 s+Cp
| mou-p.og < / | ipilendrasis<cp [0
By, Bar

3672 — |(E|2 —Cp BGT+Cp

§0m8/2r2+2ﬁ2/3rm/2 (/ |Dg|2) < Cmyg r™H3022/3=0 < Oy pm 34905
BS'r

Type C. Consider n7og and the map £ : By,(0,7) — 7+ such that G¢ = G5l Cy, (0, 7).
We can then apply the argument of the estimate for type B to conclude

10w —pa(&)llrimy) < Mo g —Ellnim,) < Cmgr™ 0, (5.40)

We need only to estimate ||p,.(§) — pP.(&)||z:: since g(z) = (9o u(z), ¥(z,n ou(x))) and
g(x) = (p.(g(x)), ¥(x,p,.(g(z))), the claims then follows from the Lipschitz regularity of
V. Define the maps v, w and w’ as follows:

&) = (noa(@) ¥ (o (@) = (v(@), w(@)),
no§(@) = (noi(@), § ¥, ¥(#. i)

Using a Taylor expansion for ¥ we conclude

lg = nodllo=llw—wllo < CIDY[o D |l —noi| <md* 250 (5.41)

)
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Consider an orthogonal transformation
U Vv
1= (1w 7)
with the properties that (Z,2) € T X @ corresponds to (Uz + VZ, WZ + ZZ) € m X w and

|L —1d| < Cmy /2r1=%2 We then have the following relations: p.(g(z)) = v(®(x)) and
p.(&(x)) = ((<I>’) Yz )), where @1 and (®')~! are the inverse, respectively, of the maps

¢(z) = Uz + Vw(Z) and ¢'(z) = Uz + Vw'(z). Recalling that |V| < |L| < Cmy J2p1-02,
we conclude that

|@(2) — ()| < V| |w(@) — w'(2)] < Cmg™ ¥+ for every .
On the other hand we also know that ®~! has Lipschitz constant at most 2 and so we
achieve |®~1(®/(%)) — Z| < Cmg ' *"3+%2-%2  Being valid for any # we can apply it to
7= (9)"(x) to conclude |®~1(z) — (¥)~!(z)| < Cm} " p3+%=% Using then Lip(v) <
Lip(a) < Cm{'r", we conclude the pointwise bound

Po(&(2) — PalE())] = [0(@ 7 (@) — o((#) 7 (2))] < O emydessimn

Proof of the Claim. We first show that, if w = @, or s = > or m = 7, then the claim
can be achieved with small 2d-rotations all of the same type, namely of type B, C and A,
respectively. Assume for instance that @ = @. Let w be the intersection of m and 7 and
w’ be the intersection of s and 3. Pick a vector e € m which is not contained in 7 and
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p(e)

is orthogonal to w. Let é := . Then, é is necessarily orthogonal to w and the angle

7€

between € and e is controlled l|)rg1 (|7%‘— 7|. There is therefore a small 2d-rotation R such that
R(e) = é. It turns out that R keeps @w and w fixed. So the new triple (R(w), R(3), R(w))
has the property that R(w) = w = @ and the dimension of R(7) N7 is larger than that of
m N 7. This procedure can be repeated and after N < m times it leads to a triple of planes
(7, %N, wy) with wy = @ and 7wy = 7. This however implies necessarily 3 = .

Assume therefore that @ and o do not coincide. Let w := (3¢ X w) N (3 X 7). There is
then a unit vector € € s¢ or a unit vector € € 7 which does not belong to 7 x s and which
is orthogonal to w. Assume for the moment that we are in the first case, and consider the

vector e 1= %:gg‘. The vector e forms an angle with the plane s bounded by C|» — |.

Therefore there is a rotation R with |R — Id| < C|» — | of the plane 7 X 3¢ with the
property that R(s¢) contains e and keep fixed w, which is orthogonal to e. By the previous
step, R can be written as composition Ry o. ..o Ry of small 2d-rotations of type B keeping
w fixed. Since e 1 R(w), we can then find a small 2d-rotation S of type A with respect
to (R(m), R(3¢),w) acting on the plane span (€, e) for which S(R(3¢)) > €. S keeps then
w fixed. An analogous argument works if the vector e € 7. We therefore conclude that,
after applying a finite number of rotations Ri,..., Ry/, Ry/y1 of the three types above,
the dimension of Ry/11 0 Ryro...0 Ry(m X ) N7 X 3 is larger than that 7 X >N 7 x 3
(where the number N’ is smaller than a geometric constant depending only on m and 7).
Obviously, after at most m + n iterations of this argument, we are reduced to the situation
TX x=TX . ]

5.4. Proof of Proposition 4.5. We are finally ready to complete the proof of Proposi-
tion 4.5. Recall that (i) and (iv) have already been shown in Lemma 5.3. In order to show
(ii) fix two cubes H,L € £ with nonempty intersection. If ¢/(H) = ¢(L), then we can
apply Lemma 5.5 to conclude

it = Bl 3 (B (pag sy < O C(H)™ 37 < g €(H )™ 5 (5.42)

If ((H) = $((L), then let J be the father of H. Obviously, J N L # §). You can therefore
apply Lemma 5.5 above to infer HhH‘]—ilLHLl(Ber(pJ’ﬂ-H) < Cmyg £(J)™+3+%/2 On the other
hand, by Lemma 5.3, ||hr — hasll 1oy, oum)) < Cr™ b — hasllo < Cmyg 0Ty,
Thus we conclude (5.42) as well. Note that Gy, L C,, (zx,m) = Gy, L C,, (za,m) and
that the same property holds with gy and hy. We can thus appeal to Lemma B.1 to
conclude

lger = 9Ll L1 (Byyy (i imoyy < Cag L(H)™ 27 (5.43)

However, recall also that [D*(gg — g1)]. < Cm(l)/Q. We can then apply Lemma C.2 to
conclude (ii).

Now, if L € #7 and i > j, consider the subset &?%(L) of all cubes in £?" which intersect
L. If I is the cube concentric to L with ¢(L') = 3¢(L), we then have by definition of ¢;:

loi = gulloiey <C D lgn — 9ol ., oy < Crmg L(H) ™ (5.44)
HeZi(L)
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which is the claim of (v).
As for (iii), observe first that the argument above applies also when L is the father of
H. Iterating then the corresponding estimates, it is easy to see that

|D3gu(z5) — D?gy(wy)| < C’m(l)/zf(J)" for any ancestor J of H . (5.45)

Fix now any pair H,L € 2?7. Let H;, L; be the “first ancestors” of H and L which are
adjacent, i.e. among all ancestors of H and L with the same side-length ¢(H;) = ¢(L;) =: ¢
and nonempty intersection, we assume the side-length is the smallest possible. We can
therefore use the estimates obtained so far to conclude

\D?gy(z) — DPgr(z)| < |1Dgu(zn) — Dgu,(zn,)| + | DPgu (wn,) — DPgr (1)
+|D?gp, (1) — DPgr(x1)| < CmJe".

A simple geometric consideration shows that |z, — xy| > cof, where ¢ is a dimensional
constant, thus completing the proof.

6. EXISTENCE AND ESTIMATES FOR THE M-NORMAL APPROXIMATION
We start proving the corollary of Theorem 2.4.

6.1. Proof of Corollary 2.2. The first two statements of (i) follow immediately from
Theorem 1.12(i) and Proposition 4.2(v). Coming to the third claim of (i), we extend the
function ¢ to the entire plane my by increasing its C®* norm by a constant geometric
factor. Let ¢u(x) := te(x) for t € [0,1], M, := Gr(ps|j—s,4p) and set

U ={z+y:ze My LT, Myl <1}.

For &, sufficiently small the orthogonal projection p; : U, — M, is a well-defined C** map
for every t € [0, 1], which depends smoothly on ¢. It is also easy to see that 0T LU, =
0. Thus, (p):(TLU;) = Q(t) [M,] for some integer Q(t). On the other hand these
currents depend continuously on ¢ and therefore (Q(t) must be a constant. Since My =
| —4,4"x{0} C m and pg = Px,, We conclude Q(0) = Q.

For what concerns (ii), consider ¢ € L € #/, set p := ®(q) and 7 := T, M, whereas 7,
is as in Definition 1.10. Let J be the cube concentric to L and with side-length 1£¢(L).
By the definition of ¢, Theorem 1.12(ii) and Proposition 4.5, we have that, denoting by ¢
and gy, the first n components of the corresponding maps,

_ _ 1 K
1o —grllcoy <C > g — gnllen < Cmg*U(L)**"
Hew ,HNL#0D

So, since ¢ = (¢, U(z,9)) and gn = (G, V(z,Gn)), we conclude [lg — @llovesy <
C’m(l)/ *0(L)>**. On the other the graph of g, coincides with the graph of the tilted in-
terpolating function hy. Consider in C := Cg,, (pr, 71) the m-approximation f;, used in
the construction algorithm and recall that, by [6, Theorem 1.4].

osc (fr) < C (h(T, Cso, (pr, 1), 71) + (E(T, Csar, (pr, ) + rLA)r)
< Cm(l)/ng(L)1+ﬁ2 ‘
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Setting pr, = (21, wy) € 7 x 71 and recalling that py € spt(T), we easily conclude that
Imo fr—wr|lco < C’mé/sz(L)HBQ. This implies ||hy —wp||co < C’mé/mﬁ(L)”B?. Putting
all these estimates together, we easily conclude that, for any point p in spt(7)NCr,, (pr, 71)
the distance to the graph of hy is at most C’mé/Qm((L)HBQ.

