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ABSTRACT. We establish a quantitative isoperimetric inequality in higher codimension.
In particular, we prove that for any closed (n — 1)-dimensional manifold I" in R™*¥ the
following inequality

D(T) > cd?(T)
holds true. Here, D(T") stands for the isoperimetric gap of ', i.e. the deviation in measure
of I' from being a round sphere and d(I") denotes a natural generalization of the Fraenkel
asymmetry index of I" to higher codimensions.

1. INTRODUCTION

In 1986 in his seminal paper “Optimal isoperimetric inequalities” [2] Almgren proved
in the context of currents the higher codimension counterpart of the classical isoperimetric
inequality established by De Giorgi in [7]. In the particular case of smooth (n — 1)-
dimensional manifolds I' ¢ R™** without boundary, spanning an area minimizing smooth
surface M, his inequality states that

(1.1) H*HT) > H" (D),

where D is an n-dimensional flat disk with the same area as M. Here, H"~! denotes the
(n — 1)-dimensional surface measure. Moreover equality occurs if and only if T" is the
boundary of a flat disk.

A natural question is the stability of inequality (1.1). More precisely, one would like
to show that if T" fails to realize equality in the isoperimetric inequality (1.1) by a small
factor 8, i.e. H" 1(T') = H"~1(OD) + 6, then T is close to the boundary dD in a suitable
quantitative sense measured in terms of §. For the classical isoperimetric inequality in
codimension zero, this stability issue was raised in the beginning of the last century by
Bernstein and Bonnesen in the particular case of planar convex sets [3, 5]. Later on the
first results in higher dimensions were established in [15] by Fuglede in the case of convex
or nearly spherical sets. His main result states that if £ C R" is a nearly spherical set in
the sense that

OE ={(1+u(z)z:z €S '}

for some w: S™~! — R with small C*-norm, whose volume is equal to the volume of the
unit ball By C R™ and whose barycenter is at the origin, then

H"HOE) — H" " (0B1) > c(n)||ullfy1.2(gn1)-

In particular, this inequality implies that the isoperimetric gap on the left-hand side controls
the square of the measure of the symmetric difference £A B;. The extension of Fuglede’s
result to general sets of finite perimeter was first obtained in [17] (see also [19, 20] for
a similar, but non optimal inequality). The result proved in [17] states that there exists a
constant C' depending only on the dimension n such that if F is a set of finite perimeter
with |E| = |B,|, then

(1.2) D(E) > C(n) &*(E).
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Here, D(F) stands for the (normalized) isoperimetric gap

B HPYHOE) — nw,r"!

nwy,r" 1

D(E):

and «(FE) is the so-called Fraenkel asymmetry

{IEABT(HC) }

a(E) := min o

T
While the original proof in [17] used mainly symmetrization arguments, in [14] a new proof
based on arguments from the theory of optimal mass transport appeared. These arguments
allowed an extension of (1.2) also to anisotropic perimeter functionals. Both proofs are
quite involved due to their ad hoc character, especially, since they do not use any deep
result or heavy machinery from other fields of Analysis and Geometry. In a recent paper
Cicalese and Leonardi [6] observed that it is possible to give a proof of the quantitative
isoperimetric inequality by a selection principle based on a suitable penalization of the
functional ' — (5)2((?) and the use of the regularity theory for minimal surfaces.
In order to describe the main result of our paper we restrict ourselves to the case of
smooth (n — 1)-dimensional closed surfaces I" in R"**. Denoting by Q(T") an area mini-
mizing n-dimensional surface with boundary I" the isoperimetric gap is defined by

_ HPYT) - HY(OD,)
- Hn—l(aDg) ’

D) :

where D, is an n-dimensional flat disk in R"** with the same area as Q(T), i.e.
H™(D,) = H"(Q(T)). Note that the area minimizing surface Q(I") may have singu-
larities even if I' is smooth. To overcome this, the use of currents is unavoidable. However,
in order to keep the introduction as simple as possible we describe the objects in the context
of manifolds. The precise definition of the asymmetry index d(T") is more technical and
requires the use of a certain seminorm m (see Section 3). The underlying geometric idea
can be described as follows. Given any flat disk D, with the same area as Q(T"), first one
considers an area minimizing cylindric type surface ¥.(D,) spanned by the boundary com-
ponents I'' and 0D, and afterwards one takes the infimum of the surface area H"(X(D,))
amongst all possible disks D,:

d(I) := ¢ " inf {H"(Z(D,)) : H"(Dg) = H"(Q(I))}.

The aim of this paper is to state and prove in the context of currents the following heuristic
quantitative version of Almgren’s optimal isoperimetric inequality:

Theorem. Let n > 2 and k > 0. There exists a constant C = C(n, k) > 0 such that for
any (n — 1)-dimensional closed surface I' C R"** the following inequality holds:

(1.3) D(I') > Cd*(I).

Note that if I" is the boundary of a smooth open set E contained in an n-dimensional hy-
perplane, then the asymmetry index d(I") coincides with the classical Fraenkel asymmetry
index «(E). Hence, (1.3) reduces to (1.2). In particular this shows that the exponent 2 on
the right-hand side of the inequality cannot be improved, since it is known to be optimal
already for (1.2).

A few words on the proof are in order. As in [6] the overall strategy is to show first a
Fuglede type inequality and then to reduce the general case to it via a regularity argument.
However, here the situation is more delicate and involved due to the higher codimension.
First of all, the analogue of Fuglede’s result deals with a spherical graph over S*~! in
R"™** i.e. a manifold I' which can be parametrized by a map X : S"~! — R"** of the
form

X(z) = (1 +u(2))(z,0) + (0,v(z))  zes",
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where v € C'(S"71) and v € C1(S"~1,R¥) have both small C*-norms. In our case
a substantial difficulty arises from the fact that, beside imposing the volume constraint
H"(Q(T')) = wy, and the barycenter condition bar(I') = 0, we have also to fix the mixed
second order moments. This can be done for instance by assuming that they are all equal
to zero, 1.€.

(1.4) /zz] dH" ' =0
r

for any choice of ¢ = 1,...,nand j = n + 1,...,n + k. Differently from the case
k = 0 considered by Fuglede, in which v does not appear, the conditions (1.4) play a
crucial role in the estimation of the n - k first order Fourier coefficients of v. The bounds
on the first order Fourier coefficients of v and the zero order Fourier coefficients of u and
v follow from the barycenter condition and the constraint on H™(Q(T")). Under the above
assumptions on v and v we prove the following inequality (see Theorem 4.1)

(1.5) H"HD) = H" (SN = ea[lullfyregn1y + 101512 (5n1 gr)] = cod? (D),

where ¢; > ¢, are constants depending only on n.

The next step is to reduce the general case to the previous one by a contradiction argu-
ment using the regularity theory for w-minimizing currents. However, following [1] where
a similar kind of penalization term was introduced we use a much simpler penalization
then the one used in [6] in the treatment of the codimension zero case (see also [8, 16, 18])
which is also reminiscent of the Ekeland variational principle [12]. Our argument goes
as follows. We argue by contradiction assuming that there exists a sequence of (n — 1)-
dimensional surfaces I'; all contained in a large ball Bg such that H™(Q(T';)) = w,, and
D(T';)/d*(I";) — 0. Then, we construct a new sequence by considering the minimizers
I‘; of the penalized functionals

Fj(0) :=H""HT) + C1]d(T) — d(T;)] + A[H"(Q(T)) — wa

with A > 2n and C; > 0 a suitable constant depending on ¢,. It is not difficult
to show that the surfaces F;- converge in a weak sense to S™~! and that also the ratio
D(T%)/d?*(T"j) — 0. Moreover, the weak convergence ensures that the barycenters and
the second order moments of F;- converge to zero while the corresponding area minimizers
Q(I";) converge in a weak sense to a flat disk with boundary S™=1. To derive a contra-
diction to the Fuglede type estimate (1.5), one first has to show that the surfaces F;- can
be chosen to satisfy (1.4). This is done by proving that (see Lemma 4.2) if I" is a man-
ifold with sufficiently small second order moments one can find a rotation close to the
identity such that the mixed second order moments of the rotated manifold are all equal to
zero. Since the penalized functional above is invariant under rotations the tilted surfaces
are still minimizers. Thus, the last step in deriving the contradiction to (1.5) is to establish
that the surfaces F;- are spherical graphs converging to S"~! in C. This is the point
where the regularity theory for w-minimizing currents enters. In fact, the existence the-
ory yields only that the minimizers I‘; are rectifiable currents minimizing an appropriate
generalization of the functional F; in the context of Geometric Measure Theory. It can
also be shown that the penalization terms in the functional are of lower order, so that the
surfaces (in fact currents) F; are w-minimizers of the area (mass) functional. However,
to show that they are spherical C**® graphs over S™~! one has to transform locally to a
situation where the regularity theory for w-minimizing currents is applicable. This is done
by flattening locally S™~! and transforming to a flat case in which the w-mass minimizers
become w-minimizers of a suitable elliptic integrand, and in which they converge to a flat
(n — 1)-dimensional disk with multiplicity one. At this stage the regularity theory from
[4, 10] applies and yields that the I‘fj are spherical graphs converging in C1:* to S™~1. But
this is a contradiction to the higher codimension version of Fuglede’s theorem as stated in
(1.9).
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2. NOTATION AND STATEMENT OF THE RESULT

Letn € N, k € N, and 0 < m < n. Then m-dimensional surfaces in R*** will be
modelled by locally rectifiable integer multiplicity currents with finite mass in R"*t*_ Such
currents 7', of dimension m, can be represented by an (H™, m) rectifiable mesurable sup-
porting set My C R™* an H™ summable multiplicity function 97 : My — N, and an
H™ measurable orientation 7 : Mr — /\m R™*F je. T is the exterior product of an or-
thonormal basis in the m-dimensional measure theoretic tangent space Tan(H™ L My, z)
of M which exists at H"” almost all points x € Mp. We set Jp = 0, T = 0 out-
side Mr and denote by ||T|| = drH™ L My the (Radon) measure associated with T
and by M(T) = ||T||(R"™*) = [ 7 dH™ the mass (or m area) of 7. Note that the
summability of ¥ is equivalent to the finiteness of the mass M(7T'). Here we follow
the terminology of [13]. By definition, an m current is a continuous linear functional
on the space of compactly supported smooth m forms on R™** which we denote by
a € C(R™F A™R™ ). In terms of the quantities ||T[| and T the pairing of cur-
rents and differential forms is given by

T(a):/ <a,f>19Tde:/ (a, T)d||T],
M Rntk

and it is defined whenever « is a bounded Baire form of degree m. The set of all locally
rectifiable integer multiplicity m currents is denoted by R, (R"*%).

The boundary current 97" is then defined by taking formally the dual of the exterior
derivative, i.e. 9T (3) = T(df) for compactly supported smooth m — 1 forms 3 on R"+¥.
For an open (and more generally a Baire) set U C R"* we define the mass of 7" in U by

My (T) = (|T|| LU)(R"HF) :/ O dH™.
MpnU
On the set of closed m-dimensional surfaces, i.e. for T € R,,(R"**) with 9T = 0 and
1 < m < n+ k, we now define a seminorm measuring the mass of a minimal surface
spanned by T'. More precisely, given 1" as above there exists a mass minimizing current
Q(T) € Ryni1(R™F) with boundary OQ(T) = T. The mass of Q(T) is denoted by
m(7T),i.e
m(7T) :=M(Q(T)) = inf M(P).
(T) QI = |, o inf iy MP)
oP=T

When writing Q(T') we always understand that we have specified one particular mass
minimizer with boundary 7'. We note that there might be several mass minimizers. Our
arguments however will not depend on a particular choice. Moreover, in case that spt T’
is compact we know from [21, Remark 34.2(2)] that spt Q(T") C convex hull of spt 7" for
any mass minimizer Q (7).

To give the precise formulation of our main result we have to introduce the notion of a
flat n-dimensional disk in R"**. The Euclidian current E™ on R" is defined by

E"(a):= / (a,e1 A--- Ney)dL™  forany o € O (R™, A" R™).
Here £™ denotes the Lebesgue measure on R™. For an £™ measurable set A C R™ the
current E™ L A is defined as usual via
(E"LA)(a) = / (a1 A v Ney)dL™.
A

Then, by an n-dimensional flat disk in R"** we mean a current T € R,,(R"**) of the
form 7' := @4 (E" L D) where D is any open ball in R™ and ®: R™ — R"** an isometric
embedding. In order not to overburden our presentation with notation we will use the short
hand notation [D] instead of @« (E™ L D). By [D,.] we denote a flat disk of radius r > 0.
We use a similar notation for currents associated to oriented, compact, m-dimensional
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submanifolds M C R™* Indeed, if & denotes an orientation m-vector field on M, then
the corresponding m-current [M] € R, (R"**) is defined by [M](c) := [, (c, &) dH™
for all « € D™(R™HF).

Now, let n > 2. As introduced above, we use for a current T € R,,_1(R"*) with
OT = 0 the abbreviation m(7") to denote the minimal mass spanned by 7. Moreover, by
o(T) we denote the radius of any flat n-dimensional disk [D] whose mass is equal to the
minimal mass spanned by 7', that is m(7") = M([D]) = w,o(T)™, so that

Then, the isoperimetric gap is given by
M(T) _ nan(T)n_l
nwno(T)" !

