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1 Introduction

In this paper we study the asymptotic behaviour of free-discontinuity problems in a
periodic geometry of R™ with “soft inclusions” represented by a periodic array of disjoint
compact sets
Ey= | (i+K).
€L

Homogenization problems with such a geometry are widely studied by I'-convergence
methods in the framework of integral functionals on Sobolev spaces. In that case, the
prototypical energy functionals are of the form

G (u) :/ ]Vu|2dx+ca£°‘/ Vu|2dx+/g(u) dx,
QneE QNeEy Q

where  is an open subset of R", E := R\ Ey, ¢, > 0, @ > 0, and ¢ is a suitable
continuous function satisfying growth conditions. The limit case ¢, = 0 is the one of
perforated domains with Neumann conditions (see e.g. Acerbi et al. [1], Braides and
Garroni [11, 9]) while v = 2 corresponds to double-porosity homogenization (see e.g.
Braides, Chiado Piat and Piatnitski [8]). In the latter a non trivial interaction between
g and the “weak” term takes place.

More recently, also homogenization problems for surface energies have been studied
in this geometry by Solci in [16], where functionals defined on sets of finite perimeter
modeled on the prototypical case

HP(A) = H*H(Q\ eEy) NDA) + cpeH" 1 QN eEy N dA) + Y(x) da
QNA



have been analyzed. Note that for these energies the double-porosity phenomenon takes
place for g = 1.

Free-discontinuity energies possess interacting bulk and surface parts, and their
prototypical example is the Mumford-Shah functional (see e.g. Braides [5]). The cor-
responding “soft-inclusion” energies are then

FoP () = / |Vu2dac—|—ca5°‘/ |Vul|? de
Q\eEo QNeEy
+HH(Q\ eEo) N S(u)) + cpe’H " HQ N eEy N S(u))
+ [ st (1)
Q

where S(u) denotes the set of discontinuity points of w and ¢ is a continuous function.
Note that for u € H(Q) energy (1) turns into the energy G%(u) and for u = y 4 with
A of finite perimeter we have Fgaﬁ(u) = Hgﬁ(A) with ¢(z) = ¢g(1) — g(0) (up to the
additive constant ¢(0)|€2]).

Energies (1) can be interpreted in the framework of the variational Griffith theory
of fracture (see [4]) as describing a composite of brittle (linear) elastic materials with
weak inclusions, whose ‘weakness’ derives from small elastic constants and/or from
small fracture toughness. This approach may model the effect of damaged zones in
an undamaged material (for this kind of problems there exists an enormous applied
literature; see e.g. [3], [15], [14], etc.)

The case of Neumann boundary conditions ¢, = ¢g = 0 and g = 0 has been
examined by Cagnetti and Scardia [12], who proved an equicoerciveness result for the
corresponding energies

FO(u) = / Vul? dz + HL(Q\ £Eo) N S(u)
Q\eFEo

with respect to the convergence u. — u defined by
UsXo\eE, — CEU locally in L(€2), (2)

where Cp = 1—|K| and u € SBV(Q2). Correspondingly, they proved a homogenization
theorem showing that the I-limit of F can be written as

FO(u) :/(AOVU, Vu) d:c+/ ©o(vy)dH™ 1,
Q QNS (u)
where Ap is the matrix defined by the I'-limit of G with ¢, = 0 and g = 0 and ¢y is
the surface energy density defined by the I'-limit of HP with cg = 0 and ¢ = 0. Their
analysis provides a coerciveness result for all the families of functionals (F¢' » )e and
a lower bound for the corresponding I'-limit. Note that a common upper bound for



all energies is given by the case @ = 3 = 0, which is treated by Braides, Defranceschi
and Vitali [10], and for which the convergence in (2) reduces to ordinary strong L1-
convergence.

The description of the asymptotic behaviour of the energies F2' # is not a simple
superposition of the corresponding analysis for the functionals G and Hg , but optimal
sequences may depend on the interplay between the growth conditions and favour
alternatively the introduction of large gradients or discontinuities (or both) inside the
perforations.

The simplest case is the one of “very soft” inclusions, when either one of the two
coefficients ¢, or cg vanishes, or we have a« > 2 or 8 > 1. In all cases the I'-limit
behaves as in the case of perforated domains, and is given by

F;(u) = / (AoVu, Vu) dx + / wo(vy)dH™™ + CE/ g(u) dx + |K|ming.
Q S(u) Q

Note that in the case cg = 0 or 3 > 1 optimal sequences can be simply set equal to a
constant value upi, with g(umin) = min g on the perforation (this does not influence the
convergence in (2)), while some smooth cut-off argument has to be used when ¢, = 0
or o > 2.

