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1 Introduction

The goal of this paper is to study the Willmore functional.

One of the most important classes of submanifolds is the set of immersions whose mean curvature is
null: the minimal submanifolds. We will deal with a generalization of the minimal submanifolds, known
in literature as “Willmore surfaces”. The topic is classical and goes back to Blaschke (1929) and Thomsen
(1923): recall that given M — R3 an immersed compact oriented surface, the Willmore functional is
defined as

I(M) = / H2dY,
M

where H and d¥ are the mean curvature and the area form of M.

From now on we adopt the convention that H is the sum of the principal curvatures.
As Blaschke and Thomsen proved, this functional is invariant under conformal transformations of R3.
The second fundamental property (due to Willmore) asserts that the standard spheres SP are the points
of strict global minimum (hence they form a critical manifold - i.e. a manifold made of critical points)
for I:

(1) I(M) = /M H*dS > 16m; I(M) =167 < M = SP.

The proofs of the last facts can be found in [Will] (pag. 271 and pag. 276-279).
A surface which makes the Willmore functional stationary with respect to normal variations is called
a Willmore surface.
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The functional relative to immersions in R? and S has been deeply studied with remarkable results
(look at [Will] Chap. 7) and recently a lot of generalizations for immersions of larger dimension and
codimension have been considered (see the papers [SiL], [BK], [ZG] and [Riv]). Finally, in the last years,
the flow generated by the L2-differential of the functional has been analyzed ([Sim], [KS1], [KS2]).

The Willmore functional has lots of applications in biology, general relativity, string theory and
elasticity theory: in the study of lipid bilayer membranes it is called “Hellfrich energy”, in general
relativity it is linked with the “Hawking mass”, in string theory it appears in the “Polyakov extrinsic
action” and in nonlinear elasticity theory it arises as I'-limit of some energy functionals (see [FJM]). We
also mention the classical fact that in the mean curvature flow analysis one has

d -
— M)=-[| H?*d%
CVol() /M d

where M is the evolving submanifold with respect to the parameter ¢ and Vol (M )=/ a7 @2 1s its the area.

While, as we remarked, there is an extensive study for immersions into R™ or S, very little is known
for general ambient manifolds (apart from the case of minimal surfaces). The aim of this paper is to give
some existence (resp. non existence) results for curved metrics in R3, close and asymptotic to the flat
one (resp. in general Riemannian manifolds).

We consider the following direct generalization of the Willmore functional: let (M, g) be a Riemannian
manifold of dimension three and (M, g) < (M, g) a compact oriented isometrically immersed surface.
We will study the functional

I(M) = /M H2d%

and we will call it Willmore functional.
Denote with N the inward normal unit vector to M and fix a function f € C*° (M ). Consider the
normal perturbation ) ) )
Mylt] := {Expy(tfN)|p € M},
where Exp, is the exponential map in (M, g) of center p.
We say that M is a critical point of I (or a Willmore surface) if
d

@I(Mf[t]ﬂtzo =0 VfeC®(M).

The Willmore functional is L?-differentiable and it turns out that (from formula (29) pag. 9 in [PV],
with an easy computation-notice the difference in the convetions: opposite sign convention about the
normal vector N and different convention on the mean curvature H )

I'(M) =20y H + H(H* — 4D + 2R, N'N"),

where A, is the Laplacian on M , R, is the Ricci curvature of M and D is the product of the principal
curvatures of the surface (for more details look at the section “Notations and conventions”).
As a result, M is a critical point of I if and only if the following fourth order nonlinear PDE is satisfied

2A H + H(H? — 4D + 2R,,,N*N") = 0.

We will prove some existence and multiplicity results for the Willmore functional in the ambient
manifold

(2) (R3 g.) with ge=6+¢h, lim |hu(p)| =0

[p|—o0

where § is the euclidean scalar product and h is a symmetric smooth bilinear form. Moreover we will
show a non-existence result in a general ambient manifold (M, g) of dimension three.



Let us discuss now some more details.
The Willmore functional with ambient manifold (R3, g.) will be called I, and we will look for critical
points of I, which are perturbed standard spheres of R3. Denote with S$? the standard unit sphere and
let Sf be the standard sphere of R3 with center p and radius p

Sp={re R? : || — plleuclidean = P}

parametrized by © € S? — p + pO.
Let us define the perturbation (for more details see Section “Notations and Conventions”, here we are
quite sketchy). Given a small w € C*%(5?), the perturbed standard sphere Sp(w) is defined as the image
of
©—p+p(l—w(©))6.

The main results of this paper are Theorem 1.1 and Theorem 1.2 below, which will be proved in
Subsection 5.1.
Before stating them observe (see Remark 3.7) that the scalar curvature of (R3, g.) can be written as

(3) Ry, = €Ry +o(e), where Ry :=> Dyyhy, — ATrh,

nv

Theorem 1.1. Let g. be as in (2) and let Ry be defined in (3). Suppose that
(i) There exists p € R such that Ry(p) # 0;

(i1) There exist C > 0 and o > 2 such that

| Dby (p)] < YA v =1...3.

