ON INDECOMPOSABLE SETS WITH APPLICATIONS

ANDREW LORENT

ABsTRACT. In this note we show that the closure F of an indecomposable set F in the plane has
the property that ||1p — 17| pv(r2) = 0- We show by example this is false in dimension three
and above. As a corollary to this result we show a set of finite perimeter S can be approximated
by a closed subset S with the property that H'(9MS\oMS) = 0 and ||1s — HSHBV(]RZ) < g, for
any choice of € > 0. We apply this corollary to give a short proof that locally quasiminimising
sets in the plane are BV, extension domains.

1. INTRODUCTION

Sets of finite perimeter are the largest class of sets that permit a broad theory of analysis.
They have wide application in the Calculus of Variations, PDE, image processing and fracture
mechanics. In some sense the theory of sets of finite perimeter is an analogue for sets of what
the theory of Sobolev funions is for functions. A very useful notion for Sobolev functions is
the notion of precise representative for a function f € WP, this is a function f € W with
|f = fllyry = 0 and f has additional smoothness and regularity properties. Another very
useful result is Whitney’s theorem that for any € > 0 there exists a smooth function f such
that || f — f llwre < €. We prove analogues results for sets of finite perimeter in the plane and
we apply them to give a short proof that quasiminimizing sets are BV, extension domains.

Recall a set E is said to be of finite perimeter in domain () if

. 1 N
Per(E,Q)) := sup {/Edzvcp NS {CC(Q)} Nelleo < 1} < o0.

A set is simply called a set of finite perimeter if it is of finite perimeter in IR" and we define
Per(E) := Per(E,R").

A set of finite perimeter is called indecomposable iff for any disjoint subsets A, B C E such
that E = A U B we have Per(E) = Per(A) + Per(B) then either |A| =0 or |B| = 0.

The main theorem we will establish in this note is the following.

Theorem 1. If F C R? is an indecomposable set then the closure F of F has the property
A straightforward corollary to this is:

Corollary 2. Suppose E C R? is a set of finite perimeter, then for any € > 0 we can find a closed
subset E C E with finitely many indecomposable components such that H' (0ME\OME) = 0 and

||]1E - ]I]EHBv(]RZ) <e. (1)

We will show by example that Theorem 1 is false for indecomposable sets of finite perime-
ter in R" for n > 3. Our example also shows that Theorem 7 of [Am-Lu-Ca 01] for saturated
indecomposable sets in the plane does not hold true in dimension three and above. It is
unclear to us if Corollary 2 is true in dimension three and above.

Theorem 3. There exists a set of finite perimeter S C Q = (—1,1) x (—1,1) x (—1,1) with the
following properties
1
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(i) S is connected and S is connected. Hence S is an indecomposable saturated set.
(i) |S\S| > 300-
(iii) H? (dMS\p(S?)) > 0 for any Lipschitz map ¢ : S* — R>.

Our main application of Theorem 1 will be to show that local quasiminimisers in the plane
are BV; extension domains. This is already known as a consequence of the work of David-
Semmes, [Da-Se 98] however our proof is much shorter. Specifically we say a set E of finite
perimeter E is a K-quasiminimal set in () iff for all open U CC () and all Borel sets F,G C U
we have Per(E,U) < KPer((EUF)\G,U). And we say a set E of finite perimeter is locally
K-quasiminising if there exists § > 0 such that for any x € JE the set E is a K-quasiminimal
in Bs(x). In the case where E is bounded ¢ can be chosen depending on x.

Finally a set E of finite perimeter is a BV; extension domain if and only if there are con-
stants ¢ > 1 and ¢ > 0 such that whenever u € BV (E) is such that the diameter of the support
of u is smaller than J, then there is a function Tu € BV such that ||DTu|| < c||Dul|(E) and
Tu =uonE.

Corollary 4. If E C R? is a locally K-quasiminising set then it is a BV} extension domain.

Note also that if Corollary 2 were true in dimension three and above then the proof of
Corollary 4 would work in these dimensions too. A generalization of Corollary 2 to higher
dimensions could potentially be a useful technical tool in the study of sets of finite perimeter.

In addition we will obtain the following corollary which is also an easy corollary to Theo-
rem 7 [Am-Lu-Ca 01]. Firstly some definitions, Ambrosio et al. [Am-Lu-Ca 01] (Definition 2)
define a hole of a set of finite perimeter S to be an indecomposble component of 5¢ with finite
measure. A set S is called saterated (again see Defintion 2, [Am-Lu-Ca 01]) if it is the union of
itself and all its holes.

Corollary 5 (To Theorem 1). Suppose S C IR? is a indecomposable saturated set then there exists
an open set S such that ||1g — ]ISHBV(]R2) =0.

Acknowledgements. I would thank N. Shanmugalingam; the application to quasimini-
mizing sets was worked out through discussions with her. In addition I thank R.L. Jerrard
who essentially provide me with the example constructed in Theorem 3.

2. SKETCH OF PROOF OF MAIN THEOREM

The proof of the Theorem 1 follows from three basic steps. Each follows from the last in a

fairly natural way. We will firstly state the steps then sketch the reasons they hold afterwards.

Note given an indecomposable set E we claim we can assume without loss of generality
that

|Br(x)NE| >0 forany x € E,r > 0. ()

If this were not true we could just remove the points of E for which it is false and the set we

are left with, call it E is such that ’EAE ‘ = 0 and hence by Proposition 3.38 [Am-Fu-Pa 00],

Mg — HEHBV(]RZ) = 0. So the claim is established.

|ENB,(x)
mr2

able collection of balls {B,,(x,) : x, € Z} with the following properties.
() {B%(xn) ‘ne ]N} are disjoint.
(ll) ZC Un Br»z(xn)

(iii) |By,(xn) NE| > nﬁ for each n.
(iv) IT:= U, B, (x,) is connected.

