LOCAL BOUNDEDNESS OF SOLUTIONS
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ABSTRACT. The mathematical analysis to achieve everywhere regularity in the interior of weak
solutions to nonlinear elliptic systems usually starts from their local boundedness. Having in mind
De Giorgi’s counterexamples, some structure conditions must be imposed to treat systems of partial
differential equations. On the contrary, in the scalar case of a general elliptic single equation a
well established theory of regularity exists. In this paper we propose a unified approach to local
boundedness of weak solutions to a class of quasilinear elliptic systems, with a structure condition
inspired by Ladyzhenskaya-Ural’tseva’s work for linear systems, as well as valid for the general
scalar case. Our growth assumptions on the nonlinear quantities involved are new and general
enough to include anisotropic systems with sharp exponents and the p, g—growth case.

1. INTRODUCTION

The study of regularity for generalized solutions of second order quasilinear (i.e., linear with
respect to second derivatives) elliptic systems has been strongly motivated and at the same time
conditioned by the De Giorgi’s example of existence of the nonsmooth weak solution

x
U(x)zw, z = (z1,22,...,2,) € R", (1.1)

to the linear elliptic system

n n
0
Zaxi Z“Z‘B(@ Ugj =0, Va=12,...,n.
1,j=1 B=1

Here n > 3 and the measurable coefficients afjﬁ are bounded discontinuous at x = 0. The exponent

v in (1.1) is given by

1
1—

n

V= 5
(2n —2)? +1

and, being greater than one, the solution w in (1.1) is unbounded around the origin. De Giorgi’s

example was published in [9], while a modification of it, due by Giusti and Miranda [18], deals

with continuous (in fact analytic) coefficients af‘jﬁ (u) depending on u instead than of . We also

mention the extensions due to Frehse [11], [12], Necas [36], Hildebrant-Widman [20], up to the
recent contribution by Sverdk-Yan [40]. For a description of this lack of regularity and related
questions we also refer the reader to Giaquinta [16] and Giusti [17].

Motivated by these examples we find in the mathematical literature at least two directions of
research about regularity of generalized solutions of elliptic systems: (i) partial regularity, i.e.,
smoothness of solutions up to a set of zero measure, or up to a better mathematically characterized
set, see Mingione [34] for a detailed discussion; (i) everywhere regularity in the interior of the given
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domain 2 of R”, starting — as usual in this context — from the local boundedness of the solution.
In the last case, having in mind the above counterexamples, some structure assumptions must be
considered to treat systems of partial differential equations, in contrast with the scalar case of a
single equation, where a well established theory of regularity exists since the work of De Giorgi,
Moser, Morrey, Nash, Serrin and many others.

Ladyzhenskaya and Ural’tseva ([23], Chapter 7) first proposed the local boundedness of solutions

u = (ul, u?, ... ,um) to the linear elliptic system
n a n m
> g | 2o (@) g, + 300 @) o 4 ()
i=1 j=1 B=1

n m m
Y @) i+ d (@) W = 2 (2) . Ya=1,2,....m,
i=1 =1 B=1

with bounded measurable coefficients a;; ,bf‘ﬂ cf‘ﬁ ,d*8 and given functions £, . Here the struc-
ture condition is stated in terms of the positive definite n x n matrix (a;;), which does not depend
on a, 3.

Meier [33] extended these results to a class of quasilinear elliptic systems, introducing a struc-
ture condition based on a so called indicator function and assuming natural growth conditions
on the quantities involved; i.e., assuming polynomial p—growth on the nonlinear coefficients (in-
stead of p = 2). Quasilinear elliptic equations have been previously studied by Serrin [37], [38].
Meier’s motivations were based on some related researches by the Bonn school in pde’s, mainly by
Hildebrandt-Widman [20], [21] and Frehse [12]. More recently sufficient conditions for boundedness
of weak solutions have been given by Landes in [24], [25] and by Kromer in [22]. In the nonlinear
case one is led to consider WP N L™ as the natural Sobolev class where to start to get regularity
of weak solutions; see for example Hildebrandt [21] (see also [3], [26], [27]).

In this paper we consider a generalization of the linear case by Ladyzhenskaya and Ural’tseva in
(1.2) to quasilinear elliptic systems of the form

n n

0
E e g aij (x,u, Du) ug‘j + b5 (x,u, Du) | = f*(z,u, Du) , Va=1,2,....m. (1.3)
=1 7=1

It is worth remarking that systems of this type, even with a linear principal part as in (1.2), arise in
many problems in differential geometry such as harmonic mappings between manifolds or surfaces
of prescribed mean curvature; see for instance [16]. Contrary to many papers in the mathematical
literature about regularity for systems, the elliptic scalar case m = 1 is included in full generality
in our context. A relevant example for m > 1 which enters in our analysis is given by the Euler’s
first variation of integrals of the calculus of variations such as, for instance, below in (1.10).

Let us enter in more details about our assumptions. Here we allow some general growth condi-
tions, which we list in this introduction in a simplified version, for the sake of simplicity. Precisely,
we assume that there exist exponents p1,pa,...,pn € (1,+00) and positive constants M; , Ma such
that, for almost every z € Q C R™ and for every u € R™, £ € R™*", & = (&)i=1,.n = (§) i=1.... n

=1
a=1
and A = (\;) n €R",

i=1,...,

n

D as(@u, NN = MY N (Z (5?)2> ; (1.4)

i,j=1 i=1
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1
Do (w8 & S Mo QY IGI +lulT 10 Vil
i=1 s
1—L
n Pi
0 (2,0, )| < Ma QDO IGI T H 1y Vi,

j=1

n
[ (2w, ) < My S Y (G P ) 4 [u T+ 18, Va,
j=1
for suitable 7, € and §. Note that (1.4) is a weaker assumption with respect to the usual ellipticity
and it reduces to the ordinary ellipticity condition only if p;1 =ps = ... =p, = 2.