[pl*

Then, for € small enough, there exist (p., p.) € R3 @R and w. € CH*(S?) with |we||ca.a — 0 as e — 0,
such that the perturbed sphere Spe (we) is a critical point of the Willmore functional I..

With more (but mild) assumptions, we are able to show the existence of two critical points:

Theorem 1.2. Under the assumptions of Theorem 1.1, suppose that there exist two points pi,ps € R?
such that Ry(p1) > 0 and Ry(p2) < 0.
Then, for e small enough, there exist (pl,pl), (p%,p?) € R3 @ RT and w!, w? € C*(S?) with

. 2
|w]|cae — 0 as € — 0, such that the perturbed spheres ng (w}), Sg; (w?) are distinct critical points of
the Willmore functional I..

Remark 1.1. The condition (i) of Theorem 1.1 is not redundant. In fact it is easy to give examples of
non null bilinear forms hy, vanishing a infinity and which satisfy (i), such that Ry = 0.
Chosen h such that hy, =0 for p # v and hzz = 0, the linear PDE Ry = 0 takes the form:

Doohi1 + D3ghi1 = —Di1haa — D3ghaa.

Suppose that hag is a non identically zero fast decreasing function. It is immediate to see that chosen
hi1(x,y, z) = —haa(y, x, 2), the non null metric h vanishes at infinity and satisfies both (ii) and the PDE.

In Subsection 5.2, we will observe that the Willmore functional is invariant under isometries of the
ambient manifold (Theorem 5.1). Hence, assuming that the perturbation h of the euclidean metric pos-
sesses some symmetries and that the critical points found with the previous Theorems are not invariant
under those isometries, we will show the existence of infinitely many stationary points (see Theorem 5.2
and the subsequent examples of Section 5).

The non-existence result concerns perturbed geodesic spheres of small radius defined as follows: fixed
p € M and denoted with Exp, the exponential map with center p, for small p the geodesic sphere S, ,
is well defined and can be parametrized by

0 € S? C T,M + Exp,[pO].



Analogously to the previous case, fixed p € M, p > 0 and a small C**(S?) function w, the perturbed
geodesic sphere S, ,(w) is the surface parametrized by

© € 5 — Expy[p(1 — w(©))6].
Now we can state the non existence result:

Theorem 1.3. Let (M, g) be the ambient Riemannian manifold. Assume that the scalar curvature of M
at the point p is not null:

R(p) # 0.

Then there exist pg > 0 and v > 0 such that for radius p < py and perturbation w € C**(S?) with
|lw]|ca,a(s2y <7, the surfaces Sp ,(w) are not critical points of the Willmore functional I.

The interest of the previous Theorem resides in the difference with the flat case M = R3, where all
the spheres are point of global minimum (see (1)).

The methods used to prove the above results rely on the same technique: the Lyapunov-Schmidt
reduction (for more details see Subsection 2.1). Since the ideas are similar, here we only discuss the
existence part. We are quite informal since we just want to motivate (for the details see Section 4).

As we remarked, (1) implies that the Willmore functional in the euclidean space R® possesses a critical
manifold Z made of standard spheres SJ. The tangent space to Z at 525 is composed of constant and

affine functions on S so, with a pull back via the parametrization, on S=.
As we will point out in Remark 3.3, the second derivative of I at Sf is

IY(S0)w] = %ASZ(Ay + 2)[w],

which is a Fredholm operator of index zero and whose Kernel is made of the constant and affine
functions; exactly the tangent space to Z.
So, considered C*%(S?) as a subspace of L?(S5?) and called

Che(SHL = 0t (81 N Ker[Ag (N g 4 2)]F,

it follows that Ij |c4.0(s2)1 s invertible on its image and one can apply the Lyapunov-Schmidt reduc-
tion. Thanks to this reduction, the critical points of I, in a neighbourhood of Z are exactly the stationary
points of a function @, : Z — R of finitely many variables (we remark that in a neighbourhood of Z the
condition is necessary and sufficient for the existence of critical points of I.).

In order to study the function ®., in Section 3 we will compute explicit formulas of the Willmore
functional.
More precisely, in the perturbative setting (R?, g.), we will calculate an expansion of I, on the standard
spheres S5 (Lemma 3.5):

1.(S0) = 167 + 2¢ /

[Trh — 3h,,0M0" + A, O™ — pA,0"0YOMdS + ofe).
S2

Here
A/,Ll/)\ = [DuhAV + D)\hl/p, - Duhp)\]a

O©F are the Cartesian coordinates of © € S? and the remainder o(e) is uniform on compact subsets of
R3 @ R* 3 (p,p). Of course, in the integral, h is evaluated at the points of Sh.
With a Taylor expansion, we will get a formula for spheres of small radius (Lemma 3.6):

1.(59) = 167 — - Ba(p)pPe + o(p?)e + ofe),

where the remainder o(e) is uniform on compact subsets of R?* @ R* 3 (p, p).
In Lemma 4.3, we will prove that ®.(Sf) = I.(Sf) + o(¢); then, using the above expansions and the
assumptions on h, we will show that ®. — 167 + o(e) if p — 0 or if (p, p) — co. From the conditions on



Ry, it follows that ®. has a point of global minimum or/and a point of global maximum (resp. Theorem
1.1/Theorem 1.2); hence we obtain the existence of critical points for I.

