The nonlinear multidomain model:
a new formal asymptotic analysis
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Abstract

We study the asymptotic analysis of a singularly perturbed weakly parabolic system of
m- equations of anisotropic reaction-diffusion type. Our main result formally shows that
solutions to the system approximate a geometric motion of a hypersurface by anisotropic
mean curvature. The anisotropy, supposed to be uniformly convex, is explicit and turns
out to be the dual of the star-shaped combination of the m original anisotropies.

1 Introduction

The bidomain model, a simplified version of the FitzHugh-Nagumo system, was originally
introduced in electrocardiology as an attempt to describe the electric potentials and current
flows inside and outside the cardiac cells, see [12, 13, 1, 11] and references therein. In
spite of the discrete cellular structure, at a macroscopic level the intra (i) and the extra (e)
cellular regions can be thought of as two superimposed and interpenetrating continua, thus
coinciding with the domain €2 (the physical region occupied by the heart). Denoting the intra
and extra cellular electric potentials respectively with w; = ui, e = Uec: [0,7] X @ — R,
the bidomain model can be formulated using the following weakly parabolic system of two
singularly perturbed linearly anisotropic reaction-diffusion equations, of variational nature!:

€0y (u; — ue) — ediv (M'(z)Vu;) + %f(u1 —ue) =0,
(1.1)
€0 (u; — ue) + ediv (M€ (x)Vue) + %f(ui — ) =0,

coupled with suitable initial and boundary conditions. Here € € (0,1) is a small positive
parameter, f is the derivative of a double-well potential with minima at sy (the standard
choice is f(s) = dis (1 —s*?), so that sx = +1), and M'(z), M®(x) are two symmetric
uniformly positive definite matrices.
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The whole process that determines u;, ue, and in particular the behaviour of the transmem-
brane potential
U = Ue = Uj — U,

is quite complicated: we refer the reader to the already quoted references for a more accurate
description of the physiological phenomenon and its mathematical modelization. For our
purposes, here it suffices to recall that the transmembrane potential typically exhibits a thin
transition region (of order €) which separates the advancing depolarized region where u, ~ s
from the one where u, ~ s_, see [4, 7] and references therein. Remarkably, a not negligible
nonlinear anisotropy occurs in the limit € — 0%, because of the fibered structure of the
myocardium. To explain the appearence of the anisotropy, let us introduce the riemannian
norms ¢, g, defined as

(6i(x,€")" = ai(w,€") == MU2)E" - €", (Pe(.€))? = ae(w,£7) == M(2)€" - €7,

where £* denotes a generic covector of the dual (RV)* of RV, N > 2, and - is the euclidean
scalar product. The squared norms «; and o, describe the microscopic structure of the intra
and extra cellular regions?, and their hessians %VQ* o, %Vg* a. (with respect to £*) give M!
and M€ respectively. Then the anisotropy manifests, for instance, recalling the following
formal result [4]: as € — 0T, the zero level set of u. approximates a geometric motion of a
front, evolving by ®°-anisotropic mean curvature flow, where ®° denotes the dual of ®, and
the anisotropy ® turns out to be the star-shaped combination (see [7]) of ¢; and ¢, i.e. its

square satisfies
1 1\!
P? = <— + —) , (1.2)
Q§ Qe

supposing a priori that ®2 is smooth and uniformly conver. This convergence result is
substantiated by a I'-convergence theorem (at the level of the corresponding actions) to
a geometric functional, the integrand of which is strictly related to (1.2), see [1] and Theorem
3.6 below.

Note that ® is not riemannian anymore (i.e., a nonlinear anisotropy in the language of the
present paper), and it may also fail to be convex (this latter property can be seen through an
explicit example described in [7]). Lackness of an underlying scalar product for ® suggests
that it is natural to depart from the riemannian structure of (1.1) and to consider, more
generally, the nonlinear bidomain model, described by

€0y (u; — ue) — ediv (Ty, (2, Vu;)) + %f(ui —ue) =0,
(1.3)
€0y (u; — ue) + ediv (Ty_(z, Vue)) + %f(ui — ) =0,

where now ¢; and ¢, are two smooth symmetric uniformly convex® Finsler metrics [2], and
setting as before oy = ¢2, a = ¢2, the maps

1 1
T¢i = §V5*ai, T¢e = §V5*ae

2¢; and ¢e depend on the spatial variable z, since the fibers’ orientation changes from point to point.
3Convexity of ¢; and ¢e is of course required in order to ensure well-posedness of (1.3).



are the so-called duality maps, taking (RV)* into RY. An analog of the above mentioned
formal convergence result, to the ®°-anisotropic mean curvature flow, appears to hold also
in this nonlinear setting, still assuming ®2 to be uniformly convex, see [7], where a starting
analysis of the geometric meaning of the star-shaped combination of two anisotropies is also
carried on.

It is interesting to remark that, generalizing system (1.3) to an arbitrary number m of Finsler
symmetric metrics ¢1,...,om, leads to rewrite the problem, that we have called the nonlin-
ear multidomain model, in a slightly different and more natural way?, as follows: we seek
functions w" = w! satisfying the weakly parabolic system

e@tu—ediV(T(z)T(m, Vwr))—l—%f(u) =0, r=1,..., m,

(1.4)

where

T

1
T(z) = §V§*ar and Ay 1= ¢%, T = 1, e ,m.

It is the purpose of the present paper to provide an asymptotic analysis of the zero level set of
u = u, in (1.4): we will show, in particular, that {u.(t, ) = 0} converges to the ®°-anisotropic
mean curvature flow (see (5.54) below), where ®2, supposed to be uniformly convex, reads as

v (32

r=1

thus generalizing the above mentioned convergence result for the linear and nonlinear bido-
main models. Our proof, which remains at a formal level, is based on a new asymptotic
expansion for (1.4), rewritten equivalently as a system of one parabolic equation and (m — 1)
elliptic equations®. The asymptotic expansion is simpler, and at the same time carried on at
a higher order of accuracy, with respect to the one exhibited in [7] for the case m = 2.
Before passing to describe the content of the paper, two observations are in order. The first
one concerns the case in which ®? is known a priori to be uniformly convex: since we are
dealing with systems, confirming rigorously the convergence result® for the sets {u(t,-) = 0}
is still an open problem, even in the simplest case (1.1) (see Theorem 3.5 for a precise
statement). The second remark concerns the case when ® is nonconvex”: the question arises
on what could be in this case the limit behaviour (if any), as ¢ — 07, of solutions to (1.3)
(or also to (1.1)). Indeed, for a nonconvex ®, the corresponding anisotropic mean curvature
flow is ill-posed, and consequently highly unstable. The answer to this question seems, at the
moment, out of reach, even at a formal level.

“When m = 2, (1.3) and (1.4) are equivalent, with the positions u; = w' and ue = —w?>.

5This shows, among other things, the nonlocality of solutions of (1.4).

5This, however, could be hopely less hard to prove than a convergence result of the Allen-Cahn’s (2 x 2)-
system, to curvature flow of networks, see [9] for a formal result in this direction.

"In this case ® is not the dual of a convex anisotropy.



Let us now briefly describe the plan of the paper. In Section 2 we recall the definition of
star bodies, and we introduce the star-shaped operation for an arbitrary number of star-
shaped anisotropies, using the formalism of gauges and radial functions. In Section 3 we
recall some known results on the linear and nonlinear bidomain models. The nonlinear
multidomain model is introduced in Section 4. Section 5 contains the main result concerning
the convergence of {uc(t,-) = 0} to the ®°-anisotropic mean curvature flow.

2 Star-shaped combination of star bodies and of anisotropies

We start with the following definitions. Let V denote either RY or its dual (R™V)*, endowed
with the euclidean norm | - |.

Definition 2.1 (Star-shaped anisotropies). A star-shaped anisotropy on V' is a contin-
uous function ¢ : V. — [0,+00), positive out of the origin, and positively one-homogeneous.
¢ is said to be symmetric if ¢p(—v) = ¢(v) for anyv € V.