Note that the isoperimetric gap is invariant with respect to translations, rotations and dila-
tions. Next, we observe that m(7" — 9[D,(r]) measures how close T" and 9[D (1] are.
Of course, when taking an arbitrary disk of radius o(T") this distance can be very large.
Therefore, in order to measure the deviation of the surface from round spheres of radius
o(T) we shall take the infimum over all such spheres. This quantity we call the asymmetry
index of T, and it is a measure for the deviation of 7" from being a round sphere. Hence,
for T € R,,_1(R"T*) with T = 0 we define
ATy e e T 0Dum])
[Do(m] o(T)"

where now the infimum is taken over all flat n-dimensional disks [D, )] of radius o(T'),
i.e. about those disks with mass equal to the minimal mass m(7") spanned by 7. Note
that also d(7) is invariant under translations, rotations and dilations. Now we are in the
position to state our result.

D(T) :=

Theorem 2.1. Let n > 2 and k > 0. Then, there exists a constant C' > 0 depending
only on n and k such that for any T € R,,_1(R"**) with OT = 0 the sharp quantitative
isoperimetric inequality holds

2.1) D(T) > Cd*(T).

3. FACTS FROM GEOMETRIC MEASURE THEORY

For later use we recall some facts from Geometric Measure Theory which can be re-
trieved either from [13] or [21]. We start with the definition of the flat seminorm. For a
given open set U and an m-dimensional current 7" with locally finite boundary mass, i.e.
My, (0T) < oo for any W & R, the flat semi norm is defined by

FU(T) = T:gl-faP (MU(S) + 1\/.[[](1:)))7

where the infimum is taken over all S € R,,(R""*) and P € R,,1(R"™*). In the
case U = R"™* we write F := Fpntx. The topology induced by the semi norms Fy
for U ¢ R™** open and bounded is called the F),.-topology on R,,(R"*¥). The fol-
lowing theorem ensures that for sequences the F,.-topology and the weak topology on
Rm(R"Jrk) are identical, cf. [21, Theorem 31.2]. Note that we state the following two
theorems only for locally rectifiable integer multiplicity m-currents with finite mass. The
original versions certainly include m-currents with only locally finite mass.

Theorem 3.1. Let T, {T;} C R, (R" ) be m-currents with

sup (My (T;) + My (9T;)) < oo forallU € R™*.
jEN
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Then T; — T with respect to the Fioc-topology if and only if T; — T with respect to the
weak topology.

For later purposes we recall the compactness theorem of Federer and Fleming, see [13,
Theorem 4.2.17] or [21, Theorem 27.3].

Theorem 3.2. If {T;} C R,,,(R"**) is a sequence of m-currents in R"** with

sup (My (T;) + My (9T;)) < oo forallU € R"T¥,
JEN

then there is an m-current T € R, (R"**) and a subsequence {T}} such that T; — T
with respect to the Fy.-topology.

By Theorem 3.1 the compactness in Theorem 3.2 also holds with respect to the weak
topology. This allows to extract a weakly convergent subsequence from any sequence
of currents T; € R,, ,(R"**) satisfying a suitable mass bound. Together with a lower
semicontinuity property of certain functionals this yields the existence of a minimizer, as
for example in the case of the mass M (which is easily seen to be lower semicontinuous
with respect to weak convergence of currents).

We note that the flat norm F and the seminorm m are almost equivalent. First one
observes that F;; < m holds for any open set U C R™*. On the other hand, the following
lemma, whose proof is an easy consequence of the isoperimetric inequality, ensures that
also a reverse type inequality holds true for currents with compact support.

Lemma 3.3. Let R > 0. Then, for any T € R,,_1(R"™*) with 0T = 0 and spt T C Bg
there holds

m(T) < [C(n) M(T) + 1]F 5, (T).

Proof. We first choose S € R,,_1(R"**) and P € R,,(R"**) realizing Fp,,(T) up to
anerror e > 0,ie. S+ 9P = T and Mp,,.(S) + Mp,.(P) < Fp,,.(T) + ¢. Since
spt T C Bg, we may assume without loss of generality that spt S, spt P C Bg. Indeed,
otherwise we replace S and P with the corresponding projections p(S) and py (P) onto
Bp, which still satisfy the equality 7 = px(T) = px(S + OP) = px(S) + Op4(P) but
have smaller mass on Bsg. Then, from Theorem 3.4 below we observe that

m@nqm@»%ma+mwmﬁf

< m(T)7 [3,M(8) 77 + M(P)]
Sm@ﬁw?ﬁu> n%M<>
< (1 M(T)750) 7,7 M(S) + 1m(T) + 2= M(P)
:wwnﬁMwwlmm+;Mw>
Taking into account that M(S) = Mp,,(S), M(P) = Mp,, (P), we get
m(T) < ;) @MIM&A) Mg, (P)
g[(z M(T) + 1| M, (S) + M., (P)
< [(224)" 7 M) + 1] (M, (8) + M, (P)
< [( )" IM(T) + 1} (Fp,,(T) +¢).
Letting € | 0 the assertion of the lemma follows. O

In the proof of the quantitative isoperimetric inequality it will be convenient to work
with a non re-scaled version of the asymmetry index d. Hence, for T € R, _;(R"*)



with 0T = 0 we define

where the infimum is taken over all flat n-dimensional disks [D;] of radius 1. Note that
d; (7)) is invariant under translations and rotations and that d(7") = d4(7) if m(T) = w,,.

Finally, the following optimal isoperimetric inequality can be retrieved from [2, Theo-
rem 9].

Theorem 3.4. Suppose that T € R,,_1(R"T*) with T = 0 and that Q(T) is a mass
minimizing current with boundary T. Then, there holds

M(Q(T)) < 7 M(T)7

1
where v, = n~ 71wy "' denotes the optimal isoperimetric constant. Equality holds if
and only if Q(T) is a flat n-dimensional disk [ D] in R"**.

4. A VERSION OF FUGLEDE’S THEOREM IN HIGHER CODIMENSION

We start with some notation. Coordinates z € R™** are written as z = (z,y). Here
n > 2and k > 0. The case k = 0 corresponds to the classical case treated by Fuglede. For
this reason we restrict ourselves to the case £ > 1. Throughout this section we consider
an (n — 1)-dimensional surface I' C R™** which can be parametrized globally by a map
X: 871 — R"* from the sphere S™ ! into R™** as follows:

4.1 X(z):=(1+u@))(r,0)+ (0,v(x)) re sl
Here u: S"~1 — R is a scalar valued function and v: S"~! — R is a vector valued

function. We call such a surface I" a spherical graph over S™~!; actually such a surface is
a global section in the normal bundle over S™ 1. For spherical graphs we have

Theorem 4.1 (Fuglede’s theorem for spherical graphs in higher codimension). There
existe, € (0,1] and Cy > C, > 0 depending only on n such that there holds: Whenever T’
is a spherical C'-graph over S"~' in R"** such that the defining functions v: S"~' — R
and v: S — R* satisfy

“4.2) ||UHC1(S71—1) + ||UHCI(STL—17RI¢) < €0,

and such that the area of a mass minimizing current () spanned by U is equal to the area
of a flat n-dimensional disk of radius 1, that is

(4.3) m([[]) = inf {M(Q) : Q € R,(R"%),0Q = [T} = wy,

whose barycenter and mixed second order moments are zero, that is

4.4) bar(T") := / zdH" ' =0,
r
and
4.5) / Tiyo dH" " =0
r
for every choice of i = 1,...,nand o =1, ...k, then the following quantitative isoperi-
metric inequality holds:
HHT) — nw,

o2 Ol + olsa] 2 Cod?(ITD).
Proof. The proof will be divided into several steps.

Step 1. Lower bound for the isoperimetric gap. We first compute the area element of
the surface I' with the help of the parametrization X from (4.1). For this we evaluate the
(n — 1)-Jacobian JX of X from the matrix representation of VX with respect to an or-
thonormal basis 71, . .., 7,1 in the tangent space to S”~! and the associated orthonormal
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basis (71,0),...,(Tn_1,0), (x,0), (0,€1),-..,(0,ex) in R"**_ In this representation we
have
(14 u) 0 . 0
0 (1+w) :
DX — 0 o (1 + u)
Viu Vou oo Vo u
le (%1 V7—2’U1 PN V-,—nilvl
Vn Vi V-rz Vi . an,l'Uk

and the Jacobian can easily be computed as follows

[JXT? = (1 4+ w4+ (14w’ "2 (V] + Vo)
min{k+1,n—1}
+ Y (4 wTTM (Ve Vo),

a=2

where M, (V,u,V,v)? is the sum of the squares of the o X « minors of the matrix
(Vru, V,v). This leads us to

[TX]? = (14w 4+ (14 u)*" 2 (V0 + [V,0?) + Ry,
where assumption (4.2) ensures that the remainder R; is pointwise bounded on S”~! by
|R1| < e(n) (1 + |u))?=3) (IVrul® + |VTU\2)2 <c(n)eo(|Vrul? + |V 0]?).
(From the last identity we obtain
(4.6) [JX?2=1+2(n—1Du+(n—1)2n —3)u*+ |V ul* + |V,0]* + Ro,
where the remainder R, satisfies
%)) |Ra| < c(n)eo(ul* + |Vrul® + |V o).

At this point we use the inequality v/T+a > 1+ a — ga® — [a|* which is valid for
la| < 1/2. We apply this inequality with the obvious choice

a=2(n—Du+ (n—1)2n —3)u®+ |V,ul? + |V,0]* + Ry.
Note that |a| < 1/2 if we choose €, > 0 small enough. In this way we obtain
JX > 14 (n— u+ 0200202 4 119 42 4 |V,0[%) + Rs,

with a possibly different remainder Ry which still satisfies (4.7). This allows us to estimate

H YD) — nw, = / (JX —1)dH™ 1
Sn—l

> (n - 1)/ udH" 4 (=Un=2) / u? dH" !
- Snfl 2 Sn—l
@38 + %/ IVl + V,02) dHP Y — e(n) e [[ulpes + 0] a]-
Snfl
Step 2. Consequences of the mass assumption (4.3). In the case that

/ udH" 1 >0
Sn—l

the estimate (4.8) will be sufficient to complete the proof. However, in the negative case,
which can be viewed as the more difficult case since the leading first order term in (4.8)
is negative, we shall need an improvement of (4.8). This improvement can be achieved by
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utilizing assumption (4.3), i.e. the fact that the minimal mass m(T") spanned by T" is equal
to wy,. The precise argument is as follows. We consider the cone

C=C(x,0) :=o[(1+u(x))(z,0) + (0,v(z))] re S pe(0,1]

over I'. Using the minimality of m(I") we see that

(4.9) w, =m(l') <H"(C / / JC dH™ ' dp,
Sn— 1

where JC is the n-Jacobian of C. In order to utilize the properties of the right-hand side
we need to compute the area element of the cone C'. For the partial derivatives we have

V5 C(x,0) = oV X(2) = o[(1 + u(2))(7:,0) + (2,0)Vr,u(z) + (0, V7 v(2))]
fori=1,...,n—1and
V,C(z,0) = (1 +u(z))(x,0) + (0, v(z)).

The area element I := V,C' A /\7771 V., C can now be rewritten in the form

I=o"" [(l+u) /\v X +(0,0) A /\VEX]—Q YL+ ).
i=1 =1

For I; we have

n—1

I :=(1+u)(z,0) A [(1+u)(73,0) + (z,0)Vr,u+ (0, V-,0)]

.
Il
-

i
)

={1+u) @0 A, [(1+u)(73,0) + (0, Vr,v)]

=14 u)"(x, )/\ (11,0) A=+ A(Tp—1,0)

+ (14w IZxO (11,0) A== A0,V v) A (Th—1,0) + Rax,

where the remainder can be estimated as follows:
|Rs1| < e(n) |V,

For I» we similarly compute

I, :==(0,v) /\ [(14u)(73,0) + (2,0)Vu+ (0, V,,0)]

:(1+u)" 1(07’1)) (7’1,0)/\"'/\(7’n,1,0)+R32,
where now the remainder R32 can be bounded by
|R32| < c(n) v (IV,ul + [V,0]) < e(n) (|Vrul? + |v]? + |V,0]?).

Combining the preceding estimates we arrive at

[JC} (n—1) {(1+u)2n+(1+u)2(n—1)(|v‘2+|VTU|2> “V‘RB}
2 v 'U|2
_ 21 2n | [v|* + V-
4 (1+u) [ + (1+u)? Rs|,

where R3 has changed in the last line. Nevertheless, with the help of (4.2) we find that
|R3| < ¢(n) 50(|V7u|2 + |v)* + |VTU|2).
Using (4.9), the expansion of JC' from above and (4.2) we see that

1
wn < / / JCdH" tdo
0 Sn—l
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2 2
%/ (1+u)”\/l+|v| + Vool + Ry dH™ !
Sn—l

IN

(1+u)?

= i/ (1+u)"dH ' + 11
Sn—1

<wp + / udH" ! 4 ot / w? dH" '+ e(n) eol|ul|e + 1T
Sn—1 Sn—1

where we have abbreviated

II:= %/ (I+uw)"
Sn—1

To estimate /] weuse V1 +a <1+ %a for a > —1 and obtain

v + Vol .
14— —1|dH"".
\/ LR cR i K

1T < ﬁ/s )" (o + [Vol?) dH + e(n) o [[[ulliyre + [10]yr.2]

< [ (0 1V0P) ar e [l + olfyaa).

