STRICT INTERIOR APPROXIMATION OF SETS OF FINITE
PERIMETER AND FUNCTIONS OF BOUNDED VARIATION

THOMAS SCHMIDT

ABSTRACT. It is well known that sets of finite perimeter can be strictly approximated by
smooth sets, while, in general, one cannot hope to approximate an open set ) of finite
perimeter in R™ strictly from within. In this note we show that, nevertheless, the latter
type of approximation is possible under the mild hypothesis that the (n—1)-dimensional
Hausdorff measure of the topological boundary 02 equals the perimeter of 2. We also
discuss an optimality property of this hypothesis, and we establish a corresponding result
on strict approximation of BV-functions from a prescribed Dirichlet class.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

For arbitrary n € IN, the perimeter P({2) of a measurable set 2 in R™ is defined as

P(Q) := sup{/ divepd 2™ : ¢ € C (R™, R™), sup |p| < 1} € [0, o0]
Q R

(with the n-dimensional Lebesgue measure .£™). As a consequence of the divergence theorem,
this definition generalizes the more classical notions of perimeter, and in particular, for sets 2
with smooth boundary, one has the identity P(Q) = #"~1(9€2) with the (n—1)-dimensional
Hausdorff measure #"~!. Even for non-smooth sets 2, the above notion of perimeter is very
reasonable and useful, but in general one only has the inequality (see [Il, Proposition 3.62])

(1.1) P(Q) < "1 (00).

Though a set Q with finite perimeter P(Q) < oo in R™ is in several regards well-behaved,
one often needs to approximate ) with smooth sets in such a way that also the perimeters
converge, and indeed it is very well known (see [I, Theorem 3.42]) that this is always possible:
one can find open sets (2. with smooth boundaries in R™ such that 2. converges to 2 in
measure and

(1.2) H"H09Q.) = P(Q.) converges to P(Q) for € \, 0.

In this paper we are concerned with strict interior approximation: that means, we investigate
whether, for an open 2, one can additionally take

(1.3) Q. €.

For bounded Lipschitz domains 2, this requirement can be achieved by the constructions
described in [I8] [I7, [9]. For more general ), in contrast, some related problems have been
considered in [20] 23] 24] 19, 2] 22], but it seems that approximations with (2] and (L3)
have not been found. The main obstacle in this regard is that the analogous approximation
is impossible for arbitrary bounded open sets with finite perimeter in R™: indeed, when one
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considers © = (0,1)"~% x [(0,1) \ {3}], then it follows (using the lower semicontinuity [I
Proposition 3.38(b)] of the perimeter on both halves of ) that for all approximations €. one
necessarily has liminf.\ o P(Q.) > 2n+2, but s##"~1(0Q) = 2n+1 and P(Q2) = 2n are strictly
smaller.

Here, we will show that these and similar examples are ruled out and strict interior approx-
imation is again possible if one only imposes the mild extra assumption (L4]) below. This is
actually the first main result of the present paper, which will be proved in Section

Theorem 1.1 (strict interior approximation of the perimeter). Suppose that Q is a bounded
open set in R™ whose topological boundary is well-behaved in the sense of

(1.4) H"H00) = P(9).
Then, for every € > 0, there exists an open set Qe with smooth boundary in R™ and with
(15) Q.eQ,  Q\Q CALONN(OQ),  P(Q) < PQ)+e,

where we have used the notation N:(-) for e-neighborhoods of sets in R™.

Several comments on this approximation theorem follow.

First of all, we remark that boundedness of € is not essential, but is just imposed in order to
simplify our statements and proofs. In fact, the extension of Theorem [[] (and of Theorem 2]
stated below) to unbounded 2 is discussed in [B, Section 3.3].

Furthermore, by De Giorgi’s structure theorem [I, Theorem 3.59] (combined with [1, Propo-
sition 3.6]), whenever the perimeter P(€2) is finite, then one has equality

(1.6) P(Q) = #"1(FQ)

with the measure of the reduced boundary F of €. In this case, we can thus rephrase the
hypothesis ([4) — also taking into account that FQ C 9 holds by definition — as the
requirement

(1.7) A0\ FQ) =0.

In this light, (T4 yields a measure-theoretic control on the topological boundary 92, and it
seems plausible that such a condition may be relevant in order to incorporate the topological
condition ([3) into the measure-theoretic theory of the perimeter. A more detailed discussion
of ([L4), including the proof of a restricted optimality property, is postponed to Section

Turning from the hypothesis of Theorem [Tl to its conclusion, we observe that (L)) implies
U.so Qe = Q and limeo || 1o, —la|lLi @) = limao £"(2\ Q) = 0. Via the lower semicon-
tinuity of the perimeter (and the smoothness of 9f2.), we thus infer that ([2]) is valid for the
approximations of the theorem. Furthermore, whenever P () is finite, it equals the total varia-
tion |D1g|(R™) of the gradient measure of 1¢, so that the approximating sequence (]lg)l/k)ke]N
converges strictly in BV(R™) to 1g (in the sense of [I, Definition 3.14]). In addition, we also
record that the first two assertions in (3] imply the bounds

(1.8) dyu(2:,92) <e and dyg(09:,00) <e
in the Hausdorff distancﬂ dy.

