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ABSTRACT. This paper is devoted to the investigation of the boundary regu-
larity for the Poisson equation

—Au=f in Q
u=20 on 9N
where f belongs to some LP(Q2) and € is a Reifenberg-flat domain of R™. More

precisely, we prove that given an exponent « € (0,1), there exists an € > 0
such that the solution u to the previous system is locally Hoélder continuous
provided that Q2 is (g, ro)-Reifenberg-flat. The proof is based on Alt-Caffarelli-
Friedman’s monotonicity formula and Morrey-Campanato theorem.

The goal of the present paper is to prove a boundary regularity result for the
Poisson equation with homogeneous Dirichlet boundary conditions in non smooth
domains. We consider the case of Reifenberg-flat domains as given by the following
definition

Definition 0.1. Let €,7¢ be two real numbers satisfying 0 < ¢ < 1/2 and ro > 0.
An (g, 7g)-Reifenberg-flat domain Q C RY is an open, bounded, and connected set
satisfying the two following conditions :

(i) for every & € 99 and for any r < rg, there exists a hyperplane P(z,r) containing
x which satisfies

1
;dH(aﬁ N B(z,r), P(z,r) N B(z,r)) <e.
(ii) for every = € 0%, one of the connected component of
B(z,ro) N {x;d(z, P(x,10)) > 2er0}

is contained in € and the other one is contained in °.
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We consider the following problem in the (g, 7)-Reifenberg-flat domain Q ¢ RV

for some f € LI(Q),
—Au=f inQ
P1
(P1) { u=0 on 9N

Reifenberg-flat domains are less smooth than Lipschitz domains and it is well
known that we cannot expect more regularity than Holder for boundary regularity
of the Poisson equation in Lipschitz domains (see [9], [18, Remark 17], or [10]).

Historically, Reifenberg-flat domains came into consideration because of their
relationship with the regularity of the Poisson kernel and the harmonic measure,
as shown in a series of famous and deep papers by Kenig and Toro (see for e.g.
[12, 13, 14, 20]). In particular, they are Non Tangentially Accessible (in short
NTA) domains as described in [11]. Notice that the Poisson kernel is defined as
related to the solution of the equation —Au = 0 in Q with v = f on 9. In this
paper we consider the equation (P1) which is of different nature. However, our
regularity result is again based on the monotonicity formula of Alt, Caffarelli and
Friedman [1], which is known to be one of the key estimate in the study harmonic
measure as well.

More recently, regularity of elliptic PDEs in Reifenberg-flat domains has been
studied by Byun and Wang in [6, 5, 2, 3, 4] (see also the references therein). One
of their main result regarding to equation of the type of (P1) is the existence of a
global WP(Q) bound on the solution. This fact will be used in Corollary 2 below.

The case of domains of R has been investigated by Caffarelli and Peral [7]. See
also [10] for the case of Lipschitz domains. Some other type of elliptic problems in
Reifenberg-flat domains can be found in [16, 17, 15, 19, 18].

The present paper is the first step towards a general boundary regularity theory
for elliptic PDEs in divergence form on Reifenberg-flat domains, that might be

pursued in some future work. Our main result is the following.

Theorem 0.2. Letp,q,pg > 1 be some exponents satisfying %—&—% = p%) and pg > %

Let o > 0 be any given exponent such that

N

Po — 5

1 o< —=,
() Do

Then one can find an ¢ = (N, ) such that the following holds. Let @ C RN be

an (g,r9)-Reifenberg-flat domain for some ro > 0, and let u be a solution for the
problem (P1) in Q with uw € LP(Q) and f € LI(Q). Then

u € C¥(B(z,70/12) NQ) Va Q.
Moreover ||U||CO,Q(B(LTO/12)Q§) < C(N7 To, &, Po, HU’HP’ Hf”q)

Observe that in the statement of Theorem 0.2, some a priori LP integrability on
u is needed to get some Holder regularity. In what follows we shall see at least
two situations where we know that u € LP for some p > 2, and consequently state
two Corollaries where the integrability hypothesis is given on f only, without any
a priori requierement on u.
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First, notice that when f € L%(Q) for 2 < ¢ < +oo, then the application
v [, vfdz is a bounded Linear form on I/Vol’2 (©), endowed with the scalar prod-
uct fQ Vu - Vv dx. Therefore, using Riesz representation Theorem we deduce the
existence of a unique weak solution u € W,*(Q) for the problem (P1). Moreover,
the Sobolev inequality says that u € L2 (Q), with 2* = % Some simple compu-
tations shows that in this situation, v and f verify the statement of Theorem 0.2

provided that 2 < N < 5, which leads to the following corollary.