Finally, we show (iii). Fix a point p € I'. By construction, there is an infinite chain
Ly, D Lyny41D...DL; D ...ofcubes L; € %7 such that p = ﬂj L;. Set mj = mr,;. From
Proposition 4.2 we infer that the planes 7; converge to a plane m with a rate |m; — 7| <
C’m(l)/ 273(1=%2) = Moreover, the rescaled currents (LpLj 2-i 4T (where the map ¢y, is given
by tqr(2) = =1) converge to @ [x]. Since |®(p) — pr,| < Cy/m277 for some constant C
independent of j, we easily conclude that ©(T, ®(p)) = @ and @ [r] is the unique tangent
cone to T at ®(p). We next show that p~!(®(p)) = {®(p)}. Indeed, assume there were
q # ®(p) such that p(q) = ®(p) and let j be such that 27771 < |®(p) —¢q| < 277. Provided
g, is sufficiently small, Proposition 4.2(v) guarantees that j > Ny. Consider the cube L;

in the chain above and recall that h(7, Caar,, (pr; ;) < Cm(l]/gmgfj(uﬁz), Hence,

27771 < g — @(p)| = [pa(q — ()| < Clg — ®(p)||7m — 7| + h(T, Cs2r,, (pr,, 7))
< Cmy*2770-00977 4 O Pro 048 < CefPmo T |
which, for an appropriate choice of €5 (depending only on the various other parameters

Ba, 02,71, Ce, C, My, Ny) is a contradiction.

6.2. Construction of the M-normal approximation and first estimates. We set
F(p) = Q[p] for p € ®(T'). For every L € #7 consider the 7y-approximating function
fr: Csr, (pr, 71) = Ag(mg) of Definition 1.9 and K, C Bs,, (pr, 71) the maximal (closed)
set such that Gy, |, = TL(Kp X 71). We then denote by (L) the portions of the supports
of T"and Gr(fr) which differ:

(L) = (spt(T) U Gr(fr)) O [(Bsy, (pr, 72) \ Kp) x 71 ] -
Observe that, by [6, Theorem 1.4] and Assumption 1.5, we have
H™(D(L)) < CEM(E + 0(L)?AY(L)™ < Cml 2 0(L)™ 22 (6.1)

where E = E(T, Csa,, (pr,71)). Let £ be the Whitney region in Definition 1.13 and set
L' := ®(J) where J is the cube concentric to L with ¢(J) = $¢(L). Observe that our
choice of the constants is done in such a way that,

LNH=0 <<= L NnH =0 VHLe¥, (6.2)

dIT)NL =0 VLew. (6.3)
We then apply [5, Theorem 5.1] to obtain maps Fr, Ny, : L — Ag(U) with the following
poperties:

e Fi(p) =2 [p+ (No)i(p)l,
o (N.)i(p) L TyM for every p € L
e and Gy, L(p~ (L)) = Tp, L(I)_l(ﬁl))-
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For each L consider the set # (L) of elements in #  which have a nonempty intersection
with L. We then define the set K in the following way:

K=m\ (U (gn U »@m)). (6.4)

Lew Mew (L)

In other words K is obtained from M by removing in each £’ those points for which there is
a neighboring cube M such that the slice of Fj; at = (relative to the projection p) does not
coincide with the slice of T. Observe that, by (6.3), K contains necessarily I'. Moreover,
recall that Lip(p) < C, that the cardinality # (L) is bounded by a geometric constant and
that each element of #/(L) has side-length at most twice that of L. Thus (6.1) implies

C\K[<[ENKI< Y > p ) < Cm)t (L)t (6.5)
Hew (J) Jew (L)

On T we define F(p) = Q[p]. By (6.2), if J and L are such that J' N L" # (), then
J € W (L) and therefore F, = F; on KN (J' N L"). We can therefore define a unique
map on K by simply setting F'(p) = Fr(p) if p € KN L. Our resulting map has obviously
the Lipschitz bound of (2.1) in each £ N K. Moreover, Tr = T'Lp~*(K), which implies
two facts. First, by Corollary 2.2(ii) we also have that N(p) := >_. [Fi(p) — p] enjoys the
bound || N|zncllco < Cmy>™¢(L)*#2. Secondly,

TN M LNK))<Q > Y H™Z(H)) < Cmg (L) (6.6)
Mew (L) HeW (M)

Hence, F' and N satisfy the bounds (2.1) on K. We next extend them to the whole center
manifold and conclude (2.2) from (6.6) and (6.5). The extension is achieved in three steps:

e we first extend the map F to a map F taking values in Ag(U);

e we then modify F to achieve the form F(z) = 3, [z + Ni(z)] with N;(z) L T,M
for every x;

e we finally modify F to reach the desired extension F(z) = 3. [« + Ni(z)], with
N;(z) L TuM and x + N;(x) € X for every x.

First extension. We use on M the coordinates induced by its graphical structure,
i.e. we work with variables in flat domains. Note that the domain parametrizing the Whit-
ney region for L € # is then the cube concentric to L and with side-length 17£( ). The
multi-valued map N is extended to a multi-valued N inductively to appropriate neigh-
borhoods of the skeleta of the Whitney decomposition (a similar argument has been used
in [4, Section 1.2.2]). The extension of F' will obviously be F(z) = >, [N;(x) + 2]. The
neighborhoods of the skeleta are defined in this way:

(1) if p belongs to the O-skeleton, we let L € # be (one of) the smallest cubes containing
it and define U? := BE(L)/16(p)§

(2) if 0 = [p,q] C L is the edge of a cube L € #', we then define U’ to be the
neighborhood of size %% of 0 minus the closure of the unions of the U"’s, where

r runs in the 0-skeleton;
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(3) we proceed inductively till the m — 1-skeleton: given a k-dimensional facet o of a
cube L, U? is its neighborhood of size 4_’“% minus the closure of the union of all
U™’s, where 7 runs among all facets of dimension at most k — 1.

Denote by U the closure of the union of all these neighborhoods and let {V;} be the
connected components of the complement. For each V; there is a L; € # such that
Vi C L;. Moreover, V; has distance ¢of(L) from OL;, where ¢, is a geometric constant. It is
also clear that if 7 and ¢ are two distinct facets of the same cube with the same dimension,
then the distance between any pair of points z,y with z € U™ and y € U7 is at least col(L).
Cp. with Figure 1.

Al [ ) [ \

V Ur, U4

Vi /
y A, " ) b
I ve, um

Ve

7
y E—

A (—

F1GURE 1. The sets UP, U? and V;.

At a first step we extend N to a new map N separately on each UP, where p are the
points in the 0-skeleton. Fix p € L and let St(p) be the union of all cubes which contain
p. Observe that the Lipschitz constant of N| Knst(p) is smaller than Cm{*¢(L)" and that

IN| < Cmé/me(L)HB?. We can therefore extend the map N to UP at the price of slightly
enlarging this Lipschitz constant and this height bound, using [4, Theorem 1.7]. Being the
U? disjoint, the resulting map, for which we use the symbol N, is well-defined.

It is obvious that this map has the desired height bound in each Whitney region. We
therefore want to estimate its Lipschitz constant. Consider L € # and H concentric to L
with side-length ¢(H) = 1£¢(L). Let ,y € H. If 2,y € K, then there is nothing to check. If
y € U? for some p and x ¢ | J, U?, then z € St(p) and G(N(x), N(y)) < CmP(L)?2|z—y|.
The same holds when z,y € UP. The remaining case is z € UP and y € U9 with p # q.
Observe however that this would imply that p, ¢ are both vertices of L. Given that L\ K
has much smaller measure than L there is at least one point z € L N K. It is then obvious
that

G(N(z), N(y)) < G(N(x), N(2)) + G(N(2), N(y)) < Cmg*l(L)((L),
and, since |z — y| > ¢ol(L), the desired bound readily follows. The map is also Lipschitz
in any neighborhood of a point z € I'. Thus we can extend it to the closure of its domain,
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which indeed, by the property of the Whitney decomposition, is simply the union of K and
the closures of the UP’s.

This procedure can now be iterated over all skeleta inductively on the dimension & of the
corresponding skeleton, up to £k = m — 1: in the argument above we simply replace points
p with k-dimensional faces o, defining St(o) as the union of the cubes which contain o.
In the final step we then extend over the domains V;’s: this time St(V;) will be defined as
the union of the cubes which intersect the cube L; D V;. The correct height and Lipschitz
bounds follow from the same arguments. Since the algorithm is applied m + 1 times, the
original constants have been enlarged by a geometric factor.

Second extension: orthogonality. For each z € M let p*(z,-) : R™™" — Rm*"
be the orthogonal projection on (T, M) and set N(z) = .. [p*(z, Ni(z))]. Obviously
|N(z)| < |N(x)], so the L bound is trivial. We now want to show the estimate on the
Lipschitz constant. To this aim, fix two points p, ¢ in the same Whitney region associated
to L and parameterize the corresponding geodesic segment ¢ C M by arc-length v :
[0,d(p,q)] — o, where d(p, q) denotes the geodesic distance on M. Use [4, Proposition 1.2]
to select Q Lipschitz functions N? : ¢ — U such that N|,, = 3" [N/] and Lip(N!) < Lip(N).
Fix a frame vy, ..., 1, on the normal bundle of M with the property that ||Dy;||co < C
(which is possible since M is the graph of a C®* function, cp. [5, Appendix A]). We have

N(v(1)) = 32,INi(t)], where
Ni(t) = Ni(y(1)) = D[ (v(1)) - Ni (v ()] ws(8).

Hence we can estimate

i

< CLip(N)) +C Y 1Dy [ [N]lleo < Cmgte(L)™ + Cmg ™" ((L)*7 < Cmg2 (L),
J

Integrating this inequality we find

Q
G(N(p), N(q)) < Z Ni(d(p, q)) = Ni(0)| < Cmg*e(L)2d(p, q) .

