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ABSTRACT. In this paper we prove existence and regularity results for
a class of semilinear evolution equations that are satisfied by vector
potentials associated with Maxwell’s equations in Carnot groups (con-
nected, simply connected, stratified nilpotent Lie groups). The natural
setting for these equations is provided by the so-called Rumin’s complex
of intrinsic differential forms.

1. INTRODUCTION

The aim of this paper is to prove existence of strong solutions for a class of
higher order semilinear evolution equations in Carnot groups (i.e. connected
simply connected stratified nilpotent Lie groups) satisfied by vector poten-
tials associated with “intrinsic” Maxwell’s equations in the group. These
equations, though not hyperbolic, can still be called “wave equations” be-
cause of their origin, as “equations for a vector potential”, from a class
of intrinsic Maxwell’s equations, precisely as it holds in the Euclidean set-
ting, where the vector potential associated with classical Maxwell’s equations
satisfies d’Alembert’s wave equation. Let us remind this procedure in the
Euclidean setting.

Consider the space-time R x R3 of special relativity, end we denote by
s € R the time variable and by = € R3 the space variable. If (2*, d) is the de
Rham complex of differential forms in R x R3, classical Maxwell’s equations
can be formulated in their simplest form as follows: we fix the standard
volume form dV in R3, and we consider a 2-form F € Q? (Faraday’s form),
that can be always written as F' = ds A ¥+ B, where F is the electric field
1-form and B is the magnetic induction 2-form. Then, if we assume for
sake of simplicity all “physical” constants (i.e. magnetic permeability and
electric permittivity) equal to 1, classical Maxwell’s equations become

(1) dFF =0 and d(xyF)=J.
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Here ), is the Hodge-star operator associated with the space-time Minkow-
skian metric and the volume form ds A dV in R x R3, and J =dsAxJ —p
is a closed 3-form in R x R3, where *xJ and p = podV are respectively the
current density 2-form and the charge density 3-form (here * is the standard
Hodge-star operator in R3 associated with the Euclidean metric and the
volume form dV). Since dF = 0, we can always assume that F' = dA, where
A (the electromagnetic potential 1-form) can be written as A = Ay, + @ds.
If, in addition, Ay, and ¢ satisfy suitable gauge conditions, then they satisfy
the wave equations

0?A
82
(3) 5% = A+,

where A Ay in (2) is the positive Hodge Laplacian on 1-forms
AAy, = (d*d + dd*) Ay,

whereas Ay in (3) is the usual negative Laplacian on functions. We remind
that, in the Euclidean space, the Hodge Laplace operator A acts diagonally
on 1-forms, i.e.

Ads = A(Y Asida) = > (Ads ) da,

(2

so that equation (2) reduces to a system of uncoupled wave equations.

An extensive literature is dedicated to the semilinear counterpart of the
equations (2). These equations can therefore be reduced to scalar equations
of the form

0u
(4) 952 = Au+ f(u),
where, typically, f(u) = —pu + |u[P~'u, with p > 1. We refer for instance
to [17], [18], [29], [1]

To state our results, we need to sketch preliminarily the basic notions and
the main results of Maxwell’s theory in Carnot groups.

A connected and simply connected Lie group (G,-) (in general non-com-
mutative) is said a Carnot group of step k if its Lie algebra g admits a step
K stratification, i.e. there exist linear subspaces Vi, ..., V, such that

g=Vid- oV, [WV]=Via, V.#{0}, Vi={0}tifi>xs,

where [V, V;] is the subspace of g generated by the commutators [X, Y] with
X e Vi and Y € V;. The first layer Vi, the so-called horizontal layer, plays
a key role in the theory, since it generates g by commutation.

We denote by @ the homogeneous dimension of G, i.e. we set

Q= Zidim(Vi).
1=1

As we shall see in Theorem 2.5, the homogeneous dimension plays a cru-
cial role in imbedding theorems for Sobolev spaces associated with Carnot
groups.
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For our purposes, it is important to remind the following definition: the
Carnot group G is said to be free if its Lie algebra is free, i.e, if the com-
mutators satisfy no linear relations other than antisymmetry and Jacobi
identity.

A Carnot group G can be always identified, through exponential coordi-
nates, with the Euclidean space (R™,-), where n is the dimension of g, and
(z,y) — x -y is a suitable group operation in R™. The explicit expression of
the group operation - is determined by the Campbell-Hausdorff formula.

Obviously, Euclidean spaces (R™, +) are commutative Carnot groups, and,
more precisely, the only commutative Carnot groups. Indeed, in this case
the stratification of the algebra consists of only one layer, i.e. the Lie algebra
reduces to the horizontal layer.

In addition, throughout this paper we assume that n > 2.

For any x € G, the (left) translation 7, : G — G is defined as

2V TRz =T 2.
For any A > 0, the dilation §) : G — G, is defined as
A1y ey ) = ()\dlxl, - )\d”xn),

where d; € N is called homogeneity of the variable x; in G (see [13] Chapter
1). The dilations ¢, are group automorphisms, since 0 z - y = 0x(z - y).