Since the abstract perturbation method gives also a necessary condition for the (local) existence of
critical points, for the non existence result we will proceed in an analogous way.
First of all, even in a general manifold, when p is small it is possible to show that we are in the above
perturbative regime. Then we will show that, near the points where the scalar curvature is non zero, ®.
is strictly monotone in p; by the necessary condition we obtain the non existence as well.

Notations and conventions

1) RT denotes the set of strictly positive real numbers.

2) Let (M, g) be a 3-dimensional Riemannian manifold.

- First we make the following convention: the Greek index letters, such as y,v,¢, ..., range from 1 to
3 while the Latin index letters, such as i, j, k, ..., will run from 1 to 2.

- About the Riemann curvature tensor we adopt the convention of [Will]: denoting X(M) the set of
the vector fields on M, VXY, Z € X(M)

R(X7Y)Z = VXVyZ - VYVXZ - V[X7y]Z
R(X,Y,Z, W) = g(R(Z, W)Y, X);

chosen in p an orthonormal frame E,,, the Ricci curvature tensor is

3 3
Ricp(vl7v2) = ZR(EM7’017EN7U2) = Zg(Rp<Eua02)UlaEM)
1 1
3
(4) = = g(Rp(va, Eu)v1, E,) Vo, vp € T, M.
1

Recall the definitions of the Hessian and the Laplace-Beltrami operator on a function w:
Hess(w), ==V, V,w
A =gV, Vyw.

3) Let (M,§) < (M,g) be an isometrically immersed surface. Recall the notion of second funda-
mental form h: fix a point p and an orthonormal base Z, Z5 of TpM ; the inward normal unit vector is
denoted as N. By the Weingarten equation IiLij =—g(V Zi]\of ,Zj).

Call k; and ko the principal curvatures (the eigenvalues of the second fundamental form with respect to
the first fundamental form of M, i.e. the roots of det(iozij —kg;;) = 0). We adopt the convention that the
mean curvature is defined as H := k; + k3. Sometimes we will call D := kk,.

4) As mentioned in the introduction, throughout this paper we will focus our attention on perturbed
spheres.

- First, let us define the perturbed standard sphere Sf(w) C R3 we will use to prove the existence
result. We denote with S? the standard unit sphere in the euclidean 3-dimensional space , © € S?
is the radial unit vector with components ©# parametrized by the polar coordinates 0 < #' < 7 and
0 < 62 < 27 chosen in order to satisfy

O! = sin #! cos 62
0?2 = sin A sin #?
03 = cosh'.

We call ©; the coordinate vector fields on S?

00 00
O1= G0 92 5



and 6; the corresponding normalized ones

0, — 01 y o O2
e P eel

The standard sphere in R? with center p and radius p > 0 is denoted by SP; we parametrize it as
(6%,6%) — p+ pO(A',0%) and call §; the coordinate vector fields

00 00
91 = pw, 92 = pﬁ.

The perturbed spheres will be normal graphs on standard spheres by a function w which belongs to a
suitable function space. Let us introduce the function space which has been chosen by technical reasons
(to apply Schauder estimates in Lemma 4.1).

Denote C*(S?) (or simply C*%) the set of the C* functions on S? whose fourth derivatives, with respect
to the tangent vector fields, are a-Hélder (0 < @ < 1). The Laplace-Beltrami operator on S? is denoted
by Agez or, if there is no confusion, as A. The fourth order elliptic operator A(A + 2) induces a splitting
of L?(S?):

L*(S?) = Ker[A(A 4 2)] @ Ker[A(A +2)]*

(the splitting makes sense because the kernel is finite dimensional, so it is closed).
If we consider C*%(S?) as a subspace of L?(S?), we can define

Cche(SHE = 0t (8% N Ker[A(A +2))F.

We explicitly observe that C*<(S2)% is a Banach space with respect to the C*® norm; it is the space
from which we will draw the perturbations w. If there is no confusion C*%(S2)1 will be called simply
C4,aj_.

Now we can define the perturbed spheres we will use to prove existence of critical points: fix p > 0 and
a small C**+ function w; the perturbed sphere Sp(w) is the surface parametrized by

©€S*—p+p(l—w(O))6.