Step 1. Let Z := {z € R2: lim sup, > %} We will show we can find a count-
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Step 2. We will show that for H! a.e. x € 9E\Z there exists 7y > 0 such that

1 r
H (0EN By(x)) > 1600

forall r € (0,ry]. 3)

Step 3. We will show that H'(Z\9E) = 0.

Sketch of Step 1. By definition of Z for any z € Z we can find r, > 0 such that
|Br(z) NZ| > ”Trz forallr € (0,r]. So by the 5r Covering Theorem we can find a subcollection
{B,,, (zn) : n € N} such that {Br%(zn) n € ]N} are pairwise disjoint and Z C U, Br,, (zx)-

The only remaining issue is to show that IT := U, By, (zx) is connected. Suppose it is not, so
there are two non-empty disjoint connect components of I'l; and 11, such that IT = IT; UTII,.
Letting Qp = ENTly and Q; = ENTI; it is possible to show that H'(0MQy NoMQ;) = 0 and
this implies E is not an indecomposable set, contradiction. Thus IT is connected.

Sketch of Step 2. Now we can assume without loss of generality that x € E°. So we
can find py > 0 such that |[ENB,(x)| < % for all r € (0, px). Note also by (3) for any
x € JoE we have that ‘E N Bﬁ(x)’ > 0 for any r > 0. So let r € (0, px), by Step 1 we have
a countable collection of balls {B,, (x,) : n € N} that satisfy (i), (ii), (iii), (iv). A subcollec-
tion of these balls {Brpk(xpk) ke ]N} is such that prk (xp,) N By(x) # @ for any k € N,

EN B (x) C Uk By, (xp,) and 1 := s By, (xp,) is a connected set. So I is a ‘tentacle’ of
balls that reaches from the outside of B,(x) to B - (x). And note that any ball B, (xp,) has
at least a quarter of its area is filled by E. On the otherhand most of B,(x) is empty of E.
So assume for the moment for simplicity that the tentacle reaches into B_, (x) in something
like a line, pick a direction v that is roughly orthogonal to the line. Now there must be a
large set of lines in direction v running through B, (x) that start at some point in E N B, (x)
and end in some point in E° N B,(x). The variation of 1g restricted to any of these lines
is at least 1, so integrating across these lines gives (3). Note the reason our proof works
in IR? and does not work in higher dimension' is that a ‘tentacle’ in higher dimension has
arbitrarily small surface area, where as in two dimension the surface area of a tentacle is O(1).

Sketch of Step 3. Suppose H'(dE\Z) > 0. Assume for simplicity H'(9E\Z) < 0. Let
#(A) :== HY(@ME U (0E\Z)). We can find an open set U with 9ME C U and a compact
set C C OME such that u(U) < u(dME) + € and u(C) > u(dME) — e. We can assume € is
sufficiently small so that u(0E\U) > %.

Now since ¢ = dist(dU, C) > 0 we can find a countable collection of pairwise disjoint balls
{By,(xn) : x, € 0E\U, 1, < 8} such that }_, r, > cop(0E\U) some some constant ¢y > 0. By

Step 2 we have that ¥, H'(@ME N By, (xn)) > 15451 (9E\U). Since By, (x,) N C = @ for all n
we have

;Hl (OMEN B, (x,)) + H(C) > 1%y(afs\u) + HY(OME) — e

which is contradiction for small enough e.

3. SKETCH OF PROOF OF THE APPLICATION TO QUASIMINISING SETS

As stated the main application of Theorem 1 is Corollary 4. So to establish this we will use
the criteria for BV; extension domains found in [Ba-Mo 08], [Bu-Ma 69]. Namely E is a BV}

1 And recall indeed by the example constructed in Theorem 3 shows the result in false in higher dimension.
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extension domain if for every set of finite perimeter F C E with diam(F) < & we can find F
with F C F and Per(F,IR?) < CPer(F, E). We will take F to be equal to F and it will suffice
to show that

Per(E,R?) < (14 K)Per(F, E) 4)

for any set of finite perimeter F C E with diam(F) < é. We will achieve this by finding an
open set () with F CC () and

HYOMEN Q) < H' (OME noMF) + 4. (5)
Then by the fact that E is a local F-quasiminimiser Per(E, ) < KPer(E\F,(}). Now

H'@MENoMF) < H'(OMENQ)

= Per(E, Q)

< KPer(E\F,Q)

- K (Hl(aMF NE)+ H! ((aME\aMF) N Q))

(2 KPer(F,E) + K. (6)

As this holds for arbitrary > 0 we have inequality (4). Note this inequality can not work
unless we can show (5) and hence establish H'((0ME\0MF) N Q) < . Now for arbitrary sets
of finite perimeter F C E it is not true we can find () such that F CC () and (5) holds true.
For a counter example let E = B1(0) and pick zy € JE, let « € (0,1) and let {j be the set of
points with rational coordinates in E N By(zp). Then the set F = Uy B, (1000+n) ({n) N E is a set
of finite perimeter for which (5) is false for any open set () with F CC Q.

However we will be able to carry out this argument by replacing F by the set [F afforded
to us by Corollary 2. The set [F has almost the same characteristics of F and we can find an
open set Q with F CC Q such that H'(0MEN Q) < H'(OME N aMF) + 4. So we can carry
out the chain of inequalities to establish (6). Having established (6) for IF the same inequality
follows for F with arbitrarily small error by (1). See Lemma 10 and Section 6.2 for full details.

