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Abstract

We consider multidimensional variational integrals for vector-valued
functions v : R® D Q — RY. Assuming that the integrand satisfies
the standard smoothness, convexity and growth assumptions only near
oo we investigate the partial regularity of minimizers (and generalized
minimizers) u: Introducing the open set

R(u) := {x € Q : u is Lipschitz near z},

we prove that R(u) is dense in 2, but demonstrate for n > 3 by an example
that Q\ R(u) may have positive measure. In contrast, for n = 2 one has
R(u) = Q.

Additionally, we establish analogous results for weak solutions of quasi-
linear elliptic systems.
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1 Introduction

Throughout this paper we fix n > 2, N > 1, p > 2 and a nonempty bounded
open subset ) of R". We study the minimization problem for variational inte-
grals

Flu] ::/Qf(Du) dx for u: Q — RV, (1.1)

where f: R¥® — R is a given integrand of the argument z € RV,

We say that f is regular iff it satisfies a set of standard smoothness, con-
vexity and growth assumptions (see Definition 2.1 below). If f is a regular
C*°-integrand, then there is a well-developed existence and regularity theory
for the minimization problem: Precisely, minimizers u of F' exist in the Soboev
space WHP(Q,RY) and are C™ outside a negligible set S; see [Mo, GMi, GG,
E, FH, GMol, AF, AG, H, DG, DGG, DK, KM1, FM]. The smallest such S
is called the singular set and need — by famous examples [N, HLN, SY1, SY2]
— not be empty, except for n =2 [Mo, KM1] or N =1 [GG, GMo2, Ma|.

Here, we restrict our considerations to proving local Lipschitz continuity
of minimizers u of F'. In this regard it is heuristically plausible that only the
behavior of f for large values of the gradient variable z should be relevant.
Indeed, it was pointed out by Chipot & Evans [CE| that this heuristic idea
can be made precise in some particular situations. Moreover, various related
results (see for instance [GMo2, MMS, Ra, Fu, FL, Fo, FPV2]) have by now
been established and we refer the reader to the first part [SS] of this work for an
extensive discussion of such issues and further references. However, we stress
that all these papers are concerned with particular situations where — for some
reason — everywhere regularity is available.

In the present paper we focus on the general case, where only partial reg-
ularity can be expected. In fact, without imposing any additional structure
condition we will merely require that f is locally bounded and asymptotically
regular, i.e. regular for large values of z (see Definition 2.2 for a precise state-
ment). Introducing the open set

R(u) :={z € Q : u is Lipschitz near z}, (1.2)

it would then be natural to expect that S(u) := 2\ R(u) is negligible. However,
we demonstrate that the situation is not that simple: We prove that the regular
set R(u) is always dense in (2, but give for n > 3 and N = In(n+1)—1 an
example of a minimizer u such that the singular set S(u) has positive measure.
Additionally, we obtain R(u) = € in the cases n =2 and N = 1.

2 Statements

In order to state our results, we will now specify our assumptions on the in-
tegrand in (1.1), introducing the classes of regular and asymptotically regular
integrands. We stress that our notion of an asymptotically regular integrand
in the present paper differs from the one in [SS], and is in fact considerably



stronger; see [FPV1, SS] and Section 4 for further information about notions of
asymptotic regularity and their relation.

Definition 2.1 (Regularity). Let m € IN. We say that f : R™ — R is regular
iff it is C? and satisfies the following convexity and growth conditions:

D*f(2)(€,€) = v(1+ [2])P 2 ¢,
|D?f(2)] <T(1+ 2]~
for all z,£ € R™, and for some positive constants v and I.

Definition 2.2 (Asymptotic regularity). We say that f : R™ — R is asymp-
totically regular iff for some positive constants M, v and I' the function f is
C? outside By and satisfies, for all z,& € R™ with |z| > M, the conditions

D2f(2)(€,€) > ~]2[P~2[¢]%,
ID?f(2)| < T|z|P2.

In the following, we will additionally assume that f is locally bounded, i.e.
there is some nondecreasing function Y : [0,00) — [0, 00) with

1F(2)] < Y(]z])  for all z e RV™

With this terminology we may now state our first main result:

Theorem 2.3 (Partial Lipschitz regularity for minimizers). We consider a lo-
cally bounded Borel integrand f : RN™ — R and assume that f is asymptotically
reqular. Then there exists a constant L, depending only on the datan, N, p, v,
T, Y and M, such that for every minimizer u € WHP(Q,RN) of F from (1.1),
the domain ) can be decomposed into three disjoint sets H, By, and 3 such that

e H is an open set with u € Cllo’g(H, RY) for every a € (0,1);
e cvery x € By, is a Lebesgue point of Du with |Du(z)| < L;
e X is a negligible set.

In particular, H and the interior of By, are contained in the reqular set R(u),
defined in (1.2), and thus R(u) is dense in Q.

Remark 2.4. The above result does not imply that the singular set S(u) is
negligible. In fact, it may happen that S(u) N OB has positive measure. We
will give an example of a minimizer with this behavior below; see Theorem 2.6.

The reader should note that asymptotic regularity in combination with the
requirement that f is locally bounded implies

clzlP = C < f(z) <C(1+|z|P) for all z € RNV, (2.1)

which, in turn, ensures that the integral (1.1) is well-defined and finite on

WLr(Q,RM).



We stress that, in contrast to regularity, asymptotic regularity does not
allow to prove the existence of minimizers. Thus, it is desirable to find an
appropriate class of generalized minimizers and to extend the above regularity
result to this class. Here, we deal with relaxed minimizers in the sense of [SS,
Section 2.1.5] and establish the following generalization of Theorem 2.3:

Theorem 2.5 (Partial Lipschitz regularity for relaxed minimizers). The con-
clusion of Theorem 2.3 still holds if u is only a relaxed minimizer of F (instead
of being a minimizer).

The question arises if the above assertion that R(u) is dense — or equiva-
lently that S(u) is nowhere dense — can be improved. As mentioned above, in
the case of regular integrands the singular set is negligible, and in fact even its
Hausdorff dimension can be bounded away from n [G1, Mi, KM1]. However,
our next result shows that such assertions do not carry over to asymptotically
regular problems:

Theorem 2.6 (A singular set of positive measure). For every n > 3 and
N = %n(n—i— 1) — 1, there exist a smooth integrand f : RN™ — R and a function
u € WH2(Q,RY) such that the following holds:

o f is asymptotically reqular in the sense of Definition 2.2 with p = 2;
e u is a minimizer of F' from (1.1);
e S(u) has positive measure.

Next, we consider quasilinear elliptic systems
diva(Du) =0 on . (2.2)

In the following, we will employ notions of regularity and asymptotic regularity
for the structure function a : RY® — RN" analogous to the Definitions 2.1
and 2.2. In particular, we say that a is asymptotically regular iff there are
positive constants M, v and T' such that a is C' outside Bj; and satisfies

Da(2)¢ - € > ~]z|P72)¢)?,
|Da(z)| < Tz[P~?

for |z] > M and ¢ € RN™. With these notations we state our main result for
Systems:

Theorem 2.7 (Partial Lipschitz regularity for weak solutions). We consider
a locally bounded Borel function a : RN — RN™ and we assume that a is
asymptotically regular. Then the conclusion of Theorem 2.3 holds for every
weak solution u € WHP(Q,RY) of (2.2).

In the situation of Theorem 2.7, the singular set S(u) will, in general, not
be negligible either. Indeed, this assertion is an immediate consequence of
Theorem 2.6 since u solves div D f(Du) = 0.

Additionally, in the cases n = 2 and N = 1 we can improve the above results
obtaining everywhere regularity (compare [FL]):



Theorem 2.8 (Two-dimensional problems). Let n = 2. We suppose that u is
either a relaxed minimizer of F from (1.1) under the assumptions of Theorem
2.3 or a weak solution of (2.2) under the assumptions of Theorem 2.7. Then
we have R(u) = .

We stress that Theorem 2.8, apart from its intrinsic interest, has some
applications in the theory of quasiconvex integrals; see the discussion in [KM2,
Section 6.1]

Before stating the result for N = 1, let us specify an additional technical
assumption, which we will need for p > 2, but not for p = 2. For the function
A := D?f or A := Da, respectively, we require the following uniform continuity
condition:

|A(z2) — A(=21)] < (|21] + |22)P v (|22 — 21]?) (2.3)

for all z1,29 € R™ with |2;| > M and |z3] > M and for some modulus of
continuity v (i.e. a continuous function v : [0,00) — [0, 00) with v(0) = 0).

Theorem 2.9 (Scalar problems). Let N = 1. We suppose that u is either a
relazed minimizer of F from (1.1) under the assumptions of Theorem 2.3 or a
weak solution of (2.2) under the assumptions of Theorem 2.7. Additionally, in
the case p > 2 we assume that (2.3) holds. Then we have R(u) = §Q.

