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Abstract

In this paper we consider integral functionals of the form

F(v,Q) :/QF(J:,DU(:C))dm

with convex integrand satisfying p growth conditions with respect to the
gradient variable.

As a novel feature, the dependence of the integrand on the z-variable is
allowed to be through a Sobolev function. We prove local higher differ-
entiability results for local minimizers of the functional §, establishing
uniform higher differentiability estimates for solutions to a class of auxil-
iary problems, constructed adding singular higher order perturbations to
the integrand. Furthermore, we prove a dimension free higher integrabil-
ity result for the gradient of local minimizers, by the use of a weighted
version of the Gagliardo-Nirenberg interpolation inequality.
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1 Introduction and Statement of Results

We prove higher differentiability results for minimizers of convex variational
integrals of the form

S(v,O):/OF(:U,Dv(x))dx (1.1)

with convex integrand F’ satisfying p growth conditions with respect to the gra-
dient variable. The functionals § are defined for Sobolev maps v € W7 (Q, RY),
r > 1, and open subsets O of a fixed bounded and open subset 2 of R™. Our
main concern is the multi-dimensional vectorial case n, N > 2, but our results
remain new also in the scalar case N = 1.

There exists a wide literature concerning the regularity of minimizers of the
functional F(v,O) in case the integrand F is assumed to satisfy the following



assumptions

cilélr < Fx,€) < ea(u® + |€]%)%
v(p® + (€127 [n]? < (DeeF (x,€)n,m) (1.2)

|F(21,€) — F(x2,6)| < w(|z1 — a2|) (1 + [€]3) "7

for some positive constants ¢y, co, v, a parameter p > 0, for every &,n € RVxn
and where the dependence on the x-variable is Holder continuous with some
exponent «, i.e.

w(p) = min{p®, 1} (o, 1]. (1.3)

For an exhaustive treatment of the regularity of F-minimizers under the as-
sumptions at (1.2), also in case F' is quasiconvex with respect to the gradient
variable, we refer the interested reader to [21, 22] and the references therein.
In the last few years, the study of the regularity has been successfully carried
out under weaker assumptions on the function w(p), which, roughly speaking,
measures the continuity of the integrand F' with respect to the z-variable. In
particular, in [18] (see also [13, 14]), a partial C%“ regularity result has been
established relaxing the assumption (1.2)3 in a continuity assumption of the
type

lim w(p) = 0.

p—0
Very recently, the result of [18] has been extended in [4] to functionals that have
discontinuous dependence on the x-variable, through a VMO coefficient.

Our aim here is to study the regularity of the gradient of the F- minimizers

of the functional §(v,0), relaxing both the assumptions at (1.2); and (1.2)s.
More precisely, we will deal with degenerate functionals and we will replace the
Holder continuous dependence of the integrand with respect to the x-variable
at (1.2)3 with a suitable Sobolev regularity assumption. A simple model case
of the functionals we have in mind is

3(v,0):/oa(x)f(Dv)dx

where a(z) lies in a suitable Sobolev class and that can be unbounded. Since our
goal is to obtain the regularity at level of the gradient of the minimizer (not of
the function itself as in the above quoted papers), with respect to the hypotheses
of [4], we have to assume a slightly stronger regularity for the integrand F' with
respect to x, still dealing with the case of discontinuous coefficients.

In order to state the results precisely, we shall briefly introduce and discuss our
hypotheses.

Let F: RV*" — R be an integrand satisfying for an exponent p > 2, a function
g such that g7 171 (z) € Wh(Q) and a constant L > 0 , the following set of
hypotheses:

€ — F(z,€) is a strictly convex C? function for a.e. z € Q (H1)
1
——[&" < F(z,¢) < g(2)[§]° H2
g(x)ll (z,8) < g(x)[¢]| (H2)



One can easily see that the convexity assumption (H1) and the growth condition
(H2) imply

|DeF(2,)| < e(p)g(a)|€P~! (H3)
Concerning the dependence on the x-variable we shall assume that
x> F(z,€) is weakly differentiable for every & € RN*® (H4)
and
| Dy DeF(x,€)| < LIDg(x)[|€[P~. (H5)

The convexity assumption on the integrand F' can be expressed as the following
degenerate ellipticity condition on the matrix D¢ F

1
DeeF(x,€)n.m) > —— [€[F~2[n|? H6
<£5()>g(m)|||\ (H6)
for all £ € RV*" 5 ¢ RNXn,
Let us give the definition of local minimizer:

Definition 1.1. A mappingu € Wlloi (2, RY) is alocal F—minimizer if F'(Du) €
L. .(Q) and

loc

F(x,Du)dx < / F(z,Du+ Dy)dx

suppy suppy

for any O € Q and any ¢ € C5°(O,RY).

By virtue of our assumptions on the integrand F', a local F—minimizer minimizer
u solves the corresponding Euler Lagrange system

/Q(DfF(x,Du),D<p> dr =0

for every ¢ € C3°(O,RY).
Remark that assumptions (H3) and (H6) implies the following

|Du|? 4 | D¢ F(z, Du)|77 < §(z)(DeF(z, Du), Du) (1.4)

with g = g(1 + gﬁ). The assumption (H1) implies that we are dealing with
the genuine anisotropic case, since the ratio between the eigenvalues can be
unbounded and the matrix D¢cF' satisfies a degenerate ellipticity condition.
The function g7~ 11" appearing in the right hand side of inequality (1.4), that
measures the degree of degeneracy of our problem, is assumed to belong to
the Sobolev class WHm(Q). It is well known that W1(Q) € VMO, i.e. the
following condition

lim Sup][ |gp/+1($) - (gp/+l)p,xo| =0,
r—0 p<r B, (x0)

holds for every ball B, (z9) € €, ( see [9]), where we denoted by p' = -2
the Holder conjugate exponent of p. We also have, through the classical Moser

Trudinger inequality, that gp/"'1 is exponentially integrable, i.e.

p'+1)n

/ exp()\g( =1 )dx < 400
Q



for some constant A > 0, depending on the W"- norm of gp/“. Hence, com-
bining Holder’s inequality in Orlicz-Sobolev spaces with the requirement that
F(Du) € L (9), we obtain that

loc
n—1
/ |Du|?log™ @"+bn (e + |Dul) dz < oo (1.5)
Q/

i.e. the gradient of a local minimizer belongs to the Orlicz-Zygmund class
LPlog~ @07 Lige(Q RV*).

