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ABSTRACT. For ¢ € WhP(Q;R™) and g € W—1P(Q;R?), 1 < p < 400, we consider a sequence of
integral functionals F:”g: WLP(Q;R™) x LP(Q; R¥X™) — [0, +00] of the form
z,Vu,v)dx ifu—1 € WP Q;R™) and divv =g,
Py — | T b e WP @R™) g
+o0 otherwise,

where the integrands fj, satisfy growth conditions of order p, uniformly in k. We prove a I'-compactness
result for Fg)’g with respect to the weak topology of WLP(Q;R™) x LP(£;R4X™) and we show that
under suitable assumptions the integrand of the I'-limit is continuously differentiable. We also provide
a result concerning the convergence of momenta for minimizers of F, :’ 9,

RESUME. Pour tout i € WHP(Q;R™) et g € W—LP(Q;RY), 1 < p < 400, nous considérons une suite
de fonctionnelles intégrale F:”g: WhP(Q; R™) x LP(Q; RIX™) — [0, +00] définies par
s _ / fr(z, Vu,v)dx siu—1 € Wol’p(Q;Rm) et dive =g,
v (u,v) = Q
+o00 sinon,

ou les intégrandes fj, satisfont des conditions de croissance d’ordre p, uniformément en k. Nous
démontrons un résultat de I'-compacité pour F}f’g par rapport & la topologie faible sur W1P(;R™) x
LP(Q; Rdxn) et nous prouvons que sous des conditions appropriées, l'intégrande de la I'-limite est con-
tiniment différentiable. Nous montrons également un résultat de convergence des moments pour les
minima de Fg)’g.

Keywords: I'-convergence, integral functionals, localization method, (curl, div)-quasiconvexity, convergence
of minimizers, convergence of momenta.
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1. INTRODUCTION

In this paper we consider sequences of integral functionals Fy: WP (Q;R™) x LP(Q;RY*™) — [0, 400) of the
form

Fk(u,v)z/ﬂfk(x,Vu,v)dw, (1.1)

where () is a bounded open set in R™ and the integrands fi satisfy suitable coerciveness and growth conditions
of order p € (1,00), uniformly in k (see (2.1) below). Specifically we are interested in the asymptotic behavior of
the solutions to the following minimization problems

min{ Fy,(u,v) : u— 1 € WpP(Q;R™), v € LP(;RY™), dive = g}, (1.2)

where 1) € WP (Q;R™) and g € W™HP(Q;R?) are given. The relevance of this setting where the functionals are
defined on pairs (u,v) satisfying the differential constraint (curlwu,divwv) = (0, g) lies in the fact that in many
applications (see e.g. the case of electromagnetism) PDEs constraints of this type arise naturally.

To take into account the boundary and divergence constraints on u and v, respectively, we introduce the
functionals
Fi(u,v) ifu— € WyP(R™) and dive =g,
400 otherwise.

1

B9 (u,0) = { (1.3)
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The main result of the present paper is as follows: if f is a sequence of functions satisfying (2.1) and Fy are as in
(1.1), there exist a subsequence of fi, not relabeled, and a function f such that the sequence F:”g I"-converges to
the corresponding functional F¥*9, with respect to the weak topology of WP (€; R™) x LP(€; R**"™). Moreover,
the integrand f does not depend on ¢ and g (see Theorem 2.1 and Theorem 3.3). The case of functionals
independent of u, with the constraint div v = 0, has been studied in [2], while similar problems in the framework
of A-quasiconvexity have been studied in [9]. However, it does not seem that the techniques used in these papers
can lead directly, in our case, to a limit integrand f independent of g.

We prove our main result in a nonconstructive way, following the so-called localization method of I'-convergence.
To this end, for every open set U C ) we consider the functionals

Fk(u,v,U):/Ufk(x,Vu,v)dm. (1.4)

Notice that at this first stage both the boundary condition u© = i and the constraint dive = g are omitted. In
order to add the divergence constraint in the final step of the proof, it is convenient to introduce the following
distance

d((ur,v1), (u2,v2)) = [lur = w2llLr(@mm) + lvr = v2llw -1 (@raxn) + [div (01 = v2) w10 (0;ra) (1.5)

for which (Wl’p(Q;Rm) X LP(Q;RdX”),d) is separable. Then, thanks to the general theory of I'-convergence
in separable metric spaces, in Section 2 we prove that there exist a subsequence of fi, not relabeled, and a
function f such that for every open set U C Q the functionals F (-, -, U) I'(d)-converge to the functional F'(-,-, U)
corresponding to f (see Theorem 2.3). In particular this gives the I'(d)-convergence for U = 2 (see Theorem 2.1).
We also prove that under suitable assumptions on fx, for a.e. x € Q the integrand f(z, -,-) of the I'(d)-limit F is
continuously differentiable (see Theorem 2.8).

By virtue of the above results, in Section 3 we deduce that the functionals ng 9 T-converge to F¥9 with
respect to the weak topology of WhP(Q;R™) x LP(Q;R**™). By general properties of I'-convergence this gives
the convergence of minima and minimizers.

In Section 4 we also prove a result about the convergence of momenta for minimizers. Specifically, in Corollary
4.6 we show that, if (ux,vk) is a minimizer of F:"g, then there exist a subsequence of (ux,vr), not relabeled, and
a minimum point (u,v) of F¥*9 such that ux — u weakly in WHYP(Q;R™), vy — v weakly in LP(Q;R**™)
(convergence of minimizers), and

O¢ fr(x, Vug, vi) = O¢ f(z, Vu,v) weakly in LI(Q;R™*"™),
On fr(, Vug, ve) — Oy f (2, Vu,v) weakly in L9(Q;R¥*™)

=
=N o
= 2

(convergence of momenta). More in general we show that (1.6) and (1.7) can be obtained without assuming
the minimality of (ux,vr) (see Theorem 4.5). Indeed, the only hypotheses we need are: up — u weakly in
WLP(Q;R™), v, — v weakly in LP(€; R¥™), and

/fk($7vuk»vk)d$—>/f(;r,Vu,v)da:.
Q Q

We finally remark that in the recent paper [3], inspired by previous results contained in [10, 16], it is shown
that minimum problems like (1.2) naturally arise when dealing with sequences of Dirichlet problems of the type

—div (okak) = hin Q,
W € Hé(ﬂ),

with (o) uniformly elliptic and non-symmetric. In this respect, the results contained in the present paper are
used in [1] to provide a I-convergence approach to the the study of H-convergence of non-symmetric linear elliptic
operators (see also [3]). Namely, thanks to Proposition 2.6 and Theorem 4.5 of the present paper, in [1] we give an
alternative and purely variational proof of the compactness of H-convergence, originally proved by other methods
by Murat and Tartar [17, 18].
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2. I'-CONVERGENCE OF INTEGRAL FUNCTIONALS

In this section we prove a compactness result, with respect to I'-convergence, for integral functionals depending
on the gradient of a vector-valued function and on a matrix-valued field.