In the other cases when o« < 2 and 8 < 1 the limit actually depends on « and 3
through a modification of the “lower-order term”, which indeed is not such for con-
vergence (2). Indeed, for & = 2 the gradient integral term has the same order of g(u)
on the perforation, while this holds for the surface part when 8 = 1. In general, the
I’-limit has then the form

FoB(u) = / (AoVu, Vu) dx —|—/ wo(vy)dH™ ™ + C’E/ g% (u) d.
Q S(u) Q

If « < 2 and < 1 the I'-limit with respect to convergence (2) turns out to be equivalent
to the one with respect to the strong L' convergence, and the term in g behaves as a
continuous lower-order term, giving simply ¢®* = ¢g. If @ < 2 and § = 1 then optimal
sequences can be taken piecewise constant on the perforation, and ¢®? is characterized
by the problem on sets of finite perimeter

9P (2) = g(2) + min{cgH" "1 (DA) — |A|(9(2) — ming) : A C K},

where z has the role of a boundary datum. With this constant datum on the boundary
the optimal u on K takes only the value z and i, from which we deduce the minimum
problem for ¢g®# (z). Conversely, if @« = 2 and § < 1 then optimal sequences can be
taken in H' of the perforation, and

g8 (z) = Cpg(z) + min{/K(ca]Vv\2 +g(v))dz:v=zon 6[(}



Finally, when o = 2 and 8 = 1 both surface and bulk terms interact and give
¢*P(z) = Cg g(z)+min{/ (ca| VV[*+g(v)) dz+ecgH™ 1 (S(v)NK) : v = z outside K}
K

We have proved all our results for the simplest case of the Mumford-Shah functional
in order to highlight the role of the different energy terms on the perforation without
overburdening the notation, but general free-discontinuity energies can also be treated.
The case when R™ \ Ejy has more than one infinite connected component (which is
possible for n > 3) requires a more complex treatment, both as the limit is defined on
N functions (N being the number of disjoint connected components), and as it is not
possible to reduce the definition of ¢®? to a single minimum problem. We refer to the
works of Solci [17] and Braides, Chiado Piat and Piatnitski [8] for the statements of
the results and the modifications of the proofs. The main new technical part of the
present paper is the possibility of reducing at “almost all” elements of the perforation
to a single minimization problem with a constant boundary datum and on the correct
function space (which varies with o and [ in the cases mentioned above). Once that is
done, the proof follows from the papers mentioned.

2 Notation and preliminaries

Basic notation. The Lebesgue measure of a measurable set £ C R” is denoted by |E]|,
and the (n — 1)-dimensional Hausdorff measure is denoted by H"~!. For every z € R"
and o > 0, B,(z) will be the open ball with centre « and radius g, and S~ will be the
boundary of the ball B;(0). We use standard notation for the Lebesgue spaces LP(€2)
and the Sobolev space H'(£2), where (2 is an open set.

Functions of bounded variation. For the general theory on this topic we refer to [5]; here
we recall some definitions and properties used in the sequel. Let €2 be a bounded open
subset of R™ and u: €2 — R be a Borel function. We say that z € R is the approximate
limit of uw in « (denoted by ap-lim,_., u(y)) if for every ¢ > 0

e Bo@) 02 fuly) ~ 2| > )]
0—07 o

0.

The subset S(u) of € where the approximate limit of u does not exist turns out to be
a Borel set with |S(u)| = 0.
The function u is approximately differentiable in x if there exists L € R™ such that

ap-lim u(y) —u(x) = L-(y — )
y—w ly — |

if uw is approximately differentiable in x, then the unique L satisfying the equality
is the approximate gradient of w in x, denoted by Vu(x). A function u € L'()



is of bounded variation (v € BV (Q)) if its distributional derivatives D;u are Radon
measures with finite total variation in 2. We use Du to indicate the vector-valued
measure (Diu,...,Dpu). If uw € BV (Q), then S(u) is countably (n — 1)-rectifiable, i.e.
S(u) = U;en Ki UN, where H"}(N) = 0 and each K; is a compact set contained in a
C!-manifold of dimension n—1. Moreover, there exist Borel functions v, : S(u) — S !
and ut,u: S(u) — R such that for H" '-a.e. x € S(u)

lim " / fu(y) — ut(@)|dy =0, lim g / fuly) — u™ (2)|dy = 0,
Bf (z)nQ B

0—0T 0—07 5 (2)NQ

where Bz,t(x) = Bz,c(x, vu(x)). The triple (ut(z),u™ (z),vy(x)) is uniquely determined
up to a change of sign of v,(x) and an interchange between u*(z) and v~ (). The
vector v, is normal to S(u) in the sense that, representing S(u) as above, then v, (x) is
normal to the hypersurface I'; for a.a. x € K;. The approximate gradient Vu(z) exists
for a.a. x € , and Vu is the density of the absolutely continuous part of the measure
Du with respect to the Lebesgue measure. We say that a function v € BV () is a
special function of bounded variation if the singular part (with respect to the Lebesgue
measure) of Du is concentrated on S(u); it is given by (u™ — u™)v, H* 1 L S(u), i.e.

Du=Vul"+ (v —u v, H" L L S(u).

The space of special functions of bounded variation is denoted by SBV(Q); for the
properties of SBV () we refer to [5]. For p > 1, we say that a function u: Q@ — R
belongs to the space SBV?(Q) if u € SBV(Q), Vu € LP(Q;R"), and H" 1 (S(u)) <
+00.