4. PRELIMINARIES

As in Definition 3.60 [Am-Fu-Pa 00] we every t € [0,1] we let Ef denote the set of points
of t density, i.e.

. |EN By(x)]
El = R":1 [ENBr(x)| = 7
{x < 50 T'(n)rm ! @
where I'(n) = |B1(0)].

It is a fundamental result of Federer (see Theorem 3.61 [Am-Fu-Pa 00]) that if E is a set of
finite perimeter in Q, H" ! (Q\ (EO UEZU E1>) =0.

The measure theoretic boundary is defined by

ENB E‘NB
oME .= {x eR": limsupM > 0 and limsupM > 0} .
0 |Br(¥)] 0 |Br(¥)]

It is well known that H”’l(aME\E%) = 0 and |[D1g| = Hggé, see Theorem 3.59, Theorem
3.61 [Am-Fu-Pa 00].
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5. PRELIMINARY LEMMAS
Lemma 6. Suppose E C R? is BV indecomposable. Then we can find a countable collection
{By, (%) : xy € E}
such that

(U B, (xn)> is connected, (8)

2
|Br(xn) NE| > %forallr € (0,ry],n e N. )

As a consequence for H' a.e. x € 9E\(E! UOME) there exists ry > 0 such that
r

HY(9EN B,(x)) > Teoo forall € (0,7 (10)
Proof of Lemma 6. Let Z = E' U Ez. By Theorem 3.61 [Am-Fu-Pa 00]
HY(E\Z) = 0. (11)
So for any x € Z there exists 7, > 0 such that
nr?
|Br(x) NE| > e forall r € (0,ry]. (12)

Step 1. By the 5r Covering Theorem (see Theorem 2.11 [Ma 95]) we can find a disjoint
sub-collection {B”){T,l(xn) DXy € Z} such that Z C U, By, (x4) =: II. We will show IT is

connected.

Proof of Step 1. We argue by contradiction. Suppose II is disconnected. Let Iy be a
connected non-empty component of IT and let ITy = IT\ITp. Now define Qy = E NIl and
Q1 = ENII. These are both the intersection of two sets of finite perimeter and hence are
sets of finite perimeter.

We claim

H' ((E\Qo) \Q1) =0. (13)

@) 0and E\(QoU Q1) = E\II C (ZUw)\II C w. So inequality

So let w = E\Z, note H!(w)
(13) follows. We also claim

Q1\(E\Qo) = @. (14)
Now (Q1 UQp)\E =IINE\E = @ so (14) is immediate. So we actually have
H' (Q1A(E\Qo)) = 0. (15)
By Proposition 3.38 [Am-Fu-Pa 00] this is more than enough to conclude
Per(Q1) = Per(E\Qo). (16)
We will show
1 1
H' (Qg N Qf) =0. (17)
1
Now if x € Q7 we must have
L ENNB(] 1
=50 7r? 2
Ele) .
__|ENB.(x)] _ 1
-~ 7> .
11—% tr2 -2 (18)
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Hence (18) together with Theorem 3.61 [Am-Fu-Pa 00] implies

H! (Q%\Z) =0
SO
H(QE\IT) = 0. 19)
Now note that if x € Ql% N II we can not have x € I because I, is open and so Bs(x) C I,
for some 6 > 0. By the fact x € Ql% also we must be able to find y € Bs(x) N Q; which
contradicts the fact I1j, Il are disjoint. Thus
Q%OHCQ%HIL. (20)
And in the same way since I1; is open for all small enough r we have that B,(x) C IT;.

1 1 c
Thus if x € Q7 NIl by definition of QF, lim, g L(ENTH) 0By (x)] % we actually have

r2
. JE‘NB(x)] 1
lim —M— = —
rl—r>% 7'[1’2 2
hence x € E %. Thus
1
Q2 NTI; C E2. 1)

Hence
HI(QI\(EF nTy))

< HY(QI\IT) + H'(Q} NIT\Q? N1Ty) + H'(Q? NI, \E} N11,)
19,0, @) @)

Now going in the opposite direction if x € E in I1; again since I1; is open for all small
enough r we have that
lim B OEL B IOENTR| 1
r—0 712 r—0 nr? 2
and
lim |Br(x) N E°| ~ im |Br(x) N (ENTI;)c| _1
r—0 mtr? =0 nr? 2

1
So E2 N I, C (EN Hl)% = Q7 hence putting this together with (22) we have established

1( ¢k 3
H' (E2NILAQE ) =0.

1
In exactly the same way we can show that H' (E% NI, AQJ) = 0. Since ITy, IT, are disjoint
this completes the proof of (17).

Now E = Qp U Q; and Per(Qp) = Hl(Qé), Per(Q;) = Hl(Ql%) and Per(E) = Per(Qp) +

Per(Q1) 1 Per(Qp) + Per(E\Qp). So as Qp, E\Qy are both sets of finite perimeter this con-
tradicts the fact E is indecomposable. This concludes the proof of Step 1.