Since d(p, q) is comparable to |p — ¢q|, we achieve the desired Lipschitz bound.

Third extension and conclusion. For each x € M C ¥ consider the orthogonal
complement ¢, of T, M in T, X. Let T be the fiber bundle J, ., >, and observe that, by
the regularity of both M and ¥ there is a global C?* trivialization (argue as in [5, Appendix
Al). Tt is then obvious that there is a C** map = : T — R™"" with the following property:
for each (x,v), ¢ :== v+ Z(x,v) is the only point in ¥ which is orthogonal to T,,,M and such
that p,, (¢ —2) = v. We then set N(z) = 3,[E(x, Ps, (N;(2)))]. Obviously, N(z) = N(x)
for z € IC, simply because in this case x + N;(z) belongs to 3.

In order to show the Lipschitz bound, denote by Q(z,q) the map Z(x,p,.,(¢q)). Qis a
C?* map. Thus

2z, q) — Qx, p)| < Clg—p|. (6.7)
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Moreover, since Q(x,0) = 0 for every z, we have D,Q(z,0) = 0. We therefore conclude
that |D,(z, q)| < Clg| and hence that
22, q) — Qy, 9)| < Clylly — =] (6.8)

Thus, fix two points z,y € £ and let assume that G(N(z), N(y))? = 32, |Ni(z) — Ni(y)|?
(which can be achieved by a simple relabeling). We then conclude

G(N(x),N(y))* <2 Z Q(z, Ni(x)) — Uz, Ni(y))[* + 2 Z 19z, Ni(y)) — Uy, Ni(y))|?
< CG(N(z), N(y))* + CZ INi(y)[P|z — y?

< Cm* (L) |z — y[* + Cng ™" (L) 7w — . (6.9)

This proves the desired Lipschitz bound. Finally, using the fact that (z,0) = 0, we have
|2(z,v)| < C|v| and the L> bound readily follows.

6.3. Estimates (2.3) and (2.4). First consider the cylinder C := Cg,, (pr, 71). Denote by

M the unit m-vector orienting T M and by 7 the one orienting TG, = T'Gy,. Recalling
that g, and ¢ coincide in a neighborhood of x, by Proposition 4.5(iv) we have

sup | F(wr, g1(w1)) — M(p)| < C|[D*@llco £(L) < Crng*((L).
peMNC
Recalling moreover that ||Dhr|2, < CDir(fr) < Cmgl(L)* 22, we also conclude the
existence of at least one point ¢ € C N M such that |M(q) — 7| < C’m(l)/Qf(L)lf‘h. Since
|D2h|| < Cmy* we then conclude |F(zr, gr(zL)) — 7(q)] < C’m(l)/Qé(L), which intern

1—02

implies This in turn implies that supeq M — 71| < C’mé/ *0(L)'=°2. Therefore, we can

estimate

-

/1(£) Tr(x)~M(p(2))*d| Tl (x)

s¢ / I Ti(x) — M(p(2))[2d|| T (x) + Crrg* 2 e(L)™ 2
p'(L)

= / |T(z) — 7| T||(z) + Cmgl(L)™ 22 (6.10)
p~ (L)

In turn, since p~!(£)Nspt(T) C C, the integral in (6.10) is smaller than C¢(L)"E(T, C, 1).
By [5, Proposition 3.4] we then conclude

/ DNP < C / Tr(a) — M(p()PIT# (@) + Cl AP / NP
c p—1(L) c
< Cmo g(L)m+27262 + Omo g(L)m+2+2,82 ,

where we have used || Ay |lco < C'||D%*pl|co < Cmy”.
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We finally come to (2.4). First observe that, by (2.1) and (2.2),
/ I o N| < Cmg* (L) %|L\ K| < Cmg 2 mg(Lym 3o (6.11)
L\K

Fix now p € K. Recalling that Fr(z) = > . [p+ (N5)i(p)] is given by [5, Theorem 5.1]
applied to the map fr, we can use [5, Theorem 5.1(5.4)] to conclude

o Ni(p)l < Clno fr(pr,(p)) = Pr, (p)] + CLip(Nile) [T,M — 7| [NL|(p)
< Cm o fu(px, (p) = Px, ()]
+ Cmg UL (G(NL(p). Q [ © Ni(p)]) + QI o No|(p)) -
For ey sufficiently small (depending only on Bs,v2, My, Ny, Ce, C1,), we then conclude that

10 NL(p)| < Clno fr(Pr, (9) = Prs (P)| + Cd (L) 272G (NL(p), Q [ o Ni(p)])

2479

< Clmo frlpe,(p) — P, (p)] + Camy™ o(L) 2727

+E G0N QI o Ve (6.12)

2472
1472

¢’ 7w, — w1 such that G, = M. Applying Lemma B.1 we conclude that
| o) -pa@)< [ o) - @] <C [ lnl) - o).
Kny pr, (KNV) H

where H is a cube concentric to L with side-length ¢(H) = 2((L). From Proposition 4.5(v)
we get |l — gr |z < Cmgl(L)™ 377/ and (2.4) follows integrating (6.12).

Our choice of d; makes the exponent (1 + 275 — do) larger than 2 4 7. Let next

7. SEPARATION AND SPLITTING BEFORE TILTING
7.1. Vertical separation. In this section we prove Proposition 3.1 and Corollary 3.2.

Proof of Proposition 3.1. Let J be the father of L. By Proposition 4.2, Theorem A.1 can
be applied to the cylinder C := Csg,, (ps, 7). Moreover, |py — pr| < CU(J), where C'is a
geometric constant, and r; = 2ry. Thus, if M is larger than a geometric constant, we have
B, C Cs4,(ps, ms). Denote by qr, q the projections Pit and Pt respectively. Since L €

W, there are two points py, pe € spt(7) N By, such that |qr(p1 — p2)| > Chm(l)/2m€(L)1+52.

On the other hand, recalling Proposition 4.2, |r; — 7| < CC;/QK(L)l_‘S?, where C is a
geometric constant. Thus,

s (pr=p2)| 2 lar(py—pa)| = Colft, =7y |lpr = po| = Coomd ™" €(L) 7 = CCmy (L),
where the constant C' depends upon My, Ny and the dimensions. Hence, if g5 is sufficiently
small, we actually conclude

15

las(p1 — p2)| 2> Echm(l)/Qmﬁ(L)1+ﬁ2 ' (7.1)
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Set E := E(T, Csq,,(ps,7s)) and apply Theorem A.1 to C: the union of corresponding
“stripes” S; the set spt(T") N Csg,, (1_cE/2m|10g ) (P7: T7)), Where C'is a geometric constant.
We can therefore assume that they contain spt(7°) N Cay,, (ps,7s). The width of these
stripes is bounded as follows:

sup {|qJ(:13 —y)|:zy € Si} < CE"r; < C’C’el/mm(l)/mE(L)1+(2_252)/2m,

where C' is a dimensional constant. So, if C¥ is chosen large enough, we actually conclude
that p; and py must belong to two different stripes, say S; and S,. By Theorem A.1(iii)
we conclude that all points in Csy,, (ps, ) have density © strictly smaller than @) — %,
thereby implying (S1). Moreover, by choosing C* appropriately, we achieve that

7 1/2m
las(z —y)| > goh’mo/ (L)' Yz eS,,yes,. (7.2)

Assume next there is H € #,, with ¢(H) < 2((L) and H N L # (). From our construction
it follows that £(H) = L(L), By C Csay, (ps, ;) and |my — | < CCmy*0(H) %, for
a geometric constant C' (see again Proposition 4.2. We then conclude

3 1 3 1
[Py (& = )| 2 JCwm L) 2 2 SOum T U(H) T Ve e Sy €S, (T3)

Now, recalling Proposition 4.2, if ey is sufficiently small, Css,,, (pg, 7) Nspt(T) C By.
Moreover, by Theorem A.1(ii) ,

(P, )s(TL(S: N Cazryy (P, 75))) = Qi [Bszry (P, ms)] for i=1,2, @ > 1.

A simple argument already used several other times allows to conclude that indeed
(Pry )i (TL(Si N Caaryy (P> mh))) = Qi [ Baory (P, 7)) for i=1,2, Q; > 1.
Thus, By must necessarily contain two points x,y with [p.1 (v —y)| > %Chm(l)/2m€(H)1+52.
Given that |7y — mg| < cc Qm(l)/ *0(H)'~°2 for some dimensional constant C, we conclude

that |p,.(z —y)| > gC’hm(l)/QmE(H)HB?, i.e. the cube H satisfies the stopping condition
H

(HT), which has “priority over the condition (NN)” and thus it cannot belong to #;,. This
shows (52).

Coming to (S3), observe that, for each p € KN L, the support of p+ N(p) must contain
at least one point p + Ny(p) € Sy and at least one point p + Ny(p) € S. Now,

7 1/2m
[N1(p) = No(p)] > Crme " U(L) 7 — (L) [T, M — 7] (7.4)

Recalling, however, Proposition 4.5 and that M and Gr(gg) coincide on a nonempty open
set, we easily conclude that |T,M — 7| < Cmy*0(L)'= and, via (7.4),

G(N(), Qn o N@)]) > 3INi(p) — No(p)] > SChmy* (L)%

Next observe that, since |£\ K| < Cmi™"2¢(L)™ 2+ for every point p € £ there exists
¢ € KN £ which has geodesic distance to p at most Crmy™ /™ ¢(L)+¥m++2/m Given the



CENTER MANIFOLD 39

Lipschitz bound for N and the choice [y < ﬁ, we then easily conclude (S3):

g(N(Q)a Q [[’l’] o N(q)]]) > gohm(l)/me(L)l_"’BQ _ Cm(l)/mé(L)1+2/m > 1

> Crm>" 0(L)" P2 .

