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Abstract : We prove that a sequence of, possibly branched, weak immersions of the two-sphere S? into
an arbitrary compact riemannian manifold (M™, h) with uniformly bounded area and uniformly bounded
L% —norm of the second fundamental form either collapse to a point or weakly converges as current, modulo
extraction of a subsequence, to a Lipschitz mapping of S? and whose image is made of a connected union
of finitely many, possibly branched, weak immersions of S? with finite total curvature. We prove moreover
that if the sequence belongs to a class y of mo(M™) the limiting lipschitz mapping of S realizes this class
as well.

Math. Class. 30C70, 58E15, 58E30, 49Q10, 53A30, 35R01, 35J35, 35J48, 35J50.

I Introduction

Througout the paper (M™,h) denotes a connected riemannian manifold and for any zg € M™ we
denote respectively by mo(M™, o) the homotopy groups of based maps form S? into M™ sending the
south pole to zg and by m(CY(S?, M™)) the free homotopy classes. It is well known that the group
mo(M™, xg) for different z(’s are isomorphic to each other and wo(M) denotes any of the mo(M™, xp)
modulo isomorphisms.

Following the classical approach of Douglas and Rado for the Plateau Problem, Sacks and Uhlenbeck
proceeded to the minimization of the Dirichlet energy among mappings ® of the two sphere S? into M™

- 1 -
E(®) = 5/32 |d®|? dvolge

within a fixed based homotopy class in mo(M™,x9) in order to generate area minimizing, possibly
branched, immersed spheres realizing this homotopy class.

Though the paper had a major impact in mathematics (analysis, geometry, differential topology...etc)
as being the funding work for the concentration compactness theory, the program of Sacks and Uhlenbeck
was only partially successful. Indeed the possible loss of compactness arising in the minimization process
can generate a union of immersed spheres realizing the corresponding free homotopy class but for which
the underlying component in the based homotopy group mo(M™, xy) may have been forgotten.

For instance, assuming 71 (M™) = 0 in such a way that the free homotopy classes 7o (C°(S%, M™))
identify ! to the homotopy classes of mo(M™), one could consider the situation where two given distinct
components 1 and 7, of CY(S2, M™) possess absolute minimizer of the area among conformal immersion
of S? which are “far apart” in the sense that the union of the images of two such minimizers respectively
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1We recall that the free homotopy classes is in one to one correspondence with the set of orbits of the action of 71 (M)
on ma(M™, xo).



in 41 and in 75 is never connected. Considering now the component v; + 72 in 7o (M™), a minimizing
sequence for the energy in this component is likely to converge in the class of currents to the union of two
disconnected conformal immersions of S? each realizing respectively v; and 72. Such a disconnected limit
is achieved though the minimizing sequence was made of connected objects. It is expected that, from the
mapping point of view, the limit is given by the two spheres connected by a minimizing geodesic which
has been lost in the current convergence process. It is very hard in the Sacks Uhlenbeck’s approach to
decide for which class this phenomenon indeed occurs and to identify the classes 71, 2 which are realized
by minimal conformal immersions and to dissociate them from the somehow not satisfying classes 1 +s.
At least Sacks and Uhlenbeck could prove that the set of satisfying classes is generating the free homotopy
group ma(M™).

Theorem 1.1. [23] There exists a set of free homotopy classes A; € mo(CO(S?, M™)) such that elements
{X € A;} generate mo(M™) acted on by i (M™) and each A; contains a conformal branched immersion
of a sphere having least area among maps of S% into M™ which lie in A;. O

In order to remedy to the difficulty to identify which class in mo(M™) is realized by branched minimal
immersions, in the present work we generate an alternative representative when the given class is not
achieved. To that aim we will consider the minimization of the following energy

L(®) := /S [1+|ﬁ5\ﬂ dvol,

among possibly branched immersions &, where dvol, denotes the volume form associated to the induced
metric g := ®*h by ® on S? and H, g is the mean curvature vector associated to the immersion.

Observe that this energy we propose to minimize is the sum of the area and the so called Willmore
energy of the immersion : . . .
L(®) := A(D) + W(P)

Minimizing this energy is a natural generalization of Sacks Uhlenbeck’s procedure in the sense that, if
a class v in mo(M™) possesses an area minimizing immersion ® then H, § = 0 and thus ® has also to
minimize L in its homotopy class. Moreover, as we will see below in Theorem 1.2 and in the subsequent
work [16], the minimization procedure of L has the advantage to always provide a smooth representative
of any chosen class of mo(M™).

Minimizing L among smooth immersions is of course a-priori an ill posed variational problem exactly
like minimizing the Dirichlet energy F right away among C' maps has little chance of success. In [21]
(see also [19]), the second author introduced a suitable setting for dealing with minimization problems
whose highest order term is given by the Willmore energy. We now recall the notion of weak branched
immersions with finite total curvature.

By virtue of Nash theorem we can always assume that M is isometrically embedded in some euclidian
space R™. We first define the Sobolev spaces from S? into M™ as follows, for any k € Nand 1 < p < oo

WhP(S2, M™) = {u e WFP(SR") s. t. u(z) € M™ for ae. z € S?}

We introduce the space of possibly branched lipschitz immersions : A map d e Whoo(S2, M™) is a
possibly branched lipschitz immersion if

i) there exists C' > 1 such that, for a.e. z € S2,

CTdBP(2) < |dB A d|(2) < |dBP(2) (1)



where the norms of the different tensors have been taken with respect to the standard metric on S?
and with respect to the metric h on M™ and where d® A d® is the tensor given in local coordinates
on S? by B . . .
AP A dP =2 9y, P Ny, ® day Ndxy € NPT*S? @ N T,y M™
ii) There exists at most finitely many points {a; - - - ay } such that for any compact K C S?\{a;---ax}
essinfy ek |d®|(x) >0 . (1.2)

For any possibly branched lipschitz immersion we can define almost everywhere the Gauss map

Oy, ® N Dy, @

h = S M™
|0z, @ A Oy, D

e AT

ng = * &(z)

)

where (z1,22) is a local arbitrary choice of coordinates on S? and %, is the standard Hodge operator
associated to the metric h on multi-vectors in T'M.
With these notations we introduce the following definition.

Definition I.1. A lipschitz map de WLee(S2, M™) is called “weak, possibly branched, immersion” zfif’
satisfies (I.1) for some C > 1, if it satisfies (1.2) and if the Gauss map satisfies

/ |Diig|* dvoly < 400, (1.3)
S2

where dvoly is the volume form associated to g := *h the pull-back metric of h by d on S?, D denotes
the covariant derivative with respect to h and the norm |Diig| of the tensor Diig is taken with respect to
g on T*S? and h on N™ 2T M. The space of “weak, possibly branched, immersions” of S* into M™ is
denoted by Fge. O

For ® € Fs2 we denote
F(®) = %/S |Diig|? dvol,
and I
G(B) = A) + F(B) = /S 2 {1 + D’;I"} dvol,

Using Miiller-Svérék theory of weak isothermic charts (see [18]) and Hélein’s moving frame technique (see
[8]) one can prove the following proposition (see [19])

Proposition I.1. Let ® be a weak, possibly branched, immersion of S? into M™ in Fs>. Then there
exists a bilipschitz homeomorphism ¥ of S? such that ® o U is weakly conformal : it satisfies almost
everywhere on S?

102, (0 )5, = 05, (P 0 )7

h(0p, (D0 W), 0y, (PoW)) =0

where (x1,x2) are local arbitrary conformal coordinates in S? for the standard metric. Moreover doW is
in W22 Wwhee(s2, Mm™). O



Remark I.1. In view of Proposition 1.1, a careful reader could wonder why we do not work with conformal
W22 weak, possibly branched, immersions only and why we do not impose for the membership in Fs2, s
to be conformal from the beginning. The reason why this would be a wrong strategy and why we have to
keep the flexibility for weak immersions not to be necessarily conformal will appear clearly in the second
paper [16] while studying the variations of L and while considering general perturbations which do not
have to respect infinitesimally the conformal condition. O

In the sequel we shall denote by M™(S?) the non-compact Mébius group of positive conformal dif-
feomorphisms of the 2-sphere S?. Our main result in the present work is the following weak-semi-closure
result of Fgo.

Theorem 1.2. Let &y be a sequence of weak, possibly branched, conformal immersions of Fsz2 such that

limsup/ [1 + |Dﬁ¢;k|i] dvolg, < 400 (1.4)
s2

k—4oc0

where dvolg, denotes the volume form associated to the induced metric gy, := 5,’;}1 by dy on S? and Dﬁq;k

is the covariant derivative in (M, h) of the normal space rig, to &), Assume moreover that
lim inf diam(®4(S?)) >0 . (15)

Then there exists a subsequence that we still denote 5;@, there exists a family of bilipschitz homeomor-
phisms Wy, there exists a finite family of sequences (fi)i=1..n of elements in M™*(S?), there exists a
finite family of natural integers (N*%);—1...n and for each i € {1--- N} there exists finitely many points of
S2, bl b5 N such that

Bj oWy, —> foo  strongly in CO(S%, M™) | (1.6)
where foo € Whee(S2, M™), moreover
P, 0 fi— {;rio weakly in leof(Sg \ B8N} (1.7)

where 5_300 € Fs2 is conformal. In addition we have

N
Fel) =) (1.9)
moreover
Area(@'k) :/ 1 dvolgq; — Area fOo ZArea fl , (1.9)
SQ
and finally
N
(foo)u[S?) =D (E0).[S7] (1.10)
i=1

where for any Lipschitz mapping @ from S* into M™, (&@).[S?] denotes the current given by the push-
forward by @ of the current of integration over S? : for any smooth two-form w on M™

<(5)*[S2],w> ::/ (@) w



In [16], for any given homotopy class v of mo(M™, z), we will construct such an f_;O representing
v and for which the associated EJOO are smooth, possibly branched, conformal immersions satisfying the
area constrained Willmore equation. We have then succeeded in realizing each based homotopy class with
a smooth mapping of S? whose image equals a connected union of smooth area constrained Willmore,
possibly branched, conformal immersions of S2.

