COMPACTNESS RESULTS FOR NORMAL CURRENTS
AND THE PLATEAU PROBLEM IN DUAL BANACH SPACES

LUIGI AMBROSIO AND THOMAS SCHMIDT

ABSTRACT. We consider the Plateau problem and the corresponding free bound-
ary problem for finite-dimensional surfaces in possibly infinite-dimensional Ba-
nach spaces. For a large class of duals and in particular for reflexive spaces
we establish the general solvability of these problems in terms of currents. As
an auxiliary result we prove a new compactness theorem for currents in dual
spaces, which in turn relies on a fine analysis of the w*-topology.

CONTENTS

1. INTRODUCTION

Currents are generalized surfaces. More precisely, n-currents in the classical sense
of Federer & Fleming [7] are a measure-theoretic generalization of oriented n-
dimensional submanifolds inside an Euclidean space RY (N > n); compare the
renowned monographs [0, 12]. Even though there is nowadays a much broader
interest in currents, they have been designed — from the very beginning — for
the treatment of area minimization problems and in particular for the (oriented)
Plateau problem, that is the minimization problem for the n-dimensional area sub-
ject to a prescribed boundary in RY. In fact, given a boundary (n—1)-current S
in RY the oriented Plateau problem can always be solved, if it is (re)formulated as
the minimization problem for the mass M(T') among all n-currents 7' in RY with
boundary 0T = S.

Ambrosio & Kirchheim [4, [3] extended the theory of currents to complete metric
spaces in place of R, thus allowing for a much richer geometric structure of the
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ambient space. While this refined theory has also found other remarkable applica-
tions (see for instance [14]), in the first instance it has been developed once more
for area minimization: indeed, for a large class of dual Banach spaces Y it has been
proved in [3, Theorem 10.6] that Plateau’s problem is solvable in terms of metric
n-currents in Y, provided that the prescribed boundary remains in a compact sub-
set of Y. Eventually, still assuming compact support of the boundary Wenger [13|
Theorem 1.5] established the same statement for every dual Banach space Y. Let
us emphasize that these results naturally cover infinite-dimensional spaces Y, and
thus on the technical side they overcome the difficulty that ¥ need not be locally
compact and the Riesz-Markov representation theorem is not available.

In this paper, though we follow the basic approach of [3], we propose a novel
simplified proof for the solvability of the Plateau problem in Y. It still applies to
a large (but slightly different) class of possibly infinite-dimensional dual Banach
spaces Y, but it works without a compactness assumption on the boundary values.
We believe that the latter feature is new and interesting even in the simplest infinite-
dimensional spaces, that is in separable Hilbert spaces.

A precise statement of our result can be formulated conveniently in the following
terminology (see Section [ for further notation and in particular Section for
background definitions concerning metric currents): For a complete metric space
Y,neN:={1,2,3,...}, and a metric (n—1)-current S € M,,_1(Y") of finite mass
we write

(1.1) Fillmass(S) := inf{M(C) : C € N,,(Y), 9C = S},
(1.2) Fillvol(S) := inf{M(C) : C € I,(Y), 0C = S}

for the infimum values of the Plateau problem in Y, formulated within the classes
N,(Y) and I,(Y) of normal metric n-currents and integral metric n-currents, re-
spectively. Here, as usual we consider the infima as infinite, if the set of admissible
C' is empty. For separable dual Banach spaces Y this is actually the only case in
which the infima are not attained:

Theorem 1.1 (existence). Consider a normed space X such that X* is sepamble@,
neN, and S € M,_1(X*).
o If we have Fillmass(S) < oo, then there exists T € N, (X*) with 0T = S
and M(T) = Fillmass(5).
o Moreover, if we have Fillvol(S) < oo, then there exists T € I1,(X™*) with
OT = S and M(T) = Fillvol(S).

Theorem [[.1] is proved in Section 5.1}

Clearly, Fillmass(S) < oo implies S € N,,_1(X*) with 95 = 0. Moreover, if S
is concentrated in a bounded set, then by the cone construction of [3| Section 10]
this necessary criterion for the finiteness of the infimum (1)) is also sufficient. For
the finiteness of the infimum in (2] one even has a single necessary and sufficient
criterion (in which boundedness plays no role): by Wenger’s isoperimetric inequal-
ities [13} Corollary 1.3] and the boundary-rectifiability theorem [3| Theorem 8.6]
Fillvol(S) < oo holds true if and only if one has S € I,_1(X*) and 95 = 0. As
a corollary we thus obtain the following formulation of the existence result with
more tangible assumptions on S. The main difference to [3, Theorem 10.6] and [13]
Theorem 1.5] lies in the fact that the support of S need not be compact.

INotice that separability of X* implies separability of X, and that X* is a Banach space. We
may assume that also X is a Banach space, since completion of X does not affect X*.
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Corollary 1.2 (existence for bounded or integral boundaries). Consider a normed
space X such that X* is separable and n € IN.

e Then for every S € N, _1(X*) with bounded support and zero boundary
there exists T € N, (X*) with 0T = S such that

M(T) < M(C) for all C € N, (X™) with 0C = S..

e Moreover, for every S € I,_1(X™) with zero boundary there exists T €
L.(X*) with 0T = S and

M(T) < M(C) for all C € 1,(X™) with 0C = S..

Precise references for the deduction of Corollary are given at the end of
Section 5.1

By quite similar methods we also obtain the following statement about mass-
minimization with only partially prescribed boundary.

Theorem 1.3 (existence with a free boundary). Consider a normed space X such
that X* is separable, n € N, and S € M,,_1(X™).

o Then there exists T € N,,(X*) with

M(T) + M(8T — S) < M(C) + M(0C — S)  for all C € N,,(X*).
o Moreover, there exists T € L,(X*) with

M(T) + M(8T — S) < M(C) + M(0C — S)  for all C € L,(X*).

Theorem [[.3] is proved in Section

Next, we briefly discuss our assumptions on the ambient space X *. First of all, all
reflexive spaces Y are duals (up to isometric isomorphism) and the existence results
applyE in them. Moreover, they also apply in some non-reflexive duals, for instance
in the space £1=(cg)* of absolutely summable series. Nevertheless, comparing with
[3, Theorem 10.6] and |13 Theorem 1.5] our separability assumption on X* is
somewhat restrictive. Indeed this hypothesis rules out some basic dual spaces such
as L°° and spaces of measures, but — somewhat surprisingly — it is in some sense
essential for our approach; see Example [B.1lin the appendix.

The decisive ingredient in the proofs of the existence theorems is a refined com-
pactness result for the w*-convergence of currents in the sense of Definition
We believe that the latter result, which extends [3] Theorem 6.6], is of some interest
in itself, and thus we formulate the statement at this stage.

Theorem 1.4 (compactness). Consider a normed space X such that X* is sepa-
rable, n € NU {0}, and a sequence (Ty)pen in N, (X*) such that we have

(1.3) M = sup M(T},) < o0, My := sup M(0T},) < o0,
helN heN

and the w*-tightness condition

(1.4) [T (X™\ Br(0)) + [0Tu[|(X™ \ Br(0))] = 0.

lim sup
R—00 peN

Then there exists a subsequence (Th))ken w*-converging to some T € Ny (X*)
with M(T) < M and M(9T) < Mp.

2For non-separable Y see Appendix
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For the particular case of equi-bounded supports Theorem [[.4] is proved in Sec-
tion L1l The general statement is deduced in Section

Notice that in the case n = 0 we understand No(X*) = My(X*) and consider
the assumptions on 97}, as void (compare Section [Z3]once more). In this particular
case and for separable Hilbert spaces Theorem [[4] recovers a statement from [2]
Lemma 5.1.12], a weak-topology version of Prokhorov’s theorem, which has also
inspired our strategy of proof.

As a general rule compactness for currents arises from compactness properties of
the ambient space. Accordingly, compactness results in the spirit of the Riesz-
Markov theorem are available in locally compact spaces (see [9, Theorem 5.4]
and compare Section 2.2)). Moreover, there is an extension [3| Theorem 5.2] of
Prokhorov’s theorem to metric currents, while for the Plateau problem in infinite-
dimensional dual spaces X* a more sophisticated strategy has been proposed in
[B, Sections 6 and 10]: it relies on Gromov’s isometric embeddings [8, Section 6]
into a compact space and also exploits local w*-compactness in X*. In our proof
of Theorem [[.4] we will follow a modified strategy, which works more directly with
local w*-compactness, but without Gromov’s embeddings and without leaving the
ambient space X* at all.