Definition 2.2 (Convex and linear anisotropies). Let ¢ be a star-shaped anisotropy on
V. If ¢ is convez, then it is called a convex anisotropy. A convex anisotropy which is the
square root of a quadratic form® is called a linear anisotropy.

Denote with S the family of star bodies:
S = {K CV : K =int(K) is compact, star-shaped with respect to 0 € int(K)} .
Associated with every K € S, we define the function
¢ (v) :==1nf{A >0 : v e AK}, velV,

which is sometimes called gauge of K, and is a star-shaped anisotropy with K = {¢x < 1}.
A convex set K € S is called a convex body, see [15, 16] and references therein. In this latter
case, ¢y is usually called Minkowski functional of K, see for instance [14],° and it is obviously
a convex anisotropy.

For K € S, the function

¢% (V") == sup{{(v*,v) : ve K}, vt eV,

where (-,-) is the duality (identified with the euclidean scalar product -) between V' and its
dual V*, is called support function of K. It is often denoted by hx and is also called the
dual of ¢ (or also the anisotropy dual to ¢ ). The corresponding set K := {¢% < 1} is
called the dual of K and it is always a convex body, see again [14]; equivalently ¢% is always
a convex anisotropy on V*.

For K € S, let o : SVt :={v € V : |v] = 1} — (0, +00) be the radial function of K (see
for instance [16]) defined as

o (V) :==sup{A>0: \weK}, vesht, (2.1)

8 A linear anisotropy is obviously symmetric.
When K is symmetric with respect to the origin, K is said a symmetric convex body, and ¢x turns out
to be a norm equivalent to the euclidean one.



The function g, is extended (keeping the same symbol) in a one-homogeneous way on the
whole of V, i.e., oy (v) = ‘U‘QK(ﬁ) for any v € V'\ {0}. Notice that

ok (V) = ¢K1(V)7 ve sVt (2.2)

and
K={\:0<\<og(v), vesSV 1}

Remark 2.3. The previous definitions of ¢, ¢ and gx can be generalized, by allowing a
continuous dependence on the space variable = in some open subset  of RY. In this way
we have that ¢ = ¢x(x,v), as well as px = ox(x,v), are defined for (z,v) € Q@ x V and
#% (z,v*) is defined for (z,v*) € @ x V*10. In the present paper, however, we will be mostly
interested in space-independent anisotropies.

Assumption: in this paper we deal only with sets K € S having smooth boundary. In the
case K is a convex body, we will always suppose that K is smooth and uniformly convex, so
that K¢ is also smooth and uniformly convex!!. In this case, we say that (b%( (or also that
¢K) is smooth and uniformly convex.

Also, for simplicity all anisotropies we consider will be assumed to be symmetric.

Now, consider K1, Ky € S. We let ok, % 0, : SV~ — (0, +00) be defined as follows [7]:

O, * QKQ(V) = \/(QKI(V)>2 + (QKQ(V)>2, veShN-1

Again, gy, * 0y, is extended (keeping the same symbol) in a one-homogeneous way on the
whole of V.

Definition 2.4 (Star-shaped combination of two sets). Given K1, Ky € S, we define

the star-shaped combination
K1 * KQ

of K1 and K3 as the set whose radial function coincides with oy * 0y, :

OK %Ky *=— 0Ky * OK,-

One checks that K1 x Ko € S, and that the identity element for x does not belong to S.
Moreover
K1 *K2 = KQ*Kl.

It is clear that the set K; x Ko depends on K; and K5 and not only on K; U Ky. However,

10A continuous function ¢ : Q x V — [0, +00) is called an inhomogeneous star-shaped anisotropy on £,
provided ¢(z, ) is positively one-homogeneous for any x € €, and there exist two constants ¢, C with 0 < ¢ <
C' < +o0 such that clv| < ¢(z, v) < Clv| for any = € Q and v € V. If in addition ¢(z, -) is convex for every
z € Q, then ¢ is called a (inhomogeneous) convex anisotropy (or also a Finsler metric) on Q. Eventually,
if ¢(z,-) is the square root of a quadratic form, then ¢ is a Riemannian metric (an inhomogeneous linear
anisotropy).

"Hence, our Finsler metrics will be smooth and uniformly convex, in the sense that for any = € Q, the
function ¢(z, -) is uniformly convex and smooth.



it cannot be viewed as the union of an enlargement of K; with an enlargement of K.

The next formula gives the concrete way to compute the star-shaped combination of two sets
Ky, Ky € S:

0 (K1 x Ka) = {\/)\%—I—)\% v:veSVT N = ox;(v), j:1,2}. (2.3)

Remark 2.5. The reason for using star bodies, instead of convex sets, in Definition 2.4 is
the following: if K1 and Ks are two convex bodies, then Kj x K5 is not in general a convex
body. An explicit counterexample for N = 2 is given in [7], and it involves the two ellipses:
Ky = {(z,y) e R : 2> + py* = 1}, Ko :={(z,y) e R?: pz® +y* =1},

defined for p > 0. Then

(i) K1 K> is (smooth and) strictly convex, for p € (%, 3);

(ii) Ky * K> is (smooth and) convex, for p = § or p = 3, with zero boundary curvature at

the points of intersection with the lines {(z,y) € R? : z £y = 0};
(ili) K7 * K> is (smooth and) not convex, for p < 3 or p > 3.

Observe that for any K, Ko, K3 € S we have:

(gKl x QK2) *O0K; = 0K, * (QKQ *QK3)7
or equivalently:
O %Ky ¥ OK3 = O * OKoxK3-

This observation leads to the following definition.

Definition 2.6 (Star-shaped combination of m sets). Givenm > 2 and K1,...,K,, € S,
we let

extended (keeping the same symbol) in a one-homogeneous way on the whole of V', and

m
* Kj
el

J

be the set in S whose radial function is given by 'Tngj.
J:

Again, note that

0 <K> B

Problem 2.7. An open problem is to characterize those sets in S obtained as star-shaped
combination of m symmetric convex bodies'?, more precisely to characterize the class

m
Z/\?V cve SV Nj=oKk;(v), j=1,....,m
j=1

{ 'TlKj : Kq,--+, K,;, smooth symmetric uniformly convex bodies} . (2.5)
J:

) [7] some necessary conditions are given in the case m = 2, such as the impossibility of cusps or re-entrant
corners in 9(K; x K3).



Remark 2.8. From (2.2) and (2.4), it follows the formula

-1

2 m
1
m o (Vv = E E— ) veshi 2.6
<¢j:1Kj( )) j=1 (¢Kj(’/))2 ) 20

extended (keeping the same symbol) in a one-homogeneous way on the whole of V.

Definition 2.9 (Combined anisotropy). The function

¢

m
Rl
Jj=

K.
1]

will be called the star-shaped combination of ¢k, ..., ¢k,,, or combined anisotropy for short.
According to (2.6), the star-shaped combination of the star-shaped anisotropies ¢1, ..., ¢p, :

V — [0, +00) is defined as:
~1/2

m 1
* b= . (2.7)

12
j=1 ¢j

2.1 On the hessian of the combined anisotropy

Let ® : (RV)* — [0,+00) be the star-shaped combination of the star-shaped anisotropies
B1y ey O s (RY)* — [0, +00). Set for notational convenience

o= P2, aj::gb?, ji=1....,m.