Last but not least, let us emphasize that the precise form of the last condition in (LB is
significant; indeed, if one requires only the weaker bound

(1.9) P(Q.) < Co™ 1 (09)
with a certain dimensional constant C' € (1, 00), then the existence of interior approximations

Q. with [L9) can be concluded from a standard argument, which is based on a covering of 92

IFor non-empty, bounded subsets A and B of R™, the Hausdorff distance is defined by dy (A, B) :=
max { sup, ¢ 4 dist(a, B), supycp dist(4,b)} € [0,00).
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with suitable balls and obtains the €. by removing these balls from €2 (compare with [1, Proof of
Proposition 3.62]). The same argument has been used in connection with |7, Proposition 8.1],
where a statement similar to (L3) has been claimed, but — as an inspection of the proof
reveals — only a statement of the type (L9) has been established. Indeed, it seems that (LH)
cannot be obtained via a covering of 02 with balls, but that rather coverings with suitably flat
objects are needed. In the proof of Theorem [Tl we will see that such refined coverings can be
constructed, when one involves ideas from the proof of De Giorgi’s structure theorem in order
to first decompose OS2 into a negligible set and countably many locally flat-looking pieces.

Next, for arbitrary n, N € IN, we turn to approximation results for R"V-valued functions
of bounded variation on an open subset 2 of R". We fix ug € WHI(R™, RY), for every
u € BV(Q,RY) we set

_ {u(:v) for x €
u(z) = ,
uo(xz) forz e R™\ Q
and we define
BV,, (Q,R") := {u e BV(,RY) : we BV(R",R")}.

We observe that BV, (€2, R") contains the Dirichlet class WL (Q, RY) := ug ‘ Q—l—Wé’l (Q,RY)
and is closed in the weak-#* topology of BV (Q, R"). Hence, BV, (ﬁ, IRN) may be seen as a nat-
ural replacement for Wi’ol (2, RY) in many regards, for instance when dealing with minimiza-
tion problems for variational integrals in Dirichlet classes (compare [5, Section 2.2]). If Q has
sharp external cusps, then BV,,, (ﬁ, RN ) is strictly smaller than BV(Q, RY), but whenever
has a bounded Lipschitz boundary, then [1, Corollary 3.89] yields BV, (Q,R") = BV(Q, RY);
thus, in general, functions in BV, (ﬁ, RN ) do not attain the boundary values of ug in any
reasonable sense, but rather their derivative comprises some information about the deviation
from these boundary values.

We now focus on the strict approximation of functions u € BV, (2, RY) from WL (2, RY).
Whenever this approximation is possible for all functions u in the class, then BV, (ﬁ, RN )
is in fact the sequential closure of W}L’Ol (2, RY) in both the weak-* and the strict topology of
BV(Q, RY) — and thus often the smallest possible replacement. Before stating our correspond-
ing result, we mention a variety of closely related approximation theorems in the literature:
first, the simpler case of functions v which do attainq the boundary values ug on 92 is treated
n [12, Remark 2.12], [6l Lemma B.1], [I4] Lemma 1] and does not depend on the regularity
of 0); generalized boundary conditions are considered in [3] Lemma 5.1] and [I3, Lemma A.2]
under a CZ?-assumption on 9<, and in [16, Theorem 3.1] for ug = 0 and Lipschitz boundaries;
finally, [2, Fact 3.3] deals with arbitrary generalized boundary data on bounded Lipschitz do-
mains, but it seems that a complete proof in this generality has only been published in [6],
Lemma B.2]. Our second main result, which will be established in Section [} extends all these
statements to cases with possibly irregular boundaries as follows.

Theorem 1.2 (strict approximation of BV-functions from a given Dirichlet class). Sup-
pose that 2 is a bounded open set in R™ with " 1(0Q) = P(Q) < oo. Then, for ug €
WHLHR™, RN), u € BV, (Q, RN), and every € > 0 there exists a

us € uglg, + ngt(Q,]RN)
with
(1.10) / e —uldZ" < and (2", Du.)|(Q) < |(£", Dw)|(Q) + <.
Q

2In our terminology, attainment of the boundary values means |Du|(892) = 0; compare also [15, Theorem 1]
for the construction of certain piecewise affine approximations in this situation.
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Here, (£, D) denotes the RV *!-valued measure on R"™ whose first component is .#" and
whose other components are given by the RV"-valued gradient measure D, and (.£", Du,) is
understood analogously. Writing Du = (Vu).Z" 4+ D*u for the Lebesgue decomposition of Du
with respect to £, the second inequality in (II0) can thus be restated as

/\/1+|Vu5|2d$"§/ V1+ |[Va2dg™ + |D%ul(Q) +e.
Q Q

Finally, we stress that — via the Reshetnyak continuity theorem [Ii Theorem 2.39] — we can
also achieve variants of (LI0), as for instance [Du.|(Q2) < [Du|(Q) +e.

Acknowledgement. The author would like to thank Lisa Beck for several comments on a pre-
liminary version of the manuscript.

2. SOME NOTATION AND TERMINOLOGY

We have tried to keep the notation of this paper as close as possible to the standard, and

most of our terminology follows the one in the monographs [Il [12]. Nonetheless, we comment
on some specific conventions:
Elementary geometry. First of all, B,(zo) is the open ball with center « and radius g in
R™, and we set wy,, := Z"(B1(0)) (and wg := 1). For a vector subspace T' of R” and y € R",
we write T'(y) for the orthogonal projection of y on 7', and we set T*(y) := y — T(y). With
this notation, the cone with axis 7" and opening parameter € > 0 is defined as

(2.1) Ce(T):={y € R" : [T+ (y)| < elT(y)]}.