From now on, we use the word “intrinsic” when we want to stress a
privileged role played by the horizontal layer and by group translations and
dilations in (R™,-). In particular, we remind that the natural “intrinsic”
counterpart of the linear transformations in R” is provided by the class of
the homogeneous endomorfisms of G, where, coherently, homogeneity must
be meant with respect to group translations. In exponential coordinates,
homogeneous endomorfisms are linear contact maps, i.e. linear maps that
preserve the stratification.

The Lie algebra g of G can be identified with the tangent space at the
origin e of G, and hence the horizontal layer of g can be identified with a
subspace HG, of TG,. By left translation, HG, generates a subbundle HG
of the tangent bundle T'G, called the horizontal bundle. A section of HG is
called a horizontal vector field.

Among Carnot groups, the simplest but, at the same time, non-trivial
(since non-Abelian) instance is provided by Heisenberg groups H”, and in
particular by the first Heisenberg group H'. Precise definitions will be given
in a moment; let us remind that H' is a free group of step 2 with 2 generators,
and that it is in some sense the “model” of all topologically 3-dimensional
contact structures.

The Heisenberg group HY can be identified with R2V*! with variables
(z,y,1), * = (21,...,2n),y = (y1,...,yn) € RN and t € R. Set X; :=
O, + 2y;0s, Y := 0y, — 22,0, T := 0;. The stratification of its algebra b
is given by h = Vi @ Vo, where Vi = span {Xy,...,Xn,Y1,..., YN} and
Vo = span {T}. For sake of simplicity, if N = 1, we write X := X; and
Y =Y.

Recently, a notion of “intrinsic” Maxwell’s equations in Carnot groups
has been introduced in a series of papers ([8], [15], [16], [3]). The setting for
these equations is provided by a subcomplex of “intrinsic” differential forms
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(E§,d.) — homotopic to de Rham’s complex (¥, d) — introduced by Rumin
in [28], [27], (see also [5]). The main features of this theory are sketched in
Section 4. To keep this introduction as simple as possible, from now on we
refer only to the case of free groups.

Here is important to stress that a differential 1-form « belongs to E}
if and only if is horizontal, i.e, if it is dual of an horizontal vector field.
In addition, when acting on intrinsic 1-forms in free Carnot groups, the
“exterior differential” d. is an operator of order x (the step of the group) in
the horizontal derivatives. In particular, the “Hodge Laplacian” associated
with d., i.e.

(5) dede + dcde,

generally is not homogeneous (and therefore, as long as we know, we lack
Rockland type hypoellipticity results (see, e.g. [21]) and sharp a priori
estimates in a natural scale of Sobolev spaces, the so-called Folland-Stein
spaces - see Section 2). Since G is free, then d. is an homogeneous differential
operator of order k (the step of the group) in the horizontal derivatives
when acting on 1-forms (see [16]), but the “Hodge Laplacian” fails to be
homogeneous. Indeed, on 1-forms, d.d. is an operator of order 2k, while
d.d. is a 2nd order one.

To overcome this difficulty, we remind that in H' (where x = 2), M. Rumin
in [26] introduces a new homogeneous 4th order operator d.d. + (d.6.)? that
satisfies sharp a priori estimates in intrinsic Folland-Stein spaces of order 4.
We apply the same idea in free groups of arbitrary step x and we obtain
an homogeneous operator of order 2k in the horizontal derivatives acting on
intrinsic 1-forms

Ag,1 = 0cde + (dede)".
In [16] it is proved that Ag; satisfies sharp a priori estimates of order 2x
and is self-adjoint (see Theorem 3.12).
Consider for instance the case G = H'. We denote by 0 := dt + %(y dx —

x dy) the contact form of H!'. Then

Ej = span {dz,dy};

Eg’Hl = span {dz A 0,dy A 0};

E3 1 = span {dz A dy A 6}.
The action of d. on Ejy, is the following ([26], [14], [7]): let a = andx +
aody € Eé Hl be given. Then

dempo = (X2 —2XY oy + YXay)dz A0
+(2Y Xag — Y?a; — XYag)dy A6
= Pi(a1,a2)dx A0+ Paay, ag)dy A 6.

Let us go back to general free groups of arbitrary step x (though the fol-
lowing arguments can be carried on in more general geometric settings, like,
for instance, Heisenberg groups of higher order: see Remark 3.10 below).
Keeping in mind (1), it is natural to define Maxwell’s equations in G as
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follows: if F' € Eg, we call Mazwell’s equations in G the system
(6) d.F =0 and de(xyF)=J,

where d. denotes the Rumin’s differential of the complex (Ef,d.) in the
space-time product group R x G, and d.J = 0. So far, the argument may
appear as purely formal, but we notice first that the equations (6) are invari-
ant under the action of a class of suitable contact Lorentz transformations.
Moreover, it is possible to show ([3], [4]) that the equations in (6) are limits
of usual equations in a very strongly anisotropic matter.

If F is a solution of (6), then it is a closed form. Therefore it admits a
vector potential

(7) A:=As +¢ds € E} such that d.A=F,
where

(8) DAy = —AgiAx—J

(9) 9p = —(-Ag)"¢ +(~Ac)" 'po.