Then formula (2.7) can be rewritten as

-1

o= Zaij . (2.8)

j=1

The aim of this short section is to find an appropriate representation of the hessian
1
—Via
2

of «, which will be useful in Section 5. From formula (2.8) it follows:

1
Va = o? ngaj. (2.9)
7j=1 J
Set
15 &K1,
Q=0 ZEV aj, (2.10)
j=11J



and

From (2.9), we obtain

“ (&%
:E:GF a)v%®v%+§:%lv%®v% (2.11)
k=1 Nk k jAk

m
— 0522 a ak Vo ® Vag, + o Z 5 Va; ®@ Vay.
— o pori ata;

For m = 2, formulas (2.10) and (2.11) coincide with those given in [7]. Furthermore, we can
observe that, as in the case m = 2, we have:

Qo(¢)E =0, & e RV (2.12)

This relation will be used in the asymptotics, see Section 5.2.4. In order to show (2.12) we
use Euler’s formula Vo (£*)€* = 20;(£*). We have

Loo(ener =a2e Z‘“* &) () V(€

2 o (ew(€))
1 . .
j; (03 (€))% (g (€%))2 o (§)Var(ET)
(€ (ol —axl€)
(an(€))3 (an 5* )2 Z Vag(£),

i#k o

+a’(&")

1
Nt

and each terms in the summation leads (recalling (2.8) and omitting the symbol £*) to:

a? [a—ak 1 1
[l 2]
oap | o a oy

Using (2.10) and (2.11) we have therefore obtained a representation for

“V2a=Q+ Q.

3 The bidomain model

Before starting our analysis on the multidomain model, we briefly summarize some known
results on the bidomain model (1.3), i.e., m = 2.



Remark 3.1. System (1.3) is equivalent to the following parabolic/elliptic system:
ey — ediv(Ty, (x, Ve(z)) + % F(u) =0,
div <T¢i($, Vw) + Ty, (2, Vo — vu)) —0,
obtained by taking the difference of the two equations in (1.3), and setting
U= Uj — Ue, w = uj.
Note that, in the linear case, the elliptic equation can be rewritten as
—div(T%(az, Vu)) + div((T¢i + Ty ) (x, Vw)) — 0.

Remark 3.2 (Degenerate variational structure). Let F' be the primitive of f vanishing
in s+. System (1.3) is the formal gradient flow of the functionals F,: L?(Q; R%) — [0, +o9]
defined as:

/Q {% [ai(Vv) + Oée(Vw)] + %F(v - w)} dz ifv,w € HY(Q),

400 otherwise,

Fe(v,w) = (3:2)

with respect to the degenerate scalar product

b((% w), (%ﬂ/}z)) = /Q(v —w) (Y1 — o) da.
Thus, system (1.3) can be reformulated as:

e (Oh(us, o), (o1, 2) ) + 0F (s o), (1,92) ) =0, (,0) € H'(UR?).
The following result is proven in [11, Theorem 2|, to which we refer for more details.

Theorem 3.3 (Well-posedness in the linear case). Let Q C RN be a bounded Lipschitz
domain. Suppose that

b1, o : 2 x (RN)* = [0, +00) are two convez linear anisotropies.
Let T > 0 and uw € L*(). Then there exists a pair
(1 ue) € (L2(0, T H'(©)))?
uniquely determined up to a family of additive time-dependent constants, with
Wi = € OO0, THL®) N L2(0.TsHNQ)), o e ([0, 7% LA(€).
such that (uj, ue) solves system (1.1) distributionally, with initial condition
u(0,-) = in Q, (3.3)
and zero Neumann boundary condition
Ty, (w, Vui(z)) - vo(r) = Ty, (7, Vue(z)) - vo(z) = 0, (t,x) € [0,T] x Q, (3.4)

where vo(x) stands for the inward unit vector normal to O at point x € OS).



The initial and boundary conditions (3.3), (3.4) are better understood remembering Remark
3.1.

Problem 3.4. To our best knowledge, a well-posedness result for the nonlinear bidomain
model (1.3) (even for ¢;, ¢ independent of x), coupled with (3.3) and (3.4), is an open
problem, and it is under investigation.

The next formal result is obtained in [4], using an asymptotic expansion argument, developed
up to the second order included.

Theorem 3.5 (Formal convergence in the linear case). Suppose that
b1, b = Q x (RN)* — [0, 400) are two convex linear anisotropies.

Let uj, ue and u = ue := u; — ue be given by Theorem 3.3, with initial condition ©w = Ue =
ue(0, -) well-prepared® and possibly depending on €, in particular so that

{r e Q:u(z) =0} =90F, e€(0,1),

where OF is smooth and compact in €.
Suppose furthermore that the combined anisotropy

D = ¢ x P s uniformly convex.

Then, for any t € [0,T) the sets {uc(t,-) = 0} formally converge!*, as e — 0%, to a hyper-
surface OE(t) evolving by anisotropic ®°-mean curvature for T > 0 sufficiently small, with
0E(0) = 0E.

Theorem 3.5 is related to the following result, obtained in [1].
Theorem 3.6 (I'-convergence in the linear case). Suppose that
b1, o : 2 x (RN)* = [0, +00) are two convez linear anisotropies.
Then
- there exists the T'(L*(;R?)) — lim, o+ Fe = F, and depends only on u =v — w.
- F is finite if and only if u € BV (Q;{s+}). Moreover

Flo,w) = /S oz, vy) dHN, (3.5)

where Sy is the jump set of u, vy(x) is a unit normal to Sy at x € Sy, and o is a convex

symmetric anisotropy'®.

In addition (assuming for simplicity that ¢; and ¢e, and hence o, are independent of x)

- {o(-) <1} contains the convezified of {¢i x g < 1},

- {o(-) < 1} is contained in the smallest ellipsoid circumscribing the convezified of {¢; %
¢e < 1} and tangent to it at the intersection with the coordinate axes. Moreover, the
strict inclusion holds whenever the two anisotropies are not proportional.

13See [4] for the details.

1With an expected speed rate of order ¢, up to logarithmic corrections.

151t is also possible to explicitly characterize o(z,-) as an infimum of an appropriate class of vector-valued
functions, see [1] for the details.

10



The following problem has been pointed out in [1].
Problem 3.7. Is it true that the unit ball of o coincides with the convexified of {¢;*pe < 1}7?

Problem 3.8. To our best knowledge, in the nonlinear case a I'-convergence result similar
to the one in Theorem 3.6 is an open problem, which is under investigation.

The following formal result, generalizing Theorem 3.5, is obtained in [7], using an asymptotic
expansion argument, developed up to the first order.

Theorem 3.9. Theorem 3.5 holds when ¢; and ¢o are two smooth symmetric uniformly
conver anisotropies, namely dropping the linearity assumption on Ty, and Ty .

Remark 3.10. Set w! = u;, w? = —u,, so that u := uj — ue = w! + w? and ue = —w?. Let
also
T¢1 = T¢i’ T¢2 = T¢e'

Then, observing that Ty, (z, —£*) = =T}y, (z,£*), we can rewrite system (1.3) as

edpu(t, ) — ediv(T¢l (:1:, Vuw!(t, :1:))) + %f(u(t, :1:)) =0,

(3.6)
1
edpu(t, ) — EdiV(T¢2 (1:, sz(t, 1:))) + Ef(u(t’ g;)) =0.
Note that (3.6), in turn, is equivalent to the parabolic/elliptic system
. 1 1
edpu(t, ) — 6d1V(T¢1 (z, Vw(t, 1:))) + Ef(u(t’ z)) =0,
(3.7)

div(TqS1 (z, Vw!(t, l‘))) = diV(T¢2 (z, Vw?(t, l‘)))

This observation will be the starting point of the asymptotic analysis of Section 5.

4 The nonlinear multidomain model

We come now to the main topic of this paper. First of all, in order to treat an arbitrary
number m of components, it seems convenient to rewrite the system in a slightly different
way'0 (which is the generalization of (3.6)), showing also more clearly the parabolic character
of the problem.

Accordingly, let m > 2, ¢1,...,¢m @ (RN)* — [0,4+00) be smooth symmetric uniformly
convex anisotropies, and consider the degenerate system of parabolic PDE’s:

O — ediv (Ty, (Vur)) + =f () =0, r=1,...,m,

in (0,7) xQ,  (4.1)

m
T
U = E w,
r=1
16 . _ . 1 _ 2
This, for m = 2, corresponds to write w™ = u;, W = —Ue.