Our analysis unifies the scalar case (one single equation) and the vector valued one (system of
pde’s) with special structure. In fact, as we already said, the elliptic scalar case m = 1 is a special
case which enters in the above assumptions. More precisely this means that we can consider a
general quasilinear elliptic equation of the form

<
> 5. (ai(w,u, Du)) = [ (x,u, Du) (15)
with a; of class C! in the gradient variable. In fact we have

1
d
a; (z,u, Du) — a; (z,u,0) :/ T a; (x,u,t Du) dt
0

1 n
:/ dai - (z,u,t Du) ug; o dt = Zux]/ dai (x,u,t Du) dt .
0 85]

Therefore, if we pose
1 8ai
0 9§

then the pde in (1.5) becomes a particular case of the system in (1.3) and the ellipticity assumption
(1.4) on a;j, in terms of the vector field (a;);_y 5 ,,, is satisfied, with constant M - min{ﬁ

bz(x7u) = a4 (x7u70) P aij(x7u7§) = ($7u7t§) dt7

i=1,..,n}, when

0
Z T (2w, AN > My Z [P A2 (1.6)
86] =1
Corollary 2.4 below gives specnﬁc conditions in order to get local boundedness of weak solutions to
the equation (1.5) with anisotropic growth.

Let us go back to the general system (1.3). We need a restriction on the exponents {p;} to
achieve the local boundedness of the solutions. Let us denote by p the harmonic average of the
{pi} and by p* the Sobolev exponent of p; i.e.,

1~ 1 P if p
- Py o REsn (.7)

1
b nDpi

- T
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Theorem 1.1. Under the previous assumptions, if
1
max {p1,p2,---,Pn} <D, 1<~<p", 0<e<l, 2§<5<1, (1.8)

then every weak solution u to the quasilinear elliptic system (1.3) is locally bounded and for every
R such that Br(xo) C Q there exist constants ¢ and 6 > 0 such that

140

ﬁ*
sup |u| <e¢ / (Jul + 1)P" dz . (1.9)
Bprya(o) Br(zo)
Assumption (1.8) is sharp, in the sense that even in the scalar case m = 1 (and n large)

is possible to produce examples of unbounded generalized solutions when the reverse inequality
max {p; : i =1,2,...,n} > p* is satisfied; see Giaquinta-Marcellini [15], [28], [29], [30]. In the case
of a single equation (m = 1) the local boundedness of weak solutions has been widely investigated;
see for instance [4], [6], [13], [14], [29], [30], [39], [41] and, more recently, [7]. About partial regularity
for systems (m > 1) see for instance [1], [5], [10], [34], [35]. In the last years there has been a large
amount of papers dealing with the regularity under p, g—growth and we refer the interested reader
to the survey by Mingione [34].

We emphasize that systems under consideration include the first variation of integrals of the
calculus of variations of the form

/ g (z,u,|Dul|) dz (1.10)
Q

and the local boundedness result of Theorem 1.1 can be applied to the minimizers. In fact they
are weak solutions to the system (1.3) when we define

1 0g(x,u, |£]) -
= — 222§, Vi, j=1,2,...,n,
ISl !

and as usual for the lower order terms. Under a nonstandard growth condition the local bound-
edness of minimizers of vectorial integral functionals as in (1.10) has been studied by Dall’Aglio-
Mascolo [8] when g = g(x, |Du|) is a N-function in the As-class. For Lipschitz and higher regularity
see [31], [32].

Finally in the last section we deal with systems satisfying a p, g—growth condition. We assume
ellipticity and growth conditions of p, g—type, see (4.5), (4.6) for precise assumptions. We prove
that weak solutions u € W to (1.3) satisfy an a priori estimate as in (1.9).

Qi (l’, u, 5)

2. THE ANISOTROPIC GROWTH
Let us consider the nonlinear system of pde’s
0
Z — (aij (z,u, Du) ug, + b (z,u, Du)) = f*(x,u,Du), Va=1,2,....,m (2.1)

— Ox;
7,7=1

on an open set Q of R, n > 2, m > 1. We assume that a;; : & x R™ x R™" — R and
bi, f : Q@ x R™ x R™*™ — R™ are Carathéodory functions, i,j =1, ..., n.
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We need some notations. If £ € R™*" we write £ = (&1, ...,&,), where & = (&}, ...,£™) € R™ for

7
i=1,...,n. In particular, Du = (ug,, ..., Uz, ) and u,, = (ul u™). Analogously, b; = (b}, ...,07)

> e U
and similarly for f. Given p1,...., p, exponents greater than 1, we define

p = min{py,...,pn} and q = max{pi,...,pn}

As usual p’ is the conjugate exponent of p; i.e., 1/p+1/p’ = 1. Moreover, p stands for the harmonic
average of {p;} and p* is the Sobolev exponent of p as defined in (1.7).

We assume the following conditions for almost every z € € and for every v € R™, £ € R™*™ and
A= (Ni)i=1,..n € R",

(H1) (ellipticity condition)

> ag(mu, kg = My Y NG, (2.2)
i,j=1 i=1
(H2) (growth conditions)
n n 1-o-
Y aij(eu &) < My D IEP +bi(@)ul” +ar(@) p Vi (2.3)
j=1 j=1
_1
n p;
[bi(, u, &) < My $ > 1& 1P ) + bo () [ul” + az(x) ;o Vi (2.4)
j=1
(2w, &) < My Y 16170 + bg(a)|u '™ + as(x), (2.5)
j=1
where
1
My, My > 0, 1<y<p', 0<e<l, ]3—*<6<1 (2.6)
and, for i = 1,2, 3,
N/ e\ /
b€ LE (Q) with <p> <s<+oo and  a; €Ll (Q) with <p> <t< oo, (2.7)
Y q

Our aim is to prove the local boundedness of weak solutions to (2.1). We consider the following
anisotropic Sobolev space

Wl’(pl’""p”)(Q;Rm) = {u e WHHQR™) : uy, € LPI(Q;R™), for alli =1,.. .,n} ,

endowed with the norm

=1

We write Wol’(pl""’p")(Q;Rm) in place of W&’I(Q;Rm) N WHPL-Pr) (Q: R™). For some properties
of these spaces we refer to [42]; in particular the following embedding result holds.
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Theorem 2.1. Let Q C R"™ be a bounded open set and consider u € W&’(pl"”’p")(Q;Rm), p; > 1
foralli=1,...,n. Let max{p;} < p*, with p* as in (1.7). Then u € LP" (Q;R™). Moreover, there
exists ¢, depending on n,pi,...,Pn, Such that

n
Tl | TS
i=1
Thanks to the imbedding theorem above and to Holder inequality, the growth conditions (H2)
allow a meaningful definition of weak solutions.