Regularity results for scalar minimizers of functionals, as well as for solutions of
partial differential equations, with exponentially integrable degeneracy can be
found in [5, 6, 7, 25, 26, 19] where higher integrability results have been obtained
in the scale of Orlicz-Zygmund classes by means of Gehring-type inequalities
(see Theorem 2.4 in Section 2). With the use of Young’s inequality in Orlicz
spaces, one can easily check that there exist two positive constants, both de-
pending on the norm of the function gp/"'1 in the exponential class Expﬁ (),
such that

/|Du|rdz—cl S/F(x,Du(x))de/ |Du|?dx — ¢ (1.6)
Q Q Q

with 7 < p < ¢. Therefore assumption (H2), together with the exponential
integrability of gp/“, entails an integral version of the well-known (p, q) growth
conditions, introduced in the celebrated papers by Marcellini (see in particular
[29, 30, 31]) and that have since attracted much attention.

The regularity of minimizers of functionals satisfying (p,q) growth conditions
has been widely investigated, both in the scalar and in the vectorial setting (see
for example [1, 2, 3, 11, 12, 15, 16, 27, 28, 32]).

In particular, the higher differentiability of the gradient is usually deduced by
means of difference quotient methods. A different approach has been introduced
in [8] and it is based on establishing higher differentiability estimates for solu-
tions to a class of auxiliary problems, constructed adding singular higher order
perturbations to the integrand.

The main idea here is to treat the regularity of minimizers of degenerate func-
tionals with the tools needed to deal with functionals satisfying (p,q) growth
condition.

In fact, with arguments similar to those in [8], we show that the Sobolev
regularity of the coefficient is a sufficient condition to establish a higher differ-
entiability result for the gradient of the minimizers. More precisely, we have the
following

Theorem 1.2. Let F: Q x RNX" — R be an integrand satisfying the as-
sumptions (H1)-(HG) for an exponent 2 < p < n and a function g such that
gF Tt e Whn(Q). Ifu e Wlloi (Q,RYN) is a local F-minimizer, then

V,(Du) € W25 (Q, RV ™)

loc

where s is any exponent such that s < 2 and where V,(Du) is defined as

Vp(Du) := |Du|L;2Du.



Furthermore, there exists a radius Ry = Ro(n,N,L,p) such that whenever
Bsr C Bg, € Q we have the Caccioppoli type inequality

[, SR < g5 (faa2+ D<92>|>”dx)g (f FlDw i)

for a constant ¢ = ¢(n, N, L, p).

As far as we know, no higher differentiability results are available for mini-
mizers of functionals that depend on the z-variable through a Sobolev function.
Nevertheless, we’d like to mention that in [24] the authors deal with function-
als depend on the z-variable through a coefficient that belongs to a fractional
Sobolev space but satisfies also a Holder’s condition with arbitrarily small ex-
ponent.

Moreover, in [10], the higher differentiability of solutions to a non degenerate
Beltrami equation with a Sobolev coefficient is achieved in the two dimensional
setting.

A continuity result for solutions of linear elliptic equations with Sobolev coeffi-
cients has been established in [33].

Our results here don’t cover the case p = 2 = n which requires different tools
and that will be treated in a forthcoming paper.

We remark that as a consequence of the Sobolev imbedding, Theorem 1.3
yields that the gradient of a F-mimimizer belongs to the space L2, for ev-
ery p < p. Hence, in case p > n — 2, the gradient of a F-mimimizer belongs
to LPt2, for every p < p. Here, in case F(z,&) = F(z,|¢]) combining a suit-
able weighted version of the Gagliardo Nirenberg interpolation inequality (see
Lemma 2.3 below) with a local boundedness result for F-mimimizers, we show
that this higher integrability persists for F-minimizers without any restriction
on the growth exponent p. More precisely, we have the following

Theorem 1.3. Let F: Q x RVN*" — R satisfy the conditions (H1)- (H6) for
an exponent 2 < p < n and a function g such that gp'Jr1 € WH(Q). Suppose in
addition that F(z,€) = F(z,|¢]). Ifu € W110<1; (L, RY) is a local F-minimizer,
then

Du e LI, RV*™)

loc

for every p < p. Furthermore, there exists a radius R = R(n, N, L,p) such that
whenever Bar C Bg € Q we have the following inequality

6
1 . n
/ Z|DulPt? dz < C||UHQL°°(BR) (/(|g|2 +|D(g*))) daj) ( F(z, Du) dx)
Bp g 9) Bar

for a constant ¢ = ¢(n, N, L,p, R).

The higher integrability exponent of the gradient of a F-minimizer is dimension—
free since we are going to prove that the minimizers are locally bounded. Dimension—
free higher integrability exponents have been established in [8] for a priori
bounded minimizer of autonomous integrals, satisfying nonstandard growth con-
ditions and in [23] for the second gradient of the F-minimizer, but under much
more severe growth conditions (i.e. (H2), (H6) with p = 2 and Lipschitz con-
tinuous dependence with respect to x.).



The plan of the paper is the following. We have collected standard preliminary
material in Section 2, which at the same time serves as our reference for notation.
The proofs of the higher differentiability result stated in Theorem 1.2 and of
the higher integrability result stated in Theorem 1.3 are presented in Sections
3 and 4, respectively.