Corollary 1. Assume that 2 < N <5 and let q € I be given where

]N{(p&m) if N =2

%,—i—oo) for 3< N <5.

Then for any o > 0 verifying

g N(N=2_ 1
@ 2 \on T q)-

we can find an € = (N, a) such that the following holds. Let @ C RN be an (g,70)-
Reifenberg-flat domain for some rog > 0, let f € LI(Q) and let u € W01’2(Q) be the
unique solution for the problem (P1) in Q. Then

u € C¥(B(z,70/12) N Q) Va Q.
Moreover ”u”CO"’(B(x,ro/lQ)ﬂﬁ) < C(Na To,Q, (q, ||V’LL||2, ||qu)

Proof. Since u € WOI’Q(Q), the Sobolev embedding says that « € LP(Q), with

p=2*= % And by assumption f € L? for some ¢ € Iy (notice that ¢ > 2,

which guarantees existence and uniqueness of the weak solution). We now try to
apply Theorem 0.2 with those p and q. Let pg be defined by

1 1 1
P 4 p
Then a simple computation yields that pg > %, provided that
0> 2N .
6—-N
This fixes the range of dimension N < 5 and notice that in this case 62_—NN > 2
except for N = 2, which justifies the definition of Iy. We then conclude by applying
Theorem 0.2. 0

In the proof of Corollary 1 we brutally used the Sobolev embedding on WO1 2(Q)
to obtain an LP integrability on u. But under some natural hypothesis we can get
more using a Theorem by Byun and Wang [2]. Precisely, if f = divF for some
F € L?, then f lies in the dual space of Hi(f2) which guarantees the existence
and uniqueness of a weak solution u for (P1), again by the Reisz representation
Theorem. The theorem of Byun and Wang [2, Theorem 2.10] implies moreover that
if I e L"(Q) then Vu € L"(Q) as well. But then the Sobolev inequality says that
uw € L"" which allows us to apply Theorem 0.2 for a larger range of dimensions and
exponents. Of course this analysis is interesting only for » < N because if r > N we
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directly get some Holder estimates by the classical Sobolev embedding. This leads
to our second corollary.

rN
3r—N

Corollary 2. Let % <r <N and qg >

Then for any o > 0 satisfying
a<1—N(1+1) with r* = N

2 \r* q)’ N -7’

we can find an € = £(N,a,|Q|,7) such that the following holds. Let Q C RN be

an (e,r9)-Reifenberg-flat domain for some ro > 0, let f € L1(Q) and assume that

f = —divF for some F € L"(Q). Let u € Wy>(Q) be the unique weak solution for

the problem (P1) in Q. Then

be given, so that moreover r > 2.

u € C¥(B(z,70/12) NQ) Va Q.
Moreover ||u||C0~a(B(z,ro/12)ﬁ§) S C(N, To, 0, T, 4, ‘Q|a Hf”lla HFHT)
Proof. First we apply [2, Theorem 2.10] which provides the existence of a threshold
g0 = (N, |Q],7) such that for any solution u € W, *(Q) of (P1) with f = —divF

and F' € L"(Q), we have that Vu € L™(2), provided that Q is (g, 79)-Reifenberg-
flat. But then the Sobolev inequality implies that w € L™ with

N
r* = if r <N,
r

and r* = +oo otherwise.
In order to apply Theorem 0.2 we define pg such that
1 1 1

™ g  Po

and we only need to check that py < % This implies the following condition on r

)

and q :

>N do> rN
"oyt s g TN

as required in the statement of the Corollary. We finally conclude by applying
Theorem 0.2. (|

Our approach to prove Theorem 0.2 follows the one that was already used in
[18] to control the energy of eigenfunctions near the boundary of Reifenberg-flat
domains, and that we apply here to other PDE than the eigenvalue problem. The
main ingredient in the proof is a variant of Alt-Caffarelli-Friedman’s monotonicity
formula [1, Lemma 5.1], to control the behavior of the Dirichlet energy in balls
centered at the boundary, as well as in the interior of 2. Then we conclude by
Morey-Campanato Theorem.