Step 2. We will establish (10).
Proof of Step 2. Firstly by Theorem 3.61 [Am-Fu-Pa 00] we can assume x € E°. Now recall
from the sketch of the proof (see property (2)), for any y € E we have |B,(y) N E| > 0 for any
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r > 0. Thus since x € JE it has the same property. Now since x € EY we can find pyx > 0 such
that

forall r € (0, px). (23)

2
.
ENB _r
[ENB-()] < 150000

However we must also have that ’E NB_r (x)‘ > 0. So by property (i) we have established
in Step 1 we can find a countable collection

r
{Brk(xk) L Xk € E,Tk < m}

such that E'UEZ C J; B, (x¢) and (Ug By, (x¢)) is connected. Now pick a point xg €
E'n Bﬁ(x) and a point yp € E'\B,(x). Since Ui By, (x) is open and connected it is path
connected and so we must be able to find a path ¢ : [0,f] — Uy By, (x¢) with ¢(0) = xo,
¢(t) = yo. Let s € (0,t) be the smallest number such that ¢(s) € 0B (x), by compactness
clearly this number exists. So

{p(w):0<w<s}C Bi(x). (24)

Letv = @Ez;:ig‘ . Note that for every k

H' (Py (B, (x) NE)) = 1 forall 7 € (0,1;] (25)

since if this was not true we would have that |B,(x;) NE| < % which contradicts (9).
We know ¢([0,t]) C Uy By, (xx), let {Brpk (xp) ik € ]N} be a subcollection defined by

{p(w) :0 < w < s}N By, (xp,) # O for any k. (26)
So
{p(w) : 0 <w < s} < By, (xp,)- (27)
And k
UBr,, (xpy) (26)6(24) By (x). (28)
Now since k
Py ((9tw) w0 € D) € YR (B, () )

by the 57 Covering Theorem (see Theorem 2.11 [Ma 95]) we can find a subcollection

{quk (xg) k€ N}
such that
{Pey (Bry, (x5)) sk e N} € { Py (B, (xg)) : K € N} (30)

and

{P<U> (quk (qu)) ke ]N} are disjoint. (31)
5
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Now as H' (P<v> {p(w) :w € [0, s}})) > & so putting this together with (29), (31) we have
(31) _
;r‘]k = ;2 'H' (P(v)(Brpk (xlﬂk)>)

(29)
> 2 (P ({p(w) sw e 0.5])))
r

> 1 (32)
So let O := Uy Brq (x4,) N E. By (25), (31) and (32) we have
5
31
H (Py(0) &y (P<U> (qusk(qu) N E))
k

(25) T
> ; 20
(3>2) r 23
> 500" (33)

Now by (28) O C By (x). We claim we can find a subset IT C P, (O) with [I1| > g5 such
that

()
Suppose this is not true. So there is a set A C P,y (O) where |[A] > g5 such that

Hl(P@}(w) NE‘NA05r) =0forallw € A. Let & = Upep P&;;(w) NENA(0,%,7) and

by Fubini |E| > [A| % > f?)o and |E N E°| = 0 and this contradicts (23). We have established
(34).
Now by Theorem 3.103 [Am-Fu-Pa 00] we know that

w5 < [V (1@ 0B do
V (1g, B(x))
— H! (aME,Br(x)).

H! (Pil(w) NE‘NA (x, g,r)) > 0 for any w € I1. (34)

IN

So this establishes (10). O

Proof of Theorem 1. Firstly as before, without loss of generality we can assume that for any
x € F,|[FNBs(x)| > 0 forall 6 > 0.

Step 1. We will show H'(F\(dMF U F;)) = 0.
Proof of Step 1. Suppose
HY(F\(@MFUF))) > 0. (35)
Let Z = F\(0MF U F;). Note that Z N Int(F) = @ because if x € Z N Int(F) then x € F; which
contradicts the definition of Z. So as Z C F we know that Z C 9F and thus Z C 9F\oMF.
Let e > 0. If H'(Z) = o pick B C Z with H'(B) = 1 and define S = B U dMF otherwise
define S = (F\F;) UOMF. Let u(A) := H'(ANS). Note

#(OF\OMF) > min { H'(F\(F; U9MF)), H'(B) } = > 0. (36)
Measure y is Radon so we can find an open set U such that 9MF C U such that
p(U) < u(@MF) +e (37)
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and we can find a compact set C C 9MF such that

#(C) > u(™F) —e. (38)
And so

dist(C,oU) =6 > 0. (39)
We can take @ > 0 and a subset I'y C 9F\U with

H'((9F\U)\I') < € (40)

and for any r € (0,@),x € Ty we have that u(B,(x)) = H'(B,(x) N S) < 2r. By Lemma 6 we
can find ¢ > 0, I'; C I’y such that
H'OMFN B, (x)) > —

1600

forall x € I'y,r € (0,0). 41)

And
HY(To\I'1) < e. (42)
Now by Vitali covering theorem (see Theorem 2.8 [Ma 95]) we can find a pairwise disjoint
collection

{Br(x) : 3 €11}

such that .
#(TA\(U By (xi))) =0 (43)
o k=1
sup {ry : k € N} < min {g,w,a} . (44)
Note

B < u@F\OMF)
u(dF\U) + u(dF N U\oMF)

< u(9F\U) + p(U\o™F)
(37)
< u(F\U) +e.
So u(oF\U) > B — €. Now
(43),(42),(40) (37)
Y u(Br(x)) > u(@F\U)—2e > u(dF\oMF) - 3e. (45)
k

By (41) and the fact x; € I'1, 1y < 0 we have

1600H (0MF N By, (x;)) > ry for all k.
Since we choose 7, < @ and x; € T'; C Ty be definition of T, u(By, (xx)) < 2y so

#(Br, (xx)) < 3200H' (0MF N By, (x1)) (46)
thus putting this together with (45) we have

(36)

36
Y 3200H" (0MF N By, (x¢)) > u(9F\oMF) —3e > (47)
k

N'\‘CI)

Now since x; € T'1 C 9F\U by (39) and (44) we know that C N B, (x;) = @ for any k, so
H'OMF) > HYC)+ Y H'(B,(x¢) NoMF)
k
(47),(38)
4 B

1 /M N
H'OMF) + 25 ¢ (48)
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which is a contradiction assuming k is small enough.
Step 2. We will show that F is a set of finite perimeter and D1y = D1.