11



in the unknown (w!,...,w™) € (H'([0,T];©2))™, where T,, = 1V 2 is allowed to be
nonlinear, r = 1,...,m (no summation on the index r is obviously understood in (4.1)).
Our aim is to formally show that, in the limit ¢ — 0T, solutions to (4.1) suitably approximate
a ®-anisotropic motion by mean curvature, where ® is the star-shaped combination of the
¢,’s, under the assumption that ® is smooth and uniformly convex. We will assume existence
of sufficiently smooth solutions to (4.1) (however, recall that even in the case m = 2, this is
an open problem, see Problem 3.4).

Remark 4.1 (Simplest possible case). Assume that there exists a smooth symmetric
uniformly convex anisotropy ¢ such that

for any r = 1,...,m there exists A, > 0 so that ¢, = A\, ¢.

If we put Ty := %V(bQ, system (4.1) can be rewritten as

€Oy — eA%div(T(b(Vwr)) + %f(u) =0, r=1,...,m,

- (4.2)
u= Z w”.
r=1
Suppose also that ¢ is a linear anisotropy, so that div(Ty(Vu)) = >, div(Tg(Vw")).
Dividing each parabolic equation in (4.1) by A2, summing over 7 = 1,..., m and dividing by

> ity 5z, we obtain
T

m -1
eOpu — 6(2 %) div<T¢(Vu)) + %f(u) =0. (4.3)

Hence, by formula (2.7) it follows that u satisfies the scalar Allen-Cahn’s equation where we
take as anisotropy the star-shaped combination ® of the original anisotropies, namely

edhu — ediv (Tp (V) + % Fw) =0 (4.4)

where as usual Ty = %V@Q. Under the previous assumptions, we summarize this more
precisely as follows. Let be given suitable functions % on {0} x Q and d*, ..., d™ on [0, T] x 09,
so that w = 7", d" on {0} x 9Q. If (w!,...,w™) solve (4.2) with an initial condition
S w" = 7w and m (Dirichlet) boundary conditions w” = d", for r = 1,...,m, then u :=
ot w” solves (4.4), with initial condition v = @ and Dirichlet boundary condition u =

2 d
Conversely, we can solve (4.2) with initial condition v = @ and m (Dirichlet) boundary

conditions w" = d", for r = 1,...,m by first solving the parabolic equation (4.4) (with
boundary condition given by u = >, d") and subsequently solving the first m — 1 linear
elliptic equations at each time t to recover the unknowns w',...,w™ !, and hence also the

last one w™ :=u — Z:;l w” . These elliptic equations are obtained by subtracting the first
equation in (4.2) from (4.4) and read as

A,%div(T¢(VwT)) - div(Tq,(vu)), (4.5)

with (Dirichlet) boundary condition w" = d".
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In the special case
A" = N2, rs=1,....m (4.6)

or equivalently
2 - 1 r o . S
M 2z i =2 (4.7)
s=1"9% s=1

we can recover the unknowns w” as

-1
S B AU |
w ':ﬁ Z)\—g Uu, r=1,..., m.

7\ s=1

Remark 4.2. Generalizing the previous cases (m = 2), one can transform (4.1) into a
parabolic equation and (m—1) elliptic equations. This suggests a way to assign initial/boundary
conditions for (4.1), in the form of one initial condition, and m Neumann or Dirichlet bound-
ary conditions.

5 Formal asymptotics of the multidomain model

In this section we perform a new formal asymptotic expansion for the nonlinear multidomain
model, assuming for simplicity f(s) = % ((1 — 82)2), in particular s+ = +1. The compu-
tations will be simpler, and at the same time more general'”, than those made in [7]. Due
to the strong reaction term, we expect the sum wu, := Y " ; w! to assume values near to £1
in most of the domain with a thin, smooth, transition region where it transversally crosses
the unstable zero of f. We will denote by QF = UL ({t} x QF(t)) the two phases. This
motivates the use of matched asymptotics in the outer 2~ UQ™T region (outer expansion) and
in the transition layer (inner expansion).

As a formal consequence (see (5.54) below), the front generated by (4.1) propagates with
the same law, up to an error of order O(e), as the front generated by a ®°-anisotropic mean
curvature flow starting from a smooth hypersurface 0F C ), where @ is the star-shaped
combination of the m original smooth uniformly convex!® anisotropies ¢1, ..., ¢m.
Remembering Remark 3.10, assuming independence of x of all ¢,, we write the system in the
convenient form

cpuc — ediv (T, (Vul)) + % Flud) =0,
div (7, (Vu)) = div(T, (V). 1<rs<m, 51)
Ue = zm: wy.

r=1

" This will be apparent particularly in the inner expansion of Section 5.2 below.
18 Convexity of all ¢, is necessary in order to make the multidomain model well-posed.
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This system consists of one parabolic equation and (m — 1) elliptic equations, to be coupled
with an initial condition at {¢t = 0}, which in particular is required to satisfy

{uc(0,-) =0} = OF, €€ (0,1), (5.2)
and m either Neumann or Dirichlet boundary conditions at UL, ({t} x 9Q). We restore in
this section the notational dependence on € for u = u and all w" = wy.

5.1 OQOuter expansion

Given r = 1,...,m, we expand formally u. and w! in terms of € € (0,1):
Ue = up + €up + Euy + ..., w' = wh + ew] + Ewh + ...
Substituting these expressions into the parabolic equation in (5.1) and using the expansion

uif" (uo)

Fud) = o) + e taayun + € (UL

+ﬂwwﬁ+0@x

we get
f(uo) = 0, ulf'(uo) =0.
Hence, excluding ug = 0 (the unstable zero of f), we get in (0,7) x Q,

up € {1, -1}, (5.3)
u; = 0. (5.4)

We denote by
ZO(t)v te (OvT)a (55)

the jump set of ug(t, -).
Coming back to the elliptic equations in (5.1), we find

div(T@(ng)) - div<T¢S(Vw8)) 1<rs<m

Zw@ =uy = ZVwS =0,

r=1 r=1
where the last implication is a consequence of (5.3).
Note also that 1

U :—diV<Tvar ), r=1,...,m. 5.7

2 f/(uo) @ ( O) ( )

Remark 5.1. (5.6) is a system of (m—1) nonlinear elliptic equations in the (m—1) unknown
functions wy) (for r = 2,...,m), since we can solve the algebraic equation in (5.6) with respect

1
to wy.
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Remark 5.2. It is important to notice that the boundary conditions across the limit interface
Yo(t), to be coupled with (5.6), will arise by matching the outer expansion with the inner
expansion, see (5.65) and (5.68) (jump conditions and jump of the normal derivative). We
assume the elliptic problem expressed by (5.6), (5.65), (5.68) (and augmented with Neumann
or Dirichlet boundary conditions on 92) to be solvable, thus providing wy(, for every r =
1,...,m, and therefore us by (5.7).

If we now perform a Taylor expansion for Ty, , we obtain

Ty, (1" + €C) = T, (") + M (1")C* + O(?),
where M" = %VQar, which can be used in the elliptic equations of (5.1) to get equations for
wy for any r =1,...,m, namely:

div(Mr(VwS)Vw{) = div(Ms(VwS)wa), 1<r,s<m.

Moreover, from the relation Y "' ; w! = u., and recalling from (5.4) that u; = 0, we obtain

m

Zw{ =0. (5.8)

r=1

By solving this latter algebraic equation with respect (for instance) to wi, and substituting
it into the previous equation we obtain a system of (m — 1) linear elliptic equations in the
unknowns wi, for r =2,...,m.

Remark 5.3. The outer expansion has been performed without assuming ® to be convex.