Reduced boundaries. Following [I, Definition 3.54], we write F for the reduced boundary
of any .Z™-measurable subset €2 of R", taken in the largest open set in which Q has locally
finite perimeter. By vq(x) we denote the (generalized) exterior unit normal to 2 at x € FQ,
and we set BE (x) := {y € By(x) : fy-va(z) > 0} (where the relevant Q is indicated by
the context). Finally, Tan" ' (FQ, z) is the approximate tangent space at = € F(, that is an
(n—1)-dimensional subspace T of R" such that, for o \, 0, the measures J#" 1 % locally
weak-* converge to " 1T on R"; compare [I, Definition 2.79]. By [I, Theorem 3.59],
Tan" " (FQ, x) exists and equals the orthogonal complement of v (z) for 2 € FQ.

3. STRICT INTERIOR APPROXIMATION OF THE PERIMETER
We start this section with a lemma on the decomposition of F€2 into flat pieces.

Lemma 3.1. Consider an £"-measurable set ) in R™. For every e > 0, the reduced boundary
FQ can be decomposed into countably many disjoint Borel subsets Ry, Re, Rs, ... such that

LN Bf(x) < e?o" forall g € (0,%],
r€eER =
R; NByi(z) Cx+ Ce(Tan" 1 (FQ, 2)).

Proof. For j € N, we set inductively

HHFQNBy(z)) > %wn,lgnf

A= e FQ .
! {x Zr(QNBY (1)) < e2pn

1 Jj—1
for all p < %}\ U A,
m=1
Evidently the A; are disjoint, by Fubini’s theorem they are Borel sets, and by De Giorgi’s
structure theorem [I, Theorem 3.59] their union is all of FQ. By a well-known argument,
taken from the proof of the structure theorem, one can moreover show that for every =z € A;
there exists some r, > 0 (depending also on €) with

(3.1) A;NB,, (z) Cx+ Co(Tan™ H(FQ, x)).
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The required argument for (BI) is described in the proof of [I, Theorem 2.83(ii)], but
for the sake of clarity we sketch it in the following. Indeed, if BI) failed for arbitrarily
small radii, then, abbreviating T' := Tan""'(FQ,z), we could find a sequence (z¢)sen in
Aj \ [z+C(T)] such that g, := |zy—z| converges to 0 for £ — oco. By a straightforward
computation, we would get By, (z¢) N[z+C./o(T)] = 0 for x := €/(2+2¢), and in combination
with the choice of A, this would in turn give (A" LFQ)(B14y)0, (2) \ [#+C.)2(T)]) >

A FQNByy, (24)) = swn—1(xor)" ! for £ > 1. Hence, for the rescalings € := (Q—z)/ o,
we would have ("~ 1L]:Qg)(B1+X( )\ Ce/a(T)) = twp_1x" ! for £ > 1, and every local

weak-* limit of the measures 'L F; would have positive mass in B14,(0) \ C./2(T), but,
by [1, Theorem 3.59(b)], the limit measure is 5#"~*|_T, which does not have this property.
This contradiction completes the derivation of (B1).

Now the r, can moreover be takerﬁ as Borel functions of x, and when we choose an enu-
meration (j(1),k(1)), (4(2),k(2)), (§(3),k(3)),... of N x IN with j(¢) <4 and k(i) < ¢ for all
1 € IN, then it is easy to see that the sets

R; := {.’L‘ S Aj(i) D k(i)_l} \ (RiUR2U...UR;_)

have the required properties. O

The following proof of Theorem [I.1] is essentially a special case of the argument used for
Proposition [1] below. Nevertheless, we will first carry out the details in the more geometric
and slightly less technical situation of the theorem.

Proof of Theorem L1l We first observe that it suffices to construct arbitrary measurable Q.
with (L), not necessarily with smooth boundaries. Indeed, as soon as we achieve this, we
can mollify the characteristic functions of these sets and employ the coarea formula in order
to select smooth §2. as superlevel sets of the mollifications. This reasoning is detailed in the
proof of the classical approximation property [I, Theorem 3.42], and we omit further details.

Furthermore, we claim that it suffices to establish the claim only with the weaker requirement

(3.2) Q\ Q. C N.(09)

instead of the second condition in (LH). To see this, we assume that the weaker form of
(T3) holds for sets Q, sk with k € IN (where 1/k replaces ¢), and we show by an elementary
contradiction argument that, for every given € > 0, we can choose the desired €. as one of
the Q; /;, with k € IN. Indeed, if this were not possible, we would necessarily have Q\ €/, ¢
Nz(0%y i) for all k > e~'. Then, we could choose z € (Q 2\ Q1) \N(@Ql/k) and a
subsequence of the zj, would converge to some x € Q with dist(, Q1/k) > dist(zg, Ql/k) g/2 =
d1st(a:k,8Ql/k) —¢/2 > ¢e/2 for k> 1 (where the last two steps exploit xy ¢ Ql/k and xp ¢
A@(@Ql/k), respectively). Consequently, we could also find a y € Q with dist(y, Q1/k) >e/2
for k > 1, but this would result in a contradiction, as we started with Q \ Ql/k C N1k (09)

and would thus have y € 51/1@ for k > dist(y,00Q) 7!