Here we also used that (1 + u)"~2 < 1 + ¢(n)e, by (4.2). Joining this with the preceding
estimate we obtain

/ wdH" ' > —”771/ u? dH" ! — %/ (Jo]* +|V-v]?) dH™
Snfl Snfl Snfl
(410) —C(’I’L) EO[HUH{Q/VI,Z + ||U||%/[/12]

Plugging the last inequality into (4.8) we obtain the desired improvement of (4.8), that is

HUT) — nw, > 3 [/ |V ul>dH™t — (n — 1)/ u? dH"l]
Sn—1 Sn—1
+ 5= [/ |V, v)2dH" ™ — (n — 1)/ |v|? dH”—l}
Sn—1 Sn—1

4.11) —c(n)eo[|lullfyr2 + vlFy.2]-

Step 3. Consequences of the barycenter assumption (4.4). The next prerequisites
for the final proof are estimates which can be derived from the barycenter condition (4.4).
Using the first n entries in (4.4) we infer with the help of the area formula for: =1,...,n
that

0= / z; dH" ! = / (1 +u)z; JX dH™ L.
T Sn—1
Using also the fact that fsn,l x;dH" 1 =0fori=1,...,n we compute

/ uz; dH" =/ u:ri(l—JX)dH"_l—i-/ (1+u)z; JX dH" !
Sn—l Sn—l Sn—l

+ / (1 —JX)dH" !
Sn—l

= / uwy(1 — JX)dH™ ! +/ zi(1— JX)dH"
Snfl Snfl

_ L XE L= UXP
*/Sn_luxl Trx M +/Sn_1“‘” Trx M

Using (4.6) in both integrals on the right-hand side we find that
L dH :/ RydH"™™ —2(n—1 / BTN S
/SH o gna Ol P w5

|[Ral < c(n) (Jul® +Vrul® +[V70]?).

where



Adding (n —1) |, gn—1 UT; dH"™! on both sides of the preceding inequality we obtain

2
idH" = (n—1 il = ——== | dH""! / RydH"!
TL/QnAJ ur 7{ (n )./;nfl ur [ 1'+ J)(] 7{ _F Sn—1 4 7{
1-JX
I -1 17d n—1 d n—l.
(n )/Sn_lux T JX H +/Sn_1R4H
The first integral on the right-hand side can now be estimated with the help of (4.6) by

1-JX ., L-[JXP s
‘/Sl UTi TIx dH /Sni1 uzT dH

‘(14 JX)?
Joining the preceding estimates we finally arrive at

< c(n) [[lulliyr2 + [ollfyr.2]-

< c(n) [lullfyrz + [Ill.2].

(4.12) ’ / ux; dH" !
Sn—l

For components y,, with « = 1, ...k, i.e. those ones corresponding to the functions v,
we argue as before, in the case of the components ;. Using again the area formula and the
barycenter condition (4.4) for the y,-components we have

/ udH"—lz/ uJXdH"‘l—i—/ v(l = JX)dH"
Sn—l Sn—l Sn—l

:/de"—1+/ v(l - JX)dH"
r Sn—1

B 1 - [JX]?
_ _ n—1 _ n—1
*/Sn_lv(l JX)dH /571_1”71+JX dH™ L

Together with (4.6) this leads us to

/ vdH" !
Sn—l

Step 4. Consequences of assumption (4.5) on the mixed second order moments.
(From (4.5)we getfori=1,...,nanda =1,...,k that

OZ/xiya dH™
r

(4.13) < e() [Ilullfyr.2 + [olffyr.2]-

:/ (1 +w)zva JX dH™ !
Sn—l

1—[JX]?
B \/Sn—l xiva dHn71 + \/Snfl |:inaUJX — -Ti/UOé %

(From (4.2) and (4.6) we therefore conclude that

dH™ L.

@.14) [ @t < o [l + oloe]
Snfl

holds forz =1,...,n.
Step 5. The final conclusion. We consider the expansion of v and v into the corre-
sponding Fourier series

u= > ayYie and v=7 "% biYj
j=0 £=1 Jj=0¢=1
where {Y;,: j € Ny, £ = 1,...,m;} stands for the orthonormal basis of spherical har-

monics in L?(S™ 1), i.e we have

_ASn—li/}}f 2](_] +n — 2)ij7g forjeN,, =1,... ;M.
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Here, m; denotes the dimension of the eigenspace associated to the eigenvalue j(j+n—2).
Note that m; = n and the precise value of m; is given for j > 2 by

— n+j—1\ (n+j-3
T\ n—1 n—1 )

}7 j/ n—1 __
/ L J1.l1 L j2,l2 dH - 5j1,]'26£1f2'
Sn—

The coefficients of the Fourier expansions of v and v are obtained by

Moreover, we have

ajy ::/ uYj e dH" ' eR and bje ::/ vYj dH" ' e R*.
Sn—l S

n—1

In terms of the Fourier coefficients the L2-norms of « and v can be expressed as follows

oo My oo My

/Snil u2 d’}-[n—l = ZZG?,K’ /57171 |’U|2 dHn—l _ ZZ |bj,g|2,
J=0£=1 s =
Further, the L?-norms of the gradients of u and v are given by
oo My
/ ‘Vu|2d’)-[n—1 :sz(j+”—2)af7e
s j=1¢=1
and
oo My
2 n—1 __ . 2
/S [Vol? dH" ! = ;;m +n—2)[byl2

We note that Y, = 1/,/nw,, and Y7 ¢(x) = x¢//wy, for £ = 1,. .., n so that the zero order
coefficients a, and b, are given by a, = (1/\/nwy,) [ gno1 U dH"™ 1 respectively (b,)o =
(1/y/1@n) [gu-1 va dH™ ! for o = 1,..., k, and the first order coefficients are given by
are = (1/y/&m) fon s e dH™ respectively (br.o)o = (1/y/@n) fgn + weva dH™!
for¢ =1,...,nand « = 1,...,k. These integrals have been estimated before and we
recall the bounds here. For convenience in notation we abbreviate

oo My

I(u) ::ZZ [j(G+n—2)+1](aZ,+1bje*>)  forpeNg

Jj=p =1
and note that 1(0) = |Ju||?1.2 + [[v]|}1.2- (From (4.12) and (4.2) we infer the following
bound for a; := (a1,1,..,a1.0):

n

2
jar? = (ar0)? < efllullfie + [0l -]

=1
(4.15) < ceo[llullfyre + [[vlliy2] = e(n) e01(0).
Similarly, from (4.13) and (4.2) we obtain for b, € R* that
k
2 2
(4.16) o> =D ((bo)a)” < c[l[ullfrz + [0]l31.2] " < e(n) £,1(0).
a=1

(From (4.14) and (4.2) we obtain for by := (b1,1,...,b1,) that

n k
4.17) P =>"% ((b1.0)a)” < c[ulZpiz + [0 3m2]? < e(n) e, 1(0).
(=1 a=1

With respect to a,, we recall that we have to distinguish between the cases that either a, > 0
or that a, < 0. In the first case, i.e. when a, > 0 we start from (4.8) omitting the positive
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term [g,_, u? dH" "' on the right-hand side. Rewriting the resulting inequality in terms
of the Fourier-coefficients we obtain

co My

H YT — nw, > (n—1)y/nw, a, + 3 ZZ] (j+n-— 2)(a§75 + |bje|?) — ceoI(0)

j=14=1
> (n—1)y/nw, ap + +1(1) — ce,I(0)
= (n— 1)y/mwn ap + (4 — ce)I(0) — £ (a2 + [bo|?).

Here, we have used that j(j +n —2) > $[j(j +n — 2) + 1] for j > 1 in the second last
line. Using the bound (4.16) for |b,|? we find that

H" N T) — nw, > (0 — 1)y/nwy, ap + (3 — ce,)1(0) — 2a2,
with a modified constant c still depending only on n. ;From (4.2) we deduce that a, <
/nwré, and hence \/nw,a, > ag /€o. Therefore, choosing ¢, small enough we have
(n —1)\/nwy, a, > +a2 which yields that
H"HT) — nw, > (% — ce,)1(0).
Therefore, choosing ¢, sufficiently small we get
(4.18) H' D) — iy > 210) = 2 [[[ullfne + [0l .2)-

We now turn our attention to the case a, < 0. Here, we have the improvement from (4.11)
at hand, which can be rewritten in terms of the Fourier-coefficients as

H" N T) — nw, > 111(0) — ce,1(0),

where

oo My

ZZ i +n—2)—(n—1)] (a2, + L]bj >

=p =1

) for p € Np.

The term I1(0) we rewrite as follows
I1(0) = —(n — 1) (a2 + L|bo|?) + I1(2).
Since j(j +n—2) — (n—1) > 2[j(j +n —2) + 1] for j > 2 we have 11(2) > 5-1(2)
and therefore
11(0) 2 —(n— 1) (a2 + 21bo?) + £1(2)
=(n = 1)(ag + 51bo*) + 5:1(0) = 55 (a5 + [bol*) = 3 (lan|* + [B1]?)
> 5,1(0) - n(ao +1b0l?) = 5 (lar]* + [01]?).
Inserting this above we have
H'HT) — nw, > (& — ceo)1(0) — Z(a2 + |bo]?) — % (Jar|” + b1 %),

Since a, < 0 we infer from (4.10) and (4.2) the following estimate for a,:

ag S C[Hu”%,vlz + ||UH%/V1,2}2 S CEyp [||u“%/[/12 + HU”%/VIZ:I S 0601(0).
Using also the inequalities (4.15), (4.16) and (4.17) we obtain from the second last inequal-
ity
@19 H"HT) = nwn > (g5 = c€0)1(0) = g 1(0) = g [lullfyr2 + vl 2],
provided €, > 0 is chosen small enough in dependence of n. This finishes the proof in the
case a, < 0. In any case we have the bound from below for the quantity H"~1(T") — nw,,
in terms of the W*-?-norms of v and v with the constant g-.

At this stage it remains to derive a bound from above for the asymmetry index in terms
of the L? norms of u and v. For this we use the homotopy formula. We connect S™~1
and T by the affine homotopy h(t,z) := tX(z) + (1 — t)(,0), t € [0,1], z € S"~L.
Then h(1,S5""!) = T and h(0,S"~!) = S"~1. The area of the affine connection can
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be computed by the area formula. To be precise we have (with &(x) = 74 A -+ A Tp—1
denoting the orienting vector field of S"~1)

d([I']) < m([I'] - a[D1])
< H" (hy([0,1] x $"71))

1
n—1

< sup / X = (2,0 T [tv/OFu)2 + [Vul? + [Vro? + (1) | ar !
] Sn—l

t€(0,1 =1

< 2"*1/ X — (2, 0)] dH" = 2“*1/ |(zu,0) + (0, v)| dH"™
gn—1 Sn—1

—2t [ VPR e,
Sn—1

where in the second last we used (4.2). With the help of Holder’s inequality and (4.18) if
a, > 0, respectively (4.19) if a, < 0 we further estimate

(X = @0) AN Dehlt, 2)élx) ]dH”—ldt

1
2

d([r]) < 2n! nwn</ [ul? + |v|? dH"1>
Sn—1

1
< 2" Nnwg [[[ullfs + oll]

< 2™/ 2wp/HHT) — nwy,.

This proves the quantitative isoperimetric inequality for spherical graphs in higher codi-
mension with a constant C, = [22"+1n3w2] 71, O

The next Lemma provides the possibility to tilt (rotate) (n — 1)-currents with second
order moments close to those ones of the flat (n — 1)-dimensional unit sphere in such a way
that the mixed second order moments of the tilted current vanish. Later on this will enable
us to guarantee that certain penalized currents arising from a sequence of currents con-
tradicting the quantitative isoperimetric inequality can be adjusted in such a way that the
mixed second order moments vanish. This adjustment will be important for the application
of the higher codimension version of Fuglede’s theorem, i.e. Theorem 4.1.

Lemma 4.2. There exists a constant €, = €,(n, k) € (0, 1] such that there holds: When-
ever T € R,,_1(R"*) has compact support and second order moments defined by

Mimwt [z@zdf] e Rimxe

satisfying
(4.20) |M—1,|| <e forsomee € (0,e,)
where I, : R"% — R"*¥ is defined by 1,,(x,y) := (x,0), there exists R € SO(n + k)
with
[R—1]| < c(n, k) e
such that for the second order moments of (R™1) 4T, defined by

M(R—l)#T = w;l/z®zd||(R71)#T||

holds

||M(R_1)#T — Hn” < 2¢e

and
(Miry01), 0 = [ a0 dI(R)T] =0

fori=1....nanda=1,... k.



Proof. We note that
]Inzwgl/ 2 ®zdH" 1 (2).
Sn=1x{0}

Therefore, the smallness assumption (4.20) ensures that the second order moments of 7'
are close to the second order moments of S"~1 x {0} € R"**. In particular, the mixed
second order moments of 7" are small. The idea is to consider the map ®: SO(n + k) —
R(+k)x(n+F) defined by

B(R) = /z @ 2d|(R™1) 4T = /Rz @ Rz d||T)|.

Evaluating ® at the identity we find that ®(I) = M. Next we compute the differential of
® at the identity. For a skew-symmetric matrix S € so(n + k) we consider its exponential
exp(tS) € SO(n + k) and compute

(D®(1); S) = %L:O@(exp(tS))
— %‘t:() /exp(tS)Z ® exp(tS)zd|T|

= / [Sz® 2z + 2 ® Sz]d||T.

Now, we fix a matrix A € L(RﬁR"), which is at our disposal, and define a skew-
symmetric matrix S € so(n + k) by

0 A
421 S = (—At 0)

and compute Sz = (Ay, —Atz). For the following computations we denote by e;, i =
1,...,n the standard basis in R™ and by e,, a = 1,. ..,k the standard basis in R¥. The
standard basis in R"** we denote by 71,..., 7,4+ and note that 7; = (e;,0) for i =
1,...,nand 74o = (0,ey) fora =1,... k. Then,fori =1,...,nanda = 1,...,k
we have (Sz2®2)inta = Yo Ti-S2) = yale; - Ay) and (2@ 52); nta = Ti(Thta - S2) =
—x;(eq - Alx) and hence

(D, 1 (I); S) = / [Va(e: - Ay) — zi(ea - A'2)]d||T].