0

Proof of Corollary 3.2. The proof is straightforward. Consider any H € #,7. By definition
it has a nonempty intersection with some cube .J € #7~!: this cube cannot belong to #, by
Proposition 3.1. Tt is then either an element of #; or an element H; | € #,7~*. Proceeding
inductively, we then find a chain H = H;, H;_4,...,H; =: L, where H; N H;_; # () for
every [ and H; € #! for every [ > i and L = H; € #/. This chain is not unique,
however we can choose one for each element H € #;,,. We then define #,,(L) = {H € #,, :
the chain of H ends with L}. Observe that, if H € #;,(L) and H = H;, H;_4,...,H; =L
is the corresponding chain, then

7j—1 00 ~
o — g < |om — wgg, | < VmL(L)Y 27 <2v/mi(L).
=i I=i

It then follows easily that H C Bs, smer) (L) O

7.2. Unique continuation for Dir-minimizers. Proposition 3.3 is based on a De Giorgi-
type decay estimate for Dir-minimizing ()-valued maps which are close to a classical har-
monic function with multiplicity ). The argument involves a unique continuation-type
result for Dir-minimizers.

Lemma 7.1 (Unique continuation for Dir-minimizers). For every n € (0,1) and ¢ > 0,
there exists v > 0 with the following property. If w : R™ D By, — Ag(R") is Dir-
minimizing, Dir(w, B,) > ¢ and Dir(w, By,) = 1, then

Dir(w, Bs(q)) >~ for every Bs(q) C Ba, with s > nr.

Proof. We start showing the following claim:

(UC) if Q is a connected open set and w € W'?(Q, Ag(R™)) is Dir-minimizing in any
open € CC Q, then either w is constant or [, |Dw|*> > 0 on any open J C Q.

We prove (UC) by induction on Q. If @ = 1, this is the classical unique continuation for
harmonic functions. Assume now it holds for all Q* < @ and we prove it for -valued
maps. Assume w € W?(Q, Ag(R")) and J C Q is an open set on which |[Dw| = 0.
Without loss of generality, we can assume J connected and w|; = T for some T' € Ag.
Let J’ be the interior of {w = T} and K := J' N . We prove now that K is open, which
in turn by connectedness of €2 concludes (UC). We distinguish two cases.

Case (a): the diameter of 7' is positive. Since w is continuous, for every x € K
there is B,,(z) where w separates into Jw ]+ [ws] and each w; is a @);-valued Dir-minimizer.
Since J' N B,(x) # 0, each w; is constant in a (nontrivial) open subset of B,(x). By
inductive hypothesis each w; is constant in B,(x) and therefore w = T" in B,(x), that is
B,(z) Cc J C K.
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Case (b): T = Q[p] for some p. Let J be the interior of {w = Q[now]} and
K :=JNQ. By [4, Definition 0.10], 2 N d.J is contained in the singular set of w. By [4,
Theorem 0.11], ™ 2+5(QN0.J") = 0 for every £ > 0. Since .J is an open set, either QN 9.J
is empty or it has positive H™ ! measure. We hence conclude that QN aJ =0, ie. J =
This implies w = @ [n o w], with 1 o w harmonic function (cf. [4, Lemma 3.23]). Being
now|; = p, by the classical unique continuation n o w = p on .

We now come to proof of the proposition. Without loss of generality, we can assume
r = 1. Arguing by contradiction, there exists sequences {wy}ren C Wh2(By, Ag(R"))
and {Bs, (qx) }ren with s > 1 and such that Dir(wg, Bs, (qx)) < % By the compactness
of Dir-minimizers (cp. [4, Proposition 3.20]), a subsequence (not relabeled) converges to
w € WH2(By, Ag(R™)) Dir-minimizing in every open ' CC By. Up to subsequences, we
can also assume that g, — ¢ and s — s > n > 0. Thus, B,(¢) C By and Dir(w, Bs(q)) = 0.
By (UC) this implies that w is constant. On the other hand, by [4, Proposition 3.20]
Dir(w, By) = limy, Dir(wg, B1) > ¢ > 0 gives the desired contradiction. O

Next we show that if the energy of a Dir-minimizer w does not decay appropriately, then
w must split. In order to simplify the exposition, in the sequel we fix A > 0 such that

(14 X\)mF2) < 902 (7.5)
Proposition 7.2 (Decay estimate for Dir-minimizers). For every n > 0, there is v > 0
with the following property. Let w : R™ D By, — Ag(R™) be Dir-minimizing in every
Q) CC By, such that

/ G(Dw,Q[D(now)(0)])* > 2%~ 2Dir(w, By,) . (7.6)
Basayr
Then, if we set w =Y, [w; —now], the following holds:
1
v Dir(w, Bi4x)r) < Dir(w, Bagayr) < W/ |w]* ¥V By(q) C By with s >nr. (7.7)
s(q)

Proof. By a simple scaling argument we can assume » = 1 and we argue by contradiction.
Let wy, be a sequence of local Dir-minimizers which satisfy (7.6), Dir(wy, Bs) = 1 and

(a) either stk @) [wg|* — 0 for some sequence of balls By, (qx) C Ba, with s > ;

(b) or Dir(wg, Bi+x) — 0.
Up to subsequences, wy, converges locally in W12 to w locally Dir-minimizing. If (a) holds,
we can appeal to Lemma 7.1 and conclude that @ = ), [w; — 1 o w] vanishes identically
on By. This means in particular that Dir(wy, Bi4x) — Dir(w, Bi4y) = 0, i.e. (b) holds.

Therefore, we can assume to be always in case (b). Let next uy := 1 o wy. From (7.6)

we get

Q| Dug — Dug(0)[2 = /B (G(Duwp, Q [Duy(0)])? — | D ?)

Biya

Z 2527m72 |Dwk\2 - / ‘D'lj}k‘2 . (78)
Ba Bi4a
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As k 1 oo, by (b) and Dir(wyg, B2) = 1, we then conclude

/ |Du — Du(0)2 > 25-m2 > gfr-m=2 / Dul?. (7.9)
Biia

B>

Since (1 + \)™*2 < 2% (7.9) violates the decay estimate for classical harmonic functions:
fBl+>\ |Du — Du(0)]* < 27m72(1 4 \)™+2 f32 | Dul?, thus concluding the proof. O

7.3. Splitting before tilting I: Proof of Proposition 3.3. Given L € #/7 let us
consider its ancestors H € 77! and J € 776 Set ¢ = ((L), C := Cs,,(ps,7n)
and let f : Bsg,,(ps,mr) — Ag(m#) be the mg-approximation Proposition 4.4, and let
K C Bs,,(ps, mu) denote the set such that Gy, = TLK x 7. Observe that B, C C
(provided e9 is sufficiently small, depending on all the other parameters). The following
are simple consequences of Proposition 4.2:

E := E(T, Csy,, (ps, mx)) < Cmg (2722 (7.10)
h(T,C,my) < Cm]™ (P (7.11)

In particular the positive constant C' does not depend on e5. Moreover, since By, C C,
Le W, and rp/r; =275 we have

cC. my 7"%_25 <F, (7.12)
where c is only a geometric constant. We divide the proof of Proposition 3.3 in three steps.

Step 1: decay estimate for f. Let 2p := 64ry — Cmé/2m€1+52: since py € spt(T), it
follows from (7.11) that, upon chosen C appropriately, spt(T) N Ca,(py,7y) C By C C.
Observe in particular that C' does not depend on €5, although it depends upon the other
parameters. In particular, setting B = Bs,(x, my) with = pr,(pg), using the Taylor
expansion in [5, Corollary 3.3] and the estimates in [6, Theorem 1.4], we get

Dir(B, f) < 2|B|E(T, Cop(z5, 7)) + Cmy 7 gm+24m
< 2w p™E(T,By) + Cmj T em+2n (7.13)
Consider next the cylinder C' := Cgyy, (pr, 7H), @' := Pry (pr) and B’ = Bgy,, (2, 7pr). Set

A= fB, D(nof), A: my — 73 the linear map z + A-z and 7 for the plane corresponding
to Gz. Using [5, Theorem 3.5, we can estimate

% / g(Dfa Q [[A]]>2 > |B/| E(T, (j/7 71') — C’m(1)+’71£m+2+"/1/2
B/

> |B'|E(T, By, 1) — Cmy i gm+24m/2
> Wi (647L)"E(T, By) — Cmj T mt24m/2 (7.14)
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where we have used the obvious inclusion B;, € C’. Next, considering that By D B, and
that, by L € #J, E(T,B;) > C.m>~2% we conclude from (7.13) and (7.14) that

Dir(B, f) < 2wmp™ (1 +m{" ) E(T,By). (7.15)
G(Df,QA])? > 2wn64rT(1 — Cmg”*)E(T, By). (7.16)

Since |z — 2’| < |pg —pr| < CU(H), where C' is a geometric constant (cp. Proposition 4.2),
the ball B = B, (z, ng), with radius o := 64r;, + C¢(H) = 32ry + C{(H) contains the ball
B’. Moreover, if A is the constant in (7.5) and M is chosen sufficiently large (thus fixing
a lower bound for M, which depends only on d2) we reach

1 )\ )\ ~ 1/om

In particular, choosing e sufficiently small we conclude o < (1 + A)p. Now, recalling that
H e % and L € #,, ie. E(T,By) < 22722E(T,By), we can then combine (7.13) and
(7.14) to conclude

