SHARP ENERGY ESTIMATES FOR NONLINEAR FRACTIONAL
DIFFUSION EQUATIONS

XAVIER CABRE AND ELEONORA CINTI

ABSTRACT. We study the nonlinear fractional equation (—A)*u = f(u) in R™, for
all fractions 0 < s < 1 and all nonlinearities f. For every fractional power s € (0, 1),
we obtain sharp energy estimates for bounded global minimizers and for bounded
monotone solutions. They are sharp since they are optimal for solutions depending
only on one Euclidian variable.

As a consequence, we deduce the one-dimensional symmetry of bounded global
minimizers and of bounded monotone solutions in dimension n = 3 whenever 1/2 <
s < 1. This result is the analogue of a conjecture of De Giorgi on one-dimensional
symmetry for the classical equation —Awu = f(u) in R™. It remains open for n = 3
and s < 1/2, and also for n > 4 and all s.

1. INTRODUCTION AND RESULTS

In this paper we establish energy estimates for some bounded solutions of the

fractional nonlinear equation
(=A)’u= f(u) inR", (1.1)

for every 0 < s < 1, where f : R — R is a C? function for some v > max(0,1 — 2s).

In [4], we considered the case s = 1/2 and established sharp energy estimates
for bounded global minimizers in every dimension n, and for bounded monotone
solutions in dimension n = 3. As a consequence, we deduced one-dimensional (or
1-D) symmetry for these types of solutions in dimension n = 3.

This result about 1-D symmetry is the analogue of a conjecture of De Giorgi for
the Allen-Cahn equation —Au = u — u® in R™®. More precisely, in 1978 De Giorgi
conjectured that the level sets of every bounded solution of the Allen-Cahn equation
which is monotone in one direction must be hyperplanes, at least if n < 8. That is,
such solutions depend only on one Euclidean variable. The conjecture was proven to

be true in dimension n = 2 by Ghoussoub and Gui [16] and in dimension n = 3 by
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Ambrosio and the first author [3]. For 4 < n < 8, if 9,,u > 0, and assuming the
additional condition

lim w(a',z,) =41 forallz’ € R" !,

Ty —E00

it has been established by Savin [23]. More recently, a counterexample to the conjec-
ture for n > 9 has been found by Del Pino, Kowalczyk, and Wei [13].

In this paper (see Theorem below), we establish the one-dimensional symmetry
of bounded global minimizers and of bounded monotone solutions of in dimen-
sion n = 3 for every 1/2 < s < 1. This is the analogue of the conjecture of De
Giorgi for the operator (—A)®. Our result applies to all nonlinearities f € C17,
v > max{0,1 — 2s}.

In dimension n = 3, in 4] we proved the same result for s = 1/2. For n = 3 and
0 < s < 1/2 the question remains open, as well as for n > 4 and any 0 < s < 1.
For n = 2 and s = 1/2, the one-dimensional symmetry of bounded stable solutions
of was proven by the first author and Sola-Morales [7]. The same result in
dimension n = 2 for every fractional power 0 < s < 1 has been established by the
first author and Sire [6] and by Sire and Valdinoci [28]. Recall that the class of stable
solutions includes all global minimizers, as well as all monotone solutions.

The existence of 1-D monotone solutions (also called “layers”) has been established
by the first author and Sire in [5] [6] for all nonlinearities f (not necessarily odd) for
which its primitive (up to a sign) is a potential of “double-well type”. In fact, [5, [6]
establish that this is a necessary and sufficient condition on f for a 1-D monotone
solution to exist. Our 1-D symmetry result for monotone solutions in R3 will use
both the 1-D symmetry result in R? of [6] and (since it applies to all nonlinearities
f) the necessary conditions on f proved in [5] for a monotone solution in R to exist.

As in [4], a crucial ingredient in the proof of 1-D symmetry is a sharp energy
estimate for bounded global minimizers and for bounded monotone solutions. These
are Theorems([I.2land[I.4. Our estimates are sharp since they are optimal for solutions
depending only on one Euclidian variable.

The classical connection between the Allen-Cahn equation and minimal surfaces (or
the perimeter functional) is the motivation behind the conjecture of De Giorgi. The
following are some results in this direction but concerning the fractional Laplacian. In
[17] M.d.M. Gonzalez proved that an energy functional related to fractional powers s
of the Laplacian (for 1/2 < s < 1) I'-converges to the classical perimeter functional.
The same result for s = 1/2 had been proven by Alberti, Bouchitté, and Seppecher
in [2]. In [I0] Caffarelli and Souganidis prove that scaled threshold dynamics-type

algorithms corresponding to fractional Laplacians converge to certain moving fronts.
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More precisely, when 1/2 < s < 1 the resulting interface moves by a weighted mean
curvature, while for 0 < s < 1/2 the normal velocity is nonlocal of fractional-type.
Later, Caffarelli, Roquejoffre, and Savin [8] set up the theory of nonlocal s-minimal
surfaces for 0 < s < 1/2. Palatucci, Savin, and Valdinoci [22 24], 25] have established
precise relations between s-minimal surfaces and the interfaces of semilinear phase
transition equations driven by the fractional Laplacian. See Remark for more
comments on s-minimal surfaces.

To study the nonlocal problem , we will realize it as a local problem in ]RTl
with a nonlinear Neumann condition. More precisely, Caffarelli and Silvestre [9]
proved that u is a solution of problem in R™ if and only if v, defined on ]RTrl =
{(z,\) : x € R", A > 0}, is a solution of the problem

div(A\'72Vv) =0 in R7H

(1.2)
—dglimy_ 0 A\172%0yv = f(v) on R",

where v(r,0) = u(z) on R* = IR and

['(s)

ds — 22571
I'1—ys)

is a positive constant. The fact that this constant does not depend on n is already
shown in section 3.2 of [9]. Its precise value has been computed in several papers;
see, e.g., [15, 29]. Using that sI'(s) = I'(s + 1) and (1 — s)['(1 —s) = ['(2 — s) we
deduce, respectively, that

L%l as s + 0 and L%l as s — 1.
(2s)~1 2(1—s)
Thus, ds blows-up as s — 0 and d, tends linearly to zero as s — 1.

In the sequel, the extension v of u in R’t! which satisfies div(A\!72*Vv) = 0 will be
named “the s-extension of u”.

Observe that for every 0 < s < 1, we have that —1 < 1—2s < 1 and thus the weight
A!1=2% which appears in belongs to the Muckenhoupt class A;. As a consequence,
the theory developed by Fabes, Kenig, and Serapioni [14] applies to problem ([1.2])
and thus a Poincaré inequality, a Harnack inequality, and Holder regularity hold for
solutions of our problem. As shown by the first author and Sire [5], solutions to ([1.2])
are C# (@) for some 5 € (0,1). But in general they have no further regularity in
A; note that A% (even that it is unbounded) solves with f identically constant.
The trace u(-,0) on {\ = 0} of a bounded solution of is however a C%#(R")

function; see [5]. We will also use some gradient estimates from [5] which apply to
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solutions of (see Remark below) and that will be important in the proof of
our energy estimates.

Problem associated to the nonlocal equation allows to introduce a notion
of energy and global minimality for a solution u of problem (|1.1]).

Consider the cylinder

Cr = Bg x (O,R) C R:L_Jrl,

where By is the ball of radius R centered at 0 in R", and the energy functional

Eucalv) = de [ SNHIVoPdedr+ [ Glofe,0)da, (1.3)
Cr 2 Br

where G’ = — f and thus G is defined up to an additive constant. Observe that & ¢,
is the energy functional associated to problem . We can now give the following
definition. Let us denote, for Q C R”™ the Sobolev space H'(, A\!=2*) made of
functions v with A1=25(v? + |Vv]?) € LY(Q).

(RY™) (1 Hj,

Definition 1.1. a) We say that a bounded CJ (R7 A1=29) func-

loc

tion v is a global minimizer of (1.2)) if, for all R > 0,

587012 (U) < SS,CR (U}),

for every H'(Cgr, A\'=?%) function w such that v = w in dCg \ {\ = 0}.

b) We say that a bounded C! function u in R™ is a global minimizer of if
its s-extension v is a global minimizer of (1.2)).

c) We say that a bounded function u is a layer solution of if u is a solution,
it is monotone increasing in one of the x-variables, say 9,, v > 0 in R", and

lim w(a2’,z,) = %1 for everya’ € R" 1. (1.4)

Tp—to00

We recall that every layer solution is a global minimizer (see [6]). This is proved
using the sliding method. Note that the weight A2 does not depend on the hori-
zontal variables x4, ..., x,,, and hence problem is invariant under translations in
the directions x4, ..., z,,.

Our first result is the following energy estimate for global minimizers of problem
. In particular it applies also to layer solutions. Given a nonlinearity f and a
bounded function u defined on R", set

G(u):/ulf and

¢, = min{G(s) : iﬂgfu < s < supu}. (1.5)
n Rn
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Theorem 1.2. Let s € (0,1), f be any C*Y nonlinearity with v > max{0,1 — 2s},
and let u : R™ — R be a bounded global minimizer of . Let v be the s-extension
of u in R,

Then, for all R > 2,

1

1
Es.on(v) —ds/ A7 |VolPdedA+ | {G(u)—c,}do < CR”QS/ p~*dp, (1.6)
cr 2 Bg 1/R

where ¢, s defined by , and C s a positive constant depending only on n, s,

| |f| |Cl’“/([infRn u,SUpgn u|) and ||U,| |L°°(]R") .
As a consequence, for some constant C depending on the same quantities as before,

we have
Escp(0) KCR"™* if 0<s<1/2, (1.7)
Escp(v) <CR" 'og R if s=1/2, (1.8)
Escn(v) <CR™ if1/2<s< 1. (1.9)

For s = 1/2, the estimate was proved in our previous paper [4]. For s € (0,1) they
were announced in the second author Ph.D. Thesis [12]. More recently the estimates
have been proven with a different method (without using the extension problem) by
Savin and Valdinoci [24]. While their proof is simpler than ours, we develope further
results which are of independent interest. More precisely, an extension result (The-
orem and a phase transition estimate (Theorem both involving fractional
Sobolev norms with weights.