Finally, let us briefly outline the plan of the paper and the proofs. Having
collected some preliminaries in Section 3, we devote the next sections to the
proofs of the regularity theorems Theorem 2.3 and Theorem 2.7. We start
taking a closer look at the notion of asymptotic regularity in Section 4. In fact,
we prove that f is asymptotically regular if and only if it coincides with a regular
integrand for large values of z. This gives us a regular comparison problem. In
Section 5 we consider a solution v of this regular problem and establish certain
comparison estimates showing that u—wv is, in some sense, small. The derivation
of these estimates is inspired by ideas in [CE, GMo2, Fu]. In Section 6 we then
carry over some partial regularity from v to u, thus completing the proofs of
Theorem 2.3 and Theorem 2.7. Additionally, we derive Theorem 2.5, as a
consequence of Theorem 2.3 and Section 4. In Section 7, following essentially
the same strategy we establish Theorem 2.8 and Theorem 2.9.

Section 8 is devoted to irregularity, specifically to the counterexample in
Theorem 2.6. Our starting point here is a recent interesting example of Sverak
& Yan [SY2]|. They constructed a minimizer of a regular integral which is not
Lipschitz at an isolated singularity. The basic idea of our example is now to
construct u by placing rescaled copies of their minimizer on certain balls, with
the singularities in the centers. In fact, using a Cantor type construction we
may arrange the balls in such a way that the closure of the set of their centers
has positive measure. Then we complete the proof of Theorem 2.6 by observing
that S(u) coincides with this set and defining an integral which is minimized
by u. Here, in order to see that u is actually a minimizer — and not merely a
solution of some system — we need to revisit some of the more technical details
of [SY2].



3 Preliminaries

Notation.

Constants. We use the notations ¢ and C' for positive constants, possibly vary-
ing from line to line. The dependences of such constants will only occasionally
be highlighted. Anyway, we widely follow the convention that large constants
will be denoted by capital letters, and small constants by lowercase letters.

Closure and boundary. We write A for the closure and A for the bound-
ary of a set A.

Balls. By By(x) we denote the open ball in R™ with center € R™ and radius

r > 0. Here, the center will be omitted if it is 0. Similarly, we write B, (z) and
B, for closed balls.

Mean values. We use the common notations f4 and f -, J dx for the mean value
ﬁ J4 fdxz of fon A, where |A] is the Lebesgue measure of A. In particular, in
the case of balls we abbreviate f, := [p, (») and fr := fo,.

Function spaces. As usual we write LP, WP and C*® for Lebesgue, Sobolev
and Hélder spaces, respectively. In addition we write LP. , WP and C’{Zf for

loc? loc
the localized variants of these spaces.

The (nondegenerate) p-energy. We set

1
() = (1 +1aP)E. (3.1)
The functions v and V. For z € RN™ we let
Y(z) == |z* + 2P and V(z) =01+ |z|2)%z. (3.2)

Some inequalities.
In the following we state some inequalities for zg,z,& € RN™, where all the
constants depend only on p. First, computing

D2e,(2)(6,€) = (L+[=P) T € + (p = DL+ [T (2 - €)?
we find the following estimates for the p-energy
272" (14 2]/ 2J¢l? < D2ep(2)(€,€) < (p— D)(1+ |2 2e (3.3)

In addition, we recall the standard inequality (see for instance [GMol, Lemma
2.1])

1
/ (14|20 + s(z — zo)])p_2 ds > c(1+ |z0| + \z])p_Q. (3.4)
0
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By change of variables we deduce the following variant:

1
ﬁ (14 |20+ 5(z — 20))P~2ds > (1 + [2])P~2.

2

Furthermore, employing the last two inequalities we derive

1,1
//“*‘Z0+t<z—ZO>+st<s—z>r>p—2dstdt
0 Jo
1
Zc/ (1—|—\zo—i—t(z—zo)]+]zo+t(§_20)’)p—2tdt
0

! 1
Zc[/l (1+\zoJrzt(z—zo)!)p—2dt+/l (1 + |20 + t(€ — 20))P 2 dt (3.5)

2 2

> e[(L+[2)P72+ A+ E)P72] = e(1+ |2] + [E)P2.

Finally, we record the following inequalities for the function V' from (3.2) (see
[GMol, Lemma 2.2)):

c(L+]zo]+[21)P 72|z = 20* < [V(2) =V (20)|* < C(1+ 20| +]2)P 7|z~ 20[*. (3.6)
In particular, we have

|2 = z0f* + |2 = 20 = ¥(z — 20) < C|V(2) = V(=20)[”. (3.7)

4 Asymptotic regularity

In this section we prove that asymptotic regularity of an integrand f is in fact
equivalent with the existence of a regular g such that f(z) equals g(z) for large
values of z; see Corollary 4.3. This characterization of asymptotic regularity
will be crucial in the following sections since it enables us to work with a suitable
regular comparison problem. We also establish analogous results for structure
functions a in the case of systems; see Corollary 4.6.

Starting with a technical lemma we initially treat the case of integrands.

Lemma 4.1. We consider a function f: R™ — R that is bounded from below.

Moreover, we assume that there are positive constants v and M such that f is
C? outside By with

D*f(2)(&,€) 2 |P2gl*  for |2] > M and € € R™.
Then, there is a positive constant M such that
f(z)=Cf(z)  holds for |z| > M,

where C'f denotes the convex hull of f.



Proof. We assume f > 0 on R™ and recall the definition of the convex hull
Cf(z) :=sup{h(z) : his convex with h < f on R™}. (4.1)

Clearly, we have C'f(z) < f(z). To prove the opposite inequality, we fix a large

constant M with 1~v(M + 1)P72(M — M —1)? > sup|cj=p+1 f(¢). We claim

that for |z| > M the affine function h(&) = f(z) + Df(2)(§ — z) is admissible
in the definition of C'f(z). To see this we fix a point £ € R™. If the line from ¢

to z does not intersect By we clearly have f(z) + Df(z)(§ — z) < f(£) since f

is convex along this line. If the line intersects By, we denote by &, the closest
point to z in the intersection of the line with Bysy;1. Recalling |z| > M > M +1
and |{| = M + 1 we have

f(2) + D)€ - 2)
= f(&) - /0 [P 46— =)~ DsC) e e~ )
= 1)~ [ [ Pt - astanie =6 -2
< f(&) - 7/01 /01 (st + (1 — st)=P~2dstdt €. — =
< J(&) — 9 + 1P 2g, — o

Keeping in mind |z| > M, |¢,| = M + 1 and the choice of M, we deduce

f(2) + Df(2)(é = 2) < 0. (4.2)

In particular, (4.2) implies Df(2)(&« — z) < 0 and noting & — &, = (& — 2)
for some 7 > 0 we get D f(2)({ — &) < 0. Combining this with (4.2) we finally
arrive at h(§) = f(2) + Df(2)(§ — z) < f(&) in any case. Thus, h is admissible

as claimed and C'f(z) > f(z) for |z| > M. O

Theorem 4.2. For a function f: R™ — R the following statements are equiv-
alent:

(i) There are positive constants v and M and a map g € C*(R™) such that
f(2)=4g(z)  for|z| > M
and

D?g(2)(£,€) > v(1+ |2))P2|E)* for all 2, € R™.

(ii) f is C? outside a large ball and there are a positive constant v and a map
g € C*(R™) such that

L D7) = Dg(e))

|2| =00 |z|P—2

=0

and

D?g(2)(&,€) > v(1+ |2)P2|¢)* for all 2, € R™.



(iii) There are positive constants v and M such that f is C? outside By and
D2 f(2)(&,6) > ~|z|P72|¢)? holds for |z| > M and all £ € R™.

Proof. Clearly, (i) implies (ii) and (ii) implies (iii).

Now we assume that f satisfies (iii) with constants v and M. Clearly, we
may take M > 1. It is not difficult to show that f is bounded from below on
R™\ Bps41. Since the above properties depend only on the values of f outside
large balls, we may assume that f is bounded from below on R™. Letting

- ol-p

f) = £ - =

and recalling (3.1) and (3.3) we have for |z| > M >1

vep(2)

D f(2)(&,€) 2 |22 [e* — 2Py (L + 2P 21 = Sl 2l

Thus, for

(NN

fr=Cf,
Lemma 4.1 implies the existence of a constant M > M with f*(z) = f(z) for
|z| > M. In particular, f* is C? outside B—M and we have

D*f*(2)(&,6) = D*f(2)(&,€) > %v|z|p*2|s|2 for |z| > M. (43)

Mollifying f* with smoothing radius 0 < ¢ < 1 we obtain a C?-function f* on
R™. One checks that f7 is again convex and satisfies

D266 > gAlelP P for |2 > M 41> 2 (14)

We choose a cut-off function ¢ € C(R, [0,1]) with ¢ =1 on [0, M 4+ 1], ¢ =0
on [M +2,00) and ||¢]|c2 < 8. Furthermore, we define a C?-function

9(2) := (l2]) £2(2) + (1 = @(l2])) f7(2)-
Then, we clearly have D2§(z)(¢,€) > 0 for |2| < M + 1 and for |z| > M + 2.

Moreover, we compute for M + 1 < |z2| < M +2

D?3(2)(€,€) = (|2DD? F2(2)(€,€) + (1 = ¢(|z))D* F*(2)(£, €)
= Clfz = fllovsy, )\By .)€

> (= O = Fllorog, g, ) €

M+2

by (4.3) and (4.4), where ¢ and C' are positive constants depending only on n,

N, p, v and M. Choosing ¢ > 0 small enough, the last expression is positive
and we conclude that g is convex on R™ with §(z) = f(z) for |z| > M + 2.