Let Q be a bounded open set in R™ and let 1 < p < 400. Let fi: Q@ x R™*™ x R¥*™ — [0, 4-00) be a sequence
of Borel functions satisfying the following growth conditions of order p: there exist ag, a1 > 0 and two nonnegative
functions by, b1 € L'(Q) such that for almost every = € Q

ao([€[" + ") = bo(x) < fr(z,&n) < ar(|€]” + ") + bi(2), (2.1)

for every k € N, £ € R™*™, and n € R¥*™,
Consider the sequence of integral functionals Fj,: W1P(Q; R™) x LP(; R¥*™) — [0, +00) defined as follows

Fr(u,v) :== | fu(z,Vu,v)dz. (2.2)
Q
On WHP(Q; R™) x LP(Q;R¥*™) consider the distance d defined by (1.5). Clearly we have
U —> U strongly in LP(Q;R™),
d((uk,vr), (u,v)) -0 <= v = v strongly in W 1P (Q;RY*™),
divuy, — dive  strongly in W—5P(Q; R9).
Notice that (Wl’p(Q; R™) x LP(Q; R¥*™), d) is a separable metric space.
The following compactness theorem is the main result of this section.

Theorem 2.1 (I'-compactness of integral functionals). Let Fy be the sequence of functionals defined in (2.2) with
fi satisfying (2.1). Then, there exist a subsequence Fy; and a Borel function f: Q x R™X™ x RX™ [0, +00)
such that the functionals F; I'(d)-converge to the functional F: WLP(Q;R™) x LP(Q;RY™) — [0, +00) defined
as

F(u,v) := / f(z,Vu,v) dz, (2.3)
Q
with f satisfying
ao (|17 + [n?) = bo(z) < f(x,&,m) < ar(|€]” + nf”) + ba(), (2.4)
|f(@,&,m) = f(z,&2,m2)| < a2(l&1 — &| + [m — n2])(161] + |&2] + [ma| + 2] + b2 ()"~ (2.5)

for almost every x € Q, £,&1,6 € R™ ™, n,m1,m2 € R¥™*™, where as € R and by € LP(Q)T depend only on
ao,al,bmbl.

We prove Theorem 2.1 in a nonconstructive way, following the so-called localization method of I'-convergence,
for which we refer the reader to [12, Chapters 14-20]. Loosely speaking, this method consists of two main steps.
In the first one, based on compactness arguments, we prove the existence of a I'-converging (sub)sequence. While
in the second one we recover enough information on the structure of the I'-limit as to obtain a representation in
an integral form.

As a preliminary step, we localize the sequence F} by introducing an explicit dependence on the set of
integration. With a little abuse of notation, we consider the functionals

Fy(u,v, B) ::/ Jx(x, Vu,v) dz, (2.6)
B

defined for every u € WHP(Q; R™), v € LP(2; R**™), and for every Borel set B C ©, so that Fy(u,v,Q) = Fy(u,v).
Let A(Q2) be the set of all open subset of 2. The following compactness theorem shows that there exists a

subsequence whose I-limit F'(u,v,U) is a measure with respect to U. This is a preliminary step to obtain the

integral representation (2.8) below.

Proposition 2.2 (I'-compactness). Let Fj,: W5P(Q;R™) x LP(Q;R*™) x A(Q) — [0, +00) be the sequence of

Junctionals defined by (2.6), with fi, satisfying the growth conditions (2.1). Then, there exist a subsequence Fi;

and a local functional F: WHP(Q; R™) x LP(Q;RY™) x A(Q) — [0, +00) such that

Fy; (- U) T'(d)-converges to  F(:,-,U)
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for every U € A(Q). Moreover, for all (u,v) € WHP(Q;R™) x LP(Q;RYX™) the set function F(u,v,-) is the
restriction to A(Y) of a nonnegative Borel measure defined on . Finally,

F(u+s,v,U) =F(u,0,U) (2.7)
for every (u,v) € WHP(Q;R™) x LP(Q;R*™), s € R™, and U € A(Q).
Proof. Arguing as in [12, Theorem 19.1] we can prove that the sequence F} satisfies the fundamental estimate
introduced in [12, Definition 18.2]. Since (Wl’p(Q;Rm) x LP(Q; RX™), d) is a separable metric space, the result

can be obtained by adapting the arguments of [12, Section 18]. The functional F' is local by [12, Proposition
16.15]. The final statement of the proposition is trivial. d

Using Proposition 2.2, we now provide an integral representation formula for the I'(d)-limit F. The proof
relies on standard arguments that we repeat and adapt to our context for the reader’s convenience. Note that
Theorem 2.1 follows from Theorem 2.3 below by taking U = Q.

Theorem 2.3 (I-compactness of local integral functionals). Let fi: Q x R™*™ x R*™*"™ — [0,4+00) be Borel
Junctions satisfying the growth assumptions (2.1), and let Fy, be as in (2.6). Then, there exist a subsequence F;
and a Borel function f: QxR™ ™ xR — [0, +00), satisfying (2.4) and (2.5), such that for every U € A(Q) the
functionals Fy, (-,-,U) T'(d)-converge to the functional F(-,-,U): W"P(Q;R™) x LP(Q;R¥*") — [0, +00) defined
as

F(u,v,U) ::/Uf(x,Vu,v)dm. (2.8)

Proof. Proposition 2.2 ensures the existence of a subsequence Fy;(-,-,U) that T'(d)-converges to a functional
F(.,-,U), for every U € A(Q2). Hence, it remains to deduce the integral representation formula (2.8). This is done
in several steps.

Step 1. Definition of f.
Fix (£,1) € R™*™ xR ™ and define ug(z) = £z; by Proposition 2.2 F(ug, 7, -) can be extended to a Borel measure
on Q which, by (2.1), is absolutely continuous with respect to the Lebesgue measure. For every x € Q we define

i 1: F(u€7777BP($))
f(z,&n) = hpnlilip W7 (2.9)

where B,(x) is the n-dimensional ball of radius p > 0, centered at z. Then f is a Borel function and by the
Lesbegue Differentation Theorem we have

F(U§,777U):/ f(‘rvan)d‘rv (210)
U
for every U € A(Q). By (2.1) it follows that (2.4) holds at every Lebesgue points common to by and b;.

