NONEXISTENCE RESULTS FOR SEMILINEAR EQUATIONS IN
CARNOT GROUPS

FAUSTO FERRARI AND ANDREA PINAMONTI

ABSTRACT. In this paper, following [3], we provide some nonexistence results for semilin-
ear equations in the the class of Carnot groups of type %.This class, see [19], contains, in
particular, all groups of step 2, like the Heisenberg group, and also Carnot groups of ar-
bitrarly large step. Moreover we prove some nonexistence results to semilinear equations
in the Engel group which is the simplest Carnot group that is not of type *.

1. INTRODUCTION

Aim of this paper is to apply the results contained in [3] to the Carnot groups setting
(see Section 2 for the definitions). More precisely, we will deal with solutions v : G — R
of

(1) Agu = f(u),

where Ag is the sub-Laplacian associated with the Carnot group G and f € C*(R). We
prove, see Theorem 3.2 for the rigorous statement, that for every Carnot group G and for
every solution u of (1) the following inequality holds

(2) Dipde < [ [VenPVeuPds e C(@),
Go G

where D denotes the so called defect of the level surfaces {u = ¢}, where ¢ is constant, (
see Section 3), while V¢, V¢ are respectively the horizontal gradient, the right-horizontal
gradient (see Sections 2 and 3 for the definitions) and

Go :={z € G | Vgu(z) # 0}.

We explicitely point out that (2) is a Poincaré-type formula, in the sense that the weighted
L?—norm of any test function is bounded by a weighted L?—norm of its gradient. These
type of inequalities were studied in [23, 24] and then refined and applied to several PDE’s
questions in [10, 11]. Applications in the subRiemannian setting of (2) were performed in
[13, 3] for the Heisenberg group, in [14] for the Grushin plane and in [22] for the Engel
group. In several cases, these type of weighted inequalities lead to rigidity results (such
as classification, symmetry, or nonexistence, of solutions), see [12, 11| and also [4, 5, 16]
for some other nonexistence results.
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One of the main consequences of (2) is that under a suitable growth condition of the
energy

3) oB) = [ Vol
B(0,R)
the right-horizontal normal
(4) b= LO%
Veul

of the level surfaces of {u = c} is constant in Gg. Using this observation we will provide
a nonexistence result for (1) in Carnot groups of arbitrarly large step, precisely in those
groups satisfying the so called flatness condition. To this aim, let us introduce the notion
of flatness condition.

Definition 1.1. We say that a Carnot group G of step k satisfies the flatness condition
if for every u € C°(G) with {@Gu =0} =0 and v = ‘ggz‘
u(x) = u((aW, ..., 2®)) = uo( <a’ $(1>> )

for some unit vector a € SM~1 and vy € C*(R).

constant in G, then

In particular the class of Carnot group of type x satisfies the so called flat condition,
see [19].

We recall that a Carnot group is of type * if there is a basis (Xi,...,Xp,) of Vi (the
first layer of the stratification) such that

(5) [XJ,[X],XZH =0 for i,jzl,...,hl.
We prove the following result.
Theorem 1.2. Let G = (R™,:) be a Carnot group of step k > 2 satisfying the flatness

condition with Jacobian basis X1,...,Xpm. If f € C°(R) then there is no u : G — R,
solution of Agu = f(u), such that

(i) Xju>0inG for some j € {1,...,m};

e 2 5= 1D dar+ Ln(R)
(ii) liminfp 400 VR Tlog(R)QR =0,

where 1 is as in (3).

The results of [3] seem to indicate that functions whose level surfaces have constant
right-horizontal normal seemed to be the right candidates to select families of surfaces
useful to determine simple symmetries, exactly as it happens in the Euclidean case for the
planes.

Nevertheless, we point out that in the Engel group there exist functions with constant
right-horizontal normal  which are not flat in the sense of Definition 1.1 ( see for example
the family of functions defined in (26)).This more complicate situation seems to be linked
to the intrinsic structure of the Engel group which is not a group of type x. However,
using the geometric characterization of constant normal sets in Carnot groups of step three
contained in [1, 2], we obtain, also in this setting, some nonexistence results.
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We resume below our main results in the Engel group.