Definition 2.2. A function u € WP (Q; R™) is a weak solution to (2.1) if

loc
n

/ S (s, Dupu, + b8 (0, Dw)) 8, + (0, Du)® ¢ =0 (2.8)
o | =
,j=1

for all « = 1,...,m and all ¢ € C1(Q;R™) (or equivalently ¢ € Wol’(pl""’p")(Q;Rm)).

Theorem 2.3. Assume (H1) and (H2) and let 1 < p < q < p*. Then every weak solution
u € Wl’(pl""’p")(Q;Rm) to (2.1) is locally bounded. Moreover, for every Br(xo) C §2 there exists a

loc
positive constant ¢ such that

146

¥

p
sup |u§c{/ (|uy+1)p*dx} , (2.9)
Br/2(0) Br(zo)
q—p

where 6 = %puq with § = max {},vs, qt'}.

The above theorem also gives the local boundedness of weak solutions to the general quasilinear
equation (m = 1)

"9
Z%(a’b (ZL‘,U,DU)) :f(l',u,DU) ) (210)
=1 O
where a;(z,u, &), g—g(as, u, &) are Carathéodory functions. Let us assume
< da; - _
3 agj(x,u,g)mj > M YNGR, YA ER” (2.11)
ij=1 i=1
1—L
n p;
Jai(@,u, )] < Mo § > [&[7 + bi(@)[u]” + ar(x) , Vi (2.12)
j=1
and
|f (0, €)| < Ma Y [P0 4 by (@)l + ag(w), (2.13)
j=1

where My, Ms,v,0,a:,b; (i =1,3) satisfy (2.6) and (2.7).

Corollary 2.4. Under assumptions (2.11)-(2.13), if 1 < p < q < p*, then every weak solution
u € Wl’(pl""’p")(Q) to the pde (2.10) is locally bounded and the estimate (2.9) holds.

loc
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3. PROOF OF THEOREM 2.3
First we give two preliminary results.

Lemma 3.1. Under the ellipticity condition (2.2), for almost every x € Q C R"™, for every u € R™
and £ € R™*"  we have

s

D> ai(eu ERET > My Y (z w) , (3.1)

a=1i,j=1 i=1 \a=1
with Ms = Mym!'~
Proof. For fixed a € {1,2,...,m} we pose A = (§),_; , € R" and we get

S e erg > @ (S (£) ] =Y e (32)
L=t i=1 =1 i=1

Fixed ¢ € {1,...,n}, by the convexity of the function t € R; — P we have the inequality
Pi m
1 & 1
il - pi
(mZm) mZm :
a=1 a=1
If we sum up both sides of (3.2) with respect to a = 1,2,...,m, we obtain

m Di
Z Z% z,u, §)ERES >M122 [3is >M12m (Z |£?!>
a=1

a=11,j5=1 =1 a=1

1/2
The conclusion (3.1) follows from the fact that > " | |£¥] > (ZZZI (51‘1)2> . O

Lemma 3.2. Let v,7,d,0 be positive numbers, and assume that there exists T € (1,400] such that
y!, 61" < o. Letv e L7WHD(Q), v > 1, and let a € L7(Q), where Q C R" is a measurable set with
finite Lebesgue measure. Then

—s7! g
[ e do < ol 7 (/Q [v<x>r<"+1>dx> .

Proof. By Holder inequality

1
-7

/ |a’v’Y+6u dr < ||a”LT </ U’VT/+6T/V dm) T .
Q Q

Let us consider the two cases separately: v < § and v > §. In the first case, since y7/ < §7/ and
v > 1 we have fv”ur‘w” de < fv(w(”“) dx.
If 67’ = o we conclude; otherwise, we proceed with the chain of inequalities:

o—57'

5! o
/U(ST/(V—H) dr < </ po v+l dﬂc) ’ |Q|% < </ po D) d:c) 0 (/ 0 dx) 0
Q Q Q Q

Let us now deal with the case v > 8. We have [0 978 dg < [07=0p(B+D" g and if 67/ = o
we have done; otherwise, by Holder inequality

/

o—57' or’
/UaaT’v(BH)aT' dr < </ o da:) 7 </ L+ 1)o dx) g
Q Q 0
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and we get the thesis. O

Proof of Theorem 2.3. We split the proof into steps. Without loss of generality we assume that the
functions a;,b;, i =1,2,3, in (H2) are a.e. greater than or equal to 1.

Step 1. We define a sequence of test functions (), to insert in (2.8), with ¢, € WhHE1-Pn) (Q: R™)
and supp ¢, € . Fix a ball Bg,(z9) € Q. Notice that when it is obvious by the context, we
write B, and Wh®L-Pn)(B.) in place of By.(xg) and WhHFPL-Pn) (B, (z0); R™). Let us assume
0 < p< R<Rpand let n € C°(Q) be a cut-off function, satisfying the following assumptions:

2
0<n<l, n=1in B,, supp n € Bg, |Dn| < R, (3.3)
—p

Let us approximate the identity function id : Ry — R, with an increasing sequence of C!
functions g : Ry — R, such that

0 forall t € [0, ;5] , ) 2
= < < < — . .
gk<t) { L for all ¢ > k, 0 = gk(t) = 2 and gk(t)t = gk(t) + k m R-i‘ (3 4)

Notice that the last inequality can be assumed since the restriction of g; to the interval I:%H’ k}

R(E+1)—1 +1
graph is the line of the plane connecting (k%rl, 0) and (k, k) and Gy, satisfies G}, (t)t < Gi(t) + 7.