Remark 1.3. The energy estimate (|1.7]) is sharp. Indeed, for every bounded solution of
problem the energy is also bounded below by ¢; R"~2 for some constant ¢; > 0.
This is a consequence of a monotonicity formula (Proposition that we prove in
section 3.

Moreover, also when 1/2 < s < 1 the energy estimates and are sharp
since they are optimal for 1-D layer solutions, in the sense that for these solutions the
energy is also bounded below by coR" 'log R (if s = 1/2) and o, R*™! (if s > 1/2),
for some constant co > 0, when they are seen as solutions in R". When s > 1/2,

this follows immediately from Fubini’s theorem. Indeed, if v = v(x,, \) is a 1-D layer
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solution of ([1.2)) then, for R > 1 we have (note that G(u) — ¢, > 0 in R")

1
Es0ymn(V) 2 Es(—rRyx(0.8) (V) = ds / AV, NP drdA +
(~R.R)"x(0.R)

+/( | n{G(v(xn,O))—cu}dx

R,R)
R R 1 R
_ R”_l{ds/ d>\/ 5A1—25|w!2da:n+/ {G<v(ﬂsn,0))—cu}dzn}
0 -R -k

1 1
1
> R"‘lds/ dA/ §A1—23\vu(a:n,A)\2dxnchn-l.
0 -1

In our next result we establish that in dimension n = 3 the energy estimate
holds also for bounded monotone solutions without the limit assumption . These
solutions can only be guaranteed to be minimizers among a certain class of functions
(see Proposition , but could fail to be global minimizers as defined before.

Theorem 1.4. Let n = 3, f be any CY7 nonlinearity with v > max{0,1 — 2s} and
u be a bounded solution of such that O,u > 0 in R3 for some direction e € R3,
le| = 1. Let v be the s-extension of u in RE.

Then, v satisfies the energy estimate with n = 3.

In dimension n = 3 and for every 1/2 < s < 1, Theorems and lead to the
1-D symmetry of bounded global minimizers and of bounded monotone solutions of
problem (|1.1)). For s = 1/2 this was proved in our previous paper [4].

Theorem 1.5. Assume that n =3 and 1/2 < s < 1. Let f be any C'7 nonlinearity
with v > max{0,1 — 2s} and u be either a bounded global minimizer of , or a
bounded solution of which is monotone in some direction e € R, |e] = 1, i.e.,
it satisfies Ogu > 0 in R3.

Then, u depends only on one variable, i.e., there exists a € R® and g : R — R,
such that u(x) = g(a - x) for all z € R3. Equivalently, the level sets of u are planes.

Remark 1.6. In [8] Caffarelli, Roquejoffre, and Savin introduced and developed a
regularity theory for nonlocal minimal surfaces. These surfaces, defined for 0 < s <
1/2, can be interpreted as a non-infinitesimal version of classical minimal surfaces and
arise when minimizing in an appropriate way the H*-norm of the indicator function.
Note that when 0 < s < 1/2 the indicator functions belong to H® and the extension
problem ([1.2)) is a well posed problem for indicator functions. The authors also proved
a sharp energy estimate C'R"™2¢ related to ours in some sense: our equation is the

Allen-Cahn approximation of these nonlocal minimal surfaces. The flatness of any
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s-minimal surface in all R" is only known in dimension n = 2 by a recent result of
Savin and Valdinoci [26] (this is the analogue statement to that of the conjecture of
De Giorgi). The same statement for s sufficiently close to 1/2 and n < 7 had been
proved by Caffarelli and Valdinoci [11].

To prove 1-D symmetry, we use a Liouville type argument which requires an ap-
propriate estimate for the Dirichlet energy. By a result of Moschini [19], if the energy

estimate

/ |Vv|?dzd\ < CR*log R
Cr

holds (note the exponent 2 in R?log R), then one may use such Liouville type result
and deduce 1-D symmetry in R" for global minimizers and for solutions which are
monotone in one direction. Now, by Theorems [1.2] and [1.4] we have that

1
/ §A1_23|VU|2dxd)\ < CR?log R
Cr
holds for n = 3 and every 1/2 < s < 1. Instead, if 0 < s < 1/2, the sharp estimate is
1
/ A% | VoPdzd) < OR?™%,
Cr 2

Since 3 — 2s > 2 when 0 < s < 1/2, one can not use the Liouville argument. This is
the reason why we can prove 1-D symmetry only for n < 3, and in case n = 3 only
for 1/2 <s < 1.

We have two different proofs of our energy estimate .

The first one is simple but applies only to bistable nonlinearities (such as the
Allen-Cahn nonlinearity f(u) = u — u®) and to monotone solutions satisfying the
limit assumption or the more general below. We present this very simple
proof in section 2. It was found by Ambrosio and the first author [3] to prove the
optimal energy estimate for —Au = u — «?® in R™. In this specific case of bistable
nonlinearities and monotone solutions satisfying , our energy estimate is uniform
as s T 1. On the contrary, the energy estimate for global minimizers and general f
(as stated in Theorem is not uniform as s T 1. Instead, the estimate in [24] is
uniform as s 1 1, even if not stated in that paper.

Our second proof applies in more general situations and will lead to Theorems
and [L.4] It is based on controlling the weighted H'(Cg, A'=2%)-norm of the solution
v by certain weighted fractional Sobolev norms of the trace of v on dCk.

Let us recall the definition of the H*(A)-norm of a function for 0 < s < 1, where A

is either a bounded Lipschitz domain of R", or A = 9€) and 2 is a bounded Lipschitz
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domain of R**!. It is given by

=\ (2
w\z) — w\z
eoliZmn = lwlBaga + / A' C) = 0@ ppnyann ),

|Z _ §|n+2s

where dH" denotes the n-dimensional Hausdorff measure. In the sequel we will use
it for Q =C; = B; x (0,1) C R*" and A = 9C}.

To prove Theorem [1.2] we use the following comparison argument. We construct a
comparison function @ which takes the same values of v on dCr N {A > 0} and thus,
by minimality of v,

Ecr(v) < Eop(W).

Then, it is enough to estimate the energy of w.

For simplicity, consider the case of the Allen-Cahn nonlinearity. We define the
function w(z, A) in Cg in the following way. First we define w(z,0) on the base of
the cylinder as a smooth function g(z) which is identically equal to 1 in Bg_; and
g(x) = v(x,0) for |z| = R; then we define w(z, ) as the unique solution of the
Dirichlet problem

div(A" V) = 0 in Cg
w(z,0) = g(z) on Br x {\ =0} (1.10)
w(z,\) =v(z,\) ondCgrN{\>0}.

Since by definition w = 1 on Br_; x {0}, then the potential energy is bounded by
C|Bgr \ Br_1| = CR"'. Thus, it remains to estimate the Dirichlet energy.

To do this we proceed in two steps. First, after rescaling, we apply Theorem
below, to control the Dirichlet norm of w; (where w; is the rescaled version of W) in
C1 by some fractional Sobolev norms of its trace on dC7. Then, we use Theorem
below to give an estimate of these fractional norms.

We recall that in the proof of the estimate for the Dirichlet energy for s = 1/2
a crucial point was an extension theorem which let us control the H'(C})-norm of
a function by the H'/2(9C;)-norm of its trace. Here we are in a more complicated
situation, since we need to control the weighted H'(Cy, A\!72%)-norm, with a weight
which degenerates or blows-up on a subset of dC; (its bottom).

We introduce some notation. Let A be either a bounded Lipschitz domain in R™ or
A = 00 where Q) is a bounded domain of R"™! with Lipschitz boundary. Let M C A
be an open set (relative to A) with Lipschitz boundary (relative to A) I' = M. We
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define the following two sets:

AxA if0<s<1/2
Biae = (1.11)
Mx M if 1/2<s<1,

and

A\M)x (A\M) if 0<s<1/2
g, _ Jv I o <a<y -
(A\M) x A if 1/2<s<1.
For every z, we denote dj;(z) the Euclidean distance (either in R™ or in R"!) from
the point z to the set M. Set

a:=1—-2s€e(—1,1).

In Theorem we establish that, for any given function w defined on all 0f2, there
exists an extension w of w to 2 whose H'(, d$,)-norm is controlled by a combination
of a H*-norm and a H'?(- d},)-norm of its trace w. If h is a weight (that is, a
nonnegative function here), we indicate with H*(02, h) the weighted Sobolev space
of functions w such that

/89 WEyo (Y dH (= /89 /89 Z|n+(;s>|2d7{n( JAH" (Z) < +o0.

Later we will apply our results in the case

Q=Cy, A=00,, M = By x{0}, and h=d};*(z,\) = dist' >*((x, \), M) = \!7%.
For a general domain the result is the following.

Theorem 1.7. Let Q) be a bounded domain of R"' with Lipschitz boundary 02 and
M C 9 an open subset (relative to 0S2) with Lipschitz boundary (relative to OS2).
For z € R"™ | let dys(z) denote the Euclidean distance from the point z to the set M.
Let s € (0,1).