Here Ag := Z;nzl XJ?(: —Ag,0) is the usual subelliptic Laplacian in G,
provided the following gauge condition holds:

(10) Se(dede)™ " As + ?;50 = 0.
It is important to notice that the equation for Ay, cannot be diagonalized,
unlike the Euclidean case. But the main new phenomenon is that the “wave
equations” we obtain utterly differ even in the scalar case from what one
could imagine as “wave equations in the group”, i.e.

2
(11) ng — Agp =0.
Indeed, in spite of the energy estimate we can obtain for the equation (8) (see
Lemma 4.7), the equations we obtain are by no means hyperbolic, by [22],
Theorem 5.5.2, since they contain second order derivatives in s and 2x-th
order derivatives in z, so that their principal parts are (degenerate) elliptic.
Thus, we should not expect any hyperbolic behavior, as, for instance, finite
speed of propagation like in (3) (see, e.g., [25], [19]).

Existence and uniqueness results for equations (8) and (9) can be easily
deduced by means of abstract arguments (see Theorem 4.6). The aim of this
paper is to prove local existence results for the semilinear counterparts of
(8) and (9). More precisely, we prove a local existence result for the Cauchy
problem

Za+Agia =g(a)a, in I,
(12) 05‘5:0 = O,
Q) =a;.

Here h(a) = g(a)a, where g : E} — R is a locally Lipschitz continuous
function such that ¢(0) = 0 and

(13) l9(a) = g(B)] < Clla = BII(L + lalP~ + |BIP~2),

for some p > 1.



Our proof relies on a classical fixed point argument, following the guide-
lines of [20]. The main theorem (see Theorem 5.3) reads as follows:

Let T € R and set I = [0,T]. In addition, let oy € Wé’z(G,Eé),
a1 € L*(G, E}) be given, and let g satisfy (13).
Assume G is a Carnot group satisfying one of the following assumptions:

e G=H'andp>1;
e G=HN with N >1and1 <p<1+1/N;
o G is a free group of step k, 2k < Q and 1 <p < Q/(Q — 2k).

Then there exists 6 € (0,T], such that problem (12) has a strong solution
in [0, d].

A couple of comments are now in order, since the range of p in cases ii)
and iii) may appear very restrictive. However, it relies on deep features of
the group. First of all, in the Sobolev imbedding theorem (see 2.5), the
homogeneous dimension ) of G plays the role of the dimension n of G as
a manifold. In general, @ >> n (in fact, @ = n only for the commutative
group (R™,+)). But this is a well known feature of Carnot groups, affect-
ing, for instance, geometric measure theory in groups and nonlinear partial
differential equations. On the contrary, here there is another more subtle
consequence of the non-commutativity of the group that interferes with our
problem, yielding weaker results (i.e. requiring a narrower range for the
exponent p in (13)) when compared with their Euclidean counterpart: basi-
cally, we cannot expect local Strichartz-type estimates for our higher order
equations (for the Euclidean setting we refer, for instance, to [18], [23], and
to [20] and the reference therein for higher order equations). To illustrate
this phenomenon, let us restrict ourselves to the simplest case G = H' and
consider the scalar equation (9) for the time-component of the vector po-
tential. In addition, choose py = 0.

Thus, equation (9) becomes

(14) 03 = —(—Ac)%,
that can be written as the action of the product of two Schrédinger operators
(15) (0s +iAg)(0s — 1Ag)e = 0.

Now, it follows from [2] that there exist traveling wave solutions of the
Schrédinger’s equation in H!

(16) (0s +iAg)p =0
of the form (with our notations)
(17) Or(5:2,9,8) 1= FOw, A, N2t — A2s) A >0

for a suitable function f € S(H'). Clearly, the solution ¢, has L"-norm
in H' independent of s € R for 1 < r < oo. Moreover, if A > 0, then
[Pl L) = eAY" | and necessarily Strichartz-type estimates fail to hold
even for short times.
On the other hand, the existence of the traveling waves (17) for Schro-
dinger’s equation in H' comes from another peculiar feature of Heisenberg
6



groups: the existence of the so-called forbidden values a € R for the differ-
ential operator

Lo=X?4+Y?—ial

for which £, has a non-trivial kernel (see [30], Chapter XIII, 2.3.2). Basi-
cally, this is due to the fact that T is at the same time a differential opera-
tor of order 1 and a second order operator with respect to group dilations.
Clearly, this phenomenon fails to hold in the Euclidean space.

Finally, we stress that, on the other side, Strichartz-type estimates hold
for the equation (11), the usual homogeneous second order wave equation
in H' (see [2]). Thus, the lack of these estimates is originated in our case
by the combination of the structure of the group and of the order of the
equation.

2. CARNOT GROUPS

Definition 2.1. Let e1,...,e, be a basisof g = V1 &---®V, adapted to the
stratification of g, and let X = {X3,..., X,,} be the family of left invariant
vector fields such that X;(0) = e;, i = 1,...,n. The Lie algebra g can be

endowed with a scalar product (-,-), making {Xy,..., X,,} an orthonormal
basis.

From now on, we set m; :=dimV;, i = 1,...,x. We write also m instead
of ms.