1. THE MONOTONICITY LEMMA

We begin with a technical Lemma which basically contains the justification of an
integration by parts. The proof is exactly the same as the first step of [18, Lemma
15] but we decided to provide here the full details for the convenience of the reader.
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Lemma 1.1. Let u be a solution for the problem (P1). Then for every xy € 09
and a.e. v > 0 we have

0
/ \Vaul? |z Ndx < rz_N/ uZlds
B(zq,r)N$2 OB(xo,r)NQ ov
N -2
(2) + grld\’/ u?dS + / wflz|* Nd.
2 OB(z0,r)N2 B(zg,m)NQ

Proof. Although (13) can be formally obtained through an integration by parts, the
rigorous proof is a bit technical. In the sequel we use the notation QF := B(xq, r)NQ,
and S;" := dB(xg,r) N Q. We find it convenient to define, for a given € > 0, the
regularized norm

|z|e == \/:c%+x§+~~+z?\,+€,

so that |z is a C*° function. A direct computation shows that

A(jzZY) = (2~ N)N <0,

| |N+2 —

|27N

in other words |z|2~"" is superharmonic, and hopefully enough this goes in the right

direction regarding to the next inequalities.

We use one more regularization thus we let w,, € C2°(€) be a sequence of func-
tions converging in W2(RY) to u. We now proceed as in the proof of Alt, Caffarelli
and Friedman monotonicity formula [1]: by using the equality

(3) A(u2) = 2|Vu, |* + 2u, Auy,
we deduce that

(4) z/|v%fu@* / Au MFN—Q/p@mAwNﬂ?N
QF

Since A(|z|2~") < 0, the Gauss-Green Formula yields

6) [ Al Ve = [ Al V) L) < 1)
QF QfF
where
Lic(r) = (12 +e)* 7 / 2, 245 4 (N — 2)— / u2dS.
lehs ov (r24¢e)2 Joas

In other words, (4) reads
(6) 2/ |Vun|2|x|g—Ndm < Ipe(r)— 2/ (UnAUn)|l‘|g_Ndac.
Qf o

We now want to pass to the limit, first as n — 400, and then as € — 0. To tackle
some technical problems, we first integrate over r € [r,r + §] and divide by 4, thus
obtaining

(7) 5/ (/ |V, |?|z)2~ Ndx) dp < A, — R,

where
1 r+6
Ap = S/ In-,S(p)dP
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=2- / (/ unAun)|a:|§Nda:> dp.
(5 oF

First, we investigate the limit of A, as n — +oo: by applying the coarea formula,

and

we rewrite A,, as
1 _
A, = 5 (2/ (|x\2+€)¥un Vg, & dm—i—(N—Q)/ 2|x|Nqudx>
af s\of of \of (lz]?+¢)2

Since u,, converges to u in W2(R") when n — +o0, then by using again the coarea
formula we get that

1
Ap — 3/ I (p)dp n — 400,
where

- ou
I.(p) = (p* + 6)¥ / 2L ds + (N 2)%/ u?dS.
oqr Ov (p%2 +e)2 Joaa}
Next, we investigate the limit of R,, as n — 4o00. By using Fubini’s Theorem, we

can rewrite R,, as

R, :/Q(unAun)G(x)dx,

where
G () WN/
Since
1 if x € QF
1 Lo (z)dp = r+0— |zl N
5/ ap(@)dp = ———— ifzx e \QF
0 if o ¢ QF

then G is Lipschitz continuous and hence by recalling u,, € C2°(Q2) we get

/Q (unAun — uAu) Gdx| < /Q (un — u) AuGdr

- /Q (Vun - vu) (unVG + VunG> dz| + /Q Vu((Vun — V)G + (un — u)VG) dz

A (Aun — Au) u, Gdx| +

< IVun = Vull (@) (lunll 2@ VGl e @) + [ Vatnllz(@ |Gl o)

+ IVull 2@y (9 = Vull 2@ |Gl @) + lun — w20 VG (o) )

and hence the expression at the first line converges to 0 as n — +oc0.