Dir(f, By (@, 1)) > / DF2 — QBrany(w, m)|| AP

B(1+/\)p(1'77TH)
> [ GDLQIAN = (2> —cmy®) [ pgr. ()
Bainyplz,mw) Bap(z,mH)
Step 2: harmonic approximation. From now on, to simplify our notation, we
use B;(y) in place of Bg(y, 7). Set p := pr,(ps). From (7.12) we infer that 8r; A <

8r JmSQ < E°F for e, sufficiently small. Therefore, for every positive 7, we can apply [6,
Theorem 1.6] to the cylinder C and achieve a map w : Bg,,(p, 7i) — Ag(7#) of the form
w = (u, ¥(y,u)) for a Dir-minimizer u and such that

s [ gtrwps [ (DA-Dul? <gEERT (78)
Bs,, (p) Bs; ; (p)
/B 1D(10 )= Dlgow)l < TEEr)" (7.19)
By D(U(y, u(y))) = 3, [Do¥(y, us(y)) + Do (y, us(y)) - Dug(y)] we estimate
/ D(W(y,u))? < Crmg / Du? + Cmgg™™
B(14x),(2) B(14x),(2)

where C' is a geometric constant, i.e. independent of any parameter. Consider now A=
§ D(n ow). Using the mean-value property for harmonic functions,

/ G(Dw, Q[A])’ < / Duf® — Q| D(n 0 u)(x)[* | By ()
Baiay,(®) B1ayp(e

+ Cmp™? + C’mo/ |Dul?, (7.20)

B(142),(7)
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where again C' is a geometric constant. On the other hand, since L € #,, we have

C (7.16) (O p—m
mop’ < ZB(1\By) < P

€ €

[ awrouay (7.21)
B(1+/\)p($)
where again C' is only a geometric constant. Therefore

/ G(Du, Q[D(nou)(x)])” Z/ |Dul? = Q|D(n o u)(2)* | By, ()]
B(142),() B(142),(®)

(7.20),(7.18),(7.19) C
=

= —) / G(Df,QA])? — CrmoDix(Ba,(x), u) — CREp"
Ce Biyx)(@)

(7.17),(7.16) _ i/ N\ .
> <(1 — CCh)2em2mm 052/ - Cn) Dir(Bs,, f) — CesDir(Bs,(x), u)

(7.18) A —1\020—2—m v1/2 _ .
> ((1—006 )p2a=2-m _ 1) —cn) Dir(Ba, (), u) . (7.22)

Observe that the constant C' is only geometric. We can therefore choose C., depending
only on dy, such that (1 — CC1)2%272-m > 23%2/4=2=m  Next, the constant C' depends
upon the various parameters, but not upon 7 and 5. So, choosing €5 small enough (recall
that 7 becomes smaller as we choose 9 small) we can now apply Proposition 7.2 to u and
conclude

o / Duf < / G(Du, Q[D(n oul)? < G2 / G(u, Qo)
B(14x)p(@) Bys(q) Bys(q)

for any ball Bys(q) = Bes(q, mu) C Bsy,(p, mu) = Bsy;(p, 7u), where C' depends upon
09 and Mjy. In particular, being these constants independent of e, and C,, we can use
the previous estimates and reassorb error terms (possibly choosing €5 even smaller and C,
larger) to conclude

mg ("2 < COME(T, By) < é/B , JPH QDo
0/8(q

< G / G(f.Qno 1) (7.23)
By/s(q)

where C, C' and C' are constants which depend upon d9, My and C,, but not on &,.

Step 3: Estimate for the M-normal approximation. Now, consider any ball
Bya(q, mo) with dist(L, ¢) < 4y/m{ and let  := ®(By4(q, m)). Observe that p,,, (£2) must
contain a ball Bys(¢',7x) C Bs,,(p, 7w), because of the estimates on ¢ and |my — 7.
Moreover, p~'(Q2) Nspt(T) D Cys(q’, mr) Nspt(T). and, for an appropriate geometric
constant C', ) cannot intersect a Whitney region £’ corresponding to an L’ with ¢(L") >
CYU(L). In particular, Theorem 2.4 implies that

ITr = Tl (p~(Q) + ITF — Gyll(p1(Q)) < Cmgp Lm0, (7.24)
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Let now F” be the map such that T L (p~(Q2)) = G¢L(p~(R2)). The region over which F'
and F” differ is contained in the projection onto Q of (Im(F) \ spt(7)) U (Im(F") \ spt(T))
and therefore its H™ measure is bounded as in (7.24). Together with the height bound on
N and f (|N|+ |N'| < Cm(l)/mél*ﬁ?), this implies

/ |N|2 > / |N/‘2 . Cmé+1/m+72€m+4+252+72 ) (7'25)
Q Q

On the other hand, let ¢’ : Bs,,(p,my) — 7% be such that G, = [M] and ®'(z) =
(z,4'(2)); then, applying [5, Theorem 5.1 (5.3)], we conclude

‘ -

N'(g/(2)) = 7= 0 (.0 = 150U e f2)),

3

which in turn implies

(7.23)
o (7422 2 (2 G(f,Qno f1) < Cr / NP2
(9]

Byss(q'smm)

<Ce? / IN|? + Cn T 2m 24262472 (7.26)
Q

For e sufficiently small, this leads to the second inequality of (3.2), while the first one
comes from Theorem 2.4 and E(T,By) > C.m (272%,

We next complete the proof showing (3.1). Since D(no f)(z) = no Df(z) for a.e. z, we
obviously have

/B(, )Q(Df,Q[[D(nof)]Wg/ G(Df, QD). (7.27)

By/s(q',mr)

Let now df be the orienting tangent m-vector to Gy and 7 the one to M. For a.e. z we
have the inequality

2 Z G/ (fi(2) = 7(#(2))] = 26(Df (=), Q [D¢'(2)])*,
and, hence,

/ L GDrQIDErC / 1G(2) — 7(¢ (Day (2)) PG (2)
Bys(d' s

Cyys(d'smH)

: C/ T (2) = 7(#' (P (2)Pd] T (2) + Crng 7142070 (7.28)
Cys(d',mH)

Now, thanks to the height bound and to the fact that |[7—7mgy| < Cm(l)/ *¢'=% in the cylinder
C = Cys(¢, mr), we have the inequality

~

D(2) = @' (Pry (2))] < Oy P00 < O PP 252 s e spt(T) N C.
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Using ||¢'[|c2 < C’m(l]/ * we then easily conclude from (7.28) that

/ G(Df, QDL < C / IT(2) = #(p(2)) PA|TI|(2) + Crmg ™ g2+
Bys(psma) ¢

=0 / I Tr(2) — 7(p(2)Pd||TE|| (2) + Cmg 720m 24,
P 1)

where we used (7.24).
Since |[DN| < Cm*07, |[N| < C’méﬁmfl*ﬂ? on Q and ||Am|]? < Cmy, applying now [5,
Proposition 3.4] we conclude

[ B =D PATA@) < (1 O [ DN Oz
p-!
Thus, putting all these estimates together we achieve
My (2722 < O(1 + Cm?1%?) / |IDN|? + Cmj 2 em+e (7.29)
Q

Since the constant C' might depend on the various other parameters but not on &9, we
conclude that for a sufficiently small €5 we have

mol™ T2 < O / IDN|?. (7.30)
Q
But E(T,By) < Cmy (272 and thus (3.1) follows.

8. PERSISTENCE OF (Q-POINTS

8.1. Proof of Proposition 3.4. We argue by contradiction. Assuming the proposition
does not hold, there are sequences T}’s and >;’s satisfying the Assumption 1.2 and radii
s for which

(a) either mg(k) := max{E(T}, Bg /m,c(Xr)} — 0 and 5 = limy, s, > 0; or 55 | 0;

(b) the sets Ay, == {O(x, T},) = Q} N Ba,, satisfy HT 2+ (Ay) > asp 2+

(c) denoting by # (k) and .7 (k) the families of cubes in the Whitney decompositions

related to T}, with respect to mo, sup {¢(L) : L € # (k), L N Bs(0,m9) # 0} < sy;

(d) there exists Ly € #¢(k) with Ly N Bss(0,7) # 0 and dsy < £(Lg) < k.
It is not difficult to see that E(Tk, Bgyms,) < Cmy(k)s; >, where the constant C is
independent of k. Indeed, this is obvious in the case limg s > 0, and it follows in the
case s | 0 from the fact that, for k large enough, there is an ancestor J, of L, with
Bg s, C By, and ((J;) < C'sp.

Consider now the ancestors Hy and J; of Ly , and the corresponding Lipschitz approxi-

mation f; as in Section 7.3. By Proposition 4.2, it follows that

E(T,Bg ey, Tr1,) < Cmo(k) sp 2 and (T, Bg e, , Tr,) < Crmg(k) 72" s, 7.