The paper is organized as follows : in section 2 we establish uniform controls of the number of
branched points as well as a uniform control of the L?°° —gradient of the conformal factor. In section 3 we
establish a concentration compactness result for weak branched conformal immersions from an arbitrary
riemann surface into a closed riemannian manifold. In section 4 we present a way to “normalize” the
parametrization of sequences of conformal weak immersions with uniformly bounded L energy and non
shrinking diameter in order to converges to a non trivial conformal immersion of S2. In section 5 we
develop a procedure in order to decompose S? into subdomains which, modulo renormalization, will
converge to non trivial conformal immersions of S? and which exhaust completely the image. In section
6 we prove the main theorem 1.2 and finally in the last section we will prove the extension of the weak
closure theorem 1.2 to bubble trees of elements in Fgz. This last result will be the starting point to the
proof of the realization of homotopy classes by bubble trees of Willmore spheres in [16].

Acknowledgments. This work was written while the first author was visiting the Forschungsinstitut fir
Mathematik at the ETH Ziirich. He would like to thank the Institut for the hospitality and the excellent
working conditions.

II Branched points control and L>>*—estimates of the gradient
of the conformal factor in conformal parametrization.

Let (M™, k) be an m-dimensional Riemannian manifold and (X, ¢,) a smooth, closed Riemann surface;
without loss of generality we can assume that (32, ¢,) has a metric with constant curvature and unit area
(see for example [10]). First of all we want to define the set of branched conformal immersions with finite

total curvature of (3, ¢o) into (M™, k). Consider a map & € W>(%, (M, h)) and consider the following
conditions:
1) Conformality: almost everywhere on ¥

|ax1(f‘}2z = |ax2(f‘}2z
(IL.1)
h(0y, ®,0,,8) =0

2) Finite number of singular points: There exists at most finitely many points {b; - - - bNé} such that
for any compact K C §%\ {by ---bn,}

essinfy ek |d®|(x) >0 . (11.2)

Observe that on ¥\ {b1,...,byn_} we can define the normal space 7i € (&~ Y(TM)) as

8y, B A 0y, @
Mg = *h— ==, (I1.3)
|0z, @ A Oy, @|
so 71 is defined almost everywhere and is an L® vector field on the whole X.
3) Finite total curvature, that is we ask that 7 is a W% m — 2-vector field
/ |Diig|*dz < occ. (11.4)
b



Notice that by the invariance of the integrand with respect to conformal changes of metric on the surface
¥, it doesn’t matter which representant in the conformal class we choose to compute (11.4).

A map & € WL°((2, ¢p), (M, h)) which satisfies (I1.1), (IL2), (IL4) is called weak branched conformal
immersion with finite total curvature and we denote with

F = {® € WhH((2, o), (M, h)) satistying (I1.1), (I1.2) and (IL.4) }. (I1.5)

I1.1 Behaviour at singular points

First of all let us recall the following lemma proved by the second author (see Lemma A.5 in [21].
This lemma was originally proved in [18] using quite different arguments. We used instead in [21] the
moving frame approach of F. Hélein - see [8]). Before stating it let us recall that Gr,_2(RP) denotes the
Grassmannian of p — 2-dimensional linear subspaces of RP.

Lemma IL.1. Let & be a conformal immersion of D*\ {0} into RP in W22(D?\ {0}, RP) and such that
the conformal factor log |V®| € L2 (D% \ {0}). Assume ® extends to a map in WY2(D?) and that the

loc
corresponding Gauss map g also extends to a map in W2(D?, Gr,_5(RP)). Then ® realizes a lipschitz
conformal immersion of the whole disc D? and there exists a positive integer n and a constant C such
that

-

(€ — o)l < |22] < (€ + o))", (IL6)

Observe that if @ is a weak branched conformal immersion with finite total curvature into the Rie-
mannian manifold (M™, h) then by Nash embedding theorem we can see the ambient manifold (M™, h)
isometrically embedded in some R™ and ® as a weak branched conformal immersion with finite total
curvature into R" taking values in the submanifold M.

By well established estimates on the conformal factor (see for example the notes of Riviere [19]
pag. 120-136) we have that log |[V®| € Wﬁ)f N L2 (D? \ {0}), moreover by assumption we have that
fig € _WLQ(DQ); both the informations together imply that & € Wif (D%\ {0}). By assumption we have
that ® € W1°°(D?) so we are in the assuptions of Lemma II.1 and we can conclude that the singular
points by, ..., by are actually branch points with positive branching order (i.e. n > 2) given by (IL.6).

From the discussion above we know the behaviour of the conformal factor A = log ( ‘%f‘ near the

branch points b1, ...,bn; taking conformal coordinates parametrizing a punctured neighboorhod of b;
on the puctured disc D?\{0} we observe that the following conditions are satisfied:

—AO/\ = K(EEQA - KO on E\{bl, [N .,qu,)}
(IL.7)
(n; — 1)1og || + (C — o(1)) < A(2) < (n; — 1)log|2| + (C + (1))

where of course Kz is the Gauss curvature of the metric g = (®)*(h) given by the immersion, K is the
(constant) Gauss curvature of the reference metric of (X,¢p), Ag is the Laplace Beltrami operator on
(3, ¢0) and n; € N are given by Lemma II.1 applied to a neighboorod of b;; obseve that the first equation
is just the Liouville equation on the regular part of the immersion 3.

Since A € L}, .(¥) then —Ag\ is a distribution which, using the first equation of (IL.7), has singular
support contained in {by,...,bx_}. By Schwartz Lemma it follows that —AgA — que”‘ + Ky is a finite
sum of deltas and derivatives of deltas at the points b;. Using the second condition of (II.7) we get that
A satisfies the following singular PDE on the whole ¥ (for more details see the Appendix of [1]; see also

[13] and [26]):



—Ao\ = Kge** — Ko — ZWZ — 1), ] (IL.8)
where of course d; is the delta centred at the point b;.

II.2 Estimates on the gradient of the conformal factor and on the sum of the
branching orders

Lemma IL1.2. Let ® € F2 be a weak branched conformal immersion of the Riemann surface (X, ¢cq) into
the Riemannian manifold (M™ h). Called by, ... ,bn the branch points and ny > 1,...,ny_ > 1 the
corresponding branching orders given by the previous discussion in Subsection II.1, we have the following
estimates on the sum of the branching orders and on the L>> norm of the conformal factor:

Ng
1 1 _
Z(nj -1 < —/ |Diig|* dvoly + — (sup K|) Areay(X) — xe(X), (11.9)
4 a7 Js 2 \ =
Jj=1 (%)
VA2 (x) < Crsieg) |1 —|—/ |Diig|* dvol, + <sup |I_(|> Areay(¥) |, (I1.10)
z (%)
where Areag is the area of ¥ with respect to the metric g = i*h, K is the sectional curvature of

(M™ h), XIE(E) is the Euler characteristic of ¥, C(s .,y s a constant depending only on the Riemann
surface (X, co), and the L*>*° norm on ¥ is taken with respect to the metric of scalar constant curvature
and volume 1 on (X, cp). O

Proof. By the Gauss equation (which still holds almost everywhere on a weak branched conformal im-
mersion with finite total curvature by an approximation argument, in the smooth case see for example
[5] pag.130) we have

Kz = K(2.(TY)) + (Ii1, Lo2) — [L1o)? (I1.11)

where K (®,(TX)) is the sectional curvature of (M, h) computed on the plane &, (T%), Kg is the Gauss
curvature of (3, g) and [;; is the second fundamental form which is defined almost everywhere in the
usual sense:

m—2
Lij ==Y (Dzila, &) ila
a=1
where €;(q) = o, q}‘@l@\q is an orthonormal frame of @, (T,%) and (71(q),...,m—2(q)) realizes a
positive orthonormal basis of (& TyX))*F so that fig = ity A ... Afim_2. Since [I|2 = |Diig|?, by

Schwartz’s inequality we have the estimate
K| < |K(D.(T))| + [T [Toa| + [Tr2]?
(I1.12)
< |K((TR))| + 3 (T]? + [T22f* + 212 [?) = |K(2.(T))| + 5| Drig .

Integrating equation (I1.8) and using the estimate (I11.12) we get the following estimate on the number of
branch points in terms of the total curvature and the area:

Ng
1 _
QWZ(nj -1)= /(K&;ez’\)dvdm - Ky < 5/ |Diig|* dvoly, + <sup |K|> Areay(X) —2rxp(X)
= 2 2 3

(%)
(IL.13)



where dvol,, is the volume form with respect to constant scalar curvature metric of volume 1 on (%, ¢p).