Following [13], we also adopt the following multi-index notation for higher-
order derivatives. If I = (iy, ... ,4,) is a multi-index, we set X! = X% ... Xin,
By the Poincaré-Birkhoff-Witt theorem (see, e.g. [9], 1.2.7), the differential
operators X! form a basis for the algebra of left invariant differential opera-
tors in G. Furthermore, we set |I| := 4; +- - -+, the order of the differential
operator X!, and d(I) := dyiy + - - - + dpi, its degree of homogeneity with
respect to group dilations.

Let now {X1,...,X,,} be a basis of the first layer of g, and denote by £
the associated positive sub-Laplacian

L:= —iX?.
j=1

If 1 <p<ooandk >0, we denote by Wé’p(G) (the Folland-Stein Sobolev
space) the domain of £¥/2(G) in LP(G) endowed with the graph norm (see
[12] or [13]).

We remind that

Proposition 2.2. If 1 < p < oo and k > 0, then the space Wé’p(G) is
independent of the choice of X1,..., Xm.

Proposition 2.3. If1 < p < oo and k > 0, then D(G) is dense in Wé’p(((}).

Proposition 2.4. Let k be a positive integer, 1 < p < oo. Then Wé’p(G)
consists of all functions f € LP(G) with distributional derivatives X'f €
LP(G) for any X' with d(I) < k, endowed with the natural norm.
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Theorem 2.5 ([12], Theorem 4.17 and Proposition 4.2). If 1 <p < ¢ < oo
and o, 8 > 0 are such that

p=a-0(5-1).
P q

p=gq and P <a,
then WG(G) is continuously embedded in Wg’q(G).

or

3. DIFFERENTIAL FORMS IN CARNOT GROUPS

In order to write our Maxwell’s equation in G, we need to use the language
of differential forms. More precisely, we need to present a class of intrinsic
differential forms, that has been introduced by Rumin in [28], [27], (see also

[5])-

The dual space of g is denoted by A'g. The basis of A'g, dual of the
basis {X1,...,X,}, is the family of covectors {61,...,0,}. We indicate by
(,-) also the inner product in A' g that makes {6, ...,60,} an orthonormal
basis. We point out that, except for the trivial case of the commutative group
R™, the forms 6, ...,60, may have polynomial (hence variable) coefficients.
Following Federer (see [11], 1.3), the exterlor algebras of g and of /\ g are

the graded algebras indicated as /\ g = EB /\ g and /\ g = @ /\ g

Where/\og—/\ g—]Rand,forlghgn,
A, 8:=span{Xs, A AXG 1 <idn <-o- < <)y
h
/\ g:=span{f;, A---AO;, 11 <ip <--- <ip < n}.

The elements of A, g and /\hg are called h-vectors and h-covectors, re-
spectively. We denote by Qj and Q" the spaces of all sections of A, ¢ and

/\h g, respectively, for h = 0,1,...,n. We refer to elements of €2, as fields of
h-vectors and to elements of Q" as h-forms and to (Q*, d) as the de Rham
complex.

We denote by ©" the basis {0;, A---A0;, 1 <i3 < - <iy <n}of
A"g.

The dual space A'(A, g) of A\, g can be naturally identified with A g.

The inner product (:,-) extends canonically to A, g and to /\h g making
the bases X;, A---AXj;, and 0;, A--- A0;, orthonormal.

Definition 3.1. We define linear isomorphisms (Hodge duality: see [11]

1.7.8)
*:/\th/\n_hg and *:/\hg<—>/\n7h9;

for 1 < h < n, putting, for v,w € A, g and ¢, € /\hg
v Axw = (v,w) X1 A A Xy, OAx) = ()01 A+ A by



From now on, we refer to the n-form
AV =01 N---NO,

as the canonical volume form in G.
If d is the usual De Rham exterior differential, we denote by § = d* its
formal adjoint in L?(G, Q).

Definition 3.2. If a € /\1 g, a # 0, we say that o has weight k, and we
write w(a) = k, if its dual vector o is in Vi. More generally, if o € \" g, we
say that o has weight k if « is a linear combination of covectors 6;; A---A6;,
with w(@il) + -+ w(@ih) = k.

Remark 3.3. As shown in [5], Remark 2.4, if o, 8 € A" g and w(a) # w(B),
then (a, ) = 0, and we have

M max

(18) Ne= P N7

p:M;Lnin
where /\h’p g is the linear span of the h—covectors of weight p and M}fin,
M3 are the smallest and the largest weight of left-invariant h-covectors,
respectively. Since the elements of the basis ©" have pure weights, a basis
of A" g is given by ©"7 := @ 0 \"Pg.

Keeping in mind the decomposition (18), we can define in the same way
several left invariant fiber bundles over G, that we still denote with the same
symbol A\"Pg. Notice also that the fiber A" g (and hence the fiber A™7 g)
can be endowed with a natural scalar product (-, -).

We denote by Q"P the vector space of all smooth h—forms in G of pure
weight p, i.e. the space of all smooth sections of /\h’p g. We set

max
My

(19) o= P ot

p:M}anln

The following crucial property of the weight follows from Cartan identity:
see [28], Section 2.1:

Lemma 3.4. We have d(\"Pg) ¢ N"™Pg, ic., ifa € N"Pyg is a left
invariant h-form of weight p with da # 0, then w(da) = w(a).