Proof of Step 2. By Step 1 |[F\oMF U F;| = |F\F| = 0. So by Proposition 3.38 [Am-Fu-Pa 00]
we have Per(F) = Per(F) and hence T is a set of finite perimeter and D1y = D1f. O

6. THE APPLICATIONS

6.1. Quasiminimising sets. The following lemmas hold true in IR" without additional com-
plexity, so we state them in R".

Lemma 7. Given as set of finite perimeter S, suppose H"~1(A) = 0 then Per(S, A) = 0.

Proof Lemma 7. By Theorem 1.9 (2), Corollary 1.11 [Ma 95] measure y defined by

u(H) := H" Y (@oMsn H)

is a Radon measure.

Suppose set A has the property H""1(A) = 0. Then u(A) = 0, so

0 inf{u(V): ACV,Visopen }
inf {Per(S,V): A C V,Visopen }
= Per(S, A).

Using the fact A — Per(S, A) is also Radon measure, see Proposition 3.38(a), Proposition 1.43
[Am-Fu-Pa 00].

Lemma 8. Let E, F be a sets of finite perimeter in R", F C E. Then

Per(F,0ME) = H" 1 (0MF noME). (49)
and
Per(E,0MF) > H" 1 (aMF noME). (50)
Hence
Per(F,0ME) < Per(E,oMF). (51)

Proof of Lemma 8. Note that the measure v(A) := H" 1(dMF N A) is a Radon measure.
Letting o > 0 be some small number. Pick open ) with

IMENOMF Cc O (52)
such that
v(Q) = H" Y OMFN Q) < H" Y (OMEN0MF) + 0 = v(0ME) + 0. (53)
Step 1. We will establish (49).
Proof of Step 1. Define

(54)

B:= {x € (OMF)° : lim sup

r—0

n—1/4yM
H (arnim Bi(x)) _ O}

and

D:= {x c oME . 1imig1fH”*1(aMEm B.(x)) /"1 < 1}.
r—

By Theorem 6.2 [Ma 95] we have that H"~1(B) = 0 and since 9ME is rectifiable by Theorem
16.2 [Ma 95] H"~1(D) = 0.
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So using Lemma 7 for the last equality

Per(F,0ME) = Per(F,0MENoMF) + Per(F,oME\oMF)
= Per(F,dME NoMF) + Per(F,oME\ (0MF U BU D)). (55)

Note H""1(dME) < C. Let € > 0. We can find a decreasing sequence of number J,, — 0
such that the sets

Uy =

{xeaME\(aMFUBUD) ; HTOTIR) ¢ 56

and w > 1 forallr € (0,6,) }
have the property that 9ME\ (dMFUBU D) C U5o_; Un.

Let Uy = Z/Il\ (U;’izl/{i), U, = UQ\ (Ufi32/{i), v U = Uk\ (U?ik—i-l Z/[I) Now U, Uy are
disjoint for any /, k and

IME\@MFUBUD) = JU = |J U (57)
i=1 i=1
Since {Uy, Uy, ...} are pairwise disjoint
(57)
Y H" Y (U,) < H"'(@ME\MF). (58)
m

Pick m. Since by Section 5.1 [Ma 95] we have S'(U,,) < 2H!(U,) where S' denotes

Spherical Hausdorff measure. So we can find a collection {B n(zg) i1 < ém} such that
2

Un C UgBy (z¢) and T T(n = 1) (%)
B (zx) N Uy, and then we have a collection of balls
2

n—1

< 2§8'(Uy). Now for each k we can pick x; €

{Brk(xk) txp € U, 1 < (5m} (59)
such that
U C | B, (xk) =: Vi (60)
k
and
Yot < eSY(Up) < cHY (Un). (61)

k

Hence using the fact that x; € U, C Uy, we have

(60)
H" Y Vu,noMF) < Y H"'OMFNB, (x))
k

(59),(56)
< c Zer,’z_l
%

(61)
< ceH" Y (Uy). (62)
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Now

M M (57),(60)
Per(F,0™E\ (0 FUBUD)) < Per | F|JVu
m

< Y H"Y(V,no'F)

m

< Y ceH" Y (Up)
(58)
< ceH" Y (oME\oMF). (63)

Taking the limit as € — 0 we have Per(F,0ME\(dMF U BU D)) = 0. So putting this together
(55) we have

Per(F,0ME) = Per(F,oME noMF). (64)
And

(52)
Per(F,oMENoMF) < Per(F,Q)
< H'"'OMFnQ)

(53)
< H"YoMFNME) + 0. (65)

Now as ¢ is arbitrary, from (65) and (64), Per(F,0ME) < H"'(dMF N oME). Conversely for
any open set Q) with 9ME C Q we have Per(F,Q) > H"}(dMF NoME). Thus by taking the
infimum over all such open sets we have Per(F,0ME) > H"~1(dMF N oME) and this com-
pletes the proof of Step 1.