Fixed h=1,...,n, k € Nand v > 0, let @,(Chz : Ry — Ry be the increasing function defined as

can be seen as a smooth approximation of the linear funtion Gg(t) = udCay (t - L), whose

(1) = (7).
By (3.4) we obtain

(@MY (1)t < prv {@Ejﬁ(t) + 2} < qu {q);(ffﬂ(t) + z} : (3.5)

Finally, define gp,ghg : Bp, =+ R™,

o (x) == @) (Ju(@)|)u(@)[n()]?  for every z € Br,. (3.6)

From now on, we write gp,(gh) and <I>§€h) instead of <p,(€h3 and @,ghg. We claim that

Indeed, <I>,(€h) is in C'(R,), bounded, because ‘|©l(€h)|’Loo(R+) < k, and with bounded derivative.
1 1
Precisely, if a,gh) = (k+1) ¥ and b,gh) = k?r¥, then

. h h
@My(s) = O ifs € Ry \ [al", b{M)]
F prvg) (sPrv)sPhv—lif s € [a,(ch), b,(gh)]

and
. L h phll—l h phl’_l
w%memswwWthw%%:%meﬂﬁq 1] }<w

As a consequence, taking into account that u € Wl’(pl"“’p")(BRO) we have that @,(Ch)(]u\)u is in

Wl’(plﬁ""pn)(BRO) and the claim follows. By density arguments, we can use @lgh) in (3.6) as a test
function in (2.8).
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Step 2. Assume that 7 is the cut-off function in Step 1. We aim to prove that for every
h=1,..,n and every v > 0

/ Z|u |pz’u|phV 4 dx
B

R =1
, (3.7)
cmax{v, 1}«

3 2
R ) ul? + [l > by lul + aglul + > a; ¢ [ufP da,

J=1 Jj=1

where M3 = Mym'~9 and c is a positive constant depending on the data and Ry, but is independent
of v, R and p.
Insert @,gh) in (2.8) as test function. Notice that

m
uP
(A2), @)= D@ (Gt + 0 s + 9 (.
T4 B=1

We recall that (@l(ch))’(s) =0 in [0, algh)]. Then (2.8) implies

I+ I :—/ (a(x,u, Du), Du><I>;§h)(M)77q dx

att” h
/ a(z,u, Du)u m ugl (<I>§g ))'(|u]) n?dx
BR i=1 o B 1 (3.8)

—¢ [ (a0, Du), ~uw D)@l (ul) ! do
Br
- / (f(z,u, Du), u}q),(ch)(]uD nldx =: I3 + Iy,
Bgr
where a = (af) i=1..nis the matrix with entries
n
i (z,u,8) = > g (x,u,€) & + b (x,u,§) (3.9)
j=1
and we used the following notation: v ® Dn := (u®ny,) i<l .
Separately we consider and estimate I;, 1 =1, ..., 4.
ESTIMATE OF I

By (2.2) and Lemma 3.1 we easily get

n m n m
(a(z,u, Du), Du) = Z Z aij (@, u, Du)ug ug, + Z Z b (z, u, Du)u

i,j=1a=1 i=1 a=1

n n
> M3 Z ’U$1|pl - Z |bi(x7u7 DU)HUZ’A
=1 =1
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By (2.4) and the Young inequality (applied first with exponent p; and then with exponent ﬁ) we
obtain

M. , - 1
|bi (2, u, Du)||ug,| < ?iluxilp“rq Zluzj\““ )+ ba(2)|u|" + as(z)

=t (3.10)
Ms - pj ¥
< > g, [P + co {ba(x) |ul” + ap(z) + 1}
j=1
with ¢y depending also on e. Therefore, defining c3 = 2ncy we get (recall that a;, b; > 1)
3Msj (h)
n>2 Z Jtt, [P D) (| ) d — 5 {bgyuw + az} @M (Jul) do (3.11)
4 Br =1
ESTIMATE OF I
For a.e. x € {|u| > 0}
Z Z (z,u, Du)u U
i=1 a,B=1 ’ ’
n m
:Z Zaij(x,u,Du U fu%—i—ZZbaacuDuuWu
t,j=1a,p=1 i=1 a,f=1

By (2.2), with A; = Yo", u®ug , we have that

n m m m
Z Z a;j(z,u, Du)ug‘ju Z a;j(x,u, Du) {Z u® u%} {Zu”‘ ugl} >0. (3.12)
j=1 a=1 a=1

ij=1a,8=1
Thus, by (® (h)) > 0 we have
B
/ 33 (e Duju w4 (@) (Juf) 7 d > 0. (3.13)
BR’L] 1a,8=1 ‘u|
The above inequality and (3.5) imply
Iy > Z Z b (x, u, Du)u i(@éh))'(\u])nq dx
Br = 1a6 1 ‘ |
> [ e, Dl | @) (o
Br =1
> o [ o Dl {0+
Br =1 k

Reasoning as done in (3.10), since ag > 1

M. , D) < o
qu|bi(w, u, Du)||ug,| < 87?!%-\“ + caMpmax{y, 1} $ 3 ug, [P707 4 by (@) [u]" + az(x)
j=1

M3 , S
< é‘:?,f'zl‘uzj‘p] + ¢5 maX{I/,l}pe {bQ(x)‘u"Y_F@(x)}.
‘7:
(3.14)
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Thus, we obtain

B> EJWy{@hw> }wm

BRJI

— csnmax{v, 1} / {b2|u]” + az} {@,&h)(]uD + Ii} dx.
Br

(3.15)

ESTIMATE OF I3

For a.e. @ € Bp, |ug, [P/~ < max{|ug, |, 1177179 < |ug, |P7 + 1 < |ug, [P + az(x); therefore, (2.4)
implies
1—L
n Py
[bi (2, u, Du)| < 2My 4> [ty [P + ba()[ul” + az(x) Vi.
j=1