Finally, we define

. 21"
9(z) == g(2) + p_l'yep(Z),
4—3p
and deduce from (3.3) that g has the properties from (i) with constants 2p_21 0l
and M+2. O



As a special case of the preceding theorem we obtain the following charac-
terization of asymptotic regularity:

Corollary 4.3. A function f : R™ — R is asymptotically reqular if and only if
there exist a constant M > 0 and a regular g : R™ — R such that f(z) = g(z)
holds for |z| > M.

We also record a slight refinement of Corollary 4.3, which will be convenient
later:

Lemma 4.4. Let f : R™ — R be locally bounded and asymptotically regular.
Then there exist a constant M > 0 and a regular g : R™ — R such that we
have f(z) = g(z) for |z| > M and additionally f(z) < g(z) for all z € R™.

Proof. By Corollary 4.3 there are a constant M* and a regular ¢g* (say with
constants v and T') such that f(z) = ¢*(z) for |z| > M*. Next, let L :=
supp— (f —g*). If L <0 holds we are done. If L is positive we consider a
smooth and compactly supported cut-off function h : R™ — R with A = L on
By« and |D?h| < 2 on R™. Then g := g* 4+ h has the claimed properties. [

Next, using a quite different construction, we deal with the case of systems.
Theorem 4.5. For a: R™ — R™ with

la(2)|

2P~

< 00 (4.5)

lim sup
|z]—o00

the following statements are equivalent:

(i) There are positive constants v and M and a map b € C1(R™,R™) such
that
a(z) = b(2) for|z| > M

and

Db(2)€ - € > (1 + |2)P2[e* for all 2,6 € R™.

(ii) The function a is C' outside a large ball and there are a positive constant
v and a map b € CL(R™, R™) such that

1o Da(z) — Diz)

|z =00 |z|P—2

=0

and

Db(2)€-€>~(1+ |z))P2|€)7  forall z,€ € R™.

(iii) There are positive constants v and M such that a is C* outside By and

Da(2)€ - € > ~|z|P72€]*>  holds for |z| > M and all £ € R™.

10



Proof. Clearly, (i) implies (ii) and (ii) implies (iii). Now we assume that a
satisfies (iii) with constants 7 and M. In view of (4.5) — enlarging M if
necessary — we may assume

< 00.

wp 12

1= (¢

For € > 0 to be chosen later we consider a cut-off function ¢ € C*(R, [0, 1])
with ¢ =1 on (—o0,log(M)], ¢ = 0 on [log(M) + 1/¢,00) and |¢'| < 2¢ on R.
Setting () := ¢(log(t)) for ¢t > 0 and ¢(0) := 1 we have constructed a smooth
function ¢ : [0,00) — [0, 1] with the following properties:

¢ =1 on [0, M],
¢ =0on [Mexp(l/e),00),

2
o(t) < 78 for all ¢ > 0.

We define
b(2) := ¢(|2]) Dep(2) + (1 = p(|2]))al2),
where e, is defined in (3.1). The function b is in C*(R™, R™) and (3.3) gives

Db(=)6 - € 2 23 (14 |2 2eP
for |z| < M. In addition, for |z| > M we have

Db(2)¢ - € = o(|2])D?ep(2)(€.€) + (1 — ¢(|2])) Da(2)¢ - €

(s £)2 LV als) -

+ (e + o) D (2N 0

> {1+ PR — O=(1+ )P |1+ sup y‘?fﬂ] %
I¢|>M

with positive constants ¢, C' depending only on p, v and M. Choosing & small
enough we end up with

Db(2)& - € = e(1 + |22
for all z,£ € R™. Thus, (i) holds. O

Noting that asymptotic regularity of a implies (4.5) we deduce the following
characterization:

Corollary 4.6. A function a : RN™ — RN" is asymptotically reqular if and
only if there exist a constant M > 0 and a regular b : RN™ — RN™ such that
a(z) = b(2) holds for |z| > M.

11



5 Comparison estimates

In this section we prove that solutions of the asymptotically regular problems
(1.1) and (2.2) can be approximated, close to infinity, by solutions of the regular
comparison problems (5.4) and (5.8). For the proofs we modify techniques of
[GMo2, Fu.

We start with an auxiliary result.

Lemma 5.1. Let u € WYP(Q,RY) and let M > 0. Then there is a constant
Ky > M, depending only on M and p, such that for K > Ky, the estimate

][ |Du|P dz > KP
Q

implies
2p
[y e Qs 1Duy)| < 2| < 2 [ 1Du— (Dujap o
Q

Proof. At first, observe that the assumption and Minkowski’s inequality yield

K < (4 |Dulf da 1/p§ |Du — (Du)q|? da 1/p+|(Du)Q|. (5.1)
(fowras) =< (],

Now we choose Ky > M large enough so that K > Kj; implies K1 (K—M)P >
1. From this and (5.1) we conclude for every y € Q with |Du(y)| < M
1
1< K- Du))”
P

1 ) 1/p
< E[(ﬁ Du - (Do o) +|<Du>g|—|Du<y>|]

or—1

<
- K

[]{2 |Du — (Du)qP dz + |Du(y) — (Du)ﬂ|p:| .

Integrating this inequality over the set {y € Q : |Du(y)| < M}, we infer the
desired result

op
o €@ 1Du(w)| < M| < % [ |Du— (Dujap e =

In view of Lemma 4.4 we impose the following hypotheses:

Assumption 5.2. f : RV — R is a locally bounded Borel integrand and
g :RN" = R is reqular. Moreover, we have f(z) = g(z) whenever |z| is larger
than some constant M, and there holds f < g on R™N™.

To fix notations let us record that these assumptions imply, in particular,

Dg(2)(€,€) = (1 +[2))P72 ¢, (5.2)
|D?g(2)] < T(1+[2)P~2,
0<g(z) = f(z) <Th (5:3)

for all z,& € RN™ with positive constants v, T' and T;.

12



In this setting we may now introduce, for some ball Br(xg) C €, the regular
comparison problem

Glv] == /BR(m)g(Dv) dzx. (5.4)

After these preparations we will now derive the comparison estimates for
the case of integrals.

Lemma 5.3. Let f and g be as in Assumption 5.2. Then for any ¢ > 0
there is a K(e) > M with the following property: For every minimizer u €
WLP(Q,RN) of F from (1.1), every ball Br(zo) C Q and every minimizer
vEU+ Wol’p(BR(xo),RN) of G from (5.4), there holds either

][ |DulP dx < KP(¢)
Br(zo)

or

][ (1 + |Du| + |Dv|)P~2|Du — Dv|* dx < e][ |Du — (Du) g, r|? dz.
Br(zo) Br(zo)

Here, the constant K (g) depends only on the data p, v, I'r, M and on ¢.

Proof. In this proof, we use the notation {|Du| < M} for the set {y € Bgr(zo) :
|Du(y)| < M}. Setting w := % (u + v) we use the minimizing properties of u
and v together with the hypotheses from Assumption 5.2 to derive

/ g(Dv) 4+ g(Du) — 2g(Dw) dx < / g(Du) — g(Dw) dz
Br(zo) Br(zo)

< / g(Du) — f(Dw) dz
Br(zo)

< / g(Du) — f(Du) d.
{|Du|<M}

The left-hand side can be estimated by the inequalities (5.2) and (3.5):
9(Dv) + g(Du) = 2g9(Dw)

= % /1 [Dg(Dw + t(Dv—Dw)) — Dg(Dw + t(Du—Dw))| dt (Dv—Du)
0

1 1 r1
= 5/ /DQQ(Dw—i—t(Du—Dw)—i—st(Dv—Du)) dstdt (Dv—Du, Dv—Du)
0 Jo

v

1,1
% / / (1 + |Dw + t(Du—Dw) + st(Dv—Du)|)P~2 dst dt |Du—Dvl|?
0o Jo
> ¢y(1 + |Du| + | Dv|)P~2|Du — Dv|?

for some positive constant ¢, depending only on p. Combining the last two
estimates and recalling (5.3), we arrive at

cy/ (1+ |Du| 4 |Dv|)P"?|Du — Dv|? dz < Ty |{|Du| < M}|.
Bpr(xzo

13



Now by Lemma 5.1, for any K > K the condition

][ |Du|P dz > K?
Br(zo)

implies
_92 2 2p]:wl
(1 + |Du| + |Dv|)P~*|Du — Dv|* dzx < |Du — (Du) gy, r|P d.
Br(zo) YK JBp(a0)
We have thus proven the lemma if we let K (g) := max { 2;3;1 K} O

Next, keeping Corollary 4.6 in mind, we proceed similarly in the case of
systems.