Then, for every w € C(00Q) there exists an extension W of w defined in Q which
belongs to C*(Q) N C(Q) and such that

/ o (2) 2|V 2z <
Q

jw(z) —w@)* ., n (=
<C’Hw||L2(dQ —i—C’//B |z—z[”+2s dH"(z)dH"(Z) (1.13)

frac

+C / / )i wfj)_;‘nif’QdH“(z)dH"(z),

welg
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where Bgae and Byeig are defined, respectively, in (L.11) and (1.12) with A = 09, and

C denotes a positive constant depending only on €2, M, and s.

We have used the notations Bp,. and Biy.is to indicate, respectively, the set in

which we compute the H*-norm of w and the set in which we compute the weighted
H'/2(-, d%,)-norm of w.

Remark 1.8. We denote by w the s-extension of w in 2. Since w is the extension of

w in €2 which minimizes the quantity

[ ey 1vapa
Q
then inequality (1.13]) holds, in particular, with w replaced by w.

In two articles [20, 21], Nekvinda treated some extension and trace problems for
functions belonging to fractional Sobolev spaces, but his results are not applicable in
our situation. In [2I], the author proved an extension theorem for functions belonging
to H*(M), where M is, as before, a subset of 0€2. More precisely he proved that if
w € H*(M) then there exists an extension w of w in € such that

/ dg (=) [V 2z < Ol oo,

Q

Notice that this theorem gives an extension for a function defined only on M. There
is no control on the extension near €2 \ M —a control that we require. Instead,
in [20], he considered the case of a function w defined on 99 \ M and established
that there exists an extension w of w in Q with H'(-,d%,)-norm controlled by some
weighted fractional norm of w in 92\ M. In our situation, we need an extension
result to all of  for functions w defined on all of 0.

We conclude giving a key result in the proof of Theorem on energy estimates
for minimizers. It will give control on the H® double integrals above on A := 0f)
knowing the following assumptions on the function w defined on A.

Let A, M C A, ' = OM, Bppc, and Buyeg be as in and (1.12). Let D
denote all tangential derivatives to A and dr(z) denote the Euclidean distance from
the point 2 to the set I' (either in R™ or in R"™!). Note that here we deal with the
distance dr = dgyp; to I' = OM, in contrast with the distance dy; to M appearing in
the weighted energies above and below.

In what follows we will assume that, for some constant c,, w satisfies these condi-

tions:
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e for s € (0,1/2],

2s—1
Cs (dr(?«’)) if z€ A and dr(z) <e

Duw(z)| < { € (1.14)

if z€ A and dr(z) > ¢;

o for s € (1/2,1),

% ifz€ A and dp(z) <e

. 1.15
Pell= dC—(SZ) if 2€ A and dr(z) > e. )
T

Later we will use this result with
A=0C), M =By x{A=0}, andI'"=0B; x {A =0}.

In more general geometries the result is the following.
Theorem 1.9. Let A be either a bounded Lipschitz domain in R™ or A = 02 where
Q is a bounded domain of R"*! with Lipschitz boundary. Let M C A be an open set
(relative to A) with Lipschitz boundary (relative to A) ' = OM. Lete € (0,1/2) and
s e (0,1).

Suppose that, for some constant cs, w: A — R is a Lipschitz function such that

lw(z)| < ¢ (1.16)

and that w satisfies (1.14) and (1.15)) for almost every z € A.
Then,

V() =llolfn + [ [ D e e )

(1.17)

+f /B dM<z>128'wfj)_;,wf'Qd’H”<z>d’H"<z>sc / L,

weig

where the sets Bpac and Byeg are defined in (L.11) and (1.12), and C denotes a
positive constant depending on A, M, n, s, and c,.

As a consequence, for some constant C' depending on the same quantities as before,
we have

C if 0<s<1/2,
Uy(w) << Clloge| if s =1/2,
Cel™  if1/2<s< 1.

In our case (A =0C,, M = By x {\ =0}, I' = 9By x {\ =0}), the constant C' in

(1.17) only depends on n, s, and c;.
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Remark 1.10. In the proof of Theorem the following gradient estimates for every
bounded solution v of problem ((1.2)) will be of utmost importance. Let f € C* for
some 7 > max{0,1 — 2s}. Then, every bounded solution v of satisfies, for some
constant cg,

IVeoo(x, )| <e;  forevery x € R™ and \ > 0;

|IVo(z,\)| < cs/\ for every x € R® and \ > 0; (1.18)

IANT25050] < ey for every x € R" and A > 0.
For the bound |V, v(z,0)| < ¢, for x € R, see Silvestre [27], Lemmas 2.8 and 2.9 in
[27]. In this inequality the constant ¢, is uniformly bounded for s away from zero,
but not as s — 0. For this reason the constant C' in our energy estimate is not
uniform for s close to zero. Using the maximum principle we can extend the bound
|V,u(x,0)| < ¢ to every A > 0 and deduce |V v(z, \)| < ¢, for every z € R™ and
A > 0; see Proposition 4.6 of [5].

The bound |Vu(x,\)| < ¢/ for every x € R" and A > 0 follows, after rescaling,
by interior elliptic estimates, since equation (|1.2)) is uniformly elliptic for A > 0; see
Proposition 4.6 of [5]. In this bound the constant ¢, is also bounded as s 1 1.

Finally, the last bound |A\'72*0,v(z, \)| < ¢, for every z € R™ and A > 0 is estab-
lished using that the function ¥ = A'=2*9\v satisfies the dual problem (with Dirichlet
boundary condition)

div(A\*71Vy) =0 in R
U= — fc(:) on OR’
see also Proposition 4.6 of [5]. In this last gradient estimate, the constant c, is

uniformly bounded for s away from 1 but not as s — 1 (since ds/(1 —s) — 1 as
s — 1). For this reason, the constant C' in our energy estimate ((1.6)) blows up for s
close to 1.

The paper is organized as follows:

e In section 2 we prove the energy estimate for layer solutions of bistable type
equations, using a simple argument introduced by Ambrosio and the first
author [3].

e In section 3 we establish a monotonicity formula for the energy functional
associated to problem (L.2).

e In section 4 we give the proof of the extension Theorem and of the key
Theorem [L.9

e In section 5 we prove Theorem |[1.2
12



e In section 6 we establish energy estimates for bounded monotone solutions in
R3 (Theorem [1.4)).
e In section 7 we prove the 1-D symmetry result, that is Theorem [1.5

2. ENERGY ESTIMATE FOR MONOTONE SOLUTIONS OF BISTABLE EQUATIONS

In this section we consider potentials G(u) = ful f satisfying the following hypoth-
esis:

G>0=G(£l) inR and G>0 in(—1,1). (2.1)

An example is G(u) = $(1 —u?)?. In this case the nonlinearity is given by f(u) =

u—u?. In [5 6] it is proved the existence of a 1-D layer solution for every nonlinearity

satisfying (2.1)).

In the sequel we consider the energy

1
Es.on(V) :ds/ —)\1_25|VU|2dxd/\+/ G(v(zx,0))dx.
Cr 2 B

R
In the following theorem we establish energy estimates for monotone solutions of
such that lim,, . u(2’,x,) =1 for all 2/ € R""!, assuming that the potential
G satisfies . We point out that here the constant appearing in our energy estimate
is uniformly bounded as s T 1 (but not as s | 0). Recall that we have defined the
cylinder Cr = Bg % (0, R), where By is the ball centered at 0 and of radius R in R™.

Theorem 2.1. Let f be a C' function, with v > max{0,1 — 2s}. Suppose that
G(u) = ful [ satisfies [2.1). Let u be a solution of problem in R, with |u] < 1,
and let v be the s-extension of u in R
Given any so € (0,1/2), assume that sy < s < 1.
Suppose that
Uy, >0 m R" (2.2)
and
lim w(a,z,) =1 for all 2’ € R" (2.3)

Tp—>+00
Then, v satisfies the energy estimate (1.6) for every R > 2, where the constant
C depends only on n, so, and ||f||cr~(-11)- In particular, for some constant C
depending on these three quantities, we have
C
Es <
7CR (/U) — 1 _ 23
Escy(v) < CR*log R if s=1/2 (2.5)

R if sp<s<1/2 (2.4)

Esop(v) < 286; 1R2 if 1/2<s<1. (2.6)

13



Proof. Asin [4], the proof uses an argument found by Ambrosio and the first author [3]
to prove an energy estimate for layer solutions of the analogue problem —Au = f(u).
This method is based on sliding the function v in the direction x,. Consider the

function
v (z, \) == v, x, + 1, N)

defined for (x,\) = (z/,7,,\) € R*™" and t € R. For each t we have

div(AI=2Vo!) = 0 in R

(2.7)
—d N0\t = f(v') onR™ = OR".

Now we use the first two gradient estimates in ((1.18)) for the solution v of problem
(1.2). We have that for every ¢, |v'| < 1 and

V0! (2, \)| < ¢ for every x € R and A\ >0, (2.8)

(Vo' (z, \)| < C—; for every x € R" and A > 0, (2.9)

where the constant ¢, is uniformly bounded for s away from 0 (see Remark |1.10]).
In fact, ¢, depends only on n, sg, and ||f||c1v(-1,1) (see Proposition 4.6 of [5]). In
addition (see Lemma 4.8 of [5])

lim {[v'(z,A) = 1| + |[Vu'(z, )|} =0 (2.10)

t——+o0

for all x € R™ and all A > 0.
Note that hypothesis (2.2) and the maximum principle lead to v,, > 0 in R’fl.
Thus, denoting the derivative of v(x, \) with respect to ¢t by 9;v'(x, \), we have

Ot (2, \) = v, (2,2, +t,2) >0 forall x € R", A >0.