Next, we compute
k

n
e; - Ay = Z yp(e; - Aeg) and e, - Aty = ng(eg - Aey,).
B=1 (=1
Recalling the definition of the second moments and writing M; ; := 7; - M7; fori,j =
1,...,n + k we therefore have

n

k
(DP;nia(D);S) =Y (€5 Aes)Musants — Y (er - Aca)Mig.
=1 (=1

We now choose A according to
(4.22) e; - Aeq = M; pnya fori=1,...,nanda=1,...,k
and find that

k n
<Dq>i,n+a(ﬂ)§ S> = Z M; g Mytants — Z My n+aMi e
B=1 =1
k n
= _Mi,iMi,nJra + Z Mi,n+ﬁMn+a,n+ﬁ - Z Me,n+aMi,€'
B=1 i =1
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Therefore, by Taylor’s formula and the fact that ®(I) = M we obtain for the mixed mo-
ments of (R~1) 2T with R = exp(S), i.e. for the components withi = 1,...,nandn+a
with a = 1, ..., k, that there holds

|<Di,n+a(exp(s))|
< |(I)i,n+a(]1) + <D(I)i,n+a(]1)7 S)|

+ 1 sup |D2<I>i7n+a(exp(t5))(exp(tS)S,exp(tS)S)
t€(0,1]

+ (D®; 510 (exp(tS)), exp(t5)52>|
< |q)i,n+a(]l) + <Dq)i,n+a(]l)a S)l
+3  sup [[D*@i 0 a(O)[[ISIP+ 5 sup [[D®inta(O)lIS]P
0€S0(n+k) 0€S0(n+k)

k n
§ ‘(1 - Mz,’L) M'L,n—i-oz + Z Mi,n+ﬁMn+a,n+ﬂ - Z Mg7n+OLML£
B=1 0£i,0=1

n k
(4.23) +c(n, k) Z Z h n+3

(=1 p=1
Here, we used the fact that there exists a constant ¢(n, k) < oo such that if
(4.24) M —L,| <1
then

D] + D0 < 4 [ |2 dT| < (n. ),

and thanks to (4.20), condition (4.24) is trivially satisfied. Similarly, we compute for ¢, j =
1,...,n that

k
(DO;;(1);8) =2 M;ni5Mjnis
f=1

which, in view of (4.24), leads us to

|®;,(exp(S)) = 85| < [®ij (1) = 65 5 + (DD, ;(I); S)| + c(n, k) || S|

k n k
S 62J+22M1n+ﬁMjn+B +C7’lk Z gn+6
B=1 (=1 pB=1
(4.25) <M, — ”|+cnkZZMzn+ﬂ

=1 p=1
Furthermore, for o, 3 = 1, ..., k we find that

n
<D(I>n+a,n+ﬂ (]I)v S> =-2 Z Mo pvaMinqs
=1

and hence, still using the fact that (4.24) holds,

|¢)n+a,n+ﬁ(eXp(S))| < |(I)n+a n+B(H) + <Dq>n+oc n+ﬁ( ) S) + C(TL k) ||S||2
k

+c(n, k) ZZMan

‘Mn—&-a n+pg — 2 Z MK n+o¢M€ n+3
/=1

n k

(4.26) < |Mn+a,n+ﬁ| + C(nv k) Z Z M€2,7L+[‘3'
=1 8=1



Finally, we also have
n k
(4.27) lexp(S) —T||* < e(n, k) [|SI* < e(n, k) Y > M7, 4.
¢=16=1

Here, we used the definitions of S and A from (4.21) and (4.22) and the fact that by (4.20)
the mixed second order moments satisfy (4.24), and therefore we have ||.S|| < ¢(n, k).

Now, we want to iterate this procedure. We set M(?) := M and R(”) := T and define
iteratively for h € Ny

0 A(h"l‘l) h
ght1) . (-(A(h+1))t 0 ) where ¢; - A"+ Ve, Mz(n)+a

and
M+ .= (R where RMHY = exp(St+) R,

Moreover, for h € Ny we define

" = (ZZ 'Ln+o¢‘ )1

i=1 a=1
and .
n n h h 3
S O SITETHES D) oD
i=1 j=1 a=1p=1
Then, from (4.20) we know that
(4.28) a® <e and B <e.

Moreover, from the preceding computations, i.e. from (4.23), (4.25), (4.26) and (4.27) we
infer that for h € Ny, provided (4.24) holds true for M (") then

(4.29) a D < Ga® (a® £ pM)) - pHD < p) 4 & (gM)?
and
(4.30) lexp(S™) —T|| < éa™

for some constant ¢ = é(n, k) > 1. In the following we assume that 3ée < % We will
prove by induction that

h
(4.31) a) < (3)" " and bW <) “(3ce)’

£=0
holds for any h € Ny. For h = 0 the assertion (4.31) is obviously satisfied by (4.28). Now,
assume that (4.31) holds for some h > 0. (From (4.29), (4.31) and the fact that 3ce < %
we find that

h
at < za® (@™ 4 pM) < & (38T [(3c)h h+1 —I—EZ (3ce) }
£=0

h
= (3&)“15“2[ (3¢e)" + %Z (3ce) } (3¢)tieh+2,
=0

Further, from (4.29), (4.31) and the fact that 3ce < % we infer
h+1
b < ph) 4 (o) 2 < 52 3ée) 4 ¢ (3¢)%he? 2 < EZ 3ée)*
£=0 £=0

The last two inequalities establish the assertion (4.31). We note that (M) < 2¢ and oM <
. Then |[M™ —T,|| < 3¢ < 1 and therefore the condition (4.24) is fulfilled for any
h € Ny.
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Next, we prove that R is a Cauchy sequence. This follows from (4.30), (4.31) and
3ce < 3 since

-1 -1
HRUHLZ) _ R(h)” < Z ||R(h+i+1) _ R(h+i)H < Z || eXp(S(h+i+1)) _ HH HR(thi)”
i=0 i=0
-1 -1
<y aT < eg(3ee)" Y (3ee) < eé(3ee) < 27 e,
i=0 i=0

Therefore, there exists Ry, € SO(n + k) such that R") — R, as h — oo and from the
preceding inequality with h = 0 and £ — oo we obtain

[Roo —1J| < Ce.

Next, we observe that ™ — 0 as h — oo. But this means that
[amadi@)e1) =0
forany:=1,...,nand a = 1, ..., k. We remark that by (4.31) we also have
Mo — 1| <2, where M, :=w,' /z ® zd||(R) 4T
This completes the proof of the lemma. O

5. A PENALIZATION PROCEDURE

We start this section with the definition of an auxiliary functional which will play a cru-
cial role in the final proof of the quantitative isoperimetric inequality. For given constants
C1,8 > 0and A > 1 we define the variational functional F: R,,_; (R"**) — [0, 00) by

F(T) := M(T) + C1|dy(T) — 8| + Ajm(T) — w,].

The presence of the two penalization terms forces a minimizer on one hand to have an
asymmetry index close to ¢ (and since d will be small in the application, close to zero), and
on the other hand to make m(7") close to w,,. Heuristically, this means that minimizers will
be close to a flat n-dimensional disk. However, a subtle interplay between the area term
and the two penalization terms will take place. The following lemma ensures the existence
of F-minimizers.

Lemma 5.1. Let R > 1. Then, there exists a minimizer S € R,_1(R"**) of the varia-
tional problem
(5.1) min {F(T) : T € Ry—1(R""*) with 0T = 0 and spt T C Bg}.
Proof. We use the direct method of the calculus of variations. Let {S;}%2, be a minimiz-
ing sequence, i.e. S; € R,,—1(R"*) with 9S; = 0 and spt S; C Bp and

lim F(S;) = inf {F(T): T € R,—1(R"**), 0T = 0, spt T C Bg}.

j—00

(From the definition of F we infer that

sup [M(S;) + m(S;)] < C < .

i>1
For each S; we choose a mass minimizer (S;) with boundary 0Q(S;) = S, and
spt Q(S;) C Bg. Since M(Q(S;)) = m(S;) we have

[M(S5) + M(Q(S)))] < C < oc.

sup
j=1

In this situation the compactness Theorem 3.2 ensures the existence of a current @ €
R, (R"**) and a (not relabeled) subsequence such that Q(S;) — @ with respect to the
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Fi,c-topology. By Theorem 3.1 we also have Q(S;) — @ with respect to weak conver-
gence in R, (R" ). This implies S; — S := Q weakly in R,,_; (R"**) and moreover
spt ScB r. Now, the compactness theorem for mass minimizing currents [21, Theorem
34.5] ensures that @ is mass minimizing with respect to its boundary S , 1.e. we know that
@ = Q(§ ). Moreover, from [21, Theorem 34.5] we also conclude that

(52) Jim M(Q(S;)) = M(Q(S)).

Finally, we note that spt Q(§) C Bp, by the convex hull property, since spt S is contained
in Bg. At this point it remains to prove that there holds

(5.3) F(S) < lim F(S,).
J—o00

We first note that the lower semi continuity of the mass with respect to weak convergence
of currents implies

(5.4) M(S) < liminf M(S;).
J—00

Next, we let [ D] be a flat n-dimensional disk with radius 1 realizing d; (S) up to an error
e > 0, that is we choose [D] such that there holds m(S — 9[D]) < d;(S) + €. Since
S; — S with respect to the F,.-topology and since both currents are supported in Br we

conclude from Lemma 3.3 that m(.S; — S) < e for j > 1. We therefore find that
di (S;) < m(S; — 9[D]) < m(S; — §) + m(S — I[D]) < dy(S) + 2.

Similarly, we can also obtain a reverse type estimate. For j € N we denote by [D,] flat
n-dimensional disks of radius 1 realizing up to an error ¢ > 0 the quantities d;(.S;), that
ism(S; — 9[D;]) < d1(S;) + €. We therefore find that

di(S) < m(S - 9[D;]) < m(S - 5;) + m(S; — I[D;]) < di(S;) + 2e.
Combining the two preceding inequalities yields

(5.5)

i di(S;) = di ().

J

Joining (5.2), (5.4) and (5.5) and recalling the definition of the functional F yields the
claim (5.3) and therefore finishes the proof of the lemma. U

Next, let us recall the notions of A-minimizing and almost minimizing currents.

Definition 5.2. For A > 0 we say that S € R,,_1(R"*) is \-minimizing in R"** if for
any P € R, (R"*F) there holds

M(S) < M(S + OP) + AM(P).

For a given radius g, > 0 and a given modulus w: (0, g,] — [0, c0) one says that a current
S € Ry—1(R™*) is (M, w)-minimizing in R"** if

M(S) < M(S + X) + w(o) M(SLK + X)

holds for any X € R,,_1(R"**) with X = 0 and support contained in a compact set K
which is contained in a ball of radius o < g,.

In the next lemma we establish that minimizers of the variational problem (5.1) are
A-minimizing and almost minimizing.

Lemma 5.3. Let C;,0 > 0, A > 1 and R > 1. Suppose that S € R,,_1(R"**) is a
minimizer of the problem (5.1). Then, S is A-minimizing in R"** with A\ := C; + A.
Moreover, S is (M, w)-minimizing in R"** with w(o) := 4o and g, := 1/(2)).
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Proof. By p: R"** — By we denote the spherical projection of R"** onto Br. Now,
let P € R, (R""*). Since spt(S + dpyP) C Bg and O(S + dp4P) = 0 we have that
S + Opy P is an admissible comparison current for the minimizer S. Therefore, by the
minimality of S we have

M(S) 4 C1|d1(S) = 6] + Alm(S) — wp|
<M(S + pgdP) + Ci|d1 (S + pg0OP) — 6| + Alm(S + pxOP) — wy|.

Since p4S = S (note that spt S C Bpr) we have

M(S + pgdP) = M(px(S + 0P)) < M(S + 9P),
and the last two inequalities therefore imply

M(S) < M(S + 0P) + C1|d1 (S + pgoP) — d1(5)]
(5.6) + Alm(S + px0P) —m(95)|.
In the following we shall bound the last two terms by a constant times M (P). In order to
proceed in this direction we choose a mass minimizer (S subject to the boundary .S, and
moreover a mass minimizer Q(S + p4x0P) with respect to the boundary S + p.JP; this
means that m(S +px0P) = M(Q(S +px0P)) and m(S) = M(Q(S)). Moreover, both

currents have support in B, since spt S and spt(S + px9P) are contained in Br. Using
the fact that d(py P) = px(0P) we find

O(Q(S) +puP) =S+ 0(pygP) =S + puOP,

and together with M(p4P) < M(P) and the minimizing property of Q(S + px0P) we
obtain

m(S + px0P) < M(Q(S) + pxP) < m(S) + M(P).
On the other hand, we also have
NQ(S +pu0P) —pyP) = S+ ppdP — 0(p4P) = S.
This allows us to utilize the minimality of Q(.S) to deduce
m(S) < M(Q(S + py0P) — pyP)
< M(Q(S + p#0P)) + M(py P) < m(S + py0P) + M(P).
Together, we have shown that
5.7) [m(S + p4OR) — m(S)| < M(P).
In order to estimate the second term on the right hand side of (5.6) we first recall that
O(p#P) = pxOP which allows us to compute
m(pydP) = m(d(pyP)) < M(pyP) < M(P).
Denoting by [D] a flat n-dimensional unit disk in R"** realizing d; (S) up to an error of
e > 0, thatis m(S — 9[D]) < d1(S) + ¢ we find that
dq (S + pgdP) <m(S + pxoP — J[D])
<m(pydP) +m(S - 9[D])
<M(P)+di(S) +e.
Similarly, denoting now with [D] a flat n-dimensional unit disk in R"** which realizes

d; (S+p40P) up to an error of ¢ > 0, thatis m(S+px0P—9[D]) < d1(S+p4x0P)+e
we obtain

dy(S) < m(S — 9[D]) < m(pxdP) + m(S + pxdP — d[D])

<
< M(P) +di (S + py0P) +e.
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Joining the last two estimates and letting € | O we infer that
(5.8) |d1 (S + pgoP) —di(S)| < M(P).
Inserting (5.7) and (5.8) into (5.6) we arrive at
M(S) < M(S +9P) + (C1 + AM(P),
i.e. S is a A-minimizing current in R™t* in the sense of Definition 5.2 with A = Cy + A,
and this proves the first assertion of the Lemma.