Indeed, let us summarize the core of the compactness proof in Section E Il We
consider the case that the T}, are supported in a fixed ball in X*, we regard this
ball with the metrizable w*-topology as a compact metric space K, and we first
exhibit a limit object 7" in K. Initially the action of 7' is then limited to w*-
continuous (generalized) forms ¢ dw. However, our reasoning shows that the action
of T extends in a unique way to non-w*-continuous ¢ dm, and we prove that the
extended T has the properties of a normal current. A crucial technical ingredient
is Lemma [3.I] which provides a w*-separability property of the space of Lipschitz
functions.

With view towards the existence results it is also relevant that our extension
procedure carries w*-rectifiable currents (with finite mass and boundary mass) into
norm-rectifiable ones. This is indeed true and it readily follows from the rectifia-
bility criterion [3, Remark 8.2] once we have proven that the extension is a normal
current. Accordingly, rectifiability enters our arguments only through the known
results of [3], while the technically delicate parts of this paper are concerned with
normal currents.

We stress that Theorem [[.4] should also be compared to Wenger’s compactness
result [15) Theorem 1.2] for integral currents with equi-bounded diameter and its
local variant [I0, Theorem 1.1]. These results yield compactness for isometric em-
beddings in Gromov’s style, in other words they identify a limit current in an
abstract metric space. After the submission of the present paper Wenger [16] has
pointed out that the latter results can indeed be applied in order to retrieve com-
pactness in the ambient space itself. By such a reasoning he has extended our
results for the integral currents case to non-separable dual spaces.

Finally, we believe that with the preceding results at hand one may also ask for
additional (regularity) properties of mass-minimizing currents in infinite-dimensional
spaces. We plan to address such issues in a continuative project.

2. PRELIMINARIES

2.1. General notation. Suppose that (E,dg) and (E, dj) are metric spaces. For
x € E and R > 0 we write Br(z) for the open ball {y € E : dg(y,z) < R} and
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Bpg(x) for the closed ball {y € E : dg(y,z) < R}. Furthermore, for subsets P and
Q of E we set dist(Q, P) := inf{dg(q,p) : p€ P, ¢ € Q}.

For 7: E — E we define the Lipschitz constant Lip(w) as the smallest (but
possibly infinite) constant such that dz(n(y), 7(z)) < Lip(n )dE(y, x) holds for all
2,y € E. We write Lip(E; E) for the space of all 7: E — E with Lip(r) < oo,
Lipy, (E; E) for the subspace of functions in Lip(E; E) with bounded image, and
Lip, (E; E) for the collection of all 7: E — E with Lip(r) < 1. Finally, we set
Lip(E) := Lip(F; R), Lipy,(F) := Lip, (E; R), and Lip, (F) := Lip, (E; R).

If X is a normed space, we write || - ||x for its norm and X* for its topological
dual endowed with the operator norm. For y € X* and z € X we use the notation]
(y,x) for the evaluation of y at . We briefly recall that the w*-topology on X*
is the coarsest topology such that the evaluation maps X* — R,y — (y,z) are
continuous on X* for all z € X.

By a finite Borel measure p on E we mean a o-additive function p: #(F) —
[0, 00) on the Borel-o-algebra Z(E) of E. Analogously, a finite signed Borel measure
is a o-additive function p: B(E) — R, and we write |u| for the variation measure
of p. The support spt p of p is defined as the closed set of all € E satisfying
|ul(Br(x)) > 0 for all R > 0. Moreover, if [u|(E\ X) = 0 holds for ¥ € Z(E),
we say that p is concentrated on ¥, and if ¢: £ — E is a continuous function, we
introduce a Borel measure ¢y on E by Yyu(B) := pu(v~'B) for B € B(E E).

Finally, by Cy,(E) we denote the Banach space of bounded continuous functions
E — R with the norm of uniform convergence.

2.2. Weak-x-topologies. We start with the remark that for separable normed
spaces X the w*-topology can be metricized on bounded sets in X*. More precisely,
if {x1,22,23,...} is dense in X \ {0}, we define a new norm || - ||+ on X* by

wei= 327 e flaillx fory e X*,

=1

(2.1) lyl

and || - |lw- induces the w*-topology on all bounded sets in X*, but not globally.
In particular, we will use the following consequence of this remark: for bounded
sets in the dual of a separable space w*-topological concepts are characterized by
sequences, as usual in a metric space.

Our compactness result relies heavily on the following two well-known results
(see for instance [I1], 3.15] and [I, Theorem 1.54]): the Banach-Alaoglu-Bourbaki
compactness theorem and the Riesz-Markov representation theorem in compact
metric spaces.

Theorem 2.1. Suppose that X is a normed space. Then the closed balls Br(yo) =
{y € X* : ly—yollx» < R} in X* are compact in the w*-topology.

Theorem 2.2. Suppose that K is a compact metric space. Then every F € Cy,(K)*
can be represented by a finite signed Borel measure pn on K in the sense of

(Fo) = [ pdn forall p € Cu(K)
K

and

|1 Fllcy oy = (1] (K) .

3Later on we also use angle brackets with three arguments in a completely different meaning.
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We briefly record some well-known consequences of these results: Theorem
implies that the space of finite signed Borel measures M(K) on K (with the total
variation norm) coincides up to isometric isomorphism with the dual of Cy(K). It
follows by Theorem [Z1] that closed balls in M(K) are compact in the w*-topology
arising from this duality. Moreover, the operator norm on a dual, and thus in partic-
ular the total variation of measures, is (almost by definition) lower semicontinuous
with respect to w*-convergence.

In addition, we provide two simple lemmas, which will eventually be useful. In
the former lemma we crucially use separability of X* (compare Example[B.Ibelow),
while separability of X suffices for all other arguments in this paper.

Lemma 2.3. Suppose that X is a normed space and write B(X*) and By~ (X*)
for the Borel-o-algebras generated by the norm-topology and the w*-topology on X*,
respectively. Then there holds By~ (X*) C B(X™*), and if X* is separable, we even
have equality By~ (X*) = B(X*).

Proof. Since every w*-closed set in X* is also closed, we generally have %y« (X*) C
PB(X*). If X* is separable, then the closed balls generate Z(X*), also X is sep-
arable, and by Theorem 2.1] the closed balls are also w*-closed. In conclusion, for
separable X* we infer B(X*) C By~ (X*). O

Lemma 2.4. Let p < q in R, and suppose that P and Q are two compact subsets
in the dual X* of a normed space X with dist(Q,P) > 0. Then there exists a
w*-continuous Lipschitz function n: X* — [p,q] withn=p on P, n =q on Q, and
Lip(n) < 8(q—p)/dist(Q, P).

Proof. We assume p =0, g = 1.

In a first step, instead of compact sets we consider balls P and ) in X™* with cen-
ters yp, yg, and radii 7p, rq. The condition ||yg—yp||x-—rp—rg = dist(Q, P) > 0
implies ||yo—ypr|x- > 3(|lyo—ypllx+ +7p +7¢) and thus yields some 2 € X with
lzllx =1 and (yo—yp,2) > 5(lye—ypllx- +rp +rq). Since (y—yp,z) —rp >
(yo—yp,x) —rp —TQ > %(HyQ—ypHX* —rp — 1) holds for y € @, one finds that

(<y_yP7$> _TP)+
lye —ypllx —rp —7q

n(y) == min{1,2 } for y € X*
defines a function  with all the required properties (and even Lip(n) < 2/dist(Q, P)).

In a second step, if P is any compact set and @ is a ball, we cover P by finitely
many balls Py, P, ..., P, with dist(Q, P;) > %dist(Q,P). Then we write 7; for
the functions from the first step corresponding to P; and @, and we define 7 as the
pointwise minimum of the 7;. It is straightforward to check the required properties
of n (and even Lip(n) < 4/dist(Q, P)).

In an analogous third step we consider compact sets P and ), we cover Q)
by finitely many balls, and we choose n as the pointwise maximum of functions
obtained from the second step. Again it is straightforward to check that n has the
claimed properties. O

2.3. Metric currents with finite mass. Here, we partially recall the Ambrosio-
Kirchheim-theory [3] of currents with finite mass in metric spaces, fixing by the
way notation and terminology. While we refer the reader to the original paper for
more comments and motivation, now we briefly restate some basic definitions and
results. In this way we keep the present paper essentially self-contained up to the
end of Section LIl where the proof of Theorem [[.4] is completed at least in the
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basic case of equi-bounded supports. Anyway, in the subsequent sections we will
directly quote some more results from [3].

We suppose for the remainder of this section that n € NU{0} and E is a
complete metric space. For a bounded Borel function ¢: F — R and 7 € Lip(E)"
we permanently use the notation

pdm = (p,7),
which emphasizes the far-reaching analogy to Euclidean differential forms. For
n = 0 we always identify Lip(E)° := {0}, Lip,(E) x Lip(E)? := Lip,(F), and
@ dm := ¢ in the following.