Proposition 1.3. If u € C*°(E) is a solution of Agu = f(u) satisfying:

(i) V= (170)7~
(ii) {x € E | Xqu =0} =10,

then there exists ug € C*°(R) such that
u(xy, xe, x3,xg) = up(x1) VreR
and ug solves the following one-dimensional problem:
(6) uy = f(ug), uy>0 inR.
Moreover, if f € C*°(R), then there is no solution uw of Agu = f(u) such that (i), (ii) hold

2 "7("’)d +
and u also satisfies liminfr_, 4 o J/n " ReIL w2z _ 0.

Proposition 1.4. Let f € C*°(R). Then, there is no solutions of Agu = f(u) satisfying
the following conditions:

((13 (x16$2,):v3,334) = g(z2,24) with g € C°(R?),
(iii) {z € E | Xou = O} 0,
)

f T)dT—l— n(7)
(iv) iminfr 4o FoE(R)? B2 =0.

Proposition 1.5. Let p be a polynomial of degree 1,2 or 3 then there are no solutions of
Agu = p(u) satisfying the following conditions:

(1) u(x1, 2, 23, 24) = g1(x2) + g2(3, T4),
(ii) 7 = (0,1),
(iii) {z € E | Xou =0} =0,
where, g1 € CP(R), go € C®(R?) with 492 # 0 in R2. Moreover, if p(s) = a € R\ {0} for
all s € R then the same conclusion holds assuming only (it) and (iii). Finally, if p(s) =0
for all s € R then there are no solutions of Agu = 0 satisfying (ii) and

oy e 2[5 2 dr+Lon(r)
(iii) liminfr— 400 I/ log(R)QRﬂ =0.

Obviously, our results in the Engel group setting are not optimal, in the sense that we
have to impose some a priori restrictions on the structure of the solutions. Nevertheless, we
believe that they can be considered as a first attempt toward the classification of solutions
of semilinear problems with constant normal in Carnot groups not satisfying the flatness
condition.

The paper is organized as follows. In Section 2 we introduce Carnot groups and we
briefly recall their main properties. In Section 3 we introduce the tools to deal with our
semilinear PDEs in Carnot groups, while Section 4 is devoted to the proof of Theorem
1.2. In the last Section 5 we discuss the Engel group case.

3



2. CARNOT GROUPS
We briefly recall some standard facts on Carnot groups, see [6, 9, 7, 17, 20] for further
details.

Definition 2.1. A finite dimensional Lie algebra g is said to be stratified of step k € N if
there exist Vi,...,Vy subspaces of g with linear dimension vy := dim Vi such that:

g=Vi®d- - DV
[V17‘/i} :‘/;+1 221,7k—17 [Vlavk‘]:{()}

A connected and simply connected Lie group G is said to be a Carnot group if its Lie
algebra g is finite dimensional and stratified. We also denote by hg := 0, h; := 22:1 v;
and m = hy

Using the classical exponential map (see [6] for the definition) every Carnot group G
of step k is isomorphic as a Lie group to (R™,-) where - is the group operation obtained
projecting on G the Baker-Campbell-Hausdorff formula. For each A > 0 and each z € G
we denote by §) : G — G and 7, : G — G the mappings defined respectively by:

(7) (5,\(.%') :(5,\(x1,...,mm) = ()\Ulwl,...,)\akxm)

(8) Ty(z) =y,

where o; € N is called the homogeneity of the variable z; in G and it is defined by
oj:=1 whenever h;_1 <j <h;.

We endow G with a homogeneous norm and a pseudo-distance defining

k 1
(9) 2lg = @V, a®)|g = (Z 1295 )zk |

j=1
(10) d(z,y) = ly~" - ale,

here z(7) := (Th; 141+, Tn;) and |29 || denotes the standard Euclidean norm in R —hi-1,
We define the gauge ball centered at x € G of radius R > 0 by

B(z,R):={y€G ||y~ z[c < R}.

We also recall that for every Carnot group G = (R™,:) the m—dimensional Lebesgue
measure (denoted by L£™) is the Haar measure associated to G. Finally a basis X =
(X1,...,Xm) of g is called Jacobian basis if X; = J(e;) where (e1, ..., en) is the canonical
basis of R™ and J : R™ — g is defined by

Jn)(x) == T (0) -1
here 7, denotes the Jacobian matrix of 7.