Step 2. Integral representation on piecewise affine and piecewise constant functions.
Since F' is local and F'(u,v,-) is a measure, from (2.7) and (2.10) we obtain that

F(um,U):/f(x,Vu,v)da:
U

when u is piecewise affine and v is piecewise constant (we assume that the boundaries of the sets where u is affine
and v is constant have zero Lebesgue measure). We refer to the proof of [12, Theorem 20.1] for the details.

Step 3. Conwvexity properties of f.
The proof of the rank -1-convexity in & is standard (see, e.g., [8, Theorem 9.1]). Let us prove that f is rank-(n—1)
convex in 7, i.e., for every t € (0,1)
f($7£7 tm + (1 - t)772) < tf(%ﬁ»ﬂl) + (1 - t)f(a:,ﬁ,nz) (211)
for every z € Q, for every & € R™*", and for every 11,72 € R™™ with rank (m1 — n2) < n — 1. By (2.9) it suffices
to show that, if B,(x) C €, then for all ¢t € (0,1)
F(u§7tn1 + (1 - t)7727 BP(I)) < tF(u& M, BP('T)) + (1 - t)F(ufan, Bp(m))

for every £ € R™*™ and for every ni,n2 € R¥™™ with rank (9, — n2) < n — 1. This inequality can be obtained as
in [2, Theorem 4.2, Step 3]. Indeed, as a consequence of the rank property of 11,12 we deduce the existence of a
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unit vector ¥ € "' such that (n; — n2)v = 0. Then, if we define v : R™ — {01, 72} as v(y) = n if y € UY and
v(y) =n2 if y € Uy, with
Ul ={yeR": h<y-v<h+t, hel},

Uy ={yeR": h+t<y-v<h+1, helZ},

we clearly have divv = 0. These sets represent a lamination of R™ in the direction orthogonal to v, with volume
fraction ¢t and 1 — ¢. If we define v, (y) := v(hy) for y € R", it is easy to show that

vp =t + (1 — ) weakly”™ in L®(Q;R™™), as h — oo.

Hence, in particular vy, converges strongly to v in W~1P(Q;R¥*") and divv, = 0 = divv.
Moreover, setting Uy, := (1/h)Uy and Uy, := (1/h)U3, we have

xvy, =t and xpy, —1—t weakly” in L=(Q), as h— oco.
By Step 2 and by the lower semicontinuity of F' with respect to the metric d, we have
F(ug,tm + (1 = t)nz, Bp(x)) < liminf F(ug, vn, B,(z))

~ timint( Fw&m)dy+ [ P& m2) dy)
—eo Uy ,NBp(x) Uy ,NBp(x)

:t/Bp(z)f(y,&m)der(lft) /B,,@)f(y’g’nz)dy
=t F(ue,m, By(z)) + (1 — t) Fue, n2, B,()),

for every £ € R™*™. Finally, taking the limsup in p yields (2.11).

The rank-1 convexity in £ together with the rank-(n — 1) convexity in n ensure that f is separately convex in
each component; i.e., if £ = (£);; and n = (9)¢;, f is convex in &;; for every i =1,...,m and j =1,...,n, and it
is convex in ng; for every £ =1,...,d and j = 1,...,n. Therefore, the growth conditions (2.4) together with the
separate convexity yields that f(z,-,-) is locally Lipschitz (see, e.g., [11, Lemma 2.2]). More precisely, there exist
az > 0 and a nonnegative function b, € LP(§2) such that (2.5) holds.

Step 4. Integral representation.
By (2.4) and (2.5) for every U € A(Q) the functional

(u,v)Hljf(m,Vu,U)dx (2.12)

is continuous with respect to the strong convergence of WP (Q; R™) x LP(£; R**™).

Let (u,v) € WHP(Q;R™) x LP(; R*™) and let U € A(Q) with U CC Q. We can find a sequence of functions
un, € WHP(Q; R™) strongly converging to « in WP (; R™) with piecewise affine restrictions to U and a sequence
of piecewise constant functions vy, strongly converging to v in LP(Q;R¢*™). Note that (un,vs) converge to (u,v)
with respect to the distance d. Since F' is lower semicontinuous and (2.12) is continuous, by Step 2 we get

F(u,v,U) < liminf F(up,vs,U) = lim f(x,Vup,vp) dx —/ fz, Vu,v)

h— o0 h— oo U

We now prove the converse inequality. Let (u,v) € W'P(Q;R™) x LP(Q;R¥™) and let G: W'P(Q;R™) x
LP(Q; RY™) x A(Q) — [0,400) be defined by

G(a,0,U) := F(u+ @,v + 0,U).

Since G satisfies the same properties as F, there exists a Carathéodory function g: Q x R™*™ x R4*™ — [0, +00)
such that for every (i,7) € WHP(Q;R™) x LP(Q;R¥™) and every U € A(Q), with U CC €, we have that

G(a,0,U) S/g(m,Vﬁ,ﬁ) dzx, (2.13)
U

with equality whenever 4 and ¥ are piecewise affine and piecewise constant, respectively.
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Let (un,vn) be the approximating functions considered above; then

/g(x,070)da::G(O,O7U)=F(u,v,U)§/f(x,Vu,v)dm
U U

o h— o0

= lim / f(x,Vup,vp)dx = lim F(up,vp,U) = lim G(up — u,vp —v,U)
U h—o0 h—o0

< lim [ g(z,V(up —u),vp —v)de = / g(z,0,0) dz.
h—oo [Jir U

Hence all inequalities are actually equalities, and in particular

F(u,v,U) = / f(z,Vu,v)dz, (2.14)

U
for all (u,v) € WHP(Q;R™) x LP(Q;R¥™) and U € A(Q), with U CC Q. Finally, the above equality holds for
all U € A(Q) since F is the restriction to A(Q) of a Borel measure. O

Remark 2.4. The functional F' is lower semicontinuous with respect to the distance d defined by (1.5), then
we can apply [14, Theorem 3.6] to obtain that for a.e. z € Q the function (&,7n) — f(x,&,n) is A-quasiconvex
according to [14, Definition 3.1] where

A, v) := (curlp, divo)

for every (1, v) € LP(Q;R™*™ x R**™). More precisely, we say that f(z,-,-) is (curl, div)-quasiconvex if
F& < [ Fan+ v+ ow)dy
Q

for all (£,7) € R™*™ x R*™™ and all (1,v) € C*(R™; R™*™ x R¥™), Q-periodic, such that curly = 0, divev = 0,
/ Ydy =0, / vdy = 0. In view of (2.4) and (2.5) in the above definition we may replace C°°(R™; R™*™ x R?X™)
Q Q

by LP(R™;R™*™ x RYX™) (see [14, Remark 3.3]).

We consider now the special case of quadratic functionals depending on the gradient of a scalar function u
and on a vector field v. In Corollary 2.5 and Proposition 2.6 we choose m =d =1 and p = 2.