Definition 2.5 (metric functionals, [3] Definition 2.2]). An n-dimensional metric
functional on E is a map T: Lip,,(E) x Lip(E)™ — R such that

o T is linear in its first argumentlémm Lip,(E) and

o |T'| is 1-homogeneous and conveatl in each of the n arguments from Lip(E).

Definition 2.6 (boundary, [3| Definition 2.3]). Let n > 1. For an n-dimensionall
metric functional T on E the boundary T : Lip,(E) x Lip(E)"~! — R is defined
by
OT(pdm) :=T(1d(p, 7)) for p € Lip,(E) and m € Lip(E)" ™' .
If an n-dimensional metric functional T on F is linear in all arguments, then 0T
is an (n—1)-dimensional metric functional on E.

Definition 2.7 (pushforward, [3| Definition 2.4]). The pushforward YT of an
n-dimensional metric functional T' on E along a Lipschitz map ¢: E — E imto an-
other complete metric space E is the n-dimensional metric functional on E defined

by
T (pdr) :=T((pov)d(roy))  for g € Lip,(E) and 7 € Lip(E)".

For n = 0 Definition 2.7 is compatible with the notation for measures from
Section 2] but allows less general functions 1.

Definition 2.8 (mass and support, [3| Definitions 2.6 and 2.8]). An n-dimensional
metric functional T on E has finite mass if there exists a finite Borel measure p
on E such that

|T(pdm)| < / lo] ds HLip(m) holds for all v € Lip,(E) and m € Lip(E)"
E .

The least such measure 11 is called the mass |T|| of T, and the total mass is M(T) :=
IT|[(E). If T has finite mass, then the support sptT of T is defined as the support
of the measure ||T||.

Occasionally, we will use the assertion that every finite Borel measure and in
particular the mass of a metric functional on a complete metric space F is tight,
that means concentrated on a o-compact set. In order to prove the results of the
introduction it suffices to utilize this assertion for separable E, in which case it is
known as Ulam’s theorem and is not too hard to prove; see [5, 7.1.7]. However, in
Section 3] and Appendix [B] we state some results in a more general framework, and

“In other words, |T| is a pseudonorm in each argument from Lip(E).

5A boundary OT of a 0-dimensional metric functional 7', which formally occurs in some of our
statements, is identified with the constant T'(1). Definitions 2.8 and [ZI1] are partially extended
by letting M(8T) := |T(1)| < M(T) in this case and No(E) := Mg (E), while ||0T|| and spt 8T
are left undefined.
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we will then exploit the same assertion even for non-separable F. This is indeed
possible imposing at those points the extra assumption that the cardinality of a
dense subset of E is an Ulam number in the sense of Federer [6, 2.1.6]; compare
also [6, 2.2.16] and the comments around [3| Lemma 2.9] for a discussion of this
assumption.

For every metric functional 7" on E with finite mass there is a canonical extension
— which we still denote by T'— to those ¢ dr for which ¢: E — R is just a bounded
Borel function; in fact, it suffices to extend T as a continuous linear functional in ¢
with respect to the norm of L (E; ||T||). We use this extension in the next definition.

Definition 2.9 (restriction). The restriction TL A: Lip,(E) x Lip(E)™ = R of an
n-dimensional metric functional T on E with finite mass to a Borel subset A of E
is the n-dimensional metric functional on E defined by

(TLA)(pdnr) :=T(xapdn) for ¢ € Lip, (E) and w € Lip(E)",
where xa: E — {0,1} denotes the characteristic function of A.

Definition 2.10 (currents, [3, Definition 3.1]). An n-current in E with finite mass
is an n-dimensional metric functional T on E with finite mass satisfying moreover
the following three axioms:

e multilinearity: T' is (1+n)-linear;

e continuity: T(¢dn!) converges to T(pdr) for ¢ € Lip,(E) and n!',7 €
Lip(E)", whenever ' converges to m pointwise on E and Lip(r') stays
bounded;

e locality: for ¢ € Lip,(E) and m € Lip(E)™ there holds T(pdmr) = 0 when-
ever a component function m;, is constant on an e-neighborhood of spt ¢.

The space of all n-currents in E with finite mass is denoted by M, (E).

We observe that in view of multilinearity it is equivalent to require the continuity
and locality axioms only for ¢ € Lip; (E;[~1,1]) and 7!, 7 € Lip, (E)". When veri-
fying the axioms later on, we will make use of this fact without further comments.
A similar remark applies to the above definition of mass.

Moreover, starting from the fact that the space of finite Borel measures on FE is
a Banach space with the total variation norm, it can be verified that the mass M
is a norm on M,,(F), and that M,,(E) is a Banach space, when endowed with this
norm.

Definition 2.11 (normal currents, [3, Definition 3.4]). A current T € M,,(F) with
OT € M,,_1(E) is called a normal current, and the space of normal n-currents is

denoted by N, (E).

As pointed out after Definition 3.4 in [3], the boundary of T' € M, (E) is al-
ways an (n—1)-dimensional metric functional and satisfies the axioms of an (n—1)-
current. Thus, in order to show that T € M,,(E) is normal, it suffices to check that
OT has finite mass.

The space I,(E) of integral n-currents is defined as in [3, Definition 4.2]. We
will use the closure theorem [3| Theorem 8.5] for I,(E), but we will never work
explicitly with the definition, and thus we do not repeat it here.

Lemma 2.12 (equi-continuity, [3, Lemma 5.1]). For T € N,(E), ¢ € Lip,(F) and
m, T € Lip(E)" there holds

| T(pd7) - T(pdm)| < (SLElplwl+Lip(90))z:/t |7 — mil (| T+ 0T) -
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In particular, choosing 7;, = s constant and 7; = m; for i # iy we infer:

Lemma 2.13. For T € N, (E), ¢ € Lip,(F) and w € Lip(E)" there holds

IT(pdm)| < (suplg| + Lip(y)) / imio — sl d(IT|+10T)
E

spt ¢
for allig € {1,2,...,n} and s € R.

Definition 2.14 (weak convergence, [3| Definition 3.6]). A sequence (Th)pen in
M,,(E) is said to converge weakly to T € M, (E) if Tp(¢dm) converges to T (¢ dn)
for all (¢, ) € Lip,(E) x Lip(E)™.

Notice that the uniqueness of weak limits is immediate by definition, while lower
semicontinuity of the mass along weakly convergent sequences follows readily from
[3, Proposition 2.7]; see the remark after [3, Definition 3.6]. For the following notion
of w*-convergence the same assertions are still true, but less immediate; compare
Corollary 3.4 below.

Definition 2.15 (w*-convergence, [3 Definition 6.1]). Consider a normed space X .
A sequence (Th)nen in My (X™*) is said to w*-converge to T € M, (X™), if Tn (¢ dr)
converges to T(pdm) for all w*-continuous (@, ) € Lip, (X*) x Lip(X™*)".

We remark that the w*-convergence of currents is actually a weak convergence
in two regards: on the one hand, it is a distributional convergence of functionals,
and on the other hand, even on the base space X* the w*-topology is used. In
contrast, weak convergence is also a distributional convergence, but uses the strong
topology of the base space. In particular, these convergences correspond to w* and
strong convergence of the basepoints when n equals 0 and the currents are Dirac
measures.

Finally, we point out that w*-convergence cannot be defined in a localized way,
since a w*-continuous functions ¢ with bounded support in X* necessarily vanishes
everywhere.

3. A SEPARABILITY LEMMA AND wW*-CONVERGENCE

In this section we establish an auxiliary lemma and we collect a couple of related
observations on the notion of w*-convergence, which appears in our compactness
results.

As in the proof of [3] Theorem 5.2] we will exploit the fact that the set of Lip;-
functions on a separable domain is itself separable and thus contains a countable
dense subset A. The following lemma shows that, when the base space is a dual
space, A can be chosen to consist only of w*-continuous functions. This fact will
turn out to be crucial for our purposes.

Lemma 3.1 (separability lemma). Suppose that X is a separable normed space
and that there are subsets ¥ C E C X* of its dual, where ¥ is separable. Then
there exist a countable collection A of w*-continuous functions in Lip,(E) and
a pseudadistanceﬁ dp, on Lip,(E) such that A is dense with respect to d, and dp
induces pointwise convergence on .