2 Preliminaries

For matrices ¢, n € RV we write (£,n) = trace(¢7n) for the usual inner

product of £ and n, and |£] := <§,§>% for the corresponding euclidean norm.
When a € RY and b € R" we write a®b € RY*™ for the tensor product defined
as the matrix that has the element a,.b, in its r-th row and s-th column. Observe
that |a ® b| = |a||b|, where |al, |b| denote the usual euclidean norms of a in RY,
b in R™, respectively.

When F: Q x RV*" — R is sufficiently differentiable we write

2

d
z,§+tn) and  DecF(z,8)[n, ) ::@t:OF(ﬂs,&tn)

DeF(w, )] = | F

for £, n € RN*™,
We recall the definition of the auxiliary function V, as

p—2
Vp(§) =V(&) =€ 7 ¢
For later reference, we note that, for a C2 map w and for p > 2, a routine
calculation yields
2 2
‘D[V(Dw)” < %|Dw|p_2|D2w\2 (2.1)

Now, we state an iteration lemma, which is very well-known, in a version suitable
for our purposes.

Lemma 2.1. Let ®: [%,R] — R be a bounded nonnegative function on the
interval [%, R] where R > 0. Assume that for all % <r < s< R we have

B C D

O(r) <IO(s) + A+ (s —1)2 + (s —r)e + (s —1)B

where ¥ € (0,1), A, B, C, D > 0 and 0 < o < 8 are constants. Then there
exists a constant ¢ = ¢(¢, 8) such that

R B C D
() <e(ar =+ — 4+ =
(2)_0( +R2+RO‘+R5>
See for instance [22], pp. 191-192, for a proof that can easily be adapted to

cover the above statement too.
Let P be an increasing function from P(0) = 0 to 75lim P(t) = oo and continu-
—00

ously differentiable on (0,00). The Orlicz class generated by the function P(t)
consists of the functions h for which there exists a constant A = A(h) > 0 such

that
P ('i') e L'(Q).



In particular, the Orlicz-Zygmund classes L°log® L, 1 < s < oo, a € R, are
Orlicz classes generated by a function P(t) ~ t*log®(e +t) as t — oo.

For o > 0, the dual Orlicz space to Llog® L(2) is the space Exp1 (), generated
by a function Q(t) ~ exp(t#)—1, as t — co. For a > 0, the following elementary
inequalities hold true

sPr < sPlogm % (e+s) < 8P < sPlog®(e + s) < sP2 Vs> 1 (2.2)
where p; < p < ps. The following Sobolev imbedding Theorem in the Orlicz-
Sobolev setting can be found in [17]

Theorem 2.2. Let h € Wy (Q) be a function such that |Dh| € L™log™" L(S),
some 0 <o < 1. Then
he EXP_x_ ()

Obviously, Theorem 2.2 in case o = 0 gives back the Moser-Trudinger em-
bedding Theorem.
Now, we give a weighted version of the classical Gagliardo Nirenberg interpola-
tion inequality

Lemma 2.3. Letp > 1. Forn € CHQ) withn >0, g € W(l]" with g > 1 and
uwe€ WHI N L>® such that

[D(V (Du)

s € L),

we have
1 1
[ iDul? 2 do < elp+ 12 [ o2 1aPID(V(DW) P da
Q 9 Q 9
Dgl? 1
+ c/ n2|u|2%|Du|p dz + c/ lu|? = |Vn|?| Du|P dz (2.3)
Q Y Q 9

for an absolute positive constant c.

Proof. Integration by parts yields

1
/n2f\Du|p+2dx:
Q g

1 1
/ <7727|Du|pDu, Du> dz = —/ D {UQDU|Du|p] cudx
Q g Q 9

1 D
< (p+1)/W2*|u||Du|p\D2u|d$+/772|u\|Du|p+1|7§g|dx
o 9 Q g
1
+ 2/n'UHVﬂ|§|DU|p+1d£L’:Il+I2+.[3 (24)
Q

We estimate I; by using the Young’s inequality as follows
1 1 1
L < —/ n*=|Du|PT? da 4 c(p + 1)2/ n*=|u?|DuP~?|D?*u)*dz  (2.5)
16 Jo " g Q 9

Similarly, we have

1 1 Dg|?
I, < */ 0> =|Dul|PT? dz + c/ n2|u\2%|Du|p dx (2.6)
16 Jo " ¢ Q g



and

1 1 1
< [ 2 Xipuptrde + c/ 2L V2| Duf? da (2.7)
16 Jo ¢ Q g

Hence, inserting (2.5), (2.6) and (2.7) in (2.4), we get

3

1 1
/7]27|Du|ijz dz < —/ n*=|Du|PT? dz
o 9 16 /o " g

1
b oept 1) / 7 - |ul?| DulP~2 Dl da
Q 9
Dagl? 1
+ e [Pl Dup a4 e [ P ivapiDup as
Q g Q g

Reabsorbing the first integral in the right hand side by the left hand side in
previous estimate, we conclude with

1 1
[ iDul* ds < e+ 1 [ o juPiDuP D2 ds
Q 9 Q 9
Dgl? 1
+ c/ n2|u|2#|Du|pdx+c/ |u|? = |Vn|?| Du|? d (2.8)
Q g Q g

i.e. the thesis.

O

We conclude this section with an higher integrability result for the gradient
of a local F—minimizer in the scale of Orlicz-Zygmund classes.

Theorem 2.4. Let F': Q x RVN*" — R satisfy the conditions (H1)- (H6) for
a function g such that gﬁﬂ € WY, and an exponent 2 < p < n. Ifu €
Wlloi (Q,RY) is a local F-minimizer, then

|Dul € LY log® L(Q),

loc
for every a > 0.

The proof can be easily obtained through the same arguments of [5, 19, 25].