By (2.10]), we have that
lim & cp(v') = 0. (2.11)

t——+o0

Next, we bound the derivative of & ¢, (v") with respect to t. Recall that we have
set @ = 1 — 2s. We use that v' is a bounded solution of problem ([1.2)), the bounds
(2.8), (2.9) for the derivatives of v, and the crucial fact that 9,v* > 0. Let v denote

the exterior normal to the lateral boundary 0Bg x (0, R) of the cylinder Ck.
14



We have

R
OEscp(vh) = ds/ d)\/ dz\*Vo' - V(9") +/ dzG'(v'(x,0))9p" (z,0)
0 BR BR

R ovt ot
= ds/ d/\/ dH" I N =9t + dS/ d:):)\a—atv (z,R)
0 OBR ov Brx{\=R} 2

R a
> —C’ds/ d\ A / dH" 100t — C’dsR_QS/ dzo'(z, R),
0 L+ X Jog,

BRX{/\ZR}

where in the last inequality we have used both gradient bounds and ( . ) for

the first term (

since %i is a horizontal derivative) and the bound ([2.9 for the second

term. We recall that here C is a constant uniformly bounded for s away from 0.

Hence, for every T' > 0, we have

ES,CR (U)

Using the change of variables A\ = pR, we have fo M2\ + f1 A"BdN =

IN

IN

s CR / at S CR dt
E.0n (0T) + Cd, / it / a4
0 0 L+ A Jog,

T
+Cd,R™* / dt/ dzow' (z, R)
0 Brx{\=R}

a

R T
E,cn(7) + Cd, / ! / dA / dtd (z, )
9B 0 T+ A Jo

T
+Cd,R™ dm/ dtow' (z, R)
0

BRX{)\:R}

d%nila{l}t

R a
Escp(vh) + Cd / dH™! / d\ A (v — %) (z, \)
oBR 0 I+ A

+C’dSR_2S/ dz(v" — ") (2, R)
BRX{)\ R}

a

d\ + Cd R"%

R
A

Es r (stR"_l/
7CR(U )—‘f_ 0 1 +)\

1 R
Eson(v?) + Cd,R™! ( / AN+ / /\‘QSd)\> + Cd, R,
0 1

=9 +

—S

R'~2 fl/R p~2dp. Thus, using that d, ~ 2(1 — s) as s T 1 and dlstmgulshmg the

15



three cases sp < s < 1/2, s =1/2, and 1/2 < s < 1, we conclude

1

Eocy(0) < E (V) + OR™ +C(1 — s)R" % / p %dp+ C(1 —s)R"2
1/R
1

< Ecp(vh) + C’Rn_25/ p~%dp.
/R

Letting T — +o00 and using (2.11]), we obtain the desired estimate. O

3. MONOTONICITY FORMULA

In this section we establish a monotonicity formula for the energy functional asso-
ciated to problem . More precisely, we prove that for every solution v of problem
the quantity £ Bt (v)/R"? is nondecreasing in R, where §E is the positive half
ball in RTl centered at 0 and of radius R. From this result we deduce that our
energy estimate is sharp when 0 < s < 1/2 (see Remark

In the following lemma we prove a Pohozaev identity for solutions of problem
(1.2)) which will be important in the proof of our monotonicity formula. We use the
following notation:

By = {(x,\) e R™' : |(x,\)| < R} and 8*Bj; = B}, N {\ > 0}.

Lemma 3.1. Let s € (0,1), f be any CY7 nonlinearity with v > max{0,1—2s}, and
suppose that v is a bounded solution of problem (|1.2]).
Then, for every R >0

—9
z S/ A12syvu\2dm+n/ d'G(v)dr =
| i

2 BR RX{O}

2
R esgpann - R / A2 (@) M +
2 Jo+B; o+ B v

+R / d7'G(v)dH" Y,
aBRX{O}

where dH™™ and dH™ denote respectively the (n — 1)-dimensional and n-dimensional

Hausdorff measures and g—z denotes the outer normal derivative of v on O B,.

Proof. Set z = (x,\). Multiplying the equation div(A\'"2Vv) = 0 by (z,Vv) =
((z, \), Vv), we have

0 = div(\'""*Vu)(z, V)

o qio(\1-2s _y1-2s 2 [Vul?
= div(A"*Vu(z,Vu)) — A |Vol* 4+ (2, V 5 ) e -
16



Now, observe that

N EAY <|V2”|2>> = div {)\1252 (@)}

2 2
_)\1723(n + 1) |V2U| _ (1 _ 28>>\128|V2U|

2 2-2
= div {)\1252 (@)} - %Allﬂvmz.

Thus, we obtain

2
-2
div {/\1_28 (VU(Z, Vu) — Z|V212| )} + %)\1_28|V1}|2 =0.

Next, we integrate by parts on EE:

/ M7y Vo) (2, VU)dH"—i—/ —M"%0y0(x, Vu)de
o+ Bj, Brx{0}
1
—-/ N2 |Gy (2, ) dH" +
o+ Bj,

n—2s

/ A2 Vo*ded) = 0,
2 Bt

R
where v denotes the outer unit normal vector to 0*5;5.
Now, we use that z = Rv on 7B}, and —d,\'"%*0\v = f(v) on Bg, to get

2
R/ A28 (Q) dH" +/ d; f(v){x, Vv)dr
o+ B v Brx{0}

R -2
n S/ A2\ Vol2dz = 0.
Bf;

= A28 |y 2dH" +

2 Jo+ By

We conclude the proof, observing that, on {\ = 0},

; f()(z, Vyv)de = —/B (m,VxG(v))dm:/B (—div(zG(v)) + nG(v)) dx

- /BR Gv)dz — R/BBR Glo)dHm.

We can now prove the monotonicity formula.

Proposition 3.2. Let s € (0,1), f be any C*7 nonlinearity with v > max{0, 1 —2s},
and suppose that v is a bounded solution of problem (1.2)), and that G(t) > 0 for every

teR.
17



Then, the function

1
P(R) = —5—; {%/ )\1_25|Vv\2d:vd)\—l—/ G(v)d:p}
Rr=2s 1 2 Jp+ Brx{0}

s a nondecreasing function of R > 0.

Proof. We have that

(n — 2s)ds
2Rn72s+1

d,
/ M7 Vo Pdzd\ + / M| Vo 2dH"
B 2R Ja+ B

¢'(R) = —

n —2s / 1 / 1
i —wr G(v)dr + G(v)dH" .
Rnf2s+1 Brx{0} ( ) RTL*ZS OB x{0} ( )

Using the Pohozaev identity of Lemma |3.1] we get

d ov\> 2s
'(R) = — A2 — ) dH™ —/ G(v)dz > 0.
¢( ) Rn—2s /8+§IJ% (aV) H" + Rn—2s+1 Brx {0} (U) rZ

Remark 3.3. Since
Epr(v) < Eoy(v),

Proposition [3.2] gives that, for every bounded solution v of problem (|1.2)) which is not

identically zero, the following lower bound holds:

1
ds/ 5/\1_28\V1}|2dwd}\ + [ {G(u) — ¢, }dr > ¢ R*™, (3.1)
Cr

Br

for some constant ¢; > 0 depending on v. Note that Theorem [1.2establishes Eq, (v) <

CR"2 for every s € (0,1/2). Thus, this bound is sharp as a consequence of ([3.1)).

4. H® ESTIMATE

In this section we recall some definitions and properties of the spaces H*(R"™) and
H*(09Q), where 2 is a bounded subset of R"™! with Lipschitz boundary 92 (see [18]).

H*(R™) is the space of functions u € LQ(R") such that

P
/n/n |x—x|“+2 ———————dxdr < +0,
equipped with the norm

1
DF )
oy = (1l + / [ R

||l



As in section 3 of [4], using a family of charts and a partition of unity, we can define
the space H*(99), where Q is a bounded subset of R""! with Lipschitz boundary.
We use the same notations of [4].

Consider an atlas {(O;,¢;),7 = 1,...,m} where {O;} is a family of open bounded
sets in R™™! such that {O; N 9Q;j = 1,..,m} cover 9Q. The functions ¢, are
corresponding bilipschitz diffeomorphisms such that

e 0,0, U ={(y,p) eR"™ |y <1, -1 < p<1},
¢ 0, :0,NQA—=>U T :={(y,p) ER"™ : |y <1,0< p <1}, and
e 0, :0;NIN— {(y,pu) € R : |y| < 1,u=0}.
Let {a;} be a partition of unity on 0Q such that 0 < a; € C*(0;), 37" a; =1

on 0. If u is a function on 02, decompose u = Z;n:l ua; and define the function

(ueyj) 0 05 (y,0) := (ua;)(p; " (y,0)), for every (y,0) € UnN{u =0}

Since «; has compact support in O;, the function (ua;) o goj_l(-,O) has compact
support in U N { = 0} and therefore we may consider ((uq;) o 90]._1)(-,0) to be
defined in R™ extending it by zero out of U N {u = 0}. Now we define

H*(89) := {u| (ua;) o p;'(-,0) € H*(R"), j =1,...,m}

m 3
(z uay) 0 7,0 zs@m) |
j=1

Independently of the choice of the system of local maps {O;, ¢;} and of the partition

equipped with the norm

of unity {c;}, these norms are all equivalent to

1

z)|? )

s — Lk St Sl B LU AH" '
H#(09) <||u]|L2 8Q)+/m /aﬂ |z—z|”+25 H"(2)dH" (Z)

We can give now the proof of Theorem

[l

Proof of Theorem[1.7]. Let s € (0,1).