I'-convergence. We recall the notion of I'-convergence (we refer to [6, 7, 13] for a
complete analysis of the subject). Let (X,d) be a metric space, F.: X — R (¢ > 0) a

family of functionals, and F': X — R. We say that {F.} I'-converges to F at x € X as
e — 0 if:

i) for every infinitesimal sequence {¢;} and for every sequence {x;} converging to x
in X, we have F(z) < liminf; o F¢,(z;);

it) for every infinitesimal sequence {¢;} there exists a sequence {z;} converging to
in X such that F(z) = lim;_.o Ft, (7).

The condition #i) can be replaced by the following

it)" for every n > 0 and for every infinitesimal sequence {¢;} there exists a sequence
{x;} converging to z such that F'(z) > limsup,_,, F:;(x;) — 7.

If 7) and i7) (or i7)") hold for every = € X we say that {F.} I'-converges to F in X, and
F = I-lim, g F..



3 Setting of the problem and main result

Let Q = (—1/2,1/2)" and K C @ be a compact set of class C2. We define the set E as

E=R"\ |J(i+K).
1EL™

Let © be an open bounded subset of R™ such that |0Q2] = 0, and let g: R — R be
a continuous functions with the property that for any ¢ > 0 there exist 7" > t and
T~ < —t such that

g(TT) = min{g(s): s >T"} and ¢(T~)= min{g(s):s < T }. (3)

This clearly implies that g is bounded below; note that (3) holds e.g. if lim;—, ;o g(t) =
lime . g(t) = +o00.

For € > 0 we consider the functional

FOO () = / Vul? de + H*(S(u) N <E)
QNeE (4)
g ® / Vul? da + c5 PH (S (u) \ <) + / o) da
O\eE Q
defined for u € SBV?(Q) N L*(Q), where cq,cg € [0, +00) and «, 3 € [0, 4+00).

We are interested in the description of the asymptotic behaviour of the sequence
(F p ). To that end, we introduce the following notion of convergence in SBV?Z(Q) N
L2(Q); given (us) C SBV2(Q) N L%(Q) and u € SBV?2(Q) N L%(Q) we say that u. — u
if

Xegue = Cgu in L*(Q) (5)

where O = 1 — |K|. Moreover, for u € SBV?2(2) N L?(£2) we set

FO(u) = /Q Vude 4 1 (S(0) 1<) (6)

which corresponds to Fx' # in the case ca =cg=0and g=0.

For the sequence (F?) the following I'-convergence result has been proven in [12].

Theorem 1 (Homogenization of Neumann problems [12, Th. 7.2]). The family
(FY) defined in (6) T-converges with respect to the strong topology of L*(Q) to the
functional

Fo(u) = /Q<A0Vu,Vu) d$+/s( )gDo(l/u)dHn_l



with
(Ao&, &) = min{/ |Vu + €2 dx - u € HY(Q) with periodic boundary values}
QNE
and

wo(v) = lim

T—+o00 ﬁ mln{Hn_l(S(u) NEN TQV) HEUAS SBV(TQV)’

Vu=0,u=1u" on aTQ”},

where Q¥ stands for any unit cube centered in 0 with two faces orthogonal to v, and

vy _ 1 if(z) 20
“(z)_{o if (z,v) < 0.

A key point in the proof of Theorem 1 ([12, Th. 7.2]) is the following extension
lemma, which we will use in the proof of the general case.

Theorem 2 (Extension of SBV functions in perforated domains [12, Th. 1.3]).
Let E be a periodic, connected, open subset of R"™, with Lipschitz boundary. Let € be
a bounded open subset of R™. There exist an extension operator T.: SBV?(QNeE) N
L®(QNeE) — SBV2(Q)N L>®(Q) and a constant k > 0, depending only on E and n,
such that

1. Tou=wu a.e. in QNek;
2. Tl oo () < llull oo (@nerys
3. /Q VTouf? dz + H L (S(Tou) N Q)
<k (/ \Vul? dz +H"H(S(u) NQNeE) + H"—1(89)>
QNeFE

for every u € SBV2(QNeE) N L®(QNEE).

The main result of this paper is the following I'-convergence theorem.

Theorem 3. Let P be the functional defined in SBV2(Q) N L) by (4). The I'-
limit of the sequence (Fga’ﬂ) as € — 0 with respect to convergence (5) is given by the
functional F*? defined in SBV?(Q) N L2(Q) as

FoB(y) = / (AoVu, Vu) dz + / @0 (v )dH" ™ + / 9°P (u) d
Q S

() Q

where Ay and @y are as in Theorem 1 and g™® is given by the following formulae
depending on «, 3,c, and cg:



1. if ca =0 or cg =0, orin the case co,cg >0 with o« > 2 or > 1
9*°(2) = Crg(2) + (1 — Ck) ming;
2. in the case cq,c3 > 0 with o € (0,2) and 5 € (0,1)
9*°(2) = 9(2);
3. in the case cq,cg >0 with a € (0,2) and =1
9*7(2) = g(2) + minfegH" 1 (04) — |Al(9(2) —ming) : A C K};

4. in the case cq,c3 >0 with o« =2 and B € (0,1)

4°7(z) = Cieg() + minf [

(ca|VU|2 —|—g(v)) dr:v=2zo0onQ\ K};
K

5. in the case cq,cg > 0 with o =2 and =1

ga’ﬁ(Z) = Ckg(z) —}—min{/K(COl]VM2 +g(v)) dx

+egH" N S(W)NK):v =2 on Q\K}

The compactness result for the sequence (FC) (see [12, Th. 7.1]) and the lower
boundedness of g imply the following theorem.