In view of the preceding reduction steps, the case P(2) = oo can be concluded by the simple
choice Q. = {x € Q : dist(x,09) > ¢/2}, and in the following we assume P(£2) < co. We
further work with a given ¢ < % and the corresponding sets R; of Lemma[3.1l By definition of

3For instance, fixing a dense subset {om : m € IN} of (0,00), one can choose ry = sup,,c 75", where 77"
equals g in the case A; N B,,, (z) C z + Ce(Tan""1(FQ, x)) and equals 0 otherwise.
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the Hausdorff measurda, there exist z; ; € R" and r; ; € (O, 00) with 3r; ; < min {%, 5},
o0 o0
Ric | B, (wij), and > wp arf;t <N (R) 427
j=1

j=1

Evidently, we can assume R; N B, (z;;) # 0 so that this intersection contains at least one
point z; ;, for all 4,7 € IN. Abbreviating T} ; := Tan"_l(}'ﬂ,ffiﬁj) and taking 3r; ; < % into
account, the assertions of Lemma B.1] imply

(3.3) LMQNBy,, (Ti;)) < 3",
R; N Bri,j (:Eiyj) C R;N Bl/i(ffiﬁj) C %i,j =+ CE(TQJ) .

Recalling the notations introduced around (2.I]), we infer that R; "B, ; (2 ;) is also contained
in the (quite flat) cylinder

{y € R™ : |Tij(y—wi )| <riy and |T;5(y—F; ;)| < 2er;;}.

We will slightly enlarge this cylinder in order to get control on a part of its boundary. To this
end we take some h; ; € [2er; 5, 3er; ;] with

%"_1({3/ e |Ti,j(y_$i,j)| < Ti,5 and T:'J(y—fflﬁj) = hiﬁjl/gz(ffiﬁj)}) < 3”57‘2;1 .
1

Such a choice is possible by ([B.3) and a Fubini type argument, as in view of ¢ < 3 all the
relevant sets are indeed contained in 2 N B, ,(Zi,5). We now introduce

Oiﬁj = {y e R" : |Ti7j(y—Ii1j)| < Tij and |T17Lj(y—5zyj)| < hiyj} S Bs(iiyj),
and record that top and bottom of C; ; have each "1 _measure wn_lrzj_l, while the side
has measure 2h;_; (n—l)wn,lr:fj_z. Involving also the preceding choice of h; ;, we get

(3-4) A" QN OC; ;) < [wn-1 + 3" + 6c(n—1)wp—1]r; "

]

Now we exploit the reformulation (I7) of (I4), and we cover also 90\ F by countably
many balls By, (y1), B, (Y2), Bos (¥3), - . . with radii o < €/2 such that B, (yx) N 02 # 0 and
e, 0t <e. Since the C; ; cover F(, the C; ; and By, (yx) together form an open cover of
09). Exploiting boundedness of 2, we choose a finite sub-cover

S = Cilajl U Oi21j2 u...u CiM,jM U ngl (ykl) U B.ka (ykz) u...u BQkN (ykN)

of 002, and we take
Q. :=0Q\8S.

Then, Q. is an open set with Q. € Q and Q\ Q. € S C N.(99). Thus, the first condition in
([CH) and the weaker form (B2) of the second condition are valid. In order to verify the third
condition in (L), we exploit in turn (LI, the preceding definition of ., (4], the choices of

4At this point, we work with the spherical Hausdorff measure, but we also use results from [1], formulated
with the standard Hausdorff measure. Nevertheless, our argument is consistent, as we only evaluate these
measures on ™ !-rectifiable sets, where they coincide by [I1, Theorem 3.2.26]. Notice in addition that the
theory of the perimeter can also be developed using only the spherical measure from the very beginning.



STRICT INTERIOR APPROXIMATION OF BV SETS AND FUNCTIONS 7

the C; ; and By, (yx), the fact that the R; are disjoint in FQ, and (L6). In this way we deduce

P(Q.) < 7 H09.) < i A" QN AC) + i%ﬂ"—l(a]sgk (y))

i,j=1 k=1
o0 o0
< (14Ane) Y w7+ A Y 0!
i,j=1 k=1
o0

< (14+4,¢) Z [%"‘1(}21-) + 2_%] + A,e
i=1

= (14+A4,8) "1 (FQ) +¢] + Ape

<P(Q)+ (1+24,+A,P(Q))e

with the dimensional constant A, := max{3"/w,_1+6(n—1),nw,}. The same reasoning ap-
plies with the smaller quantity ¢/(1+24,,+A,P(£2)) in place of €. Thus, we obtain the last
assertion of (LA, and the proof is complete. O

4. STRICT APPROXIMATION OF BV-FUNCTIONS FROM A GIVEN DIRICHLET CLASS

For a BV-function w, defined near F§2, we write w}Q for the exterior trace and wr(, for the
interior trace on F$ (with orientation given by the exterior normal vq); see [Il, Theorem 3.77].
With this notation, Theorem [I.] corresponds essentially to the special case of a constant w in
the next proposition.

Proposition 4.1. Suppose that ) is a bounded open set in R"™ with 7"~1(0Q) = P(Q) < oco.
Then, for w € BV(R™,RY) NL>(R",RY) and every ¢ > 0, there exists an open set Q. with
finite perimeter in R™ such that

0.cQ, LM\ <e, / |w}QE|d%"’1§/ g A 4.
FQ

€

Proof. We assume ¢ < % and take L := max{1, ||w]|y~(gn»r~)}. Working with the sets R;

from Lemma [B.1] we pass on to the sets R} of all z € R; such that, for some r, > 0 and all
0 € (0,r;], we have

(4.1) AR NBy(x) > mzwn10" ',
(4.2) / |lw—wrq(x) dL™ < 2",
B, (z)
(4.3) / [wrg — wro(2)| A" < et H(R; N By()) .
RiﬁBg(m)