Now putting together equation (II.8) and estimate (II.13) we get the following bound on the norm of
—ApA as Radon measure:

Ao m(zmy < 4mlxe(X)] +/ |Diig|? dvoly + 2 (sup K|> Areaq(X) (I1.14)
= I(x:)
which implies that there exists a constant C' = C(x ) depending just on the Riemann surface (3, ¢o)

such that (see [8] pag. 138)

VAl L2.00 (5) < Otz e0)

1+/ |Diig|? dvoly + | sup |K| | Areay(X) (I1.15)
2 B(x)

O

IIT Concentration compactness for weak branched conformal
immersions of general Riemann surfaces into manifolds

Proposition III.1. Let (X, ck) be a sequence of Riemann surfaces defined on the same topological sur-
face ¥, consider weak branched conformal immersions Fy* > @5, — (M™,h) into the m-dimensional
Riemannian manifold (M™, h) and assume the following conditions hold true:

(i) the conformal structures ¢y, are contained in a fized compact subset of the moduli space of .
(ii) the areas of ¥ induced by the immersions are uniformly bounded from above: called gy := @Z(h),

Areag, (X) < C;

(iii) the energies of the ik are uniformly bounded from above:
- 1 . 9 1 )
F(‘bk) = 5 . |DTL(f)k| d’UOlgk = 5 . |]I(i5k| d’UOlgk S C

Then there exists a finite set of points {a1,...,an} C X such that, called \i, := log |8z1<§k|h = log |8z25k|h

the conformal factor of the immersion @y, for any compact subset K CC X\ {a1,...,an} the following
properties hold:

(a) there exists a constant Ck depending on K and on the bounds on areas and energies of <I_5k such
that, up to subsequences on k,

e ooy < Cr
(b) either there exists a constant Ck depending as above such that, up to subsequences on k,
| Allzoe () < Ck

or, up to subsequences on k,
A — —oo uniformly on K.



Proof. Consider a Nash isometric embedding I : (M™, h) < R™; in this way To®y. : (X, cx) < (M™, h) <
R™ are weak branched conforrrlal immersions in R". Observe that by the compactness of M and the area
bound on ®, the energies of I o & are also uniformly bounded:

/2 \diif.g, |5, dvoly, < C. (IT1.1)
Indeed, we have
\diif.g, |2, < |D"ig 2, +|dif]7,, (II1.2)

where 7iy is the Gauss map of M™ in R™. This inequality comes simply from the fact that
Mo, = Mg, Nif
In order to get the claim it suffices to integrate on ¥ with respect to dvolg, and recall the assumed bounds

on area and energy of ék Now, since the intengrand in (III.1) is invariant under conformal change of
metric in the domain we have

/Z |dit 7, g |7, dvoln, = /E \dit g, |5, dvoly, < C, (I11.3)

where hy, is the smooth reference metric on (¥, ¢x) of constant curvature and unit volume. Since ¢ by
assumption are contained in a compact subset of the moduli space of 3, up to subsequences, hj strongly
converges in C"(X) for every 7 to heo, the constant curvature metric of volume 1 associated to ¢ (the
limiting conformal structure). Recall that @ are weak branched conformal immersions with branch
points {b}, ..., b,ICV #1; from the area and energy bounds, Lemma II.2 implies that the number of branch
points Ny is uniformly bounded, so up to subsequences we can assume Ny constant, say Ny = N;. For
each k € N and z € ¥ we assign p® > 0 such that

8
/ A, 2, dvoln, =~ (I11.4)
B () 3

where B () is the geodesic ball in (X, hy) of center 2 and radius p} (notice that for any closed surface
% immersed in R™ one has [§, |dii|? dvol, > 8 so the minimal radius p¥ exists finite). From the covering
{B,x (%) }zex we extract a finite Besicovich covering: every point of ¥ is covered by at most { = {(X, heo) €
N balls. Let {BP}Z (ai )}z'e 1 be such a cover and observe that up to subsequences: [ is independent on k,
Th, = Togs P, = Pogs b, — bl Let

J :={i € I such that p., =0} and Ip:=T\J.

The union of the closed balls Ujer, Byi_ (xi.) covers ¥. Because of the strict convexity of the balls
with respect to the euclidean distance (X=Torus, or ¥ = S? via stereographic projection) or the hyper-
bolic distance (genus(X) > 1) the points of ¥ which are not contained in the union of the open balls
UierByi_(z%,) cannot accumulate and therefore are isolated and hence finite (this argument was the same
in the unbranched situation, see [21]). Denote

{d',...,d"*} =5\ Uier, B,i_(L,).

Now let

{a',...,aN}y = {d", ..., a2y u{b,,..., b}
and fix a compact subset K CC X\{a',...,a’V}. Clearly there exists § > 0 such that K C £\ UY | Bs(a?).
Since X\ UL, Bs(a’) C Ujer, Bys_(ah,), there exist 0 < 7% < pi, such that

S\ U, Bs(a’) C Uicr, Byi (2 (I1L.5)



and for k large enough one has, for any i € Iy, B,.(z%,) C B, (z8). Let s' = (r* + p'_)/2. Again, for k
large enough, B,i(z%,) C BP}; (z%) for i € In. Recall that by construction we have the crucial estimate

8
/ \dity.g 2. dvoly, < . (I1L6)
B,i(ai,) " 3

Now we claim that for every ¢ and, up to subsequences, k there exists a constant 5\2 such that for every
radius 7 < r < s': N

1%k = Aill g, o v, ooy < Ot (IL7)
In order to prove the claim observe that for each ball B,:(z_),i € Iy, we have two possibilities: either
it contains a limit of branch points b or not. In the second case, since (IIL.6) holds, we can apply the
construction of moving frames (pag.23, 49 [21], pag.139-142 [19]) and on the slightly smaller ball B, (%)
we have an L control of the conformal factor Ay up to a constant A% as desired. In the first case By (z%)
contains some limit of branch points. Consider a finite cover of

By (aiy) \ U, By (b,)

of balls contained in B ; () \UX, By /s (bl,) (recall that, for large k, By (a,) C B,,; () with boundaries
at strictly positive distance); so for each ball B in this last covering we have fé \dﬁfoq;k \,2“ dvolp, < %”
for large k. Hence on each ball in the covering we costruct Helein’s moving frames as before getting L>°
control of A\ on any slightly smaller ball. This gives the estimate (IIL.7) on B,(x)) \U;y:llBl;/Q(bZ;O) C
Byi (k) \ U, Bya(bl).

Now, from the area bound, A\i < C independent on k and 4. Indeed if it is not the case there would
exist ig and a subsequence in k such that 5‘20 — +o00; therefore by (IIL.7)

Area/!]k (BT(xZOOO) \ Uj\[:llBé/2(bjoo)) - / i N . 62)\k d’UOlhk
Br(rog)\ujzllBS/2(b\z>o)

> 672CT75

/ v e dovoly,
Br(z:3)\U2, Bs /2 (bho)

contradicting the area bound, so (a) is proved.

For getting b) observe that if for one index iy there exists a constant such that 5\;" > C > —oo for
infinitely many k, then by (IIL.7) all the balls of the covering with non empty intersection with such a
ball have the same property (the holes U;y:llB(; /2 (b2,) do not cover the intersection of two balls of the
covering if 6 > 0 is taken small enough) then, since ¥ is connected, on all the balls of the covering we
have 5\}; > C and )\ are uniformly bounded on the compact subset K; on the other hand, if on every
ball of the covering A\i — —oco (up to subsequences in k) we have by (II1.7) that Ay — —oo uniformly on
the compact subset K. Therefore also (b) is proved. O

IV A “good gauge extraction” in the Mobius group for se-
quences of immersions of spheres under G—energy control
and diameter positive lower bound.

In the present subsection we prove that, assuming the reference surface is S? and that the images ®(S?)
have diameter bounded below by a striclty positive costant, we can reparametrize the immersions such

that in Proposition III.1 the degenerating case A\, — —oo does not occur; therefore on compact subsets
invading S? there is an L™ control of the conformal factors.
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Lemma IV.1. [Good gauge extraction Lemma]. Let Fg2 > P < (M™ h) be a sequence of weak
branched conformal immersions of S? into the m-dimensional riemannian manifold (M™, h) and assume
the following conditions hold true:

(i) the areas of S induced by the immersions are uniformly bounded from above: called gj, = q;,*;(h)

Areay, (S*) < C;
(ii) the energies of the d;, are uniformly bounded from above:

- 1 N 1
F(@0) =5 [ 1D, Pavoly, = 5 [ 115, Pavl,, < C;

(iii) the diameters of ®1(S?) are bounded below by a strictly positive constant:

diam; (95 (S?)) > é

Then for every k (up to subsequences) there exists a positive Mébius transformations fi, € MT(S?) such

that called Fs2 > ), = Py, 0 fr the reparametrized immersion and N = log |8z15k| = log |8z25k| the
new conformal factor the following holds:

There exists a finite set of points {ay,...,an} C S? such that for any compact subset K CC S§*\
{a1,...,an} there exists a constant Ck depending on the compact K and on the bounds on areas and
energies of dy such that, up to subsequences on k,

[Mkll L (x) < Ok
O

Proof. We prove the lemma by contradiction. If the thesis is not true then for every fr : §* — §?
composition of isometries and dilations, called ék = <f>k o f the reparametrized immersion and e =

1og |8, 1| = log |9, By | the new conformal factor, the second case in (b) of Proposition IT1.1 occurs: there
exists a finite set of points {a1,...,anx} C S? such that for any compact subset K CC S\ {a1,...,an},
up to subsequences on k,

e = —00 uniformly on K.