Definition 3.5. If o = Y pncgnyp 041-9? € QMP is a smooth form of pure
weight p, then we have

do = d()Oé + Z dga,
(=1

doa= > df)
pheohs

where

does not increase the weight, and

dio= Y Y (Xjau) 05 A0,

the@hvp X;eV,
9



increases the weight by ¢ units (¢ = 1,...k); here & is the step of the group.
In particular, dy is an algebraic operator.

Definition 3.6. If 0 < h < n we set

El' :=kerdy N (Im dp)*+ c Q"
The elements of El are intrinsic h-forms on G. Since the construction of
Eg is left invariant, this space of forms can be seen as the space of sections
of a fiber subbundle of /\h g, generated by left translation and still denoted
by E[)‘. In particular Eg inherits from /\h g the scalar product on the fibers.

Moreover, there exists a left invariant orthonormal basis = = {¢;} of E}
that is adapted to the filtration (18).

Since it is easy to see that E& = span {0y, ...,0,}, without loss of gener-
ality we can take §; = 6; for j =1,...,m.
If we set EiP := El N Q"P, then
Ey =P E)”.
P

We define now a (pseudo) inverse of dy as follows:

Lemma 3.7. If 3 € N\ g, then there exists a unique a € A" g (ker do)*
such that dooe — B € (Imdg)*. We set o := dalﬂ. Notice that dal preserves
the weights.

The following theorem summarizes the construction of the intrinsic dif-
ferential d. (for details, see [28] and [5], Section 2) .

Theorem 3.8. The de Rham complex (2%, d) splits in the direct sum of two
sub-complezes (E*,d) and (F*,d), with
E :=kerdy' Nker(dy'd) and F:=Tm(dy")+Im(ddy?).
We have
i) Let Il be the projection on E along F (that is not an orthogonal

projection). Then for any o € Eg’p, if we denote by (Ilga); the
component of llgpa of weight j, then

(Ipa)p, = a
(20) (Upa)pinrn = —dg (D de(lpa)pipiie)-
1<0<k+1

ii) g is a chain map, i.e.

dllp = T gd.
ili) Let I, be the orthogonal projection from Q* on Ej, then
(21) Mg, = Id —dytdy — dody", g, = dy*do + dody
Set now
de =g, dllg: B} — BV h=0,...,n—1.
We have:
iv) d? = 0;

v) the complex Ey := (E§,d.) is exact;
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vi) with respect to the bases Z*, the intrinsic differential d. can be seen
as a matriz-valued operator such that, if a has weight p, then the
component of weight q of d.a is given by an homogeneous differential
operator in the horizontal derivatives of order ¢ —p > 1, acting on
the components of «.

If we need to stress that the complex is built on a specific group G, we shall
denote it by (E&G,dc,@), to avoid misunderstandings.

From now on, we restrict ourselves to assume G is a free group of step k.
The technical reason for this choice relies in the following property.

Theorem 3.9 ([16], Theorem 5.9). Let G be a free group of step k. Then
all forms in E} have weight 1 and all forms in Eg have weight k + 1.

In particular, the differential d. : E§ — E3 can be identified, with re-
spect to the adapted bases E(l) and E%, with a homogeneous matriz-valued
differential operator of degree k in the horizontal derivatives.

Remark 3.10. When N > 1, the N-th Heisenberg group HY is not a free
group. Nevertheless, all 2-forms in Eg have the same weight 2.

We denote by 6. = d.¢ = d. = d ¢ the formal adjoint of d. in L*(G, E}).
The following assertion holds.

Definition 3.11. If 0 < h < n, k > 0and 1 < p < oo, then we denote
by WEP(G, El') the space of all forms in Ef with coefficients in We*(G),
endowed with its natural norm. It is easy to see that this definition is
independent of the chosen basis of /\h g.

Theorem 3.12 ([16]). Let G be a Carnot group. Suppose all intrinsic 2-
forms have the same weight No (by Theorem 3.9 this holds true for any free
group G of step k, with No = k + 1, but also for all Heisenberg groups HY
with N > 1 with Ny = 2, by Remark 3.10). Set Ny — 1 :=r. We denote by
Ag,1 = dcde + (dede)” Rumin’s homogeneous Hodge Laplacian on intrinsic
1-forms in G.

i) Ag,1 is mazimal subelliptic, i.e. there exists C > 0 such that for any
multi—index I with d(I) =r

(22) X0l emy < € ((Bea0n @) ey + ol 2 )

for any a € D(G, E}).
i) If 1 < p < oo is fized, then there exists C > 0 such that for any
multi—index I with d(I) = 2r we have

(23) X el < C (18610l sy + Nl

for any o € D(G,E}) (if p = 2 this means that Ag is mazimal
hypoelliptic in the sense of [21]);
iii) the unbounded operator in L*(G, E})

Ag,1  with domain Wér’z(G,Eé)

18 self-adjoint and nonnegative.
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Definition 3.13. If 1 < h < n, we say that T is a h-current on G if T" is a
continuous linear functional on D(G, E) endowed with the usual topology.
We write T € D'(G, E}).

Any (usual) distribution 7' € D'(G) can be identified canonically with an
n-current 7' € D'(G, E}) through the formula
(24) (T)a) == (T|*a)

for any a € D(G, E}). Reciprocally, by (24), any n-current T can be iden-
tified with an usual distribution 7' € D'(G).
Following [11], 4.1.7, we give the following definition.