Step 2. We will establish (50).
Proof of Step 2. First note that 9ME N 0MF is an (n — 1) rectifiable set. Let 6 > 0, for H" !
a.e. x € OME N oMF there exists r > 0 such that

H" 1(OMFNoMEN By (x)) — nl"(n)h”_l‘ < 6n"" for any h € (0,7y). (66)
Let « > 0. Defining g := {x € 9MFNoME : a < r,} for all small enough a > 0 we have that
H" Y (oMFNoME\Ty) < 6. (67)

Since A — Per(E, A) is a Radon measure we can extract a compact subset I'y C Ty such
that
Per(E,T1) + 6 > Per(E,Ty).
And we can find a compact subset [, C Ty such that H"~!1(T3) +J > H" 1(Ty). Let
I's =T1 UTI. So I's is compact and has the properties
Per(E,T3) 4+ 6 > Per(E,T) and H" 1(T'3) + 6 > H" 1(Tp). (68)
And
I3 C Ty c 9MFNoME. (69)
Again since we are dealing with a Radon measure we can find an open set U with I's C U
and
Per(E,U) < Per(E,T3) + 0. (70)
Now dist(I', U) =: B > 0 by Vitali covering theorem we can find a collection of pairwise
disjoint balls { By, (xx) : xx € I's,k € N} where

sup {ry : k € N} < min{B,a}
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and
H" YT\ (| By, (1)) = 0. (71)
k=1
Now since g2 By, (xx) C U we know

* (70)

Per (E, U Brk(xk)> < Per(E,U) < Per(E,T3)+4. (72)
k=1

ButasI'; C Iy

[09)

Per <E, G Brk(xk)> = ) Per(E, By (x))

k=1 k=1
= Y H" Y OMEN B (x1))
k=1
(66) .
> Z(nl"(n) — o). (73)
k=1
Now recall T3 C Ty € 9ME N oMF so
0 (66) [e)
Y nT(m)(1+6)yrt = Y H"'OMENIMFN B, (x¢))
k=1 k=1

> Y H'"H(I30 By, (%)
k=1

= H"\(I3)

> H! (Fo) -0

>  H"Y(0MENoMF) —24. (74)
Now putting (72), (73), (74) together we have

Per (E,T3) > H* '(QMENOMF) —35 —c ) orp . (75)
k=1

Now since the collection of balls {Brk(xk) cxp €T3,k € ]N} are pairwise disjoint and x; €

nF(n)rZ_1
I's we know by (66) we know Per(E, By, (x¢)) > ——%*—
nl'(n) -1
2 L < Eper(E By (x0)
< Per(E,R").

So

Y r7t < cPer(E,R"). (76)

k

Now putting (75) and (76) together we have
Per (E,T3) > H" Y(0MENoMF) — 36 — céPer(E,R"). (77)
Since Per (E,0MF) > Per (E,T'3) and ¢ is arbitrarily small this establishes (50).
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Proof of Lemma completed. By applying Step 1 and Step 2 we have

(50)
Per(E,0MF) > H"'(9MEnoMF)

®) Per(F,aME) O (78)

Lemma 9. We will show that if E C R" is an open set of finite perimeter and I C E is a relatively
closed set of finite perimeter, then

oM(E\F) = (MF N E) U (ME\oMF). (79)

Proof. The lemma above holds true for an arbitrary sets of finite perimeter E and F C E,
we will only need it for open set E and relatively closed set F and as the proof is easier in
this case we argue only this result.

Let

I = oM(E\F) N and T, = oM (E\F)\F. (80)

Since F is relatively closed, if x € T, then for some small enough 6 > 0, (Bs(x) NE)NTF =

@ so
BN EB] BN 1
r—0 L(n)r" r—0  T(n)r" 2
and thus I'; € @ME and hence I', ¢ (dME\FF) ¢ aME\oMF. On the otherhand T; C F C E
and E is open. By definition of M (E\F) for any x € Ty, for all small enough r we
have |B,(x) N (E\F)| = F(Zl and |By(x) N (E\F)¢| ~ W But as E is open B,(x) C E
for all small enough r so we must have x € dMF. Thus Iy C 0MFNE and hence as
['; UT, = 9M(E\F) this establishes (79). O

Lemma 10. Let E C R" be a locally quasiminising set and let F C E be a relatively closed subset of
finite perimeter. Then
Per(F,0ME) < KPer(F, E). (81)

Proof of Lemma 10. First note by Theorem 4.2 [Ki 13] we know the topological boundary 0E
is equal to the measure theoretic boundary 0ME.

Step 1. We will show there exists open set () with IF C ) such that
H" Y ((E\OMF) N Q) < e. (82)
Proof of Step 1. Let u(A) := H""1(ANJE). So u is a Radon measure on IR"” and hence we

must be able to find open set U with 9E N dF C U such that u(U) < H" 1 (dE N JF) + €.
Note 0F NOJE is a closed set. So § = inf{|x —y|:x € dFNJE,y ¢ U} > 0. Let IT =

Uxcarnae Bs(x). Note

u(I) < u(U) < H" Y (QENMF) +e. (83)
Note by compactness there exists A > 0 such that N) (dE) NF C IT. Let A = UxE]F\NA(aE) B% (x).
Note ANJE = @. And

F = (FNN,(dE)) U (IF\N,(JdE)) C TTUA.
Now
u(AUTII) = u((AUII)NIE) = u(IINIJE)

(83)
<  H"Y9ENoMF) +e.
So letting () = A UTI, open set () satisfies (82).
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Proof of Lemma completed. Note that for any open set O with E C O,
H Y OMFNENQ) < H"Y(0MFNE) < Per(F, O).
Thus
Per(F,E) > H" Y(oMFNEN Q). (84)
So using Lemma 8

(79)

(84),(82)
< Per(F,E) +e. (85)

Now since F CC () and E is a quasiminimiser
Per(E,Q)) < KPer(E\F, Q)

Per(E\F, Q) H' (@MFNENQ) + HY((ME\oMF) n Q)

) K(Per(F, E) +¢) (86)
And since T is closed, 9MF C F so
(51)
Per(F,0ME) < Per(E,oMF) < Per(E,F), (87)
thus
(87)
Per(FF,0ME) 4 Per(E,Q\F) < Per(E,F) + Per(E, Q\F)
= Per(E, Q)
(86)
< KPer(F,E) + Ke. (88)