Thus, the above inequality and (2.3) imply that for a.e. x,

|a;(z, u, Du)| < 3M, Z ug; [P7 + (b1(x) + ba2(2))|u|” + a1 (x) + az(z)
j=1
By (2.3) and the properties of 7 in (3.3) we obtain
qla(z,u, Du), —u @ Dn)n?! < Z 2q" — ]qui(w,u, Du)|
i=1 .
_§jﬁM”i)|r 57 it 2+ (1 () + Bl + 012 + o)

7j=1

Using the Young inequality and n < 1 we get

-5
6 Moqni—? "
—E?l—wr S oy -+ (b1 + bl + e +
7j=1
n 1_17
_ 6M, _ i
”” ||7ﬂ S fug, %+ (b1 + bo)lul” + ar + az
7=1
M3 - . ce Pi
<8—n7] Z\uxj\pﬂ—i—(bl—i—bg)]u\'y—i-al—i-ag +{R—p’u‘ ,

j=1
with c¢g depending on n, m, My, Ms, q. Since

) =2 (o

i=1 i=1
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we conclude that there exists ¢y > 0, possibly depending on Ry, such that
gla(x,u, Du) —u® Dn)n?~! <

< —nqz um P+ {

and the following estimate of I3 follows:

13</ Zyumzquﬁ (Jul) o da

Br =1

p} (ul® + (b1 + b)[ul” + a1 + as}

q

+ { a } {Jul?+ (b1 + bo)|u]” + a1 + az} @\ (|u]) da
R—p Bgr

ESTIMATE OF Iy

Let us now deal with I4. Using (2.5) we obtain

I < / {M2 > ey [P0 ] + ] + a3|u|} oL (Jul) 0 da
Br

=1

g/ {M2nq2|umi]pi(l_5)|u| +b3|u|7+a3\u|}¢;h>(|u|)dm
Bgr

i=1
By the Young inequality

u Mz & !

(11— 3 . 1

Mo D fia [P0l < S8 3 [+ eslul
i=1 =1

with cg > 1, depending on My, Ms, m, q,d, we get

<2 [ S e s+ [t b+l } g e

Br j—1

CONCLUSION OF STEP 2.
Collecting (3.11), (3.15), (3.16) and (3.17), the equality (3.8) gives

M
-, Z\um{cﬂh (lul) - }nqdwﬁ% [l + aa} ol fu do
R i—1 R

+ s max{y, 1} % / {bQ\u|7+a2}{<I>(h(|u]) }dx

+{ } [l 4 G+ bl + a1+ ) @l d
R—p) /g

s [ {Jult vl + agtul} &0 do
Bgr

(3.16)

(3.17)

Since the sequence ®}, is increasing and, by Theorem 2.1, |u| € LP", we get (3.7) when k goes to co.

Step 3. In this step we prove that

1 ;0\ L
* g+ |7 .,
/ OISV G I U A D / P
B (R — pla B,

G—

P
BR

IS}

3|
Q=

P

(3.18)
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where
1

v:=max{|u[,1}, ¢ <:=max {5,73’,(;#} <p"

and c is a positive constant depending on the data, Ry and on the Lebesgue norms of b; and a;,
1 =1,2,3. We point out that ¢ is independent of v, R and p. We begin noticing that

p
[ it ], [ de <27 gt [l oty da
BR BR

N (3.19)
w2t [l | (et 0} do= it
Br
By (3.7) we can estimate J; as follows:
n
ASWW+W/{mewmmSﬁw+m/§]%wwwmm

Br Br i=1

(3.20)

colv + 1]+

3
vl + bivT’ +aszv+ar+a u|PrY dx
R I

j=1

where we used that n?» < n?. Moreover, by the assumptions on 7, see (3.3), pp < ¢ and the Holder

inequality we have
Pn

Jo < ﬁ {/ I+ dm} " (3.21)
—p Br

Ph

€10 G B
de < ——— / I+ dm}
(R—p)1 { Br

3
/ vl + Z bjv” + asv + a1 + az p VP du.
Br =

By (3.19)-(3.21) we obtain

(1 + 1)), [
B

colv + 1]q+%
(R~ pl?

(3.22)

We remark that
=k

!/
bi,ba2,bs € L°(Bp,) with <p> <s<+4oo and s <q,
Y

=%k

/
ai,as,a3 € L'(Bp,) with <p) <t<+4o00 and ¢t <4q.
q

Thus, since p, < q < ¢, we can repeatedly use Lemma 3.2 with § = pp, 0 = ¢ and suitable
exponents v and T:

1 Pp
3 Ak Ph
/ > b Y da < e(|[bi]s, [1ballss [103]s) {/ vq}
B B,

{/B v“””} ' (Y= 7=5)
R j=1 R
t/ Pn
- ~ q
[ (an+aon i < ol flall) ] [ o { / WW} (y=0, 7= 1)
Br Br, Br
_ t
/ a3111+ph”dm < c(]|as]|¢) / v
BR BRO
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and, by Holder inequality,

Ph Ph
G

1—
/ ITPRY o :/ I Ph PR (V1) 10 < {/ U@} ! {/ U@(VJFU}
Br Br Br, Br

Collecting these inequalities, by max{%,,i,l} = 1 there exists c1; depending on Ry and the
Lebesgue norms of a;, b;, i = 1,2, 3, such that

S

If we choose c19 > c¢q1 large so that

% Ph

' 1—Ph
+ 2
" < Sl E T 1+/ ar {/ “5(”+1)} q

o
612[11+1]
RO

(" + 1),

> 1 the above inequality, together with p; > p,

implies
1 d=p
)P

L e ; 1
{/ ' dw}ph < Jenl o L) +/ W {/ UQ(”H)}Q.
Br [R — p)a B, Br

This inequality holds for every h = 1, ..., n; therefore, we get

[ (u + 1)), |

i—p

o q+%’ RN i n
ettt ), [ ao ™ < § ORI Sy [ T e
" [R_p]q BRO BR

By Theorem 2.1 we get

SIE

n

11{J,

h=1

L L 1
P . p* =
{/ P (1) dx} < {/ {’u‘l’-i-l + 1}1” dx} {/ {77 |u,u+1 +1)}P dx}p
B, B,
N d—p ) (3.23)
o )P v 1
< ciglv + 1]7F 1+/ o . {/ vq(uﬂ)}q
- [R — ple Br, Br

and by the Holder inequality we get the conclusion (3.18).
Step 4. We prove the boundedness of u and the estimate (2.9), using Moser’s iteration tech-
—\h
nique. For all h € N define v, = —1 + (%) , ph = Ro/2 + Ro/2"! and Ry, = Ro/2 + Ro/2".