The following Proposition is standard, see [6, 15] for a proof.
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Proposition 2.2. Let G = (R",.) be a Carnot group of step k € N. Then the Jacobian
basis X1, ..., Xm have polynomial coefficients and if hj_1 < j < h;, 1 <1<k,

hi '
X;j(@) =0+ a? (2)d;

i>h;

where a(j)((S)\(x)) = )\Oi_(’fal(j)(x) and if hy—1 <1 < hy then a(j)(:v) = a(j)(xl, Ce Tk )

7 7

We point out that if k = 2 then
(11) Xj(l') = 8]' V hy <j < ho.

Let X = (Xi,...,Xm) be a Jacobian basis of G = (R™,-) we define for any function
v : G — R for which the partial derivative X;u exist (j = 1,...,h1), the horizontal
gradient by

h1
(12) Vou:= Y (Xu)X;.

i=1
Moreover, we define the horizontal laplacian of u : G — R and we denote it by Agu ,

the following function
hy

A(Gu = ZXZqu
i=1
We end this preliminary part recalling a well known result which we will use in Section 3.

Lemma 2.3. Let G = (R™,-) be a Carnot group. There exist C > 0 such that for each
f € CL(R) the following relation holds

Ve f(lzle)l < C|f (lzl)] L™ —aex€G.

Proof. By definition the map G > = +— |z|g is 1— Lipschitz with respect to d (defined
in (10)). Denoting by d.. the Carnot Carathéodory distance in G (we refer to [6] and
references therein for the definition), by Proposition 5.1.4 in [6] there exist C' > 0 such
that

(13) lzle = lylel < Cdec(z,y)  Va,y € B(0,1)
For each z,y € G, let R > 0 such that dg(z),0r(y) € B(0,1). Using (13) and the
homogeneity of | - | we obtain
(19 e~ lylel = g|Ionrle — nsle| < & dee(Gre, Gry) = Clr, ).
By Theorem 2.2.1 in [21] we conclude that
IVglzlg| <C L™ —aexeG.
The thesis follows observing that
(15) Ve f(lale)| = 1 (ale)IValzls] £ —ae s €.



2.1. Right-invariant vector fields.

Proposition 2.4. Let G = (R™,:) be a Carnot group with Jacobian basis X1, ..., Xpm.
Then there exists a family of vector fields X = (X1, ..., X,,) such that

(16) (X, X;] = [X;,X;] =0 Vij=1,...,m.

Proof. For each x € G let us define 7, : G — G by 74(y) := y - 2. We claim that the
family of vector fields X = (X;,...,X,,) defined by

XZ(.Z') = j;—w (0) c €5
is such that [Xi,Xj] =0Vi,j=1,...,m.
Let us observe that for every smooth function ¢ on R™ and for every i =1,...,m

an g, el )

= a‘tzow(?z(tﬁi)) = Vo(z) - Tz, (0) - i = (Xip)(x)

where 7; € R™ is the vector whose components are the component functions of X; calcu-
lated in x = 0. Moreover, by a computation similar to the one presented in (17) we also
obtain that for each j =1,...m

d

el () = (X

dt|t:090($ (tn;)) = (Xj9) ()

where n; € R™ is the vector whose components are the component functions of X; com-
puted in z = 0. By (17) and (18) we infer that for every smooth function ¢ on R™

(18)

(19) (X, Xilo(x) = (X;(Xi) (@) — (Xi(Xj9)) (@)
— ol o) - (e )]
d2
T dt?j=o [o((t73) - - (ni) = (1) - - (tm))] = 0
which is the thesis. 0

Remark 2.5. By (17) it immediately follows that Xj is right invariant for each j =
1,...,m (see [6] for the definition).

Example 2.6. We recall that the n—dimensional Heisenberg group, H", is a Carnot group
of step 2 with H® = (R?"*1 ) and for each (x,y,t),(z,7,t) € H* = R" x R® x R

(Z,9,0) - (z,9,1) := (X + 2,5y +y,t +1+2((g,2) — ( Z,1))),
where (-, -) is the standard Euclidean scalar product in R™. It is well known that the
Jacobian basis is X; = 0j+2y;0; and Xy = Oj4n—2x;0;, forj =1,...,n and Xay41 = 0;
(see for example [6]). In order to find the family X; we observe that

1 0 ... 0 0

0 1 ... 0 0

Tayy(0) = : : AU
0 0 ... 10

—2y1 —2y2 ... 2x, 1



and, using Proposition 2.4, we conclude that X'j = 0j — 2y;0, X'j+n = Ojqn + 22;0; for
ji=1,....n and Xops+1 = 0.