Assumption 5.4. a : RV — RMN" is a locally bounded Borel function and
b: RN" — RN™ is regular. Moreover, we have a(z) = b(z) whenever |z| is
larger than some constant M. In particular, these assumptions imply

Db(2)€ - € = (1 + |2)P (¢, (5.5)
[Db(z)| <T(1+|2])"72, :
b(2) —a(z)] < Ty (5.7)

for all z,& € RN™ with positive constants v, T and T;.
Here, introducing the regular system
divb(Dv) =0 on Br(xo), (5.8)
the comparison estimate reads:

Lemma 5.5. Let a and b be as in Assumption 5.4. Then for any ¢ > 0
there exists a constant K(g) > M with the following property: For every weak
solution w € WIP(Q,RN) of (2.2), every ball Br(xg) C Q and every weak
solution v € u + Wol’p(BR(xo), RY) of (5.8), there holds either

][ |DulP dx < KP(¢)
Br(zo)

or

][ (1 + |Du| + |Dv|)P~2|Du — Dv|* dz < e][ |Du — (Du) gy, r|? dz.
Br(xzo BR(xO)

Here, the constant K (g) depends only on the data p,~v,T'1, M and on ¢.
Proof. At first, using (5.5) and (3.4) we derive the pointwise estimate
b(Du) - (Du — Dv) — b(Dv) - (Du — Dv)

1
= / Db(Dv + t(Du — Dv)) dt (Du — Dv, Du — Dv)
0

v

1
'y/ (1+ |Dv 4 t(Du — Dv)|)P~2 dt |Du — Dvl|?
0

V

ey(1 4 |Du| + | Dv|)*~2|Du — Dv|*.
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Since we have u — v € I/VO1 P(Br(z0), RYN), this function is an admissible test
function in the weak formulation of (5.8) and (2.2). Therefore, integrating the
above inequality yields
cy/ (1+ |Du| 4 |Dv|)P~2|Du — Dv|? dzx
BR($0)
< / b(Du) - (Du — Dv) dx
BR($0)

= / (b(Du) — a(Du)) - (Du — Dv) dx
Br(zo)

< Fl/ |Du — Dv|dx.
{IDu|<M}

Here, we used the bound (5.7) in the last step. Applying the Holder inequality
we arrive at

/ (1+ |Du| + | Dv|)P~2|Du — Dol da
Br(zo)

r 1 P
< Cpd <y ([ Du- Do s
cy Br(zo)

r _1
< —1\{\Du] gM}]l z / (1 + |Du| + |Dv|)P~2|Du — Dv|? dz
¢y Br(zo)

The last estimate implies

T\t

=
(1+ |Du| + |Dv|)P~2|Du — Dv|*dx < [ = [{|Du| < M}|. (5.9)
Br(zo) cy

Now if we assume that for some K > K there holds

][ |DulP dz > KP
Br(zo)

then the estimate (5.9) implies by Lemma 5.1

/ (1 + |Du| + |Dv|)P~2|Du — Dv|? da
Br(xzo

P
p—1 2]7

F1> /
<|— — Du — (Du) gy, r|P da.
(m % L D= we

Thus, choosing K (¢) := max{(g—}/)%%,f( M} we have established the claim
of the lemma. O
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6 Partial regularity

6.1 Regular problems

We start with introducing the excess
Uy (y, ) ::]Z ( )zp(Dv — (Dv)y,y) da (6.1)
By (y

where 1 is defined in (3.2), and recall the following e-regularity result for regular
problems.

Theorem 6.1. Let a reqular structure function b € CH(RN™, RN") be given,
that is the properties (5.5) and (5.6) are satisfied. Then there is a constant Cy,
depending only on n, N and %, such that the following holds. For all T > 0
and 7 € (0,1) there exists a positive constant kg, depending on n,N,p,T,T
and b, such that for any ball Br(xzg) C R™ and every weak solution v €
WLP(Bg(xo), RY) of the regular system (5.8), the conditions

Uy(zo,R) < k5 and  [(Dv)ar| <T

imply
W, (x0, 7R) < Com®W, (20, R).

The theorem follows from techniques in [H], where a more general case was
considered; compare with [E; DG, DGG] and [G2, Chapter 9] for the case of
integrals. Since the dependences of the constants as stated in the theorem
are crucial for our proofs, we repeat the relevant arguments from [H| for the
convenience of the reader.

Sketch of proof. We claim that the theorem holds with the constant Cy := C; +
1, where C; = Ci(n, N, %) > 0 is the corresponding constant for linear systems
with constant coefficients, determined by (6.9). Assume that the theorem does
not hold with Cy, some parameters 7 € (0,1), 7' > 0 and a structure function
b. Then there exist sequences of radii r,, > 0, of centers z,, € R" and of weak
solutions v, € W'P(B,, (zm,), RY) of

divb(Dvp,) =0

with
A=W, (T, ) — 0 and  |(Dvp)ay, | < T forall m € N, (6.2)
m—r0o0
but
Uy (Tm, Trm) > Cor?\2,  for all m € IN. (6.3)

We rescale the solutions v, as follows. With

Um = (Um) zomrm and P, := (Dvp,)

Ty T'm )

we let ~
U (T + ") — Uy — o Py

TmAm

W () =
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for all m € IN and « € B;. The definition implies in particular

D .y
Dy, (2) = ”mmmimﬂ) m
m

(Wm)o,1 =0 and (Dwp,)o,1 = 0.

Thus, the conditions (6.2) and (6.3) become
][ (|Dwn|* + Ao 2| Dwpn |P) dz = 1, but (6.4)
By
fﬂm%—wwmﬁ+wﬂm%—wmemem? (6.5)

From (6.4) we infer, possibly after extracting a subsequence, that there is a limit
map w € WH2(By, RN) with w,, — w weakly in W'2(By,R") and w,, — w
strongly in L?(B1, RY) as m — oco. Furthermore, since sup,, | P| < T, we may
assume Py, — Py as m — oo for some Py € RN™. As in [H, Sect. 4], one can
show furthermore

(B1,RY) and
(B1,RY) in the case p > 2.  (6.7)

Dw,, — Dw strongly in L?

loc
)\(mpd)/prm — 0 strongly in L

loc

Moreover, the reasoning of [H, Sect. 3] implies
div (Db(Py)Dw) =0 on Bj. (6.8)

Here, the hypotheses on b imply the following properties of the constant struc-
ture function Db(F).

|Db(Fy)|
Db(Po)§ - €

< T(1 4 |Py|)r2 and

> ~(1+|Py|)P? for all £ € RN™.

This implies that the dispersion ratio of the linear system (6.8) is bounded by
g. We can thus apply linear theory (compare [G], Theorem II1.2.1 and Remarks
I11.2.2, I11.2.3) with the result

][ |Dw — (Dw)o-|* dx < 017'2][ |Dw — (Dw)g1|* dz < Co7? (6.9)

for a constant C depending only on n, N and the dispersion ratio of Db(F),
that is on % The fact that C; does not depend on |Fy| can alternatively be
checked by a scaling argument. By the strong convergence (6.6) and (6.7), the
decay estimate (6.9) clearly contradicts the assumption (6.5). This completes

the proof. O

Remark 6.2. In particular, taking into account the FEuler equation, the con-
clusion of Theorem 6.1 holds for minimizers v of regular integrals.
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6.2 Asymptotically regular problems

This subsection is devoted to the proofs of Theorem 2.3 and Theorem 2.7.
Throughout this section, we suppose that the Assumptions 5.2 and 5.4 are
satisfied.

Theorem 6.3. There is a constant L = L(n,N,p,v,T',T'1, M) such that the
following holds. Let w € WHP(Q, RYN) be either a minimizer of the functional F

from (1.1) or a weak solution of (2.2). Then, in every Lebesgue point xo €
of Du with

™\ 0

there holds either |Du(zg)| < L, or there is a neighborhood U of xy with u €
CY(U,RN) for every a € (0,1).

lim inf][ |Du — (Du) g, [P de =0, (6.10)
By (zo)

Remark 6.4. We point out that the size of the neighborhood U and the Ch*-
norm of u may not be controlled by the data.

The proof is based on the following decay estimate near infinity for the
excess ¥, defined in (6.1).

Lemma 6.5. For every a € (0,1) there are constants 7 € (0,1), and Ko, and
for every T > 0 there is a constant kp € (0,1), such that the following holds.
Every minimizer u € WHP(Q,RYN) of F and every solution u € WIP(Q,RY) of
(2.2) with

U, (20, R) < K% and K <][ |Du|dz <T
BR($())

for some ball Br(zg) C §2 satisfies
\I]u(xo’ TR) < TQa\I]u(xO’ R)

Here, the dependences are given by 7(n, N, p, %,a), Ko(n,N,p,v,T,T'1, M, «)
and k7 (T,n, N, p, g,a,b rSp. g).

Proof. For a given a € (0,1), we fix constants 7 € (0,1) and ¢ € (0, 3) small
enough to ensure

1
16PCo7? < 72 and 4Pe < §T"+2°‘, (6.11)

with the constant Cy = CY (n, N, g) from Theorem 6.1. Accordingly, the above

choices depend only on n, N ,p,g and «. With these choices of € and 7 and
a given constant 7" > 0, we claim that Lemma 6.5 holds with Ky := K(¢)
and rp := 47P/2k,, where the constants K (e) and kg are given by Lemma 5.3,
Lemma 5.5 and Theorem 6.1, repectively.