6A pseudometric space differs from a metric space only in the possibility that two different
points may have zero pseudodistance, and the quotient of a pseudometric space by the zero pseu-
dodistance relation is always a metric space. Here, the usage of a pseudodistance is of secondary
importance, but we think that it keeps our terminology clean and convenient, since we look at func-
tions on E with a concept of convergence on the possibly smaller set 3; in fact, if 7,7 € Lip, (E)
coincide on X, but differ elsewhere, then dp (7, ) vanishes.
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In our applications we use Lemma [B.1] for R'*"-valued maps, in the form that
Aj_13) X A" is dense in Lip, (E; [—1,1]) x Lip, (E)™ with respect to pointwise con-
vergence on ¥. Here, the set Ai_y 17 := {min{l, max{—1,¢}} : v € A} of cut-offs
still contains only w*-continuous functions, and the latter convergence is induced
by the pseudodistance dJ ™" ((@, %), (¢, 7)) := dp(@, ) + >y dp(Ti, ™).

Proof of Lemmal3 1l Suppose that {ri,re,rs,...} is dense in R, {s1, s2,3,...} is
dense in ¥, and {x1, z2,23,...} is dense in X \ {0}. We define a; ; 1 € Lip,(E) by

aijk(y) = max{r; + [(y — s;,zn)|/|lznllx : R €{1,2,...,k}}

for y € E and choose A as the set of all pointwise minima of finitely many a; ; .
Then A is a countable collection of w*-continuous functions in Lip, (E). We now
prove that A is dense in a suitable sense. For 7 € Lip,(F) we define 7; € Lip,(E)
and Tk, € A by

m(y) == min{r; + [ly — sl x 0 4,5 € {1,2,..., 1}, 7 > 7(sy)},
i1 (y) == min{a; ;£ (y) : 4,7 € {1,2,..., 1}, > 7(s;)}

for y € E. Tt is easy to check that a; ;,(y) monotonically converges from below
to r; + ||y — sj]lx+ as k — oo and thus m; converges pointwise to m as k —
oo. For every I € IN we may therefore choose k(I) € IN such that there holds
[Tk (s;) — Tu(s;)| < 1 for j € {1,2,...,1}. Moreover, recalling 7 € Lip, (E) we
observe that 7; converges to 7 from above, pointwise on {s1, s2,s3,...}. All in all
we may conclude that m := ), belong to A and converge pointwise to 7 on
{s1, $2, 83, . ..}. Thus, introducing the pseudodistance

(31) — 22 J |7T S] (Sj)l

1+ [7( SJ) —m(s5)]

we have lim; dp (7, ) = 0 and A is dense with respect to d,. Since {s1, 52, s3,...} is
dense in ¥ and Lip, (E) is a class of equi-continuous functions, d,, induces pointwise
convergence on . (I

In fact, the stated version of Lemma [3.1]is sufficient for our needs. Nevertheless,
let us add a brief comment on variants for general metric spaces FE.

Remark 3.2. In particular, all weakly separable metric spaces E in the sense of
[3, Definition 1.1] can be isometrically embedded into duals of separable spaces,
and Lemma [31] applies to them. However, a more plain and well-known version
of Lemma [0l without w*-continuity holds for arbitrary metric spaces (E,dg) not
necessarily embedded into any normed space. In fact, replacing |y — s;j||x- with
de(y, s;) and changing the definition of a;jx to a;;k(y) == r + dr(y,s;) this
can be proved along the lines of the preceding reasoning, which in fact considerably
simplifies in this case, since a; j 1 and m,; =T do not depend on k.

Next we record a continuity property of currents.

Proposition 3.3. Consider a complete metric space E, n € NU {0}, T € M,,(E),
and denote by ¥ a o-compact set on which |T| is concentrated. Then T is con-

tinuous on Lipy(E;[—1,1]) x Lip; (E)™ with respect to pointwise convergence on
2.

Proof. For ¢!, ¢ € Lip,(E;[~1,1]) and ¢!, € Lip;(E) we suppose that (¢!, 7!)
converges pointwise to (¢, 7) on X. Fixing ¢ > 0 we find a compact subset C
of ¥ with | T|(E\ C) < ¢, and we observe that by the Arzela-Ascoli theorem
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(¢!, 7) converges uniformly to (¢, ) on C. Next we consider a Lipschitz extension
operatonll £: Lip, (C)" — Lip,(E)" which carries uniform convergence on C' into
pointwise convergence on E. We notice that £(m|¢) = 7 holds on C and thus by
the locality propertyl [3, Theorem 3.5] we have (T'L.C) (¢ dr) = (TLC)(pdE(n|c)).
By the preceding choices and the Definition 2.8 of mass we have

IT(p" dr') = T(p dn)]
<[TLO)(¢' = @) dn)| + (TLC)(pdn') = (TLC)(p dm)| + 2||T(|(E\ C)

< /C o' = @l d|IT|| + (TLC)(p dE(n'|c)) — (TLC)(pdE(x|e))] + 2¢.

Since ¢! converges uniformly to ¢ on C the first term on the right-hand side vanishes
in the limit [ — oo. For the second term we get the same conclusion from the
continuity axiom since &(7!|¢) converges pointwise to (r|¢) by the choice of £.
Sending € to 0, we arrive at the claimed continuity property of T. (I

We remark that for normal currents Proposition[3.3] can alternatively be inferred
from the equi-continuity property of Lemma without using a Lipschitz exten-
sion operator. A refinement of this approach will be used in the following proof of
the compactness result.

Combining Lemma [3.1] and Proposition[3.3] we get some useful conclusions about
w*-convergence. Here, the second and the third assertion have already been proved
in [3, Proposition 6.3], but we believe that the present approach naturally yields
these claims by a slightly different line of argument, which does not employ the
extension theorem [3} Theorem 6.2].

Corollary 3.4. Consider a separable normed space X and n € NU{0}. Then

o cveryT € M, (X*) is already determined by its action on the w*-continuous
(¢, ) € Lipy (X™) x Lip(X )",

e w*-limits in the sense of Definition[2.1 are unique,

o whenever T}, € M, (X*) w*-converges to T € M,,(X*) we have lower semi-
continuity of the mass

M(T) < limhinf M(Ty) .

Proof. We choose some o-compact (and hence separable) set 3 C X™* on which ||T||
is concentrated. Applying Lemma B with E := X™* we use A;_; 1; x A" and dll;""
as defined after the statement of the lemma. By Proposition the restriction
of T to Lip; (X*;[—1,1]) x Lip;(X™*)™ is continuous and uniquely determined by
its values on the dense subset A|_; ;) x A™. Since A|_; 1) x A" contains only w*-
continuous functions, the first claim follows by multilinearity, and the second one
is a direct consequence. To derive the third claim we fix m € IN and L € [0, 1] for
the moment. From Definitions and we get

(3.2) Sl <Lon X* = Y T(p'dr') < Llim inf M(T},),
i=1 i=1

first for all w*-continuous (%, 7¢) € Lip, (X*)'*". Next, following an argument of
[3] we take a Lipschitz projection py, on the convex set {z € R™ : Y.I" | |z| < L} in

7A well-known version of such an operator is defined by (£7);(y) := mingecc [mi(z)+dEe(y, z)]
forye Eandie€ {1,2,...,n}.
8A1tornatively one may directly use the axioms in a brief approximation argument.
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R™ and consider the collection AT := {pro(*, 92, ... ,4™) : ¥ € A} of joint cut-
offs. For all (¢!, 7%) € Lip, (X*)'™" which satisfy the hypothesis of (8.2)) we can now
approximate 7 from A" as before and (!, p?,..., ™) from A7 pointwise on X.
Then (B2) carries overl] to such (o7, 7¢) by the continuity of T' from Proposition 3.3,
and by multilinearity (32) finally extends to all (¢, 7?) € Lip,(X*) x Lip; (X*)".
As m € NN is arbitrary, the claim now follows by the characterization of mass from
[8, Proposition 2.7]. O

4. PROOF OF THE COMPACTNESS RESULT

Relying on Lemma [3.1] we now implement the proof of our compactness result.

4.1. The case of equi-bounded supports. We start with the following partic-
ular case of Theorem [L.4

Theorem 4.1. Theorem holds true if we strengthen (4] to the requirement
that

U spt T}, is bounded.

helN

Proof of Theorem [{.1. We assume that a neighborhood of | J;, .y spt T}, is contained
in some fixed closed ball Br(0) in X*. Relying on the locality axiom, we may

and will regard] the T}, as normal currents in Bg(0) without changing M(T},) or
M(9Ty,).

Step 1. There is a limit functional T on Aj_1 1) x A™.