3 Proof of Theorem 1.2

Our aim is to show that V(Du) € Wllc;f(Q), Vp < 2. Before proceeding with the
proof, we need to carry out an approximation procedure, which is essentially
based on the arguments contained in [8]. Here we give a weighted version, which
takes into account the degeneracy of the integrand.
Fix a subdomain with a smooth boundary Q' € Q and take k € N, so large that
we have the continuous embedding W*2(Q)’) < C2(Q/). For a smooth kernel
¢ € CX(B1(0)) with ¢ > 0 and fBl(O)(b = 1, we consider the corresponding
family of mollifiers (¢.)cs0 and put @. := ¢ * u on Q' for each positive ¢ <
dist (/,09Q). By (1.5) and (2.2) we have that Du € L? for every p < pand
hence

e — u as € \, 0 strongly in W'2(Q)  Vp < p. (3.1)



Moreover we record that, for a suitable function & = £(g) with £\, 0 as € \, 0,
also

g |D*u.|? — 0ase\, 0. (3.2)

Q
For small ¢ > 0, we let u. € Wk2(Q) N Wé’f(Q’) denote a minimizer to the
functional -
v (F(m, Do) + E|Dkv|2>
QI 2

on the Sobolev class W*2(Q') N Wé’f(ﬁ’). The existence of u. is easily estab-
lished by the direct method. Next two Lemmas are suitable versions for our
purposes of Lemma 8 and Lemma 9 in [8]. We give it here for the sake of
completeness.

Lemma 3.1. For each o € W*2(Q) N WP (),
0= / ((DgF(x,DuE), D) + é(D"u,, Dk<p>>. (3.3)
( ’

Furthermore, u. € Wr2(Q)').

loc

Proof. The minimality of u. yields the weak form of the Euler—Lagrange system
(3.3) by straight forward means since by our choice of k£ we have that Du. and
Dy € L>*(Y). The additional regularity of u. then follows from standard
elliptic regularity theory if we notice that (3.3) can be rewritten as

Ak, = (781)’6 (div D¢F(z, Dus)) (3.4)

where the composition of k Laplacians on the left—-hand side acts row—wise, and
as usual is understood in the distributional sense on 2’. Since by our choice
of k, u. € C?(V), the right-hand side of (3.4) belongs in particular to L2(Q')
from which we deduce u. € W252(Q). O

loc

Lemma 3.2. As e\, 0, we have that
/ |Du. — DulP dz — 0, Vp <p
Q/

and

/ F(z,Du.)dx — | F(x,Du)dz.
’ QI

Proof. By the minimality of u., we have that there exists ¢g > 0 such that

//(F(g@DuE) + §|Dkug|2> < /Q/(F(x,DﬂE) + §|D’“ﬂ5|2) (3.5)

for all 0 < € < gp. Now, by Theorem 2.4, the duality between the spaces
Llog® L and EX P: and standard properties of mollifiers we obtain that

lim [ F(x, Di,) §/ F(z, Du) (3.6)
E\O Q ’



Fatou’s Lemma allows us to conclude that

F(z,Du.) — | F(x,Du) as & \,0. (3.7)
o (o)
In view of (3.2), (3.6) and (3.7), inequality (3.5) implies

limsup/ (F(m,Due)—l— E|Dku5|2) S/ F(xz, Du). (3.8)
E\O ’ 2 Q

By the left inequality in the assumption (H2) we have that F(z,§) > ﬁmp
for all ¢ € RV*", Therefore estimate (3.8) and Holder’s inequality imply

P

/Q, | Du.|P < </Q/gpﬁﬁ>piﬁ(// ;Du5|p> i)
o) ([ ewta™ ) " ([ Zpur)”
“trr) (/ , Pl (ztll)noﬁ ( ol (x,Du)f (3.9)

Hence by the assumption on g and Theorem 2.2, the family (Du,) is bounded in
LP(9Y), ¥p < p, and since u. = 4. in the sense of trace on 9’ a standard lower
semicontinuity result together with the minimality of u allow us to conclude
that

S

IN

IA

liminf [ F(z,Du.) > | F(x,Du).
E\O Q Q/

By virtue of (3.8), this implies that

/ %\Dkus\Q —0 (3.10)

and

F(x,Du.) — | F(x,Du),
0% ol

as € \, 0. In order to conclude the proof, it is sufficient to note that, by the
assumption (H6), standard calculations imply that

1 ~ 12 N7 - 2
/m(wug +|Du.l?) ¥ |Di. — Du|

< c//(F(x,DﬁE) — F(z, Du.) — (DeF (2, Du,), Diie — Du€>).

Here we have by Lemma 3.1,

/ (D¢F (2, Du.), Diie — Du.) = —5/ (D*u., D, — D*u.). (3.11)

’

Hence using with Holder’s inequality, (3.2) and (3.10), it follows that

1 p=2
/ ﬁ(‘D'l]gF‘f’ |Du€‘2) : ‘Dﬁe —DUE|2 —)O as 5\0
1 gl

10



Because p > 2, we conclude by well-known means that

1
/ @|Dﬂ5 — Du5|p — 0,

and therefore also
/ |Du, — DulP — 0, Vp < p,
Q/

by a simple use of Holder’s inequality, as in (3.9). This concludes the proof. [
We are now ready to embark on the core of the proof of Theorem 1.2.