On the other hand, called I': M — RP the Nash isometric embedding, combining assumptions (i) and
(ii) as in the begininning of the proof of Proposition III.1 we have (III.1), namely

/S ] |dii g, |5, dvoly, < C. (IV.1)

We will prove that if the thesis is not true and assumption (iii) holds, then (IV.1) cannot be satisfied.
Fix any 2 < n € N, take pl,...,p} € ®x(S?) such that
distar (Pl p}) = - Vi# ] (IV.2)
Cn

(clearly this is can be done thanks to assumption (iii) ) and pick ¢ € S such that By (q%) = pi. (observe
that the order in the ¢ indicization is not relevant; in the sequel we will relabel the points for convenience
of notation). Considering stereographic projection with center different from all the points {g¢} }:r we
can carry on the proof in R2.
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STEP 1: for every k consider the two points at minimal distance; up to subsequences in k and
relabeling in ¢ we can assume they are q,ﬁ and q,%:

g — Plee < |gh — qllge VK, Vi# .

Up to compositions f, 1. R? — R2? of isometries and dilations, we can assume that q,i = (0,0) is the
origin and ¢7 = (1,0). By construction, for fixed k, all the points ¢i are at mutual distance at least 1
and up to subsequences, either |g}| — oo as k — oo or

a, — b with [gh —ql | > 1 Vi#j.

Since we are assuming the thesis is not true, as explained above, we have that there exists a finite set of
points {ai,...,ay} C S? such that for any compact subset K CC S?\ {a1,...,an}, up to subsequences
on k,

Ar — —oo uniformly on K; (Iv.3)

(with abuse of notation we identify ®;, with @ and )\, with S\k)
It is clear that one can construct two smooth open subsets C! C B%((O, 0)) and C2% C B:((1,0)) such
that

e C! and C? are diffeomorphic to closed balls,

e the intersection of C'' and C? consists of just one point, say qo:
C'NC?*={q}=0C"nac?, (IvV.4)

e gt =(0,0) € C* and ¢} = (1,0) € C? but observe that by construction distgz (g}, C* UC?) > 1 for
every ¢ > 3,

e (0C*UOC?*) N{as,...,an} =0.

Observe that the last condition together with (IV.3) implies that the lengths of the images of 9C! and
OC? converge to 0:

! (é’k(acl) U q?,f(ac?)) 0. (IV.5)

Recall that the branch points {b}, ..., ka’“} of @y, converge up to subsequences to a subset of {a1,...,an},
then we also have (this information will be used later in Step 2)

(8Cc* uaC?) N {by,...,bp*} =0 for large k. (IV.6)

Notice moreover that at least one between @5 (C1) and @5 (C2) has diameter at least 35, say 3, (CY):

diamy; (®5,(Ch)) > (IV.7)

1
2nC”
Indeed if diam (B, (C1)) < 7o and diam (B (C?)) < 725, since 3,(C') and B(C?) are connected
throughout ®y(qo) then distar(ph, p3) = distar (S (q}), Br(q})) < - contradicting (IV.2).

Now recall Lemma I.1 in [22] for weak immersions without branch points: let ¥ be a compact surface
with boundary and let ® : ¥ < RP be a weak immersion in R? without branch points; then the following
inequality holds
H(D(OX))

T (IV 8)
d(2(0%), ®(%))

A g/ |H|?dpy + 2
2
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where d is the usual distance between two sets: d(®(IX), B(X)) := SUP,, (s I0f,, c5(0m) Ip1 — palre.
Let by, .. .,bé’“ be the branch points of ®; contained in C!', then apply (IV.8) to ®, restricted to
ch\ (UJL:’“lBe(bff)) (by construction b] converges to some a; ¢ dC' as k — oo so for large k and small €,

Be(bi) C C' and the difference set above is smooth; clearly this restriction of @, is a weak immersion
without branch points); as € — 0 we obtain

1(& 1
4t < / |Hp.g, [Pdvolg, +2— # “ﬁk“’f’ )2 - : (IV.9)
c d(®5(0C) U(UjL, Pi(by)), Pi(C))
Observe that . L
liminf d (@k(acl) ke, 8,(8)). @k(cl)) > 0. (IV.10)

Indeed, if up to subsequences d(<f>k(8C’1)U(Ufﬁlffk(bi)),i)k(Cl)) — 0 then, since by (IV.5) we have
H(D1(0C1)) — 0, it is easy to see that we would have also diam (5 (C?)) — 0; contradicting (IV.7).
Now, using (IV.10) and (IV.5), formula (IV.9) gives

1 -
47 — < / |H7 5 dvol,, for large k. (IV.11)
1= ) .

n —

In other words, for large k we isolated a region C'' C R? containing q,i, with distance at least % from all

the other points q};, with Willmore energy at least 47 — ﬁ

STEP 2: we continue the proof by induction.

Base of the induction. Let 2 < iy < n — 1 and assume the following properties are satisfied:
1) for every ¢ < iy and every k up to subsequences there exists a smooth open subset C,i C By, (q}c) C R?,
r; > 0 independent on k, such that

la) ¢. € C} but qz ¢ Ci for every i,j <o, i # j,

1b) H (Br(DC})) — 0 as k — oo,

1c) 8Ci N {bk,...,bh*} = () where, as before, bf,...,by* are the branch points of 3y,
1d) 4r — ﬁ < fC}c |Hfo<i5k|2dv019k’

le) Ci ﬂC’,z = () for every i, j < ig,i # j,

1f) if there exists i1 < g such that for some j > iy it happens that distg: (qi7 C,il) —0ask — ooupto
subsequences, then for every i < i; we have diamg2(C},) — 0 as k — oo on the same subsequence,

2) |qi — ¢llg> > 1 for every 4,5 > ig.

Inductive step. For every k there exists a smooth open subset C}° C R? and there exists fy : R? — R?
composition of dilations and isometries such that called Gi := f, '(¢i) and C} := f, '(C}) the following
properties hold:

la) up to relabeling in j the points zji, j > 19 and up to subsequences in k we have (j,i‘) € C}i" but
q. ¢ C,° for every j # ig, moreover C}° C B, (q,°) € R? with r;, independent of k,

1b) HY(Bx(DC;0)) — 0 as k — oo,
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lc) aCy N {B}C,’ng} = ) where b}, := f,;l(b,i),...,l;iv’“ = f,;l(biv’“) are the branch points of
Oy, := By 0 fi,
ld) A7 — ﬁ < fc;‘co ‘Hfo&;devOlgw
le) Cio N CY =0 for every j < i,
1f) liminfy, distgz(C}°, iji) > 0 for every j > iy,
2) gL — Gllg2 > 1 for every 4,§ > ig + 1.

Let us prove the inductive step assuming the base of the induction is satisfyed.
As in Step 1 for every k consider the two points at minimal distance among {qj }i>i,; up to subse-
quences in k and relabeling in i we can assume they are ¢,° and q“""1

|Q;‘;;O ’LO+1|R2 < |qk - Qk|R2 Vkv VZ,] Z iOai 7£ .]

Consider f; : R? — R? composition of isometries and dilations such that §° := f, '(¢i) = (0,0) is the
origin and ¢ := f, *(¢i°*") = (1,0). By construction, for fixed k, all the pomts {Gi}i>i, are at mutual
distance at least 1 and up to subsequences either |G},| — oo as kK — oo or

G~ @ with [0, — G| > 1 Vij >io,i# . (Iv.12)

Since we are assuming the thesis is not true, as in Step 1, we have that there exists a finite set of points
{a1,...,an} C S? such that for any compact subset K CC S?\ {a1,...,an}, up to subsequences on k,

A — —oo uniformly on K (IV.13)

where Ay = 10g|611<1>k| = 10g|8z2<13k| is the conformal factor of <I>k = dp, o fr. Observe that if
lim supy,_, o [q;° + | < 400 then the situation described in 1f) of the base of induction is ex-

actly the same for the rescaled quantities qk,Ck On the contrary, if for some subsequence in k& we

zg+1

have |q;0 | = +oo then we are rescaling with a diverging ratio and, on the same subsequence,

limy oo diamRz (C’k) =0 for all 7 < 1. Therefore, in both cases, if for some i1 < ig and some subsequence

~i0+1

21,3°) = 0 or limy, e distgz (C), ¢°1") = 0 then on the same

in k& it happens that limy_, . distg2(C}', ¢
subsequence _
lim diamg2(C%) =0 Vi <. (Iv.14)

k—o0
Hence we are _1eft to two possibilities:
Case a): G # (0,0),(1,0) ( recall that (0,0) = °, (1,0) = ¢°** for every k). Then by the previous
discussion, on the considered subsequence in k, we have

hkm inf distg=(CL,¢°) >0 and likm inf distgz (C}, i0T) >0 for all i < ig. (IV.15)
—00

Case b): for some i1 < ig we have ¢'L = (0,0) or ¢°L = (1,0) then, by the previous discussion, (IV.14)
holds.

Let us first consider case a). The 81tuat10n is analogous to Step 1 since for all i < iy the sets Cl are
at uniform strictly positive distance from qk and q“”'1 From the iterative construction of Ck it is clear
that, for every k, the set (R*\ U,;, C}) 2 {g°,q°*"} is connected and that it is possible to construct

two smooth open subsets C% and C%*! such that

e (' and C%*! are diffeomorphic to closed balls,

14



e the intersection of C% and C%*! consists of just one point, say go:
Co N CoT = {go} = AC™ NoCHo T, (IV.16)
e G° =(0,0) € C" and g°*' = (1,0) € C™o*,
o (9C™ UACP ) N{ar,...,an} =0, and (OC% UICH+1) N {bL,...,by*} = 0, where {b},...,bp "}
are the branch points of 5;@ = (I;k o [,
o liminfj_, . distge (qu, Clo U Ct1) > 0 for every j > ig + 1 (this can be done thanks to (IV.12)),
e liminfy ., distge(C}, C% U C+1) > 0 for all i < ig (this can be done thanks to (IV.15)).