The second assertion, i.e. the (M, w) minimality is now an easy consequence of the
A-minimality. For this it is sufficient to consider the case when z, € R™* and ¢ €
(0,1/(2A)] are such that B,(x,) N Bgr # 0, since in the case B,(z,) N Br = () the almost
minimality holds trivially, because M(S LK) = 0. Note that K is a compact subset of
B,(z,) and the support of X is contained in K. Now, let X € R,,_1(R" %) with X =0

and spt X C K C B,(z,) and choose P := x,xX. Then, spt P C B,(x,) and 0P = X.
¢(From the A\-minimality and M(P) < 2M(X) we obtain

M(S) < M(S + X) + Ao M(X)
<M(S+X)+ o (M(SLK + X) + M(SLK)).
Since (S + X)L (R"**\ K) = SL(R"** \ K) the preceding estimate is equivalent to
M(SLK) < M(SLK + X) + Ao (M(SLK + X) + M(SLK)).

This inequality can be rewritten as (note that o < g, = 1/(2)))

1+ A
M(SLK) < 1 . Ag M(SLEK +X) < (1+4X\g) M(SLK + X).
Adding M(S L (R™**\ K)) to both sides of the previous inequality then yields the second
assertion of the lemma. g

(From [9, Lemma 2.2, Remark 2.4] we have the following

Lemma 5.4. Suppose that S € R,,_1(R" %) with S = 0 is a \-minimizing current.
Then, the following assertions hold:
(i) Ifz, € spt S, then (0,1) 3 g — o~ "~VeAM(S L B,(,)) is nondecreasing.
(i) Ifz, € spt S, then the (n — 1)-dimensional density satisfies ©"~1(||S||,z,) > 1
and moreover there holds
M(S'LBy(x,))
Qn—l
(iii) The density function x — ©"~1(||S||, z) is upper semicontinuous on spt S, i.e.
limsup ©" (|| S]], ;) < ©"1(||S]], )

J—00

<e*M(S)  forany g € (0,1).

w1 <

whenever x; — x.

The following lemma is a modification of [21, Theorem 34.5] for A-minimizers. We

state the result in a more general form for A-minimizing currents .S; with possibly non-
vanishing boundary 05;. However, in the application we will have 9.5; = 0. The proof
follows almost verbatim along the lines of the one in [21, Theorem 34.5] and therefore we
skip it.
Lemma 5.5. Let A > 0 and suppose that S; € Ry,—1(R" %) is a sequence of \-mini-
mizing currents in R"T*_ If S; — S holds locally with respect to the F\,.-topology and
sup; ey (M(S;) + M(0S;)) < oo, then S € Ry_1(R™*F) is A-minimizing in R"*.
Moreover, we have ||S;|| — ||S|| in the sense of Radon measures.
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Lemma 5.6. Suppose that in addition to the assumptions from Lemma 5.5 the currents
S; are closed, i.e. that 0S; = 0 holds true. Then, sptS; — spt S in the Kuratowski
convergence, that is
() ifx; € sptS; for any j € N, then any limit point x belongs to spt S.
(ii) for every x € spt S there exists a sequence {x;}jecn with x; € sptS; for any
7 € N converging to z.

Proof. For the proof of assertion (i) we consider a sequence x; € spt S; and a limit point
x. Assume that = ¢ spt S, then there exists ¢ > 0 such that B,(z) Nspt S = () and hence
M(S L B,(z)) = 0. Further, there exists a subsequence of x;, still denoted by z; such
that x; — . Then, by Lemma 5.4 (ii) we have

(5.9) wn—1(0/2)" e < M(S; LBy 2(x;

))
provided j is large enough to ensure that B, /»(2;) C B,(x). On the other hand, we know
from Lemma 5.5 that
limsup M(S; L B,(z)) < M(SLB,(z)) =0
Jj—o00

which contradicts (5.9). Therefore, it must hold that x € spt .S.

In order to prove assertion (ii) we suppose that there exists x € spt S and ¢ > 0 such
that {j € N : B,(x) NsptS; = 0} is not finite. Together with Lemma 5.4 (ii) and the
lower semi continuity of the mass this yields a contradiction, since

wn_10" e < M(SLB,(z)) < h}Ef},}fM@j LB,(z)) =0.

< M(S] I_Bg(l‘)),

Hence, for any € spt.S and any o > 0 the set {j € N : B,(z) Nspt.S; = 0} is finite.
But this means that there exists a sequence x; € spt.S; such that z; — x. U

Remark 5.7. A similar reasoning shows that the set {j € N : H NsptS; # 0} is finite
for every compact set H C R™" \ spt S. ]

Lemma 5.8. Let A > n and R > 1. Then any minimizer of the functional
F(T):=M(T)+ Am(T) — w,|
in the class {T € Rn,_1(R"™%) : 9T = 0, sptT C Bgr} is the boundary of a flat n-

dimensional unit disk with support in BRy.

Proof. ;From Lemma 5.1 applied with C'; = 0 we infer the existence of a minimizer S €
R 1(R"*) of F with support in Br. In the following we prove that S is the boundary
of flat n-dimensional unit disk [D;]. By the minimality of S we have F(S) < F(9[D1])
for any flat n-dimensional unit disk [D;] with support in B, i.e.

(5.10) M(S) + Alm(S) — wy| < M(I[D1]) = nwy,.

Suppose that m(S) > w,, then we have M(Q(S)) = m(S) > w,, for any mass mini-
mizer Q(.S) subject to the boundary condition 9Q(S) = S. Therefore, the isoperimetric
inequality from Theorem 3.4 yields that

i n—
M(S) > nwi M(Q(S)) " > nwh,
contradicting (5.10). Therefore, it cannot happen that m(S) > w,. Next, we assume
that m(S) < w,. Then, there exists 0 < r < 1 such that M([D,]) = m(S). Since
m(S) = M([D,]) = w,r™ inequality (5.10) can be rewritten as
M(S) + A1 — r™)w, < nws,.

On the other hand, we know from Theorem 3.4 that M(S) > nw, "1 which together
with the last inequality yields

Al —7") <n(l —r"1),
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But this contradicts the assumption A > n and therefore we must have m(S) = w,,. Using
the isoperimetric inequality from Theorem 3.4 we deduce F(S) = M(S) > nw, and
equality holds if and only if S = J[D4] for some flat n-dimensional unit disk [D;] with
support in Bp. (]

6. PROOF OF THE QUANTITATIVE ISOPERIMETRIC INEQUALITY

The first result of this section enables us to reduce the problem to a situation where we
only have to consider currents with compact support. Roughly speaking the Lemma asserts
that any closed current 7' with m(7") = w,, can be truncated in such a way that the asym-
metry index d decreases at most by a multiplicative constant 1/C while the isoperimetric
gap increases at most by a multiplicative constant C, where C = C(n) > 1. The result
of the truncation procedure is a current with support in a ball of radius R, which depends
only on the dimension n. The content of the Lemma is the higher codimension analogue
of [17, Lemma 5.1] and the arguments used here are similar to the ones used therein.

Lemma 6.1. There exist a constant C = C(n, k) > 1 and a radius R, = R,(n) > 1
such that for every T € R,_1(R""*) with OT = 0 and m(T) = w,, we find T' €
Ro—1(R"*) with 0T' = 0, m(T") = w,, and spt T' C Bp, satisfying

(6.1) d(T) < C(d(T") +D(T)) and D(T') < CD(T).

Proof. We start by assuming that D(T) is sufficiently small, that is D(7") < p where p <
%(2% — 1) is to be chosen later. Next, we choose a mass minimizer Q(7) € R,,(R"+¥)
with boundary 7'. For ¢t € R we define the slices

(Q(T),t—) :==0(Q(T)L{z1 < t}) = TL{z1 <t}

and

(Q(T),t4) == —-0(Q(T)L{x1 > t}) + T L{z1 > t}.
We note that (Q(T),t—) = (Q(T),t) for all but countably many values of ¢ € R which
are characterized by the fact that M(Q(T) L{z1 = t} + M(TL{z; = t} > 0 (cf. [21,
28.6,28.71, [13,4.2.1, 4.3]). The common value will be denoted (Q(T), t). First of all, we
observe that
(6.2) M(O(Q(T)L{zy < t})) < M(TL{z < t}) + M((Q(T),t-))
and
(6.3) M(O(Q(T)L{zy > t})) < M(TL{z1 >t}) + M((Q(T), t4))
hold for any ¢ € R. Next, we define the function g: R — [0, 1] by

o(t) = M(Q(T) L{z1 < t}).

Wn,

We note that g is non-decreasing, differentiable for a.e. ¢ € R and continuous from the
left. We now set

a:=inf{t e R:g(t) >0} and b:=sup{teR:g(t) <1}

such that —co < a < b < ooand 0 < g(t) < 1forany ¢ € (a,b). In case that a > —o0
this means that g(a) = 0, while for a = —oo we have ¢g(t) | 0 as ¢ — —oo. The same
holds for the right end point b, that is g(b) = 1 when b < oo and g(¢) — 1 as t — oo when
b = 0o. Moreover, we define

N :={t €[a,b] : M(Q(T) L{z1 = t})+M(T L{z1 =t}) > 0 or ¢/ (t) does not exist }.

The preceding arguments show that NV is a set of measure zero, i.e. £!(N) = 0. Moreover,
by [21, 28.9] we have

6.4) M((Q(T),t)) <wng'(t)  foranyt € [a,b]\ N.
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(From the definition of g we infer for any ¢ € (a, b) that

M (g(6) * (QUT) L{ar < 1)) = 9() " M(QT) L{w1 < t}) = wn = M(ID1])

which by the isoperimetric inequality from Theorem 3.4 implies that

1 n—1

nwp < M(@[g(t)_F(Q(T)L{xl < t})]) = g(t)” T M(A[Q(T) L{z1 < t})).

Here and in the following we write for simplicity AS instead of (ux)xS, where py(z) =
Az denotes the homothety. Joining this with (6.2) and assuming that ¢ € (a, b) \ N we find
that

(6.5) nwng(t)' ™7 < M(A[Q(T)L{z1 < t}]) < M(TL{z1 <t}) +M(Q(T),1)).

Our next aim is to infer a similar estimate from below for M(T'L{z; > t}) instead of
M(T L{z1 < t}). (From the definition of ¢ and the fact that the mass is additive on Borel
sets we infer for any ¢ € (a,b) \ N that

M((1 = (1) (QT) L{z1 > 1})) = (1= g(t) "M(Q(T) L {z1 > 1})

= (1= g() ™ (M(Q(D) - M(Q(T) L {a1 < 1}))

= (1= g(0) " (wn = M(Q(T) L{a1 < 1}) = M(Q(T) L{z: = 1}))

= (1= g(®) " (wn ~ M(QT) {1 < 1}))

= (1= 9(1) ™ (wn — wng(t)) = wn = M([D1]).
The isoperimetric inequality from Theorem 3.4 therefore ensures that
nwn < M(0[(1-9(1) ™% (QT) a1 > 1})] ) = (1—g() ™7 M(D[Q(T) L {1 > 1})
which together with (6.3) yields for any ¢ € (a,b) \ N that
nwn (1= g(t)' =% < M(9[Q(T) L{z1 > t}])

(6.6) <M(TL{zy > t}) + M((Q(T),1)).

Adding the inequalities (6.5) and (6.6) and taking into account that M(T'L{z1 =t}) =0
fort € (a,b) \ N we find that

nwn (9(8) 7% + (1= g(8))' %)
<M(TL{zy <t}) + M(TL{z; > t}) + 2M(Q(T), 1))
=M(T) + 2M((Q(T), t)).

Recalling the definition of D(T'), i.e. the fact that M(T) = nw,, (1+D(T")) we can rewrite
the preceding inequality as follows:

67 M(QT),1) = tnwa (U(g(t) - D(T)  forany t € (a,b)\ N,
where the function ¢: [0,1] — [0,2% — 1] is defined by
PYt) = t1m 4 (1 —t) 7w — 1.

We note that 1(0) = (1) = 0, that 1)(1/2) = 2= — 1 is the maximum, and that 1 is
concave, so that

(6.8) ¢(t) >2(2% — 1)t foranyt € [0, 1].
Next, we define J, := 2D(T") and set
ty == sup{t € [a,b] : ¥(g(t)) < do, g(t) < 1/2}
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and
to :=1inf{t € [a,b] : Y(g(t)) < d,,g(t) > 1/2}.

We first note that ¢; is well defined since g(a) = %(g(a)) = 0if @ > —oo and
g(t),¥(g(t)) | 0ast | —oo when a = —oo. Similarly, ¢ is well defined since g(b) = 1
and ¥(g(b)) = 0if b < oo and g(¢t) T 1 and ¢(g(t)) | O ast T oo when b = .
(From the choice of ¢; and t» and the left continuity of g we infer that ¢(g(¢1)) < J, and
¥(g(ta+1)) < 8, which together with (6.8) and the fact that (2% —1)~* < n/log2 < 2n
implies that

9o
o =
2(2% — 1)
The choice of ¢; and t2 also implies that

P(g(t)) > o forany t € (t1,t2).
By (6.7) and the definition of §,, we therefore have for any ¢ € (¢1,¢2) \ NV that

M((Q(T), 1)) > gnwn(¥(9(t)) — D(T))

6.9) g(t1) < nd, and 1—g(ta+1) <

= Lnontb(g(t)) + Snwn ((g(t)) — 2D(T))
> Tnw,v(g(t) + Tnw, (6, — 2D(T))
(6.10) = Jnwntp(g(t)).