Notice that pp, = Rpy1 and p*(vp, + 1) = G(vpe1 + 1); therefore, by (3.18), replacing v, R and p
with vy, Ry and pp, respectively, we have that v € L‘j(”thl)(BRh) implies v € L‘i(”h+1+1)(BRh+1).

Precisely,
o= .
p* pF
14 1 q ¥
o s, = { [ v dm} _ { [ e dﬁ}
et Bry i Bry i
1
—ahfer2ZYY P -
142t 1a [&} (q+6> S i
S qq 1_|_/ ,Uﬁ* / ,Uq(l’h"'l) dl’ ’ (324)
RO Br, Br,

p*p
h p* +1
< le1s] {1—1—/3 VP } l|lv Hz}é(uh-‘rl) (Br,)"
Ro
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Thus,
o \h
G Ly [ )P
HUHL‘i("hHH)(BRhH) < [015] P 1+ /BRO v ”U||L§(Vh+1)(BRh)-
Taking into account that (v + 1) = p* and that %Ig Pt (%) = T?gp T;i—_f’ 7, an iterated use of

(3.24) implies

P*pP*—q
[0l oo (BR, n) < C16 {1 +/B P } 10l 7" (B, )-
Ro

Therefore, since v = max{|u|, 1} then

sup |u| <7 /
Brg/2(x0) Bg

with 6 = g}g,:pq and we get the thesis. O

146
=

(Ju| + 1) da:}

0

4. BOUNDEDNESS UNDER p,g—GROWTH

In this section we deal with the system (2.1), assuming a suitable p, g—growth with 1 < p < q.
For the sake of simplicity we use the following notations

a=(ay)i=1,..n , Mz, u, &) - Zazjxué’g] Vi=1,..n, a=1,...m

and similarly for b = (b%). We assume that the following inequalities hold for a.e. z € © and for
every u € R™ £ e R™*" \ = ()‘i)izl,...,n e R"?
(A1) (ellipticity condition)

Y aii(muw NN = MY A&, (4.1)
ij=1 i=1
(A2) (growth conditions)
law,u, )| < Mz {67 + bi(@)[ul +ar(w) } (4:2)
b, u, )] < Ma {67707 + ba(@)lul” + az(a) } (4.3)
[ u, &) < M {[€P0) + ba(@)ul ™ + ag(x)} (44)

for some positive constants My, Mo, 1 < v <p*, 0<e <1, 1% <éd<1land, fori=1,2,3,

* *

!/ /
bbb by € L (Q)  with <2;) < 5 < +o0, a? ,ab a3 € LI, .(Q) with (ig) <t < +oo.
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Theorem 4.1. Let (A1) and (A2) hold. Assume also that either
—1
(a(x,u,&) —a(z,u,n),E—n) >0 VE&neR™™ and qg< pL if p<n, (4.5)
n—p
or there exists a Carathéodory function A : Q@ x R™ x Ry — Ry, t — A(x,u,t)t increasing, such
that
aij(z,u, &) = Az, u,|E)di; Vi, j=1,..,n, V€ R™™ and g<p" if p<n. (4.6)

Then any weak solution u € Wl I R™) to (2.1) is locally bounded. Moreover, for every Br(xo) €

Q there exists a constant ¢ > 0 such that
1+6

sup |u| <e¢ {/ (Ju| + 1)P" dm} , (4.7)
Bprya(o) Br(zo)
q44-p

where 0 = i with ¢ = max {q%, %,73’,pt’} if (4.5) holds, otherwise ¢ = max {q, %,’ys’,pt’} if
(4.6) holds.
Remark 4.2. Inequality (4.1) implies

a0, €,6) = 50 S age,u, L€ > Mint Plep v € RN (4.8)
i,0=1a=1
Notice that if (4.6) holds then
(a(z,u,8),m) = A(z,u, [§])(&,m)  VEneR™™, (4.9)
so the inequality (4.8) is equivalent to
Az, u, [€))E[* = Min'Plg]P. (4.10)

Moreover, under the structure assumption (4.6) we have that the growth condition (4.2) is equiva-
lent to

s
Aw,u,leDIe] < Ma {IelT + bi(@)[ul 7 +ar (@)} (4.11)
By the monotonicity assumption on A it is easy to prove that
Az, u, [E)(E n) < Az, w, [€])IElIn] < Az, u, (€€ + Az, u, [n])In]? (4.12)

or equivalently

DN i, u, O < Zzawxué«;ﬁ] +Zzawxunmm VEn e R

i,j=1 a=1 i,j=1a=1 i,j=1a=1

Proof of Theorem 4.1. The scheme of the proof is analogous to the proof of Theorem 2.3. Also in
this case, without loss of generality we assume that the functions a;,b;, i = 1,2,3, in (4.2)-(4.4)
are a.e. greater than or equal to 1. We split the proof into steps.