Let moreover g be the mp, -approximation of T} in the cylinder Cgs, (0, 7, ), given by [6,
Theorem 1.4] applied to the cylinder Cy, := Csas, (0, 7g, ) (since either mg(k) | 0 or s 0,
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the latter theorem is applicable for k large enough). Observe also that A% := || As, ¢, ||* <
Csimyg(k) and by Proposition 3.3 (3.1) and [6, Theorem 1.4], we easily conclude

Ej = E(Ty, Ci, m1,) > coB(T, Byr,) > coCemmg(k)(L1)* 22 > co(&)mo(k)sp 2. (8.1)

Observe now that on Bsg, the two maps g; and fj coincide on a set K, with the property

that |Bss, \ Ki| < Cmo(k)1+71s;n+2+71. Moreover, by Proposition 3.3 (cp. Step 1 in
Section 7.3), there exists a ball B, C mp, contained in By, and with radius at least
¢(Ly)/8 such that

/B, G(fi @m0 ful)* = emmo(k) (L) 72 > (&) mo (k) 572 (8.2)
k
Combining the latter inequality with (8.1) we conclude
| G @Ioal > a@) 5 (53
k
Note that by (8.1), we have that A2s; < C* Fj, for some C* independent of k. In

particular, since either s | 0 or mg(k) | 0, it turns out that, for k large enough, Ays; <

Ez/s. We can then apply [6, Theorem 1.6] to find a sequence of functions wy, = (ug, V(x, ug))
of maps on By, each wy is Dir-minimizing and such that

s [ Gloww+ [ (Dol = Durl)? = o s (5.4
B4sk B4sk
Up to rotations (so to get my, = my) and dilations (of a factor si) of the system of

coordinates, we then end up with a sequence of C*° (m + 7n)-dimensional submanifolds
[, of R™*"  area-minimizing currents S; in I'y, functions hj and w; with the following
properties:

(1) the excess Ej := E(Sk, C32(0, 7)) and the height h(Sk, Cs2(0, ), ) converge to

0;

(2) Ai := ||Ar,||* < C*E} and hence it also converges to 0;

(3) Lip(hx) < CEL;

(4) ||th — Ti[|(Cs(0,m0)) < CE, ™

(5) wy = (ug, ¥(x,uy)) for some Dir-minimizing uy in B4(0, 7) and

[ (D] = 1D + b w)?) = o). (8.5)
(6) for some positive constant ¢ independent of k we have
G(hk,m o hi)* = cEy; (8.6)
B3

(7) Zp := {O(Sk,y) = Q} N Bj has the property that H™2t%(Z;) > a > 0 and 0 € Zy.
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Consider the projections =, := py,(Zx). We are therefore in the position of applying [6,
Theorem 1.7] to conclude that, for every fixed p € (0, 3),

max/ G(hr, Qnoh])? =o(Ey) for k — 4oo.
TEZ B, (x)

Up to subsequences we can assume that Zr (and hence also Z;) converges, in the Haus-
dorff sense, to a compact set =, which is nonempty. Moreover, the maps = — ux(z) =

Ek_l/2 > [(ag)i(z) = moug(x)] are easily recognized to converge, strongly in L? to a
Dir-minimizing function v with n o w = 0, vanishing identically on =. Observe that
G(W(z,mx), @ [1 0 W(, m)])? < CLip(¥)2G (i, Q [ 0 1x])* < CEZ. Thus (8.5) and (8.6)

easily imply that

liminf [ Gix, Q [0])? > liminf E,' [ G(ag,moiy)* >c>0. (8.7)
B3 B3
By the strong convergence of u; we then conclude that u does not vanish identically. Then,
by [4, Theorem 0.11] we conclude that H™ >**(Z) = 0, otherwise Z must have nonempty
interior, which together with Lemma 7.1 implies = = Bz and contradicts u # 0. On the
other hand, H72**(Z) > lim sup, H™2T*(Z;) > @ > 0 gives the desired contradiction.

8.2. Proof of Proposition 3.5. We fix the notation as in Section 7.3 and notice that
E = E(T, ngrj(pJ, 7TH) S Cmof(L)2_262 S C’mOZZ_%?.
By Proposition 3.3 we have

/ IDNJ2 > & g ((L)™ 22 (8.8)
Bery(P(p))

Next, let p := (x,y) € Ty X 73, fix a 7 > 0, to be chosen later, and note that (7.12) allows
us to apply [6, Theorem 1.7]: there exists then s > 0 such that

/ L GU.@Ine f1? <05 AR (58.9)
Bosery(z,mH

Observe that, no matter how small 7 is chosen, such estimate holds when 5 and £ are
appropriately small: the smallness of E is then achieved choosing ¢ as small as needed.
Now consider the graph Gr(n o f)L Casyr)(z, 7y) and project it down onto M. Since

M is a graph over my of a function ¢ with [|[D¢@|c2+x < C’?”n(l)2 and since the Lipschitz
constant of n o f is controlled by C'mJ", provided e, is smaller than a geometric constant
we have that Q := p (Gr(n o f)L Casyr (x 7)) contains a ball Bsr)(p(p)).

Consider now the map F'(q) = ZZ [[q+ N/(q)] such that Tl p~ () = G;Lp Q)
given by [5, Theorem 5.1]. Consider also the map & : Boser) (@, 75) 3 2 — p((2,m 0
f(2)) € Q. This map is biLipschitz with controlled constant, again assuming that ey
is sufficiently small. Let now n : @ — R™™ with the property that n(q) L T,M and
E(x)+n(&(x)) = (x,mo f(x)). Applying the estimate of [5 Theorem 5.1 (5.5)] we then get

G(N'(£(x)), Q[ o N'(€(2))]) < G(N'(E(2)), Q [n(E(x))]) < 2V QG(f (), Q[ o f(2)]) -
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Integrating the latter inequality, changing variable and using Bg)(p(p)) C €2, we then
obtain

/ G(N',Qno N> < Cqs™ (L) E < Cimgs™(L)™H>2.
Bsy)(P(P))

Next, recalling the height bound and the fact that N and N’ coincide outside a set of
measure 1t (L) 2172 we infer

/ G(N,Q[no N])? < Cy fmg3™(L)™ 47202 1 Com ™ o(L)ym+4+72+282 - (8.10)
By (P(p))

Since the constants ¢;, C; and C5 in (8.8) and (8.10) are independent of ¢(L) and 7, we fix
7 (and consequently 5) so small that C17 < ¢,"2. We therefore achieve from (8.10)

]{3 oo G(N,Q[noN])? < %7;2 mo ((L) 22 4 Cymy ™ 5 ™ (L) 2P (8.11)
5¢(L)\P\P.

Having now fixed 5 we choose £ so small that Cy5 "¢202172%282 < &, /2. For these choices
of the parameters, under the assumptions of the proposition we then infer

][ G(N,Q[noN])? < nyéymg (L) 22 (8.12)
Bz (P(p))

The latter estimate combined with (8.8) gives the desired conclusion.

9. COMPARISON BETWEEN DIFFERENT CENTER MANIFOLDS
Proof of Proposition 3.6. We first verify (i). Observe that
B(T", Byyim) = B(T. Bs,m) < lim inf B(T, By my) < o
plr

Moreover, since ¥ is a rescaling of ¥, ¢(X)? = r?c(X)? < r?my. Therefore, (1.7) is fulfilled
by 3’ and T" as well; (1.6) follows trivially upon substituting my with an optimal 7 for 7"
in Bg, 7 (which is an optimal plane for 7" in Bg /7, by a trivial scaling argument); (1.4) is
scaling invariant; whereas 07" By, 7 = (t0,)s(0T L Bg, /) = 0.

We now come to (ii). From now we assume Ny to be so large that 270 is much smaller
than cs. In this way we know that r must be much smaller than 1. We have that ¢(L) = c,r,
otherwise condition (a) would be violated. Moreover, we can exclude that L € #,,. Indeed,
in this case there must be a cube J € # with ¢(J) = 2{(L) and nonempty intersection
with L. It then follows that, for p := r + 2y/m (L) = (1 + 2/mcs)r, B,(0,m) intersects
J. Again upon assuming Ny sufficiently large, such p is necessarily smaller than 1. On the
other hand, since 2y/mcs < 1 we then have c¢;p < 2¢sr < 24(L) = ((J).

Next observe that E(T', Bg /m,) < Cmgp>~%% for some constant C' and for every p > r.
Indeed, if p is smaller than a threshold 7o but larger than r, then Bg /7, is contained in the
ball B for some ancestor J of L with ¢(J) < Cp, where the constant C' and the threshold
ro depend upon the various parameters. Then, E(T',Bg ) < CE(T,B) < Cmyg p*~2%2.
If instead p > 1o, we then use simply E(T', Bg /m,) < C(r0)E(T, Bg,m) < C(ro) my. This
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estimate also has the consequence that, if m(p) is an optimal m-plane in Byg s, then
7 = m(p)| < Cmy*pt 2.

We next consider the notation introduced in Section 7.3, the corresponding cubes L C
H C J and the my-approximation f introduced there. If L € #°¢ then by (7.23) we get

/ (f QII"?OJC]]) Em €m+4 259 > cmorm+4 2527 (9'1)
Bys(z,mH)

where © = pg, (ry). On the other hand, if L € #" we can argue as in the proof of
Proposition 3.1 and use Theorem A.1 to conclude the existence of at least two stripes S; and
1/2m

S,, at distance ¢ my " (172 with the property that any slice (T, px,,, z) with z € Bys(z, my)
must intersect both of them. Since for € K such slice coincides with f(x), we then have

/ G(f,Q[no f1)? > émé/m€m+2+252 — Cm(l]/m£2+252|K|
Bys(z,mH)
m(l)/mém+2+2ﬁ2 _ Om(l)"r’Yl+1/m€(m+2_252)(1+71)+262

mr™ T2 (9.2)

Rescale next through ¢, and consider 7" := (10, );1. We also rescale the graph of the
corresponding 7y-approximation f to the graph of a map g, which then has the following
properties. If B C 7y is the rescaling of the ball By/s(z, 7 ), then B C Bsjy and the radius
of B is given by ¢s/8. On B we have the estimate

/ G(g,Qlmogl)? = / G(£.QIno fI)? = émer? 2. (93)
B Byss(z,mh)

(AVARAYS
or o

The Lipschitz constant of g is the same of that of f and hence controlled by CmJ'r7. On
the other hand, we have

g = max {E(T",B /), ¢(X)?} < max{Cmor® > ¢(X)*r?} < Cmor® 2. (9.4)
Moreover, denoting by C the cylinder C4(0, ), we have that
1Gy = T(C) < Cmlt 2 (9.5)