Now exactly as in Step 1, we have that H! (fﬁk(@(}'io) u 5k(80i0+1)) — 0 and at least one between
B4 (C%) and @4 (Ci0+!) has diameter at least 51m, say $p(C): diamy(Bp(C)) > 515. As in Step 1
we can pass to the limit in the inequality (IV.9) and conclude that

—

1
A — §/ |H7. 3 |*dvolg, for large k. (IV.17)
n—1 Cio k

In other words, for large k we isolated another region C% C R? containing q,io, disjoint from the previous
{Ci}i<is» with Willmore energy at least 41 — —1—. Observe that by construction 1a)...1f) and 2) of the
inductive step are satisfied.

Proof in case b). Let us call Iy := {i < ig such that i, = (0,0) = (j,i“}, I := {i < ip such that ¢’ =
(1,0) = @°™y and Ip := {1,...,ip — 1} \ (Io U I); by assumption at least one between Iy and I; is non
empty. Observe that, up to subsequences in k, we have

Viely,  distgz(CL,¢°) -0 and diamg:(C}) — 0, (IV.18)

Viel,  distg(CL,¢°"") =0 and diamg:(C}y) — 0, (IV.19)

Vi€l liminf distgz (C},3°) > 0 and lim inf distp: (Ci, gt > 0. (IV.20)
—00

At first we do not consider Iy and I; and construct C% and C%*! as in case a) satisfying the same
itemization with the only difference that in the last item we ask (it can be done thanks to (IV.20))

lim inf distg> (C}, C% U ) > 0 Vi€ L.
k—o0
Now, for every k, call
Cp = C\ (U C*,i) and Cpot! =ity (U C*,g) . (IV.21)
il iel
Observe that, by 1a), ¢i° = (0,0) € C;° and §;°"' = (1,0) € Cj°™" and, by the construction of C, CP+1
and since by 1b) we have H!(®,(0C})) = H' (1(ACL)) — 0 for all i < iy, we still have that
HY(BL(0CH)) 0 and  H(B(dCIH)) = 0. (IV.22)

Moreover, exactly as before, at least one between Cf)k(C’]iD) and @y, (Cjot1) has diameter at least ool

say (i;k(C,i“):
diam (B (C}0)) > el (IV.23)
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Now observe that by construction of C* and by assumption 1c), for every k we have
aC N {bk,...,bNk} =0

where {6,16, ce Ei\[’“} are the branch points of ®5. Then, manipulating formula (IV.8) as in Step 1 for the
branched case, called {b}, ..., bﬁ’“} the branch points contained in C,° we obtain that

MUBLOCE)
0 d(Br(AC;) U(ULE, B (b)), B1(C1))

(IV.24)

As before, since diamM(ék(C’i‘))) > 515 and Hl(i?k(ac,?)) — 0, then
lim in d (q?k(ac,?) ke, (3))), ciik(c,?)) >0

and passing to the limit for & — oo in (IV.24) we get

1 .
dm — n_1 < /cko | fogk|2dvol9k for large k. (IV.25)

In other words, for large k we isolated another region C,io C R? containing q,io, disjoint from the previous

{CiYiziy, with Willmore energy at least 47w — —L_. Observe that by construction la)...1f) and 2) are

satisfied, so we completed the proof of the inductive step.

Let us summarize and conclude the proof: we showed that if the base of the induction is satisfyed
for a certain 2 < ig < n — 1 then we proved that the inductive step is true and so, from the procedure
described above, it is clear that the base of induction is satisfied also for ig + 1. The iteration procedure
stops for i = n — 1 and at that point, for large k, we constructed n — 1 disjoint subsets C},. .., C,’fl
each one carrying a Willmore energy of at least 47 — ﬁ then

/SZ |diiz,g, |2 dvolg, > /Unl o |ditz,g, |2, dvolg, > 4m(n—1) —1. (IV.26)
k

i=1

Since n is arbitrary large, the lower bound (IV.26) clearly contradicts the upper bound (IV.1). O

V A Diameter Tracking Procedure.

The purpose of the present section is to prove the following lemma.

Lemma V.1. [Diameter tracking procedure] Let {®;}ren C Fs2 be a sequence of conformal weak,
possibly branched, immersions into M™. Assume that

limsup/ [1 + |Dﬁ¢;k|i] dvoly, < 400 (V.1)
S2

k—4oc0

where dvolg, denotes the volume form associated to the induced metric gy := 5;§h by dy on S? and H}k

18 the mean curvature vector associated to the immersion Cf)k Leta € S?, 6, - 0 and e, — 0 and a
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finite family of sequences of points (al)i=1..n together with a finite family of sequences of positive radii
(r}.)i=1...n satisfying the following conditions

icf1...N li — = .
Vie( } Jm p— 25 0 , (V.2)
. ) lal, — al,
Vi lim —ok "%l _ g V.3
e S ) (v:5)
lim 1+ |Iz 7] dvol,, =0 (V.4)
k=00 /By, (@)\Be, 5, (0) [+ 185, 2] e
Vie{l.--N} lim [1+|115k|%1} dvoly, =0 . (V.5)

k—s+o00 Bsglr}; (afc)\BT;;C (al)

Assume that By, has no branched points in each annulus B, ri (%)\Br; (al) as well as in Bs, (a)\Bas, (a)
for any 0 < a < 1 and for k large enough . Suppose '

N
lim inf diam (q_5k (ng sx(a) \ U Beglri (a%))) >0 (V.6)

k—
oo =1

then, modulo extraction of a subsequence, there exists a sequence of positive Mobius transformations
[ € MT(S?), there exists Q € N and Q points by, -+ ,bg and éo € Fs2 such that

& i=Bp 0 fr — Eno weakly in W22(S?\ {by,--- ,bo}), (V.7)

loc

moreover for any compact K C S?\ {b1---bo}

lzicmsuP [og d(® o fi)lll Lo (x) < +00 (V.8)

—+o0

Finally there exists si; — 0 such that

Q
Bp 0 fr — Eno unif. in C° on S?\ U B, (b;) (V.9)
j=1
and for any i € {1--- N} there exists j; € {1---Q}
i (Bri(ay)) € Ba, (bj,) (V.10)
moreover there exists also jo € {1---Q} such that
fl;1(82 \B5k(a)) c Bsk(bjo) : (Vll)

O

Lemma V.1 is a consequence of the combination of a so called “cutting and filling Lemma” together with
the “good-gauge extraction Lemma” IV.1. We first present the “cutting and filling Lemma” and its proof
before to end this section with the proof of lemma V.1.

Lemma V.2. [Cutting and filling Lemma] Let {Cf;k}keN C .7-'52 be a sequence of conformal weak,
possibly branched, immersions 3, of into M™. Assume that

limsup/ [1 + |Dﬁq;k|%} dvolg, <400 (V.12)
S2

k—+4oc0
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where dvolg, denotes the volume form associated to the induced metric g := CI;,”;h by dy on S? and H'q;k
is the mean curvature vector associated to the immersion @k Let a € S? and sy, tr, — 0 be such that
ty
— —0 (V.13)
Sk

and
lim {1 +L; |2} dvol,, =0 (V.14)
k=+c0 /B, (a)\Bu, (a) Pl o
and assume that ®) has no branch points in B, (a) \ Bas, (a) for any 0 < a < 1 and k large enough.

Then there exists a conformal immersion é}c from S? into M™ and a sequence of quasi conformal bilipshitz
homeomorphisms Uy, of S?, converging in C° norm over S? to the identity map, such that

gko\llk = Cf;k in SQ\BSk(a)

and
lim diam(& o Up(Bs,(a))=0 , lim Area(&y o Uy (Bs,(a)) =0
k—+4o00 ) k—+o00
moreover
. 0 2 _
kgrfoo Bs,, (a) [1 * |]I5k0‘Pk|h dUOZQEkO‘I’k =0 (V'15)
Sk
where ]Ig . 18 the trace-free second fundamental form. O
kOYE

Proof of Lemma V.2. For simplicity of the presentation we prove the lemma for a sequence of conformal
immersions <f’k into the unit ball of R™ since the proof for immersions into M™ is fundamentally of
identical nature. We apply successively the stereographic projection 7 from S? into C that sends a to the
origin 0 of the complex plane and the dilation of radius ~ 1/sj such that the composition of these two
maps is sending B, (a) \ By, (a) into B1(0) \ B,,(0) with p, — 0. We keep denoting &), the conformal
map that we obtained after composing the original <f5k with these two maps. Since for any 1 > o > 0 and
k large enough ®; realizes a lipschitz conformal immersion of the annulus B; (0) \ Bo(0) into the unit
ball of R™, there exists A\ € L>°(B1(0) \ B4(0)) such that

eM = ‘arl(ﬁk‘ = ‘8062@16‘ in B1(0) \ Ba(0)
From (V.14) we deduce that
lim |diig |2, dvolg, = lim \Viig [>dz=0 . (V.16)
k=too B (00\B,, (00 " k=400 ) By (0)\B,, (0) *

Using the argument in [4] - first by Lemma VI.1 of [4] we extend #e, in B,, with energy control and then
we use Hélein’s construction of energy controlled moving frame, see Theorem V.2.1 in [8] - we deduce the
existence of an orthonormal frame (€ x,€2) on B1(0) \ B,, (0) such that

*(gl,k A\ 527]@) = ﬁék

and
2

/ Vel de < C Vig 2 dv . (V.17)
B1(0)\B,, (0) ;=1 B1(0)\B,, (0)