With this terminology we have J#"~1(R; \ R}) = 0 for the following reasons: the almost-
everywhere validity of the first property is guaranteed by (one implication of) the Besicovitch-
Marstrand-Mattila theorem [I, Theorem 2.63, Theorem 2.83(i)]; similarly, for the second prop-
erty we rely on the defining property of traces [I, Theorem 3.77], and in connection with the
third one we exploit the fact that s#" !-a. e. point of R; is a Lebesgue point of the L>-function
wrq with respect to the finite Radon measure 5" 1L R;. The family

{By(z) : # € R}, 0 <20 <min{ry, 2}, #" ' (R;NOB,(z)) =0}

is a fine cover of R}, and by the Vitali covering theorem (see [I, Theorem 2.19]) for the Radon
measure 7"~ R; we can find a countable subfamily {B,, (z;;) : j € IN}, consisting of
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disjoint balls with z; ; € R} and 2r; ; < min{r,, ,,+}, such that
(4.4) A (Ri\ UB:., (%j)) =0
j=1

holds. As a consequence of Lemma [3.1] we have

(4.5) LM (QNBy,, (@) < 2",
(46) R; N B’ri,j (Iiﬁj) C i+ Ce (T%ﬁj)

with the abbreviation T ; := Tan""!(FQ, x; ;). Next we introduce the cylinders
Cij i ={y € R" : [T} ;(y—zi;)| < rij and |T5(y—wi ;)| < hij},

where h; ; € (er; ;,2er; ;] will now be chosen such that we get good estimates for parts of 9C; ;.
Indeed, via {@.H), [@2), the observation that C; ; € Ba,, ,(x;,;) holds (whenever h; ; < 2er; ;),
and Fubini’s theorem we can fix h; ; € (er; 5, 27 ;] such that, for

8+Ci,j = {y eR" : |T%1j(y—$i)j)| < 7Tij and Tij)'j(y—fti)j) = hiﬁjl/ﬂ(l‘iﬁj)},
we have
(4.7) 27NN 0+C; ) < 2"“57'2;1 ,
such that s#"~'-a.e. point in

8701”' = {y eR" : |T%1j(y—$i)j)| < Tij and T;J"j(y—fti)j) = —h/l"jVQ(.Ii)j)}
is a Lebesgue point of w, and such that we have
(4.8) / lw — wrg ()| ds ™ < 2n+157“?;1 .

d_Ci; ’
From [@4), @0), and h; ; > er; ; we infer
(4.9) ! (Ri \ U Ci,j) =0,
j=1

and via the boundedness of w, via the fact that the side FC; ; \ (0+C;; U0-C; ;) of C; ; has
A"~ L measure 2hi7j(n—1)wn_1r3j_2, and via (@), (1), @I), (E3) we arrive at

(4.10) / lwie |domt
Qﬂ]—‘Ci,j o7

< / ] ds" T+ LA™ H QN 0:Ci) + 2Ry j(n—1) Lw, 17y
0_Ci

< fwrq (@i )| A" H0-Cij) + [2"! + 2" L + 4(n—1) Lwn_y |er] ;!
<|wzq :Ei)j)|wn_17“;fj_1 + %(E—Q)swn_lrzj_l

(
(

< |lwrg (@i )| (1+€) 2" (R N By, (i) + (L—2)e#" " (R; N By, (24;))
)

< (14¢ / wrg| A" 4 Le ™ (R N By (21)
RiﬂB”,j(

Ti,j

where we abbreviated L := (273 /w, _1+8n)L. Via (1), Lemma 31} and #J), we get

%"1@9\ G Ci,j) =0.

1,j=1
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Then, as in the proof of Theorem [T we cover 9Q \ ;" j=1 Ci,j by countably many balls
By, (y1): By, (y2), Bos (y3), - - . with radii g, < 1 such that Y -, 9271 <. The C; ; and By, (yx)
form an open cover of the compactum 052, and we can choose a finite sub-cover

S:=0Chy 5 UG, 5, U...UCG, j, U Ble (y/ﬁ) U B9k2 (ykz) u...u BQkN (ykN) :

Then

Q.:=0\5e€
is an open set with finite perimeter in R™ (this follows, for instance, from the fact that the
multiplication of BV N L*-functions is still in BV N L*°). Next we employ ([£.I0), where we
control the right-hand side of this estimate via the fact that (B, (x;;)) en is a disjoint family
of balls (for fixed ¢ € IN). Exploiting that also the R; are disjoint, we deduce

/ |wrq, [ A" 1< Z / |wj£cu|d%”"_1 —l—annZQZ_l
o ,

=1 /anFC,; =

< Z {(1—}—5)/}% lwrg|ds™ ! + La%”"_l(Ri)} + Lnwne
i=1 i

< (1—1—5)/ lwrg| A"t + LeA™ Y (FQ) + Lnw,e .
FQ

Finally, relying on r; ; < 1 and g < 1, on (4], and on the fact that all R; N B, ;(x; ;) are
disjoint, we have

n(Q\ Q) Z.z" ”+Z$ By, (yx))

7,j=1
< 4e Z Wh— 11“” —I—wnng
1,7=1
o0
< 4e(l+4e) Z %"71(RiﬂBh] (xij)) wnZg -1
i,j=1 k=1

< [&%ﬂn*l(m) n wn}a
Possibly decreasing ¢ suitably, the last two estimates yield the claims. g

Next we apply Proposition Bl with suitable truncations of T—ug in place of w. Involving
also a mollification procedure, this leads to a

Proof of Theorem[.2. We fix € > 0, for L > 0 we set

_L,_{ﬂ <z o {uo if |uo| < L

Toiffu>L 0 0T\ Lt if fuol > L

]
and we start with the observation that u” equals u{ outside 2 and satisfies

(4.11) (2", Dah)| (@) < (2", Dw)(@)].