By combining the previous observations and by recalling that u satisfies the
equation in the problem (P1) we infer that by passing to the limit n — oo in (7)
we get

r+8
%/ </ |Vu|?|z|>~ Ndac) dr < 5/ dp—l—(s/ </ uf|x§_Nd:r> dp.

p
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Finally, dividing by 2, by passing to the limit § — 0T, and then ¢ — 0% we
obtain (13). O

Next, we will need the following Lemma of Gronwall type.

Lemma 1.2. Let v > 0, rg > 0, ¢ : (0,79) — R be a continuous function and
¢ : (0,79) — R be an absolutely continuous function that satisfies the following
inequality for a.e. r € (0,r¢),

(8) o(r) < are'(r) + (7).
Then ") (5)
olr)y 1 [T (s

BT W

is a nondecreasing function on (0,rg).

Proof. We can assume that

" 1p(s)

1
sty

ds < +00,
0

otherwise the Lemma is trivial. Under our hypothesis, the function

iy P LT uls)
) ry +’Y 0 sty ’

is differentiable a.e. and absolutely continuous. A computation gives

P07 = pln)ir Tt 1)

F'(r)y = 2
) ra vty
B dm—wU%V‘+1ww)
- 1 1+4
T YTy

thus (8) yields

iy — T 0) = 9lr) £ 0(0)

which implies that F' is nondecresing. g

>0

)

2=

We now prove the monotonicity Lemma, which is inspired by Alt, Caffarelli and
Friedman [1, Lemma 5.1.]. The following statement and its proof, is an easy variant
of [18, Lemma 15], where the same estimate is performed on Dirichlet eigenfunctions
of the Laplace operator. We decided to write the full details in order to enlighten
the role of the second member f in the inequalities.

Lemma 1.3. Let Q C RY be a bounded domain and let u be a solution for the
problem (P1). Given ¢ € Q and a radius r > 0, we denote by Qf = B(z¢,7) N,
by ST = 0B(xo,r) N Q and by o(r) the first Dirichlet eigenvalue of the Laplace
operator on the spherical domain S;t. If there are constants ro > 0 and o* €]0, N—1]
such that

: 2 *
(9) oJnf (ro(r)) 207,
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then the function

1 |Vul?
1 TH<ﬂﬂé+nmﬁf2 )+B/ ek

is non decreasing on |0, rq[, where 8 €]0,2[ is given by

f=+(N-2)24+40*— (N —2)

and

P(s) := /Q+ luf||z — zo|> Ndx.

s

We also have the bound

v 2

+ .’If—l‘olN_Q
ro/2

Remark 1. Of course the Lemma is interesting only when

" Y(s)

sl+8

(12) ds < +o0.

0

This will be satisfied if v and f are in some LP spaces with suitable exponents, as
will be shown in Lemma 2.1.

Remark 2. Notice that it is not known in general whether Vu € LP(Q) for some
p > 2 and therefore it is not obvious to find a bound for the left hand side of (11).

Proof. We assume without lose of generality that o = 0 and to simplify notation
we denote by B, the ball B(z,r).
By Lemma 1.1 we know that for a.e. > 0,

/ |Vu|?|z*Ndz < rsz/ 2u @dS+Mr17N/ u?dS
Q;f- S+ 8 2 S+

(13) —|—/+uf\a:|2_Ndx.

~

Let us define

(14) v)i= [ fuflle Vo

r

and assume that (12) holds (otherwise there is nothing to prove).
Next, we point out that the definition of o* implies that

1
(15) / u?dS < —*7’2/ |V, ul?dS r €10, o],
st g st

where V, denotes the tangential gradient on the sphere. Also, let & > 0 be a
parameter that will be fixed later, then by combining Cauchy-Schwarz inequality,
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e

1
15) and the inequality ab < —a? + —b?, we get
2
e

NV}

u%dg < (/ u2dS> (/ 2u |dS>
ov St S
< =L /\Vu|2dS ' /| 24s '
= Vo \ Jsr st
r [« 1
< = 2 — 2dS |.
Y A >
Hence,
(17)
TQ*N/ 2u2has 1 (N 2)r1*N/ w2ds < r2-N 2 g/ v u|2d5+i/ 15 \ ds
v st N Vor [2 Jsr T 200 Jsf