Corollary 2.5. Let Xy, € L™®(Q; R**2") be symmetric matrices such that for a.e. © € Q, and for every w € R*™
colw|> < Sp(z)w - w < ei|wl|? (2.15)
for some 0 < ¢o < c1 independent of k, where the dot denotes the scalar product. Let Qr: W2(Q) x L*(Q;R™) x
A(Q) — [0, 400) be the sequence of quadratic forms defined as follows
Vu Vu
Qulu,v,U) == /U Ek(x)( ) : ( : ) da. (2.16)

(%

Then, there exist a subsequence Qr; and a matriz 3 € L (Q; R*™*2™) satisfying (2.15), such that for every
U € A(Q) the quadratic forms Qy, (-,-,U) T'(d)-converge to the quadratic form Q(-,-,U): W"?(Q) x L*({;R™) —

[0, +00) given by
5()( vu ) ( VU ) da. (2.17)

Qu.v.0) = [

U

Proof. By Theorem 2.3 and [12, Theorem 11.10] we have that for every U € A(f2) the quadratic forms Qx, (-, -, U)
I'(d)-converge to the quadratic form Q(-,-,U) given by

Q(U,U,U) :Af(I7VU,U) dz .

By (2.9) and [12, Proposition 11.9] on the characterization of the quadratic forms, we get that for every = € Q
also f(z,-,-) : R® x R™ — [0, +00) is a quadratic form. Therefore, there exists a matrix ¥ € L°°(Q; R*™*2™)

satisfying (2.15) such that
_ 3 3
faen=s@( ;) ()
for every (z,&,m) € 2 x R™ x R™ a
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For future applications (see, e.g., [1]) it is useful to highlight the following fact.

Proposition 2.6. Let ¥, X € L% (Q; R?*™"*?") be symmetric matrices satisfying conditions (2.15). Let Qi (u,v,U)
and Q(u,v,U) be quadratic forms defined as in (2.16), (2.17), and let Qr(u,v) = Qr(u,v,Q), Q(u,v) =
Qu,v,Q). If Qr T'(d)-converges to Q then for every U € A(QQ) the quadratic forms Qx(-,-,U) I'(d)-converges to
the quadratic form Q(-,-,U).

Proof. Following the argument of [3, Theorem 4.6] we may prove that the matrix ¥ is independent of the set U. O

We now prove that the convergence in measure of the integrands fi together with (curl, div)-quasiconvexity
implies I'(d)-convergence of the corresponding integral functionals Fy.

Theorem 2.7. Let fi be a sequence of Borel functions satisfying (2.1) and such that fi(z,-,-) is (curl,div)-
quasiconvex for a.e. x € Q. Assume that

fe(,€,m) = f(,€,m) in measure on §2 (2.18)

for every £ € R™*™ and n € R¥™. Then f is a Borel function, it satisfies (2.4), and f(z,-,-) is (curl,div)-
quasiconvez for a.e. x € Q. Let Fj, and F be the functionals defined by (2.2) and (2.3). Then Fy, T'(d)-converges
to F.

Proof. The first statement is a straightforward consequence of (2.18). Since fi(z,-,) and f(z,-,-) are (curl, div)-
quasiconvex, by [14, Proposition 3.4] fix(z,-,n) and f(z,-,n) are rank-1 convex on R™*" for a.e. z € Q and every
n € R™™ while fi(z,&,-) and f(z,€,-) are rank-(n — 1) convex on R¥™ for a.e. = € Q and every £ € R™*".
Hence, they are separately convex with respect to the scalar components of £ and 7. This property, together with
the growth assumptions (2.1) and (2.4), imply that fx and f satisfy the continuity estimates (2.5) uniformly with
respect to k (see also Step 3 of the proof of Theorem 2.3).

Under our hypotheses we can prove that there exists a subsequence of fi, not relabeled, such that fx(z,&,n) —
f(z, & n) for a.e. x € Q, for every &€ € Q*™, 5 € Q¥*™ where Q denotes the set of rational numbers. By (2.5) and
a diagonal argument the same property holds for a.e. € Q, for every & € R™*" n € R4*™. Taking into account
the growth conditions (2.1), this implies that Fi(u,v) — F(u,v) for every (u,v) € WHP(Q; R™) x LP(Q; R™™).
Therefore to achieve the I'-convergence result it is enough to prove the I'-liminf inequality. To this end let
(u,v) € WHP(Q;R™) x LP(Q;RY™) and let (ux,vr) € WHP(Q;R™) x LP(Q;R?*™) be a sequence such that
(uk,vk) — (u,v) in the distance d and such that Fj(uk,vr) converges to a finite number. We want to prove that

F(u,v) < lim Fy(uk,vr) - (2.19)
k—oo
From the convergence in the distance d and the boundedness of Fj(uxr,vr) we deduce that ur — u weakly in
WhP(Q; R™) and vy, — v weakly in LP(€; R**™). Up to subsequence we may assume that (Vug,vy) generates a
Young measure v : Q@ — M(R™*" x R¥*™). We refer to [14, Section 2] for the properties of Young measures we
use in this proof. For a general treatment of this subject we refer to [5, 7, 18].
We now prove that

/Q(/anandm flz,&m) duz(f,n)) dr < kli)rgo/ﬂfk(a:, Vug, vi) dx . (2.20)

Arguing as in [12, Theorem 5.14] for every £ > 0 we find a measurable set A. C Q, with |A.| < &, such that for
every M > 0 we have

fe(z,&m) = f(x,&n) uniformly on (2\ A:) X B, (2.21)
where By is the ball in R™*™ x R**™ with center (0,0) and radius M. We can easily construct a sequence @
of Carathéodory functions such that

om(z,&,m) — f(z,€,m) as M — +oo for a.e. z € Q and for every (£,7) € R™ " x R™", (2.22a)
om(z,&,n) =0 fora.e. x € and for every (£,1) ¢ B, (2.22b)
0<om(x,&n) < (flz,&n) — %)4' for a.e. = € Q and for every (£,7) € R™*™ x R™*™ (2.22¢)
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where (£)T denotes the positive part of ¢t € R. By (2.21) and (2.22) there exists kas € N such that for every
k > ka we have o (z,€,m) < fr(z, &,n) for a.e. x € Q\ Ac and for every (£,7) € R™*™ x R4*™, Integrating this
inequality we obtain

/ an(:r,Vuk,vk)dxg/fk(:r,Vuk,vk)d:r (2.23)
Q\ A, Q

for every k > kyr. By the Fundamental Theorem on Young Measures (see e.g. [14, Theorem 2.2])

/ (/ (pM(x,f,n)dyz(f,n)) dmgliminf/ om(z, Vug, vg) dx .
Q\A. RMXn yxRAX7N k—o0 Q\ A

Taking into account (2.23) and passing to the limit first as M — oo and then as ¢ — 0, thanks to (2.22a) we
obtain (2.20).
To prove (2.19) it remains to show that

f(, Vu(z), v()) < / F,€m) dva(€.m)

RM XN xRAX N

for a.e x € Q. Since f(z,-,-) is (curl, div)-quasiconvex, this can be done arguing as in the proof of [14, Theorem
3.7]. This concludes the proof of the I'-liminf inequality and therefore shows that the selected subsequence of Fj
I'(d)-converges to F. Finally, since the I-limit F' does not depend on the subsequence, we may conclude thanks
to the Urysohn property of I'-convergence ([12, Proposition 8.3]). a

We now prove that under suitable assumptions the integrand f of the I'(d)-limit F is continuously differentiable
with respect to (£,n). Similar results have been proved in [15] for the convex case and in [4, 6] for quasiconvex
envelopes.