Proof. Fix Bogp = Bog(xzg) C @, radii R < r < s < 2R < 2 and a smooth

, i
cut-off function p satisfying 15, < p < 1p, and |D’p| < (ir) for each ¢ € N.
According to Lemma 3.1, we can test the Euler-Lagrange system (3.3) with

p= p%DfuE for each direction 1 < j < n:

0 — / <D§F(:1:,Du€),D]2-DuE>p2k +/ <D§F(x,Du€),D§.u5 ®D(p2k>>
+§/ <DkuE,Dk(D]2-usp2k)>
= I+ II+III (3.12)

Integration by parts yields

1

—/ <p2k<Dj (DfF(a:,DuE)>,DjDuE> + 2kp2k*1Djp<DgF(a:,Du€),DjDua>>
- / (kafoF(a:,Due)[DjDug,DjDue} —|—p2k<D3¢jD§F(aj,Dug),DjDu5>)

Q/

f/ (26(p™ ' DjpDeF (@, Du.), D; Du. ))
1 _ _

= */ p** ——|Duc["~?|D; Duc|* + (L) / p** Dy, g||Duc [P~ D; Du|

o 9(@) Q
+elp.k) | 7 Dyola(w)] Dul? ™D, D,

where we used (H6), (H3) and (H5). Hence, using Young’s inequality in the last
two integrals, we obtain

I kaD P~2(D. Du_|? + - kaD P=2|D . Dy, |2
< LA - . — LA - .
< — [ Fsipup i puf + 5 [ Fipu i, D
+oelp k) /Q 241D o2 (@) | Duc?
+ pL) [ o)\ DgPIDucl. (3.13)
Q/

By virtue of (H3) and Cauchy—Schwarz’ inequality, we get

11 < clp ) [ g@IDup e Dol Dkl < o) [ g @)Ducpt D DpP
Q Q

11



1 p2k
+ i/ymwum—ﬂpjpum. (3.14)

In order to estimate ITI, we argue as in [8] writing
111 = 5/ (D"ue, D;D* (5 Dju. ) = D (D; (6™) Dy ) )

and integrating the first term by parts,

I = —5/ (<DjDku€,Dk(p2ijue)> —5/ <Dku€,Dk(Dj(p2k)Djue>>>
— [II, + I,

We estimate these terms by use of Cauchy-Schwarz’ inequality, Leibniz’ product
formula and the assumptions on D*p (simplifying also by use of s — r < 1):

~ k—1
- CkE i
I.[Il S 75//p2k|DjDkU5|2 + ﬁ/ﬂ/ﬂk|DﬂDku5|Z|D Djus‘
=0
< 7§/ p?*|D; D, ‘2+L§/ <]€Z1|DiD-u |)2
- 3 Q J ¢ (S _T)Zk BzR =0 e
< _§/ p**|D; D*u \%Lg/ §|Dip-u ?
> € €
3 Q/ J (S —T)Qk Bari—g I

for a (new) constant c¢j. Likewise,

~ ~ k—1

€ CkE i 2 k,, (2
IIIggf/pzk\D-Dku |2+7/ |D'Dju.|® + |D*u.|* | ,

3 Q J c (S _T)2k+2 BzR ; e :

where we remark that the increased power of the factor (s — r) is due to the
presence of an additional Dj-derivative on p?* in III,. Collecting the above
bounds and adjusting the constant ¢, we arrive at

- ~ k—1
€ 2k k, |2 CrE i 2 k, |2
IIIS 7§/Q/p |DJD U5| +(8—7“)2]€+2/BZR (;D Dju5| +‘D UE‘ )
(3.15)
Inserting the bounds (3.13), (3.14), (3.15) in (3.12) and using the properties of
p we get for each 1 < j < n:

1 p* 2 2 3 2% k, |2
— ——|Du.|P"*|D;Du, + 7/ D.;D"%u,
4 //g($)| | ‘ J | 3 Q’p ‘ J ‘

(fp’f))z /B o@Dy

+ elnl) [ pIDoPote)Ducp

- k—1
cE ;
+(S — r)2k+2 /B (Z |D;D u5|2 + Dku62> .
2R

=0

IA

12



Adding up these inequalities over j € {1, ..., n} and adjusting the constants
we arrive at

2k =
_ 4
/ 14 | Du.|? 2|Dzua|2Jr /ka‘DkJrlue‘Q
Q/

o 9(z) 3
c(n,p, k
) [ oDl et L) [ o] Do D
A(E) s T
t e )

where A(e) is independent of r, s and where by virtue of (3.10) in Lemma 3.2,
through the Gagliardo Nirenberg interpolation inequality,

A(e) =0 as &\,0.

Omitting the second term on the left—hand side, the above inequality simplifies
to

2k k
/ p—|Du€|p_2|D2uE|2 < c(n,7p72)/ gS\DuEP’
o 9(z) (s—1) B:\B,
L) | p*g|Dg|*|Ducl? Ale) 3.17
+c(n,p, L) Q/P 9|Dg|" | Duc| +m- (3.17)
Now, elementary calculations imply that

2

oy o)

1 1 1
< C[fkgLMAVQUﬁue2+P%9JD9FWTDUJ2+kaﬂhggMMFWWDUJP7

where ¢ is a constant depending on p but independent of € . Integrating previous
estimate over the set €' and using (3.17) we get

J,

2

D (p’“IV(D%))

V9
c(n,p, k
(7])2)/ 93\Dug|p+0(n,p>L)/ p**g|Dg|?| Duc|P
(s=1)* /BB, Q
c(p k) / 1 / ok | 2
+ Z|DuclP + c(p —|Dgl?| Du.|P
(s 1) BS\BT9| [P +c(p) P 93| 917 Duc|
Afe)
5=y (3.18)
where we set A(g) = cA(e). Since g > 1, inequality (3.18) simplifies to
1 2
D pka Du )
// < \/§ ( 5)
c1(n,p, k
1(71)2)/ QS‘DUa|p+CQ(n7paL)/ kag|Dg|2\DuE|p
(s—r) B,\B, 1Y
A(e)
CEDEE (3.19)

13



Sobolev imbedding Theorem and the definition of V(Du) yield

n—2

n—2
2kn 1 pn " 2kn 1 2n "
([ o= =) " = ([ o2 wow)
7 gn—z 7 gn—z
1 2
cz [ |p(sviou)

V9

for a constant C's = Cs(n, N). Combining (3.19) and (3.20), we obtain

2kn 1 _pn_
/Q/ pn—z gﬁ |Du€|n—2

ci(n,p, k, N
ﬂpigin) / ¢°|Du.|?
(s —r)n—2 B,\B,

n

A(e) 2
(W)%H)

— I4+11+ <A(‘€)> o (3.21)