Example 2.7. Let us now consider the Engel group, which is the Carnot group usually
denoted by E, whose Lie algebra ¢ is such that ¢ = Vy @ Vo @ V3 with Vi = span{ Xy, X2},
Vo = span{ X3} and Vj = span{ X4} and the only nonvanishing commutators are

[XlaXQ] = X3 ) [X17X3] = X4-

Using exponential coordinates of second kind for each x = (x1,x2,x3,24), y = (Y1, Y2, Y3, Y4) €
E we get

1
(20) Ty :<$1 + Y1, @2 + Y2, 23 + Y3 — Y122, T4 + ya + iy%mz — y1x3>

consequently the Jacobian basis is

X1 = 81 - x283 - 56384 X2 = 82
X3 = 83 X4 = 84.

Moreover, by (20) and Proposition 2.4, it follows that

3 Xl =0 XQ = 82~— 1103 + %%84
X3 =03 — 1104 X4 =04

and the only nonvanishing commutators are

(21) (X1, Xo] = - X3 [X1,X3] =Xy

3. SEMILINEAR PDES IN CARNOT GROUPS

In the following section we recall some results contained in [3]. In particular, using the
results contained in Section 2, it follows that the abstract setting described in [3] can be
applied to every Carnot group. Using this observation, we prove a classification result
for stable solutions of Agu = f(u) in every Carnot group. Throughout this section, we
denote by G = (R™,-) a Carnot group with Jacobian basis X = (X1,...,X,,) and by
X1,..., Xy, the family of right invariant vector fields associated to X as in Proposition
2.4. Moreover, we call right horizontal gradient of a function v : G — R and we denote
it by Vgu the operator Vgu := Z?;l(f(zu))h

We start recalling that for any fixed f € C*°(R) a solution u of Agu = f(u) in an open
Q C G is said to be stable if

/Q Vo) + f/(u(e)g(@)de > 0 Y € C2(Q).

The previous stability condition has been widely studied in the calculus of variation setting.
Indeed, it states that the second variation of the energy functional associated with (1) is
nonnegative at the critical point u hence, for instance, minimal solutions are always stable,
but, in principle, stability is a weaker condition than minimality ( we refer the interested
reader to [12] for further motivations about the stability condition).
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Lemma 3.1. Let f € C*°(R) and u be a solution of Agu = f(u) in an open Q C G then
u € C®(Q). Moreover if for some j € {1,...,h1}

X'ju >0 inQ
then wu is stable. Here hy is the same of Definition 2.1.

Proof. The first part directly follows from the celebrated Hormander’s Theorem (see [18]).
For the second part, we start observing that, by (16), X;u is a positive solution of Agé =
f'(w)€ in Q. Hence, for each ¢ € C°(€) if € # 0 then p?/¢ € C°(Q2) and

0= / (Vet, Ve(@?/6) + F(u)(¢?/€)dx
Q
2
:/ 22"<VG5,VG¢>—?IVG£2+f’(U)<p2dw
Q

- /Q Vaol - [Ver - EVee + f(uw)pds

< [ IVeol + fupgds,
O

Using Proposition 2.4, the following result, which was originally proved in [3] for a
general manifold M endowed with smooth vector fields X7, ... X and a family of vector
fields X1, ... X,, such that

(X, X;] =0 Vi, j=1,...,m,
also holds in every Carnot group.
Theorem 3.2. Let Q@ C G be an open set and u € C>(2). Let
Qo := QN {Vgu # 0}.

Denote v(x) := ;Eﬁi;' d

b ) )
D(x) =Y [|VGXju\2 - <1§, V((;,Xju> }(x)
j=1
for x € Qqy. Then, D > 0 and the following conditions are equivalent:
(1) D(x) =0 at some point of x € Qy,
(2) VeXju is parallel to U at such point for any j =1,...,hq,
(3) X;v is parallel to v at such point for any j =1,...,hy.