Theorem 2.8. Let f : Q x R™*™ x R™™ — [0, +00) be Borel functions satisfying (2.1). Assume that for every
k, for a.e. x € Q, and for every &1,& € R™<™, ny,ny € R

&,n) — fr(z, &n)  belongs to CT(R™ "™ x R*™), (2.24a)
|0 (@, €1,m) = De fro(, E2,m)| < alér — o (|60] + [€2] + n] + b(x))" 177, (2.24b)
|0 fie(w, &, m) — O fi(, & m2)| < alm — 02| (1€] + [m] + ] + b(2)" ™7, (2.24¢)

where a >0, b€ LP(Q)T, and 0 < a < min{1, (p — 1)} are independent of k.
Let f : Q x R™*™ x R™™ — [0,400) be a Borel functions satisfying (2.4), (2.5), and let F, and F be the
functionals defined by (2.6) and (2.8). Assume that for every U € A(Q)

Fy(-,-,U) T(d)-converges to F(-,-,U). (2.25)
Then,
(&,m) = flz,&,m) belongs to CT(R™ ™ x R**™) (2.26)
for a.e. x € Q.

Proof. Given z €  and 0 < p < dist (z,092) we define

FoP(u,0) == | £ (y, Vu(y),v(y)) dy, F&P(u,v) = | f(y, Vu(y),v(y)) dy,

By By

where Bj is the open ball in R™ with center 0 and radius 1 and

w W, Em) = fulx + py, &,m), Fo(y, &m) = flz+py, &) .

By (2.25) and by a change of variables we obtain that F'” I'(d)-converges to F***, where now the distance d is
defined using B; instead of 2. Thanks to the continuity assumptions (2.5) there exists a negligible set N C
such that every € Q\ N is a Lesbegue point of f(-,&,7) for every (£,1) € R™*"™ x R**" as well a Lesbegue
point of the function by and b1 in (2.4). It follows that for every x € Q\ N, f®°(-,&,1n) — f(z,&,1) in measure
on Bi as p — 0. Moreover, there exist a sequence p; — 0, possibly depending on z, and two functions b and b7
such that

bo(x + piy) < b5 (y), bi(z + piy) < b7 (y)
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for every i and for a.e. y € Bi. By Remark 2.4 for a.e. x € Q the functions f**(y, -, ) are (curl, div)-quasiconvex
for a.e. y € By1. Therefore for every z € 2\ N we can apply Theorem 2.7 and obtain that
F™f" T(d)-converges to F”
as p; — 0, where
F*(u,v) = | f(z,Vu(y),v(y))dy.
By
By diagonal argument we find a sequence k; such that F; ,fi’p i T'(d)-converges to F**.

We can now apply the arguments of the proof of [15, Proposition 2.5] using Lemma 4.4 in place of [15, Lemma
2.4] and we obtain the existence of the partial derivatives of f with respect to the components of (£,7). The
continuity with respect to (£,7) of these partial derivatives is a consequence of the convexity in each components
which, in its turn, follows from the (curl, div)-quasiconvexity. O

3. BOUNDARY CONDITION AND DIVERGENCE CONSTRAINT

In this section we study functionals with a Dirichlet boundary condition u = 3 and divergence constraint
dive = g. We begin with the case of boundary conditions.

Theorem 3.1 (I'-convergence with boundary data). Let F) be the sequence of functionals defined in (2.2) with
fr satisfying (2.1). Assume that Fy, T(d)-converges to F satisfying (2.3)-(2.5). Let ¢ € WYP(Q;R™) and let
EL: WhP(Q;R™) x LP(Q;RT™) — [0, +00] be the functionals defined as
. 1, m
F,f(u,v) = {Fk(u,v) qu_¢EWO p(Q7R )7

3.1
+00 otherwise. (3:1)

Then, the functionals Fy' T'(d)-converge to

F () F(u,v) if u—1 € WyP(Q;R™),
U,v) =
400 otherwise.

Proof. Clearly, we have to deal only with the u variable. Then, the proof exactly follows that of [12, Theorem
21.1]. Indeed, the I'-liminf inequality is a straightforward consequence of (2.1), of the Poincaré inequality, and of
the fact that WO1 P(Q;R™) 4 4 is closed in the weak topology of WP (Q;R™). To prove the I'-limsup inequality
we have to exhibit a recovery sequence such that ur — ¢ € Wol‘p(Q; R™), for every k. To this end, we suitably
modify a recovery sequence for Fj as in [12, Theorem 21.1]. Then the fundamental estimate allows us to show
that the error introduced in the energy goes to zero as k — +o0. g

Remark 3.2. Let fo: Q x R™*™ x R¥*™ — [0, +00) be a Borel function satisfying the growth assumption (2.1)
and let Fy be defined as in (2.2). Applying Theorem 2.1 with Fi, = Fy for every k and using [12, Proposition
3.6], we find that there exists a Borel function fy satisfying (2.4) and (2.5) such that the d-lower semicontinuous
envelope Fy of Fy can be represented as

Fo(u,v) ::/Qfo(;r:,Vu,U) dz. (3.2)

Given ¢ € WHP(Q;R™), we can consider the functional F(}b defined in (3.1). Then, applying Theorem 3.1 with
Fi = Fp for every k we obtain that the d-lower semicontinuous envelope of F(}Z’ coincides with

T . _ 1,p .Tom
Fg)(u,v) :: {Fo(u,v) if w .1/1 € WyP(Q; R™),
400 otherwise.

In the following theorem we consider the case of prescribed divergence.