Now we fix also L (depending on €) so large that we have
/ [a" —u|d.L™ <e and / (Jud—uo| + [Vuf—Vuo|) dZ™ < e.
Q

Then we apply Proposition Bl to the bounded function @X—uf, finding open sets Q. € Q with
P(£2) < o0,
ZLMO\Q) <e
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and

(4.12) / (@) 70, —ub dmt < / (@) 70 —uk| A" 4 & = DEE|(FQ) +
FQe. FQ

(where we have just written u, as all one- or both-sided sided traces of the Wh1-function uf

coincide). Now we use that, by the absolute continuity of the Lebesgue integral, there exists
an increasing 7: [0, 00) — [0, c0) with lims\ o 7(d) = 0 and

/ (Jul+|uo|+|Vuol) L™ < n(£L™(A)) for all measurable subsets A of Q.
A

We also introduce the notation M. for a smoothing operator, based on mollification with a
radius 7. < dist(2., R™ \ ) which is taken small enough that

| Mt w10 w42 <2,
Q

Q
hold. Consequently, we can estimate

/|M8(]IQEEL)—u|d$"§/ (|M8(]IQEEL)—]IQEEL|+|EL—u|)d$"+/ | d.gm
(4.13) Ja Q Q\Q.

< 2e+1(e)

and, very similarly,
(4.14) / IMc (Lo ud)—uo| L™ +/ IMc (Lo, Vud)=Vue| L™ < 26 +n(e) .
Q Q

At this stage, we define u. as the restriction of ug + M. (1q, (@*—ul)) to Q. Then, by the
choice of r., we have u. € uo|, + C (Q,RY), and [@I3) and (@I4) imply

cpt

/ lte—u| A2 < / |M8(]IQEEL)—u|d$”+/ o~ M. (T, ul)| d.Z™ < 4= + 2n(e) .
Q Q Q

With the help of [I, Theorem 3.84], we compute, £"-a. e. on £,
Vue = Vug + M D(lg, (7" —ug))
= Vug — Mc (Lo, Vug) + M (Du" L Q) — M ([(@") 70 —uf |@va, 2" L FQ.)

(where we understand, as usual, the mollification of a measure as a function). Starting from
this formula, we now use ([£I4) and the inequality [|Mc(u)|/r1gn mm) < |p|(R™) (which holds
for every R™-valued Radon measure on R™) to deduce

|(M8(]lg).$",Du€)|(Q)§/9|Vuo—Ma(]IQEVu§)|d$"+||M€(.$"I_Q,DELI_QE)||L1(QJRNHH)

+IM([(@") 7o~ uf)®va, 4" L FQe)||Limvn)

<24 9(6) + (27 DI + [ |z, ~uf|dem !
FQ.
< 3e+n(e) + (£, Du")|(QU FQ) < 3¢ +n(e) + |(L", Du)|(Q),
where we also involved (£12) and [@II)) in the last steps. Combining the preceding estimate
with
27M(1)27(@) = [ [1-M.(1a)| 42" < 2@\ 0) <¢,
Q

we conclude

|(£", Dug)[(Q) < [(£7,D)|(Q) + 42 + n(e) -
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Decreasing e suitably, we have established (ILI0), and the proof is complete. |

5. ON THE HYPOTHESIS 5"~ 1(0Q) = P(Q)

In this section, we are concerned with the basic assumption J#"~1(9Q2) = P(Q), which we
have imposed in Theorems [L.1] and We emphasize that this hypothesis is actually not
completely new, but has already occurred in a related context, namely in the trace theorems
[4, Teoremi 5, 7, 10]. In the following, we prove some optimality of the assumption in the
2-dimensional case, and we discuss a refined example for its necessity.

Theorem 5.1 (optimality property in R?). Consider a bounded open set 2 in R? such that Q
has finitely many connected components, while I has at most countably many path-connected
components. If, for every € > 0, there exists an open set Q. with smooth boundary in R? and
with (LX), then we already have F(0Q) = P(Q).

Proof. For Q # ), we denote the number of connected components of Q by M € IN, and we
write Q1 Q2. ..., QM for these components. We record that the open and connected sets Q°
are automatically path-connected, and we fix one point p’ in each Q°. For sufficiently large
k (and only those we will consider), (LE) implies that all p* are contained in €/, and we
can define Q}C as the path-connected component of {2, s, which contains p'. For the open set

Q! = UM, Qi € Q we will now show

(5.1) lim dy (99%,09) =0.
k—o00
Indeed, from BQﬁk C 0%, and the observations (LE)) we deduce

sup dist(z,00) < sup dist(z,0Q) < dy (092 /1, 00Q) k=20 0.
€8 TE€ON /i

Hence, the claim (G1]) could only fail if we had

~ := limsup sup dist(z, (?Qﬁk) >0
k—oo €00
and thus lim;_, - dist(z, 89%) = ~ for some subsequence (k;);en and some sequence (z;);en

in 0%} which converges to zo, € 9Q. Now, on one hand, we would have dist(zo, 89’;[) > /2
for I > 1, while on the other hand we could find an x € Q with |[x—z| < 7/2 and a path
from z to an p* in ). For sufficiently large [/, the whole path would be contained in €/,
therefore we would have z € Q C Q?ﬂl and dist(:coo,aﬂ,ﬁﬂ) < |z—2oo| < 7y/2. The latter
estimate contradicts the previously observed lower bound for dist(z, BQﬁkZ), and thus (&) is
proved.