Since this gives
Per(F,0ME) < KPer(F, E) + Ke.
And as € is arbitrary this establishes (81). O

6.2. Proof of Theorem 4. As stated in Section 3 by the criteria for BV; extension domain of
[Ba-Mo 08], [Bu-Ma 69], E is a BV; extension domain if for every set of finite perimeter F C E
with diam(F) < & we can find £ with F C F with Per(E,R") < (14 K)Per(F,E). We will
take F = F and we will show

Per(F,IR?) < (1+ K)Per(F, E). (89)
So start using Corollary 2 we can take closed subset F C F with H' (0MIF\oMF) = 0 and
|1 — Lpllpy <e. (90)
Now by Lemma 10
Per(F,0ME) < KPer(F, E). (91)

Note since T is closed, Per(TF,F¢) = 0. And note since F C E we know H!(E° N F) = 0 and
so Per(F, E°NTF) = 0 by Lemma 7. So

Per(F, E®) = Per(FF, E® N F) + Per(FF, E° NTF) = 0. (92)
Now again by Lemma 7

(91),(92)
Per(F,IR?) < Per(F,E') 4 Per(F,0ME) + Per(F,E°) <  (1+K)Per(F,E). (93)

Hence

(90) (93)
Per(F,R?) < Per(F,R?)+e < (1+ K)Per(F,E) +e. (94)
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For any open set O with E C O we have
Per(F, E) < Per(F,0) = H (dMF, 0) < HY(MF, ©) = Per(F, 0).
As this is true for all open sets O with E C O we have Per(F,E) < Per(F,E) thus putting

this into (94) we have Per(F,IR?) < (1 4 K)Per(F,E) 4 € and this holds for all € > 0, so this
establishes (89). O

6.3. Saturated indecomposable sets.

Proof of Corollary 5.
Step 1. First we show that |S| < .
Proof of Step 1. By the isopermetric inequality (see Theorem 3.46 [Am-Fu-Pa 00]) we have
that

min{|S|, IRZ\S‘} < (4m)~! (Per(S,]Rz))2

2
Now if ’]RZ\S ‘ < (4m)~1 (Per(S,]R2)> then IR?\ S must have an indecomposable component
with finite measure which contradicts the definition of saturated, so this can not happen.

Step 2. Let
a=inf{T > 0: |Dlg| (B<(0)) > 0} and b = sup {w >0 |D1s| (R*\Bw(0)) > 0}.

We will show

H'(9MSNdBs) > 0 or H(SNdBs) > 0 for all s € (a,b). (95)
Proof of Step 2. Suppose not, so for some s € (a,b) we have that
H'(aM$NdBs) =0 and H'(SNaBs) = 0. (96)

Now by definition of a,b we know Per(S, B;) > 0 and Per(S, Bs) > 0. Now let A = SN B
and B = SN B. So A, B are both sets of finite perimeter.
Now for H! a.e. x € 9MA\oMS, since A C S we must have x € S! (recall defintion (7)) and

so x € dB;. Thus

H'(9MA\(0MSN B; U (SN aBs))) = 0.
In the same way

H'(MB\(0MSNBEU (SN aBs))) = 0.
Thus by (96) we have that H'(0MA N9MB) = 0 and as |[ANB| = 0 by Proposition 1
[Am-Lu-Ca 01] we have Per(A) + Per(B) = Per(S) which contradicts the fact that S is in-

decomposable.
Now suppose b = oo, then letting
Hy = {s>a:H'(9M5N3B) > 0}, 97)
and

Hy = {s>a:H'(SN3B;) > 0}.

We have two cases to consider. Either |Hy| = o0 or |Hp| = co. We will deal with each in
turn. Firstly we will use a standard adaption of Theorem 3.103 [Am-Fu-Pa 00] we have that
for any u € L'(Bg(0))

V(u, Bg(0)) = /O U (1, 9B4(0) )ds (98)

where

V(u,0Bs(0)) = sup {/Ozns u (s cos (z) ,ssin (i)) ¢ (0)do : ¢ € C8°([O,27Ts])} . (99)
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Now suppose |H;| = o then

(98),(97)
V(ls,R?) > /V(Ilg,aBs(O))ds:oo. (100)

Hy
Which contradicts the fact that S a set of finite perimeter. Now suppose |Hy| = oo. Let
By := {s € Hy : H'(9B;(0) N S) > 7ts} then by the Coarea formula
o> |8 > / H'(9B,(0) N S)ds > / rtsds > [By N {x:x > 1}]. (101)
sEBy sEBy
Hence |B;| < co. Now for any t € Hy\B, we must have V(1s,0Bs(0)) > 1. Thus as in (100),

V(1s,IR?) > |H,\By| = co which contradicts the fact S has finite perimeter. So in either case
we have a contradiction, thus b < co.

Step 3. We will show ]Bb(O)C N s‘ =0.

Proof of Step 3. Since |D1g| (B,(0)°) = 0 either |B,(0)° N s] =0 or ’Bh(of N SC’ = 0 in the
latter case S¢ has an indecomposable component of finite measure which contradicts the fact
that S is stratified.

Step 4. We will show 5S¢ has only one indecomposable component.

Proof of Step 4. Let Uy, Uy, ... be the indecomposable components of S°. Since S is satu-
rated, |Uy| = oo for any k € N. Thus |Uj N Bg| > 0 for all k. Since H' (a™U, N B) = 0, thus
|D1y, | (BS) = 0 so either 1y, = 1 on B§ or 1y, = 0 on B. As |UyNB§| > 0 the former is
true and so |B{\Uy| = 0. Thus for every k,I we have |U; N U;| > 0 which is a contradiction.
So there is only one indecomposable component.