We endow the ball Br(0) with a || - ||,--distance inducing the w*-topology; see
(Z1). By Theorem 1] Br(0) is a compact metric space with this distance, which
is denoted by K in the following. In contrast, if we make use of the norm distance,
then we will write E for the ball Bg(0). By the separability of X* and Lemma [Z3]
we do not need to distinguish between finite (signed) Borel measures on E and K.
Consequently, we may regard ||T}|| and ||0T}|| as measures on K. Taking into ac-
count (L3) and the above remarks after Theorems 2] and 2.2, some subsequences
| Th |l and [|0T} )| w*-converge to finite Borel measures p and v on K, respec-
tively, in the duality with Cy(K) according to Theorem [2Z2]1 By w*-semicontinuity
of the norm we furthermore infer

(4.1) p(K)< limkinf | Th iy || (K) < M, v(K) < li%inf 10T ey | () < M.

Next we view p and v as finite Borel measures on F, and by Ulam’s theorem [5,
7.1.7] we choose some o-compact (and in particular separable) set ¥ C E on which
p+v is concentrated. We denote by Aj_; ;; x A" the corresponding dense subset
of Lip, (F;[-1,1]) x Lip,(E)™, as explained after Lemma B.1] and for 7 € A™ we
consider the functionals F;7 € Cy,(K)* defined by

(FT', ) = Ty(pdm) for p € Cp(K).

9Actually7 the Lipschitz constants of the approximations of ¢ are uniformly bounded by the
Euclidean Lipschitz constant of py,, but in general not by 1. However, in view of multilinearity,
Proposition [3.3] still guarantees continuity along such approximations.

10WWe record one out of several ways to formalize this change of view: One may replace T}, with
4Ty, where p: X* — BRg(0) is any Lipschitz map with p(y) = y for y € Br(0). Indeed, from
spt 8T, C sptT), C Bgr(0) and the locality axiom one concludes ||psTh|| = py||Tw||, ||0psThll =
p3||0Ty ||, and iypy Ty, = Ty, for the inclusion i: Br(0) = X*, which is sufficient in order to justify
this replacement.
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From Definition 2.8 we see || F]7 ||, (k) < M(T}), and by (L3) the F are uniformly
bounded in Cy,(K)*. Exploiting by a diagonal argument that A™ is countable we
may pass to some further subsequence, still indexed with h(k), such that F; ,’IT( K w*-
converge to some F™ in C(K)* for all # € A™. At this stage we start constructing
the limit current 7', which is first defined on A;_; ;; x A™ by

T(edm) :=(F7,p) for p € Al_1 1) and m € A",
Here, F'™ is well-defined on ¢ since A;_; 1) C C,(K) holds by Lemma B.11

Step 2. The functional T is continuous and extends to Lip, (E;[—1,1])xLip, (E)™.
We will prove that T is uniformly continuous on Aj_; ;) x A" with respect to
the pseudodistance dj*" introduced after Lemma B} see also (B.I). Actually,
for o, € Ai_11) and 7,7 € A" we have by the definition of 7', Definition 2.8,
Lemma 212 and the construction of u and v

(42) |T(Fd7) - T(pdm)|
= lim | Thry (2 A7) = Thay (0 dr) |
= lim | Ty (# = ) A7) + Ty iy (9 AT) = Ty (0 drr) |

<tim | [ 1= clalTuonll +23 [ 7 = mla(Tago |+10Tico)
=1

= [l dlan+23 [ - mlaten),
=1

where we made decisive use of the fact that ¢, @, m;, T; are in Cy(K) by the choice
of A. Now we fix (¢, 7) € Aj_1 1) x A" and let (¢, 7) tend to (¢, 7) with respect to
dll)*‘". Then, by the dominated convergence theorem with bound supy, |p — ¢| < 2
the first term on the right-hand side of (£2)) converges to 0. Moreover, by the
1-Lipschitz continuity of 7;,7; on ¥ C Br(0) we have

sup |%z — 7Ti| S 2R+ |%1(0) - 7Ti(0)| 5
P

and thus also the second term on the right-hand side of ([@2]) vanishes in the limit by
dominated convergence. As (o, 7) € Aj_y 1) x A" is arbitrary, this proves continuity
of T on A|_; 1) x A" with respect to dé*”. Since both the right-hand side of (Z.2])
and dJ"((@, ), (¢, 7)) depend on (g, 7) only through the differences (g—¢,7—7),
we even infer the claimed uniform continuity. Recalling that A is dense in Lip, (E)
(and Aj_q ) in Lip, (£;[~1,1])) we may extend T' in a unique way to a continuous
function, with respect to d5*", on Lip, (E;[—1,1]) x Lip, (E)".

Step 3. T extends to Lip(F) x Lip(E)™ and satisfies the azioms of an n-current.

We claim that
T((re+@)dr) =rT(pdr) + T(pdn)

holds for r € R, whenever ¢, $, r¢+ ¢ € Lip, (E;[—1,1]) and 7; € Lip,(E). In fact,
this the claim is immediate by the construction of T' from the linear functionals
F7: it first follows if the previous functions are all in Aj_; ;) and A, respectively,
and then it easily extends by continuity. Similarly, one verifies linearity properties
of T' in the component functions m;, which carry over from the Tj ) to the 7. In
conclusion, we may extend T to a (1-+n)-linear maff] Lip(E) x Lip(E)" — R, and

HNote that on the ball E we have Lipy, (E) = Lip(E).
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this extension is unique. We now check T satisfies the axioms of a current from
Definition The multilinearity axiom is obviously valid by the last extension
step, and the continuity axiom follows from the continuity of 7" with respect to dé"’"
on Lip, (E; [—1,1]) x Lip, (E)™. Finally, with some more effort we verify the locality
axiom. We consider (¢, ) € Lip, (F;[—1,1]) x Lip; (E)™ such that some 7;, equals
a constant s € R on a neighborhood of spt ¢. Using the o-compactness of ¥ for a
given € > 0 we find a compact set C' with (u+v)(X\ C) < e. Then, by Lemma [Z4]
there is some w*-continuous Lipschitz function n: E — [—1,1] with n = —1 on
C Nspt (m,—s) and n = 1 on C Nspty. For later use we record that the lemma
also yields an e-independent bound™] for Lip(n). Next, for ($,7) € A_q ) x A" we
estimate via Definition and Lemma 213
T(pdm)| = lim [T, (¢ d7))|

_ hin |Th k) (1=13)@ A7) + Ty (04 d7r)|
< lim sup [/ (I=n)|@l d| Thwll
k K

“3) 4 Goup e B+ Lib(:3) | (il (T |-+10Tace )

spt n+

< /K (1—n)|@|dpu + (2 + Lip(n)) / 7o —s ()

{n=>0}
<[ Rl eetpm) [ esldge).
Sn{n#1} En{n#-1}

Here, we also used that @, 7;,, and 74 are w*-continuous and that the intermediate
one of the three sets sptny C {n > 0} C {n # —1} is w*-closed in K. Now we
send ($,7) to (p,7) with respect to di*" in the resulting estimate. Then the left-
hand side of ([Z3) converges to |T'(¢ dm)| by the continuity of 7. By dominated
convergence with the bounds

(4.4) sup|g| <1 and sup |7, —s| < R+ |7, (0) — s]
b 5
also the right-hand side of (£3)) converges to its analogue with ¢ and 7 replaced

by ¢ and 7, respectively. Since ¢ vanishes on C' N {n # 1} and m;,—s vanishes on
CN{n# —1}, all in all we come out with

IT(pdm)| < / Jelduc+ 2 Lip(o) / sl

Now we exploit (u+v)(X \ C) < e and use the analogue of (&4 for ¢ and 7 to
arrive at

T(pdm)| <&+ (2+ Lip(n)) (R + |mi, (0) — s|)e..
Recalling that Lip(n) is bounded e-independently we finally conclude T'(¢ dn) = 0,
and the locality axiom is verified.

Step 4. There hold T € N,,(E), M(T) < M, and M(9T) < Mj.
We observe

[7(dm)| = i [Tiay (o )| < tim [ el alTagoll = [ ol

first for (p,m) € Aj_11) x A". By continuity with respect to dll;"" — which we
proved for the left-hand side and which is much simpler to check for the right-hand

21 fact, the lemma gives Lip(n) < 16/dist(spt o, spt (ig—5))-
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side — the resulting inequality extends to all (¢, 7) € Lip,(E;[—1,1]) x Lip, (E)",
and this proves that T has finite mass in the sense of Definition [Z8 and | T|| < p.
Having checked the the axioms of a current in the previous step we infer T' € M,, (E),
and in view of [I)) we have M(T') < M. As mentioned after Definition 2111 to
check that T' is normal it only remains to verify that the 07 has finite mass. To
this end we first compute

T(d(p, m))| = Lim [Ty (d(, 7))

— lim [0Tu1) (o dm)] < lim [ [l dfoTia | = [ Iolav.
k kE Jg E

for (p,m) € A x A"71. The resulting inequality carries over to all (p,7) €
Lip, (E) x Lip;(E)"~, and from the definitions of boundary and mass we see that
OT has finite mass and ||0T|| < v. In view of [@I) we also get M(9T') < Mp.