1
+ (V- 2)r1_N—*r2/ |V, ul?dS
ag Sj

N —2 1
< p3=N 24 )/ Ful? dS]
<o (2 N pevel M

Next, we choose o > 0 in such a way that
« n N-2 1
Voo o ave

namely
1
= N —2)2 +40* — (N —2)|.

o 2\/07[ ( ) o ( )]
Hence, by combining (13), (15) and (17) we finally get
19 [ VuPlP e <Ny [ VA o),

Qf st

where

-1
+(N, %) = [ (N —2)2 +do* — (N — 2)}

Let us set

o) i= [ [VuPla s
QF

n

and observe that
o (r)y=r*"N /S:r |Vul? a.e.r €]0,7],
hence (18) implies that
(19) o(r) < yre'(r) +1(r),
with v = (N, o*).

But now Lemma 1.2 exactly says that the function

1 |Vul?
2 —
(20) T‘Hrﬂ/ﬂ+|x_m0‘N 2d+6/ 1+B
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is non decreasing on (0, 79), where 3 € (0,2) is given by
1
B=—=+(N-=-2)2+40*— (N —2),
Y
which proves the monotonicity result.
To finish the proof of the Lemma it remains to establish (11). For this purpose,
we start by finding a radius r, € (ro/2,70) such that [¢+ [Vu|?dS is less than
5

average, which means

2 2
/ Vul?ds < 7/ Vul? dz < = | Vul2a0)-
- ro Jof, 70
By combining (18) with the fact that rq/2 < r; < r¢ we infer that
/ \Vul|?|z|*Ndx
Q+

1

IN

C(N, 0, B)IVullf2(q) + 1 (r1)

IN

(21) C(N, 7o, I VullZ2 (0 + (o).

Vul|? Vul?
/ M e < / Il e
ar . 17l Qf ||

ro/2
C(N, 7o, B)I|VullZ2(q) + 9 (r0),

and (11) is proved. O

It follows that

IN

2. AN ELEMENTARY COMPUTATION

In order to apply Lemma 1.3, the first thing to check is that (12) holds. The
purpose of the following Lemma is to prove that it is the case when u and f are in
suitable LP spaces.

Lemma 2.1. Let Q C RY be an arbitrary domain and let py > % Then for any
g € LPo(Q), denoting

(r) = / lgllz>~Vdz,

)

we have
2pg—N
(22) ()] < C(N,po)llgllper™
As a consequence
" Y(s)
Sy ds < +00
for any B > 0 satisfying
2pg — N
(23) <P
Po

Proof. First, we observe that |z|2~" € L™ for any m that satisfies

(N=2)m<N=m<

N -2
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Moreover a computation gives that under this condition,
2-N 2-N N—m(N—2
) M Wnqaay = [l = O mpr )
NG

Let us define m as being the conjugate exponent of py, namely

1 1
—=1-—
m Po
Then the hypothesis pg > % implies that m < %, and by use of Holder inequality

and by (24) we can estimate

N-m(N-2)

B < Nlgllpo 2>~ 2 (B0 < CN,m)llgllper™ 7

or equivalently in terms of pg,

—N

(25) ()] < OV, po) llpor 50

The conclusion of the Lemma follows directly from (25). O

3. INTERIOR ESTIMATE

We come now to our first application of Lemma 1.3, which is a decay estimate
for the energy at interior points, for arbitrary domains.

= L and

Proposition 1. Let p,q,pg > 1 be some exponents satisfying % o

po > % Let B > 0 be any given exponent such that
2pg — N
<P
Po

Let Q C RY be any domain, xo € 2, and let u be a solution for the problem (P1)
in Q with u € LP(Q) and f € LI(QQ). Then

(26) B

(27) /B Tl OVl € O, dis,09)/2),
xo,r)N

with C = C(N, B, po, dist(xg, 0Q)).

Proof. We assume that g = 0 and we define 7y := dist(zg, ) in such a way that
B(z,r) is totally contained inside  for r < r; and under the notation of Lemma
1.3, F = B(0,r) and by S;* = dB(0,r) for any 7 < r1. Under our hypothesis and
in virtue of Lemma 2.1 that we apply with g = uf, we know that (12) holds for any
B > 0 that satisfies
(28) B < M.
Po

Notice that 2”‘;7;1\[ > 0, because pg > N/2.