- Now let us define the perturbed geodesic spheres S, ,(w) in the Riemannian manifold (M, g); we
will use them to prove the non-existence result.
Once a point p € M is fixed we can consider the exponential map Fxp, with center p. For p > 0 small
enough, the sphere pS? C T,,M is contained in the radius of injectivity of the exponential. We call S, ,
the geodesic sphere of center p and radius p. This hypersurface can be parametrized by

0 € S? C T,M + Ezxp,[pO)].

Analogously to the previous case, fix p € M, p > 0 and a small C*(S?) function w; the perturbed
geodesic sphere S), ,(w) is the surface parametrized by

© € 5 — Exp,[p(1 — w(©))6].

The tangent vector fields on S, ,(w) induced by the canonical polar coordinates on S? are denoted by
Z;.

5) - Following the notation of [PX], given a € N, any expression of the form L,(ga) (w) denotes a linear
combination of the function w together with its derivatives with respect to the tangent vector fields ©;

up to order a. The coefficients of Lz(,a) might depend on p and p but, for all k£ € N, there exists a constant
C > 0 independent on p € (0,1) and p € M such that

||L](ga)(w)Hok,u(52) < Cllw||grra.a(s2)-



- Similarly, given b € N, any expression of the form Q;,b)(a)(w) denotes a nonlinear operator in the

function w together with its derivatives with respect to the tangent vector fields ©; up to order a such
that, for all p € M, Qéb)(a) (0) = 0. The coefficients of the Taylor expansion of Ql(yb)(a)(w) in powers of
w and its partial derivatives might depend on p and p but, for all k¥ € N, there exists a constant C > 0
independent on p € (0,1) and p € M such that

b—1
(5) QM (ws) — QW (w1)|ora(s2) < c(lwallgrran(szy + [wilortanisz)) X lwe —willorraa s2y,

provided [Jwy||ga(s2y < 1,1=1,2.
- We also agree that any term denoted by O,(p?) is a smooth function on S? that might depend on
p but which is bounded by a constant (independent on p) times p? in C* topology, for all k € N.

6) Large positive constants are always denoted by C, and the value of C is allowed to vary from formula
to formula and also within the same line. When we want to stress the dependence of the constants on
some parameter (or parameters), we add subscripts to C, as Cj, etc.. Also constants with subscripts are
allowed to vary.
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2 Preliminary results

2.1 A perturbative method: the Lyapunov-Schmidt reduction

In this subsection we briefly summarize the perturbative method which is extensively treated with proofs
and examples in [AM].
Given an Hilbert space H, let I. : H — R be a C? functional of the form

I (u) = Ip(u) + eG(u),

where Iy € C?(H,R) plays the role of the unperturbed functional and G € C?(H,R) is the perturbation.

We first suppose that there exists a finite dimensional smooth manifold Z made of critical points of
Iy: I)(2) =0 for all z € Z. The set Z will be called critical manifold (of Ip).

Under suitable non degeneracy assumptions on I it is known that near Z there exists a perturbed
manifold Z€ such that the critical points of I. constrained on Z¢ give rise to stationary points of I.
More precisely, the non degeneracy conditions are

(ND) for all z € Z, T, Z = Ker[I](z)],

(Fr) for all z € Z, I{/(2) is a Fredholm operator of index zero;
and the fundamental tool is the following Theorem:

Theorem 2.1. Suppose Iy possesses a non degenerate (satisfying (ND) and (Fr)) critical manifold Z of
dimension d.
Given a compact subset Z. of Z, there exists g > 0 such that for all |e| < €y there is a smooth function

we(z): Z. — H

such that
(i) for e =0 it results w.(z) =0, Vz € Z,;
(i) we(z) is orthogonal to T,Z, Nz € Z.;



(i) the manifold
Z¢={z+wz):z € Z.}

is a natural constraint for I'. Namely, denoting
O (2) =L (z+we(2): Z. = R
the constriction of I. to Z¢, if z¢ is a critical point of ®. then u, = z. + we(z.) is a critical point of I..

Thanks to this fundamental Theorem, in order to find critical points of I., we can reduce ourselves
to study ®. which is a function in finitely many variables.

If we are slightly more accurate, it can be shown that the function w(z) is of order O(e) as ¢ — 0
uniformly in z varying in the compact Z.. Thanks to this fact, by a Taylor expansion it is easy to see
that

D (2) = I(2) + o(e).

The last formula suggests that, in order to prove the existence of critical points, it will be enough to
know the perturbed functional I. on the critical manifold Z.

2.2 Geometric expansions

In this subsection we recall the well-known expansions of the first and second fundamental form and the
mean curvature for the geodesic perturbed spheres S, ,(w) introduced in the previous “notations and
conventions”. For the proofs we refer to [PX]. Recall that ©; are the coordinate vector fields on S2
(induced by polar coordinates) and Z; are the corresponding coordinate vector fields on S, ,(w). The
derivatives of w with respect to ©; are denoted by w;.