Finally, since |7 — mg| < C’ml/ *r'=% and because M’ is the graph of a function ¢’ with
D@/ ||c2r < Crind” and ||@/[|co < Crin /2m by (9.4) we can actually conclude that M’
is the graph over Ty of a map @ : 7y — 75 with [|[D@|cze < Cmy J2p1=%2 - Similarly,
the M’-approximating map z — F'(z) := >, [x + N/(z)] coincides Wlth T’ over a subset
K' € M’ with |M'\ K| <™ < Omyt2r(2-202)047)

Consider now the prOJectlon p’ over M’ and hence define the set J := p/(spt(7”) N
Gr(g) N Im(F")). It turns out that |By \ J| < my 72r(2=202)(47%)  On the other hand, if
G : By — Ag(R™*") is the map with Tg = G Lp’ 1(By) given by [5, Theorem 5.1], w
then have that G = F on J. Consider therefore a point p € J with p = (x,¢(x)) and
consider that for this point we have by [5, Theorem 5.1 (5.3)]

G(g(x), Qmog(x)]) < G(g(x), Q[p(2)]) < CG(G(p), Qp])-



50 CAMILLO DE LELLIS AND EMANUELE SPADARO

Therefore, using (9.4) we can easily estimate

[z [ (60).QI) - Cind1B.\ J]
BN M/ B:

_ _ 1/m41 _ _ _ _
> & mygr? 22 — Cmo/ TH92,.2=202)(0=72) > ) 27202 (9.6)

where all the constants are independent of €5 and the latter is supposed to be sufficiently
small. Thus finally, by (9.4) we conclude

/B IV > daing = 6 ma BT, Byy). o)} 0
oMM/

APPENDIX A. HEIGHT BOUND REVISITED

In this section we prove a strengthened version of the so-called “height bound” (see [8,
Lemma 5.3.4]), which appeared first in [1]. Our proof follows closely that of [11].

Theorem A.1. Let Q), m, n and n be positive integers. Then there are € > 0 and C with
the following property. Assume:
(h1) ¥ C R™™ is an (m + n)-dimensional C* submanifold with A = ||As|lo < &;
(h2) R is an integer rectifiable m-current with spt(R) C ¥ and area-minimizing in ¥;
(h3) ORLC,(z9) =0, (Pry)sRL Cy(z0) = Q [By(Pry(z0), m0)] and E = E(R, C,(z9)) <
E.
Then there are k € N, points {y1,...,yxr} C R™ and positive integers Q1, . .., Q) such that:
(i) having set o := CE"*™, the open sets S; := R™ x (y;+] — ro,ra[") are pairwise
disjoint and spt(R) N C,1—s|10g B))(T0) C UiS;;
(11) (pﬂ’o)ﬁ[RL(C'r(l—o\logE\)<x0) N Sl)] = Q’L [[B'r(l—o\logE\)(pﬂ'o (330), 77-0)]] Vi € {17 SR k}
(iii) for every p € spt(R) N Cr(1—o|10g £))(T0) we have O(R,p) < max{k;} + 3.
Remark A.2. Obviously, ) . Q; = @ and hence 1 < k < ). Most likely the bound on the

radius of the inner cylinder could be improved to 1 — ¢. However this would not give us
any advantage in the rest of the paper and hence we do not pursue the issue here.

Proof. We first observe that, without loss of generality, we can assume xo = 0 and r = 1.
Moreover, (iii) follows from (i) and (ii) through the monotonicity formula. Indeed, let
p € spt(R) be such that B,(p) := Bgyzn(p) C Ci_gj10g £/(20) =: C'. p must be contained
in one of the S;, say S;. Consider the current Ry = RL(S; N C’). Observe that R; must
be area-minimizing in X, O(R;y,p) = O(R, p) and that E(R;,C’) < E. On the other hand,
if ||[Ag|| is smaller than a geometric constant, the monotonicity formula implies

M(F1L C,y(p)) = M(RyLB,(p) > wn(O(R,p) — 1)p™ = wn(O(R.p) — HE.
On the other hand, M(R,LC,(p)) < wmkip™ + E. Thus, if £ is smaller than a geometric
constant, we ensure O(R,p) < ki + 3. This means that, having proved (i) and (ii) for
o = CEY*" (iii) would hold if we redefine o as (C + 1)E"/?™.

The proof of (i) and (ii) is by induction on (). The starting step Q = 1 is Federer’s
classical statement (cp. with [8, Lemma 5.3.4] and [11, Lemma 2]) and though its proof
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can be easily concluded from what we describe next, our only concern will be to prove the
inductive step. Hence, from now on we assume that the theorem holds for all multiplicities
up to Q — 1 > 1 and we prove it for (). Indeed, we will show a slightly weaker assertion,
i.e. the existence of numbers ay,...,a; € R such that the conclusions (i) and (ii) apply
when we replace S; with 3; = R™™ 1 x Ja; — 0, a; + o[. The general statement is obviously
a simple corollary. To simplify the notation we use p in place of p,.

Step 1. Let r > % and a — b > 2n = 2C,E"*", where C; is a constant depending

only on m and n, which will be determined later. We denote by W,.(a,b) the open set
B, x R""!'x]a, b[. In this step we show

IRI(Wy(a,b) < 25 wnr™ = spt(R)NW, p(a+n,b—n)=0 . (A1)

Without loss of generality, we assume a = 0. For each 7 €]0, g[ consider the currents

R, :== RLW,(1,b—7) and S; := pyR,. It follows from the slicing theory that S; is a locally
integral current for a.e. 7. There are then functions f, € BVj,.(B,) which take integer

values and such that S, = f; [B,]. Since ||f-||1 = M(S;) < ||R|[(W,(0,b)) < Q(é?—élwmrm,

- Imust vanish on a set of measure at least S&7r". € relative romcare mequality,
t vanish t of t least 227", By the relative Poincaré i lity

M(S)' " = || £ 27" < CDE|(By) = ClloByR)||(B,) < ClOR-|(C,).

We introduce the slice (R, 7) relative to the map 2., : R™*" — R which is the projection
on the last coordinate factor. Then the usual slicing theory gives that

(M(S,))"/™ < C||oR,|(C,) = CM((R,7) — (R,b—17)) for ae. 7. (A.2)

Let now 7 be the supremum of 7’s such that M(S;) > VE Vt < 7. If M(S,) < VE, we
then set 7 := 0. If 7 > 0, observe that, for a.e. 7 € [0, 7[ we have

B < (M(S,)' " < C (M((R.7) = (R.b—1))) . (A.3)
Integrate (A.3) between 0 and 7 to conclude

%E"Efnlgc/

0

Tm(<R,T>—<R,£—T>)dT=/ Bl dzmen| dIR].  (AA)

Wi (va)UWT (b_%rb)

We then achieve 7E%n < CVE ,i.e. 7 < CEY*" applying Cauchy-Schwartz and recalling

/ |RL dzpin|?d||R|| < E(R,C,) = E.
C1
(C’ depends only on m and n). Set Cj := C + 2 and recall that n = CyE">". Observe also
that there must be a sequence of 73, | 7 with M(S,,) < v'E. Therefore,
IRI[(Wo(7.b— 7)) < liminf [|R]|(We(r., b — 7)) < lim inf M(S,) + E <2VE.  (A5)
—00 —00

Assume now the existence of p € spt(T) N W,_,(n,b — n). By the properties of area-
minimizing currents, O(T,p) > 1. Set p := 2E/*" and B’ := B,(p) C W,(7,{ — 7). By
the monotonicity formula, | R||(B’) > ¢2™w,V'E, where ¢ depends only on A (recall that
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p < 1) and approaches 1 as A approaches 0. Thus, for e, sufficiently small, this would
contradict (A.5). We have therefore proved (A.1).

Step 2. We are now ready to conclude the proof of (i) and (ii). Assume
max { || R[|(W1(0,00)), | R[|(W1(—00,0))} < 3M(R). (A-6)

Divide the interval [0, 1[ into Q +1 intervals [a;, a;+1[ and let W* := W, (a;, a;41). For each i
consider S* := py(TL.W’). Observe that there must be one i for which M(S") < (1—55)wm.
Otherwise we would have

wnQ+ E > M(R) > Y M(5) > wn (Q+ %5,

which is obviously a contradiction if E' is sufficiently small.

It follows from Step 1 that there must be an i so that spt(7) does not intersect W;_,,(a; +
n,aix1 —n). Consider Ry := RLW;_,(—00,a; +n) and Ry := RLW;_, X (ait1 — 1, 00).
By the constancy theorem pyR; = k; [Bi_,], where both k;’s are integers. Indeed, having
assumed that F is sufficiently small, each k; must be nonnegative and their sum is Q.
There are now two possibilities.

(a) Both k;’s are positive. In this case R; and R, satisfy again the assumptions of
the Theorem with 1 — 7 in place of 1. After a suitable rescaling we can apply the
inductive hypothesis to both currents and hence get the desired conclusion.

(b) One k; is zero. In this case M(R;) < E and it cannot be Rj, since M(R;) >
TM(R) by (A.6). Thus it is R, and, arguing as at the end of Step 1, we conclude
RLW1,2n<]ai+1 —+ 2?7, OOD =0.