Moreover, if u is a stable solution of Agu = f(u) in Q then
(22) Dt < [ Voel(TouPde Vi€ C(@)
Qo Q

Using Theorem 3.2 and some ideas contained in [13] and [22] we can prove the following
proposition.
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Proposition 3.3. Let G = (R™,:) be a Carnot group of step k € N. Let u be a stable

solution of Agu = f(u) in the whole G. If

R n(r) 1
(23) i inf JyR %5 AT + 7n(R)

=0
R—+00 log(R)?

then, for all j =1,...,m, @GXju, X;v and v are all parallel at any point of Gy := {z €

G | Vgu(z) # 0} and v is constant in Gy.
Before giving this proof, we recall the following useful result proved in [13].

Lemma 3.4. Let g € L2 (R", [0, 4+00)) and let ¢ > 0. Let also, for any 7 > 0,

loc
(24) k(T) == /B(O’T)g(m)d:v

Then, for every 0 <r < R,

R
/ 9(x) dz < q/ A7) dr + i/<;(R).
B(0,R)\B(0,r) 7|7 r T

Proof of Proposition 3.3. For any R > 1, we define

1 if z € B(0,VR)
or(r) :=<{ 2(log R)"'log(R/|z|g) if z € B(0,R)\ B(0,VR)
0 if € G\ B(0,R)

Using Lemma 2.3 with f(s) := s**' we obtain'
(25) Volzlgh| < Clafg .

Using the explicit expression of pr and (25) we obtain that for every x € G

Ve l|z|2F| C
v = = '
|Veer(z)| a5 log(R)!33|%,k! ~ log(R)|z|g

Therefore, by Theorem 3.2,
[Veu/?

3 dz.
(O,R\BOVE) |7[¢

Ddr < / Vewrl?[Veu2dr < Cllog(R)) 2 /
Go G B

By Lemma 3.4 we obtain

SEND) R
/ Veuly, < 2/ U 47 4+ Ln(R)
B(0,R)\B(0,vR) WG vR T R

where 7 is as in (3). The thesis follows by sending R — +o00 and using Theorem 3.2.

lhere C is a positive constant which could be different from line to line.
9

O



4. PROOF OF THE MAIN RESULT IN CARNOT GROUP OF TYPE %

In the rest of this section we will focus on the class of Carnot group satisfying the
flatness condition, see Definition 1.1.

In [15] and [3] it is proved that every Carnot group of step 2 satisfies the flatness
condition. Recently, in [19], the class of Carnot group satisfying Definition 1.1 has been
extended to the so called Carnot group of type %, see the Introduction for the precise
Definition. Obviously, every Carnot group of step 2 is of type . It is also interesting to
note that the class of group of type x contains Carnot groups of arbitrarily large step.
Indeed, for every m € N, the Lie group of unit upper triangular (m+1) x (m+ 1) matrices
is a Carnot group of type x (see [19, Example 2.3]). Moreover, as pointed out in [19], if
a Carnot group of step greater than 2 is of type x then the dimension of its first layer V;
is at least 3, therefore the Engel group is not of type x. We also observe that the Engel
group does not satisfy the flatness condition at all. Indeed, let us consider the functions
Uy : E— R

(26) Uo(T1, T2, 23, 74) = €2 + x4+ 25+, a€R

then u, € C*°(E) and it is a matter of calculations that
2
v v z2 | 19,2
Xiua =0, Xoug=e 2+?(3$4+1)>0

in particular, 7 = (0, 1).

Using Propositions 3.3 and Lemma 3.1 we can give the proof of Theorem 1.2.

Proof of Theorem 1.2. The proof is by contradiction. Let us suppose that there exists
u € C*(Q) solution of Agu = f(u) satisfying (i) and (ii). By Lemma 3.1, u is stable.
Moreover, by Proposition 3.3, we have 7 constant in G and hence

u(x(l), . ,a:(k)) = u0(<a,x(1)>>,

for some a € S"'~1 and uy € C*°(R) non constant. Since ug is non constant there exists
¢ > 0 and an open interval I C R such that |uy(s)| > € for any s € I. Moreover, for each
R > 0 define

A R
Ay i={o=@W,...2®) G| |tV < —j=1,....k}

2k!
then

A¥ < B(0,R).
10



Hence
(27)