5.2 Inner expansion
For any € € (0,1) let us consider the set

E(t):={z € Q : uJt,z) >0},
the boundary of which will be denoted by

Ye(t) ={z € Q : ut,x) = 0}. (5.9)
Our aim is to formally identify the geometric evolution law of ¥¢(t) as € — 0.
For r =1,..., m we seek the shape, in the transition layer, of functions w; satisfying
€2y, — eZdiv(T(br(sz)) +flu) =0, r=1,...,m, (5.10)

m
with ue = Z w,. We put, as usual,
r=1
2 1 T 1 2
o 1= ¢, Ty, = §Vozr, M" = §V Qr, r=1,...,m,
so that, by Euler’s identities for homogeneus functions, we have
ap(€) =Ty, (€ -6 = MT(EME - &, € e RM)" (5.11)
Remember that the matrix M"™ depends on the covector £, unless ¢, is a linear anisotropy

(i.e., unless Ty, is linear).
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5.2.1 Main assumptions and basic notation

We assume in this section that
the star shaped combination ®? is smooth, symmetric and uniformly convex.

This allows to look at ® as the dual of a smooth uniformly convex anisotropy ¢ defined in
RN
O = ¢?, namely © =D (5.12)

Keeping the simpler symbol ¢ instead of ®°, we can accordingly introduce the @-anisotropic
distance d,, (i.e., dy(x,y) = ¢(y—x)), and the ¢-signed distance function from 3. (t) (positive
in the interior of E.(t)):

¢ (t,x) := dy (v, RN \ Ec(t)) — dy(z, Ec(t)).
Following [4], it is convenient to introduce the stretched variable y defined as

df (t, @)

€

y=yl(t,x) =
We parametrize ¥.(t) with a parameter
sex, (5.13)

Y a fixed reference (N — 1)-dimensional smooth manifold, and the function x(s, ¢; €) gives
the position in 2 of the point s at time t.
We let, for z in a tubular neighbourhood of ¥.(t),

nf(t,z) == —To(Vd?(t,x)) (5.14)

be the (outward) Cahn-Hoffman’s vector field (remember the notation in (5.12)), for which
we suppose the expansion:
nf :=nj +enf +...

Points on the evolving manifold ¥ (t) are assumed to move in the direction of nZ, i.e.,
Owx(s, t; ) = VP n?,

where V7 is positive for an expanding set, and where we assume the validity of the following
expansion:
VE=Vy + eV + V) + .. (5.15)

The anisotropic projection of a point z on X.(¢) will be denoted by sf(t,z), which satisfies
8ys? = 0. (5.16)

Hence
Od? (t, ) = VZ (sf(t, @), t). (5.17)
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We also recall (see [8, 6]) that div (Tp(Vdf)) gives the anisotropic mean curvature of the level

hypersurface at that point and can be approximated by the anisotropic mean curvature x¢

of ¥¢(t) (positive when E(t) is uniformly convex) as follows
div (To (VAE (1, 7)) = =2 (sE (1, 2), 1) — ey hE (s (£ ), 1) + O(2(E)?) (5.18)
for a suitable h¢ depending on the local shape of ¥¢(t). We assume the expansions
K = K +exf + O(e), h¢ = h§ + O(e). (5.19)

With abuse of notation, for a given €, we let x(y; s, t) be the point of Q having signed distance
ey and projection s on X (t). We have

z(y; s, t) = x(s, t) — eyn? + O(%9?). (5.20)

For a given ¢, the triplet (y; s, ) will parametrize a tubular neighbourhood of U,e (o 1y ({t} x
Ye(t)). We look for functions U.(y; s, t) and W/ (y; s, t, x) (r = 1,..., m) respectively so
that

df (t
ue(t,z) = UL (M,sf(t,x),t> , (5.21)
€
de (t
wl (t,x) =W/, ( ( ’x),sf(t,m),t,x> , r=1,...,m, (5.22)
€
with .
> W =U.. (5.23)
r=1

Remark 5.4. Formula (5.21) defines uniquely the function U, since to evey (t,z) there
corresponds uniquely the triplet (y, s,t). This observation does not apply to (5.22), in view
of the explicit dependence of the functions W/ on x.

We shall write

W! =W§ +eW{ = W§ + eW{ + Wy, r=1,...,m, (5.24)
where W and W7 are allowed to depend explicitly on x (and hence on €). We suppose the
remainders WY, W3 to be bounded as ¢ — 0%.
We let also 1

ST = §V30¢T:VMT, r=1,...,m,
be the 3-indices, (—1)-homogeneus completely symmetric tensor given by the third derivatives
of %ar: in components we have
Sfjk = ViMij, r=1,...,m,

where Vi = 6%}:. Finally, for any k,j = 1,..., N, we introduce the notation

MYy, o= (M7, ... ME,) = STk Shan),  r=1...,m.

Warning: We will adopt the convention of summation on repeated indices, with the exception
of the index r, for which the explicit symbol > ", will be always used. For instance, in
formulas (5.28), (5.32), (5.33), (5.34) and (5.84) below, no summation on 7 is understood.
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5.2.2 Preliminary expansions

Now we begin to Taylor—-expand all terms in (5.10). We have, using the convention of sum-
mation on repeated indices,

Ou, = € Uesﬂ 8t8 + €U 0,d? + € Uy = UV +¢€ U, (5.25)

where we used (5.16) and (5.17).
We write
Ue = Uy + eUy o = Up + €Uy + €U, (5.26)

where we require Uy and U; not to depend on e.
Using Taylor’s expansion of the nonlinearity f, we get

F(U) = F(T0) + e f (Un) + 5 (U1 (To) + O(). (5.27)

To expand the divergence term, we need some additional work. First of all, by Taylor—
expanding the operator Ty, , we get

Ty, (" + €C*) = Ty, (") + €M7 ()G + 28T (1)G G+ O(),
so that, for any r=1,...,m,
T, (Vur)
= T, (W' Va2 + EWE, sty + V)

= W T¢T(Vdf) + EWL M (VdE) Vst + M (Vd? ) VW] (5.28)

€S3

ST (Vd?) [We’;ﬂ&% $85+ O, WT} [Wg“sﬁaxkseﬁ + 0y W

QWT’

+ O(Y).

Remark 5.5. Since we still have to apply the divergence operator (which produces an extra
¢! factor), we need to go through the €3 term in (5.28). We also observe that the term O(e?)
in (5.28) is actually a term of order O ((—:4 W{«,Q
O(e*): indeed, from (5.44) below it follows that W/’ is nonvanishing in the transition layer.

) which, a posteriori, turns out to be of order

We now recall that by Euler’s identities for homogeneous functions we have
Ty (€)= ViTy (€€, & € RY), (5:29)
which implies
Ty, (Vd?) - stﬂ = MT(Vdf)stﬁ -Vd?, r=1,...,m. (5.30)
Differentiating (5.29) with respect to & and using the notation V% = #{;5;, we also have

V3T (€6 = STyéf =0eRY, ¢ e ®Y), k=1,...,N,
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which implies
L (Vd2)VidE = 0, g k=1,....N, r=1,...,m. (5.31)

For any r = 1,...,m, we compute, using (5.30),
Ediv(M" (Vd?)VW!)
_ 20, (M%(Vdf)W:x)
= T, (Vd?) - VW' (5.32)
+ EW, div (M5(Vd?)) + M7 (V) Vs, - VW,
VAV Vel T
te Wexlx]Mz](Vdf)
By differentiating (5.28) we obtain, using also (5.11),
div (Ty, (Vw?))
= a,(VAOYW!" +2eW[, | Ty, (Vd?) - Vs?

€S

+2€ Ty, (Vd?) - VW' + eW!" div(Ty, (Vdf))

+EWL o MT(VAE)Vsy - Vsl + M (VdE) Vst - VW,
ros r (5.33)
+ WL div (M (Vdf)stﬂ)
+ EWL div (M5(VdE)) + € M7 (Vd2)Vsly - VW
+ EWlp MI(VAE)
+ 0(63),

where we notice that no contribution of order larger than (’)(63) can come from the O(e?)
term in (5.28) — because they can only be produced via differentiation with respect to y,
which in turn gives rise to a scalar product between Vd¢ and the tensor S”(Vd¢) (which in
the end vanishes, due to Euler’s identities (5.31)).