Definition 3.14. If T € D'(G, E}), and ¢ € £(G, EF), with 0 < k < n, we
define T € D'(G, EZ™") by the identity
(TLpla) := (Tl A @)
for any o € D(G, EJ~").
We notice that, when ¢ € £(G, E¥) and o € D(G, Ef %), then the wedge
product a A ¢ belongs to D(G, Ef), since Ef = Q™.

The following result is taken from [6], Propositions 5 and 6, and Definition
10, but we refer also to [10], Sections 17.3, 17.4 and 17.5.
If1<h<nand E’(} = {¢h,... ,fg. Eh} is a left invariant basis of E(’} and
m 0

T € D'(G,El), then there exist (uniquely determined) T1,..., Ty, B €
D'(G) such that

T = Z@L(*fﬂh)
J

It is well known that currents can be seen as forms with distributional co-
efficients in the following sense: if o € E(G, E%), then « can be identified
canonically with a h-current T;, through the formula

(25) Tule)i= [ rane
G
for any ¢ € D(G, El'). Moreover, if a = > a]{;‘ then

T = 3L (sEh)
J

Using the language of intrinsic currents, we can now characterize the dual
Folland-Stein Sobolev space in (E{, d.) (see [5], Proposition 3.14). We state
the result only for intrinsic 1-forms and p = 2.

Proposition 3.15. We remind that E} is the dual space of the first layer
of the stratification of g, and that therefore dim E} = m. Moreover {Gj}gnzl

is a left invariant orthonormal basis of E&. Then, if k > 0, the dual space
(W£’2(G,E6))* coincides with the set of all currents T € D'(G, E}) of the
form

(26) T = ij}'—(*ej),
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where Tj € WGTk’Q(G) forall j € {1,...,m}. Moreover, if T is as in (26)

m
”THW(;’“’2(G,E(%) ~ Z:l HTJ'HWG*’W((Q'
]:

4. SPACE-TIME CARNOT GROUPS AND MAXWELL’S EQUATIONS

From now on, we denote by x a “space” point in the Carnot group G, and
by s € R the “time”, and we choose in G := R x G the canonical volume
form ds A dV, where, as above, dV = 61 A --- A 6, is the canonical volume
form in G.

Denote by S the vector field % in R x G. The Lie group G is a Carnot
group; its Lie algebra g admits the stratification

(27) j=VieVe eV,

where Vi = span {S,V;}. Since the adapted basis {X1,...,X,} has been
already fixed once and for all, the associated orthonormal fixed basis for
g will be {S,X1,...,X,}. Consider the Lie derivative Lg along S. When
acting on h-forms « in G, without risk of misunderstandings, we write S«
for Lga.

The following structure lemma for intrinsic forms in G was proved in [8]
and also in [16].

Lemma 4.1. If1 < h <n, then a h-form « belongs to E(})‘ if and only if it
can be written as

(28) a=dsAB+7,

where 3 € Eg_l and v € E(’)L are respectively intrinsic (h — 1)-forms and
h-forms in G with coefficients depending on x and s.
As in special relativity, the space-time R x G can be endowed with a

Minkowskian scalar product (-,-)ps in A, § and A" g (see [16], Definition
4.1).

Definition 4.2. If 1 < h < n, we set
(dsAB+7,ds AB' +7" ) = (7,7) = (B,5),
for 3,3 € Eg_l and v,7" € Ef. In addition, we denote by *,; the Hodge op-
erator x57 : A" § — A" " § associated with the Minkowskian scalar product
in A\* g, with respect to the volume form ds A dV, by
a Ay B = {a,B)pyds AdV.

Let J be a fixed closed intrinsic n-form in R x G (a source form). We
can write J = ds A*J — p, where J = J(s,) is an intrinsic 1-form on G and
p(s,+) = po(s,-)dV is a volume form on G for any fixed s € R.

IfFe Eg, we call Mazwell’s equations in G the system

(29) d.F=0 and de(xyF)=J

(for sake of simplicity, we assume all “physical” constants to be 1). This
system corresponds to a particular choice of the so-called constitutive rela-
tions. We refer to [8], [16] for further comments (in particular for invariance
under suitable contact Lorentz transformation).
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If F' is a solution of (29), then it is a closed form. Therefore it admits a
vector potential

(30) A:=As + ¢ds € B} such that d.A=F.

Now we can define our intrinsic “wave equations” for Carnot groups sat-
isfying the assumptions of Theorem 3.12.

Theorem 4.3 ([16], Theorem 5.12). Let G be a Carnot group satisfying the
assumption of Theorem 3.12. Suppose F' € E? satisfies (29). Then F = d.A
with A = ZTzl Aj0; + pds = As, + o ds € E}, where

(31) 02Ay, = —Agi1Ax—J

(32) By = —(—Ac)"¢ +(-A¢) ' po,

where Ag = Y0, XJZ(: —Ag) is the usual subelliptic Laplacian in G,
provided the following gauge condition holds:

_ dy

33 0e(dede) Ay + 25 = 0.
(33) (debey s+ %
Notice condition (33) can also be written as
0

(34) (—Ag) 10, Ax + a% ~0.