/ \@Gu(l‘)ﬁde/ Vgu(z)|?dx
B(0,R) Ak,

. ?Gu z)|?dz
/{w(l)ISR/k%’}/{Ilw 2>||<R2/ Wy /{”x(k)@k/k@,}’ )

- /{x(1>|§R/k2k~ ’ << >>’ /{x(2>||§R2/k22ks} e /{le<’“)<Rk/k2k} dz® .. dz®
= CRZ=(hi—hi) / u{)( <a, 33(1)> ) ‘de(1)7

(e[ <R/k2H )
for some C' > 0. Observing that Zf:z i(hi — hi—1) = Q@ — hy we conclude

(28) /B on IVgu(z)|?dz > CRZ™Mm / ug)( <a,m<1>>)‘2dx<1>,

(e | <R/k7H}
Now we consider ai,...,ap, unit vectors such that a; = a and {a1,...,ap,} is an or-
thonormal basis of R and we define the following change of variables

# = (a;,zW 1=1,...,h
= (ana®) =1

so that

(29) / Vou(e)Pde
B(0,R)

> CROM / (@) 2z
il <ha (k7))

Hence for each R sufficiently large the following inequality holds

(30) / |Veu(z)|*dz
B(0,R)

>oreh [ | lp@pas
(S0, &2<h2 (B2 K2/} J (@ e T}

> CR2 M| / o
2?112 #2<h2(R2/k2/2k")}

= CR LI,

which is clearly incompatible with

lim inf =0
R oo log(R)
since @ > 4 for each Carnot group of step k > 2. O

Corollary 4.1. Let G be a Carnot group satisfying the flatness condition. If f € C*(R)
then there are no solutions of Agu = f(u) satisfying Xju > 0 for some j € {1,...,h1}
and v constant in G.
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5. SEMILINEAR PDES IN THE ENGEL GROUP

In this section we provide some partial extensions to the Engel group of the results
contained in Sections 3 and 4. It is well known that the Engel group’s geometry is much
more complicated than the one of Carnot groups of step 2 (see for example [1, 2, 15]). In
particular, as pointed out in [15], there exist sets with constant normal 7 which are not
vertical halfspaces (see also the family of functions u, defined in (26)). This fact implies
that the Engel group does not satisfy the flatness condition. Nevertheless, as mentioned
in the Introduction ( see Proposition 1.3) E satisfies a partial flatness condition. We also
recall that, proceeding exactly as in [2, Lemma 2.3, if & is constant then it is not restrictive
to suppose either 7 = (1,0) or o = (0, 1).

Before giving the proof of Proposition 1.3 we recall a useful result proved in [1] and
successively refined and improved in [2].

Proposition 5.1. Let G be a Carnot group of step 3 with Lie algebra g. Let X,Y € g
and u € C°(G). If Xu=0 and Yu >0 in G then

1
(31) (Y + X, Y]+ S[X X, Y]])u >0 inG.

Proof of Proposition 1.3: This proof is inspired by analogous arguments of Lemma 2.1
in [2].
We start observing that defining E := (R?,-) where

1
(w1, 22,23, 74) - (Y1, Y2, Y3, Ya) 1=($1 +Y1,T2 + Y2,23 + Y3 — Y122, %4 + Y4 + §y%$2 — ylws)

then, E is a Carnot group of step 3 with Jacobian basis ()2'1, X, X, X4). Here X1, X, X3, X4
are as in Remark 2.7. By (i) we know that

(32) Xiu>0 inE and (tXo)u=0 VteR.

By Proposition 5.1 and (21) we have

(33) Xiu— (tX3)u>0 inE.

Hence letting ¢ — 400 and t — —oo in (33) we get

(34) Xsu=0 inkE.

Analogously, applying Proposition 5.1 with Y = X; and X = tX3, for each t € R we get
(35) Xiu— (tX)u>0 inE,

and again letting ¢ — +oo and ¢t — —oo in (35) we obtain

(36) Xqu=0 inE.