In the case of minimizers, we employ the direct method to choose the compar-
ison map v € WHP(Bg(xg), RY) as the minimizer of the regular functional G
from (5.4) in the Dirichlet class u + I/VO1 P(Br(z0), RN). Similarly, in the case
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of systems, we choose a solution v € u + Wol’p(BR(xo), RY) of the regular sys-
tem (5.8). Since b is regular, such a solution can be constructed by Galerkin’s
method; see e.g. [Z, Chapter 26]. Note that by assumption,

1/p
][ | Dul? d Z][ |Du| dz > K.
BR(Z‘O) BR($0)

By the choice of Ky, we may thus apply Lemma 5.3 and Lemma 5.5, respectively,
deducing

][ Y(Du — Dv)dzx < 26][ Y(Du — (Du)gy,r) de. (6.12)
Br(zo) Br(zo)

Combining this with the assumptions on u, we infer

\va(xo,R):]i( )z,z)(Dv—(Dv)mO,R) dx

< 2p][ Y(Dv — (Du)gy,r) do
Br(zo)
< 22p1][ Y(Du — (Du)zy,R) d:ﬂ—|—22p1][ (Du — Dv)dz
Br(zo) Br(zo)
< 27711 4 2¢) ][ Y(Du — (Du)yy,r) da
Br(zo)
< 4P, (x0, R) < 4PkE < K] (6.13)

by the choice of k7. Keeping in mind that

][ |Du|dz < T,
Br(zo)

Theorem 6.1 and Remark 6.2 yield the following excess estimate for the com-
parison map v.

][ Ib(DU — (Dv)xo,TR) dr < 0072][ w(DU - (Dv)me) dzx
Brr(xo0) Br(zo)

for the value of 7 chosen above and a constant Cy = Cj (n, N, %) This implies

\I]u(x()a TR)

< 2p][ Y(Du — (Dv)gy rr) d
B; r(z0)

< @Y (Do Do)+ 2 p(Du- Do
BTR(:BQ) BTR(':BO)
< 221010072][ Y(Dv — (Do) r) da + 221“7"][ ¢(Du — Dv) d
Br(zo) Br(zo)
S (24])71007_2 + 22p€’7'7n)\1]u(x0’ R)
< T2a\1]u(x0a R),

where we first employed (6.13) and (6.12), and then the choice of 7 and ¢
according to (6.11). O
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Proof of Theorem 6.3. We may fix an arbitrary « € (0,1), for simplicity we
let o := % This choice determines the constants Ky and 7 from the preceding
lemma. Next we let L := Ky+2, which depends only on n, N, p,~,I',T'; and M,
and fix a Lebesgue point zp € Q with (6.10). For the value T := |Du(xo)| + 3,
we choose the constant x7 according to the preceding lemma and let gy :=
%7’"(1 — /T)kr < %KT- We start by choosing a good radius. In the first step,
we let

][ Dudzx
By (zo)

which is to be interpreted as R; := dist(zg,d0) if the above set is empty. If
Ry =0, we deduce |Du(zg)| < Ko+ 2 = L, since zg is a Lebesgue point. Thus,
in this case the first alternative of the theorem holds. Now we consider the
remaining case Ry > 0. We choose Ry € (0, R1] small enough that

Ry :=inf {r € (0, dist(xq, 002)) :

§K0+2}7

][ Y(Du — (Du)gy g,) dz < €f  and ][ |Du|dx < T — 2.
BRO ($()) BRO ($0)

Note that by the choice of Ry and 0 < Ry < R1, we have furthermore
][ |Du| dz > |(Du) gy, Ry | > Ko + 2.
BRO ($())

By the absolute continuity of the integral, we can choose a neighborhood U of
xg in such a way that for all y € U,

U, (y, Ro) :][ Y (Du — (Du)y,g,) dz < 43 < K5 and
Brqy(y)
Ko+ 1 < |(Du)y,R,| §][ |Du|dx <T — 1.
Brq(y)
Thus, we are in the situation of Lemma 6.5, which yields with the value of
€ (0,1) fixed above and o = 3

\I]u(y’TRO) < T\I]u(y,R(]) < 45% < K%.

Furthermore we estimate

][ Dudzx
BTR() (y)

> D)yl f Du— (Du)y.p, | de
TR()(y

v

1/2
Ko+1—-77" <][ w(Du — (Du)vaO) dw)
BR()(y)

2
> Ko+1——2>Ky+1—rr > Ko,
T

where we used the Cauchy-Schwarz inequality in the second estimate. Similarly,
we estimate the mean value from above.

| pulds < (Dl Du- (i)l
BTRO(y) B‘rRO(y)

280
T
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Consequently, we can apply Lemma 6.5 again on the ball Brg,(y). In this
manner, we establish successively the following estimates on the balls with
radii 7, := 7" Ry.

][ ¢(Du — (Du)y,, ) do < 7%l for k€ N (6.14)
B (y)
and
9z, k=1
][ Dudz| > Ko+1-=23 72 (6.15)
Brk(y) T /=0
> Ko+1 2% Ko+1 > K,
- = — K
0 Tn(l — \/7—_) 0 T 0y
as well as
2
][ \Dulde < _1+ﬂz 2
By, (y)
2
< T—1+$:T—1+KT§T

- 7)
for all kK € IN. From the estimate (6.14) we infer that for every y € U and
P S R07

][ |Du — (Du)y ,|* dx §][ ¢ (Du — (Du)y,,) dz < C’egi

B, (y) By (y) Ro

for some constant C' > 0. This implies v € Cl’l/z(U, RY) by Morrey’s lemma.
From (6.15) we infer furthermore |Du| > Ky > M on U, so that u is actually a
solution of the regular system

div Dg(Du) =0 1sp. div b(Du) =0 on U.

Classical regularity theory! thus implies u € C*(U, RYN) for every a € (0,1).
The proof is complete. O

Proof of Theorems 2.3 and 2.7. By Lemma 4.4 and Corollary 4.6 we can as-
sume that the Assumptions 5.2 and 5.4 are satisfied, so that Theorem 6.3 is
applicable. For a map u € Wl’p(Q,IRN ) as in the theorems to be proved, we
define ¥ := X U X,, where ¥ denotes the set of non-Lebesgue points of Du
and

Y, =qx0€Q: liminf][ |Du — (D) gy r[P dz >0 p .
™\ 0 By (z0)

This set satisfies |X| = 0, see e.g. [GMa, Theorem 6.13]. With the above choice
of 3, Theorem 6.3 yields the claimed decomposition

Q=XUBLUH,
where |Du| < L on By, for the constant L determined in Theorem 6.3, and H

is open with u € C1%(H,RY) for every a € (0,1). O

loc

For instance one might use Theorem 6.1 combined with a standard iteration argument.
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Proof of Theorem 2.5. Let u € WHP(Q, RN) be a relaxed minimizer of F, that
is a minimizer of the functional

QFu] ::/QQf(Du)dm,

where f is a locally bounded Borel integrand that is asymptotically regular in
the sense of Definition 2.2 and @ f denotes its quasiconvex hull. From Lemma
4.1 we infer that Qf(z) = f(z) for |z| > 1, so that Qf is itself asymptotically
regular. Theorem 2.5 is thus a special case of Theorem 2.3. U

7 Everywhere regularity

In this section we turn our attention to the special cases n =2 and N = 1, for
which we will prove everywhere regularity as stated in Theorem 2.8 and The-
orem 2.9. For this purpose, it is more convenient to choose a slightly different
excess than in the preceding section, namely

D, (y,r) ::]{8 w |V(Dv) — V(Dv)y,,~|2 dx, (7.1)

where V' is defined in (3.2). Here, we abbreviated V(Dwv), , := [V(Dv)]y ;.
We start with excess estimates for the regular case.

Theorem 7.1 (Excess estimate for n = 2). Let n = 2. There is a number > 0
such that every weak solution v € WYP(Bg(zq), RN) of the reqular system (5.8)
on a ball Br(wg) C R? satisfies

®,(z0,p) < C (%)zﬁ (0, R) (7.2)

for all p € (0, R]. Here, the constants  and C depend only on p,~y and T.

This estimate is a consequence of V(Dv) € T/I/}})f+“(BR(xo),IRN ) for some
k > 0, which follows from Gehring’s higher integrability lemma; see [C, Theo-
rem 1.V]. For an elementary proof of Theorem 7.1 that avoids Gehring’s lemma,

we refer to [SS, Lemma 8.2].

Theorem 7.2 (Excess estimate for N = 1). Let N = 1. Theorem 7.1 holds
analogously — with constants depending additionally on n and for p > 2 also
on v — for solutions v € WYP(Bgr(zg)) of reqular equations of the form (5.8),
if one assumes in the case p > 2 additionally the existence of a continuous
function v : [0,00) — [0,00) with v(0) =0 and

|Db(22) — Db(z1)| < (1+|21] + |22))P 20 (|22 — 21|%)  for all 21,20 € R™. (7.3)

Proof. We begin with the case p = 2. The estimate (7.2) holds trivially for p €
[%, R], so we need to consider only the case p < %. By the difference quotient
method, one checks that the partial derivatives satisfy Opv € W2(Bg/2(xo))
and solve the linear equation

/ Db(Dv)D0ogv - Dpdx =0 for all p € WO172(BR/2(1:0)),
Brya2(zo)
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for any 1 < k < n. Since p = 2, the assumptions (5.5) and (5.6) imply that the
coefficients Db(Dwv) are in L>°(Bp/y(70)) and are uniformly elliptic. Therefore,
the claim (7.2) is a consequence of the De Giorgi-Nash-Moser theorem, see e.g.
[GMa, Sect. 8.3] or [G2, Chapter 7.3].

In the case p > 2, under the additional assumption (7.3), the claim can be
established following the proof of [GMo2, Theorem 6.2]. O

Remark 7.3. As in Remark 6.2 we note that Theorem 7.1 and Theorem 7.2
hold analogously for minimizers v of reqular integrals.