Theorem 4 (Compactness). Let (u:) C SBV?(Q) N L*(Q) such that (u.) is equi-
bounded in L*°(2) and

sup F29 (u.) < +o0.
e>0

Then, there exists u € SBV?(Q2) N L>®(Q) such that u. — u in the sense of (5).
Remark 5. We note that
(a) it is sufficient to prove Theorem 3 for u € SBV?2(Q) N L>®();

(b) in the proof of Theorem 3 it suffices to prove the liminf inequality for sequences
(ue) equibounded in L>(2).

Proof of Remark 5. (a) Suppose that Theorem 3 holds for u € SBV?(Q) N L>(Q). To
prove the lower bound in the general case u € SBV?(Q)NL?(12), recalling the properties
of g we can choose sequences (\;) and ();) such that A, A, — 400 as k — 400 and



g(A) < g(t) for any t > X[, g(=A;) < g(t) for any t < —A;. Given a sequence (u.)
such that u. — u in L?(Q), we set

uf = (=A; V) AN and uf = (<A V) AN

It follows that u* — wu in L'(Q) as k — +oo; the properties of (Af) and the liminf
inequality in L°° ensure that

lim inf F*? (u.) > liminf F2P (uf) > FoP (ub).

e—0 e—0
Since F*# is semicontinuous with respect to the L'(Q) convergence we get

lim inf 2% (u.) > liminf FoP (u*) > F9(u).

e—0 k—+o00

As to upper bound, by density it is sufficient to prove the estimate for a function

u € L™(Q).

(b) The hypothesis on g ensures the existence of TF > 2|jul|s and T < —2||u|oo
such that g(t) > g(T") for any ¢ > T", and g(t) > g(T~) for any t < T~. We define
ve = (T~ Vu) ATt and w. = (T~ V T.u.) ANT™; the sequence (w.) converges to u in
L'(Q), so that

WeXeE = CEU.
Since v, = we in €F, it follows that v. — w in the sense of (5). Moreover, from the
hypothesis on g we deduce

/Q g(ue) do > /Q g(v.) d,

so that F? (u) > F2P(v.); this shows that we can assume (u.) uniformly bounded in
L>®(Q). O

4 Proof of Theorem 3

For any € > 0 and i € Z" we define Q. = i + eQ and K! = i + €K since |09 = 0,
setting Z. = {i € Z" : QL C Q} it follows that |Q\ U;ez. QL] — 0 as ¢ — 0. Moreover,
for p > 0 fixed small enough, we set

K;',g = {z € K! : dist(z, 0K") > £p}.

Remark 6. Let (uc) be a sequence in SBV?(€2) N L>®(€2) such that |Juc|| oo (onep) < M
and

/ Va2 da + H* 1 (S(u) N QN eE) < M.
QNeE

9



For ¢ > 0 sufficiently small, we define the set of indices
I (o) ={i € Z" : Teue € HY (KL )} (7)

from the proof of Theorem 2 (see [12, Th. 1.3]) we deduce that

C

#TNT ) < oy ®)

where ¢ depends only on n, g, and the uniform bound M.

The following remark ensures that in the proof of the lower bound we can apply
the liminf inequality for the sequence (F?), which is shown for sequences converging
with respect to the strong convergence in L?((2).

Remark 7. Thanks to Remark 5, in the proof of the lower bound we can restrict our
attention to v € L*°(2) and (u.) uniformly bounded in L*>(2). Now, if we consider
a sequence (u:) C SBV?2(2) N L*(£) converging to u as in (5), with (F2(u)) and
l|uel| oo () uniformly bounded, then the sequence of the extensions T.u. given by The-
orem 2 converges strongly in L!(2) to u. Indeed, (T:u.) is equibounded in SBV (),
and by compactness we can extract a subsequence converging to w € SBV (2) strongly
in L'(Q). This implies xepu. — Cgw in L®(Q); since yepue — Cru in L®(Q), it
follows that w = u and Tru. — u strongly in L'(Q). Since in addition the sequence
(ue) is equibounded in L>(f2), the convergence of T.u. is strong in L?(Q2). Thus, we
can use the lower bound inequality for the sequence (Tu.) in Theorem 1 to prove the
lower bound inequality in our case.

Proof of Theorem 3 in the case co, = 0 or cg = 0. The lower bound follows from the
liminf inequality in Theorem 1. Indeed, given u € SBV?2(2) N L>=(Q) and a sequence
(ue) € SBVZ(Q) N L*®(Q) such that u. — w as in (5) and (u.) uniformly bounded in
L>(Q) (see Remark 5), Remark 7 ensures that we can apply Theorem 1 to the sequence
(T-ue) which coincides with (u.) in 2 N eE and obtain

lim inf |V * de + H" 1 (S(u:) NeE)
=0 JoneE (9)

> /(AOVU, Vu) da:+/ wo(vy) dH" L.
Q S(u)

The continuity of g and the uniform bound on (u.) in L*°(Q) allow to apply the
Dominated Convergence Theorem, getting

lim 9(Teue) doe = CK/ g(u) dz,
=0 JaneE Q

10



so that

ligliélfFf’ﬂ(ug) > /Q<A0Vu, Vu) dx+/s( )goo(yu) dH™ !