Step 5. Ty w*-converges to T in X* in the sense of Definition [2.12
We fix ¢ € Cp(K) NLip,(E;[-1,1]), m; € Cp(K) N Lip, (E) and we notice that —
repeating in parts a previous reasoning — one may obtain the estimate
45 I [1im [Ty (F A7) = Thay (9 dm)|| = 0.
45) AL x AT (B pm) Lk [ Ticsy (P 4) = Tig (o A
In fact, the relevant arguments in order to establish (€3] are precisely those starting
from the second line of ([@2). Keeping in mind that ¢ and m; are in Cyp(K), these
arguments apply unchanged, and we do not repeat them. Proceeding with the proof
we notice

lim lim T ( d7) | = T (3 d7)

lim
(4.6)  Ar-1uxAT(ET) = (o) Al_11) XA S(,T) = (p,m)

=T(pdr),

where we used the construction and the continuity of 7" with respect to dll)*‘" once
more. Combining (@3) and ([@6]) we arrive at

(4.7) lim Ty (0 d) = T(pdm)

which by multilinearity stays true for all ¢, m; € C,(K) NLip(E). At this point
we return to our original point of view and we reconside the Thty and T as
n-currents in X* (with supports in Br(0)). Then the convergence in (&7) remains
true for all w*-continuous (¢, 7) € Lip,, (X™*) x Lip(X*)™, and thus we have proved
that Ty, ) w*-converges to T' € N, (X*) with M(T) < M and M(9T) < Mp. O

4.2. The general case. Following the proof of [3, Theorem 6.6] we now use slicing
by large balls in order to establish the full statement of Theorem [[4 For our
purposes it will be sufficient to define slices of normal currents T € N, (E) for a
complete metric space E and n € IN by

(4.8) (T, yo, R) := O(T'L Br(yo)) — (9T) L Br(yo)

for yo € F and 0 < R < co. The slicing theorem [3, Theorem 5.6] then implies that
spt(T’, yo, R) is contained in the sphere {y € E : dg(y,yo) = R}, that

<T, Yo, R> (S Nn_l(E)

13Formally, one may use the push-forward along the inclusion i: Br(0) — X* here; compare
the footnote at the beginning of the proof.
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is a normal current for £'-almost every R > 0, and that we have
(49) | M0, 7)) ar < )
0

(with £!-measurable integrand on the left-hand side). The next simple lemma will
be useful in order to choose good radii.

Lemma 4.2. Consider a complete metric space E, yo € E, n € N, T € N,,(F),
I' > 0, and a Borel function f: (0,00) = [0,00). Then for every Borel subset G of
(0,00) with [, fdR >T there is some R € G such that (T',yo, R) is normal with

M((T, 40, R)) < T7'M(T)f(R).

Proof. We fix G with |, ¢ J dR > T"and assume the claim to be wrong. Then the inte-
gral on the left-hand side of (Z.J) would be strictly larger than T ~'M(T') [, f(R)dR
and would thus exceed M(T). Hence, we arrive at a contradiction to (9]). O

At this point we are in the position to conclude the compactness proof.

Proof of Theorem[I.j] We only deal with the case n > 1, since the case n = 0 can
be treated by a much simpler variant of the following reasoning. By Lemmal4.2l with
f=1land ' =m € IN we can choose some R} € [m,2m) with M((T},0, R}*)) <
m~IM(T}). Setting
T]T = Th LBR;:L (0)

and keeping ([A.8)) in mind we thus have spt T}"* C Ba,,(0), M(T7") < M(T},) < M,
and M(OT™) < M(9Ty) + m~'M(T},) < My +m~'M. All in all, we conclude
that (7)) nen satisfies the assumptions of Theorem 1] and thus for a subsequence
T3,y w*-converges to some 7™ € Ny, (X™) with

(4.10) M(T™) <M and  M(OT™) < Mg+m ‘M.

Here, by a diagonal argument we may assume that this convergence is valid on
the same subsequence h(k) independent of m € IN. Using the semicontinuity of
Corollary B4 we find

M(™ ~T7) < lnyind M(T} = T

(4.11) < sup [M(T}, — T3") +M(Th - )]

< sup [T} (X" \ Bn(0)) + [T (X"\ Br(0))].

In view of (I4) this implies
limsup M(T™-T™) =0,

min{m,m}—oco

and (T™)men is a Cauchy sequence in the Banach space M, (X*) with the mass
norm. Consequently, 7™ converges to some T' € M,,(X*) in mass and in particular
weakly. We observe

lim sup | Thiy (¢ dm) = T(p dr)|
< lim sup Ty ( dm) = Tyt (p dm)| + [T (p dm) — T(p dr)]

< sup I ThII(X™\ Bm(0)) sup el []Lin(m:) + [T (¢ drr) — T(g dr)|
€ " i=1
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for all w*-continuous (¢, 7) € Lip,(X™*) x Lip(X™*)™. Sending m — oo, using (L.4)
once more, and exploiting the construction of T we conclude that T}, ) w*-converges
to T. In order to control OT we repeat the estimate ([LI1]) for the boundaries, and
involving (T4 once more we conclude that (9T™),,cn is a Cauchy sequence, which
converges to some S € M,,_1(X*) in mass and weakly. From Definition and
the weak convergences of 7™ and 0T™ we get 01 = S, and in particular T is
normal. Finally we have M(T) = lim,, M(T,,) < M and M(9T) = M(S) =
lim,,, M(0T},,) < lim,,,(Mp+m~1M) = Mp by convergence in mass and (EI0). O

5. PROOFS OF THE EXISTENCE RESULTS

In this section we implement the proofs of Theorem [[.I] Corollary [.2] and
Theorem [L.3]

5.1. Plateau’s problem. At this stage a simple existence proof for the Plateau
problem can be given for the bounded boundaries S of Corollary in separable
Hilbert spaces ‘H. Actually, projections onto balls in H are Lip,-functions, and the
pushforward under such projections decreases mass. Starting from this observation
the boundedness of spt S implies that one may always pass to a minimizing sequence
with equi-bounded supports. For such a sequence Theorem [£.1] yields compactness,
and existence is readily proved by the direct method of the calculus of variations.
Thus, in this situation we do not need the full strength of Theorem [[4] but just
the weaker statement of Theorem [£.]] for the equi-bounded case; in particular, we
can avoid all slicing arguments.

We have not been able to mimic the same approach to Corollary[I.2] for bounded
boundaries in Banach spaces without Hilbertian structure, and actually we do
not know whether minimizing sequences or the minimizers of Corollary have
bounded support in this generality. Consequently, we are forced to work with pos-
sibly unbounded supports in the following. We will see that in this setup the full
statements of Theorems [[LT] and [[L4] and the w*-tightness condition (4] appear
quite naturally.

Proof of Theorem [1l. We first prove the claim for normal currents. Since by as-
sumption Fillmass(S) is finite, the admissible set

A:={CeN,(X*) : 9C = S}

is non-empty, and for the remainder of the proof we can fix a V € N, (X*) with
0V = 5. Moreover, we may choose a minimizing sequence (T},)nren in A with

hfrlnM(Th) = cl‘relitM(C)
In order to apply Theorem [[.4] we will now prove that this sequence satisfies (L.4]).
For arbitrary € > 0 we choose a radius Ry with
[VII(X™\ Bg,(0)) <€,
and setting I' := ¢! sup, ey M(Th,—V) < 0o we fix m € IN with fg)ﬁm R™1dR >

I'. Then Lemma with f(R) = R™! provides further radii Ry, € [Ro, Ro + m)
such that we have (T},—V,0, R),) € N,,_1(X*) and

M((T),—V,0,Ry)) < T 'M(T),— V)R, ' <eR; .
In view of 9T}, = 9V = S, (@) gives
(5.1) O((Th—V)L_Bg, (0) + V) = (T,—V,0,Rp,) + S,



18 LUIGI AMBROSIO AND THOMAS SCHMIDT

and in particular we have NT,—V,0,Ry) = —9S = —909V = 0. Consequently,
relying on the cone construction [3, Definition 10.1 and Proposition 10.2] there are
Cr € N, (X*) with
(5.2) OCy, = (Th—V,0, Ry)
and

M(Ch) < Ry, M(<Th—V, 0,Rp)).