‘We now define

tods ¢ ds
H(t) .7/0 o) 7/0 e TR T fort € [0, 1].

Note that H is C1((0,1)) N C°([0,1]) and
bods
H(1 :/ —— =:a(n) € (0,00).
M= | 55 =m0
(From the definition of H, (6.4) and (6.10) we infer that

d o 29'(t) n
2%H(g(t)) = Slet) > 5 >1 foranyt € (t1,t2) \ NV

which after integration over (1, t2) implies

9(t2) g

61D tr—ty < 2(H(g(t2) — H(glt:)) =2 /( ity S

Next, we use [21, 28.10], the definition of the function g, (6.8) and the fact that ¢)(g(t1)) <
d, = 2D(T) to compute

/t_l8 M ((Q(T), t+)) dt < M(Q(T) L{z1 < t1}) = wng(t1)
< g vlan) <

D(T) < 2nw,D(T).

Denoting by
Sy = {t ety —8n,t1]: M(Q(T), t+)) > w,D(T)}
the sets of those ¢ in which the slices (Q(T),t4) have mass at least w,,D(T), we infer

from the preceding inequality that

*t

wnD(T)|S4 | g/ M((Q(T), 1)) dt < 2nw, D(T),

t1—8n
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which means that |Sy | < 2n and therefore
[t1 — 8n,t1] \ (S+ US_ UN)| > 4n.

Therefore, we can find 7 € [t; — 8n,t1] \ (S US_ U N). By the definition of Sy this
means that we have

(6.12) M((Q(T), 7)) < w,D(T).

Here we used that (Q(T'), 71) = (Q(T), (11)+) = (Q(T), (11)—) by the choice of 71. A
similar reasoning as before, i.e. using [21, 28.10], the definition of g, (6.8), the symmetry
of ¢ and the fact that ¢ (g(t2 + 1)) < 6, = 2D(T"), we can estimate

/t P MUQUD), 1)) di < M(QUD) L > 15 + 1))

2+1
=M(Q(T)) —M(Q(T)L{z1 <tz +1}) = M(Q(T) L{x1 = t2 + 1})
< M(Q(T)) M(Q(T) L{:El <tg + 1})

— (1= glts +1)) < Z(Qn st ) 902 + 1) < 2menD(T)

The arguments from above now yield the existence of 72 € [t2 + 1,%2 + 8n] \ N such that

(6.13) M((Q(T), 7)) < w,D(T).

At this stage we define @ = Q(T)L{n <z <12} (From (6.11) and the definition of
71 and 75 we have the bound 75 — 71 < 2ac + 16n. Moreover, from the definitions of g and
0, and (6.9) we obtain

M(Q) = M(Q(T)) — M(Q(T) L{z1 < 71}) - M(Q(T) L {z1 > 1})
— w, (1= g(n)) —wn (1 — g(r2)) + M(Q(T) L{z1 = 7})
= wn(l=g(m)) —wn(l - g(2))
> wn(1=g(t1)) —wa(l—glt2+1))
> wn (1= 2nd,) = w, (1 — 4nD(T)).

Next, we define T:= 8@. From the choices of 71 and 75 we infer that
M(T) <SM(TL{n <z <7}) + M{(Q(T), 7)) + M((Q(T), 72))
(6.14) < M(T) + 2w, D(T).

We now define

- i 1
T':=0cT  where o:= ( P ) < (1-4nD(T)) ™ z
M(Q)
Then, sptT” is contained in a strip [}, 73] x RN~ of width 75 — 7| < 2% (2a + 16n).
Moreover, we have

M(Q(T")) = M(Q(oT)) = M(aQ(T)) = 6"M(Q(T)) = wn.

At this stage it remains to prove (6.1). Recalling the definition of 7", using (6.14) and the
fact that M(T') = nw,, (1 + D(T)) we get

M(T") = 0" 'M(T) < 0"} (M(T) + nw,D(T)) = nw,o™ (1 + 2D(T)).
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At this point we use the definition of o and the assumption D(T') < (2% —1) < & to
compute

. 1+ 2D(7) L +2D(T)

0" 1(1 4 2D(T)) < =D )= = 1= 4nD(D)
5nD(T)

<1t pp S 1 10nD(T)

Inserting this above yields
M(T") < nwy, (1 +10nD(T))

which proves the second estimate in (6.1). Finall}i the first assertion ~in (6.1) can

be achieved as follows: Using the bound m(7 — T') < M(Q(T) — @) (note that
AQ(T)—Q)=T—0Q =T — T) together with (6.12), (6.13) and (6.9) we obtain

m(T - T) < M(Q(T) L{z1 < mi}) + M(Q(T) L{z1 > 72})
=wn(g(m) +1—g(m2)) <wn(g(tr) +1—g(t2+1))
< 2nwpd, = dnw, D(T).

We now let [D; /] be the disk with radius 1/¢ in R"** which realizes d(T") up to an error
e>0,ie. m(T —3[Dy),]) < d(T) + ¢ (recall that M(Q) = w,, /™) and let [D;] be
the disk of radius 1 lying in the same n-dimensional plane as [D; ] and having the same
center. Then, we get

d(T) < m(T - 9[D1]) < m(T = T) + m(T — 9[D1,]) + m(d[D1/,] — [ D1])
< 4w, D(T) +d(T) + & + wn(1 — o~ ™) < d(T") + CD(T).
In the last line we used d(T') = d(T”) and
1—0"=1-(1-4nD(T)) = 4nD(T).

This proves also the first inequality in (6.1). Starting from 7" we repeat the same construc-
tion with respect to x5 provided that D(T”") < 10nD(T') < 10nu < %(2% —1). Thus we
get a new current 7”7 € R,,_1 (R"*¥) still satisfying (6.1) with a new constant and with
spt T” now contained in [7], 73] x [r], 73] x R"**=2 with 7, — 7/ and 75 — 7]’ bounded
by a universal constant. Thus, the assertion follows by repeating the argument with respect
to all the remaining coordinate directions and assuming g sufficiently small.

Finally, if D(T") > p then the result is easily obtained by taking 7" equal to a unit disk
with support in Bp, . O

In the final proof of Theorem 2.1 we shall also need the following regularity theorem
which can be viewed as the higher codimension version of [23], see also [22].

Theorem 6.2 (Regularity). Suppose S; € R,_1 (R"**) is a sequence of closed rectifiable
(M, w)-minimizing currents in R"* for a modulus w(o) = C,0 and with o, = 2/C,,.
Furthermore, suppose that ||S;|| — ||O[D]|| in the sense of Radon measures and that
spt.S; — spt J[D] in the Kuratowski convergence as j — oo and that sptS; C Bpg,
for some R, > 0. Then there exists j, € N such that for any j > j, there exist maps
uj € CH2 (8™ 1) and v; € CH2(S™1 R¥) such that the S; admit the spherical graph
representation

Sj = Xj,[5" ',
where the maps X;: S~ — R"** are defined for v € S"~1 by

Xi(z) := (1 +uj(z))(z,0) + (0,v;(x)) € R™tF,
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Moreover, the representing maps uj, v; satisfy for any o € (0, %)
(6.15) lim. (||uj||cl,a(sm) + ||vj||cl,u(sn_17Rk)) —0.

Proof. The proof will be divided into several steps. Before starting with certain geometric
constructions we recall that the Kuratowski convergence of spt S; — S"~! x {0} and the
fact that spt S; C Bp, ensure that for any € € (0, %] the inclusion

spt S; € {z € R dist(z, S"7! x {0}) < ¢}

holds true for all but finitely many j € N.

Step 1: Geometric simplifications. Points in R"** are denoted again by z = (z,y).
For a (relatively) open subset U C S"~! x {0} C R"** and 0 < s < % we consider sets
of the form

Nu(s):=|J {z+veR"™: o] <s,0 LT(S"" x {0})}.
zeU
Then, Ngn-1, (0} (s) is the tubular neighborhood of S™~! x {0} in R"™* of width s on
which the nearest point retraction 7: Ngn-1y 103 (s) — S™~! x {0} is well defined. For
z € §"71 x {0}, the vectors {2, e,41, . ..€e,4x} are an orthonormal basis of T;-(S™ 1 x
{0}). Hence, for points z = (z,y) € Ngn-1,10}(s) the nearest point retraction is given
by 7(z,y) = (\%I’ 0). The normal component z* of z has the form

S m e n(z) = () — (£0) = (& (]~ 1,9).
Now, if ¢: S~ x {0} D U — W C R""! is alocal coordinate chart then

(I)(l‘,y) = (@(W(x7y))’ |l‘| - 17y)

is a trivialization of N77(s). The image ® (N (s)) is the set W x B1+*(0). Denoting by
1: W — U the inverse of ¢, the inverse ¥ := ®~1: W x B1*(0) — Ay (s) is

\Ij(glag’n)y) = (b71(§/a§7l7y) = (1 + fn)w(gl) + (Ovy)v
whenever ¢ € W and (&,,y) € BLT#(0). We note that U maps a fiber {¢'} x BLT#(0)
with ¢’ € W isometrically onto ¢(&') + {v € Ty (S x {0}): |v] < s}

Without loss of generality we assume that W = By ~1(0) ¢ R~ for some ¢ € (0,1],
¥(0) = e, € R™* and Di(0) = I,_;. This can be achieved by a rotation in R"**
keeping {0} x R¥ fixed and a particular choice of the coordinate chart ¢, for example
by choosing ¢: By ~1(0) — R™™ as ¢(¢') := (&, /1—[¢'[?,0). We first compute
the derivative of ¥. With 0 = (7/,7,,w) € R*™ ! x R x RF and 2z = (¢, &,,y) with
¢ € Bp71(0) and (&, y) € BiT¥(0) we have

D¥(z)o = DY(E, &, y) (7, T, w) = (14 &) DY(E)(7', 0) +15(£)(0,70,0) + (0, w) .

€Ty ¢y (S™1x{0}) ET 5 ery (8™ 1x{0})

Therefore, taking into account that 0 < s < %, we have

[DU(2)a] < (L+ )7 sup [[DP]| + [ma] + [w]
Bg77(0)

<4 sup [Dyll|o]=C(%) o]
B;~1(0)

This allows us, whenever z = (&,&,,y), 2 = (€/,&,,7) € By=1(0) x BE*(0), to
estimate

|DY(z)0 — DU(Z)0]
< (1 + &) (DY(E) — DY(E)) + (& — Ea) DY(EN)T'| + |[0(€) — (€)] |7l
< 1+ &IIDY(E) — DY@ + |IDY(E)||én — EallT'| + 10(€) — %(E)| |7l
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<(1+s) sup [D*)| = €llr' [+ sup [ DY(|€n — Eallr'| + 1€ = €'l|7al)
B3~ (0) By~ (0

<((+5) sup [ID%ll+ sup [DY])(Ig' = €1+ |n = &al) (I7] + I7al)

By 1(0) By71(0)

<4( sup D2+ sup D)1 ) — (€ &I )l

B; 7' (0) B;~'(0)
= CW) (€, &) — (€, &I, 7))
The preceding estimate yields the Lipschitz continuity of D, that is
|DU(z) — DY) < CW) (€ 6n) — (&0,

whenever z = (£,&,,y), 2 = (£,6,,9) € B2(0) x BX**(0). A straightforward
computation now shows that also the map z € BJ~'(0) x BXT5(0) — A, _, D¥(z) €
LA, R*™* A, R""F) is Lipschitz continous, i.e. we have

A, DU =\, DUE)|| < C ) € 6) — (€.

Taking into account that Dv(0) = I,,_; where I,,_;: R"~! — R"** denotes the em-
bedding of R™~! into R™"** via the inclusion R"~1 x {0} C R"**, we obtain that
DY (0) = I,,4 . Hence, from (6.16) we infer the following bounds:

©17)  1-Cnu)e+s) <A DV <1+Cmu)o+s).
Step 2: Estimates for the parametric integrand. We define a parametric integrand

. n—1 1+k
F: By7'(0) x BIYF(0) x A\

(6.16) (

) R"+k N [07 OO)

n—

by letting
F(z,¢) == ‘/\n_1 qu(z)g‘.