(S _ T)2k+2

IN

(3.20)

n
n—2

n
n—2

+ ca(n,p, L, N) (/ pz’“nggIQIDuep)
Q/

+

Holder’s inequality yields

2
n n—2 on 1 n
¢s(n,p, L, N) ( / g2|Dg|") / pr=t ——|Du, |72
Q/ Q gn—2

2
n-2 kn ]. _np_
es(n,p, L, ) ( / g"|Dg|") [ pul e22)

11

IN

IA

n—2

where we used again that ¢ > 1. Now, since the assumption on g implies
g*> € Whn(Q), the absolute continuity of the integral allows us to choose

such that
2 )
"|Dg|™ _— 3.23
([aar)™ < o (3.23)

in order to have that

1 n 1 n n
< (/ P |Duen—p2> . (3.24)
7 2

g2

For the estimation of I, we use Holder’s and Young’s inequalities as follows

1 n
= n=2)
c 1
I < 712771 / g / —|Duc|?
(s —r)n-2 B\B, B,\B, 9
1 wp \ 2
| ipu
BA\B, §n2

1 n
/ = |Du5| n—p2
BS\BT gn72
2 n

n—2 n—2
1
— / g*" / —[Due|? (3.25)
(s —r)n=2 B,\B, BB, 9

14
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for a new constant ¢; = ¢1(n,p, k, N), independent of . Inserting (3.25) and
(3.24) in (3.21) we get

CTL 1 n ]. n ]_ n ].
/ p12Lk—2 5 |_Du6 np—z g — / pr2Lk—2 7n|Du€ ﬁ + / 7n|DuE
’ gn—2 4 Q' gn—? BS\BT gn—?

. ==} 1 =}
+ / g'" / —[Duc|?
(s —r)n-2 B,\B, B,\B, 9

n

+ ((s :47E§2)k+2> 7 (3.26)

Reabsorbing the first integral in the right hand side by the left hand side and
using that p equals 1 on B,., we get

]. n n ]_ n 4 ]. n
/ —|Du.|7> / pﬁ’iz | Du. |7 < ,/ —|Du.| 7>
Br gn—Q 7 gn—2 3 BS\BT» gn—2

_2 _n_
c n—2 1 n—2
PR / g / =|Ducl?
(s —r)»=2 \JB.\B, BA\B,. 9
A(E) n—2
+ <(S — r)2k+2> (3.27)
where ¢ denotes a constant independent of e. We use the hole filling trick of
Widman to obtain

1 n
/ —|Du.| 72
BR gn—2
2 _n_ ~ o)
c an n—2 1 n—2 A(E)
S n g ) (/ - Due p) +
Rn4—2 </B2R Bor J | | R2k+2
2 _n_ ~ ﬁ
: )™ (A
Rﬁ </an Bar ) R2k

by the use of assumption (H1). Since, by Lemma 3.2, we have that the integral

/ F(z, Du.)dx
Bar

np
n—2

IN

_|_

is bounded independently of ¢, it follows that the sequence (Du,) is bounded in

LT:%(pr,]RNX”)7 for all p < p. So, by the arbitrariness of the ball Bag(zo) C
Q' and a simple covering argument, we conclude that (Du.) is bounded in

_np_
L2 (Y, RN*") Therefore by passing to the limit as € \, 0 we get

loc

L, 2 -
/ —|Du|»—2 < — (/ g4n> (/ F(z,Du) dx> (3.28)
Br gn—? Rn»=2 Bagr Bar

and hence, since by the assumption on g we have g2 € W1 (Q), we get

LN N
([ —mpae) " < [k +106@) [ Fepa
Br g2 Q Bon
(3.29)

15



In view of (3.17) and (3.29), it then also follows that (V(Du.)) is bounded in
WS RVN*™) for every s < 2 and passing to limit as e \, 0 we obtain the

loc
following estimate

1 n
[ S < g ([P + D20 as)” [ Fepuas.
Br 9 R Q Bar
(3.30)
This concludes the proof. O

As a simple consequence of previous Theorem, we have

Corollary 3.3. Let F: Q x RNX" — R satisfy the assumptions (H1)— (H6) for
a function g such that g? 1 € WH(Q) N L2 .(Q) and an exponent 2 < p < n.

loc

Ifu € Wlloi (Q,RN) is a local F-minimizer, then

V,(Du) € W2 (Q, RNV ™)

loc

Furthermore, there exists a radius Ry = Ro(n,N,L,p) such that whenever
Bor C B, C Q we have the Caccioppoli type inequality

[, iR < £ ([ or 106" w) (/ F(aDuds

for a constant ¢ = c(n, N, L, p, ||g||s)-

4 Proof of Theorem 1.3

The proof of the higher integrability result stated in Theorem 1.3 will be achieved
establishing first that F- minimizers are locally bounded in @ and then using
the weighted interpolation result of Lemma 2.3. The local boundedness of min-
imizers, which could be of interest by itself, is contained in the following

Lemma 4.1. Let F: Q x RV*" — R satisfy the conditions (H1)- (H6) for an
exponent 2 < p < n and_a function g such that g° tle Wé"(ﬂ) Suppose in
addition that F(z,€) = F(x,|¢]). If u€ WLL(Q,RN) is a local F-minimizer,

loc

then there exists Ry = Ry(n, N,p) > 0 such that for every ball Bg C Bg, €

c(p,n, N . oo np "y
suplul < L2 ([ g i) T ([ i ar) T
B% R r Q Br

for an exponent ps < p.

Proof. The proof, which is rather technical, will be given in two steps. In
the first one, we establish uniform estimates for the minimizers of suitable ap-
proximating problems, while in the second one we conclude showing that these
estimates are preserved in passing to limit.