Next we write (R7);en for the family of path-connected components of 9Q (where, in case
of finitely many components, we understand R’/ = () for large j). For the moment we will work
with R', R?, ..., RN, where N € IN is arbitrary, but fixed. We define EY as the path-connected

component of R™ \ Q?ﬂ which contains R?, we set
R} = 00, NOE],,

and we claim:

(5.2) R,i’j is path-connected,
M N N
.. %,j _ . j
(5.3) hkrgg;f dy (H]L_Jl R} ,XN> 0 for some closed X with JL:J1 R’ C Xy.
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In order to prove (5.2]) we take arbitrary y, y € Rk . As 082y, is smooth and bounded, we
can write the path-connected component of Rk which contains y as the image of a smooth
closed curve . Moreover, by the path-connectedness of Q% and E,JC we can connect y and y by
curves cing: [0, 1] = R? and cexe: [0, 1] = R? with ¢ing(0) = Cext (0) = y and cing (1) = coxt (1) =
y such that ¢,y remains inside Q,uC and ceyxy remains outside Q,uC (apart from the endpoints).

Now, as Im £ locally separates Q,uC and R”\Q’;, this means that ¢ (¢) and cext(t) lie on different
sides of the loop Im ¥ for 0 < ¢t < 1. As neither ¢yt nor cexy can cross Im/¢ C 89’;, we infer
that the common endpoint y is contained in Im /. But then a part of £ connects y and ¥y in
Rk , and we have shown that RZ is path-connected.

Turning to (5.3)), we first observe that the validity of the convergence for some closed set X
is immediate by the Blaschke selection theorem (see [I, Theorem 6.1] or [I0, Theorem 3.16]),

so it only remains to justify the claimed inclusion of UN R’ in Xy. To this end, we fix

jo € {1,2,..., N} and consider an arb1trary x € R0 C Q. By the compactness of 00k s We can
find x, € 8Qk with |z —x| = dist(z, 8Qk), then the line segment from xj, to = does not intersect
Qﬁ, hence this segment is contained in E,z“, and we have x, € 8Ei°. In view of 8(2,; = Uf\il o0t
we can also fix an ig € {1,2,..., M} such that xy € 39? and therefore x; € R,i“’jo hold for
infinitely many & € IN. Taking into account |zy—z| = dist(z, BQﬁk) < dy (09, BQﬁk) and (B)),
the z;, converge to x, and hence z is contained in the Hausdorff limit Xy of Uf\il Uj\[:l Ry,
We have thus shown R C Xy, and the derivation of (5.3) is complete.

In view of (B.2)), the number of connected components of U?il Ujvzl R,i’j is bounded by
MN, and then [8, Corollary 35.15] (that is essentially Golab’s theorem; compare also [10,
Theorem 3.18]) guarantees lower semicontinuity of 5! along the convergence in (5.3). We can

thus deduce
M N

HN(Xn) < l1msup%1<U U Rw>
k—o0 i=1j=1
Using the inclusion U;V:1 R C Xy from (5.3) on the left-hand side and R;;’j C 99y ), on the
right-hand side, we infer

%1(URJ> < limsup " (09 /1) -
j=1 k—o0

Finally, we take into account that (9 ;) = P(Qy,;) < P(Q)+1/k holds by the smoothness
of 98/, and (LI) so that we end up with

N
%1( U Rj) <P(Q).
j=1
As N is arbitrary and |J;Z, R equals 99, this shows 71 (9Q) < P(£2). As observed in (L)),
the opposite inequality is always valid, and thus the proof is complete. 0

In the introduction we have given a concrete example for the failure of the boundary hy-
pothesis s#"~1(99Q) = P(Q2), but in that case the problematic set is — in some sense — quite
negligible. Indeed, in the mentioned example and in many similar situations, one may pass to
an open set Q which satisfies #"1 (BQ) (Q) allows strict interior approximation, and is
equivalent in the sense of Z" (QAQ) = 0. To some extent, this concept of equivalence seems
reasonable, as it leaves the perimeter and the related measure-theoretic notions invariant, but
— evidently — it changes the topological notions of interior approximation and boundary.
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Anyhow, every equivalence class of open sets contains a maximal (with respect to set inclu-
sion) representative 0* := {z € R" : £"(B,(x) \ Q) = 0 for some ¢ > 0}, which moreover
has minimal topological boundary in the class. Whenever the boundary hypothesis holds or
strict interior approximation is possible for an open set €2, then this is a fortiori the case for
Q*. Nonetheless, in the following we show that these assertions may fail even for 2*.

Example 5.2. Forn > 2, we take

Q:=(0,1)"\ |JBoi (v:3) CR",
i=1
where the g; > 0 and y; € R"™! are chosen such that the (n—1)-dimensional balls B, (y;) are
disjoint with dense union in [0,1]"! and such that we have Y i, wnflg?_l < 1. Then, the
Cantor type set

A= [07 1]n—1 \ U BQi (yl) - R™!
i=1
has positive £ '-measure, Q* equals Q, and we have

P(Q) <"1 (09) = 2n + nw, Y o T+ .27 (A).