In case (b) we repeat the argument splitting | — 1,0] into @ + 1 intervals. Once again,
either we can “separate” the current into two pieces and apply the inductive hypothesis, or
we conclude that spt(RL Cy_4,) C Wi_sy(—1—n,14n) = Wi_4y,(ao, by). If this is the case,
we apply once again the argument above and either we “separate” R' := RL C;_g, x R"
into two pieces, or we conclude that spt(R') C W;_g,(a1,b1), where

bl—a1§<b0—a0>(1—#+7])SQ(l-#)

(provided g9 is smaller than a geometric constant). We now iterate this argument at
most ¢l log E| times, stopping if at any step we “separate” the current and can apply the
inductive hypothesis, or if the resulting current is contained in Wi _(4yop),(ax, bi) for some
ay, br, with by — a < ¢t EY*™. The constant ¢; is chosen larger than 1 and in such a way
that, if ¢ > ¢; E/*", then E% +n < %6. Observe that, since n = CoE"*", ¢; depends
only upon @, m and n

If the procedure does not stop until we reach ¢y|log E| iterations, then we conclude that

the current RL Ci_(449¢|10g E|)y 15 Supported in Wi_(449¢.|10g E))y(a, b) where

>60|10gE|

b—a<(@+n) (%2
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¢o is chosen so that this last number is smaller than ¢; E7>™, i.e. so that

collogEHog% < —log(2+n) —logci + 5= log E . (A7)
Observe that both log £ and log% are negative. Moreover, since c¢; is a geometric
constant, if €5 is chosen small enough, |log E| > 2m(log(2 + n) + logc;). Thus (A.7) is
surely fulfilled when ¢ > % log % O

APPENDIX B. CHANGING COORDINATES FOR CLASSICAL FUNCTIONS

Lemma B.1. There are constants co, C' > 0 with the following properties. Assume that
(1) |se — 20| < cp, r < 1
(i) p = (q,u) € 3¢ x s+ and f,g: B¥(q, ) — »* are Lipschitz functions such that

Lip(f),Lip(g) < co and |f(q) —ul +|g9(q) —u| < cor
Then there are two maps f', g : Bs.(p, »0) — »5 such that
(a) Gy = GyLCs,(p, 21) and Gy = G,LCs,(p, 20);
(B) 1" = 9l 185y < C I = gl B ps0));

(c) if f € CHBqp(p, 5)) (resp. C>*(Bz,(p, »))) then f' € C*(Bs,(p, 3)) (resp.
C3*(Bs,(p, 70))) with the estimates

1" = wlles < @ (¢ = sal, || f — ulles) (B.1)
ID*f llco < A(lse = 50l |1f —ulles) (1 + 1D flleo) (B.2)
(resp. [D*fe < Ax(l2e =30l |If —ulles) (1+[D*flx) ) , (B.3)

where ®, A and A\, are smooth functions with ®(-,0) = 0;
(@) 1 = g llwr2s o) < CA+ D fllco)lf = gllwrae, po)-
All the conclusions of the Lemma still hold if we replace the exterior radius Tr and interior
radius 5r with p and s: the corresponding constants (and functions ® and \) will then
depend also on the ratio £.

Proof. The case of two general radii s and p follows easily from that of p = 7r and s = 5r
and a simple covering argument. In what follows, given a pair of points = € s,y € s we
use the notation (z, y) for the vector x+y. By translation we can assume that (g, u) = (0,0).
Consider then the maps F, G : By,.(0,3) — 3 and I, J : By,.(0, 3c) — 34 given by

F(r) =p((z, f(z))) and  G(z) = p. (2, 9(x))),

[(z) = P ((z, f(2))) and  J(2) = s ((x, 9(2))).

Obviously, if ¢q is sufficiently small, I and J are injective Lipschitz maps. Hence, Gr,,,(f)
and Gr,,(g) coincide, in the new coordinates, with the graphs of the functions f’ and ¢’

defined respectively in D := I(B7(0,)) and D := J(B7.(0,%)) by f = F oI ! and
g = G o JL. If ¢ is chosen sufficiently small, then

Lip(I), Lip(J), Lip(I™), Lip(J™') <1+ C cy, (B.4)
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and
11(q) = q',17(q) = d'| < Ccqr, (B.5)

where the constant C' is only geometric. Clearly, (B.4) and (B.5) easily imply that
Bs,(0,5) € DN D when ¢ is smaller than a geometric constant, thereby implying (a).
Conclusion (c) is a simple consequence of the inverse function theorem. Finally we claim
that, for small cy,

[f'(@) =g (@) <21f(IT (") =g ()| Va2’ € Bi(d), (B.6)

from which, using the change of variables formula for biLipschitz homeomorphisms and
(B.4), (b) follows.
In order to prove (B.6), consider any z’ € B,(¢), set z := [~!(z’) and

pri=(z, f(2)) € e x 5", pyi=(z,9(x)) € e x 5~ and p3 = (2/,¢'(2')) € 30 X 5.

Obviously | f'(z) — ¢'(«')| = |p1 — ps| and | f(z) — g(2)| = |[p1 — p2|- Note that, g(z) = f(z)
if and only if ¢'(2') = f'(2’), and in this case (B.6) follows trivially. If this is not the
case, the triangle with vertices p;, po and ps is non-degenerate. Let 6; be the angle at p;.
Note that, Lip(g) < ¢ implies |5 — 0] < Ccg and |3c — 39| < ¢y implies |01 < Ccy, for
some dimensional constant C'. Since 3 = 7 — 0; — 0, we conclude as well |5 — 03| < Ccy.
Therefore, if ¢y is small enough, we have 1 < 2sin #3, so that, by the Sinus Theorem,

sin 6
1f(2') — g (@) = |p1 — ps| = —~

— <9 — =2 —
sin 05 [p1 — pa2| < 2[p1 — pof |f(z) —g(z)],

thus concluding the claim.

We finally come to (d). The estimate || f'—¢'||z2 < C||f —g]|12 is an obvious consequence
of (B.6). Given next a point p in the graph of f, resp. in the graph of g, we denote by
o(p), resp. 7(p), the oriented tangent plane to the corresponding graphs. Observe that the
points are described by the pairs (2/, f(2')) and (2, g(2')), in the coordinates x x x*, and
by (I7Y(z'), f(I Y (x)")) and (J~(z'),g(J~(2"))), in the coordinates sq X s¢5. Thus

IVf'(a') = Vg ()] < Clo(p) — (@) < CIV I (2") = V(T (')
<CIVfI (@) = VAT @)D+ CIVIT @) = Va(T ™ (@)
<C|ID*flleoll (") = J ()| + CIV (T} (a")) — V(S (a)))]
<C|ID*flleol f'(2") — ¢ (2)| + CIVF(T~H(a") = Vg(J 7 (a)]. (B.7)

Integrating this last inequality in 2’ and changing variables we then conclude
IVf = VdI? < CIVf = Vgl + CID* flleoll f = ¢l 2

which, together with the L? estimate, gives (d). O
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APPENDIX C. TWO INTERPOLATION INEQUALITIES

Lemma C.1. Let A > 0 and ¢ € C*(B,,R") satisfy ||¢]|pr < Ap™™ and ||A¢]|pe= <
p L A. Then, for every r < p there is a constant C > 0 (depending only on m and ) such
that

p Wl Lo,y + | DY e (s,) < C A. (C.1)
Proof. By a simple covering argument we can, w.l.o.g., assume p = 3r. Moreover, if

we apply the scaling v,(x) == r=(re) we sce that |6, |1y = (p/3) " ¢]11(z,),

[Urlloc = (p/3) Y llos, [DYplloc = [[DVU]loc and [|At,[lac = (p/3)|A[|loc. We can there-
fore assume r = 1. Consider the harmonic function ¢ : B, — R with boundary data

1/}‘8327

AC =0 in BQ,

(=1 on 0Bs.
Set u := 1 — ¢ and note that v = 0 on 0By, ||Au||cop,) < A. Hence, using the Poincaré
inequality, we can estimate the L'-norm of u in the following way:

1/2
ol < ulis < € Dulss <€ ([ 18ual) < €l ull < 4.
B

2
Choose now a €0, 1[ and s €]1, o[ such that ~+4a (1 — 2)+1—a < 0 (which exist because
for s — oo and a — 1 the expression converges to —%) By a classical interpolation
inequality, (see [9])
IDullpe < CIID*ul| g full ;2 + Cllull -

Using the L°-estimate for the Laplacian, we deduce

[Dull e < CllAullg: ull2® + Cllullr < CllAulS ullz® + [lulln < CA. (C.2)
From (C.2) and ulsp, = 0 it follows trivially ||ul|r~ < A. To infer (C.1), we observe that,
by |ICll 2y < [Jullzrsy) + %]l 21 (8, < C A and the harmonicity of ¢,

[Cll o1y + D€ Lo () < ClICl[La(m,) < C AL O

Lemma C.2. For every m, r < s and Kk there is a positive constant C' (depending on m,
w and %) with the following property. Let f be a C3* function in the ball B, C R™. Then

1D flleos,y < Cr™ I flleas,y + Cr¥ ™ [D fles, V5 €{0,1,2,3}. (C.3)

Proof. A simple covering argument reduces the lemma to the case s = 2r. Moreover, define
fr(x) := f(rz) to see that we can assume r = 1. So our goal is to show

3
SIDWI < Of =gl +CID le  Vye BLYf € C(By).  (C4)
=0

By translating it suffices then to prove the estimate

3
SOIDFO) < Clfllprpy + CID* flap,  Vf € CH(By). (C.5)
§=0
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Consider now the space of polynomials R in m variables of degree at most 3, which we
write as R = Zj’:o Aja?. This is a finite dimensional vector space, on which we can define
the norms |R| := Z?:o |A;] and ||R|| := [ |R(z)|dv. These two norms must then be
equivalent, so there is a constant C' (depending only on m), such that |R| < C||R|| for any
such polynomial. In particular, if P is the Taylor polynomial of third order for f at the
point 0, we conclude

[1]

B1

3
M IDIf(0)| = [Pl < C|IP| =C | |P()|dx < C||flp s+ Cllf = Pl
§=0

<Ol fllz + C[D?f]. - 0
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