For asymptotically regular problems, we have the following excess estimate
close to infinity.

Lemma 7.4. Letn =2 or N = 1. There is an exponent o > 0, depending only
onn,p,v and I, and there are numbers 7 € (0,1) and Koy > 0, depending addi-
tionally on Ty and M, with the following property. Let u € W'P(Bg(xg), RY)
be a minimizer of F from (1.1) or a solution of (2.2) under the Assumptions
5.2 and 5.4, respectively. Additionally, in the case N = 1, p > 2 suppose that
(2.3) holds. Then we have either

By (20, TR) < 72%®y (29, R)  or ][ |DulP dz < K§.
Br(zo)

Once more, for N =1, p > 2 all the constants depend additionally on v.

Proof. As in the proof of Lemma 6.5, we choose the comparison map v €
u+ Wol’p(BR(xo), RY) as a minimizer of the regular functional G' from (5.4) or
as a solution of the regular system (5.8), respectively. Since we have assumed
n=2or N =1, Theorem 7.1, Theorem 7.2 and Remark 7.3 yield the following
decay estimate for the comparison map.

][ [V(Dv) = V(D) gy rl* d < 0725][ |V(Dv) = V(D) gy r|* da
B;r(zo0)

Br(zo)

(7.4)
for all 7 € (0,1) and some constants 5 € (0,1) and C' > 0, both depending only
onn,p,yand I' (and for N =1, p > 2 on v). For an € € (0,1) to be fixed later,
we let Ko := K (¢) with the constant K (¢) from Lemma 5.3 or 5.5, respectively.
If the second alternative of the lemma does not hold with the constant K, that
is if

][ |DulP dz > K,
Br(zo)

then we infer from Lemma 5.3 or 5.5, respectively, combined with the inequal-
ities (3.6) and (3.7), that

][ |V(Du) — V(Dv)|? de < Cs][ |V(Du) — V(Du)yy r|*dz  (7.5)
Br(zo) Br(zo)

’In the case N = 1, p > 2 we additionally need to check that (7.3) holds. However,
enlarging v if necessary this follows from (2.3) and the fact that Db and D?g, respectively,
are uniformly continuous on bounded sets.
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with a constant C' depending only on p. Combining the excess estimate (7.4)
and (7.5), we arrive at

(I>u (1‘0, TR)

][ |V (Dv) — V(Dv)xo’TR|2 dx —{—][
Brr(%0) Brr(z0)

< 2

|V (Du) — V(Dv)|? d:c]

< o[ WOy VPl VDw - VDo dw]
BR(‘TO) BTR(:BO)

< C 725][ IV (Du) — V(Du)y,r|* d + T"][ |V (Du) =V (Dv)|? dw]
Br(x0) Br(zo)

< C (TQB + €T_n> q)u(xm R)

This implies the first alternative of the lemma if we fix any o € (0,5) and
choose first 7 € (0,1) and then € € (0, 1) sufficiently small. O

Proof of Theorem 2.8 and Theorem 2.9. As in the proof of Theorem 2.5, we
observe that the case of relaxed minimizers is a special case of minimizers of an
asymptotically regular functional. Therefore, we consider from now on a map
u € WHP(Q,RY) that is either a minimizer of F or a solution of (2.2), under
the assumptions of Theorem 2.8 or Theorem 2.9. As above, in view of Section
4 we may suppose that Assumptions 5.2 and 5.4 hold.

We fix a Lebesgue point x¢g € B of Du and define, with the constant Ky from
the preceding lemma,

R:= inf{r € (0, dist (w, 092)) : ][ |[Dul? dx < K + 1}'
By (z0)

If the above set is empty, we simply let R := dist(zo,02). In the case R = 0,
we readily deduce the desired bound |Du(zo)|P < K§ + 1. Thus, we consider
from now on the case R > 0. First of all we deduce the estimate

]Z |DufP dz < max | K? +1 Dz (7.6)
Br(zo) - 0 ’ dist(mo,aﬁ)” '

by distinguishing the cases R < dist(xo,0€2) and R = dist(zg,0) and using
the absolute continuity of the integral in the first case. We choose the constants
a,7 € (0,1) according to the preceding lemma and let 7, := 7*R for k € INy.
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Keeping in mind that x( is a Lebesgue point, we estimate

| Du(zo)|

o0
< |(Du)$0,R| + Z |(Du)$0,7’k+1 - (Du)lvo7rk|
k=0

]l \Dul d + Z]l Dt = (Du)ay | da
BR($()) k—O B

ri+1(z0)

1/2 o= 1/2
| Dul? dx + — ][ [V(Du) — V(Du) gy r, |* dc
<]{9R($0) T Z Br, (zo) o

k=0

1/2 .
C
= |Du|2 dx +— (1)11/2(560,7%).
(.. ey

k=0

IN

IN

Here, we used the Cauchy-Schwarz inequality and (3.7) in the third step. By
the choice of R and since r; < R, the first alternative of Lemma 7.4 holds on
all balls B,, (x¢), which implies

D, (z0, ) < 72D, (20, R) < ka][ (1+ [Dul)" dx.
BR(Z‘())

Plugging this into the above estimate, we arrive at

00 1/2
|Du(zo)| < [H%ZM] ]Z (1+ |Duf)dz|
T Br(xo)

which implies by (7.6)

p
|Du(zo)” < C(n,p,v,I') max | K} +2 NPulzrg) i1,
~ sy )y 0 ) dlbt(:co,aQ)"

The proof is complete. O

8 Irregularity

Our construction of the counterexample in Theorem 2.6 is based on a recent
interesting result of Sverak & Yan [SY2], which we restate next.

8.1 A counterexample of Sverak & Yan, revisited

For £ > 0 consider the map w. on the unit ball By in R™ with values in the
space of nxn matrices, defined by
r®r 1, -

where F,, denotes the nxn unit matrix. Clearly, w. is homogeneous of degree
1—e and has its values in the symmetric and trace-free matrices. Thus, w. can
be regarded as an element of W14(By, RY) for N = in(n + 1) — 1 and every
q<?z.
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Theorem 8.1 (Sverak & Yan [SY2]). Let N = In(n+ 1) — 1. There is a
quadratic null Lagrangian ¢ : RN" — R and for every

1
0<6<§[\/3(n+1)(n—1)—(n+1) (8.2)
a smooth integrand g. : RN™ — R with

Yé? < D?ge(2)(€,€) <T¢?
for all z,& € RN™ such that

Dge(Dwe(z)) = Dt(Dwe(z)) (8.3)
holds for every 0 # x € By.

In the situation of the theorem we deduce the Euler equation

Dg.(Dw.)Dpdx = D{(Dw:)Dypdr =0
B1 B

for every ¢ € T/VO1 )2 (B1,RY). From the strict convexity of g. we then infer that
we is a minimizer leading to the following remark which in fact highlights the
main feature of Theorem 8.1.

Remark 8.2. Since the right-hand side of (8.2) is positive for every n > 3,
Theorem 8.1 implies the existence of a mon-Lipschitz minimizer of the reqular

variational integral
/ g:(Du) dx.
B

Furthermore, for every n > 5 it is possible to choose € > 1, which yields un-
bounded minimizers.

Remark 8.3. By an elementary computation, the condition (8.2) turns out to
be equivalent with the condition

3(n+1)
n—1

n+1-—

O<e<

3(n+1) +1

n—1

appearing originally in [SY2]. Moreover, the reader should note that (8.2) im-
plies £ < 2 and thus w, € WY2(By, RY).

For our purposes, we will need the following refinement of Theorem 8.1.

Theorem 8.4. The smooth integrand g. and the null Lagrangian £ from The-
orem 8.1 can be chosen in such a way that there holds

(z) < g:(2) for all z € RN™ (8.4)

and

L(Dw(x)) = g-(Dw(x)) for all 0 # z € By, (8.5)
where w, is defined by (8.1).
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The proof of Theorem 8.4 is based on the same constructions used by Sverak
& Yan [SY2, Section 3] for the proof of Theorem 8.1; compare also [SY1]. Before
implementing the details let us fix some notation:

As already said above, the map w. defined in (8.1) takes its values in the
space of symmetric and trace-free matrices, which we interpreted as elements
of RV. Similarly, we can identify RV™ with the space

T:={AecR")" @ R")" ®R")" : Aijjr = Ajir, Y i1 Air =0},

where we used the abbreviation A;j, := A(e;, ej, e;). Furthermore, we employ

the notation
KS :={Dw.(z) : z € S"'}.