+CK/ g(u)dz + (1 — Ck)|Q2|min g
Q

= / (AoVu, Vuy dx + / wo(vy) dH™ 1 + / g%P (u) da
Q S(w) Q
since xo\cE A1 - Ck in L®(Q).
As for the upper bound, given u € SBV2(2)NL>(Q) let (u.) be a recovery sequence
for the functionals F? (from Theorem 1); that is,

e—0

hmsupfgﬁ%)<(/kA0Vu,Vu>dx+l/ wo(vy) dH™ L. (10)
Q S(u)

The extension result Theorem 2 ensures that we can assume H" (S (u.)NQ) uniformly
bounded.

Now, we divide the proof in two cases.

e Case ¢, = 0. We modify u. inside each K’ with i € Z. by setting

ue(2) = ppue + (1= ¢,)u, (11)
where ¢(7) = min g and
1 +
eon (1 L.
oi(x) = (1 8pdlst(:z:,aE)>
With this definition
H' N (S() \eE) = Y H'H(S(a:) N KL) +o(1)e

i€l
< H"YHS(ue) N Q) + o(1)e—p.

Then, recalling (10), the properties of g and the uniform bound on H"~!(S(u.) N Q)
imply

limsup F*% (@) < FO(u) + lir% cgeP H (S (us) N Q) + C’K/ g(u) dz

e—0 Q
+ lim min g dx
=0 Jo\eE
= /(AOVu, Vu) dx +/ wo(vy) dH™ L + / g%P (u) d.
Q S(u) Q

11



e Case c3 = 0. Let ©w € argmin(g). Setting

~ _ f u(xz) inQnNeE
te(w) = { u in Q\cE (12)
we get
limsup FP (W) < FOu) + C'K/ g(u) dz + lim min g dz
0 Q =0 Jo\eE
= / (AoVu, Vu) dx + / wo(vy) dH™ 1 + / g% (u) dz
Q S(u) Q
as desired. 0

Proof of Theorem 3 in the case cq,cg > 0 and o > 2. The lower estimate follows im-
mediately from the previous case ¢, = 0 or ¢g = 0. Indeed

FoO(u) > FO(u) + /Q o(u) dz.

Given u € SBV2(Q)NL>®(R), let (u.) be a recovery sequence for F, that is u. — u
strongly in L?(2) and the estimate (10) holds. The extension result Theorem 2 allows
to assume ||Vue||2(q) and H" 1 (S(u:) N Q) uniformly bounded. Moreover, we note
that it is not restrictive to assume (u.) uniformly bounded in L>(€2), by considering
(=2lulloo V 1) A 2]l

We define . as in (11), getting

F&P(a) <

IN

IN

/ V|2 dz + H L (S(u) N 2E)
QNeE
+cqe® / Ve |? da + cg ePH 1 (S (W) \ eE) + / g(ue) dx
QN\eFE Q
/ (AgVu, Vu) dz + / wo(v(u))dH" !
Q S(u)

e 1 =12 2 Bam—1
+2cqe /Q\EE(EQPQWE ul® + [Vu,| )da:—i—(:ga H" (S (u:) N Q)

+CK/g(u) dw+/ g(tue) dz
Q (Q\eE)N{dist(z,eE)<ep}

+[Q N {dist(x,eE) > ep}| ming + o(1)c—o
/(AOVU, Vu) dx +/ wo(v(u))dH" ™ + / g8 (u) dx
Q S(u) Q

1
+Cso‘_2p—2 +Cp+o(1)cso

12



where C' does not depend on € and p. Since a > 2 and p is arbitrary we have the
thesis. O

Proof of Theorem 3 in the case cq,cg >0 and 3 > 1. Asin the previous case, the lower
estimate follows immediately from the case ¢, = 0 or cg = 0.

Given u € SBV?(Q) N L>®(R), let (uc) be such that u. — u strongly in L?(Q),
the estimate (10) holds and [Juc || fe(q), | Vel 12() and H™ 1 (S(us) N€2) are uniformly
bounded. We define %, as in (12). Since § > 1 we have

lim cse"H" N (S(U:) \ eF) < lim cpe? #I. " TVHH(OK) = 0.
E— g—

Thus, we can conclude as in the case cg = 0. [

Proof of Theorem 3 in the case 0 < a« <2, 0 < < 1. Lower bound. Asnoticed in Re-
mark 5, it is sufficient to prove the result with the hypothesis u € L*>(2). Given
u € SBV2(Q)NL>®(Q), let (u:) be a sequence in SBV?(Q) N L*°(Q) such that u. — u
and sup,-( Fr' Plu.) < +o00. Remark 5 ensures that we can assume (u.) uniformly
bounded in L*>(2), so that as noticed in Remark 7 the sequence of extensions (T.u.)
given by Theorem 2 converges to u in L%(Q).