Case 1: Q = R7™. We first consider the case of a half space Q = R’ and
M = {(«',z,) € R" : 2, < 0}. Let ¢ be a bounded function belonging to C(R™).
Following the first part of the proof of Proposition 3.1 in [4], we consider a C°° function
K(x), defined on R™ with compact support in B; and such that fRn x)dxr = 1.
Define K (z,A\) on R in the following way:

K@) = Aan()\)
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and finally define the extension Z as

((z,N) = [ K(z—7 \((T)dz. (4.1)

Rn

Note that, since fRn (x,\)dz = 1, we have
||§(-,)\)||L2(Rn) < |[¢||r2mny  for every A >0, (4.2)

and thus

! 1-2s 1 2
x| dalde 0P < gl (4.3

In [] (see the proof of Proposition 3.1), a simple calculation led to the following
estimate for the gradient of (:

V(@M <C Mdf, (4.4)

(lz—7|<A} A2

where V denotes the gradient with respect to z and to A, and C' depends only on n.

Since M = {(2/,z,) € R" : z, < 0}, we have dp(z, ) = ((z,)2 + A\?)/2, where as
usually (z,,)+ = max{z,,0}.

Consider now, separately, the two cases 0 < s <1/2 and 1/2 < s < 1.

If 0 <s<1/2thena=1-2sec(0,1) and we have that df,(xz, \) < (z,)% + A
In the following computations C' will denote different positive constants which may
depend on s. Using , we have

/ %, (z, \)|VC(z, \) Pdzd) < / ()% + AV (2, \) PdadA
Ri+1 1

n+

cof T [ o
<c[Tanf S e S ) — @

o[ f o

<c / n / dndr|((x) - ()PP
e / n / dudr (xn)iIC(x) @AY

<C’/n/n \x—x|”+25 d;l:dx

asl(@) = C@)*,
+C /n /n(In)i 2Q(wdxdl’.




Next, we observe that, in this bound, the last integral can be computed only on the
set {(z,T) € R"xR"™ : |z —Z| < (x,)+/2}, which is contained in (R"\ M) x (R™\ M).

Indeed
1o l(@) =@,
n = dxd
//{Iac—aslz(z’;”}(x )+ |z — z[n razx

< 21—28 // ‘C(l’) — C(E)Fdl'df
- R L

which can be absorbed in the first integral of the above bound.
Thus, if 0 < s < 1/2, we have

/ dar(z, \) 2|V (2, \) |PdadA
R

C(x) = <@, s lC(x) —C@P

|$ _ f|n+1

If1/2 < s <1, set
b=—-a=2s—1>0.

In this case we use that dp(x, \) > max{(z,)+, A}, which leads to
diy(,A) = 1/dy (2, A) < 1/ (max{(an)+, A})"-

In what follows we will use d$,(z,\) < 1/A"if (2,)+ = 0 and d;(z, \) < 1/(z,)% if
(xn)+ > 0. We have

/ %, (z, \)|VC(z, \) Pdzdh <
R+

cof "ol [ gl-gor
o {(wn)+=0} J {lo—z1<2} A
ol [ sl
0 {(@n)1 >0} J {Je—z| <A} () A +2
cof af ek Cor
{(@a)y=0y  Jro |z =T
of e[ an Ll
{(zn)+>0} e (20)% |z -7
<C / dz / gz lS@) = <P (4.5)
 Jiwa=0r Sy ez

1 [¢(x) = (@)
¢ d d : 4.6
+ /{(In)+>0} X Q/%n l'(xn)z_ |Zl'f _ f|n+1 ( )




Observe that the integral in (4.5) is computed only on the set {(z,Z) € R™ x

R™|(z,)+ = 0, (mn)+ = 0}. Indeed the set L := M x (R*\ M) = {(z,7) €
R" X R" | (2,)+ = 0,(Tn)+ > 0} C {(z,7) € R" x R" | (T,)+ < |z —Z|}. Then
if (x,7) € L

1 < 1 1
|£L‘ _ j'n-&-l-i—b — (En)z- |IL‘ _ j|n+l

and hence we have that

-=\|2 1 (7 ]2
Y R Ly ey PR WU T
{(&n) 4 =0} {<m+>0} |z — 7 (@)1 >0} no (@)L o -7

which is equal to the integral in . This concludes the proof in the case of the half
space.

Case 2: Let Q C R""! be a bounded domain with Lipschitz boundary A = 99,
and let w € C'(09).

Let T be the boundary (relative to A = 9Q) of M and let B,, = B, (p;) C R™™ be
the ball centered at p; € 02 and of radius ;. We set A,, := Eri N OS). Let Q1 denote
the unite cube in R"™.

Since 0f) is compact, we can consider a finite open covering of 92,
U A, U (B,, N 6Y),
=1

such that for every i there exists a bilipschitz function ¢; : B, — Q1 x (=1,1) which

satisfies
0i(B,, NQ) =@ x (0,1) and ¢;(4,,) = Q1 x {0}. (4.7)
Moreover we may require that

o if ', = A, NT #0, then

@i(ly) ={r € Q1 : 1, = 0}; (4.8)
oilMNA,)={xe@Q:x, <0} =Qr7; (4.9)
e if A, N M =), then
1
Ty = ng(pi),

where p; and r; are respectively the center and the radius of the ball Er

Observe that the number m of sets A,, which cover 02, and the Lipschitz constants
of ;, depend only on 992 and T.
We consider a partition of unity {o;}i—1, .

where a; € C°(B,,) and 327, a; = 1 on 9.
22
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If w is a function defined on 02, we write

m m
=1 =1

Using the bilipschitz map ¢;, we define

Gi(y) == wi(p; Y (y,0)) for every y € Q.

Then ¢; has compact support in (); and we extend it by 0 outside (); in all R™.

Next, we consider (;, the extension of ¢; in R’ defined by the convolution in (4.1]).
Since a; € C®(B,,), there exists a function §; € C°(B,,) such that ; = 1 in the
support of ;. Thus w; := B,(EZ o ;), extended by zero outside of Em is well defined
as a function in Q and agrees with wa; = S;wa; on 0S2. We now define

m m

W= @i=) filGop) inT

which agrees with w on 0f).
Observe that, since ¢; is a bilipschitz map and «;, 5; € C®°(B,,) for every i =

1,...,m, we have
V@] < C{IVBIG o pil + 181I(VE) 0 il }
and thus

| ar@Nare < ¢ dreiGon
B,;nQ

B,NQ

e / 4575 (2)|(VE) o i

B,,nQ
Observe that when 0 < s < 1/2, we have that d}\fs is uniformly bounded in €2, and

thus using (4.2]) we get
[ a@enPi<c [ (Gonfd
By,NQ B

Br,nQ
< Cl¢lZ2@ny < Cllwl|Z2(0)-

On the other hand, when 1/2 < s < 1, we use (4.3, to obtain

N 1 ~
/ dyr>°(2)|G o wil*dz < C/ / AN G(a, ) [Pdad)
Br,NQ 0 !

< Oll¢lIz2@ny < Cllwll72o0)-
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Thus

[ dy; ™ (2)| V@ |*dz < Cllwl[La a0, +C/~ Ay (2)|(VG) 0 @if*dz. (4.10)
B,.NQ

B,,nQ

Using this bound we can prove the following
Claim: holds with w and w replaced by w; and w;, which have compact support
in Eri N Q and A,, respectively.

It is enough to prove the claim to conclude the proof. Indeed, note first that

/ d(2) | Vadz < 0 /~ Ao (=) 2|V 2.
Q B

i=1 Y Br;NQ

Moreover, for every i = 1,...,m,

//Bf |w22—z|n+(25)| dH"(2)dH"(Z)

2
w —
< Cllullson +€ [ [ ol |Z_zwj| AH" (2)dH" (7).

frac

Indeed,

// (way; Z_Zﬁ;l;)( Z)[? dH™ (2)dH"(Z)
/ / (wai)(2) = w(Z)au(z) + w(E)ai() = WGP por s gy

|Z _ Z|n+2$

frac

j0i(2) = i) Plw@)? ) » "z
<2//B |z—z[”+23 dH"(z)dH" (Z)

frac

+2 / /B z—z|2‘|+|2?1( I i (yare2)

frac

lw(z) —w@) . ., .
< Cllul oo +0//B ‘Z_ZWS A" (2)dH" (3),

frac

where C' denotes different positive constants depending on €2 and s. To get the bound
C ||w||%2(am for the first term, we have used spherical coordinates centered at zZ and
that «; is Lipschitz.

Arguing in the same way, we deduce

/ / )= 28'””(2)_ Z"‘fjfl)’ dH" (2)dH" (Z)

welg

S‘UJ(Z) _w(3)|2 n n(—=
< Cl|lw||3» 8Q)+O// )2 P dH™ (2)dH"(Z).

welg



Indeed, using spherical coordinates centered at z, that «; is Lipschitz, and the defi-
nition (1.12)) of Byeig, we deduce (after flattening the boundary)

[ [ el - @G

Bueig ’Z — Z‘nJrl
- 2]0i(2) — i @) Plw@)® 0 "z
< 2//%1g P dH"(2)dH"(Z)
- 2 | (2) —w@)lea(z)f "z
-I—Z//Welg P dH"(2)dH"(Z)
< Cllom +¢ [ [ anter 2 i),

we1g

Next, we prove the claim.