Theorem 3.3 (I-convergence with prescribed divergence). Let Fj be the sequence of functionals defined in
(2.2) with fi satisfying (2.1). Assume that Fy T'(d)-converges to F satisfying (2.3)-(2.5) and that fr(zx,-,-) is
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continuous on R™*™ x R¥*™ for every k and for a.e. © € Q. Let ¥ € WHP(Q;R™), let g € WHP(Q;RY), and let
EP9: WEP(Q;R™) x LP(Q;RY™) — [0, +00] be the functionals defined by

. 1,0 /0y. om L
FY9(u,v0) = Fr(u,v) ifu 71/? € Wy (R™) and dive =g, (3.3)
~+00 otherwise.
Then, the functionals F:”g I'-converge to
. Lp/oy. mm L
FY9 (0, 0) F(u,v) ifu —1%) € WP (5 R™) and dive = g, (3.4)
+o0 otherwise,

with respect to the weak topology of WP (Q; R™) x LP(Q; R¥*™).

Proof. T-liminf. Let (uy,vr) € W'P(Q;R™) x LP(Q;R?*™) be such that ux — 1 € WyP(R™) and divug = g,
and suppose that uy — u weakly in WP(Q;R™) and vy — v weakly in LP(Q; R**™). Then, uy — u strongly
in LP(Q;R™), vy — v strongly in WP (Q;R™™), and divvr, — dive strongly in W1P(Q; R?). Therefore,
(uk,ve) — (u,v) with respect to the distance d and the I'-liminf inequality follows immediately from Theorem
3.1.

T'-limsup. By Theorem 3.1, Remark 3.2, and [12, Proposition 6.11] the sequence f;ﬁ I'(d)-converges to F".
Let (u,v) € WHP(Q;R™) x LP(Q;R?™) be such that u — ¢ € Wy P(;R™) and dive = g; by the I'(d)-limsup
inequality there exists a sequence (ug,vy) € WHP(;R™) x LP(Q; R*™) such that uy, — 1 € Wy P (;R™),

up — u in LP(Q;R™), wp — v in W LP(Q;RYX™), diver — g in W HP(Q; RY), (3.5)
Jim Fy (we, o) = F¥ (u,v) = F¥9 (u,v) < +00. (3.6)
—00

Now we need to modify v in order to get a new recovery sequence wy, for f;ﬁ satisfying the divergence constraint
divwy = g. To this end, for every k € N let ¢ be the solution to the following Dirichlet problem

{Aqapk =g—divug

3.7
on € Wi (@) 3.7

where Agipy, := div (|Ver|7 2Vr) and 1/p+1/q = 1. We define 9% := |Vr|?7 2V i with the convention 95 = 0
if ¢ < 2 and |Vpg| = 0. Then using (3.7) we obtain

[ 1ondz = [ 191" de < lg = div oulw-1s @) [Vorl cocaimacny
Q Q

hence,
H@k”LP(Q;Ran) <llg — div vk”W—lvP(Q;Rd) . (3.8)
Therefore, ¥ € LP(Q;R¥*™), divdy = divug — g, and by (3.5) and (3.8) we have that
ok — 0 strongly in LP(Q; R*™). (3.9)
Thus, wy, = v — U converges to v weakly in LP(Q;R**") and divwy = g. By Remark 3.2 the integrands

corresponding to FZ satisfy the local Lipschitz condition (2.5) with a2 and b2 independent of k. Therefore, (3.6)
and (3.9) yield

lim ff(uk,wk) = kli_)rgloff(uk,vk) = F¥9(u,v). (3.10)

k—oo

Starting from the sequence (ux,wy) we want to construct a recovery sequence for the I'-limit of F:’ , still satisfying
the divergence constraint. To this end we fix k and we consider a sequence (uj,, wj,) d-converging to (ug, wx) such
that u}, — ¢ € Wy'?(Q;R™) and

lim F:’(ui,wj) :F}f(uk,wk). (3.11)

j—o0
Reasoning as above, we may modify wi in order to get a new sequence zi converging to wy weakly in LP(; Ran)
and with div zfc = g. Indeed, it is enough to take zi = wfg — |V<pi\q72Vgpi, where npi is solution to the Dirichlet
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problem (3.7), with vy replaced by wi. Since fi is a Carathéodory function, (ui, wi) is bounded in LP(;R™ X
R™™) and (2] —w}) — 0 strongly in LP(Q; R**™), by [13, Lemma 4.9] we have that

: ioay JodV) —
jlggo(Fk(ukawk) Fk(ukvzk)) 0.

Therefore, by (3.11), for every fixed k we get

lim FY(ul,z]) = F;ﬁ(uk,wk).
J—0o0
Hence, there exists jj, such that d((ul*, zJ*), (uk,wy)) < 1/k and
|FY (ul*, 20%) — Fy (e, wi)| < 1/ (3.12)
We may assume that the sequence ji is increasing and we set uy := ufc" and Zj := zi’“ Then (@, Zx) d-converges
to (u,v), div 2, = g, 4x — ¥ € Wy'P(;R™), and by (3.10) and (3.12)

lim F9(ay, 2,) = lim Ff(uk,wk) = F"9(u,v) < 4o0.
k—o0 k—o0

Therefore, the growth condition (2.1) yields
iy — u  weakly in WHP(Q;R™) and o — v weakly in LP(Q; RY™).
This concludes the proof of the I-limsup inequality with respect to the weak topology of W'P(Q;R™) x
LP(Q; REX™), O
4. CONVERGENCE OF MOMENTA

In this section we prove the convergence of the momenta for minimizers of the functionals F; ]f Y as in (3.3).
This result is a generalization of [13, Lemma 4.11] to the case of sequences of functionals.

Here we assume that the functions fi satisfy a local Lipschitz property, uniformly in k. More precisely, we
suppose that there exist az > 0 and a nonnegative function b € LP(§2) such that for almost every = € Q

[fi(@, é,m) = fi(w,&2,m2)] < az(lér — | + Im — ) (1a] + [a] + |ma| + [m] + b2(2))" ™" (4.1)
for every k € N, x € Q, £1,62 € R™*™, and 11,12 € R¥*"™,

Remark 4.1. If the functionals ;¢ are lower semicontinuous with respect to the weak topology of WP (Q; R™) x
LP(Q; RY*™), then by [14, Theorem 3.6] the functions (&,71) — fx(z,&,n) are (curl, div)-quasiconvex for a.e. = € Q.
As already observed in the proof of Theorem 2.7 we have in particular that the functions fi satisfy (4.1) with a2
and bz depending only on ao, a1, bo, b1.

We need the following preliminary I'-convergence result.