As in [SY2] we decompose T' = T" @& T3, where T” denotes the subspace of trace-
free tensors and T3 its orthogonal complement. Here, the trace is to be taken
with respect to the last two components. The space T” is decomposed further
into the space T} of the symmetric tensors and its orthogonal complement 75,
so that T'=T1 & T» & T3. It is shown in [SY2] that the quadratic function

U(z1 + 20 + 23) := —2|21)? + | 22| + n23)? for z; € T;, i =1,2,3

is a null Lagrangian. One checks that the derivative of w, in a point z € S7~!
can be written as Dw.(z) = WO (z) + W (z) + WO (z) with WO (z) € T;
for i = 1,2,3, where W® =0 and

WZ(Jlk) () = 1+ €)< — X% T + n——i-Q(xiéjk + 20, + $k5ij)>,
3 n+1—e¢ 2
VVz(j )(CC) = 771 ) (Cﬂi(sjk + Cﬂj5ik — 56”:%)

for 1 <14,j,k <n. Consequently,

(14+¢)%(n—1)
n -+ 2

2 2(n+1—-¢)?(n—-1)
and ‘W(?’)‘ = n(n n 2)

W

on S"~ 1. It follows easily that there are positive constants /., m. and N, with
z) = Ve, |Dl(2)| = m. and |z| = Ne (8.6)

for all z € K{. Here, the constant /. is positive because (8.2) implies ¢ < 7.
Furthermore, there holds Y7 ; 9;(w:)ij(z) = 2(n + 1 — &)(n — 1)z; for all
1 <j<nandz € S" !, from which we infer that K¥ is diffeomorphic to S"~1.
In particular, K{ is a smooth submanifold of T & T3.
;From now on, we restrict ourselves to the subspace Ty ® T3 C T = RV and
we introduce an enlarged version S® of Kj in the following way: For a given
p >0 and every z € K5, let 2’ := z — p Dl(z) and 1, = pu|DL(z)| = pm,.. Then
we write

S = U BTH(Z,) c Ty & 1Ts,

2€K7

where B, (2') denotes the ball in Ty @ T3 with center 2’ and radius r,. We
point out that the set S is defined in such a way that Kj C 95°. Moreover, by
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the symmetry of w,, the set S¢ is point-symmetric with respect to the origin.
Since K7 is a smooth submanifold, we know furthermore that 95° is smooth if
we choose p > 0 small enough.

With the notations introduced above we restate [SY2, Lemma 3.2):

Lemma 8.5. For every ¢ > 0 with (8.2) there is a constant 6(¢) > 0 such that
for sufficiently small values of pu > 0 there holds

DU(z) - (€ —2) < —26(2)|€ — 2|2 forall z € K, € € S°. (8.7)
Now we are in the position to prove Theorem 8.4.

Proof of Theorem 8.4. In the following we will write L : T x T" — R for the
symmetric bilinear form defined by

L(z,2z) = 4(2) for z € T.
Since / is a quadratic function, the inequality (8.7) can be written in the form

L(z,€ —2) < —=6(e)|€ — 2|2 for all z € K5,€ € S¢, (8.8)

which implies in particular L(z,g) < . for all z € K§ and € € 5°. We claim
that, furthermore, there holds

L(5,6) <.  forall 5,¢ eS¢, (8.9)

provided g > 0 is small enough. For the proof of this claim, we fix 3,6 e 88
and choose a point z € Kf with Z € B, (2), where 2/ = z — uD{(z) and
ry = | DE(z)|. We begin with the observation

WIDUE)P > 5= 2P = |5 — 2+ p DU
— 2P 4 2uDe) - (5 - 2) + DU
which implies

L(z7—2) = %Df(z) (G2 < —i|2—z|2. (8.10)

Applying (8.8) and (8.10), we can estimate

L(g,f) = L(Z,é)—FL(é—Z,g—Z)+L(5—Z,Z)
< ee—6<e>|é—z|2+<2+n>|z—z||£—z|—ﬁw—zﬁ

IN

b+ (C’(n,s) - i) 1z — 2%,

where we applied Young’s inequality in the last step. This implies the claim
(8.9) if we choose p > 0 small enough. Next we consider the convex hull H¢ of
S€ C Th @ T3 and we will show £(z) < /. for all z € H®. Every z € H® can be
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written in the form z = Y"1 A% with Z; € S¢ and A\; > 0 with ;" (A = 1.
Since L is bilinear, we can estimate, using (8.9),

U(z) = L(z,2) = > ANNL(E, ) <l Y Aidj =L (8.11)
1,7=0 i,j=0

for all z € H®.

Next we will construct the convex integrand g.. Following [SY2] once more we
employ the Minkowski function, also called the gauge, of the convex set G*.
For more details about this function we refer to [Ro]. Precisely, we define

Go(2) = Lx2(2), where x(z) =inf{t >0 : z € tH"}

for z € Ty @ T5. Since H¢ is a convex neighborhood of the origin in T} & Tj,
it follows from the definition that G° = ¢, on the boundary 0H¢. Keeping in
mind (8.11), we infer

(z) < Ge(2) (8.12)

first for all z € OH® and finally for all z € T} @ T3, since £ and G. are both
homogeneous of degree two and H°€ is a neighborhood of the origin.

Letting v(z) = D for z € K%, we point out that by (8.7), the vector
field v, deﬁned on Ié i, is a field of unit normal vectors of 95°. For a suitable
neighborhood U* of Ki, we extend v to a smooth vector field of unit normal
vectors on U¢ N JS¢. Diminishing the neighborhood U¥¢ if necessary, we deduce
from (8.7) that for all z,£ € U® N 9S° there holds

V) —v©) -2 _ 3
= AT U me

Letting £ — z, we infer

—Dyu(z)-v < —32E) g

me

for all z € U N9S® and V € Tan,(9S%). We recall that the principal
curvatures of 95° N U are defined as the eigenvalues of the shape operator
A,(V) = —(Dyv)". Thus, we conclude from the above estimate that all the
principal curvatures are negative and bounded away from zero, which implies
that 05 N U*® is strictly elliptic. Combining this with (8.7), we infer

OH°NU® =05 NU*
if U, is chosen sufficiently small. In particular, Ki C 0H¢, so that
Ge(z) =L = ((2) for all z € K7. (8.13)

Moreover, the strict ellipticity of OH® implies that G, is strictly convex close
to K7 in the sense

2Go(2)(€,8) > ce|€*  forall z€ U, and € € Ty ® T3, (8.14)
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with a suitable constant ¢. > 0. Following [SY2] we obtain the convex in-
tegrand g. from G. by a smoothing technique which preserves the identity
(8.13) and does not diminish the function G. away from the origin. We pro-
vide a rereading of this smoothing process for the convenience of the reader.
First, we choose a kernel ¢ € ngt([%,l]) with [, o7 ©(1€])d§ = 1 and let
@s(&) = 6~ ImTOTE) 5 (5=1¢). Since x is convex and homogeneous of degree
one, the function

() = /T Xt EOgsends forzeTio Ty

is also convex and homogeneous of degree one, and additionally smooth; see [S,
Thm. 3.3.1]. Consequently, the function

Ge(2) = £.X2(2) + 722 for z e Ty & T3

is strictly convex and homogeneous of degree two for any 7 > 0. Note that
G. depends on § and 7, but we suppress these dependences to facilitate the
reading. Since G. — G in C?-norm as 6,7 \, 0, we conclude

D2G.(2)(€,€) > %|§|2 for all z € U and € € Ty @ T, (8.15)

if 6 and 7 are chosen sufficiently small. We stress that the constant c. can be
chosen independent of 7 if we restrict ourselves to z € U¢. We record that as a
consequence of Jensen’s inequality and (8.12), there holds

Gee) 2 ([ (e O ) = 6xP(2) = Gul) 2 1) (5.16)

for all z € Ty @ T5. Since the above smoothing process might have changed
G¢ in K7, we choose a cut-off function 7 € C°(U¢) with 7 = 1 in a smaller
neighborhood V¢ C U® of K{, and let n(z) := ﬁ(N5|—§|), where N is defined by
(8.6). We write

Gi(2) == (1 —1(2)) Ge(2) + 1(2) G5 (2) for0#£ 2T @13

and GX(0) := 0. Obviously, G¥ is homogeneous of degree two. In order to
show that G7 is strictly convex on U, we calculate for z € U® and an arbitrary
e @T3

D*GI(2)(£,€) = (1-n(2)D*C:(2)(€.€) +n(z) D*G=(2)(£.)
- CHGe - Ge”cl(Uf) ’5‘2
C ~
> (5= CIG: = Gellorwe )P (8.17)
by (8.14) and (8.15). Since ||G. — Gellc1 (=) can be made arbitrarily small by

choosing the parameters 6,7 > 0 small enough, we infer for suitable choices of
0 and 7 that G is strictly convex on U®. Keeping in mind the strict convexity
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of C~¥€ and the homogeneity of G, we deduce that G7 is strictly convex and
smooth away from the origin. Recalling (8.16), we know furthermore

(z) < GL(2) for all z € Ty @ T, (8.18)
and from (8.13), combined with the homogeneity of G%, ¢ and w,, we infer
{(Dw,(z)) = GX(Dw.(x)) for all 0 # x € Bj. (8.19)

In order to make G smooth and strictly convex on all of T7 @ T3, we choose
a cut-off function ¢ € C§°(By, 2) with ( =1 on By, 4 and a radial mollifying
kernel 1), with smoothing radius p > 0. For a parameter 3 > 0, let

9:(2) = C(2) [thp * GZ(2) + Bl2P] + (1 = ((2))GL(2).