In the sequel we chose any exponent 8 > 0 satisfying (28), so that (12) holds
and moreover Lemma 2.1 says that

" ah(s) "o2pe-N g
grsds < CWp)lulplflly [ o700 ds

C(N, po, B)llullpll fllq-

A

IN

(29)
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We are now ready to prove (27), 8 still being a fixed exponent satisfying (28).
We recall that the first eigenvalue of the spherical Dirichlet Laplacian on the unit
sphere is equal to N — 1, thus hypothesis (9) in the present context reads

(30) inf (r’c(r)) =N —1,

o<r<ry

so that (9) holds for any 0* < N — 1. Let us choose o* exactly equal to the one

that satisfies
=+ (N 2+ 40" — —2).

one easily verifies that o* < N — 1 because of (28).

As a consequence, we are in position to apply Lemma 1.3 which ensures that, if
u is a solution for the problem (P1), then the function in (20) is non decreasing. In
particular, by monotonicity we know that for every r <y,

1 9 1 |Vul?
rN-2+8 /Q:r [Vul” da (Tﬁ /m |z — x|V -2 d +5/ 1+5

1 [Vul? "2 (s)
+ - (m/||>ﬁ/

and we conclude that for every r < ry/2,

/ |Vau|? de < KrV =28,
of

(1 |Vl "2 (s)
= <(r1/2)5 /Q+ . |z — |V —2 dl‘) +B/O 81+5d8.

Let us now provide an estimate on K. To estimate the first term in K we use (11)

IN

with

to write

[Vaul? 2
(32) /Q+ 2W de < C(N,r1,B)|Vullz2(q) + ¥(r1)

Then we use (22) to estimate
P(r1) < C(N,po, 1) lullpll fllq,
and from the equation satisfied by u we get
IVullta) = | ufde < ul 51,

so that in total we have

|Vaul®
/Q+ o < C(N, 70, 8,p0) |l fllq-
r1/2

Finally, the last estimate together with (29) yields

K < C(N,r1, 8, p0) lullpll fllq,

and this ends the proof of the Proposition. O
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4. BOUNDARY ESTIMATE

We now use Lemma 1.3 again to provide an estimate on the energy at boundary
points, this time for Reifenberg-flat domains.

Proposition 2. Let p,q,pg > 1 be some exponents satisfying % —I—% = p% and

po > % Let B > 0 be any given exponent such that
2pg — N
< Po .
Po
Then one can find an € = (N, 3) such that the following holds. Let Q C RY be any

(e,10)-Reifenberg-flat domain for some ro > 0, let xo € OQ and let u be a solution
for the problem (P1) in Q with u € LP(Q) and f € LY(?). Then

(33) B

(34) /B T Ol € (00/2),
xo,r)N

with C = C(N,rg, B, po)-

Proof. As before we assume that 2o = 0 and we denote by Q;F := B(0,7) N and
by S := 0B(0,r) N €. To obtain the decay estimate on [, |Vu[*dz we will follow
the proof of Proposition 1 : the main difference is that for boundary points, (30)
does not hold. This is where Reifenberg-flatness will play a role.

Let 8 > 0, be an exponent satisfying (33), so that invoquing Lemma 2.1 we have

(35) 0 las < CN.po, B)lulyl flly < +oc.

Next, we recall that the first eigenvalue of the spherical Dirichlet Laplacian on
a half sphere is equal to N — 1 (as for the total sphere). For t € (—1,1), let S;
be the spherical cap S; := dB(0,1) N {xny > t} so that ¢ = 0 corresponds to a half
sphere. Let A1(S;) be the first Dirichlet eigenvalue in S;. In particular, ¢ — Ay (St)
is continuous and monotone in ¢. Therefore, since and A\ (S;) — 0 as ¢ | —1, there
is t*(8) < 0 such that

B=+(N—2)2+4\(t") — (N -2)

By applying the definition of Reifenerg flat domain, we infer that, if ¢ < t*(n)/2,
then OB (g, r)NS is contained in a spherical cap homothetic to S;« for every r < rg.
Since the eigenvalues scale of by factor 72 when the domain expands of a factor 1/r,
by the monotonicity property of the eigenvalues with respect to domains inclusion,
we have
(36) inf 72X\ (0B (z0,7) N Q) > A\ (Si-) = s (E + N — 2).