Observe that we have three different cases, depending on the relative positions
between the sets A,, and M.

Case a). First, consider the case I'; = A,, NT" # (). By , we have that

/y o (2) 2|V 2z
B,.NQ

< Cllulfiagn +C [ (@) + N> VGPdsds (1)
+

Then, using the result in case 1, applied to Ei, we get

/ o (2) 2|V 2z
B,.NQ

< C|wl[72(p0 +C/ (@) + 01 2|V G| dd

< Ol|lwl|[? +C 6i(z )|2d dz
L2(00) B |{L‘ _ CL’|"+28

frac

Jal) @,
A e

welg

where Bpae and Byeig are defined as in ((1.11)) and ((1.12)) with A = R™ and M =

{(«',2,) e R" : z,, < 0}.
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Using the bilipschitz map ¢, 1 we have

/ dM(z)1_28|Vﬂ7i|2dz
By,NQ

|wl ( )| n n(=
<mmmmﬂ+q/4 O )

frac

+C / / )i-2 w"’@ _wi(z)Pd’H"(z)dH"(E),

z— §|n+1

welg

where now, Bpac and By, are defined as in ((1.11)) and ((1.12)) with A = 9€.
Case b). Second, consider the case ATZ. C M. In this case, the claim follows exactly

as in case a), with (z,); = 0 in (4.11)).
Case ¢). Finally, consider the case A,, C 0Q\ M.
We recall that, by construction A, = B N 02 where BT is the ball centered at

1
pi € 002\ M and of radius r; = ng(pi).
Thus, for every z € é,ﬂi N, we have that

4

ngQ?i) <du(z) < ng(pi)‘

Then, for every i = 1,....m
/ Aot (=) 2| V|2dz < Cdyy(pi)=> / V2.
B,.N0Q B,.0Q

Observe that the integral on the right-hand side does not contain weights. Moreover,
we recall that the extension w; is defined as for the case s = 1/2. Thus, applying the
extension result given in [4] for s = 1/2, we get

[ dpr(2)' 2|V, 2 dz
Br,nQ

wz w; n n/—
< CO|[w]Bagon + Cear(pi) '~ 2// [wi(2) z|n+(1)‘ A (2)dH" (2)

welg

<mmmmm+c// 1MW” U i yann (2),

|Z ‘n+1

welg

where By, and Byeie are defined as in (1.11]) and (1.12]) with A = 0€Q. This concludes
the proof of the claim. 0

We give now the proof of Theorem [I.9}

Proof of Theorem[1.9. Let s € (0,1). When s = 1/2 the theorem was proved in our

previous work [4], Theorem 1.5. Here we will prove it for 0 < s < 1/2and 1/2 < s < 1.
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The proof differs in each of these two cases, they also differ from the one for s = 1/2
in which there is a |loge| appearing in the final bound.

Step 1. Suppose that A = Q; = {z € R" : |z| < 1} is the unit cube in R". Let,
as before, (2/,z,) € R™. As in the proof of Theorem we consider M = Q] =
{re@:z,<0}and I'={z € Q; : z, = 0}. In the following computations C' will
denote different positive constants which depend on n, s, and c,.

Case 0 < s < 1/2. By hypothesis |w(z)| < ¢; and by we have

Cs (dr($))251 _ G (M)251 in AN |z, <e}
[Dw(z)| <{ €.\ € e\ ¢ T (4.12)

— == in ANn{|x,| > ¢}.
@ To] {|zn| > e}

Let Qf = {z € Q; : &, > 0}. Following (1.11]) and (1.12) we must consider the

quantity
2
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_ ==\ |2

Since hypothesis (4.12)) is symmetric in x,, and —z,,, we simply bound I by

v [ [ M s [ et
1 Jo, ’x x| Q1JQ1 ‘x $|

Observe that, in the set {|x — Z| < |z,|/2}, we have

w(z) —w@)? _ g1, 1-2s[0E) = w(@)[?
’l’ _f’n+2$ - n ’.CL’ _f’n+1 )

while the reverse inequality holds in {|z — Z| > |z,|/2}. We deduce that

=\ |2
I<C/ / il 52” dxdT
Q1 J Q1n{T:|z—Z|>|zn|/2} ’x—x|n s

|z |1 2 |w(x) w(f)‘Qda:df =1, + L.
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(4.14)

We bound I; using the L estimate for w and spherical coordinates centered at x:
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Next, we consider I,. By symmetry between z,, and —x, we can suppose z € Q7.
Using the gradient bounds (4.12)) for w and spherical coordinates centered at x, we
get

I, < C/ / $1_25|w(1:) - w(§>|2da:df
~ Jof Jan@mle-zi<anszy T lw— T
€ Tp — 2(2s—1
< C/ /2 diL’ 1— 25/ /2 d?”i |yn(x7x)| ( )
N 0 nt 0 g2 €

1 Tn/2 1
—i—C/ dr,xl~ 25/ dr———-,
/2 0 yn(xvx)

where y(z,7) € B, 2(x) is a point of the segment joining « and Z. In the first integral
in the last bound, we have used that y,(z,7) < z, + z,/2 < 2z, < . In the second

- yn(l‘,f)
Since y(z,7) € B, /2(x), we have that y,(x,T) > x,/2 and thus we deduce that

/ / 1,1—25 ’U)(JZ') B w(E)Pdl‘df
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/2 /2 2(2s—1) 1 /2
< C/ dz,xl” 25/ dr— <$—n> —1—0/ dxnquf%/ dr—
0 0 € € /2 0 4y
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.\ 25—1
integral we have used that, in case y,(z,T) < ¢, % (@) < £ in ([#12).

1 e/2 1
<C—; v dx, + C’/ x, #dr,
€ 0 €/2
1

< Cel™% 4 C’/
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Using (4.14), (4.15)), and (4.16[), we conclude that

1
I< C’/ x5 dx,,.

1
x, #dx, < C/ x5 dw,,. (4.16)

Case 1/2 < s < 1. By (|1.11)) and ([1.12]) we must consider now the quantity

w(z) —w(@)? 1 [w(e) —w(@)P
/ / |3: — SL’|”+2 drdzr + o o z, 7 — 7] dxdz.
1

We recall that in this case, by (1.15]) we have

= inAn{|z,| <&}
K (4.17)
in AN {|z,| > e}
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We have that
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where y(z,%) € Bj;,|/2(x) is a point of the segment joining x and Z. Now, the gradient
bound reads |Dw(y)| < csmin{e™!,|y,|"'} for a.e. y € Q. Since y(z,T) €
Biy,2(2), we have |y, (x,T)| > |2,]/2 and |Dw(y(z,T))| < ¢smin{e ™, |y, (2, 7)1} <
csmin{e~! 2|z,|7'}. Using spherical coordinates centered at x, we get

- |xn|/2 1 1
L < / da:/ mm{—z,—2}
1 € |$n|
1 1
< C/ dx,, min : |2, |22
~1 e ‘an
€ 1 1 1
< C’/ —Q:UZZden+C/ x, #dx, < C/ x, % dx,,.
0o € € €

Consider now I,. Here |z,| < e (if not {|z,|/2 < max{|z,|/2,¢/2}} = 0). Us-
ing that I is symmetric in x, and —x,, the gradient bound (4.17) and spherical

coordinates centered at x as for 71, we get

" 5/2 1
I, < C/ d:z:nxl 2S/ d?“—2 < Cel™2,
0 Tn /2 €
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Finally, using that |w| < ¢, in @1 and spherical coordinates centered at x, we get
the following bound for Ij:

- 2vn 1
I; < C’/ dxn|xn|1_25/ dr—
Q1 max{|z,|/2,6/2} T
1
1 1
< C’/ dxn|xn|1_25min{—,—}
1 lzn| €

€ 1 1
C’/ —:E}I_%dxn%—C’/ x;zsdxn
0o € €

1 1
< Cel™® 4 C'/ x, *dr, < C'/ x, 2 dx,,.
g £

IN

We conclude that
_ 1
1< C’/ xfsdxn.

Step 2. Suppose now that A is a Lipschitz subset of R” or A = 0f2, where (2 is an
open bounded subset of R"*! with Lipschitz boundary.

B,, /5 is the ball centered at p; (as in the proof of Theorem , case 2) but of radius
r;/2. Here, for sake of simplicity, B,, denotes both the ball in R" or R"*!.

Let T be the closure of I" in R” or R™*!. Only in the case A C R”, it may happen
that T\ I # 0. In such case, for p; € I' \ T, there exists a radius r; and a bilipschitz
diffeomorphism ¢; : B,,(p;) — (=3,1) x (—=1,1)""! such that ¢;(p;) = (—1,0,...,0)
and ¢; satisfies properties (4.7)), (£.8), and ([.9). We set £y = min{r;/2,1/2}.