It follows from (&) and (&2) that O((Th—V)L Bg,(0) + V — C}) = S holds and
the currents (T3, —V)L Bpg, (0) +V — C}, are in the admissible class A. Testing with
these currents and putting things together we infer

ot M(C) < I Thll(Bra(0)) + IVII(X™\ Br, (0)) + M(Ch)
S NTul[(Bro+m (0)) + [VI(X™\ Br,(0)) + Ry M((T}, — V,0, Ry))
< M(Th) = Tl (X™\ Bro+m(0)) + 2¢.
We rewrite the resulting inequality as

IT0 [ (X7 Bro+m(0)) < 2e + M(Th) — inf M(C)

and exploit it in the next estimate. Moreover, we use that ||T}||(X*\ Br(0)) tends
to 0 for R — oo, and that this convergence stays true for finite suprema. Thus, for
arbitrarily fixed & € IN we get

lim sup [T, /(X" \ Br(0))
R—00 peN
< Tim sup |74 [(X*\ Br(0) + lim sup||Ty (X" \ Bx(0))
R—oo >k R— o0 h<k
< sup | Th[[(X*\ Bry+m(0))
h>k

<2 M(Ty) — inf M(C).
<2+ sup (Th) — inf M(C)
Recalling that (Th)nren is @ minimizing sequence, we send k — oo and ¢ \, 0 to
conclude

lim sup ||T3||(X*\ Br(0)) =0.
R—00 pheN
Since the boundary 07}, = S is fixed, we trivially have
lim sup |0, [|(X™\ Br(0)) = lim [|S](X*\ Br(0)) = 0.
R—00 heN R—o0

Therefore we have established the validity of the tightness assumption ([4]) in
Theorem [[4l Exploiting once more that (7},)pen is a minimizing sequence with
fixed boundary, also the boundedness assumptions in Theorem [[L4] are available,
and the theorem yields a subsequence Tj ;) w*-converging to some 7' € N, (X*).
From Corollary B4l we get 9T = S and

< limi _ .
M(T) < hrnklnfM(Th(k)) Cl‘relitM(C)

Hence, the proof for the case of normal currents is complete.

For integral currents we use an analogous reasoning. Indeed, the only change is
that we make use of a couple of additional results from [3], namely the closure theo-
rem for integer-rectifiable currents and the facts that slicing and cone construction
preserve integer-rectifiability; see Theorems 5.7, 8.5, and 10.4 in [3]. (I
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Proof of Corollary[L.2. Tt suffices to show for given S that the assumptions of Corol-
lary imply those of Theorem [Tl Indeed, by [3| Definition 10.1 and Proposi-
tion 10.2] every S € N,,_1(X*) with spt S C Br(0) and S = 0 can be written as
the boundary 9C' of a cone C € N,,(X*) (with M(C) < RM(S)) and thus satisfies
Fillmass(S) < oco. Furthermore, every S € Io(X™*) with 95 = 0 has automatically
bounded support, by [3, Theorem 10.4] the corresponding cone is in I (X*), and
we get Fillvol(S) < oo in this case. Finally, in the case n > 2 [13] Corollary 1.3]
implies that for every S € I,_1(X*) with 0S5 = 0 there exists some C € I,(X™*)
with C' = S (and M(C) < D,M(S)7-1 for a dimensional constant D,,). Thus,
also in this case there holds Fillvol(S) < oco. O

5.2. The free boundary problem. By quite similar means we next establish our
existence statement including free boundaries.

Proof of Theorem[I.3. We start proving the claim for normal currents. We choose
a minimizing sequence (Tp)pen in N, (X*) with

(5.3) lim [M(T))+M(0T;—5)] = ot [M(C)+M(dC—S)] < M(S) < oo.

In order to apply Theorem [[.4] we will now prove that this sequence satisfies (L4]).
For arbitrary € > 0 we choose a radius Ry with

[SI(X™\ Bg,(0)) <€,

and we set T' := e~ ! supj,cy M(T)) < oo. Then Lemma L2 with f = 1 provides
further radii Ry, € [Ro, Ro+I") such that we have (T},0, Ry,) € N,,_1(X™*) and

M((Th,0,Ry)) < T7'M(T}) <.
Moreover, from (48] we get
O(TyL Bg, (0)) — S = (0T,—S)L Bg, (0) — SL(X™*\ Bg, (0)) + (T},0, Ry) .

Since the masses of the last two terms on the right-hand side of the preceding
formula are controlled by ¢, testing with Tj,L Bg, (0) we infer

inf  [M(C) + M(9C — )]
CEN, (X*)
< M(T},_ B, (0)) + M(d(Ty | Bg, (0)) — S)
< (ITn]|+ 10Tk — S|)(Br, (0)) + 2¢
< M(Th) +M(9Th — S) — (| Tull+ 10T [) (X ™\ Bro+r(0)) + 3¢

We rewrite the resulting inequality as
UITull+0Tn[1)(X™ \ Bro+r(0))
<3e+M(Ty) + M(0T, — S)—  inf [M(C’) +M(oC — S)}

CEeN,(X*)

and exploit it in the next estimate. We also use that (||Tx|+]0Tx])(X* \ Br(0))
tends to 0 for R — oo, and that this convergence stays true for finite suprema.
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Thus, for arbitrarily fixed k € IN we get
lim sup ([| 7 [|+[|0T5 ) (X™ \ Br(0))
R—00 peN
< lim sup([|T5[|[+|0Tn[[)(X™\ Br(0)) + lim sup([|Th[|+[|0Th|)(X™ \ Br(0))
R—oo p>k R—o0 h<k
< ig%(HTh”"'”aTh”)(X* \ Bry+1(0))

< 3e+sup |M(T}) + M(0Ty, — S)| —  inf M(C) +M(oC — 9)| .
<3+ sup [M(TH) + ML, — $)] — _inf _ [M(C) + M(OC - )]

Recalling (53) we send k — oo and € N\, 0 to conclude
lim sup (||75 [ +[|0Tx ) (X™ \ Br(0)) =0,
R—o00 peN

and hence we have indeed established the validity of the tightness assumption (4]
in Theorem [[4 Exploiting (53) once more also the boundedness assumptions
in Theorem [[4] are available, and the theorem yields a subsequence T,y W*-
converging to some 7" € N, (X ™). As a consequence also T} ) —S w*-converges to
OT—S and from Corollary B4 we get

= Ce&gf(X*) [M(C) +M(oC S)} .
Hence, the proof for the case of normal currents is complete.

In the case of integral currents we choose the minimizing sequence (Tj)nen in
I,(X*) and argue in a completely analogous way. As the only change we addition-
ally apply the closure theorem for integer-rectifiable currents [3, Theorem 8.5] at
the very end of our reasoning to conclude T € I,,(X™). O

APPENDIX A. AN ABSTRACT EXTENSION

In this appendix we consider a separable Banach space Y with an additional
topology W which is weaker than the norm topology. If W satisfies suitable (com-
pactness) assumptions, then it can indeed take the role of the w*-topology in our
arguments, and we have the following abstract extension of our main results.

Theorem A.1. For a separable Banach space Y suppose that (Y, W) is a topological
vector space with a topology W, weaker than the norm topology. Moreover, assume
that

(A1) W is boundedly metrizable and boundedly compact,

that is closed norm balls in'Y are compact with respect to W, and the trace of W
on such balls is induced by a distance. Then our existence results hold verbatim with
Y in place of X*. Likewise, Theorem[I.]] extends when w*-convergence is replaced
by the appropriate concept of WW-convergence.

We stress that Theorem [A 1] potentially applies to non-dual spaces Y. To men-
tion one concrete example we briefly comment on the choice Y := LlogL([0, 1]) of
the Zygmund space (with the Luxemburg norm). We embed™ LlogL([0,1]) in the
space M([0,1])=Cy ([0, 1])* of finite signed Borel measures measures on [0, 1], and
we take W as the trace of the w*-topology. Then the assumptions of Theorem [AT]
are valid and we come out with existence results in LlogL([0, 1]).

13We here refer to the continuous linear embedding which assigns to f € LlogL([0,1]) the
weighted Lebesgue measure on [0, 1] with weight function f.
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After all, the preceding example still relies on a w*-topology on a w*-closed sub-
space of a dual, and it could in fact be treated in a less abstract way. Nevertheless
— even though we are not aware of a definite application to a true non-w*-topology
— we believe that Theorem [A Tl may still be of interest in order to single out those
properties of duals and the w*-topology which are essential for the existence pro-
gram.