r<ro 2\2
As a consequence, we are in position to apply the monotonicity Lemma (Lemma 1.3)
which ensures that, if u is a solution for the problem (P1) and z¢ € 052, then the
function in (20) is non decreasing. We then conclude as in the proof of Proposition
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1, i.e. by monotonicity we know that for every r < rg < 1,

1 ) 1 Ve
rN—-2+8 /fo \Vu| dx <rﬁ /Q+ |x—x0|N 2 +ﬁ/ 1+B

1 |Vul? /2 4h(s)
. - <</2>ﬁ/ PR dx)”fo st

hence for every r < ry/2,

IN

/ |Vu|? do < KrV =28,
of

1 [Vaul® T/ 4j(s)
K= d + ds.
((To/2)5 /§2+/ |z — oV 72 x) B/o 517
ro/2

Then we estimate K exactly as in the end of the proof of Proposition 1, using (11),
(22) and (35) to bound

with,

K S C(N7 T07ﬂ7p0)||u||P||f||Q7

and this ends the proof of the Proposition. O

5. GLOBAL DECAY RESULT

Gathering together Proposition 1 and Proposition 2 we deduce the following
global result.

Proposition 3. Let p,q,pg > 1 be some exponents satisfying % —|—% = p% and

po > % Let B> 0 be any given exponent such that
2p0 — N
Po

Then one can find an € = (N, ) such that the following holds. Let Q C RY be
any (g, ro)-Reifenberg-flat domain for some ro > 0, and let u be a solution for the
problem (P1) in Q with uw € LP(Q) and f € LY(Q). Then

(38) <2

(30) /B g [T SOl Ve €T,V e 0urof6),
x,r)N

with C = C(N,rg, 3,p0)-

Proof. By Proposition 1 and Proposition 2, we already know that (39) holds true for
every z € 052, or for points x such that dist(z,dQ) > ro/3. It remains to consider
balls centered at points x € Q verifying

dist(z,08) < ry/3.
Let x be such a point. Then Proposition 1 directly says that (39) holds for every

radius 7 such that 0 < r < dist(x,9)/2, and it remains to extend this for the radii
r in the range

(40) dist(z,00)/2 <r <ry/6.
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For this purpose, let y € 02 be such that

dist(z,00) = ||z — y|| < ro/3.
Denoting d(x) := dist(z, 9) we observe that for the r that satisfies (40) we have
(41) B(x,r) € B(y,r +d(z)) € B(y,3r).

Then since y € 02, Proposition 2 says that
(42) / Vul?dz < OrN =2 lull, || fll, V7 € (0,70/2),
B(y,r)N$
so that (39) follows, up to change C with 3V —2+A(. O

6. CONCLUSION AND MAIN RESULT

The classical results on Campanato Spaces can be found for instance in [8]. We
define the space

LPANQ) = {u € LP(Q) ; sup <p’\/ |lu — um,r|pd:c> < +oo}
,p B(xz,r)NQ

where the supremum is taken over all z € Q and all p < diam(Q), and where u, ,
means the average of u on the ball B(x,r). A proof of the next result can be found
in [8, Theorem 3.1.].

Theorem 6.1 (Campanato). If N <A< N +p then
A—N

LPANQ) ~ 0% (Q),  with a = ’

We can now prove our main result.

Proof of Theorem (.2. Considering u as a function of W12(R¥) by setting 0 outside
Q, and applying Proposition 3 with § = 2, we obtain that

(43) /B Ve < Ol Ve €DV e 0,00/0)

with C' = C(N,rg, 8,p0). Recalling now the classical Poincaré inequality in a ball

B(z,r)
%
/ |4 — Uy p|dz < C(N)T1+% (/ |VU|2dI> ,
B(z,r) B(z,r)
we get
(44) / v — g r|de < crNtE  vre Q, Vre(0,r/6),
B(z,r)

with C = C(N, ro, B,po, [|u|lp, || fllq). But this implies that

u € ﬁl’N+§(B(Z‘,T0/12) NQ) Voe.

_N
Moreover g < pop—o"’ < 1 and hence Theorem 6.1 says that

u € C*(B(z,70/12) N Q)
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with a = g, and the norm is controlled by C' = C(N, 1o, 8, po, |ullp, | fllq)- O
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