Hence, in terms of U, and W/, the expansion of the r-th parabolic equation in (5.10), for
r=1,..., m, reads as, using also (5.25),

0= —a, (VdO )W + f(U.)
+ e(VfU; — WL Ty, (VdP) - Vséy — 2Ty, (Vd?) - VW — W!'div (T¢T(Vdf)))
+é (Uet — W, M (Vd?)VsE, - Vs — 2M7(VdE)Vses - VIV,

— W, div(M7(Vd9)VsE,) = W div (MG(Vd?)) = W, . Mi(Vd?))

+ (9(63).
(5.34)
5.2.3 Order 0
Recall [8] that Vdf satisfies the anisotropic eikonal equation
(®(Vd¥))? =1 (5.35)
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in the evolving transition layer.
Assuming the formal expansion

d? = df + ed? + d5 + O(e%), (5.36)

where djj (t,-) is the ¢-signed distance from X (¢) (positive in the interior of {ug(t,) = 1}),
equation (5.35) leads to

1 =®*(Vdf) +2eT5(Vd]) - VdY

5.37
+ €2 (2T¢(Vd§) -Vd§ + VTe(Vd5)VdS - Vdf) +O(é%), (5:37)
which in particular entails:
d*(Vdf) =1, (5.38)
Te(VdY) - Vdy =0, (5.39)
2T5(VdE) - Vdy + VTe(VdE)VdY - Vd] =0
(the latter equation will not be used in what follows).
Using formula (2.7), equation (5.38) reads as
i 1 1, (5.40)
ar(Vdg (¢, )

r=1
again for all z in a suitable tubular neighbourhood of ¥ (t).
Remark 5.6 (Weights). The quantities

1
- — 1.
avdy T o™

[43

can be used as “weights” to obtain a weighted mean of equations (5.34). This observation
will be crucial in the sequel.

Collecting all terms of order zero in e from each parabolic equation (5.34), dividing by
a,(Vdy), summing r = 1,...,m and using (5.40), we obtain

~Uy + f(Uo) =0, (5.41)

where we used expansions (5.24), (5.26), (5.27), (5.36) for U., W7, f(U.), d¢, and we have
employed (5.23).
The only admissible solution of (5.41) (see for instance [5, 4]) is the standard standing wave

Uo(y, S, t) = 7(?/)7 y €R, (542)

where v(y) = tgh(cy) (here ¢ is a constant only depending on f); in particular, Uy does not
depend on (s, t).
Now we can recover each of the m functions W(, r = 1,...,m, by substituting f(Uy) = U}/
into (5.34):

a (VdE )W = UY =+
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Hence

1 1
W' = —=—=Ul = —==1", =1,...,m. 5.43
o (VdD) 0 T an(vdg) ! " " (5.43)
We also get by integration'
1 1
" 4 ! r=1,...,m. (5.44)

Wo' = ozr(Vdg)UO " (V)

Remark 5.7. The functions W}’ depend explicitly on z (and on ¢) through the coefficient

—L . They are, on the other hand, independent of s.
or(VdE)

5.2.4 Order 1

Let us consider the terms of order € in equations (5.34). To this aim, we use the representation
of %VZCB = Q + Qo given in section 2.1 for o = ®2, namely

2 1 T
Q =« ; Oé% M 9
where
Qo) =0, & e (RY), (5.45)

Remember that by Euler’s identities for homogeneous functions we have
* 1 *\ Sk * * * *
To(€") = 3V7a(E)E = (QE) + Qo€ ¢, ce ®Y)"
Hence, using (5.45),

T (V) :(Q(wg) + Qo(vczg))wg

“ 1
_ OV P — ©1)2 T P ©
m
— = M"(Vd})Vd,

2 (vt VIV
where the last equality follows from (5.35).
Therefore

div (Tp(VdS)) Zdw( v d“")) T@(wg’)) (5.47)

For each r =1,..., m, we now collect all terms of order one in (5.34).

Remembering once more that Uy = v and W]’ do not depend explicitly on s and ¢ so that in
particular Wors/ﬁ = (0, we obtain

— ap (VAOYW]" — 2W5" T, (VdE) - Vd? + f'(y)U;

5.48
LV = 2T, (VdE) - VWY — We'div (T,, (V) = 0 (549

9See Section 5.2.5 below, and in particular equation (5.63).
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where we have taken into account that the term
—a, (VA YWT" = 2W( " Ty (VdE) - Vdf + f/(7)Un
arises from the expansion at the order € of the first line on the right hand side of (5.34).

Using formula (5.44), equation (5.48) can be rewritten as

Ty, (Vdy) - Vdf

— ar (VYW — 29" + f'(v)Us

ar(Vdy)
/% W 1 : © 2 © 1 _
/Y =0V | e (T (VD) + s T (V) - s | =0
(5.49)
Since VO%% = O%Va%, the expression in square brackets is simply
div(m%(wg)), r=1,...,m. (5.50)

Recalling (5.47), the sum over » = 1,...,m of the latter divergences gives div (Ts(Vdy)).
The weighted sum of equations (5.49) finally produces

—L(Uy) = [V - div (To(Va5)) |

where
L(g) :==—g"+ (7).
and we make use of (5.39).
Recall now that from (5.18) and the expansions of x¢ it follows
div (Tp(Vd?)) = —k§ — ex? — eyhf + O(*y?), (5.51)
in particular
div (Te(Vdy)) = —kK§.
We then obtain
LU = [VO“’ n ng} . (5.52)

We recall now from [5, 4, 3] that for equation —L(g) = v to be solvable, we must enforce the
orthogonality condition

/ v dy = 0. (5.53)
R
This and (5.52) imply the remarkable fact
VY = —kg, (5.54)
so that
Ui = 0. (5.55)
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Remark 5.8 (Convergence to anisotropic mean curvature flow). Note carefully that
(5.54) justifies the convergence of solutions of system (1.4) to ®°-anisotropic mean curvature
flow.

Substituting (5.54) and (5.55) in (5.49), dividing by o, (Vd{) and recalling that the square
bracket in (5.49) equals (5.50), we end up with the equation for W7, for any r =1,...,m:

" 1 AVaZ /3: 1
(S S AN/ [ [ — Y v
Wl aT(Vdoap)’Y VO 7 awv (@T(Vdg))2 ¢r(v O)
o Ty, (vdé)o) ) Vdf
(o (VdF))?

(5.56)
= div(Ta(VdE)) — A div (T, (VdE)
ar (VdY) (an(Vdg))2 o0
(e (Vdg))>
since, from (5.51) and (5.54),
div (Te(Vdy)) = Vi
As a consequence, recalling (5.40), (5.47) and (5.39), we have
S Wi =uy =0, (5.57)
r=1
where the last equality follows from (5.55).
Equation (5.56) can be written as?’
Wi =+"|div _ (Vdg) | — div _ (Vdg)
: o (Vg) (o (V)2 770
S (5.58)
1 T, (Vdf) - Vd
—Te(Vd) Ve | — 29220 L
O an(Vdy) (o (VdE))?
From (5.57) it follows that » -, W] minus a linear function vanishes, namely
ZW{ -U; = Cly—i-Co.
r=1
We now claim that Cy = Cy = 0, and hence
> Wi =Ui(=0). (5.59)
r=1

20 Although written in a somewhat different form, this result coincides with that of [4], where d? has not
been expanded (hence df appears in place of df in (5.58), and accordingly the last addendum is not present).
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The constant C turns out to be zero for the following argument: as a consequence of (5.23)
and (5.9),

0= U.(0,¢, ) ZW’“om e (0,1),

which implies

m
> W0, t,z)=0, >0

and hence Cy = 0.
For what concerns the constant C;, we have, using (5.72) below and (5.39),

=fj {o-ner +w6’}-
r=1
On the other hand, from (5.70) below, it follows > | wj’ = 0, so that Cy = (y — 1) zm: o".
r=1
In order to conclude the proof of claim (5.59) it is enough to observe that i ©" =0, asa
r=1

consequence of the expression of O in (5.72), and of (5.40) and (5.47), and so C; = 0.