Now we modify the extensions T.u. to obtain a sequence of functions which are
constant in the holes, except for a small neighborhood of the boundary. Fixed ¢ > 0,
for any i € ZX(o) (see (7)) we define

. 1
U= — Tgu‘g dx (13)
i K\ Ké,2g| Ki\K!,,
and we modify T.u. by setting
_ ul in K?,, for ieZ(o)
Tou: = @ETeus + (1 — 2)ul in KZ,\ KZ,, for i€ (o)
Tue otherwise in €

where with an abuse of notation we set in this case

¢§(x)=min{<2—cw>+,1}. (14)

€

13



For i € Z} (o) we get, applying Poincaré’s inequality to Tru. € Hl(K;g \ K§729)

/ VT de < / |VT5u5|2dx+2/_ | V@E(Toue — ul)? da
K§ K§ Ki \K!

£,20
—{—2/ POV Tou |* do
K¢

k3

2 )
< 3/ \VTEU€|2 da;+22/ \Taua_ugp dz
K¢ €707 JKL \K 5,
2 2 2
< 3/ VT u| dx+2/ - |VTue | dx
K¢ 0% JKI K ,,
C
< 2/ \VT.u.|? dx
0" JK¢

where C does not depend on ¢ and p. N
Now, for each i € Z7(p) we consider the function defined on Q% by wt = u. — T u. +

u’. Note that the outer trace of w! on K’ is equal to u, and that w! = u. on Ké?p'

We prove that we can estimate the functional by considering the terms depending

on w, instead of u.. Fixed n > 0, the estimate on / |Vf au5]2 dx gives
K

0
€

C
/ |Vue|? dz > (1 — 17)/ |Vw,|? do — ;7/ \VT.u.|? dz.
K¢ K¢ 0" JKs
Moreover, we have

HU KN S(ue) > MUK N S(w.)) — H™ (K5 N S(Tu))
/ o(ue)dz > / g(we) - Ce™

where C' depends only on H" ' (0K) and g. As a consequence,

3 (casa / Vue|? dz + coePH L (KE N S(us)) + / g(ug)d1:>
K

€
i€z (o)

> (1-n) 3 (caao‘/ ]Vw€|2dx+c5€ﬁ7-{”1(K§ﬂS(w€))+/ g(wg)dx>
i€Zz (o) ® ]

—C|Q)o — Cncaaa/ \VTuc|? dz — caeH" 1 (S(Tue) N Q).
Q

Note that the last two terms tend to 0 as € — 0. This shows that we may estimate
only the term depending on w,. Setting

YOP(z) = min{caao‘*2 /K V|2 da 4 cae® THP LK N S(v)) + /Kg(v) dx} (15)

14



where the minimum is taken on all v with outer trace on 0K equal to z, we have

s [ [FwnP e+ cpeH N0 O Sw) + [ gl do > ),

The sequence (g o ) is increasing as ¢ — 0, then, fixed § > 0, for any 0 < & < § we

have

E (caea / \Vue|? de + caePHH(KE N S(ue)) + / g(ue) d:c)
icT* Ks K¢
1€Zr(0) i i
> (1) | et (@) do = CIflo + of1)em (16)

where 7, is the piecewise constant function defined by

Us = Z XQ@UQ

i€Le

and x. is the characteristic function of the set Uiez;( 0) Qé. Note that, recalling (8),
Xe — 1 in LI(Q).

Now, we have to prove the strong convergence of the sequence (u.) to the function
u in order to apply the Fatou Lemma and obtain an estimate of the liminf. We denote
the set Ké,g \ K§’2Q by D! = ei + eD, omitting the dependence on p, and define the
piecewise constant function

~ 1
Ue = XQ:f: I are—— . . Taua dﬂ?
z‘ezz:s |QL\ D QL\DL

Since T-u. — u in L*(Q), then

T, —u and %, — u weakly in L*(Q). (17)
Now, we show that
liminf [ || 2(0) = liminf [Ue]| 2(0) = llu]l2(0);

the weak convergence and the convergence of the norm imply the required strong con-
vergence in L%(Q) of the sequences (%.) and (u.). The weak lower semicontinuity of

15



the norm ensures that

2lulfz) < hgélf(HﬂaH%Q(Q)+H175H%2(Q))

2
Tue daz)

IN

.. 1 2
hIsnﬂl(I]lf. . 5n<5”|D| b Tgugdx> +5"<

00
e(1 = D) Jgi\p;

1 1
liminf< (/ | Tow | dz + / |Tu|2dx>
mipf (2 (o, el e T oy T

IN

—2||TE’LL5||%2(Q) + 2HTEUEH%2(Q))
gt (32 [, (oot + gy s e
= limin T XD T T A ~ XQi\Di — T XQt u r
=0 Mg A [D|*P5 7 Q\ D QeAD: QT
2| Tt 3 ).

Since x|, pi = |D| and XU, (Qi\Di) 5 |Q\ D| weak- in L>®°(Q) and T.u. — u in L*(Q)
it follows that

2]l 72 < h?l_}glf(“ﬂaﬂizm) + [ 72(0)) < ligl_}élf2||TaUa||%2(Q) = 2]l 20

recalling (17), this implies the strong convergence 7. — u and @, — u in L?(Q).