From the assumptions of Theorem [A.1] one can draw a couple of conclusions
about the topology W. We mention the following two: On the one hand we observe
that W coincides with the norm topology on all norm-(locally-)compact subsets and
in particular on all finite-dimensional subspaces of Y. On the other hand W sees
the norm of Y in the sense of

(A.2) lylly = sup{e(y) : ¢ € Lip;(Y) is W-continuous with ¢(0) = 0}

for all y € Y. In fact, to establish (A.2)) it suffices to extend the function ¢ on {0, y}
with ¢(0) := 0 and ¢(y) := ||y|ly to a W-continuous Lip;-function on Y. Such an
extension can in turn be found by a straightforward adaption of the arguments in
the proof of [3l Theorem 6.2].

On the proof of Theorem[A. 1. We check that under the present assumptions our
preliminary lemmas hold for W in place of the w*-topology.

First of all, in case of Lemma [2.3] this is obvious from its proof.

Regarding Lemma[24] only the first step of the proof needs a slight modification:
indeed, we replace X* with Y and the mapping y — (y — yp,x) with ¢, where
¢ € Lip; (Y) is W-continuous with ¢(yp) = 0 and ¢(yo) > 1(|lyo—yrlly +rp+rQ).
Here, the choice of a suitable ¢ is possible due to (A2]).

In case of Lemma 3] we perform a similar modification: by (A2)) we choose W-
continuous functions ¢; 5, € Lip; (E) with ¢; n(s;) = 0 and ¢; n(sn) > |Isn — s;llv,
and we change the definition of a; ;, € Lip,(F) to

a;jk(y) == max{r; +o;n(y) : he{l,2,...,k}}

for y € E. For y € {s1, s2,s3,...} it follows that a; ; x(y) converges monotonically
from below to r; + ||y — s;||y as kK — oo, and this convergence suffices to conclude
the proof of the lemma in precisely the same way as before.

With all relevant preliminary lemmas at hand, the conclusions follow along the
lines of the previous sections: one can first deduce the analogue of Corollary [3.4] for
the W-convergence of currents (defined with W-continuous test functions (p, ) €
Lipy(Y) x Lip(Y)™), and then one proves the claimed compactness and existence
results for normal currents along the lines of Sections [4] and Here, we exploit
(AJ) as a replacement for (2.1)) and Theorem 2T} but apart from that the required
changes are mostly notational ones. Regarding the existence results for integral
currents we finally rely on W-versions of the results in [3, Section 8]; once more
such versions can be established by the same arguments as in the case of the w*-
topology. (I

APPENDIX B. NON-SEPARABLE SPACES

In this appendix we show that — in remarkable contrast — our results generally
fail in non-separable duals, while they carry over to non-separable reflexive spaces.

B.1. A counterexample in non-separable duals. The following example is
inspired by an idea of Bogachev [5, 7.14.149] and illustrates the necessity of the
separability assumption on X*.
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Example B.1. We show that the statements of Theorems and [{]] fail in non-
separable duals X*, even for n = 0 and even if X is separable. Specifically, we pro-
vide counterexamples in the cases X*=L>°([0,1]) and X*=M([0,1]). As a byprod-
uct it follows that the inclusion By~ (X*) C B(X*) of LemmalZ3 is strict in these
cases.

Construction of Example [Bl Denote by X one of the separable spaces L*([0, 1])
and Cp, ([0, 1]). Then it is well known that we have X *=L°°([0, 1]) and X *=M([0, 1]),
respectively (compare Theorem in the latter case). We start with a sequence
(1n)nen of Borel probability measures on [0, 1] such that each uj is concentrated
on a finite set and such that p; converges weakly to the Lebesgue measure £' on
[0,1] (for instance one can take pp, = 2?21 +8;/5). Similar to the above proof of
Theorem F.I] we write K for the closed ball B2(0) in X* endowed with the w*-
topology. Moreover, we consider the map i: [0,1] — K, where i(z) is defined as
the characteristic function x[o ,) and the Dirac measure ., respectively. In both
cases 7 is continuous and it follows that the iyu;, weakly converge to the finite
Borel measure i;£' on K. Now the iz, can be regarded as Borel measures or
O-currents on X* (since they are concentrated on finite sets), while we claim that
iy L' cannot be extended as a o-additive set function from B(K) = %y~ (B2(0))
to B(B3(0)). In fact, if this claim were wrong and such an extension existed,
then 4£! would be concentrated on a o-compact and thus separable subset ¥ of
B(0). Since we have ||i(z) — i(y)||x- > 1 for x # y, the preimage i ~'% could con-
tain at most countably many points. Thus, we would arrive at the contradiction
1= L£Y[0,1]) = £1(i71¥) = 0. Consequently, the above claim on the non-existence
of an extension holds. In conclusion, we have iyu, € Mo(X*) with M(igup) = 1,
but the 44u;, cannot w*-converge to some 7' in My(X™), since T" would coincide
with iy L' as a functional on Cp,(K) and would yield the non-existing extension. [

Notice that Example[B.1] also prevents us from covering certain separable spaces
— like L!([0,1]) — which are naturally embedded into non-separable duals, but
are not w*-closed there; compare [3, Example 10.7]. It remains open whether an
analysis of w*-Borel measures (like iﬁﬁl in the previous construction) could yield
any reasonable existence theorem for these cases.

B.2. Non-separable, reflexive spaces. As reflexive spaces are isometrically iso-
morphic to duals, our results evidently apply in separable, reflexive spaces. How-
ever, we will now explain that all results of the introduction remain true for every
reflexive space Y in place of X*.

Indeed, for each sequence (Th)new in M, (Y) there are o-compact and hence
separable sets Xj such that T}, is concentrated on Xj, and also the closure Z of
the span of |J;—, ¥y, is separable. Moreover, Z inherits reflexivity from Y, and the
corresponding w*-topology on Z is the trace of the w*-topology on Y. Consequently,
Theorem [[4] easily extends to non-separable, reflexive spaces Y by applying it in
such separable subspaces Z. Once Theorem [[.4] is extended, our proofs of the
existence results carry over verbatim to non-separable, reflexive spaces Y.

REFERENCES

1. L. Ambrosio, N. Fusco, and D. Pallara, Functions of bounded variation and free discontinuity
problems, Oxford University Press, Oxford, 2000.

2. L. Ambrosio, N. Gigli, and G. Savaré, Gradient flows in metric spaces and in the space of
probability measures, Birkh&user, Basel, 2005.

3. L. Ambrosio and B. Kirchheim, Currents in metric spaces, Acta Math. 185 (2000), 1-80.



10.

11.
12.

13.

14.

15.

16.

PLATEAU PROBLEM IN DUAL BANACH SPACES 23

. L. Ambrosio and B. Kirchheim, Rectifiable sets in metric and Banach spaces, Math. Ann.
318 (2000), 527-555.

. V.I. Bogachev, Measure theory. Volume II, Springer, Berlin, 2007.

. H. Federer, Geometric Measure Theory, Springer, Berlin, 1969.

. H. Federer and W.H. Fleming, Normal and integral currents, Ann. Math. (2) 72 (1960),
458-520.

. M. Gromov, Groups of polynomial growth and expanding maps, Publ. Math., Inst. Hautes
Etud. Sci. 53 (1981), 53-73.

. U. Lang, Local currents in metric spaces, J. Geom. Anal. 21 (2011), 683-742.

U. Lang and S. Wenger, The pointed flat compactness theorem for locally integral currents,

Commun. Anal. Geom. 19 (2011), 159-189.

W. Rudin, Functional analysis, McGraw-Hill, New York, 1991.

L. Simon, Lectures on Geometric Measure Theory, Australian National University Press,

Canberra, 1983.

S. Wenger, Isoperimetric inequalities of Fuclidean type in metric spaces, Geom. Funct. Anal.

15 (2005), 534-554.

S. Wenger, Gromov hyperbolic spaces and the sharp isoperimetric constant, Invent. Math.

171 (2008), 227-255.

S. Wenger, Compactness for manifolds and integral currents with bounded diameter and vol-

ume, Calc. Var. Partial Differ. Equ. 40 (2011), 423-448.

S. Wenger, Plateau’s problem for integral currents in locally mon-compact metric spaces,

Preprint (2012), 10 pages.

(L. Ambrosio) SNS Pisa, P1azzA DEI CAVALIERI 7, 56126 PisA, ITALY
E-mail address: luigi.ambrosio@sns.it

(T. Schmidt) SNS Pisa, P1azza DEI CAVALIERI 7, 56126 Pisa, ITALY
E-mail address: thomas.schmidt@sns.it



	1. Introduction
	2. Preliminaries
	3. A separability lemma and w-convergence
	4. Proof of the compactness result
	5. Proofs of the existence results
	Appendix A. An abstract extension
	Appendix B. Non-separable spaces
	References