Proof of Corollary completed. By Theorem 1, S¢ can be represented by an indecomposable
component IT which is closed. So S := (IT) then S is open and Dlg = D1g. O

7. ExaMPLE: PROOF OF THEOREM 3

The construction. Let {C : k € IN} be an enumeration of the points in the unit square in the
e1, ep plane with rational coordinates, i.e. points in the set Q; := {xe; +yex : x,y € [-1,1]}
that can be written as xe; + ye; for some x,y € [-1,1] N Q.

We will define a thin column in direction e3 around (i by

Iy = {xel +yey +ze3 + i \/(X—Ck'€1)2+ (y—Gk-e)2 <2700 0 <z < 1}'

And we define O = g . Let
U={(xy,z):-1<x<1,-1<y<1,-1<z<0}.
Finally let
S=0Ul.

Step 1. We will show S is path connected.

Proof of Step 1. From the construction it is clear that for any p € S, the line interval
[p,(p-e1)er + (p-ex)er — %] CU. Thus for any py,pr € O

e
L = [Pl/ (p1-er)er+ (p1-e2)er — 53} cs (102)

and

Ly = [Pzr (p2-er)er + (p1-e2)ex — %3} CS. (103)
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Finally
€3

L3 = {(Pl . 61)61 + (P1 '62)62 — 653, (pz . 61)61 + (p1 . 62)62 — E} cUucsS. (104)

So
LtUL,ULz C S.
Thus p; and p; are connected in S.

Step 2. We will show S¢ is connected.

Proof of Step 2. Let Q = (—1,1) x (=1,1) x (=1,1). If p € Q\S then p+ Aez ¢ S for
any A > 0. Thus given any two points p1,p2 € Q\S we have [py,p2 +2e3] C S° and
[p1, p2 + 2e3] C S€ and thus the path

P = [Pl, p1+ 263] U [pl + 2e3, p2 + 26‘3} U [pz + 2e3, pz] c S,

thus P is connected.

Step 3. We will show S is a set of finite perimeter.
Proof of Step 3. Let Oy = UN_, Ty and define

Sy = 0N UU.

Note that Sy is a set of finite perimeter and

N
Per(Sy) < Y 2m2710000-k 4 17 < 18,
k=1

Now Sy converges in measure to S (see Remark 3.36 [Am-Fu-Pa 00]) so by Proposition 3.37
(b) we know Per(S) < 18 and thus S is a set of finite perimeter.

Step 4. For a.e. p € Q\S there exists r, > 0 such that

|SNB,(p)] >0, [S“NB,(p)] >0forallr e (0,rp) (105)
and
Per(S,B,(p)) > 0 for any r € (0,7,). (106)
Proof of Step 4. By Lebesgue density theorem for a.e. p € Q\S there exists r, > 0 such that
B (p) NS 1
—r——— > —forany r € (0,7,] . (107)
By e re Onl

Now for any r € (0,7p] we can find x,y € Q such that (x,y,p-e3) € ONB:(p) and as O is
an open set for some p € (0, ;) we know

|Bo(p) N O] > 0. (108)
So (108) and (107) together establish (105).
Now arguing by contradiction and assuming Per(S N B,(x)) = 0 then as this means

[D1s| (Br(x)) = 0so by Theorem 3.42, [Am-Fu-Pa 00] we have that [ 15 — (1s)p,(y) | dz =
0. However by (108), (107) and this is a contradiction. Thus (106) is established.

Step 5. We will show that Q\O C S.

Proof of Step 5. For any p € Q\O either we have p € U or p € (Q\U)\S. So using (105)
of Step 4 for the latter case we know that for a.e. p € Q\O, p € S. So there exists a subset
G C Q\O with |(Q\O)\G| =0and G C S. Thus G C S and since Q\O C G this completes

the proof of Step 5.
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Proof of Theorem completed. By Step 1 and Step 2, S and &€ are connected. Since S is a set
of finite perimeter by Proposition 2 [Am-Lu-Ca 01] we have that S is an indecomposable set.
Since H?(oMS¢) = H?(aMS) < o in the same way by Proposition 2, S¢ is indecomposable.
Thus it is its own only indecomposable component. Hence (i) is established.

Now note by Step 5, Q\O C S and

|Q\S| —4— i n(27100007k)2

k=1

> 3999 ’
— 4000

so (ii) is established.
Finally by Step 4 we can find a set G C Q\S with |(Q\S)\G| = 0 and for every p € G
there exists r, > 0 such that (106) holds true. So arguing by contradiction suppose there

exists a Lipschitz map ¢ : $> — R® such that H2(dMS\¢(S?)) = 0. Now by Theorem 3.59,
Theorem 3.61 [Am-Fu-Pa 00],

H%(¢(S*) N B,(p)) = H2(dMS N B,(p)) = Per(S,B,(p)) > 0 forall r € (0,7p).

So p € ¢(S2) = ¢(S?). Thus G C ¢(S?) but this is a contradiction because H?(¢(S?)) =
(Lip(¢))?>H?(S?) = 4m(Lip(¢))?. Thus we have established (iii) and completed the proof of
the theorem. O

Remark. The example constructed in Theorem 3 also shows that Theorem 7 of [Am-Lu-Ca 01]
has no analogue in higher dimension. Note by property (i) there are no bounded components
of 8¢ so S has no holes and is therefor saturated. Thus the set S constructed is an example
of a set Ambrosio et al. define as simple (see Definition 3, Definition 2 [Am-Lu-Ca 01]). And
by property (iii) @S can not be almost everywhere covered by the Lipschitz image of the
sphere.
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