Let g denote the first fundamental form on S, ,(w) induced by the immersion in (M, g). In the next
Lemma we find an expansion of the components §;; := g,(Z;, Z;):

Lemma 2.2. The first fundamental form on S, ,(w) has the following expansion:

—o o, _ 1
(I—=w)?p%5; = 9(0:,0;) + (1 —w)*wuw; + gg(Rp(Q 0,)0,0;)p*(1 — w)?
+0,(p*) + p* LD (w) + p* QPP (w),

where all curvature terms and scalar products are evaluated at p (since we are in normal coordinates, at
p the metric is euclidean).

Let h denote the second fundamental form on Sp.p(w) induced by the immersion in (M, g) and N the
inward normal unit vector to S, ,(w); by the Weingarten equation h;; = —¢g(Vz, N, Z;).

Lemma 2.3. The second fundamental form on Sy ,(w) has the following expansion:

o 2
hij = p(1=w)g(0s;0;) + p(Hessg, w)ij + 39(Rp(©,0:)6, 0,)p°(1 - w)?
+0,(p") + p*L (w) + pQP® (w)
where, as usual, all curvature terms and scalar products are evaluated at p.

Recall that the mean curvature H is the trace of i with respect to the metric §: H = iLZ‘j §. Collecting
the two previous Lemmas we obtain the following

Lemma 2.4. The mean curvature of the hyper-surface S, ,(w) can be expanded as

H(Sp,p(w)) = % + %(2 + Ng2)w — %Ricp(@, 0)p(1 —w)
(6) +0,(77) + PP L () + QP w),

where Ric, is the Ricci tensor computed at p.



3 The expansions of the Willmore functional

In this section we present the geometric computations needed to show the non-existence and the existence
results. In the first subsection we derive the expansions of the Willmore functional and its differential
on the perturbed geodesic spheres S, ,(w) immersed in the Riemannian manifold (M, g). In the second
subsection we will compute the Willmore functional on the standard spheres S immersed in R3 endowed
with the metric g. = 0 + €h.

3.1 The Willmore functional on perturbed geodesic spheres S, ,(w)

Let us start with the expansion of the Willmore functional I.

Proposition 3.1. The Willmore functional on the surfaces Sp ,(w) can be expanded in p and w as
follows:

8T
(7) I(Sp,p(w)) = 167 — = R(p)p® + /S (@ () + p?Li? (w))dO + Oy (67),
where R(p) is the scalar curvature of (M, g) evaluated at p.

ProOOF. Recall the definition of the Willmore functional:
I(Sp,,(w)) ::/ H?*dY

where dX is the area form of S, ,(w).
Using the expansion of the metric ¢ of Lemma 2.2, it is easy to see that

. 1.
det[g] = %" |(1 - 4w) = ZRicy(6,0)” + 0,(p") + L2 (w) + Q) (w)] .

Taking the square root we obtain the area form in the polar coordinates 6!, 62:

d¥ = +/det[g]dd* A db?

1.
— e p2{1 — 2w — < Ric,(0,0)0” + 0,(p°) + oL (w) + Q§,2><2>(w)}d91 A d6>
1.
(8) = p2{1 — 2w — Echp(Q, 0)p? + O, (p®) + p2LZ()2)(w) + Qf)@) (w))d@,

where dO := ||©]||d§' A df? is the area form on S2.
From (6) we get the expansion of H?:

4 4 4 1
(9) H? = Fhl ?(2 + Ds2)w — 2 Ricy(0,0) + Op(p) + L3 (w) + p—QQ;”(?)(w).

Collecting the above identities (8) and (9) we get

(10)

I(Sp,p(w)) = 167 + 4/ (Agaw)dO — 2p? Ric,(0,0)do + / (pQL;Q) (w) + Q;Z)(z)(w))d@ +0,(p?).
52 52 52
Recall that the Laplacian of a function integrated on a compact surface without boundary is null, so the
second term [, (Ag2w)dO is zero.
Let us compute the term fs2 Ric,y(©,0)dO. Choose Cartesian coordinates z#,u = 1...3 on T, M,
and recall that (see [Bren| pag. 28)

4
aha?dO = —-5Hv.
o2 3



By a straightforward computation

4
Ricy(0,0)d0 = | Ry,a"2"d® = R,, | z'a"dO = %R(p).
S2 S2 S2

At last, we can expand the Willmore functional I as

I(S, ,(w)) = 167 — %”R(p)p2 + /S ) QP (w) + p*LP) (w))dO + O, ().

Now we obtain an expansion for the L2-differential of the Willmore functional, with respect to normal
variations, on the perturbed geodesic spheres:

Proposition 3.2. The L?-differential of the Willmore functional on the surfaces S, ,(w) can be expanded
as

(11) PRI (S, (w)) = %AS2 (Ase + 2w + Op(p) + pLY (w) + %Q,‘f)(“) (w).