Step 1. We define a sequence of test functions (¢ )g. Consider Bg,(zo) € 2, 0 <r < R < Ry,
n € C°(Bg), and the increasing sequence of C! functions g;, : R, — R as in the proof of Theorem
2.3. Fixed k € Nand v > 0, let ®;, : Ry — R, be the increasing function ®y,(t) = gp(tP").
Notice that as in (3.5) we have

(@1, ()L < pr {cbk,y(t) ; 2} | (4.13)

Finally, define ¢y, () := @k, (Ju(z)|)u(z)[n(z)]* for every z € Br,, with = ¢%; » > ¢. Notice that
Pk, is in Wliq(BRO;Rm), supp ¢ € Bg.
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Step 2. We aim to prove that for every v > 0, k € N,

1
/ a(x,u, Du), Du) {@k(\uD }n“ dx
B bk

,u/ (a(x,u, Du), —u @ Dn)®y(|u|) n* ' dx (4.14)
B

R

oo ot

+ cmax{r, 1} / |u|6 + (bp —|—b3) lu|” + ag|u| 4 ab } {@k(|u|) } dzx,

where we used the notations in Step 2 of the proof of Theorem 2.3, see in particular (3.9). Using
¢k as a test function in (2.8) we get

L+ 1 ;:/ (a(x,u, Du), Du)®(|ul) n* dz
Br

n

)

=1

B
(2, u, Du) u®— ul (@) (|ul) n* dz
u
1 (4.15)
[ <a<x,u7Du>,—u®Dn><1>k<\u|>n“—1dx
Br

Q
?Ms
: :

—/B (f(x,u, Du),u)Pr(|u]) " de =: I3 + 1.

Now, we separately consider and estimate I;, 1 = 1, 2, 4.

ESTIMATE OF I}
By (4.3) the Young inequality (applied first with exponent p and then with exponent %_6) and
(4.8) we have that for some positive 7 << 1

(b, u, Du), Du)| < M {|Dul D079 4 byJul ¥ + as(x) | | Dl

< 7Dul? + e {|DuP =9 + 88 (@)l + of () }

, , (4.16)
< o Dl + e {8 @)[ul + af () + 1]
< i(a(m,u, Du), Du) + co {bg(x)\u]“’ + agl(x)}
with co depending also on e. Thus,
I > i/BR<a(x,u,Du),Du>c1>k(yu\)nﬂ de — ¢ /BR (W u + aff } @4 (Jul) da. (4.17)

ESTIMATE OF I
As in the proof of Theorem 2.3, using (3.12) and (4.13) we have

I, > Z Z b (x,u, Du) u ‘ | i(@k)'(|u\)n“da:

Br =1 o ,B=1
2
> —/ pv|b(x, u, Du)||Du| {@k(]uD } Hdzx.
Br
Reasoning as in (3.14) and in (4.16), by (4.3) and the Young inequality it follows that

1 / / ’
pv|b(x, u, Du)||Du| < 1—6<a(x,u, Du), Du) + cs max{v,1} = {bg (@)|u|” + db (a:)} :
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Thus, we obtain

1
L>——
16 /p,

A max{y,l}’”!/B {bg’(x)yun +a§’(x)} {@kquy) + i} dz.

(a(z,u, Du), Du) {<I>k(|u|) + i} n* dx
(4.18)

ESTIMATE OF Iy
Let us now deal with I. Using (4.4) we obtain
I, < Mg/ {n“[Du|p(1*5)|u] + bslu|” + aglu\} D (Ju]) dz.
Br

Now, let us estimate the right-hand side using the Young inequality and (4.8). We have that there
exists ¢4, depending on My, M, n, p, §, such that for a.e. x

My| DufP D] <

M 1
16n1’1_1 | Dul? + 04\u|% < E(a(w,u, Du), Du) + C4|u|%.

Therefore,

1
I < 16/ <a(az,u,Du),Du)@k(]an”da:+C4/ {1ul? + baful” + aslul } @p(Jul) o (4.19)
Br

Br

Collecting (4.15), (4.17), (4.18) and (4.19) we get
5 1
/ {(a(z,u, Du), Du) {(I)k(’UD - } nt dx
5 /Bs o (4.20)
’ , , 9 .
< I3 + cs max{v, 1}1;/ {W% + (bg + b3> ul” + alul + af } {‘I’k(!u\) + k} dz.
Bgr

and the claim follows.

Step 3. In this step we provide two different estimates of I3 depending on whether (4.5) or
(4.6) holds true. We recall that

b= [ {ae.u Du)+ b(o u, Du), ~u s Du)y([ul) " da.
Br

ESTIMATE OF I3 UNDER ASSUMPTION (4.5). For a.e. x € Br, N{n # 0} by (4.5) with £ = Du(x)

and n = —8uu(zr) ® I;;Zg), we obtain
“ D
pla(a, v, Du), —u® Dyt~ = "-{a(e,u, Du), ~8pu® =)
n
o o D D
S%(a(m,u, Du), Du) + %(a <:U, u, —8puu ® 7777) , —8pu @ 7”) (4.21)

H D
- %(a (m,u, —8uu ® 7]) , Duy).
n
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By (4.2) and the assumptions on 7, see (3.3),

H D D
n—(a <:n,u, —8uu ® 77) , —8uu @ J)
8 n 1
q

< 897yt My { + <b1IUI% + a1>

D
u®—?7
n

U®D77‘} (4.22)
n
C6 { L+1 cr / P’
< ———— { |u|+ by|ulr —|—a1u}§7{|u|q—|—|u\p+bp|u|“’+a }
(R—,O)q | | | | | | (R—,O)q 1 1

b_
Ry@
(R—p)

with ¢y depending on Ms,p,q and Ry. Notice that we used that p > ¢ and (R_lp)a < 5 if

0 < a < b. Let us now estimate the last term in (4.21) using (4.2) once more. We get

n

D
_l<a <x, u, —8uu ® n”) , Du) <

C o
5 St Dl el b} (423)

(R—p)

with ¢g depending on My, p, q. To estimate the term at the right-hand side of (4.23) we use the

I3

—1
Young inequality and (4.8) (notice that n#~9tt =n» n“pT_qH and that ,upp%l —q+1>0). Thus,

for a.e. x
2 C p=1l_ _ X
{””|D“‘}{(R—8p>q_m“ 7 (! bl +‘“>}

My D 9 @0 L gl + o
< Tt + Sy {1l @7+ 88 jul + o'} (4.24)
< in“(a(m u, Du), Du) + S — {|u](q_1)p/ + bp/|u\7 + ap/} .
=16 y Uy ) (R— p)(qfl)p/ 1 1