5.2.5 Matching procedure

We are now in a position to recover the first term wy of the outer expansion of w, by adding
to (5.6) a jump condition for wf, and a condition for ng§ - Vw{, across the 1nterface Yo(t),
defined as the boundary of the external phase {uy(t,-) = 1} (see (5.5)). We set

Se(t) = {z + eor(s,)nf + O(e2) : € Do(t)}, (5.60)

for a suitable o1: ¥ x R — R, where X is the reference manifold in (5.13).
We will make use of the change of variables (5.20), and we will match the two expansions in
the region of common validity |y| — +oc and z approaching Y (t):

wl (t,x(s,t) — eyn? + O(€y%)) = W/ (y; s, t,2(s,t) — eyn? + O(y?)).

By expanding the left and right hand sides, understanding that w/ is computed at points
x(s,t) € Xe(t), we get

w! — eyn? - V' + O(2y?) =~ W/ — eyn? - VW + O(*y?), r=1,...,m.
Expanding w?, W/ in powers of €, and matching the first two orders, we get in particular

lim Wy(y,s(t,x),t,z) = wy(t, ), (5.61)
y—+too
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and

tim {W(y,s(t.2),t,2) = wilt,2) = y(nf - VWG (g, s(t,2).t,0) = nf - Vup(t,2)) | =0,
y—=00

(5.62)
where w;; and w] are evaluated at each side of the interface according to when y goes to plus
or minus infinity.
Equality (5.61) in particular suggests

lim W}'(y, s(t,z),t,z) =0, r=1,...,m, (5.63)
y—=+o0
and the jump [wj] of wj across the interface is given by

[wol (s / s(t,z),t,x) dy, r=1,...,m. (5.64)

From (5.44) we get
r €o
S —1,...,m, 5.65
[wo] (V) r m ( )

where

co = / v dy € (0, 4+00).
R

To obtain the equation involving the conormal derivative, we formally differentiate equation
(5.62):

lim {W{'(y,s(t, ), t,x) —ng - VW (y, s(t,2),t,2) } = —ng - Vwi(t, z), (5.66)

y—Foo

where we used also the fact that

hm yno vVI/VO (ya ( )7t7$):07

y—o0

since VW§' = v'V—c= (de

same reason, W/’ is also bounded, thus

3 by (5.44) and ' decays exponentially to 0 as y — +o0o. For the

- Vugl(t.) = [ (W0 s(t.0).ta) = nf - IWE (g s(t.0).t0)) g (560

Coupling (5.67) with (5.56) and (5.44), and recalling from (5.14) that nf = —Te(Vd{) we
end up with
To(Vdg) —

—[ng - Vug] = co div [ Ty (Vd2)|,  r=1,...,m. (5.68)

1
ar(Vdy) az(Vdg)
The two jump conditions on wg across Y(t), together with the far field equation (5.6) and
appropriate boundary conditions at 0€) allow to retrieve a unique solution wy.

If we integrate (5.44), and use the matching condition for wy in (5.61), we get for Wy the

expression
T 1 r+
Wy = m(y—l)—i—wo (s,t), r=1,...,m, (5.69)
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where wj; T is the trace on ¥o(t) of wjj from the external phase {ug(t,-) = 1}. In particular

m
> wpt =1 (5.70)
r=1

Thus

1
Wi, =wil,  YWe=( -1V VWG, =0
5.71
T r+ T 1 ( )
WOs[gs(; = w05555’ WO:L'i:L'j = (7 B 1)8751'%' a_

T

In a similar fashion we can integrate (5.56), and use the matching condition (5.66), to get,
for any r=1,...,m,

W = (1) {mdiv (To(Vd?)) — div (WT@(Vdg)) }

Ty, (VdE) - Vdf
(ar(Vd))?

=(y = 1DO"(t,x) - 29

—29 +wpy (s, 1) (5.72)

Ty, (VdE) - Vdf
(ar(Vd))?

+ wy' (s, 1),

where
wy = Te(VdE) - Vwy ™,

and ©" is a shorthand for the expression in braces. Observe that only the last term explicitly

depends on s, while the other terms depend on y (by means of v) and on x (by means of ©").
Thus

Ty, (Vdy) - VdY
(ar(Vdg))?

VW' = (v - 1)VO" — 2¢'V < (5.74)
Remark 5.9. Note that the jump in the conormal derivative [n{ - Vwj] vanishes in the
special case of equal anisotropic ratio, which, in our context, consists of choosing, for every
r=1,...,m, a = A\.@ with some given smooth symmetric uniformly convex squared
anisotropy @ and positive A, (indeed, in this case eikonal equation (5.40) leads to a(Vdy) =

S A

Remark 5.10. Given r = 1,...,m, the function W7 (-, ¢, z) is expected to have linear growth
at infinity (independent of €)?!'; observe, however, that > e, W[ (-,¢t,z) = 0, see (5.59).
5.2.6 Order 2

We end our asymptotic analysis considering the O(€?) terms in equation (5.34), which repre-
sents an improvement with respect to [7] (in which expansions are performed only up to the

2 Differently with respect to W¢ (-, ¢, x), which is expected to be bounded at infinity.
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order O(e) and m = 2). Recall that Uj =+ depends only on y and that U; = 0. Then the
terms of order O(e?) arising from the first line on the right hand side of (5.34) are:

— o, (VAW — 2W{"T, (Vdf) -V

5.75
- [2T¢T(Vdg) -NdS + M (VAS)VdT - VAT WS+ f () Us. (5:75)

The terms of order O(e) arising from the terms in the round parentheses in the second line
of (5.34) are:

FVE = 2W]! T, (VdF) - ngﬁ — 2Ty (VdE) - VW'

o 5.76
—2M"(Vd§)\VdY - VWG — Wi'div(Ty, (Vd)) — W§'div(M"(Vd])VdY). (5.76)
Note that, using (5.73), if we set
A" = —2W{s/ﬂT¢T(Vdg) . ngﬁ, (5.77)
then A" is independent of y, hence
/'y'Ar dy = AT/ v dy = cpA”. (5.78)
R R

Remark 5.11. The term A" is independent of df.

The terms of order O(1) arising from the terms in the round parentheses in the third and
fourth lines of (5.34) are:

W M7 (V)Y - Vs — 2M7 (V) Vs, - VIV,
T3 r T r r r r (579)
- WOSBdw(M (Vdg)ngﬁ) — W, div (M(VdE)) — Wy o M (VdE) =: B,

where B" is independent of y. Observe that, from (5.69) and (5.71), it follows that the y-
dependence of B is through ~ only in the term W&j, which is the only term that does not
contribute when integrated on R against 7/. All the other terms contribute, so that

/R Y BT dy = co(B" — W, div (M7(Vd§) — W, Mj;(Vdy). (5.80)
Remark 5.12. The term B" is independent of df .

Collecting together (5.75), (5.76) and (5.79) we get
— (VWS — 2W{" T, (V) - Vdf
= 27, (Vd§) - Vg + MT(Va)Vdf - df WG + f()Us
YV = 2Wi Ty, (V) - Vs — 2T, (Vdy) - VIV
—2M"(VdE)Vdf - VW' — W{/div(T¢r(Vdg)) — Wg/diV(MT(Vdg)Vdf) + B".

(5.81)
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Before continuing, let us write (5.72) in the form
Ty, (Vdg) - Vdf

WT/ — _27/
(er (Vd§))?

+Cr, (5.82)

where
O = (y = 1O +uf),

so that C" depends on y only through the term ~(y)O" (¢, x), and therefore
/ 7 CTdy =co (0" +uwy') . (5.83)
R

Remark 5.13. The term C” is independent of d7.
Substituting (5.43), (5.44), (5.58), (5.82) into (5.81), and reordering terms we get, for any
r=1,...,m,
0= — o (VA )W3" + Usf'(v) + 7'V
K Ty, (VdY)
+ {QT (V) - Vdf [70 +div <70>} }
PR Lan (V) (ar(Vdg))?
Ty, (Vdg) - Vdf
(ar(VdF))?