PrOOF. In [PV], Parthasarathy and Viswanathan computed the L2-differential of the Willmore func-
tional for a general immersed submanifold; in the case of a surface M immersed in the 3-dimensional
Riemannian manifold M, formula (29) pag. 9 and a simple computation give the expression of the
differential (notice the difference in the convention about H and about the sign of N ):

(12) I'(M) =2/ H + H(H?* — 4D + 2R,,, N*N")

where A, is the Laplacian on M , R, is the Ricci curvature of M and N is the normal unit vector
to the surface M. Recall that k1 and ko are the principal curvatures, D := k1ks and in our convention
H = k1 + ko. Observe that

det }Olij

D :=kiky = .
12 detéij

Let us compute I” on the surfaces Sf(w). From the expansion of hu and ¢;; of Lemmas 2.2 and 2.3, with
simple computations we get

1
(13) D= p ((1 + 2w + Ag2w) + Oy(p?) + p*Lyp(w) + QP (w)).
Collecting this formula and the expansion of H of Lemma 2.4, we obtain
1
H? —4D = 0,(p°) + L2 (w) + p—2Q§><2>(w>.
From [PX] pag.10, we have )
N = 0y(p") + LY (w) + QP (w),

so it follows .

2= 4D + 2R, NN = 0,(0°) + L2 () + Qi w),

and

— 1\ 1 1
H(H? - 4D + 2R,,,N'N") = op(p) + ;LI()Z)(w) + p—3Q$><2>(w).

Using this formula and the expansion of H of Lemma 2.4, the expression of the differential given in (12)
for the surface S, ,(w) becomes
(14)

2 1 1 1 1
I(Spp(w) = 22502+ B0 )ur 25 (Ol 4oL )41 () +0, (1) 41 LD )+ QP ).

10



Now we want to write the Laplacian A on S ,(w) in a convenient way, in terms of Age.
Recall that given u € C*°(S, ,(w))

Agu = éijvivj‘u = éij (uij — f‘fjuk)

where u;, uy, are the derivatives of u with respect to the coordinates vector fields and I‘fj are the Christoffel
symbols of S, ,(w). From the expression of the first fundamental form of S, ,(w) we see that

Sk Tk 2 2 2)(2
I =T+ 0(p )—|—L§,)(w)+Q§))( ) (w),

where Ffj are the Christoffel symbols of S? in the usual polar coordinate system. From

i 1+2w. 4,
i == [9d: + Op(p?) + P°LIP (w) + QPP (w)],
we get
Ngu = G (uiy — THuy)

1 _ _
lsmut Op(p") + p 2L (w) + p~2QP P (w).
We can at last conclude that
(s 2 hbetwro () 1 i@ L oo
( PvP(w)) - 3 52( 52 + )w +0p + D (w) + 3Qp (’LU)
P p) P P
| |

Remark 3.3. In formula (11), Opy(p) and L1(74) (w) are polynomial expressions (in p and w respectively)
whose coefficients are curvature terms of the ambient metric g evaluated at p. Therefore if the ambient
manifold is R3 endowed with euclidean metric, those terms are null. Obviously, in euclidean metric the
perturbed geodesic spheres Sy, ,(w) coincide with the perturbed standard spheres S{j(w); denoting with Iy
the Willmore functional in euclidean metric we get

2 1
1) (S0 (w)) = EASQ(ASQ + 2w + EQS)(“) (w).
Just taking the linearization, the second differential is
2
B (Splv] = % A5 (Asa +2)ul

Notice that the expansion is consistent with the formula (7.40) page 289 in [Will] (the notation about the
mean curvature is different).
3.2 The Willmore functional on standard spheres 5§

In this subsection we consider R? endowed with the perturbed metric g. = 6 + eh and compute the
corresponding Willmore functional /. on the standard spheres Sf.
Recall that

1.(85) := /5 H%dY.,

where H, and d3¢ are respectively the mean curvature and the area form of Sf with respect to the metric
ge- In the following, vg = —© will denote the inward normal unit vector to S in euclidean metric and

Ve =19 + €N + o(e)

the normal unit vector in metric g..

11



Lemma 3.4. The Willmore functional I. computed on the standard spheres Sp has the following expan-
sion

(15)  I.(S?) = 167 + 2 / [h(e},a;) + h(fa, ) — 2h(vo, vo) — p(01GY + égégww} %o + o(¢)

g2
where
A;UJ)\ = [D;,Lh’l//\ + D)\huu - Dl/h)\u]

and the remainder o(e€) is uniform on compact sets of R3 @ RT > (p, p). In the integral, h is evaluated at
the points of Sp.