Theorem 4.2 (I'-convergence of the perturbed functionals). Let Fj be the sequence of functionals defined in (2.6)
with fr satisfying (2.1) and (4.1). Assume that for every U € A(QY) the functionals Fy(-,-,U) I'(d)-converge to
a functional F(-,-,U) given by (2.8), with f satisfying (2.4) and (2.5). Let ® € LP(;R™ ™), w € LP(Q;RY*™),
and let G2 WUP(Q;R™) x LP(Q; R*™) x A(Q) — [0, +00) be the functional defined as

GP (u,v,U) = / fr(z, Vu+ &, v+ w)dz. (4.2)
U
Then, for every U € A(Q) the functionals G‘,f’w(~, -, U) T'(d)-converge to
G®" (u,v,U) := / flz,Vu+ ®,v+ w) du.
U

Proof. For every z € Q, £ € R™*", n € R™"™ and k € N set

g (2, 6,m) = fr(z, &+ @,n+w). (4.3)

Notice that, by definition, g;f’w satisfies conditions of type (2.1) and (4.1) with b, b1, b2 replaced respectively by
ao(bo + PP + |w|?), ao(by + |P|P + |w|P) and (b2 + || + |w]|), for a suitable constant ag > 0 depending only



12 N. ANSINI, G. DAL MASO AND C.I. ZEPPIERI

on ag,ai,az and p. Therefore, by Theorem 2.3, for every U € A(Q) the functionals Gf’w(-, -, U) T'(d)-converge,
up to subsequences (not relabeled), to a functional of the form

G (w0, U) = / 4% (2, Vi, v) da,
U

for some Borel function g®*: Q x R™X™ x R¥*™ — [0, +-00) satisfying (2.4) and (2.5) with the same values of
bo, b1 considered above and a possibly different 2. We want to prove that

G®"(u,v,U) = / f(z,Vu+ ®,v + w) dz, (4.4)
U

for every u,v,U. We divide the proof into four main steps.
Step 1. ® = £ = constant. Let £ € R™*™ and let ug := £x. By definition, we have Gi’w(u,v, U) = Fp(u+ueg,v+
w,U), hence G5 (u,v,U) = F(u + ug,v + w, U) so that
G u,0,U) = [ fla, Vut &t w)de
U

for every (u,v,U) € WHP(Q;R™) x LP(Q;R¥™) x A(9Q).

Step 2. ® piecewise constant. Let £4,..., &N € R™*™ and consider the piecewise constant function
N .
() == xu;(2)¢,
i=1

with U; pairwise disjoint open sets such that |2\ U, U;| = 0.
Since G (u, v, -) is a measure, by additivity on pairwise disjoint sets and by locality we have
N N
G*" (u,v,U) = Z G*"(u,v,U;NU) = ZGgl’w(u,v, U;nU),

i=1 i=1

hence by Step 1

N
G*" (u,v,U) = Z/ fz,Vu+ & v+ w)de = / f(z,Vu+ ®,v 4+ w)dz.
UinU U

=1
Step 8. Continuity estimates. Let ®1,®5 € LP(R™ ™) let U € A(Q), and let (u,v) € WP(Q;R™) x
LP(Q;R¥*™). By the definition of I'(d)-limit there exists (ux,vx) d-converging to (u,v) such that
G2 (uk, v, U) — G2 (u, 0, U). (4.5)
Appealing to (4.1) and to the Hélder inequality, we find that for every k € N

GE (un, v, U) — G2 (ug, v, U) < / | fi (2, Vg, + @1, 0 + w) = fi(z, Vg + P2, v+ w)| da
U

p—1

< ar||®1 = ®alee (Vurllee + [[vrllee + lwllee + [@1]ze + (|P2]lLe + 1)
< as||P1 — P2l|zr (G:Q’w(uk,’vk,U)l/p + |lwlze + || P1]lze + || P2llzr + l)p_1:

for some a1, s > 0 depending only on p, ag, a1, az, bo, b1, b2, and where all the norms above refer to the set U.
Therefore, (4.5) and the I'-liminf inequality give

GV 0, U) = G (0,0,U) < s [ @1 — Bl o (G2 (0, U)? + [w]l o + @120 + | @]l e + 1)
Using the upper bounds in (2.4) and exchanging the roles of ®; and ®2 we then obtain

G* (w0, U) = G (w,0,U)| < as|| @1 = Blow (| Vullr + [v]ler + wlle + [@1]|ze + [|B2]lr + 1),
for some constant az > 0 depending only on p, ao, a1, a2, bo, b1, ba.

Step 4. General case. Let ® € LP(Q;R™*™) and let ®; be a sequence of piecewise constant functions converging
to @ strongly in LP(£2; R™*™). Thanks to the continuity estimate proved in Step 3 we have

G* (u,0,U) = G™ (u,0,U),
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for every (u,v,U) € WHP(Q;R™) x LP(Q; R¥™) x A(£2). Moreover, by Step 2 we find
G (u,v,U) = / f@,Vu+ ®j,v+w)dr — / f(z,Vu+ ®,v + w) d,
U U
where the convergence follows from (2.4) and (2.5). Then, equality (4.4) is accomplished. a

The following result turns out to be useful in the applications (see, e.g., [1]).

Proposition 4.3. Let Fj be the sequence of functionals defined in (2.2), with fi satisfying (2.1) and (4.1).
Assume that Fj, T'(d)-converges to F satisfying (2.3)-(2.5). Let » € W*P(Q;R™), g € W HP(Q;RY), & ¢
LP(GR™ ™), w € LP(Q;R™™), and let GO : WHP(Q; R™*™) x LP(Q;R™™) — [0, +00] be the functional
defined as

b9 B . / fe(z, Vu+ @0 +w)de if u—v e WyP(R™), dive =g,
Gy, (u,v) =< Jo

400 otherwise.

Then, the functionals GY"9®" T-converge to the functional

GV O® (g, ) 1= /Qf(ff7VU+¢’7v+w)d$ if uw—1eWyP(QR™), dive =g,

+o00 otherwise,
with respect to the weak topology of WP (Q; R™) x LP(€; R*X™).
Proof. Thanks to Theorem 4.2 it is enough to apply Theorem 3.3 with fi replaced by the functions gg”w defined
in (4.3). O
The following lemma is an easy variant of [13, Lemma 4.9] (see also [15, Lemma 2.4]) and it will be used in

the proof of the main result of this section. We give here the proof for the reader’s convenience.