If z and Z are two points belonging to A such that |z — Z| < g, then there exists a
set A,, = B,, N A such that both z and Zz belong to A,,. Hence

{(z7) e Ax A: |z -2 <e} C|JA, x A,

=1

Let L > 1 be a bound for the Lipschitz constants of all functions 1, ..., Pm, ©1 ', ..., @1

Let us first treat the case 0 < e < 1/(2L).
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We write

//Bfmc |w\z - z|n+2s)|2d7‘l"(z)d7{n(g)
// " 25|w|<2)— zrnj(ﬂﬂ dH"(z)dH"(z)
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+ / / [wlz) = 0O jyin () dpen )
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‘l'// dM(Z>1—23’w(Z) wJ(rl)l dan( )dan(z)
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L Ju() — ()P )
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ByeigN{z:|2—Z|>e0} M( ) |z Z|n+l ( ) ( )

Since w is bounded and [, dy(2)'"*dz < C for every 0 < s < 1, using spherical
weig

coordinates centered at z as before, we have that

=2
/ / (w(z) _%;ﬂ A (2)dH (2)
BtracN{Z:|2—Z|>e0} |z — 2|

1os [w(2) —w(®@)? _
dy(z) —*° dH"(z)dH"(z) < C.
Jr//Welgm{,ﬂz Z|>e0} ( ) ( ) ( )

|Z _ Z|n+1

On the other hand, by the previous consideration,

u(z) — w(z)? ]
— AH™  (2)dH™ (Z
/\/Bfraom{23lzz<50} |Z — Z|n+28 ( ) ( )
n / / oy D OO e
wcigm{z'|z E|<50} |Z — Z|n+
w(z) ~w(@)? i
Z//Bfracﬂ(AmXA ) |z =zt (2) (2)

1_as|w(2) —w(Z )| n n(=
+Z//we,gﬂ(A”xA | m(2) |z — z|ntl dH"(z)dH" (Z).

If A, NT # (0 or A,, C M then, by the construction of the open covering {A,,},
there exists a bilipschitz map ¢; : B, — Q1 X (—1,1) such that ¢;(A,,) = Q.
Moreover, if A,, NT # (), we have also ¢;(A,, " M) ={z € Q1 : x, < 0}. We use the
bilipschitz map ¢; to flatten the sets Bgac N (A, X A;,) and Byeig N (A, x A,,), and
we set v; = wo ;1. Given v € Qy, let y = p; '(z) € A,,. Recalling that L > 1 is

a bound for the Lipschitz constants of all functions ¢1, ..., @m, @1, ..., ¢}, we have
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that (1/L)dr(y) < |z,| < Ldr(y) and |Dv;(z)| < L|Dw(y)|. Therefore the gradient
estimates ([1.14)) and ([1.15)) lead to the following bounds for |Duv;|:

e for every s € (0,1/2],

cs ((dr(y) et
L—S< ) ifye A and dr(y) <e
|Dv;(z)] < L|Dw(y)| < N E
L— ify € A and dr(y) > ¢
\ dl"(y) Yy F(y)

25—1
Le <M) ifre @ and |z,| < Le
Le

IA
™

2 G ifze @ and |x,| > Le
\ ’xn’
o for every s € (1/2,1),
LS ifye A and di(y) <e
|Dvi(z)| < LIDw(y)| < foy
L ify € A and dr(y) > ¢
dr(y)
L% ifr e @ and |z,| < Le

IN

25 e Q1 and |z,| > Le.

||

Thus we can apply the result proven in Step 1, with € replaced by €L (note that

we have e < 1/2, as in Step 1), to the function v;/(1 + L?). Using the Lipschitz
property of !, we restate the conclusion for w and we get

lw(z) — w(Z)|? )
//Bfracm(AriXAri) |Z — Z|n+28 ( ) ( )

— (32 .
+/ / dM(Z)HSMZ) —w(f” dH" (2)dH"(z) < C / p~>dp.
BWEigm(Av'iXAri) |Z — Z|’n+ i

Last, we consider the case A,, N M = (). We recall that, in this case r; = 1dM (pi),
where r; and p; are respectively the radius and the center of the ball B,,. Then,
for every z € A,., we have that dr(z) > dy(z) > r; > g¢ and thus we have that
Dw(z) < =

€0
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Using this gradient bound to have |Dw(y(z,%))| < C, where y(z,%) is a point of

the segment joining z and Z, and using also spherical coordinates, we get

[ M e

frac) A X A )

// &N(Ar. X Ay, M(Z)125|w|(§) ‘IZL” dH"(2)dH" (Z)

go/ dH" (2 )/ dr - ! +c/ d’H"(z)dM(z)l_Qs/zdrgC.
A, 0 A, 0

Summing over ¢ = 1, ..., m, we conclude the proof in case ¢ < 1/(2L).
Finally given € € (0,1/2) with ¢ > 1/(2L), since (|1.14) and (1.15) hold with such
e, they also hold with e replaced by 1/(2L). By the previous proof with ¢ taken to

be 1/(2L), the energy is bounded by

1 1
C/ p Edp < C < C’/ p~%dp.
1/(2L) e

5. ENERGY ESTIMATE FOR GLOBAL MINIMIZERS

In this section we give the proof of Theorem [1.2] which is based on a comparison
argument. Let v be a global minimizer of . The proof consists of 3 steps:

i) solving a Dirichlet problem, we construct an appropriate bounded comparison
function @ which takes the same values as v on dCg N {A > 0} and thus, by
minimality of v,

Es.0r (V) < Es0p(W);

ii) we apply the extension Theorem in the cylinder of radius R and height R

to deduce

/ M2 V| Pded) < CHw‘|%2(8CR)+
Cr

+C//B = z|n+28>| dH" (z)dH"(Z) (5.1)

frac

+c// a2 [0E) = WO ) ggyn ).

’Z—Z‘ n+1

where z € 0Cg, w is the trace of W on OCk and B, and By are defined as
in (1.11) and (1.12)), with A = 0Cg and M = Bg x {0}.
iii) we prove, rescaling and using Theorem that the quantity in the right-hand
side of (5.1]) is bounded by C R"~2* fll/R p~*dp.
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Proof of Theorem[1.2. Let v be a bounded global minimizer of (1.2). Let u be its

trace on R, Let 7 € [inf u,supu] be such that G(7) = c,, where ¢, as defined as

in ([L.5)).
Throughout the proof, C' will denote positive constants depending only on n, s,
| fllcrr and ||u||zeo@ny. As explained in (1.18)), v satisfies the following bounds:

IV,o(z,\)| < ¢ for every x € R" and A >0 (5.2)
|Vou(z, )| < % for every z € R" and A >0 (5.3)
IANT20,0] < ¢, for every z € R" and A > 0. (5.4)

We recall (see Remark [1.10] that the constants ¢, in and are not uniformly
bounded for s close to 0 and s close to 1 respectively.

We estimate the energy & ¢, (v) of v using a comparison argument. We define a
function w = w(x, ) in Cf in the following way. First we define w(x,0) on the base
of the cylinder to be equal to a smooth function g(x) which is identically equal to 7
in Br—1 and g(z) = v(z,0) for |z| = R. The function g is defined as follows:

g="nr+ (1 —ngr)v(-0), (5.5)

where ng is a smooth function depending only on r = |z| such that ng = 1 in Bg_4
and nr = 0 outside Bg. Then we define w(x, \) as the unique solution of the Dirichlet
problem

divIA"2VE) =0 in Cg
w(z,0) = g(z) on Br x {\ =0} (5.6)
w(z,\) =v(z,\) ondCgrN{\>0}.

Since v is a global minimizer of & ¢, and W = v on ICk x {A > 0}, then

1
ds/ §A1_23|Vv]2dxd)\ + | {G(u(z,0)) — ¢, }dx
Cr

Br

1
< ds/ N7\ VwlPded) + | {G(w(x,0)) — ¢, }da.
CR 2 BR

We prove now that

1 1
d, / A% VwPded) + | {Gw(x,0)) — ¢, }dr < CR™ / p~dp.
Cr 2 Br /R
First of all, observe that the potential energy is bounded by CR"!. Indeed, by

definition w(x,0) = 7 in Bg_1, and therefore
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{G(w(x,0)) — ¢, }dx = /B . {G(w(x,0)) — ¢, }dx

< O|Bg \ Br_1| < CR™ . (5.7)

Br

Thus, we need to bound the Dirichlet energy. First of all, rescaling, we set
w1 (z, \) = w(Rz, R\),

for (z,A\) € Cy = By x (0,1). Moreover, if we set ¢ = 1/R then

T for || <1—¢

wy (I‘, 0) -
v(Rz,0) for |z|=1.
We observe that

d, / N2\ VP ded) = d,R"* / A2 |V, [P dad .
CR Cl
Thus, it is enough to prove that
1
ds/ A2V, |Pdod) < C/ p~%dp. (5.8)
Cl g

Applying Theorem (and Remark with Q = Cy and M = B; x {0}, we have
that

d, / A2 | v, 2dad)

w —
< Clf| [z 8cl>+0//3 nl Z,n+z<s)‘ dH" (2)dH" (Z)

frac

+0// o2tz )_“’1( W i yame ),

|z — Z[ntt

wc1g

where Bip,e and Byeig are defined as in and with A = 0Cy and M =
By x {0}.

To bound the two double integrals above, we apply Theorem t0 Wy, in A=
J0C1, taking I' = 0By x {\ = 0}. Since [w;| < C, we only need to check the gradient
bounds and in 0Cy. In the bottom boundary, M = By x {0}, this is
simple. Indeed w; = 7 in Bj_., and thus we need only to control |Vw;(z,0)| =
e ' Vyg(Rz)] < Ce™! for |z| > 1 — &, where g is defined in (5.5). We have used
estimate (5.2) on v. Here dr(z) < &, and one can deduce that (1.14), hold

here.
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Next, to verify (1.14) and (1.15)) in 9C; N {A > 0} we use that W = v here and we
know that v satisfies (5.2)), (5.3]), and (5.4)). Thus the tangential derivatives of w; in
0CT N{A > 0} satisfy

IV, (2, \)| < ¢,R = % for (z,\) € 9C, N {\ > 0} (5.9)
V@, (2, )] < C};f - CX for (z,\) € 9C, N {\> 0} (5.10)

and

c R Cs

N0, (2, )| < Fi5 = oo for (xz,A\) € 0C; N {\ > 0}. (5.11)

Estimate is used on the top boundary By x {\ = 1} to verify in this set
and (L.17]). Note that here dr((z,\)) is comparable to A = 1 up to multiplicative
constants. , , and also lead to and on the lateral
boundary 0B, x (0,1), where dr((z, A)) = A. Hence, Wy, satisfies the hypothesis of
Theorem . We conclude that the estimate for the Dirichlet energy holds. [J

6. ENERGY ESTIMATE FOR MONOTONE SOLUTIONS IN R3

In section 5 of [4], we proved two technical lemmas which led to the energy estimate
for monotone solutions (without limit assumption) and s = 1/2 in dimension n =
3. Here we give analogue results but for every fractional power 0 < s < 1 of the
Laplacian.