This function is smooth on 7} 73 and a similar computation as in (8.17) shows
that for sufficiently small values of the parameters p, 8 > 0, g. is strictly convex
on 11 @ T5. Finally, letting

9e(2) = Ge(21 + 23) + | 22| for 2 =z + 20 + z3 € T = RV™,

where z; € T for i = 1,2,3, we arrive at a function ¢g. : RV — R which is
smooth and strictly convex on RY". The inequality (8.18) implies, by another
application of Jensen’s inequality as in (8.16), that £ < g. on RV™, so that the
first claim (8.4) is satisfied. Since |Dw.(z)| = |x| "Nz > N, for = € By, we infer
from (8.19) that the second claim (8.5) of the theorem is valid. This completes
the proof. O

8.2 A singular set of positive measure

The remainder of this section will be devoted to the proof of Theorem 2.6. In
fact, introducing first some additional notation we will even establish a some-
what stronger result.

In the following, cubes will be considered as open subsets of R"™. We write

Qo for the cube |1, 1[".

Definition 8.6. For a function u on Qg and a reqularity class € we define the
reqular set

Ry(u) :={x € Qo : u is of class € in a neighborhood of z.}

and the singular set
Se(u) := Qo \ Rg(u).
Moreover, as in (1.2) we abbreviate R(u) := Rpo,1(u) and S(u) := Sco(u).

With these notations we formulate the main result of this section providing
wild solutions of asymptotically regular problems:
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Theorem 8.7. Let N = in(n+1) — 1. For every

0<e< [VBmIDm D -+ 1)

there are positive constants M, v and I', a function u. € WOI’Q(QO,IRN) and a
smooth function f. : RN" — R depending only on n and € with the following
three properties:

YIEP < D*fe(2)(€,€) <TIEP for 2| > M and € € RN,
fe(Dug) dx < / fe(Dy) dx for every o € W01’2(Q0,IRN);
Qo Qo

|S (ue)| >0 and |Sco.a (ue)| > 0 for every max{l —e,0} < a < 1.

n
whe

Moreover, if € > 1 holds we even have
]SLE%I(ug)] > 0.

Remark 8.8. In particular, |S(uz)| > 0 may occur for every n > 3, and
|SLee(ue)| > 0 for every n > 5. These restrictions on the dimension are optimal
in the case p = 2 considered here. To be more precise, if u € W1’2(Q,RN) 18
a solution of an asymptotically reqular problem, Theorem 2.8 implies S(u) = &
for n = 2, while for n € {3,4} we have Sco,o(u) = @ for some a > 0 by [SS,
Theorem 8.1].

The proof of Theorem 8.7 is based on the results of Section 8.1 and a Cantor
type construction®. It will be carried out in a series of lemmas.
We define v, : By — RN by

we(x) for x € Byjp
ve(x) == . ;
21— fel)u. (o) for @ € By\ By
where w, is defined in (8.1). Clearly, we have
v. € Wy (B, RY) (8.20)
for every ¢ < 2 and involving the homogeneity of we it is not difficult to see
|Dv| < L on By \ By g (8.21)

for some constant L depending only on n and &.
Next, we choose a smooth cut-off function n : RN™ — [0, 1] with n(z) = 0
for |z| < L and n(z) = 1 for |z| > L + 1 and define f. : R — R by

fe(2) == n(2)ge(2) + (1 = n(2))L(2),
where g. and ¢ are the integrands from Section 8.1. Clearly, we have

0z) = f(2) for |z| < L (8.22)

$We refer the reader to [FMM] for another Cantor type construction of a minimizer with
a large singular set.
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and

VIEP < D2fe(2)(€,€) <TIEP  for 2] > L+ 1.
In particular, f. is asymptotically regular. Moreover, (8.4) and (8.5) give

0(z) < fe(2), (8.23)
U(Dw.(x)) = fo(Dwe(x)) (8.24)

for all z € RN™ and 0 # = € By.

Next we will arrange the minimizers of Section 8.1 on a wild set: For every
k € NU {0} we subdivide @ into H?:o 3 disjoint cubes with edges of length
Hf:o 3% and define W}, as the collection of these cubes and Y}, as the set of their
centers. We point out that for every cube @) € Wy, its predecessors are unique;
that is for every ¢ < k there is a unique cube in W; containing ). Moreover,
wenote {0} =Yg CcYiCYoCYsC....

We define another collection of cubes inductively. We set V := () and for
k € IN we denote by Vj, the collection of all cubes Q) in W}, with centers in Y3
such that @ is not contained in some cube of Uf;ol V;i. Finally we write X for
the set of centers of cubes in Vj,.

Our first goal is now to show that the closure of | J;°, X; has positive mea-
sure. Actually, this will follow from the next two lemmas.

Lemma 8.9. Denote by A the union of the closures of all cubes in |2, Vi.
Then, the set Qo \ A is contained in the closure of | J;2 X;.

Proof. Consider an arbitrary point x € @y \ A and fix k¥ € IN. Then, x is
contained in the closure of a cube Q) € Wj_; with center x; € Yi_1. By the
definition of A, the cube @} is not contained in some cube of Uf:_ol Vi. Now
consider the cube Qk € Wy, with center at xj. Since the predecessors are unique,
Qk is not contained in a cube of U?:_ol V;. Thus we have Qk € Vi and x, € X}.
Finally, for the sequence zj € (J;2, X; just defined we have

@31—’9
5 .

1
lzp — 2] < g diam Qr, <

Thus, x is in the closure of |J;2, X; and the lemma is proved. O

Lemma 8.10. Denote by A the union of the closures of all cubes in | Jpo o Vi.
Then, we have |Qo \ A| > 0.

Proof. Clearly, Yi_1 has Hfz_ol 3" elements and thus V}, contains at most H?:_ol 3in
cubes. Furthermore, the closure of every cube in Wj — and in particular of
every cube in V;, — has measure Hf:o 37", Thus, we get

—n

3
—kn __
\A[Skg_l?) =1 _3=n <1

and the claim is established. O
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We will now construct a minimizer u. on @) that is singular near all points
of Up—y Xk. Setting

k
=0

we note that all the balls B,, (x) with = € X}, and k& € IN are mutually disjoint.
Finally, we introduce u. setting

() {Tkvg (%) if y € By, (z) for some =z € X, and some k € IN
€ - .

0 otherwise

Lemma 8.11. For every q < 2 we have u. € Wol’q(Qo,RN).

Proof. The claim follows easily from (8.20) and the calculation

[ el 1w de =30 5w [ [t o] e
0 1

k:lyEXk
o] 3 kn

éZ(—) / [[0e|7 + | Deel] do < oo,
k=1 6 B

Here, in the last estimate we used the definition of 7, and the fact that |Xj]|
contains at most Hf:o 3" elements. O

Proposition 8.12. Let

1
0<e< 5[\/3(n+1)(n—1)—(n+1)].
Then, we have u. € W&’Z(QO,RN) and

fe(Dug) dx < fe(Dy) dx for every ¢ € Wol’Q(Qo, RY).
Qo Qo

Proof. Recalling ¢ < %, Lemma 8.11 gives u. € W&’Q(QO,RN). For the proof
of the minimizing property we first claim

(Dug) = f-(Du.) on Q. (8.25)

To verify (8.25) we fix a Lebesgue point y € Qp of Du. and distinguish two
cases: If y is in Brk/Q(az) for some =z € X, and some k£ € IN, then we have

Duc(y) = Dw.(-*) and (8.24) gives f-(Duc(y)) = ¢(Du(y)). Otherwise,
we see from the construction of u. that |[Du.(y)| < L, so that f.(Duc(y)) =
¢(Du,(y)) follows from the definition of f.. Thus, (8.25) is proved in any case.

Consequently, exploiting in turn (8.25), the fact that ¢ is a null Lagrangian

and (8.23) we find

fe(Du,) dx = (Dug) dx = U(Dyp)dx < / fe(Dy) (8.26)
Qo Qo Qo Qo

for any ¢ € Wol’z(Qo, RY), thus completing the proof. O
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Proof of Theorem 8.7. In the situation of the theorem let 4 denote one of the
regularity classes Wl’g, Ccoe, Lﬁ, where max{l — ¢,0} < a < 1. In view of
the preceding considerations, in particular of Proposition 8.12, it just remains
to prove |S¢(ue)| > 0. To this aim we first note that, by the definition of w,
in Section 8.1, the function w, is not of class € near 0. From the construction
of u. we deduce |J;2q X; C S¢(ue). Since S¢(uc) is — by definition — closed
in Qo we infer that the closure of [J;2, X; is still contained in S¢(u.). Thus,
Lemma 8.9 and Lemma 8.10 give |S¢(uz)| > 0. O

Remark 8.13. In Theorem 8.7 one may additionally choose f. such that f.
18 quasiconvex. To see this it suffices to replace f. with its quasiconvex hull
observing that (8.22), (8.23) and (8.24) are preserved.

Proof of Theorem 2.6. Theorem 2.6 is essentially a particular case of Theorem
8.7 and Remark 8.8 with f := f.. It just remains to reason that the cube
Qo may be replaced by any non-empty bounded open set 2. To see this we
fix such a set 2 and assume — by scaling and translation — that Qg C
holds. Then we define u € W12(Q,RY) as the extension by 0 of the map
Us € VVO1 ’Q(QO,RN ) from Theorem 8.7. Recalling the above construction, in
particular f(0) = f-(0) = £(0), one easily sees that (8.25) and (8.26) still hold
if we replace u. by u and Qg by 2. Hence, u is a minimizer of F' on 2. The

remaining claims of Theorem 2.6 are now obvious. U
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