Remark 4.4. The gauge condition (33) is always satisfied if we replace A by
A+ d.f, with f satisfying
Dy

02 = ~(=Dc) f = (0u(ded) " Ax + ).

Remark 4.5. For sake of simplicity, suppose now p = 0 (no charges). If,
for instance, we associate with equations (31) and (32) sufficiently regular
Cauchy data

0A
@ Asjo=Aso U = dsy
0
Pls=0 = $0, %‘szo = ¥1,

then the statement of Theorem 4.3 can be reversed. More precisely (see [16],
Section 5 for a detailed discussion), let Ay, € E&Hl and ¢ satisfy (31), (32)
and (33). Assume also that they have L?-traces on s = 0 satisfying (35),
with
As1 € W52(G, E}) and o € WE*(G,) if r > 1,
Then
F =d.A:=d.(As + pds)
satisfies Maxwell’s system (29).

In view of the self-adjointness of Ag (see Theorem 3.12, iii)), next the-
orem follows from [24], Ch. 3, Theorem 8.2.

Theorem 4.6. Let G be a Carnot group satisfying the assumptions of Theo-
rem 3.12, T € RY, and set [ = [0,T]. Let ag € Wé’2(G,E’3), a1 € L2(G, E})
and J € L? (I, Lz(G,Eé)) be given. Then, there exists a unique strong so-
lution
a € CUI, W5 (G, E})) N CHI, L*(G, E}))
14



of the linear equation

2 _ .
(36) { Do+ Agia=J, ifsel(0,T],

Oz|S:0 = Qp, aS\szo = Q.
If, in addition, J € C° (I, W52 (G, Eé)), then a € C? (I, W52 (G, Eol)).
Lemma 4.7. Let o be a solution of (36). Then

(37) HO‘HCO(I,WEQ(G,E(%)) + ”aSaHCO(I,LQ(G,E%)) <

<K (\/ Eo(ag, ar) + T2 ||J|L2(I,L2(G,Eé))> ;

where the kinetic energy E (g, 1) is defined as

1
B (ao,a1) = 5 (ool o g + o1l )

and K does not depend on ag, a1 and J.

Proof. By the energy equality in [24], Ch. 3, Lemma 8.3, and elementary
computations, we get, for any s € (0,77,

||a(S)H?/Vé’2(G,Eé) + Hasa(s)”%g((g’Eé) S
S
< HaOH‘Q/Véa(G’Eé) + ||041H%2((G,E5) + 2/0 ||J(U)||L2(G,E3)\|as04(‘7)||L2(G,E5)dU <
T
S HaO”IZ/Vé’Q(G,Eé) + ”alH%Q(G,Eé) + 2H85a‘CO(I,L2(G,Eé))/O HJ<O—)”L2(G,Eé)dJ S
< leoll?,re +lloalZa g m +1Hi‘9 o r2my + 2T 721 126,81 )) -
- W (G.E) L2(G,E5) " oIPsTICO(1,LA(G,E))) L2(I,12(G,E}))

Taking the supremum in the s variable, we get Eq. (37). O

5. NONLINEAR EQUATIONS

Our aim is to prove the existence of a local strong solution of the Cauchy
problem for the equation

(38) 2o+ Agia = h(a).

Here h(a) = g(a)a, where g : E} — R is a locally Lipschitz continuous
function.

Definition 5.1. Let I an interval in R, such that 0 € I, ag € Wé’Q(G, E})
and a1 € L*(G, E}). We say that « is a strong solution in I of the Cauchy
problem

(39) {ﬁga—l—AQla =g(a)a, in I,

a\szo = o, as|5:0 = a1,

if @ € CO(I,WG(G, E})) N CY(I, L*(G, E})) and satisfies (39).
15



In what follows we always suppose ¢g(0) = 0 and

(40) l9(@) = g(B)| < Clla = Bl (1 + [P~ + | BIIP72)
for some p > 1. In particular,
g@ <C+lalP),  lh@)l <+ [al?).

Lemma 5.2. Let G be a Carnot group of step k. Then Q > 2k and equality
holds if only if G = H' (in this case k = 2 and Q = 4).

Proof. By definition,
K
i=1

If k = 1, the group becomes a Euclidean space of dimension greater than 2
and the statement is verified.

Suppose now k > 1 and @ < 2k.

If kK = 2, we have

Q=m1+2my <4,

which is possible (since dimension is greater than 2) iff m; = 2 and mg = 1;
so we get @ = 2k and G = H'.

If Kk > 2, we get

my + (’i - 1)mn71 + kmy < 2K

since my > 2 and my—1 > 1, then 14+ (m,; + 1) < 2k; hence 1 < k(1 —my),
which is impossible, since m, > 1. U

Theorem 5.3. Let G be a Carnot group satisfying the assumptions of Theo-
rem 3.12. Let T € R and set I = [0,T). In addition, let g € Wé’Q(G, E}),
a1 € L2(G, E}) be given, and let g satisfy (40).
Assume one of the following assumptions holds
e G=H" andp > 1;
e G=H" with N>1and1<p<1+1/N;
o G is a free group of step k, 2k < Q and 1 <p < Q/(Q — 2k).
Then there ezists 6 € (0,T], such that problem (39) has a strong solution
in [0, 4].