The first lemma concerns the stability property of the limit functions

(1,9, A) == xglin_loov(x,)\) and (xq,x2,\) 1= xgl_i)rg@v(x, A),
and some properties of the potential G in relation with these functions. The second
proposition establishes that monotone solutions are global minimizers among a suit-
able class of functions which in turn allows us to apply a comparison argument to
obtain energy estimates.

Lemma 6.1. Let f be a CY7 function, for some v > max{0,1 — 2s}, and u be a
bounded solution of equation in R3, such that u,, > 0. Let v be the s-extension
T
of u in R
Set

(1,9, N) 1= zgli)rgoov(x,)\) and v(xy,x2, ) = z3li)r£rloov(9c,)\).

Then, v and T are solutions of (1.2)) in R3, and each of them is either constant
or it depends only on A and on one Fuclidian variable in the (x1,xs)—plane. As a
consequence, each u = v(-,0) and ©w=v(-,0) is either constant or 1-D.

Moreover, set m = infu < m = supu and M = infu < M = supu.
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Then, G > G(m) = G(m) in (m,m), G'(m) = G'(m) =0 and G > G(M) = G(M)
n (M, M), G'(M) = G'(M) = 0.

Proof. The proof is the same as in the case of the half-Laplacian (see [4]). We do not

supply all details and just recall the two main steps:

(1) show that the functions v and T are stable solutions of problem in R?
and thus their trace in R? is 1-D by the one-dimensional symmetry result of
the first author and Sire, Theorem 2.12 of [6];

(2) apply Theorem 2.2 (i) of the first author and Sire [5], which gives necessary
conditions on the nonlinearities f for which there exists an increasing solution
to in dimension n = 1. This leads to the conditions on G stated at the
end of the lemma.

O

Proposition 6.2. Let f be any C' nonlinearity, for some v > max{0,1 — 2s}. Let
u be a bounded solution of in R™ such that u,, >0, and let v be the s-extension
of u in R,
Then,
1
d, / SNUIVo(e VPdudd + [ Glo(,0)ds
Cr

Br

<d, [ SxVule NPdsar+ [ Gl 0)ds,
Cr .

R
for every H(Cgr, A\*) function w such that w = v on 07Cr = 0Cr N {\ > 0} and

v <w < v in Cg, where v and v are defined by

v(x' ) = i lirgmv(x',xn, A) and v(z',\) = i linjwv(x’,xn, A).

Proof. As in the case of the half-Laplacian, this property of local minimality of mono-
tone solutions w such that v < w < v follows from the following two results:

i) Uniqueness of the solution to the problem

(div()\“Vw) =0 in Cg,
= 0tCr = 0Cr N {\ > 0},
< w=v on R rNA } 6.1)
—ds\"0\w = f(w) on Bg,
(v <w<7v in Cp.

Thus, the solution must be w = v. This is the analogue of Lemma 3.1 of [7]
for s = 1/2, and below we comment on its proof. In this fractional case, it is

stated in Lemma 5.1 of [6].
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ii) Existence of an absolute minimizer for (6.1), that is, for & ¢, in the set
C,={we H (Cr, X)) |lw=vond"Cr, v <w <7 in Cr}.

The statement of the proposition follows from the fact that by i) and ii), the
monotone solution v, by uniqueness, must agree with the absolute minimizer in C’.
To prove points i) and ii), we proceed exactly as in [6]. For this, it is important
that v and v are respectively, a strict subsolution and a strict supersolution of the
Dirichlet-Neumann mixed problem . We make a short comment about these

proofs.

i) The proof of uniqueness is based on sliding the function v(x, \) in the direction
z,. We set

V21, oy T, \) = (21, .., 2 + 1, ) for every (z,\) € Cp.

Since v* — T as t — +oo uniformly in Cy and v < w < T (here we use that
w solves and that v is a subsolution to guarantee v < w), then w < v*
in Cg, for t large enough. We want to prove that w < v* in C'g for every
t > 0. Suppose that s > 0 is the infimum of those ¢ > 0 such that w < v
in Cr. Then by applying maximum principle and Hopf’s lemma we get a
contradiction, since one would have w < v* in Cr and w = v*® at some point
in Cr\ 0+Cp.

ii) To prove the existence of an absolute minimizer for £, in the convex set C,,
we proceed exactly as in Lemma 4.1 of [6], substituting —1 and +1 by the

subsolutions and supersolution v and v, respectively.

0

We give now the proof of the energy estimate in dimension 3 for monotone solutions
without the limit assumptions.

Proof of Theorem[1.]]. We follow the proof of Theorem 5.2 of [I]. We need to prove
that the comparison function @, used in the proof of Theorem satisfies v < w <
v. Then we can apply Proposition to make the comparison argument with the
function w (as for global minimizers). We recall that w is the solution of

divIA'™*Vw) =0 in Cg
w(z,0) = g(z) on Br x {\ =0} (6.2)
w(z, ) =v(z,A) ondCgrN{A> 0},

where g = g + (1 — nr)v(-,0) as in (5.5)). Recall that 7 is such that G(7) = ¢, =

min{G(s) : infgn u < s < supgn u}. Thus, if we prove that we van take 7 such that
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supv < 7 < infv, then v < g < v and hence v and U are respectively, subsolution
and supersolutions of . It follows that v < w < v, as desired.

To show that supv < 7 < infw, let m = infu = infu and M = supu = supu,
where v and u are defined in Lemma . Set m = sup u and M = inf u; obviously m
and M belong to [m, M]. By Lemma , w and u are either constant or monotone

1-D solutions, moreover

G > G(m) =G(m) in (m,m) (6.3)
in case m < m (i.e. u not constant), and

G > G(M)=G(M) in(M,M) (6.4)

in case M < M (i.e. T not constant).

In all four possible cases (that is, each u and u is constant or one-dimensional), we
deduce from and that 7 < M and that there exists 7 € [m, M | = [supv =
supu,inf v = inf@] such that G(7) = ¢, (recall that ¢, is the infimum of G in the

range of u), as desired. O

7. 1-D SYMMETRY IN R?

To prove Theorem [1.5| we follow the argument, used by Ambrosio and the first
author [3] in their proof of the conjecture of De Giorgi in dimension n = 3. It relies
on a Liouville type theorem. We recall an adapted version of this result for the
fractional case, given by the first author and Sire (Theorem 4.10 in [5]).

Theorem 7.1. ([5]) Let a € (—1,1), ¢ € LZ(R™™) be a positive function and
(R™1\?) is a solution of

suppose that o € H}

loc

—odiv(\¢*Vo) <0 in R

a do n+1 (71>
—oA 55 <0 on ORY
in the weak sense. Moreover assume that for every R > 1,
/ N (po)?drd\ < CR?, (7.2)
Cr

for some constant C independent of R.
Then, o is constant.

We can now give the proof of our one-dimensional symmetry result.

Proof of Theorem[1.5. We follow the proof of Theorem 1.4 in [4], where the result

was established for s = 1/2. Hence, here we may assume s > 1/2.
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First of all observe that both global minimizers and monotone solutions are stable.
Thus, in both cases (see Lemma 6.1 of [0]), there exists a Holder continuous function
¢ in R such that ¢ > 0in RY, ¢ € HL (R%,\?), and

div(A\*V¢) =0 in R
—dXOhp = f'(v)  on IRY.

Note that, if v is a monotone solution in the direction x3, say, then we can choose
© = U,,, Where v is the s-extension of u in the half space. For i = 1, 2, 3 fixed, consider

the function:
Vg,

o
We prove that o; is constant in R} using the Liouville type Theorem and our

energy estimate.

We have that

o; =

div(\“p?*Vo;) =0 in RY.
Moreover —A\*0yo; is zero on GRi. Indeed
AQ%030; = XNpuag, — A0, 00 = 0
since both v,, and ¢ satisfy the same boundary condition
—d A" O\Vg, — ['(V)vg, =0, —d A0 — f'(v)p = 0.

By Theorems[l.2|and [1.4] v satisfies the energy estimate (L.9)). Since G(u)—c, >0

in R3, we deduce
/ M7 (py)? < / M72|Vy|2 < CR?, forevery R>2 and 1/2<s < 1.
CR CR

Thus, using Theorem [7.1] we deduce that o; is constant for every i = 1,2,3. We get

Vg, = c;p for some constant ¢;, with ¢ =1,2,3.

K3

We conclude the proof observing that if ¢; = ¢o = ¢3 = 0 then v is constant. Otherwise

we have
CiUz; — CjUy; = 0 for every i #+79,

and we deduce that v depends only on A and on the variable parallel to the vector
(¢1,¢9,¢3). Thus u(z) = v(x,0) is 1-D. O
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