+ 49Ty, (Vdg) - V (

2y M (Vo) Ve -V (W) (5.84)

/ 1 .
A div(MT(VdE)Vd]
~ Ozr(Vdg) 1V( (Vdi )V 1)

O\ TP
i (T, (V45)

+AT+BT+CT+’Y”DT,

+ 29/

where

o . (L6 (Vdg) -V} 2 [2T¢T(Vdg) - Vd§ + M"(Vd§)Vdf - Vdf]
N ar(Vdy) ar(Vdy) ’
Remark 5.14. Note that D" depends on df, however

/ ~'y" D" dy = Dr/ ~'y" dy = 0. (5.85)
R R

Let us now focus the attention to (5.84), where for the moment we neglect the first line and
the term A" +yB" + C" 4+ D": dividing by a,(Vdy) we have

2T, (VdE) - Vdf o 2T, (VdE) - Vdf div( Ty, (VdE) )
(ar(Vdg))2 ar(Vdg) (0 (V)2
Ty, (VdE) Ty, (Vd) - Vdf Ty, (VdE) - Vdf .
i ¥ (o) T ey T (V) (586)
2 . 1 1 , .
_ oTVdg)M (Vdo)Vdy -V (%(w@) — (ar(wg))de(M (Vdy)vdy)

28



Observe now that the first term in (5.86) will disappear when summing up on r = 1,...,m,

thanks again to (5.46) and (5.38). Moreover, the two terms in last line of (5.86) can be put

M7 (Vd2)VdSE

together giving div ( ) so that, summing up on r, we get:

T (VA
Ty, (V) - Vdf Ty, (Vdf) Ty, (VdG) o [Ty, (Vdf) - Vdf
22 awae Y mmee) Tl awa Y\ T e
r—1 T 0 T 0 1 T 0 T 0
T, (Vdf) ::VEd MT Vd“")v;’F (5:87)
¢>r 1 2
2 divTy, (VdE) div ( Y40 Ve
! g (0 (VD)) o Z ”< ~(Vdf))2 )
=G =H

Recall now that —x{ — yh§ = div(VTs(Vd])Vdy). Using formulas (2.10), (2.11), and the
relations Vo, = 2T¢T, P2(VdF) = 1, we get

Mr Vd“" Vd‘/’ = ar Vd“")

1 @ , ©
: ; w ( T ey V) & VsV ).

Adding and subtracting the term 47" | div ( Ty, (Vd]) @ Ty, (Vdg)Vd“f) it follows

1
(ar (VdE))*

= .. M”(Vd“" Vd‘/’ ar Vd‘p)
r=1 T

1 o "
+4Zdw< A j(Vdg))2T¢r(Vd0)®T¢j(Vdg)Vd1>

- 42 div ( © dg,)) T, (Vd§) ® T¢T(Vd“")Vd“">

Fixing one of the two indices r, j, for instance r, and summing over the other one j =1,...,m,
we get

Z div ( Vd¢)) 1(aj(Vd0<p))2T¢T (Vdf) ® T@.(Vdﬁ)Vdf) =0,

thanks again to eikonal equation (5.38). We deduce

r ® P Qy P
—K{ —yhg Zd <%) 4Zd <%v7(j¢)d))(7’¢rwd§)'Vd“f)Tm(Vdg))

4Zd”( (o w» 176, (Vg >®T¢T<w€>wf)
r go ")
_Zd <%> — 4Zdlv< Vd“o)) (T¢T(Vd¢) Vdf)T@(Vdg))
::I,
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where we used
T, (VdE) & Ty, (VA)Vdf = (Ty, (V) - V)T, (V).
We claim now that 7 + yhg is equal to (5.87) — namely:
E+F+G+H+I1=0. (5.88)

We first observe that the first term appearing in I cancels with H, so that it is enough to
show

m . 1
r=1 r

ie.,

Ty, (VdE) - Vdf Ty, (VdY) L Ty, (VdY) Ty, (Vd) - Vdf
QZ a( de Hdiv ((a (de(i)2> +4Z O‘T(Vd({))) . ( (ar(v(]dg))2 1)

Ty, (Vdf) - Vd 1

2§:¢ ) ]dvT(vﬁ’—4Z}m(6a§%$ﬂ%4mﬁyvﬁﬂ@mm@>
r=1

(5.89)

The right hand side of (5.89) can be rewritten as

4Zdlv< Vd“")) (TQST(Vde) Vdf)qur(Vdg))

(aur( Vd‘p a,(Vdy) ar(Vdy) aZ(Vdy) ’

so that its last addendum cancels with F. Thus, in order to show (5.88) it remains to prove
that

T, dc/) d“o T, d T, dc/) dc/)

o (Vdf) ( (. (VdY))
T dg) - vdf Ty (VdE
42 ¢r v v d @r( O)
(. (Vd)) ar(Vdg)

or equivalently

3~ Lo (V) - Vi {div ( T, (Vdg) ) | div (T, (Vdp))

2 o (V) (@ (Va)Z) T e (Vdg))? o0
2 o (Te (VA | _ .
or (Va7 <ar<w€>>}‘0'
Using the identity
o To(Vdg) N _ 1 (T, (VdG)\ | Ty, (Vdg) 1
4 <<ar<w§>>2>‘ar<wg>d <ar<wg>>+ar<wg> V<ar<wg>>’
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it follows that, for any » = 1,...,m, the quantity in braces in (5.90) becomes

o (0) o (L) L) 1y (1Y),

a, (Vd) vdg) (e (VdD))?  on(VdY) a,(Vdf)

(5.91)

which is identically zero. This concludes the proof of our claim (5.88).

From (5.84), summing over = 1,..., m and using (5.40) we deduce
|
0= —U"+ Ut aves ® 'he AT BT+ T "l
2 + U2 () + 7 (V7 + w1) + 47 hg +;7ar(wg> [A"+B"+C" +4"D"]

Note that we have used Uy = > 7" | W3 in general it may happen that Uy —Y " | W3 = O(e),
but we have the freedom?? to redefine the functions W3 up to discrepancies of order O(e),
and put the subsequent errors in the terms Uz and W3, which we are not interested in.

Recalling (5.78), (5.80), (5.83) and (5.85), and observing also that
/ yy'y' dy =0,
R

(so that the orthogonality condition (5.53) leads to drop out the terms with Ag), we end up
with the following integrability condition:

0 =c1 (V¥ +KY) + coG,

o= [P ay

m 1 ,
= — A"+ B" " .
G ;a(Vdg)/Rfy( +B"+C") dy

The term G is presumably nonzero, which shows that, in general, V;” is nonzero. This is
a difference with respect to the formal asymptotic analysis of the anisotropic Allen-Cahn’s
equation [5, 4, 3], and suggests an O(e)-error estimate between the geometric front and ¥ (t)
(while, in the Allen-Cahn’s equation, the estimate can be improved to the order O(e?)).

where

and

Remark 5.15 (Approximate evolution law and forcing term). The integrability con-
dition for function Us relates V;* and s and together with the integrability condition for Uy
leads to the approximate evolution law

¢
V.= —k? — e2G + O(?)
C1
for ¥.. By dropping the O(€?) term we obtain a new approximation ¥; of ¥, which we
assume to have an O(e2?) error. This allows in turn to recover the O(e) term for the signed
distance df by taking the difference between the signed distance from X;(¢) and the signed

22This is because enforcing the relation between (¢,z) and (y, s,t, ) introduces a dependence on .
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distance from 3¢(¢) and dividing by e. Now we can recover the functions W7 (which indeed
depend on Vdf) and solve the differential equation for Uy (which also depends on VdY) to
get Us. This argument works provided G does not depend on df, since it is also through G
that the function Us is determined. We see from Remarks 5.11, 5.12, 5.13 and the properties
of D", that the function G is indeed independent of df.

Problem 5.16. Investigate on the existence and regularity of solutions to the elliptic equation
(5.6), coupled with (5.65), (5.68), leading to the function wy for any r =1,...,m.
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