=1
In addition, the lower semicontinuity of the perimeter, applied on Qg := {xz € Q : :I:(xn—%) >
0}, shows that interior approximations . necessarily fulfill

s . n—1 n—1
hgn\%lfP(Qs) > 2n + nwy, Zl o +2ZL"(A).

Hence, strict interior approzimation of Q, in the sense of (L)), is impossible.

To close this section, we remark that the situation may change for non-open sets. Looking
at the representative Q' := {z € R" : limp 0 " L"(Bo(z) \ ) = 0} (which is even larger
than Q*, has even smaller boundary, but is not necessarily open), for instance, one may still
hope to find strict approximations . € Q'. However, we stress that such Q. may potentially
touch 99 and even O2'; thus, this type of approximation seems vaguely related to ideas of
[23] 241 19], but quite different from the considerations of the present paper.

REFERENCES

1. L. Ambrosio, N. Fusco, and D. Pallara, Functions of bounded variation and free discontinuity problems,
Oxford University Press, Oxford, 2000.

2. G. Anzellotti, The Euler equation for functionals with linear growth, Trans. Am. Math. Soc. 290 (1985),
483-501.

3. G. Anzellotti, BV solutions of quasilinear PDEs in divergence form, Commun. Partial Differ. Equations
12 (1987), 77-122.

4. G. Anzellotti and M. Giaquinta, Funzioni BV e tracce, Rend. Sem. Mat. Univ. Padova 60 (1978), 1-21.

5. L. Beck and T. Schmidt, Convez duality and uniqueness for BV-minimizers, Preprint (2013), 32 pages.

6. M. Bildhauer, Convex variational problems. Linear, mearly linear and anisotropic growth conditions,
Springer Lecture Notes in Mathematics 1818, Berlin, 2003.

7. G.-Q. Chen, M. Torres, and W.P. Ziemer, Gauss-Green theorem for weakly differentiable vector fields, sets
of finite perimeter, and balance laws, Commun. Pure Appl. Math. 62 (2009), 242-304.

8. G. David, Singular sets of minimizers for the Mumford-Shah functional, Birkh&user, Basel, 2005.

9. P. Doktor, Approzimation of domains with Lipschitzian boundary, Cas. Pést. Mat. 101 (1976), 237-255.

10. K.J. Falconer, The geometry of fractal sets, Cambridge University Press, Cambridge, 1985.

11. H. Federer, Geometric Measure Theory, Springer, Berlin, 1969.

12. E. Giusti, Minimal Surfaces and Functions of Bounded Variation, Birkhduser, Basel, 1984.

13. G. Gregori, Generalized solutions for a class of non-uniformly elliptic equations in divergence form, Com-
mun. Partial Differ. Equations 22 (1997), 581-617.



14 THOMAS SCHMIDT

14. J. Kristensen and F. Rindler, Characterization of generalized gradient Young measures generated by se-
quences in W1 and BV, Arch. Ration. Mech. Anal. 197 (2010), 539-598; correction in Arch. Ration.
Mech. Anal. 203 (2012), 693-700.

15. J. Kristensen and F. Rindler, Piecewise affine approximations for functions of bounded variation, Preprint
(2013), 14 pages.

16. S. Littig and F. Schuricht, Convergence of the eigenvalues of the p-Laplace operator as p goes to 1, Calc.
Var. Partial Differ. Equ. 49 (2014), 707-727.

17. U. Massari and L. Pepe, Sull’approssimazione degli aperti lipschitziani di R™ con varieta differenziabili,
Boll. Unione Mat. Ital., IV. Ser. 10 (1974), 532-544.

18. J. Necas, Sur les domaines du type N, Czech. Math. J. 12 (1962), 274-287 (Russian, French summary).

19. W.F. Pfeffer, The Gauss-Green theorem, Adv. Math. 87 (1991), 93-147.

20. T. Quentin de Gromard, Approzimation forte dans BV(Q2), C. R. Acad. Sci., Paris, Sér. I 301 (1985),
261-264.

21. T. Quentin de Gromard, Strong approzimation of sets in BV(£2), Proc. R. Soc. Edinb., Sect. A, Math. 138
(2008), 1291-1312.

22. T. Quentin de Gromard, Approzimation forte des ensembles dans BV (£2) par des ensembles & frontiére
Cl, C. R., Math., Acad. Sci. Paris 348 (2010), 369-372.

23. 1. Tamanini and C. Giacomelli, Approzimation of Caccioppoli sets, with applications to problems in image
segmentation, Ann. Univ. Ferrara, Nuova Ser., Sez. VII 35 (1989), 187-213.

24. 1. Tamanini and C. Giacomelli, Un tipo di approssimazione «dall’internoy degli insiemi di perimetro finito,
Atti Accad. Naz. Lincei, Cl. Sci. Fis. Mat. Nat., IX. Ser., Rend. Lincei, Mat. Appl. 1 (1990), 181-187.

ScuoLA NORMALE SUPERIORE DI Pi1sA, P1AzzA DEI CAVALIERI 7, 56126 PisA, ITALY
E-mail address: thomas.schmidt@sns.it

INSTITUT FUR MATHEMATIK, UNIVERSITAT ZURICH, WINTERTHURERSTRASSE 190, 8057 ZURICH, SWITZER-
LAND
E-mail address: thomas.schmidt@math.uzh.ch



	1. Introduction and statement of the results
	2. Some notation and terminology
	3. Strict interior approximation of the perimeter
	4. Strict approximation of BV-functions from a given Dirichlet class
	5. On the hypothesis Hn-1()=¶()
	References