By (32), (34) ,(36) and the explicit expression of X7, Xo, X3, X4 (see Example (2.7)) we
conclude that d;u = 0 for i € {2,3,4} which is the thesis. O

In the remaining part of this Section we provide some partial results about the non
existence of solutions of semilinear equations with # = (0, 1). To this end we start proving
the following characterization Lemma.
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Lemma 5.2. Let u € CY(E) with o = (0,1) then Oyu =0, dou > 0 in E and

(i) If Oqu(z) = 0 then dsu(x) =0,

(ii) If O4u(z) # 0 then (Ozu(z))? < 2(dau(x))(dsu(x)).
Moreover, if Oqu(xz) # 0 then Oqu(x) > 0. In addition, if Oyu = 0, deu > 0 in E and for
every x € E either (i) or (ii) holds then v = (0,1).

Proof. By definition, o = (0,1) if and only if
(37) Xiu=0u=0

2
(38) Xou = Oou — x103u + %8411 >0 inE.

By (37) w is independent of x;, hence choosing 1 = 0 in (38) we get dou > 0 in E. If
Oqu(zx) = 0 for some z € E then by (38) the following inequality holds

(39) Oou(x) — x103u(z) >0 Vr; €R

which easily implies d3u(x) = 0. On the other hand, if d4u(z) # 0 then Xou(x) is a second
order polynomial in x;. Therefore, inequality (38) is satisfied if and only if

(Dsu())? < 2(Bpu(x)) (Byu(x)).
The reverse implication easily follows using the same argument. O

Now we recall the classical Liouville Theorem for the operator Ag, see [6, Theorem
5.8.1] for a more general version and the proof.

Theorem 5.3. Let u € C®(E) be a function satisfying u > 0 and Agu = 0 in E, then u
1 constant.

We are now in position to give the proof of Proposition 1.4
Proof of Proposition 1.4: By definition, u solves Agu = f(u) if and only if
(40) ToOsu + m§(94,4u + Oz 0u = f(u).
By assumption, f(u) — 02 2u — x204u is independent of z3, hence
(41) 21304 4u = O3(v30s 4u) = O3(f (u) — Oa2u — 2904u) = 0
which implies 04 4u = 0 in E. From (41) we easily infer

uw(za, x4) = wahy(x2) + ha(z2)
for some, hy,hy € C*°(R). By Lemma 5.2,
Dou(xa, x4) = T4hy(x2) + hy(z0) > 0 V(z9,14) € R

and therefore b} = 0,h% > 0 in R. All in all we proved that
(42) (2, 4) = axg + ho(x2) a€R.
We claim that a = 0. Indeed, if a # 0, then by (40) and (42) we get

0 = O4(axz + hy(22)) = a(f(u)) = af'(u),
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and hence f is a constant. By Proposition 2.4 and (2)
XoAgu = AgXou = 0,
Xgu >0
therefore, by Theorem 5.3, Xou is a constant. Finally, recalling (21), we get
Xqu = [5(2, X’l]u =0 and Xqu= [X'g,f(l]u =0su=a=0,
which is in contradiction with a # 0. This proves that
(43) u(z1, x2, x3,24) = ha(r2) InE
and the thesis follows arguing as in Theorem 1.2. (|

Remark 5.4. From Proposition 1.4 we get that if u € C*(E) satisfies v = (0,1) and
it is a solution of Agu = f(u) then it has to depend also on x3. We explicitely observe
that, by Lemma 5.2, the same monexistence result proved in Proposition 1.4 also holds
if u = u(zo,x3) or u = u(ws,z4). Indeed, by Lemma 5.2, if u does not depend on x4
then Osu = 0 in E and we conclude as in Theorem 1.2. Moreover, always by Lemma 5.2,
Oou > 0 in E and hence u has to depend on xs.

Lemma 5.5. Let f € C*°(R). Let u € C*(E) be a solution of Agu = f(u) such that
Ou = 03300u = 03402u = 04 400u =0 in E,

then the following relation holds

(44)  FOu)(@au)® + 3P (w)0udS?u + FO (W) u — 0w — 0,0 u =0  inE

where f*) denotes the k—th derivative of f and 8§k)u =0y ...05u.
k

Proof. Using the coordinate expressions of X and X5 and Lemma 5.2 we get that u solves
Agu = f(u) if and only if

(45) :E%@&gu + z904u + 2$2x38374u + x§84,4u + 82,2u = f(u)
Since x§8474u does not depend on x9 we obtain

82(f(u) — 1‘%83,3’11, — 2.%'2.%383,4’[1, — 82’2’!1 — 1'284’11,) =0

and hence,

(46) 22303 4u + Osu = f(l)(u)agu - a§3)u — 2x28§2)u.