Then, apart from the fact that the constant in the bound from below is not equal to one,
(6.17) corresponds to the hypothesis [10, (1.1)]. Moreover, the assumption [10, (1.5)] with
the Lipschitz modulus x(t) = Ct follows from estimate (6.16). The remaining hypothe-
ses [10, (1.2), (1.3), (1.6)] can be easily verified to hold. We omit the straightforward
computations and state only the corresponding estimates:

| Dy F(z0)| < C

2 C -1
HD(Q)F(ZaC)H < m |<|
i C i
||D(2)F(Z;C) - D(Z)F(ZaC)H < m |Z — Z‘

forall z, Z € By~ *(0) x Bi**(0) and 0 # ¢ € A,,_; R"**. Here the constant C depends
only on n and . Finally, the quantitative continuity of  +— Dé)F (z, ) follows from the
fact that D?, F(x, () is continuous on A\, , R"*%\ {0}. Therefore, we have

(2)
1D (2)F(2,¢) — DiayF(z,m)|| < v(I¢ —nl)

whenever ¢,n € A, R"* with |(] = 1 = |5|. Actually, a direct computation shows

1

Step 3: Reduction to (I, w)-minimizing currents. Now, let s € (0, 5]. From the
Kuratowski convergence spt S; — S™~! x {0} we conclude that the currents S; have
compact support in Ngn-1, (01 (s) for j € N large enough. Since d(74S;) = m4(05;) =
0, by the constancy theorem [13, 4.1.7] we find m; € Z such that 74.S; = m;[S"~! x
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{0}]. We claim that m; = 1. But this follows from the weak convergence S; — [S™ ™! x
{0}], because

[57~ x {0}] = w5 x {0}] = lim m8; = lim m;[5"~" x {0}]

implies that m; = 1 for j large. Therefore, discarding finitely many indices j € N if
necessary, we can assume that

TS = [[Snil x {0}] and spt S; e Nsn—lx{o}(s)
for all 7 € N. This allows us to define a global excess functional by
E(S;) :== M(S;) — M(7xS;) = M(S;) — nwy, = nw, D(S;).
Note that M(S;) — nw, as j — oo since ||S;]| — [|[[S™! x {0}]|| in the sense of Radon

measures.
We now fix s, o € (0, 3] small enough to have

C(n,¥)(o+5) < 3,
where ¢: By~1(0) — S™~! x {0} is the local parametrization from the Step 2. ;From
now on we omit in our notation the center 0 and write B;‘fl x Btk for short. We set
S} = S; '—Nw(B;"l)(S) and S} := ®45,. Then S} € R, 1(B)~' x Bi¥) and
S =W, S!. We have

M(S) = M(¥457) = / |(DW)57| d|1 S} || = / F(z,57)d||S] | = F(S}).
Here the associated elliptic integrand is defined by
F(z,0) = [(DW()ec| = |\ DY)

whenever z € By ™! x B and ¢ € A\,,_; R"™". Note that F is homogeneous of degree
one in the second variable. We now consider a compact set K which is contained in a
ball Bk (z,) C Bg_l x Bk For the radius r we assume that the smallness condition
C(y)r < 2/C,, holds true. Then, ¥(B"*¥(z,)) is contained in a ball Bgﬁfw(\l’(zo)).

We now consider X € R,_;(R"**) with 9X = 0 and spt X C K. By the (M,w)
minimality of S; (applied with the comparison current ¥ X, the compact set ¥ (K) which

is contained in the ball Bg@’f)r(\ll(zo))) we obtain that

F(SY) = M(S}) < M(S} + T X) + C(¢)CrM(S LU(K) + U4 X)
=TF(Sj + X) + C()CorF(S LK + X)
(6.18) <F(S! + X) + 3C()Cor M(S) LK + X).

In the last line we used the bound from above for the integrand F', i.e. the fact that

F(z,¢) < % Note here, that we have chosen p, s small enough. Hence, Sé/ is (F,w)-
minimizing in By~' x BT for the modulus w(r) := 3C(¢))Cr. Moreover, since
sptSj C Ngn-1x10y(s), we have spt 957 C 9By~ x Btk Actually, we can assume
that spt Sé»/ C Bgfl X B}ij spt 35;’ C 333*1 X B}ij for a given fixed 0 < p < 1 which
is still at our disposal, and moreover that S7/ is (IF, w)-minimizing in C,, := Bg_l x RItE,
For this we only need to discard finitely many j from our sequence. At this stage we keep
in mind that [|S7[| — [[[By~" x {0}]|| in the sense of Radon measures on C, and in the
sense of Kuratowski convergence.

Step 4: Regularity. In this step we want to apply the e-regularity theorem from [10] to

the currents S ;»' for large j € N. Therefore we need to check that hypothesis (1.18) — (1.20)
of [10] hold true. We first note that S ;»’ € Ry_1(R™*) and that S;/ = Sé-’ L C,. Moreover,
we have 957 LC, = 0. We denote by p: R"™* — R""! and q: R"™* — R** the
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orthogonal projections of R"** on R"~!, respectively on R!** ie. for z = (&,7) €
R"~ x R'"* we have p(z) = £ and q(z) = 7. Then, p4(S}) € R,—1(R"!) has no
boundary in Bg_l. By the constancy theorem [13, 4.1.7] there exist m; € Z such that
p4(SY) = m;[By~']. (From the weak convergence of S7 — [By~' x {0}] we easily
see that

(85711 = po(1B; ™ x {0}]) = lim peS = Jim m,[5;7].

and this implies that 7m; = 1 for large j and therefore p4 S} = [B}~']. Hence (1.18)
— (1.20) of [10] are fulfilled except from the fact that we can at this stage not ensure
that 0 € spt S;’ . At this point we note that the weak convergence in the sense of Radon
measures implies

E(S7, 0) = o' " [M(S] LCo) = M(p4 (5] LC,))]
(6.19) =o' [M(S/LC,) —M([B2! x {0}])] — 0,

as j — oo. Next, we claim that there exist z; = (0,7;) € spt.S7 with [n;| — 0. Indeed,
if such 7; would not exist, then 0 ¢ pxS7 and n; — 0 follows from the Kuratowski
convergence of spt S7 — By ! x {0}. Instead of S} we now consider Tj := S/ — z; =
‘rz_jl#S}’ , where 7, (z) := z + z; denotes the translation in R™**. For the projection
of T; onto R"~! we obtain pxT; = [BJ~']. Moreover, we have 0 € spt 7} and also
T; =T LC,. Finally, we obtain

OT;LCy = (1S ) LCy = 7. ,05] LC, = 7_,(05] LC,) = 0.

This proves that (1.18) — (1.20) of [10] are fulfilled by the currents 7} and it remains to
show that they are also (IF;, w)-minimizing in C,, for an elliptic integrand F'; and a modulus

w.Forz € By~ x B{{"* | “andand ¢ € A, _, R"™* we define the integrand Fj by

ﬁj(z,C) = F(z+2,()

and the corresponding parametric integral E by
Bi(1)i= [ By T@)d|T]

whenever T' € R, (B)~" B(lltkﬂ)s). Since [£| < pand |n| < psforany z = (§,n) €

spt S7 we infer that || < g and || < 2us for any z = (£,7) € sptT}. In order to

have spt T C clos(By~* x B(lfr_’it)s) we need that 0 < p < 3, which we will assume

from now on. At this stage it is straightforward to check that T7 is (I~Fj7 w)-minimizing in

BZ}_l X B(lfr_ ku)s. To be more precise: Let K be a compact set which is contained in a ball
BltF(z,) € Byt x BF | and X € R,,_; (R™*) with DX = 0 and spt X C K and

(1—p)s

C()r <2/C,. Then, from (6.18) we deduce that
F,(T;) <F;(T; + X) + 3C(4)CorM(T; LK + X).

n—

Hence, the currents T} are (Fj, w)-minimizing in By ! x B{|_,,)s for the modulus w(r) =
%C(w)er. The elliptic integrands ﬁj fulfill the assumptions (1.1) — (1.6) of [10] with
(C(n,9),C(n,y)t,C(n, k,1)) instead of (A, k, ) and with the modulus w(r). We note
that w(r) = C(3,C,)r. In particular the functions K(r) and §(r) introduced in [10,
(1.15)] are given by K(r) = C(n,)r and Q(r) = C (3, C,,)r. Finally, (6.19) yields also
that

E(Tj,0) = ¢' " [M(T; L.C,) = M(p4(T;L.C,))] — 0 as j — oo,
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It remains to check that ﬁj is an elliptic integrand in the sense that [10, (1.12)] holds true.
This means that there exists a positive constant C' such that the inequality

(F))-, (T) — (F)).,(S) > C [M(T) — M(S)]

holds true whenever S,T7 € R,_1(R"*) with the same boundary S = OT and S
is represented by an H"~! measurable subset of some (n — 1)-dimensional subspace in
R™*+* with constant orientation (n — 1)-vector field and 7" ~! summable positive integer
valued multiplicity. ;From [13, 5.1.3] we infer that this property is implied in case that

9 B . </\n—1 D\I}(Z)C7 n>2
<D(2)F( ng)] n> ‘/\n 1 §| [’An 1 |/\n71 D\I’(Z)CP
C I, <C,77>
21 [ o

holds true for some constant C' > 0. Again, from [13, 5.1.3] we see that any choice of 0 <
C < |[L7Y|=*||L|]? suffices, where L := A, , D¥(2): A, R*""F — A RHE
Now, (6.17) yields that C' can be chosen in dependence of n and . Altogether we have
shown that the hypotheses of the interior e-regularity theorem [10, Theorem 6.1] hold true
in the present situation. Therefore from [10, Theorem 6.1] we infer the existence of a

Cl-map g;: B"/gi — R** such that

T; |_(B”/3}l x R™*) = [graph(g;)].

Moreover, the derivative of g; has the modulus of continuity

Dg;(€) — D, (&) < C[E(Ty, 0) +1]* Vo — o] < C\/Je — o]

whenever £, &' € B"/S}l, where C = C(n, k,1). Here we used in the last step the fact
that E(7}, o) — 0 as j — oco. Therefore, also the original currents S} admit local graph
representations. In fact, we have

SY LBy, x RYF = [1; + graph(gy)]-

Note that ; — 0 as j — oo. Thus, we obtained a uniform C'z bound for the local
graph representations of S;’ . Therefore, by the Arzela & Ascoli theorem a subsequence
of (nj + gj)j>1 converges in C1* to a C*® map g for any a € (0,1). But from the
Kuratowski convergence we must have ¢ = 0. Therefore, the subsequence converges to
0 in C%<, and since the limit does not depend on the subsequence (as seen before it is
uniquely identified as ¢ = 0) the whole sequence converges in C*® to 0. Now, from the
local graph representation of S}/ the spherical graph representation on ) (s) of the

original sequence S; follows. Indeed
Sj LN (e 1) (8) = Uy + graph(g;)]-
Since finitely many sets of the form N, " anl)(s) cover the tubular neighborhood
o/34

Ngn-14 {0}(s) we obtain the desired spherical graph representation. O

Proof of Theorem 2.1. The proof is divided into several steps. First, since the asymmetry
index d(7T') and the isoperimetric gap D(T) are scaling invariant, we may assume without
loss of generality that m(7) = w,,. In this case the quantitative isoperimetric inequality
(2.1) reduces to

D(T) = M(ZBT_W > Cd(T).

n
Step 1: Reduction to currents with uniform bounded support and small isoperi-
metric gap. Here, we establish that it is sufficient to prove the quantitative isoperimet-

ric inequality in the following form: There exists a constant J, > 0 such that whenever
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T € R,_1(R™*) fulfills 0T = 0, m(T) = w,,, spt T C Bp, and D(T) < 6, then the
quantitative isoperimetric inequality

(6.20) D(T) > C di(T)?

holds true with a universal constant C; = Cy(n,k). Here, R, = R,(n) denotes the
radius from Lemma 6.1. Assume for the moment that such J,, >0 exists. NThenL forT €
Ro—1(R"HF) satisfying 0T = 0, m(T") = w,, and D(T) > 6,/C, where C' = C(n, k) is
the constant from Lemma 6.1, we have

402 C
2 < ‘;7” D(T),

o

d(T) < 4
i.e. the quantitative isoperimetric inequality with the constant 4wfl6 /d,. Here, we used
the fact that d; (7)) < m(T) +w,, = 2w,,. Now, if D(T') < §,/C then Lemma 6.1 ensures
the existence of 77 € R,,_1 (R"**) satisfying 0T’ = 0, m(T") = w,, and spt T’ C Bg,
such that d, (T") < C(dy(T") + D(T)) and D(T") < CD(T) < 6, hold true. Therefore,
we can apply (6.20) to 7” in order to have

di(T)? < 2C%(d\(T")? + D(T)?)

A2 1 5 ~2(C | 3
<20 (o D(T") + ¢D(T)) < 2C°(&; + €)D(D),
and this yields the quantitative isoperimetric inequality with the constant [25’2(()@1 +
).
Step 2: The contradiction assumption. In the following we argue by contradiction
assuming (6.20) to be false. Then, there exists a sequence of (n — 1)-dimensional currents
T; € Rp—1(R™*) with 9T = 0, m(T}) = w,, and spt T; C Bp, satisfying

M(T;) —
J; ::D(Tj)zwﬁo as j — oo,
NWy,
and
(6.21) §; < C1di(Ty).

Step 3: Convergence to a flat n-dimensional unit disk. We choose mass minimizers
Q(T}) € Rn(R™F) with 0Q(T;) = T} such that w,, = m(7}) = M(Q(T})). We note
that since spt T; C Bpg, these mass minimizers can be chosen to have also support in
Bp,, ie. sptQ(Tj) C Bg,. Since M(Q(T})) + M(T}) = wy, + M(T}) — (1 + n)wy,
in the limit j — oo, we have a uniform bound sup,cy(M(Q(T})) + M(T})) < oo and
therefore we can apply the compactness Theorem 3.2 to infer the existence of a current ) €
R (R"**) with support in B, and a (not relabeled) subsequence such that Q(T;) — Q
with respect to the F,.-topology. In particular, we have Fp,, (Q(T;) — Q) — 0 and
Fp,,, (Tj —0Q) — 0 in the limit j — oo, because spt T},spt Q(T;) C Bp, for any
jeN

Next, we claim the the limit @ is an n-dimensional flat unit disk in R"**. Applying
Lemma 3.3 we find that

m(T; — 0Q) < [c(n) M(T; — 8Q) + 1|Fp,, (T; — Q) — 0

in the limit j — oo. Note that this implies m(7;) — m(9Q) as j — oo. Using also
the lower semicontinuity of the mass with respect to weak convergence, i.e. the fact that
M(Q) < liminf; . M(Q(T})) = wy,, we obtain

wp, = lim M(Q(T})) = lim m(T}) = m(9Q) < M(Q) < wy,.
j—o0 j—o0

Hence M(Q) = wy,. Therefore, by the optimal isoperimetric inequality from Theorem 3.4
we must have M(0Q) > nw,. On the other hand, by the weak convergence 7; — 9Q the
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lower semicontinuity of the mass together with the convergence M(T;) — nw,, implies

M(0Q) < liminf M(T}) < nwy,.
J—00

Therefore, we have M(0Q) = nw,, and M(Q) = w,, which implies that in the isoperi-
metric inequality we have equality, so that ) = [D] for some n-dimensional flat unit disk
[D] € R***. Hence, we know that Q(7}) — [D] and T; — O[D] with respect to the
Foc-topology and also with respect to the weak topology. This implies in particular that
dl(Tj) —0 whenj — OQ.