Step 1. The a priori estimate

Fix a subdomain with a smooth boundary €' €  and for a smooth kernel ¢ €
C2°(B1(0)) with ¢ > 0 and fBl(0)¢ = 1, we consider the corresponding family of

16



mollifiers (¢¢)e~0 and put @, := ¢, xu on ' for each positive e < dist (', 00Q).
Let us denote by v. the unique minimizer of the Dirichlet problem

min F.(z,Dv)dz (4.2)
V€U AW P Q) S

where we set

_ F(x,€) g
F.(x,8) = Treg T 1+€g\&lp-

It is well known (see for example [5, 25, 26]) that F.(z, &) satisfies the following
bounds (uniform with respect to )

ﬁmp < Fa(a,6) < g(2)[ep (A1)
D, DeFu(,6)] < e(p, L)| Dy(a)| € (A2)
and
T L P—2||2
(DecF. (@) = —IeP~2lnf. (A3)

One can easily check that

| DeFe(w,6)| < c(p)g(a)[€fP~ (A4)

for positive constants independent of e. Moreover, F¢(z, ) satisfies the following
bounds (uniform with respect to x)

€ P p <1+

Sl (A5)

Fix Bag = Bag(xg) C ', radii R < r < s < 2R < 2 and a smooth cut-off

function 7 satisfying 15, < n < 1p, and |Dn| < 2. Let us consider the

function ¢ = nPlv.|°v. where o is a positive exponent. Since by Theorem 2.3
in [28], v is bounded in ', we are allowed to plug ¢ as test function in the
Euler-Lagrange equation associated to the functional defined in (4.2). We get

0 = o D¢F,(z, Dv.)Dpdx
= /Q, NP|ve|°(De Fe(z, Dve), Dv.) do
+ 0[/ﬁp<D5F5($,DUE),DUE>‘UE|U dz
+ 0 [ 7ol (DeF @, D). v @ V) da
= [+II+1II (4.3)

Then we estimate I and I thanks to the ellipticity assumption (A3):

1
1+Hz(a+1)/ P — 0.7 | Dv.|? dw (4.4)
o 9(z)

17



We can estimate |[I1I] by using the growth condition on the first derivatives of

F. expressed by the inequality (A4) and Young’s inequality as follows
1] < o) [ gla)lod Do Vil da
Q/

< o) [ @ Do Vel da

1 1
< = 1 p 7| Dv|P d
< 5lo+)) [ sl Do ds

c\p B -
s [ @I s

Inserting estimates (4.4) and (4.5) in (4.3) and reabsorbing we have that

1
oc+1 / NP ——|ve|7 | Do, |P dx
( ) o g(l,)‘5|| €|

c(p _ .
(o +(1§p1 /Q/ g7 @) [VnlPlve |7t da

We can write previous inequality as follows

1
/ 1P ——Jvz |” | Do, P da
Q 9(33)

c(p) / 2p—1 o+p
—_ R dx,
(c+1)P(s —1)P BS\BTg (a)[ve] r

by the use of the properties of 7. Now, we calculate

1 E
‘D (77 ’ U6|pv€>
g7 ()

p

Dg? o+p\’ 1 >
S C(p)np |gpﬁ1 |’UE‘ +p+c(p)< ) npg(x)|va| |DUE|p
+  c(p)|VnP v |7TP
)l

Integrating previous inequality over ' and using (4.7), we get

/’ X (ngél(x)mgvs)

cp) (o+p)f p—1 o+p
< (3 — r)P (0- + 1)p LS\BT 92 (I)‘U5| P dg

p
dx

) [ B as s e) [ VaP Sl s
o 97 % g9(z)

Sobolev imbedding Theorem yields
) =
7719 v 0+p)
/ ( o)

18
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e e R
(s—r)nr \o+1 B\B,

n

Dal? o]
+ cpn, ) ( / L] |vs|“+pdw)
Q/

gp+1

= A+ B (4.9)

where we used that, since g(x) > 1, one has é < ¢g*~! and that Z—j‘_’l’ > 1. We
estimate B using Holder’s inequality as follows

s ([ o) ([, () o)

We choose R < Ry = Ri(n,p, N) such that

P

Dg|™ T 1
/ |7g|d$ < -
Br, g'n. 2C(n7p7N)

s ()
B< - p ve|7TP dz 4.10
<3 [ (r=ghoe (4.10)

In order to estimate A, we interpolate as follows

and hence

9 +1719
J+p_"$T L

for a fixed p; < p. We find
s_n__ plotn)

n—p (c+p—pi)(n—p)

2
that is positive and strictly less than 1 for o > %ﬁpp_pl). Hence we can use
Holder’s and Young’s inequalities as follows

A < C(panv np) (U+p> / ng_l(.’L‘)‘U5|a+p dr
(s—r)n—»r \o+1 B,\B,

np n 9
N = 1 =
< o) (”p) / <|v5|ﬂ+p) dz
(s—r)n—r \o+1 BB, \J

(1=9)(o+p)

e P1
/ 9¥(@)|ve |77 da
B, \B,
1 e
/ (lvar’”’) o
BB, \9

1 o+p

1

8

c(p,n,N) (o+ =1 R oy \ T
Lo nﬁ( p) [ @r) " an
(1) \ot1 ..
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where in order to simplify the notation we set x = (2p+1 — 0)%.
Inserting estimates (4.11) and (4.10) in (4.9), we get

n

1 np
[ (rter)
ok 9
1 1 wr 1 1 nr
< ,/ (np|v6|0+p> dx—l—f/ <|v5|"+1’> dz
2 Jar g 8 B\B, \9

o+p

1
c(p,n,N) (o+ A | 0 npy \
(., ) ( p) [ @) e
(s—r)n—r \o+1 B.\B,

Reabsorbing the first integral in the right hand side by the left hand side and
using the hole filling trick of Widman, we get

1 w2p
/ (va|a+p) dz
Br \Y

2

_|_

np % o+p
Cp7n7N) U+p n=p Y npl P1
( B (g - 1) ] g¥ (@) oe |5 (4.13)
n—p BR

Recalling that 1 — 9 = W we obtain

1 o+ ﬁ
—|ve|7TP dz
Br \9
2

a+z:p1 (n—p)2 n—p
cp,n) (o+p\™r| 77 " npy 71
= (2 P (@)l 5 e
Rn—p o+ Br

Holder’s inequality yields

n—p
n(o+p)

<

o+p—p1 (n—p)2

c(p.n) (0 T p> ]

n—p
v n(o+p)

1 "
/ <|U€g+p> dx S
Br \9
2

(n—p)(P2—P1) n—p

. </ gxpzpfm (x)) e (/ |U€‘% d:I,‘) " (414)
BR BR

where p; < p2 < p.