Using the same argument in the equality above we have

(47) 2090 + 0y 4u = FO () (2u)? + fO ()0 u — 8

and deriving once more with respect to xo we obtain the thesis. O

14



Proof Proposition 1.5: We start observing that, by Lemma 5.5 and (i) the following
relation holds

3
(48) 19w (a1") + 37w g + 10 (el — g =0

and hence,

0= 01O w)(g") 437 w)olVo +1 (ot 017 | = Daga (10 w)(0)*+37 ) (w)gf o 47O ().

which together with dsu > 0 implies
(49) FO @) (g1)? +3F@ (g Mg + 1O (w)g® = 0.

Let us start supposing f(s) := as® + bs?> + cs +d, a,b,c,d € R, a # 0 then by (49) we get
the following relation:

(50) 18ag§1)g§2) + 6aglg§3) + 2bg§3) = —6aggg§3).

Hence, the second member is independent to x4, so that (8492)953) = 0. Moreover, since
0492 > 0, we conclude that

(51) g§3) (x2) =0 inR.

Therefore, by (50), it follows that
91" (@2)g;” (w2) =0 Vs €R
and recalling that, by Lemma 5.2, g™ (z2) > 0 we get
g§2) (r2) =0 Vg €R.
Hence, g1(72) = exa + f, e, f € R, e > 0 and using again (48) we conclude that 6ae® = 0
which contradicts the fact that a,e > 0.

If f(s) =as®+bs+c, a,b,c € R, a # 0 then, by (49), we deduce g§3)($2) =0inR
and, by (48) and the fact that dsgo > 0, we have ggl)gg) = 0 in R. Finally, using (46), we
conclude that ae = 0 which, as before, is contradiction with the fact that a,e > 0.

If f(s)=as+0b, a,b € R, a # 0 then by (47) we get

205" go (13, 24) = ag” (v2) — g{" (x2) V(w2 73,24) € R?

and hence,
(52) 8§2)92(x3, x4) =c€R, V(x3,x4) € R?
(53) ag%z) (x2) — g§4) (x2) =ceR VzyeR.
By (52) there are h, h € C*°(R) such that
2
cr -
(54) 92(z3,24) = 73 + x3h(wa) + h(wa) V(w3,24) € R

By (46) we obtain

(55) 3w3h D (2q) + B (24) = agy(z2) — 953) (z2) — 2cx
15



therefore h is constant in R and h(zy) = dz4 + ¢, d,e € R. We now claim that ¢ = 0.
Indeed, by Lemma 5.2, the following inequality has to be satisfied

(56) (z5c + h(24))? < 2011 (22) (w3h D (24) + BV (24))  V(ws, w3, 74) € R,

using the fact that A and h are constant we easily deduce ¢ = 0. Therefore, there are
k,e € R and d € R\ {0} such that

(57) 92(w3,x4) = kxs +dry+e Y(r3,x4) € R2.
Recalling (45), by (57) we obtain

(58) dy + g1 (w2) = f(u)

and hence

(59) 0= di(das + g1 (22)) = Da(f () = ad

but this is in contradiction with a,d > 0.
If f(s) =a,acR\ {0} then
XQA]E'LL = AEXQU =0

and hence, by Theorem 5.8.1 in [6], we conclude that Xou is constant. Consequentely,
Xqu = [Xl,Xg]u =0 and Oqu = X4 = [Xl,Xg]u = 0 which implies u(z1,x2,23,24) =
ars + b, @ > 0, b € R. Since, u solves Agu = a we have ¢ = 0. Finally, if a = 0,
then u(z1, 2o, x3,24) = @xo +b, @ > 0, b € R and the conclusion follows proceeding as in
Theorem 1.2. O

Remark 5.6. A complete caracterization of sets with constant normal has been given
in [2]. Among the other things they proved that each open set in the Engel group with
constant normal can be written as the sublevel of a function of the form w(xy,x2,x3,24) =
g1(z2) + go(x3,x4). For this reason we belive that Proposition 1.5 represent a first step
toward the classification of the solutions u of Agu = f(u) with constant normal.
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