A classical computation (see [8] and [19]) gives

AN, =V4 e - Véay . (V.18)
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Let puy, satisfy
Apy, = V&1 i - Véay, in B1(0) \ B4(0)
(V.19)
e =0 on 9(B1(0) \ Ba(0))

Wente’s inequality (see [8], [6], [25]) gives the existence of a constant C' > 0 independent of « such that

10kl Lo (By (0\Ba(0) + Vgl 2By 00\ Ba(0) < C [[Ver kL2 [Vez il L2

< / \Viig, |* dx
B1(0)\B,,,,(0)

Since from Lemma I1.2 V), is uniformly bounded in L?°°, using (V.20), we have that the harmonic
function vy := A\p — g satisfy

(V.20)

lim sup ||VUk||L2,oo(Bl(0)\Ba(0)) < 400 . (V.21)

k— 400

Standard elliptic estimates on harmonic function (see for instance [7]) imply that for any 2o < 6 < 1

lim sup ||vx (2) — ve(Y)|| oo ((Bs (0)\ Baw (0))2) < +00
k—+oco

Combining this fact with (V.20) we obtain that there exists a constant A satisfying

lim A\, = — 22
(BT V22
and such that for any choice 2a < d < 1

limsup | Ak = Akl Lo (B5(0)\Bau(0)) - (V.23)

k— 400

We introduce the new map given by
B, = e [B), — 8,,(0,1/2))]

Because of (V.23), it is clear that @ (Bs(0)\ Baq(0)) C Bg; . (0) for some Rs o > 0 and that &), converges

weakly in (WW1°°)* to some non trivial limiting conformal immersion ®o of Bs(0) \ Baq (0) :

KL

P =By weakly in (WH)*(Bs(0)\ Baa(0)) . (V.24)

Denote R )
Ak := log |aw1¢)k| = log |8m2 (I)k‘

Since ) is uniformly bounded in L>(Bs(0) \ Baa(0)), since @), satisfies

02 M

—

Ay = 2 ),

and since the L2 norm of H= is uniformly bounded (due to (V.16)) we deduce that

k

p— Boo weakly in W22(Bs(0) \ B2a(0)) . (V.25)

KL
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From (V.16) we have that for any 2a < ¢ < 1

/ Vitg | de =0
B5(0)\B2a (0) =

This implies that ﬁ&? is constant on D?\{0} equal to a unit simple m—2 vector fig, i.e. g = T1 A...AUp_2

for some constant vectors ¥, . .., Uy,—o of R™. Thus <1300 is conformal from D?\ {0} into a two dimensional
plane P§ that we identify to z; = 0 for 4 > 3 and identifies to an holomorphic map f... Denote A, the
limit of A R R

Ao = 10g |0y, Boo| = l0g |0, Poo| = log | £/ (21 + iz2)|
which is harmonic in D? \ {0} - this can be deduced from (V.16), (V.17) and (V.18) . Since again from
Lemma I1.2 V), is uniformly bounded in L?°°, we have

[VAsoll 200 < +00 . (V.26)

Thus there exists cg € R such that R
A>\c>o = Co 50 ) (V27)
and ¢g = 27 (0p — 1) € 27 Z where 6 is the order of the zero of the pole of f at 0. Consider the 2-sphere

52 of radius e /2 tending to infinity and tangent to the 2-plane P2 at 0 and given by z; = 0 for i > 3

at 0 and contained in the half three space Ei given by z; =0 for ¢ > 4 and 23 > 0.

Let m; be the stereographic projection from S? into the two plane P§ such that 74(0) = (0---0) and
7,(0,0,2e /2 0--.0) = co. It is clear that for any R > 0 and

VieN I (2) = 2ller(pa o)) < Cra /2
where B%(0) := B%(0) N Pg. Hence, for any choice 2a < § < 1, we have

lim ||’/T’;1 o q;oo — §m||cl(35(0)\32a(0)) —0 . (V28)

k—+oco

The advantage of considering 7, Lo iﬁoo instead of 500 is that m, Lo (foo(Dz) is compact even if 8y < 0

and since 7r,;1 is conformal 7r,;1 o o is also conformal. Using (V.25) we have for any choice 2a < § < 1

Bp— 1 loBo =0 weakly in (WH)* N W22(B5(0) \ Baa(0)) . (V.29)

Using Fubini’s Theorem together with the mean value formula, we can find a “good radius” r € (1/2,1)
such that

k— 4o

lim sup/ V28,2 dl < 400, (V.30)
OB,
where dl is the length form on 0B, . Because of (V.29), we have that

Bp—mtoBo =0 weakly in HY2(9B,,) (V.31)

and
0, By, — Op(m o Do) = 0 weakly in H/2(8B,,) . (V.32)

Combining (V.30)...(V.32) we deduce

B —mlob, =0  weakly in W22(0B,,) (V.33)
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and
0,8y — Op(m; 0 Boy) = 0 weakly in W'2(0B,,) . (V.34)

Consider the map solving

By, =m0 By in 9B, 2 (V.35)

8,8, = 0, (mp L 0 By in dB,, 2

Since @ is holomorphic, and hence biharmonic, combining (V.28), (V.33)...(V.35) together with classical
elliptic estimates we obtain

Py — P =0 weakly in W22(B,, \ B,,/2) (V.36)
which implies, by Sobolev embeddings,
Illi}% ||(I)k - @Oo||cl,(¥(B7‘k \B7~k/2) =0 5 (V37)
for any ao < 1/2.
We extend <f>k by 7rk_1 ) 500 in B,, /2 and by ®y, in the complement of B,, . Finally we denote
o 1= €™ By(x/s1) + Dr(0,1/2)

in such a way that

i)
G = By in C\ Bs, , (V.38)
i)
lim diam((,(Bs,(0))) =0 (V.39)
k—0
iii)
lim (1412 2] deoly, =0, (V.40)

k—+o00 Bsk (0)

iv) and finally introducing
gél _ g§2 _ 27’9%'2

O — (V41)
11 22 / N
9, T 96 T det ge,
where g? i= 84, - D1, Cry using (V.36) and (V.37), we have that
k
supp(ox) C Bey vy \ Bsy /2 and kgrfoo lokllzec) + IVorll2@c)y =0 . (V.42)
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Let ¢y (2) := ér(2) + z where ¢y, is the fixed point in H'(C) given by

1 1
or(z) + o (o O:01) = . * Ok

or(0) =0
Notice that ¢, satisfies then
Oz = ok 0.9, +or . (V.43)
and
IVorlzzicy < C llokllzzc)y =0 . (V.44)

It is a classical fact from quasi-conformal mapping theory and from the classical analysis of Beltrami
equation that 1, realizes an Hélder homeomorphism from CU{oo} into CU{oo} (see for instance Section
4.2 of [9]), moreover there exists p > 2 such that

||V(;5k||Lp((c) <C ||Uk||Lp(¢;) —0 . (V.45)
This implies in particular that
[k(2) — z[coe =0 (V.46)
for some 0 < a < 1 and thus
wk (Bs;€ Tk (O) \ Bsk /2 (0)) - B2(s;C ) (O) (V47)

for k large enough. A classical computation gives

N R
e e T (V.48)

5k01b;1 11 22 / -
gfkodﬁzl + gfwﬂ’? +/det ngowk—l

= 0Oy, (Cro Yt Ou; (Cr o Y1), Again classical computations (see Section 4.2 of [9]) gives

g

ij
Cropy !
that w,;l is the normal solution to

where g

—1 —1 -1
aﬁ’lljk :*O'koif}k Ow %

where w = y1 + iy2 € C (i.e. 9y is the unique continuous function satisfying the above identity and such
that 1 (0) = 0 and such that 9%, — 1 belongs to LP(C), for some p > 2; for more details see [9, Theorem
4.24]). Moreover there exists ¢y, such that 1 ' (y) = y + ¢ (y) and, because of (V.47), we have that

Supp(—oy, o z/J;l) C Ba(sy r)= (0) and lim ||—oxo 1/}’;1||Loo(c) =0

k— 400
Thus, as before, we have the existence of p > 2 such that
IVerllzzcy + IVerllLec) — 0 - (V.49)

We now go back to the sphere S? and we set

3 3=5k0¢13107T
(V.50)
Uy =nloypom

where we recall that 7 is the stereographic projection from S? into C that sends a € S? into 0. Because
of (V.46), ¥, converges uniformly to the identity in any compact of S\ {—a}. Moreover, still because of
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(V.46), for any £ > 0 there exists ko and  such that for all & > kg and r < 0 [[Wr(x) + al| L (B, (—a)) < €
Thus ¥y converges uniformly to the identity on S?. Finally combining this fact with (V.38), (V.39) and
(V.40) we have proved the “cutting and filling Lemma” V.2. O

Proof of Lemma V.1. Let {fk}keN be a sequence of conformal, possibly branched, weak immersions
in Fgs2 satisfying the assumption of the lemma. Denote by 7 the stereographic projection that sends a
to zero and which is almost an isometry from small geodesic balls centered at a into the corresponding
euclidian ball centered at 0. We have for instance that m(B,: (a})) (vesp. m(B.-1,(a})) is “almost”
k €k Tk
the ball of center zi := m(ai) and radius r} (resp. radius e, 'r%). In oder to simplify the presentation
we will identify m(B,, (ay)) with B2 (z},), F(BE;%;; (at)) with Bg,lri (z},), m(Bs,(a)) with B} (0) and
i S lri

(B, 5, (a)) with BZ 5 (0) in the list of assumptions going from (V.2) until (V.5).