Rnﬂfp g + 1

Step 2. Conclusion
Since the functional F. satisfies (A1)—(A4), we are legitimate to use estimate

(3.29) for v,



IA
3| Q
N\
S~

=Y

+

]

4
<g2>|>") [ dpilras
2R

5 2=
[ s+ |D<92>|>") ( [ ipaa dx) (4.15)
Q Baor

by the minimality of v. and the growth condition (A1l). Since 231”_1’1 < 5, by

Theorem 1.1 we have that Du € LZ+=T and hence ue strongly converges to u as

IN
3o
TN

2n
£ — 0 in W71, Therefore there exists a positive constant C' independent of
€ such that

1 pn
B

R gn—Z

and then the sequence Dv. is bounded in L%(BR,RNX”), for all p < p and
a standard diagonal argument give a subsequence v; = (v.); weakly converging

to a function v, whose gradient Dv belongs to L%(BR,IR{NX”)7 for all p < p.
Moreover v; = (v.); strongly converges to v in L7, for every v < n_"Qp_p (if
p < n —2) or v is any number if p > n — 2. Our next aim is to show that the
limit function v coincides with the minimizer u of the functional §(u, Bg). The

lower semicontinuity of the integral and the definition of F. imply

/ F(z,Dv)dz < lim F(z,Dv.)dz < lim F.(z,Dv;)(1+¢eg)dx
Br

e—0 Br e—0 Br
< lim F.(z, Dv.) + lim 5/ gF.(x, Dv.) dx
e—0 Br e—0 Br
< lim F.(z,Dv.) + lir%g/ g*|Dv.|P dz
£—

e—0 Br Br

= lim F.(z,Dv.)dz
e—0 Br

3
2n 1 n o
+ lims</(glz+lD(gz))”> (/ —— | Duvc|72 dar)
e—0 Q Br 971,72

= lim F.(z,Dv.)dz (4.17)

e—0 Br

where we used (4.16). Estimate (4.17), the minimality of v., Jensen’s inequality
and Dominated Convergence Theorem yield

F(x,Dv)dz < lim F.(z,Dv.)dz < lim F.(x,Du.)dx

Br e—0 Br e—0 Br

< /BR F(z,Du) dx (4.18)

Since v and u coincide on OBp in the sense of traces, by the minimimality of w,
we have

F(z,Du)dx < F(z,Dv)dz
Br Br

and the strict convexity of F' implies that v and u coincide a.e. in Br. Taking
the limit as e — 0 in (4.14), by the use of Fatou’s Lemma and the fact that
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vj = (vs)j strongly converges to u in L7, for every v < %, we get

iR _n—p
! 7 o 1 —n_ DcED)
o n—p
/ <|u|a+p) dz < liminf / (Us|a+p) da
Br \Y mit 2o \g
: 2
np 1 ZXE—P1 (n—p)?
< c(p,n,N) (c+p\"? o¥p  nppy
a R"% oc+1

(n=p)(p2—=p1) n—p

(/ 9”2”?’1(9:)> o </ |u|:p2pd1:>np2 (4.19)
Br Br

Letting 0 — oo in (4.19), taking into account that x — 2n and using the
assumption g2 € WH"(Q), we conclude that

(n—p)(P2—P71) n—p
N 2n T npip2 n np
suply < <@V (/ o5 (x)> v </ ] ¥25 dx) :
Bp R Br Br
c(p,n, N n En npg Ty
< (74)) (/(9|2+|D(92)) ) (/ |75 dm) (4.20)
R r1 Q Br

O
Now, combining Lemmas 4.1 and 2.3, we are ready to give the following

Proof of Theorem 1.3. Let Bg € Q with 2R < R = min{ Ry, R;}, where Ry, R;
are determined in Theorem 1.2 and Lemma 4.1 respectively and let n € C1(Q)
be a cut off function between B B and Bg. By the higher differentiability result

of Theorem 1.3 and Lemma 4.1, we are legitimate to apply Lemma 2.3, thus
obtaining

1 1
[ iDulr 2 do < ) [ 2 juPiDuP D2 da
Q 9 Q 9
2 2|D9|2 p 21 2 P
+ ¢ nlul*——[Dul’dz +c [ |u]*=[Vn|*|Dul’ dz (4.21)
Q g Q g
Previous inequality obviously implies that
21 p+2 2 21 p—2P2, |2
0= [DulP " dz < c(p)|lullpo g,y [ 07— |DulP~7[Du|” dz
Q 9 Q 9

|Dgl|?
+ellulB s /Q g 1D da+ clulffe s,y [ [V0RIDuP da

IN

1 _
@)l 5, /Q o [Dul? D2l do

2 n
Dg|™ " 1 D
+ Al </Q”2|g"| dx) (/Q"anz |Duf=2 dx)

1
+ el s /Q Va2 IDup da
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Estimates (3.29) and (3.30) of Theorem 1.2 yield

1

/ —|DulP*? dx
Bgr 9

2

C||“H%oo(3 ) </
S L™ ABR) 92+ D 92 ndI)
70 (gl +1D(g7)D)

cllullz e 5) 2 21\
2 ([ (g + D))" o)

2
c||u|L°°(BR)/ 1|Du|2’daz
Br 9

3o

oat™?)
(o)

3o

R2
i.e. the conclusion. O
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