PRrROOF. Let us start with expanding in terms of € the geometric quantities of interest. We will use the
classical notation to denote the coefficients of the first fundamental form g.;; of Sf. Denoting with (., .)
the euclidean scalar product, we have

.E6 = 96(91,91) = (91,91)+6h(91,91) :E0+6h(91,01)
Fe = 96(01792) :F0+€h(01,92) :eh(01,92)
Ge = 95(027 92) = GQ + 6h(027 92),

where FEy, Fy, G are the corresponding quantities in euclidean metric.
Recall that the area form is d¥, = \/E.G. — F2d0' A d§?; by a Taylor expansion in € we get

€ Egh(62,02) + Goh(601,61)
2 VEyGo

where d¥ is the area form in euclidean metric and the remainder o(e) is uniform on compact sets of
R* @ R* 3 (p, p).

Now expand the second fundamental form.
Recall that v. = 19 + €N + o(e) is the normal unit vector to Sf in metric g.; from the orthogonality
conditions g(01,v.) = 0 and g.(02, v.) we get

(16) d¥. = d%o + do* A db? + o(e),

(N,61) = —h(,01)
(N, 92) —h(VQ,eg).

Imposing the normalization condition g.(v,,v.) = 1 we obtain
1
(]\/v7 Vo) = —§h(V0, Z/Q).

Collecting the formulas above, being (61, 62, 14) an orthonormal frame in euclidean metric, we can repre-
sent N as

- — - 1
(17) N = 7h(V0, 91)91 - h(l/(), 92)92 — ih(ljo, llo)Vo.
Knowing the normal unit vector v, we can evaluate the coefficients of the second fundamental form
(18) heij == =ge(Vo,ve, 0;),

where V is the connection on R3 endowed with the metric g..
By linearity, denoting with % the standard euclidean frame in R?,

0 ot 0
_ ©w A N Mo AT
vGiVE - 91 VH(VE 817>‘) - 91 ot O +91 Ve FyA8$V
v, 0
1 =+ 0T
(19) agi Ve i g
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where I';\ are the Christoffel symbols of R3 with metric g..
Let us find an expansion in € of I'; . By definition

v 1 vo
A T 59 [D/Jg)\a + D)\gap - Dagu)\]-
Observe that g"? = §"7 — €h,e + 0(€) and D, gro = €D, hys, S0
v 1 vo
A = 565 [D#h)\g + D)\hg# — Dghﬂ)\] + 0(6).
Putting this expansion in (19) and using (18), the second fundamental form becomes

° 81/0 aVQ 8N 1 v

From the expressions of the first and second fundamental forms, with simple computations, we obtain
the mean curvature H, = h¢;jG2:

Eo|h| 25,0, ) + ("”i,a > + 105050 A
th(Gg,Hg)+G0h(91,91)(E0n0+G0l0)> _€< 0[ (66 2) 207 2 3020215 Ay

H. = Hy—c¢
0 ( (EoGo)? EyGy

+

GO [h(g”‘f, 01) —|— (g]\{, 91) + 5911}‘051/814“”)} — noh(ﬂl, 91) — loh(eg, 92)
+o(e
FoCo (¢)

and its square

Eoh(6s,05) + Goh(01,01)
2 2 0 2,U2 0 3
He = HO — 2€H0< (EOGO)2 (Eono + GOIO)
Fo [h<ggg,eg) . <ggg,92>} e Hggg,al) " (gg,al)] — noh(6,61) — loh(02, 62)
—2eH,
0 EoGo

1 31% Havy, A
o 6H0<(E00292 + g)oglogl)l/oAﬂuA) (o),

where Iy, mo(= 0),n9 and Hy are the coefficients of the second fundamental form and the mean curvature
of Sf in euclidean metric (lo = ho11,mo = ho12, M0 = ho22)
Collecting the formulas of H? and d¥, observing that Io(Sf) = 16w and recalling that

Hy = WGo=2mofotnoFo e ohtain the expansion of the Willmore functional

EoGo—F§
3 Eoh(2,62) + Goh(6,6
L(sp) = 16r - ge [ mE= & f/)m%o 0 agiap?
Ey {h(gzga@z) + (3(%792” + Go [h<gay(1)791> + (%\{791” = noh(61,61) — loh(62, 62)
o 1 df' d6>
/ 0( VE.Go )
(Eo050% + Go0 00 ) vg Ay \ o1 102
—¢ | H do-de )
/ ( VEoGo o
(22)
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where all the integrals are computed on (0,7) x (0,27) > (6,62).
The coefficients of the unperturbed first fundamental form are

Ey = p?
FQ = 0
Gy = p*sin®6t,

those of the unperturbed second fundamental form are

lo = »p
TTLO:O

ng = psinZ6?

and the unperturbed mean curvature is

Ho=Z.
p

Now we use these expressions to simplify (22). Let us start from the first integral:

(23) /H2E0h 32,92) + Goh(el,el)d61d92 _
VEGo

66/ {h(e’l,él)Jrh(éz,e;)}dzo,
SQ

where d¥ is the standard area form on S2. The second integral becomes

vy - ON e - ON - - o
—46/ [ (8;3,92> (892,92”%16192—46/ [h(agg’,el)Jr(aal,91>—h(el,el)—h(92,ez)]dzo.
(0,7) % (0,27) g2

Observe that ggﬁ’ = —f; and % = —sin 05, so we can go on

1 (8N - AN - -
(24) - —46/52 Lln@l (wﬁg) + <801, ﬂdZo +8e/52 [h(ol,el) +h(02,02)]d20.