Let Dy () := x/e10, be the dilation in C of factor (e46;) . We consider the new conformal immersion
3, given by ~

<f’k = @kowfloDkow
We can apply Lemma V.2 N + 1 times respectively in the ball 7= '(C\ By, /z(0) := Bj, (—a) and in the
balls 771 (B, /(c26,)(¥%/(€80K))) 1= Byi yc25,)(c},) where
k Th

= 0 and e =71 2k /(erdr)) = a
LYk

We then generate a sequence {Uy }ren of bilipschitz quasi conformal homeomorphisms of S? converging
uniformly to the identity (with a distortion pgy, converging uniformly to zero) and a sequence & of
conformal, possibly branched, weak immersions in Fg2 satisfying

- N
oWy =By, in 8%\ B, (—a) | J B, (ch) - (V.51)
i=1
Moreover N
Jim_diam (gk o Wy(Bs, (—a))) + ; diam (gk o Ui(B,; (c;))) -0 , (V.52)

whereas, from the assumption (V.6) one has

N
lim inf diam <E,€ o Uy <S2 \ <Bsk(—a) U B, (4)))) >0 . (V.53)
YVe apply the “good-gauge extraction Lemma” IV.1 to E;g and we obtain u, € M™(S?), an element
(o € Fs2 and @ points by, - - ,bg such that
Crhi=Eroup — Coo  weakly in W22(S2\ {by,--- ,bo}) . (V.54)
Because of (V.52) there exists pg,p1 -+ py € M™ such that
&r 0 Wy (Bs, (—a)) = po and Vi€ {l---N} & oWk(B,(ch)) = p;

Since the Willmore energy of g_;o is finite, each point admits a controlled number of preimages. Denote
by

{o1-art = U b
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For any ¢ > 0 and for k large enough

G <82 U Be($l)> n (@ o Wi(Bs,(—a)) U k0 W (B,: (CZ))) =0

=1
Thus for any € and £ large enough

L

Vx€S2\UBE(9Cl) Co(z) =

=1

S

kO \Illzl o uk(x) . (V55)

Consider the following sequence of quasi-conformal homeomorphism of the sphere
Ay = \Iflzl our ,

the identity (V.55) implies that Ay is conformal on S? \UlL:1 B.(x;) for k large enough. Let 7 be a fixed

stereographic projection that sends none of the points x; to infinity : for € small enough W(Ule B.(x1))
is sent into a fixed ball Br(0) of the complex plane. Let

O=(Ap o™ 1)

:u’AkOﬂ'*l = 7@2(/\’6 5 7-(-71)

We have then from the previous consideration and the proof of Lemma V.2

supp(a,on—1) C Br(0) and lteagor—1llzoe(cy — 0 - (V.56)

Let 1)y, be the normal solution (see again [9] chapter 4) of

Ozthr = piajorn—1 Ok on C

Yr(0) =0

such that there exists p > 2 for which V(¢ (z) — z) € LP(C). It is a classical result, since (V.56) holds,
that {1k }ren and {¥} ' }ren are compact in C% for some o < 1 (see [9] 4.2.3), and converge to the
identity. Moreover, a classical computation (see [9, Proposition 4.13]) gives that Ay o w1 o w,;l oT is
conformal.

Consider now (om o ¢,;1 o7. This sequence of maps converge in C%® norm to (, and in particular
we have

- L
PpoApor oy tor — (o in % <82 \ U Bg(xl)> . (V.57)
1=1
We apply now Proposition I11.1 to <f>k oAporn~?! owgl o which is conformal on S?. Assume that, modulo

extraction of a subsequence, ProAzorlo 1/),6_1 om would converge uniformly to a point on any compact
K C S\ {ay---ap} for some finite collection of points {a; - --ap}; this would contradict (V.57). Thus
we can take

fr = ot oDkoTroAkOﬂ_lowk_l om

and one easily checks that the required conditions (V.7)...(V.11) are fullfield for this choice of fi and
Lemma V.1 is proved. O
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V1 Domain decomposition and the proof of Theorem I.1.

Before moving to the proof of Theorem 1.1 we will first establish the following lemma.

Lemma VI.1. [Domain decomposition lemma] Let {(I;k}keNC Fg be a sequence of conformal weak,
possibly branched, immersion into M™. Assume that

limsup/ [1 + |Dﬁq;k|z] dvolg, < 400 (VL1)
k—+4oco JS2
where dvoly, denotes the volume form associated to the induced metric gi := 52/1 by &, on S* and

ﬁq;k 18 the mean curvature vector associated to the immersion ék. Then, modulo extraction of a subse-
quence, there exists N € N, there exist N sequences of Mdbius transformations in M*(S?), (fi)iz1..n,
N elements of Fs2, (€'.)i=1..~, and N natural integers (N;)i=1...x such that

Bpofi — & weakly in W*2(S?\ {p"* - bi’Ni}) (VL.2)

where, for each i € {1---N}, (b"9),_1..5i is a finite family of points in S*. There exists a sequence
sy — 0 such that for anyi=1---N

Ni
B0 fi — & uniformly in C° [ §*\ | J Bs, (0"7) | (VL.3)
j=1
and
/ v Ldvoly, . — [ 1dvol,, = Area(€l (S?)) . (VL4)
s2\UN, Ba, (bi) ERelk 52 “Eeo
Denote
. N’L ..
Sp =8\ | B, (") . (VL5)
j=1
For any i’ # j there exists i € {1--- N'} such that
i\~L il (@i i.j
() "o si (S1) € Bo ) (VL6)

For each i € {1cdots, N} and for each j € {1,--- ,N*} we denote by J" the set of indices i’ such that
(VI.6) holds. We have finally

Vie{l,---,N} , ng{lv...,]\ﬁ}

- o (VLT)
Jim diam (ékoﬁ; (Bskww')\ U Cono (7)o s (SM))) =0

e Jii
where Conv(X) denotes the convex hull of a set X, and

vie{l---N} , Vje{1---N%}

B o (VL8)
pim Area (@kof,i (Bsk(b%\ U Cono (7)o s (Sﬂ))) =0

i eJhI
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Proof of Lemma VI.1. We construct the f,i’s, the f_;?’o’s and the b*’s by induction. We first apply the
“good gauge extraction” Lemma IV.1 and we generate a first sequence f; of elements of M1 (S?) and a

first element f_joo € Fs2 as well as a first collection of points {b*!- - bl’Nl} such that
=00 fl =& weakly in W22(S2\ {p1 - pt )

Since the weak convergence in W22(S2 \ {b:1 .. b1N"}) implies a strong C° convergence of {g}}keN on
any compact of St := S§%\ {p11... bl’Nl} but also a strong L? convergence of the conformal factors
{e)‘i}keN satisfying gar = €2k gs2, and moreover since the limit 5100 € Fse is lipschitz all over S?, one
can always find t; — 0 such that

Nl
& =By fl — &L uniformly in C° | $2\ | J By, (07) | (VL9)
j=1
and such that
_ Ldvoly, , — [ 1dvoly., = Area(€l (S?)) . (VI.10)
S2\UN', By, (b19) kT 52 foe
Consider now for any j € {1---N'} and for [ € N the annuli
APt = B (") \ B 3 (b)
k k
Because of (VI.1), one can find I € N such that $TRFT 5 0 and
1 %_ﬁ T 2
eri=tr T 50 and Vj kgl}rloo i {1 + \Hq;k|h} dvolg, =0
1
We then choose 6}, := t'k+!,
In case for all j = 1---N! one has
lim diam (q?k o f} (351 (bl’j)» -0, (VL11)
k—0 k

then we stop the procedure at this stage. If not, we take each of the Béi(bl’j) such that (VI.11) does

not happen and for each of them we apply the “diameter tracking procedure” lemma V.1 with a := b'7,
8k := 0} and &;, := € and no a}, first. We generate then new f; and observe that each such generation
costs an amount of energy which is at least

inf L(E)=¢ >0
EE€EFg2

Thus the procedure must stop after finitely many iterations and Lemma VI.1 will be proved once (VI.8)
will be established.

Proof of (VI.8). There exists a sequence of conformal transformation ¢, in M*(S?) such that

i (B U com (1 o5t () ) = U gt

ieJid =1

26



and there exists e, — 0 s.t. 5,;1 sfc — 0 for any [ and

lim [1 + g0 5100, 17| dvol =0
k

g(ﬁkof'{onpk
k=400 B 1 (@)\B (a}) k

To each | we apply the cutting and filling Lemma V.2 for a = at,, s, = 6,;1 st and ¢, = st. We obtain a

new conformal immersion ¢j, such that

i = diam(C(S?)) = 0 , lim sup G(C.) < +oo (VI.12)

k—+oo

and such that for all &

Bio fi (B%(bi,j)\ U conv ((5) "o (&i’))) c sy (VL13)

ieJhi

By viewing M™ as being isometrically embedded in a euclidian space R™, (VI.12) together with (I11.2)
imply that there exists pr € R™ such that

lim sup /82 [|Dﬁf0<~k|2} dvolf,z < +oo and ToCi(S?) C By, (pr) - (VL.14)

k—+o00

By using L. Simon’s monotonicity formula [24], we deduce that

limsup d, ? Area (5,2(8%) =limsupd, ? Area (5,2(82) N By, (pk)) < 400 . (VI.15)

k—-+o0 k—+o0

Thus we infer that

4 i i.j i\~ it (@i 7

Area (‘I)k o fr (Bsk(b )\ U Conv ((fk) o fi (Sk )))) < Area (Ck(82)> =0(d}) =0
i eJii

(VI.16)