As far as the integral
M/ <b(xaU7DU),—U®D?7>‘I’k(\uf)77”_l dx
Br

is concerned, reasoning as in (4.16) and using (4.3) and (4.8) we get

M,y

_ C10 / /
w(b(z,u, Du), —u ® Dn)n* < 16n1’*1n#|Du‘p + m {\u|p + b5 Jul" + ab } .
1 ClO / / :
< g (ol w, Du), Du) - = {Jul? + 08 7 + o
Collecting (4.21)-(4.25) we get the following estimate of I3 ((¢ — 1)p’ > ¢ > p)
1
h<y [ ale,u, D). Dujy(ul o do
Br (4.26)

c _ / / / 2 /
+(R_pl)1<ql)pf/3 {|“|(q DP (0 + 05 ) |ul” + df +a§’}q>k(|u|)dx,
R

ESTIMATE OF I3 UNDER ASSUMPTION (4.6). By definition of a(z,u, Du) in (3.9) and (4.9)

pla(x,u, Du), —u ® Dn)n‘“l <pA(z,u, |Du|)(Du, —u ® Dn>77“71

4.27
+ ulb(u, Du)lu & Drfs=. (4.27)
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By applying (4.12), with £ = Du(z) and n = —8uu(x) ® [:]?g),

Dr(x)
n(zx)

m
pA(, u, |Dul)(Du, —u @ Doy~ = L Aw,u, | Dul)(Du, ~8pu © -2

D Dy ?
8,uu®n'> '8,uu®77 }
n n

m
< % {A(m,u, |Dul)|Dul* + A <x,u,

Now, by (4.11) and the Young inequality
/r]l’l/
—A
8 <x7 u?

< ! Mo {(8u)q‘1

D Dy ?
Suu ® HD ‘8,uu® el
n n

Dn -1
U — U —
n n

+ a1 () [ul? + an (= )}

i

C1 C12

2 q 1 T +1
B+ 2 @l )l
C / /
< m {ul? + ul? + o @)[ul + af (2) }

<

(4.28)

(4.29)

with ¢13 depending on My, p, ¢ and Ry. Taking into account (4.3) and reasoning as in (4.16) we

get

Myin* / /
-1 1M C14
pb(z, u, Du)||lu ® Dn|nh~" < WWUV) + R p)p {|U|p + 05 [ul" + ab }

which implies, by using (4.9) and (4.10),
"
u=1 - - -
p|b(x, u, Du)||u @ Dnjn*~" < 3 {a(x,u, Du), Du) + (R = p) a7
Collecting (4.27)-(4.30) we get the following estimate of I3

1
I g/ (a(, u, D), Du) By ([u]) 1 da
4 Br

C
e e MR CD S LTS ST TN

which implies an inequality analogous to (4.26):

1
I3 §/ (a(x,u, Du), Du)®y(|ul) n* dz
4 JBg
e il @ )l + o+ b} @p(Juf) de
(R—p)la=0r' [ 1752 1% Tk
Eventually, by (4.14), (4.26) and (4.32) we have

:/BR<a(w,u,Du),Du>{<I>k(]u) 31k} o da

/
P
€

{W 02 fuY + ag’} . (4.30)

(4.31)

(4.32)

2
- m/ {|“|9+ jul? + <Zb‘f +b3> [ul” + as|ul +Za }{‘Pk(WIHi} dr.

i=1
where
9.:{ (¢q—1p' = q”—, if (4.5) holds
' q if (4.6) holds.
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Since @ (|u|) — |u[P” as k go to +o00, passing to the limit and using (4.8) we obtain

/ DulPlul?’ o da
Br

crolv + l]p?/ 1 2., 2 ) (4.33)
= (R—p)(q—l)P/B {’ulgﬂu!& + (Zbi’ —|—b3> [l + aslul + > a? } ul?” dx
R

i=1 =1
where c is a suitable positive constant depending on the data and Ry, but not on v.
Step 4. In this step we conclude. We follow the scheme of Steps 3 and 4 of the proof of
Theorem 2.3, taking into account that now p; = p and that a; and b; are now replaced by af and

vy ,, 1 =1, 2, respectively. We limit ourselves to outline the main first inequalities. First we estimate
the left-hand side in (4.33) proceeding as in (3.19):

/BR D [0 (lul* +1)] [ do

< om / P Dy a4 1P i+ eaply + 1P / DulPlulPn da

BR BR

C21
< = max{|ul, 1 p+p”d:1:+0201/+1p/ DulP|lulPYn* dx
o, i 1) ey 1

C22
< Ty 1P da + +1P/ DulPlulP'n d
= (R— p)la—Dp /BR[maX{’U\ 1 z + cov + 1] BR\ ullu[Pn* da

with ¢gp depending only on p and cg2 depending also on ¢ and Ry. Then, defining v := max{|u|,1}
and using the classical Sobolev imbedding theorem and (4.33) we get

E P

*(V+1) »r p* p*
vP dx < dx < co3
Bp Br Br

2’ 9 )
024[1/ + 1]p+p€ 0+pv 1+pv ' v+pv 1+pv P pv
Sm . 7P s 4 (DB 4 by | 0T 4 age TP 4 T al o b da.

i=1 i=1

o (Jul" '+ 1)

D[ (ju+t +1)] ]” dz

By Lemma 3.2 with § = p, 0 = ¢ and a suitable choice of 7 and 7, taking into account that
max{tl,, %, 1} =1, we obtain

1 1 q-p

* P 1 1+( —1)e 5 rq ~ 1
</ P (v+1) dl‘) < €25 [V + ] qj {1 +/ v dx} {/ UQ(V+1)}L1
B, (R—p)r—1 Br, Br

the analogue of (3.23). Taking into account that ¢ < p*, from now on the proof goes as in the
previous section. O
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