Lemma 4.4. Let (X, o, u) be a finite measure space, let p > 1, let l,s > 1, and let Hi: X x R® — R be a
sequence of Carathéodory functions. Let 0 < a < min{l, (p — 1)}; assume that there exist a constant a > 0 and a
nonnegative function b € LP(X), such that

|Hy (%, ¢1) — Hi(w,G2)| < alG = G| “ (1G] + |G| 4 b(x))P '~ (4.6)
for every k € N, z € X, (1,(2 € R®. Let @ and Uy, be two sequences in LP(X;R*) such that @i is bounded in
L?(X;R%) and ¥, — 0 in LP(X;R®). Then,

/ (Hk(I, Oy + ‘Ifk) — Hk(m, q)k))q)dp, — 0,
X
for every ® € LP(X;RY).
Proof. By (4.6) we have
|Hi (2, @1 + Vi) — Hi(z, ®1)||®] < aWx|*(|Wk| + 2[Pk| + b(x))" ™ 7],
for every x € X. Since ® € L?(X;R?), to conclude it is enough to show that
WL (W] + 20] + b))~ =0 in LI(X), (47)
with ¢ = p/(p — 1).
To this end, we first apply Holder’s Inequality with exponents (p,q) and then with r = (p — 1)/a and
s=(p—-1)/(p—1—a); we find
_pa_ (p—1—a)
[ ]+ 2]+ b))
b's
p—l—a

<o [ wran)” ([ wrdus [ enpdus [ barde)
X X X X

Hence, the thesis follows as || V4| r(x;rs) — 0 and Py is bounded in LP(X;R®). O
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Let f: Q x R™*™ x R4*™ — [0, 4+00) be a Borel function satisfying (2.4), (2.5), and (2.26). In view of (2.5)
we immediately deduce that
10 f (x,€,m)] < a2(2/€] + 20| +b2(2))" ™", 10, f (2, &,m)| < az(2[€] + 2n| + b2(2)" ",
for every z € Q, £ € R™*"™ n € R¥™. Therefore the functional F: LP(Q;R™*™) x LP(Q;R¥*™) — [0, +o0)
defined by
/f z, ®,v)dx (4.8)

is C* and its partial differentials OsF: LP(Q;R™*™) x LP(Q;RYX™) — LY(Q;R™*™) and 9, F: LP(QR™*™) x
LP(Q; RYX™) — LY(Q; R*™) are given by
0o F(P,v) = O f(z,®,v) and O,F(P,v) = 0y f(z,P,v). (4.9)
In the next theorem we consider functions fj satisfying (2.1), (4.1), (2.24), and the corresponding functionals Fy
defined by (4.8).
We are now in the position to prove the result concerning the convergence of momenta. Note that in the
next theorem we do not assume that (ug,vy) is a minimizer. We only suppose that (ug,vr) — (u,v) and that

Fr(Vug,vg) — F(Vu,v). We shall see in Corollary 4.6 below that these properties are always satisfied, up to
subsequence, if (uk,vr) is a solution of a suitable minimization problem for Fy.

Theorem 4.5. Let Fj be the sequence of functionals defined in (2.6) with fi satisfying (2.1), (4.1), and (2.24).
Assume that for every U € A(Q) the functionals Fy(-,-,U) I'(d)-converges to a functional F(-,-,U). Then F can be
represented as in (2.8), with f satisfying (2.4), (2.5), and (2.26). Let (ur,vx), (u,v) € WHP(Q; R™) x LP(Q; RX™).
Assume that (uk,vr) — (u,v) with respect to the distance d and that Fi,(Vuw,vr) = F(Vu,v). Then,
0o Fr(Vug,vi) — 0o F(Vu,v) weakly in  LI(Q;R™ ™), (4.10a)
Oy Fr(Vug,v) — 8, F(Vu,v) weakly in  LI(Q;RX™), (4.10Db)
where ¢ =p/(p —1).
Proof. Properties (2.4) and (2.5) are proved in Theorem 2.3, while (2.26) is proved in Theorem 2.8. The proof

of (4.10) follows the lines of that of [13, Lemma 4.11]. We repeat it here for the reader’s convenience. We prove
only (4.10a). It is enough to show that

(O F(Vu,v), ¥) < likm inf (0o Fr(Vur,vi), ) (4.11)
—>00

for every ¥ € LP(Q;R™*™). Let t; be a sequence of positive numbers converging to 0. By virtue of Theorem 4.2,
for every ¢ we obtain

f(Vu +4 ti‘l/,’l)) — ]-'(Vu, ’U) < lim inf fk(Vuk + ti\I’,Uk) — ]:k(vuk,’l)k)

ti k— o0 ti

Therefore there exists an increasing sequence of integers k; such that
F(Vu+t¥,v) = F(Vu,v) 1 < Fr(Vup + 6V, vr) — Fr(Vuk, vg)
ti i tz’
for every k > k;. Setting e, :=t; for k; < k < ki1, from (4.12) we deduce
lim inf F(Vug +ex¥,v) — F(Vu,v) < lim ]-'k(Vuk + ex W, vk) — Fr(Vug, vk) .

k—oo €k kﬁoo Ek

(4.12)

Since Fi and F are C', we have

(0o F(Vu,v),¥) = lim F(Vur +er¥,v) — F(Vu,v)
k— o0 €k

and by Mean Value Theorem there exists 7 € [0,ex] such that
Fie(Vuy 4 ex¥, vx) = Fe(Vug, vr)
€k
By Lemma 4.4, with Hy = O¢ fi, and ¥y, = 7, ¥, we have

hkm inf(c%fk (Vuk + 70, ’Uk), \I/> = hkm inf(%]-‘k(Vuk, Uk)7 \I/>
— 00 — 00

= (0o Fr(Vur + 7V, vg), ¥) .
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which concludes the proof of (4.11). Similarly we can prove (4.10b). O

Corollary 4.6. Assume that Fy, fr, F, and f satisfy the hypotheses of Theorem 4.5. Let b € WP (Q; R™), let
g € WEP(Q;RY), and let F'? and F¥9 be defined by (3.3) and (3.4). Assume that for every k the pair (uy,vk)

is a minimizer of F:”g. Then, there exist a subsequence of (uk,v), not relabeled, and a minimum point (u,v) of
FY9 such that uxy, — u weakly in WP (Q;R™), vy — v weakly in LP(Q;R™), and (4.10) hold true.

Proof. By Theorem 3.3 the functionals F,j”g I-converge to F'¥9 with respect to the weak topology of W' (Q; R™) x
LP(Q; R™). Let (uk,vx) be a minimizer of F{, then in particular uy — ¢ € WyP(Q;R™) and divu, = g. By
the coerciveness condition (2.1) there exists a subsequence of (ux,vr), not relabeled, such that ur — u weakly
in WHP(Q; R™) and vy — v weakly in LP(Q; R*"™), hence, (ug,vx) — (u,v) with respect to the distance d. By
a general property of I-convergence (see, e.g., [12, Corollary 7.17]) the pair (u,v) is a minimizer of F¥*9 and
Fi(Vug,vg) = F29 (ug, vi,) — F¥9(u,v) = F(Vu,v). Then the conclusion follows by Theorem 4.5. O
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