Step 4: Penalization. Let A > 2n. For j € N we define penalized variational function-
als Fj: Rp—1(R"F) — [0, 00) by

Fi(T) :==M(T) + C1|dy(T) — di(T})| + ADm(T') — wy,|.

Here, C7; > 0 is fixed and will be chosen later on in a universal way in dependence on
n and k. ;From Lemma 5.1 we infer the existence of S; € R,,_1(R"*) with support
spt S; C Bp, minimizing the functional F; amongst all closed 7' € R,,—1(R"**) sat-
isfying spt T C Bpg,. By the convex hull property we can choose mass minimizing cur-
rents Q(S;) € R, (R"™*) with boundary dQ(S;) = S; and support in Bp,. Note that
m(S;) = M(Q(S;)). Since S; is F;-minimizing we have

F;(85) < F3(T5) = M(T;).
On the other hand, the following bound from below holds:

Fj(85) = M(S;5) + Am(S;) — wn).
The two preceding estimates imply the following mass bound
M(5S;) + m(S;) < M(S;) + Am(S;) < F;(S;) + Awn < M(T}) + Awn,

yielding a uniform mass bound for the sequences (S;) ey and (Q(S;));en. ¢From The-
orem 3.2 we infer the existence of a mass minimizing current Q, € R, (R"**) (mass
minimizing with respect to its own boundary 0@ .,) such that (up to a subsequence)
Q(S;) — Qo with respect to the Fjoc-topology. We also have 0Q(S;) = S; — 0Qo in
the F,.-topology (and therefore also in the sense of weak convergence of currents). Next,
we define the functional F,: R,—1(R"T*) — [0, 0) by

Foo(T) :=M(T) + Am(T) — wy|.
(From Lemma 5.8 we infer that the boundary 0[ D] of a flat n-dimensional unit disk with

support in B, minimizes Fo,. Using the minimality of S; and [ D] and the definition
of §; we obtain

Fi(85) < Fi(T5) = M(T}) = nwn (1 + 6;) = M(I[D]) + nwy,d;
= Foo(O[D]) + nwpdj < Foo(S;) + nwpd;.

By the definitions of F; and F, and (6.21) the preceding inequality can be rewritten in
the form

(6.22) C1]d1(S;) — di(T})| < nw,d; < nw,Cy di(T}).

Now, since d;(T;) — 0 as j — oo we also have d;(S;) — 0 as j — oo. Therefore, by
the definition of d; for any j € N we can choose a flat n-dimensional unit disk [D;] such
that m(S; — 9[D,]) < d1(S;) + % Therefore, S; — O[D;] — 0 as j — oo in the flat
metric (and also weakly). Now, since S; — 0Q we also have [D;] — 90Q . But this
implies [D;] — [D] for some flat n-dimensional unit disk with support in B, ; the latter
holds because spt Qo, C Bpg,. Therefore we have Q. = I[D]. Since Q. is mass
minimizing subject to the boundary O[D] we have Q.. = [D]. Here we use the convex
hull property (cf. [21, Remark 34.2 (2)] and the constancy theorem [13, 4.1.7]). Thus we
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have shown that Q(S;) — [D] as j — oo. Using again the minimality of .S; and (6.21)
we further get

M(S;)) + Alm(S)) — wy| < F;(S;) < F;(T;) = M(Tj)
(6.23) = nwy (1 +9;) < nw, (1 +C d%(Tj)).

Step 5: A\-mass minimality and almost minimality of S;. By Lemma 5.3 we know
that the currents S; are A\-minimizing in R"** with A\ := C; + A, that is for any P €
R (R™) it holds

M(S;) < M(S; + OP) + AM(P).
Moreover, they are (M, w)-minimizing for the modulus w(p) := 4X\p and with g, =
1/(2X), in the sense that there holds

M(S;) < M(S; + X) + 4 o M(S; LK + X)

whenever X € R,,_1(R"**) with 9X = 0 and support contained in a compact set K
which is contained in a ball of radius ¢ < 1/(2)). Recalling the uniform mass bound
sup;eny M(S;) < oo and the convergence S; — 9[D] in the Fj,.-topology we can con-
clude by Lemma 5.5 that ||S;|| — ||0[D]|| in the sense of Radon measures and, moreover
by Lemma 5.6 that spt .S; — spt 9[D] in the Kuratowski convergence. Moreover, for the
mass minimizers ()(.S;) we can conclude (by the same arguments) that ||Q(S;)| — ||[D]||
in the sense of Radon measures.

Step 6: Adjusting the mass constraint by rescaling. Here, we rescale .S; in order to
have for the rescaled currents S’ the mass constraint m(S7) = w,,. We set

1
wn \"
S; = \;5; where \; := (m(Sj))
such that m(S?%) = M(Q(S})) = A'm(S;) = w,. Here, Q(57) is the mass minimizing
current obtained by scaling the mass minimizing current Q(S;) by J;, that is Q(S}) =
Q(A;S;) == X;Q(S;). From [11, Chapter 1.9, Theorem 1] and the weak convergence of
Radon measures [|Q(S;)|| — ||[[D]|| we infer that m(S;) = M(Q(S;)) — wy,. Using
this and d; (7)) — 0 in (6.23) we see that limsup;_, ., M(S;) < nw,. Combining this
with nw,, = M(9[D]) and the lower semicontinuity of the mass with respect to weak
convergence (note that S; — J[D]) we obtain that

lim M(S;) = nwy,.
J—00

Since sup;eny M(S;) < oo and A; — 1 the rescaled currents .S’ also converge to 0[D]
in the F),.-topology, weakly as currents and in the Kuratowski convergence. Further,
|S5]l — I8[D]|| in the sense of Radon measures. Finally, since \; € [3,2] (for j large
enough) the rescaled currents .S’ are (M, w)-minimizing in the sense that

(6.24) M(S}) < M(S} + X) + 8 o M(S) LK + X)

holds true for any X € R,,_1(R"**) with 9X = 0 and support contained in a compact set
K C By(z,) where o € (0,1/(4\)]. Since M(S;)/m(S;) — nasj — ocoand A > 2n
we may assume for j large enough that M(S;) < %Am(Sj). Therefore, we have

IM(S) = M(S;)| = [Aj 7 = 1] M(S;) < 3AIA 7" = 1|m(S))
< AN —1m(S)) = 3Alw, —m(S;)|.

Note that from (6.22) it follows for j large d;(7;) < 2d;(S;). Therefore, the previous
inequality, together with (6.23), yields

M(S) — s < M(S)) + BAI(S,) — ] = s
< nw,C1 df(Tj) - %A‘m(Sj) — wp|
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(6.25) < dnw,C1 d1(S;) — 2AIm(S;) — wy|.

For j € N we now define the homotopy A: [0,1] x R*** — R"** by h(s,z) := (1 —
s)x + sAjz. Then, h(0,-) = id and h(1,-) = ny,, where 1, (x) := Ajz. Therefore, by
the homotopy formula we have

O (10,11 % S5) = b0 ([0, 1] % ;) = hap ({1} x S; — {0} x 8 — [0,1] x DS,)
= h#({l} x S; — {0} x Sj) = (nx;)pSj —idy Sj = S]/- - 5;.

and therefore by [21, 26.23], the facts that spt S; C Bpr, and \; — 1 (especially that
Aj < 2 for j large enough) and M(S;) < $Am(S;) we obtain

m(Sj — S]) S M(h#([[O, lﬂ X S])) S sup |.§U — /\jx\(l + )\j)nilM(Sj)

xEspt S
< 3" Rl — 1 M(S;) < 3" AR |\ — 1| m(S))
= 33" AR, [m(S)) — wnl.

To proceed further we denote by [D;] a flat n-dimensional unit disk realizing d; (S}) up
to an error ¢ > 0, i.e. m(S; — J[D;]) < di(S}) + &. Moreover, since m(S;) — wp
we may assume that |m(S;) — w,| < (2 - 3% !nw,C1AR2)~! for j large enough. We
therefore obtain

d2(5;) < m*(S; — 9[D;]) < (m(S; — S}) +m(S} — 2[D;]))’
(m(S] — S;) + di(S)) +¢)* < 3m3(S, — S;) + 3d3(S)) + 3¢
137" AP R2Im(S;) — wy|? + 3d3(S)) + 3¢

A m(S;) — wn| + 3d3(S)) + 3¢

8nw, C1

ININ A

Since € > 0 can be chosen arbitrarily small we can pass to the limit € | 0 and obtain
d7(S;) < 3d3(S)) + gy m(S;) — wal,

8nw, C4

whenever j is large enough. Using this to estimate to bound the right-hand side in (6.25)
from above we find that

(6.26) M(S}) — nwy < 12nw,Cy d3(S57).

Step 7: Adjusting the barycenter condition. Here we establish that we can assume
without loss of generality that the barycenter of S 3 is the origin in R"+¥  i.e.

1
bax(S}) 1= g /zdns;n —0
J

holds true for all j € N. First of all the barycenter of S J’ is well defined since spt S;- -
Bg,. Moreover, since ||S}]| — [|0[D]|| = H" ' L(S"~" x {0}) as j — oo in the sense
of Radon measures we have

/zd||5;||—>/de"—1:o and  M(S}) = niwn

in the limit j — oo, and this implies bar(S};) — 0. Therefore we can replace S’ by
S7 := 5% —bar(S}). The new sequence now fulfills the barycenter condition bar(S}) = 0
and also [|S7]| — [|[D]|| = H"~' L(S"~" x {0}). Finally, the currents S7 have support
in By, and satisfy (6.26), that is we have

(6.27) M(S}) — nwy < 12nw, C1 d7(S7).

Step 8: Adjusting the mixed second order moments. We define the second order
moments of S’ by

T / 2 ®2d||5"].
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Note that Mgy is well defined since spt S} C Bg, . Since ||S|| — [|9[D]|| in the sense of
Radon measures the second order moments of S;’ converge to the second order moments
of the unit sphere S" ! x {0}, i.e.

hm MS".’ = MS"_IX{O} = w’;l/ Z2® ZdHn—l _ ]In,
Jmee Sn=1x{0}

where I, : R*** — R+ is defined by I, (x, y) := (x,0). Therefore, we have
lim Mgy — L, =0,
Jj—00 ’
and this allows us to apply Lemma 4.2 for j € N large enough, to be precise for those j for

which [[ Mgy —1I|| < &, holds true, where €, = £4(n, k) > 0 is the constant from Lemma
4.2. Hence, we find R; € SO(n + k) satisfying

IR; 1|l < c(n, k)| Mgy — L,||

such that for the second order moments of the tilted currents S’ := (R;1 )¢S, ie. for

1 "
My 1= w; /z®zﬂwjm
the mixed moments are zero, i.e. forti =1,...,nand a« = 1,..., k we have

(Ms) 0 = [ w0l =0
and moreover
[ Mgy = T[] < e(n, k) [ Mgy — L.
The tilted currents are of course again (M,w)-minimizing and, since S7 — [|O[D]|],

they also converge in the sense of Radon measures to ||0[D]||. Moreover, the barycen-
ter condition also holds true for the tilted currents. Furthermore, we have M(S;” ) =
M((R;l)#S;»’) = M(S7) and m(S7") = m((R;l)#SJ’-’) = m(SY). Since d; is invari-
ant by rotations, we have d;(S7") = d1(S}). But this shows, that also (6.27) holds true
for the tilted currents S ;»” , that is we have

(6.28) M(S}") = nw, < 12nw,C1 d3(S7").

To avoid an overburdened notation, from now on we write S; instead of S ;-’ ', but we keep
in mind that S; — 9[D] in the F,.-topology, weakly as currents and in the Kuratowski
convergence and ||.S;|| — ||O[D]|| in the sense of Radon measures. Further, the S; are
(M, w)-minimizing in the sense that (6.24) holds true for S;. For the associated mass
minimizing currents we have m(S,) = w,,.

Step 9: Regularity and conclusion. We recall that the flat n-dimensional unit disk [D]
is the closed unit disk centered at the origin in R" x {0} € R"**, We write [S™~1] for the
boundary of E™ L BT'(0). At this stage we apply the regularity theorem to our sequence .S;
which is build up by (M, w)-minimizing currents for the modulus w(g) = 8\p (meaning
that we have C,, = 8\ = 8(C; + A) in Theorem 6.2). The application of Theorem
6.2 yields for j large enough spherical graph representations S; = (X;)4[S™ '] with
maps u;,v; on S"~! of class Clz. The supports I'; := spt S; = X (S™!) are Cclz
submanifolds of R"**. Since the currents S; fulfill the barycenter condition and have
vanishing mixed second order moments also the spherical graphs I'; have their barycenter
in the origin and vanishing mixed second order moments. By construction also the mass
constaint m(S;) = m([I';]) = w, is satisfied. Finally, by (6.15) and D(S;) — 0 we can
apply the higher codimension version of the Fuglede’s Theorem for spherical graphs for j
large enough, i.e. Theorem 4.1 is applicable since all hypotheses hold true. Thus we have

M(S;) — nwn _ HHTy) — nwn,

NWy, NWy,

> C,d3([T;]) = C, d2(S,).
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But this contradicts (6.28), provided we choose 0 < C7 < %CO. Here, we used
H"H(T;) = M(S;) and dq ([T;]) = d1(S;), since S; = X.[S™']. This is the contra-
diction we were looking for and therefore finishes the proof of Theorem 2.1. (]
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