Since the function wg"ﬁ introduced in (15) is continuous (in particular lower semi-
continuous) and it is bounded from below thanks to the hypothesis on g, an application
of the Fatou Lemma gives

liminf/ Xgip?’ﬂ(ﬂg)d:v > / limiélfxs¢?’ﬁ(ﬂg) dx > / @Z)?’ﬁ(u) dzx. (18)
Q Q & Q

e—0

The lim inf inequality in Theorem 1 implies that

lim inf FO (u.) > /(AOVU, Vu) de‘+/ wo(v(u))dH™ L
e—0 Q S(u)

then we get from (16) the estimate

lim inf 5 (u.) > /

(AgVu, Vu) dx + / wo(v(u))dH"
Q

S(u)
O /Q g(u) dz + (1 - 1) /Q 2P (w) dz — Co

for any 7, 0,6 > 0 small enough. Taking the limit for 9,7 — 0 and the sup for § > 0,

16



we deduce

lim inf F*%(u.) > /(AOVu,Vu>d:):+/ wo(v(u))dH™ !
e—0 Q S(u)

+C’K/ dm+sup/w ’B
Q 6>0

= /(AOVU, Vu) d:c+/ wo(v(u))dH™ 1
Q

S(u)
+/ (CKg(u) —}—supiﬁ?’ﬁ(u)) dx.
Q §

The last equality follows from the dominated convergence theorem since the sequence
(37 is increasing as § — 0 and [¢%° (u)| < |K| max{|min g|, g(|[ul|e)} a-c. in Q.

Since the sequence of functions (1/1?’[3 ) is increasing as & goes to 0, we have

sup 1/)?’6(2) = min { sup (caéo‘_Q / V| da + cgd® TH YK N S(v))
) 6 K

+/ g(v)) :v:zonQ\K}
K
(see e.g. [6, Remark 1.40]). This allows to show that
Crcg(2) +sup V5 (2) = g7 (2) (19)

concluding the proof of the lower bound.
1. Case a < 2, 3 < 1. Since 6“2 and %! go to 400 as § — 0, the minimum is
attained for v = z in K, then

Crcg(2) + sup V5P (2) = Cr g(2) + 1K g(2) = g(2) = g™ (2).

2. Case a < 2, f = 1. In this case 6“2 — 400, so that we can consider the
minimum on piecewise constant functions, getting

Cx g(2) + sup 2P (2) = g(z) + min{egH" 1 (A) — |A|(g(2) — ming) : A C K}

= ¢*7(2).

Note that this minimum problem is related with the theory of Cheeger sets (see [16]).
3. Case a = 2, 3 < 1. We can consider the minimum problem restricted to H'(K);
hence

Ckg(z) + sup P (2) = Cx g(2) + min{/K(ca]Vv]2 + g(v)) dz
v =2zon Q\K} = g*f(2).

17



4. Case a =2, = 1. In this case we get
Ckg(z) + s%p q/)gl’ﬁ(z) =Ckg(z)+ min{/ (cal VU2 + g(v)) da
K

+egH" M (S(W)NK):v=1z0nQ\ K} = g%P(2).

This concludes the proof of the lim inf inequality:

nggélfpgﬂ(ua) > / wo(v(u))dH" 1 + / 9% (u) dz.

(AoVu, Vu) dx + /
Q Q

S(u)
Upper bound. Given u € SBV?2(Q) N L>®(Q), let (u:) be a recovery sequence for
the functional FY (see Theorem 1), that is u. — u in L?*(Q) and the inequality (10)
holds. We recall that the sequence (u:) can be chosen such that |[Vuel|z2q) and
H"1(S(u:) N Q) are uniformly bounded. Moreover, it is not restrictive to assume (u.)
uniformly bounded in L*(2), by considering (—2||u||co V ue) A 2]t o

1. Case a < 2, 3 < 1. The strong convergence u. — v in L?(2) and the hypotheses

on g imply the convergence
/g(ug) dx — / g(u) dz.
Q Q

Then, the lim sup inequality follows immediately from (10), recalling that a, 3 > 0 and
that || V| 12(q) and H" (S (ue) N €2) are uniformly bounded.
2. Case a < 2, B = 1. We modify the sequence (u;) in Q \ ¢E defining u. =

D et @XQQ where 2’ stands for the integral average of u. in Q. Now, let A(z) be a

solution of the minimum problem
min{cgH" 1 (0A) — |A|(g(z) —ming) : A C K}
and define A%(2) = ei + A(z). We pose
. { e im0\ AL@)
¢ ming otherwise.
Since / lg(ue) — g(Ue)|dz — 0 and (||Vue|2(q)) is equibounded, applying (10) it
follows ?hat

FOP(d) < FOue) + %ol Ve | 2y + /Q g(ue) dz

NeE

3 (e QALE) + [ AL@) ming) + 3 [

= Fu) + / g(w) dz + / g(us) dz
QNeE Q\eE

+ Z (caeH"H(0AL(uL)) — | ALl (g(1t) — ming)) + o(1)e—o.

o _g(ué‘)dx
DNAL(uL)