This implies (VI.8) and Lemma VI.1 is finally proved. a

Proof of Theorem 1.2. We construct Wy step by step in the following way.
We consider in §? N! disjoint fixed balls (B7) j=1...nt and we consider a sequence of diffeomorphisms
AL

N1 Nt
AL S2\ | B, (0") — 2\ | BY |

j=1 j=1
such that ' _
A (0B, (b™9)) = dB™
and
. 1y—1
lllcrgigcl? ”v(Ak) HLoo(SQ\UJN:l Bl.4) <400 (VI'17)

and such that =}, := (A})~! converges weakly in (W1>°)* to a limiting diffeomorphism

NJ
: §2\ B — 82\ {p )

j=1

—_
—
i

1
o)
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We adopt the same notation as in the proof of Lemma VI.1 : forany ke Nand i=1---N

Ni
Sp =8\ | B, (") ,

j=1

and J%J is the following set of indices
gia=di () e gl (87) € B}
we also let J*J be the following subset of J&J
Jid = {i’ eJ . Bi"e st (fi)y oSl (S,@’) c Conw ((f,;’)*1 o fi" (Sk»} ,

where Conv(X) is the convex hull of X in S2. We denote by N/ the cardinality of J*/. Recall that,
due to (VLT), one has for any i € {1--- N} and any j € {1--- N“J}

lim diam | 10 fi | B, (0")\ |J Comw ((fk) o f,i’(s,i')) -0 . (VL18)
ireJii

For any j € {1---N'}, inside B"/, we fix N/ disjoint balls independent of k. We denote each of
this ball by B? for each i € J%/. We can always reorder the indexation in such a way that

(fi) ™ o fi (Sk) € By, (")

In each of the B? we fix again N* — 1 disjoint balls (Bi’j)jzl_..Ni,l each being independent of k. For each
of these i € J%I we pick a sequence of diffeomorphisms A}:C

' Nt N ' Ni-1 N
A, 2\ B, (0"7) — B\ | BY
j=1 j=1
such that
Vj=1--Ni—1 ALOB, (b)) =0B" and ALOB,, (bV"N'))=0B" |,
and

limsup [|[V(AL) 7|

k—4o00

LU By S T (VL.19)

and such that =} := (A})~! converges weakly in (W'>°)* to a limiting diffeomorphism

Ni
E, P\ B — $P\ {ph N
j=1

We iterate this procedure in a straightforward way until having exhausted all the indices i € {1--- N}.

We now fix the sequence of diffeomorphism ¥y in the following way :
i)

Uy, = fj o By, Ongz\UBl’j )
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Ni-1
Uy = floE} on B*\ U B*J
j=1

iii) Wy is chosen arbitrarily among the diffeomorphisms from
% \ U BY
ireJii

into . .. ., ./ il
fe(Bo 0D\ | £ (B, (07Y))
ireJi
such that Uy := f} o i on B" and ¥y, := f}: o Ek/ on B
Because of (VI.18) we have that, modulo extraction of a subsequence, for any i > 1 and j = 1--- N* — 1,
there exists a point z*J € M™ such that

B0 W), —» p™  uniformly in C° [ BH \ U B . (VI.20)
i i
Observe that
Nl
=~ =L weakly in (W>)*($*\ | ] BY) ,
j=1
and for for ¢ > 2
Ni-1
NG weakly in W { B\ [ ] B"
j=1

Define now foo from S? into M™ by

Nl
f;o::g})ooEéo on SQ\UBM ,
j=1

Ni-1
Foo_g =i i i,
foo i =& 0B on B\UB ,
=1

and by
f_;O = phI on B\ U B

ireJini

It is now straightforward to check that the N + 1-uplet ( f;, 5;0 e fzvo) satisfy the conclusions of Theo-
rem [.2. This concludes the proof. O
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VII Weak Closure of Bubble Trees of Weak immersions.

As it is, Theorem 1.2 is a weak-semi-closure result and not a weak-closure result per se in the sense that
the weak limit does not anymore belong to the same class of weak immersions, Fsz, but is made of a
finite family of elements of Fg2 that we will call a bubble tree of weak immersions. In order to remedy
to this difficulty we are going to define rigorously the class of bubble tree of weak immersions and prove
afterwards a weak closure result in this class (see Theorem VII.1).

Definition VII.2. [Bubble trees of weak immersions] We call a bubble tree of weak immersions a
N + 1-tuple T = (f, Pl ... <f>N), where N is an arbitrary integer, f € W12 (S2, M™) and i € Fee for
i=1---N satisfy the following conditions. There exists a family of N geodesic balls B* C S? such that

Vi#4i ecither BiC B or B'CB' and B'=§?

For any i € {1--- N} there exist a natural integer N* and N* disjoint open geodesic balls B strictly
included in B* such that,

Vi' #i either BiC B’ or 3je{l---N} st B CBY

For any i € {1--- N} there exists N* distinct points b"! - - - biN' of S? and a lipschitz diffeomorphism
Ni-1 A
' BY\ U Bid  — S\ {pil. N}
=1

such that Z; extends to a lipschitz map
N1 ,
= @ Bi\ U B% — 8% such that EZ;(0B%)=0b"  and Z;(0BY) = b
j=1
Moreover
Ni-1
Vi=1---N onehas f=P oZ= on B*\ UB”
j=1

and for any i € {1---N} and any j € {1--- N} there exists a point pJ € M™ such that
f:E phd on B%\ U B
irejii

where

JW.={i" . B" cCB"“}
We denote by T the space of bubble trees of weak immersions. and for any T € T we denote

N N 2

N —
G(T) = G(®) =) A(®)+F(¥') = Z /S ) {1 + 'D”Q@ ] dvoly,,

i=1 i=1

Assuming xg € f(S2), the homotopy class of T in mo(M™, z¢) is the class off and is denoted by [f]
The subspace of elements T in T such that o € f(S?) is denoted by T, a
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Theorem VIIL.1. [Weak closure of bubble trees of weak immersions| Let Ty, = (f5, éi e @gk)
be a sequence of elements in T such that

|Dn¢, |2
lim sup G(T}) = hmsupZ/ dvol,., < 400
k—4o00 k—+o00 = S2 k
Assume each 52 is weakly conformal and that
Ny,
liminf S diam (qﬂ (SZ)) >0
k——+oco P

Then there exists a subsequence that we keep denoting T, such that Ny, = N is constant and there exists
a sequence of lipschitz diffeomorphisms W, of S? such that

Fro W) — s uniformly in C°(S*, M™) | (VIL.21)
where s, € WH(S2, M™), such that
Area(fr(S?)) — Area(iis(S?)) (VIL22)

moreover for any i = 1--- N there exists Q° € N and Q' sequences of elements f,ij € M*(S?) and for
each (i,7) there exist finitely many points b*3 - .- b»399"" such that

B! o fid — & weakly in W22 (S?\ {bP9:1. .. bi’j’Qi’j}) . (VIIL.23)

loc

c';o' a Z ) 2
The maps €47 are conformal weak immersions of Fs2 and

(Uoo,(éigj)j:lv..@ --~(£Zvo’j)j:1...QN) eT . (VIL24)
O

Proof of Theorem VII.1. First of all the uniform bound on G (fk) implies that Ny, is uniformly bounded
as well as all the numbers N} associated to the underlying tree. We can then extract a subsequence such
that theses numbers are uniformly bounded and such that the associated tree (i,7) — J% is fixed. We
can moreover find a sequence of diffeomorphism Wy such that, replacing ﬁ by ﬂ o Uy, the B's, the
B%3’s, the Z%’s and the b%7’s are fixed independently of k and satisfy

Ni-1
Vi=1---N  frol, =&.oZ on B\ |J B
j=1

Finally, since M™ is compact, we can also choose the subsequence such that
ﬁo\I/k:pZ’j%pf)geMm on B\ U B
ireJid
Now we can apply Theorem 1.2 to each of the sequences @ Modifying accordingly the diffeomorphism

W), in each of the B“ \ |, e i B and collecting all informations together provides (VI1.21), (VII.23)
and (VIL.24); Theorem VII.1 is hence proved. O

The weak closure of bubble trees of weak immersions, namely Theorem VII.1, implies in a straight-
forward way the following corollary once it is known that any homotopy class w3 (M, z¢) can be realized
by an element in Fg2
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Corollary VIL.1. Let xg € M™ and let v € ma(M™, x0). Assume v # 0, then

-,

inf G(T)
T€Ts, ;i [Tl=y
s achieved by an element T, = (ﬁy, q_;,ly e Cf)fyv) Moreover if we don’t fix the base point and consider now
v € mo(M™) and v # 0, we have that
inf  G(T)
TeT ; [T]=v
is achieved by an element éw = (f;, <13}{ e (i;,]yv) O

We will show in [16] that, for any v € ma(M™), the 5; realize area constrained smooth, possibly
branched, Willmore immersions of S.

Proof of Corollary VII.1. We just have to prove that for any v € ma(M™, () there exists an element of
Fge realizing . From Theorem 1.1 we have a family of possibly branched conformal smooth immersions
(®);—1...; which generates m(M™) modulo the action of 7, (M™). In other words we can connect these
immersions by tubular neighborhoods of C'! paths going either from a given base point to theses branched
immersed spheres or from one of these spheres to another one in order to have a generating family of
mo(M™). There is no difficulty to “connect” these spheres by these tubes in order to realize a branched
immersion of Fg2. We have then proved that any v € ma(M™, x9) can be realized by an element of Fgz.
This fact combined with Theorem VII.1 implies Corollary VII.1. O
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