Proof. First of all, set H := CO(I, W5 (G, E})) n CY(I, L*(G, E})). Our
proof follows the ideas in [20]: we consider the associated linear problem and
then we apply the Banach fixed point theorem combined with the previous
linear results.

Consider a compactly supported C* function n : R — [0, 1], such that
n=1on [—1,1], and define

hi(a) = n([lel)h(a),  ha(a) = (1 —=n(la]))h(a).
We observe that hp is globally Lipschitz continuous, while hy satisfies the
estimate

[h2(e)l < € (1 =n(llel))) (L + [[f’) < Co (1 =n(llal)) e,

since ||| > 1 on the support of 1 — 7. Moreover, h;(0) = ha(0) = 0.
16



Now, take o € H and consider the following linear Cauchy problems

(41) 8350+AG7150=0, sel,
/30(0) = Qg, 6550(0) =aqq .

(42) 261+ Agafr = hi(a), se,
£1(0) =0, 0s41(0) =0.

(43) D202+ Ag1f2 =ha(a), sel,
B2(0) =0, Jsf2(0) =0.

By Theorem 4.6, problem (41) has a unique strong solution in H: call it
Bo-

Furthermore, keeping in mind that ||« is bounded on the support of 7,
we have

(44) ||h1(04)\|%2(17L2(@,E5)) = /1 th(a(s))H%%G,E(})d‘S <
<C [ a6 ae.mpds < OT ol o -

Thus, problem (42) has a unique strong solution in H: call it 51 («).

To prove the existence of a strong solution of (43), we must distinguish
the case G = H! from cases ii) and iii). Indeed, suppose first G = H'. Then,
keeping in mind that @) = 4, by Theorem 2.5, if s € I we have

lo($)l ponce, gy < Cles)lyza-sima g g < Cllas) 22,

Thus, since r = k = 2, we obtain

a1 16 1) = [ 12 (6D g,y s <

= 0/ </ 1~ 77(”“(5’1”)”)‘2”&(8,1‘)||2pda:> ds <
(45) 1 \Jg
2 %
<0 [ ([ lats.orae ) ds < [ Jao) gy ds <
< OT ol

COL WS (G,EY)

On the other hand, in case ii), by definition » = 1, and hence Q = 2n+1 >
2r, whereas, in case iii), then r = k, so that again @ > 2r, by Lemma 5.2.
Thus, we can apply Theorem 2.5 and we obtain

Wé’2 (G) is continuously embedded in LéQ/(Q_QT)(G)-
17



Therefore, keeping in mind that ||«| > 1 on the support of 1 — 7, we get

e N YCI) Y

<o [ ([ 1=ntlats.obPlats ol ) as <
(46) < c/f (/G Ha(s,x)u?pdx) ds <
< 0/ (/ ||a(s,x)||2Q/(Q_2T)dm> ds <

2 27‘ 2 2r
< [ 222 s < CoT ol 225 20

Thus, in any case, we obtain that, if « € H, then problem (43) has a
unique strong solution in H: call it Sa(«).
Set

X:H—=>H,  x(a)=P50+Bi(a) + fa(a).
We want to prove that x maps a closed ball in H into itself and that it is
a contraction; so, by Banach fixed point theorem, the required result will
follow.
In case ii) and iii), combining (44) and (46), we get the following estimate

(47)  |1h()]l L2 (I,L2(G,E})) <

2r
<T'? <Cl lolonr 2,y + Co lolga, ?WT%E”)) '

Now choose M > 2K/ Ej (ap, 1), where K is the constant appearing in
Lemma 4.7. Then, if |a||y < M, we have

(48)  |x(a)|lu < K (v/Eo(ao, a1) + (Cy + Co) T2 M@/(@=2n))
If, for example, we choose T sufficiently small such that

(Cy + Co)TY2M Q=2 <\ /Ey(ag, an)

we get
Ix (@)% < 2K+/Eo(ap,a1) < M.

On the other hand, in case i), equation (48) becomes
(49) Ix(@)ll3 < K (v/Eolag, a1) + (Cy + Co)TY?MP) .
Choosing T sufficiently small, we get again

Ix(e)ll2 < M.

Thus, it remains only to prove that there exists § € (0,77, such that y is a
contraction in the space H defined on [0, 6]. Let o, 3 € C°(J, Wé’Q(G, EH)N
CH(J, L3(G, E})), where J = [0, §]; then,

1 (@) =P (B T2 2 m2y) <

<Cla- 5“%2(J,L2(G,E3)) < Cdlla— Bl
18



and

(51)

1ha(er) = ha(B)I72(s 12 my) <

<cf ( / ||a<s,x>—5>s,x>uz(1+||a||p1+uﬁ||p1)%) ds <

< Corpdlloe— B3 -

Hence, remembering the definition of x, we get

Ix(@)=x(B)lln < [[P1(@) = ha(B)ll L2 (s,22(c,E2))
+ lIha(@) = ha(B)ll 2(s 126,28y < Crap 6" llow = Bl

Now, if we choose ¢ sufficiently small, it is proved that y is a contraction

from Bjs(0) C H into itself and the assertion follows. O
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