18



Recalling the definition of A(z) and the strong convergence u. — u, we get

lim sup FP (7,) < /(AOVU, Vu) dx+/
Q

©o(vy)dH™ +/ga”6(u) dx.
e 0

Q

3. Case a = 2, B < 1. Note that for p > 0 small enough the sequence (u.) can be
assumed to be such that u. € H* (K ,) for i € ZF. We recall that # (Z. \ Z7) < ce' "
Let v, € H'(K) be a solution of the minimum problem

min{/K(ca|Vv|2 +g(v))dz:v==zon Q\K}

The hypotheses on ¢ ensures that v, belongs to L*°(K). We show that, up to a
term which is infinitesimal with g, this minimum is greater than the minimum of the
corresponding problem with K substituted by K(2¢) = {x € K : dist(z,0K) > 20}.
Since K is of class C? there exists o > 0 such that, setting

K(o) ={z € K : dist(z,0K) > o},

the normal projection 7: K \ K(0) — 0K is well defined, and for any z € K \ K(0)
there exist unique y € 0K (o) and unique ¢t € (0,0] such that x = y + tv, v being the
inner normal to K. Now, for ¢ < /2 we define in the set K(2p) the function

ve(x) = vz (¢¢(x))

where

x in K(o)

o) = 7

Y+ 5 tv fory € 0K (o) and t € (0,0 — 20].
0 — 20

Noting that |V¢?| < 1+ cp with ¢ depending only on K and o, we get

[ v rg) de < (v2e0) [ (VoP o glen) do
K(20) K(20)

IN

(1+ 209)/ (IVv:? + g(v.)) dz + o
K
so that

min{/}{@g) (ca]Vfu]? +g(v))dz:v=2z0nQ)\ K(2g)}

< min{/K(ca]Vv|2+g(v)) dr :v=zon Q\K} +Co
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where C' depends only on K and g. Now, we modify the sequence (u.) in the holes. Let
v®? be a solution of the minimum problem in K (29), and set vi(z) = voUs(z/e — i),
where u! stands for the integral average of u. in K! ,\ K! 20> and define

Ue in Q\Uzez*

~ 0 A0\ . *

Us = Yeue + (1 —@g)ul in KE o \VKZo, for each i € I} (21)
vl in Kng for each ¢ € 77,

where ¢f is the function introduced in (14) and Z* is as in (7). It follows that

~ 2¢q ;
Ca€ Z/ V|2 de < ;262 Z/ _uéﬁda:

ZEI* 5 Q\Ks 20 ze_’[* E g\Ks 20
+2¢462 E / |Vue|? dz
1€Tk \KZ

2
« /\Vua\ dx
0*

where we applied the Poincaré inequality in K;Q \ K;QQ. Since |Vu,| is uniformly
bounded in L?(Q), we get

cas2z/ |Vu5|2d:c+2/

1€ €Tk
= cqe" Z/ ]vau (z)|? dz + &" Z/ vg’
1€} i€k
=" me{/ (calVOI* + g(v)) da s v = ul onQ\K(QQ)}
€LY
= Z/ (e, K(20)) dzx
1€

where 7. is the piecewise constant function defined by . = > 7. XQi u’ and for any
z € R and V compact subset of )

v(z,V) = min{/v(ca\VUIQ +g(v))dz:v==z0nQ\ V}.

Recalling (20), we get

Z/ usa 29 Z / U67 +C|Q|Q

€L} €LY
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The uniform bounds on [|tc || o (0, | Vel p2(q) and H™*1(S(ue) N €2) allow to deduce
from the previous inequalities

0052/ V| da + cpePH" (S (@) \ eE) + / g(ue)dx
Q\eE Q

< Z/_V(UE,K)dx—i—/ g(ug) dx + C|Qlo + o(1)z—0
€T QL QneE

Then, the strong convergence of %, the continuity of v and the estimate (10) give

limsupFEa’ﬁ(ﬂg) < /(AOVU,VU> dl‘-i—/ cpo(yu)danl
Q S(u)

e—0

—|—/ ga’ﬁ(u) dx + C|9e.
Q

Taking the limit for ¢ — 0 we get the limsup inequality.
4. Case « =2, f=1. For any z € R and V compact subset of @, we set

v (z,V) = min{/ (cal VVI? + g(v)) dz + cgH" H(S(v) N V) :v=20n Q\ V}.
v
The same construction of the previous case allows to deduce that for any z

(2, K(20)) < +(2,K) + Co, (22)

with C' depending only on K and g. Indeed, if v, realizes the minimum in K then the
jump set of the function v¢ = v,(¢?) defined as above satisfies H"~1(S(v?) N K (20)) <
(14 co)H™ (S(v,) N K), with ¢ depending only on K and o. Thanks to the estimate
(22), defining . as in (21) the limsup inequality follows as in the previous case since
for the jump set in the holes we have

cpe > HN(S() N KL )

i€Tr
<cg Y H"H(S(v:(¢%) N K (20)) + eH" (S (ue))
i€Tr
=c5 Y H"H(S(v:(¢%)) N K (20)) + 0(1)-—0.
i€eTr
The proof is thus complete. O
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