Let us try to make explicit (%, 9;) and (%, 9}) in terms of known quantities. Of course we have

ON - 0 00
el = —(N, N, =2
(392’92) agzN-02) = ( 892)
Observe that g—g% = —cos0'0; + sin §'vy. From the representation (17) of N, we get

00 - 1 :
(N 892) = h(h1, 1) cos O — ih(Vo,l/o) sin ',

SO
ON 0 _ - 1 .
(892’92) = —wh(w), 03) — h(01, 1) cos O + §h(u0, o) sin 6.

In an analogous way, observing that % =g and (N, 0;) = —h(p,0;) we get
ON - 0 90, 0 -1
<%1791) 201 (N,61) — <N, 891) = *ﬁh(lfo,&) + §h(’/o, vo)-

Summing up the last two quantities we obtain

1 ON ON 1 0 - cos 0 0 -
@) g (%) + (505) = g a0 )~ g0 ) = gk, 00 + K0
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We want to integrate this expression on S2. Observe that

1 0 y ) .
sin o7 92 Vo, 02) | d%0 = 2 h(vo, 02)d6" do> =
/S? [Singl 262 o, 2)}61 ° /(0,7r)><(0,27r) 062 (v0,02)d"d 0

because h(vg,0s) is a 2m-periodic function in 2. The integral of the third term is

0 - _ o T 7\ i alapl) 702.
/52 [ Wh(VO,Gl)]dEO */0 (/0 *wh(%,@l)sm@ do )d& ;

integrating by parts and using that 0 = sinm = sin 0 we get
= / h(vo, 61) cos 61 dA* do>.
(0,7m) % (0,27)

So the integrals of the second and third terms of (25) delete each other and we obtain

1 ON - ON -
(26) /32 Lln@l <692,92> + <891,91>:|d20 = o h(VQ,l/())dZO.

In this way we simplified the first two integrals of (22). The last integral can be rewritten as:

Eob405 4+ Gobl 0¥\ v A o
(27) —e/ H0<( 07272 +\/E°761:1)”0 = *>d91d02 = —26,0/ [(9595+9§*9;)VQAW] d%.
(0,7m) % (0,27) 00 S2

So, collecting the above formulas (23), (24) together with (26), and (27) we obtain that the Willmore
functional presented as in (22) becomes

I.(S)) = 167 + 26/

5 [h(e}, 01) + h(fa,02) — 2h(vo, o) — p(OLFY + égég)ygAM} S + o(e).

Since h and its derivatives are bounded on compact sets, fixed the compact Z. C R? @ RT, the remainder
o(€) is uniform for (p,p) € Z.. |

Writing the vectors 6y, 62, o in terms of the affine functions on S? we obtain a more synthetic expan-
sion for I.:

Lemma 3.5. The Willmore functional I. relative to the metric g = d +eh and evaluated on the standard
spheres Sf has the following expansion

(28) I.(S)) = 167 + 2¢ /2 [Trh — 3h,, 010" + pA,,, 0" — pA,m@u@u@A} dXo + o(e),

S

where ©F are the Cartesian coordinates of © € S? and the remainder o(€) is uniform on compact subsets
of R3@ RY 3 (p,p). Of course, in the integral, h is evaluated at the points of Sp.

PROOF. Let us rewrite the integrands in terms of the Cartesian coordinates ©*. Observe that
eles 0203

" (ww + (77 V(O + ()

Ve

_ ©2 o!

92 = - ) 70
( \/(@1)2+(@2)2 \/(@1)2+(@2)2 )

vy = -0

where ©* X\ = 1...3 are the Cartesian coordinates of © € S2.
Using the above formulas and observing that (©3)? =1 — (01)2 — (62)2, the first two integrands of (15)
can be rewritten as

h(01,0,) + h(03,05) = Trh—h,,0"6",
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where Trh =) " Dy, as always the indexes run in 1,...,3 and repeated indexes are added.
Noticing that h(vp, 1) = h,, ©O*O, the first part of the integrand becomes

(29) h(él, 91) + h(éz7 ég) - 2h(V0, VQ) = Trh — 3hm,@lt@y.

The second part, analogously becomes

(30) —p(OL0Y + 0505)10 Apx = (007 Apin) — (pAr0M070M).
“w

Collecting the above formulas (29) and (30), we get the desired expression of I.:

(31) 1.(SP) = 167 + 2¢ / [Trh —3h,,0"0" + pA,,\0" — pAM(a#@V@A] d¥o + o(e).

g2
|

Now we want to obtain an expansion of I, (Sg ) for spheres of small radius. Observe that Trh, h,, and
A, are real functions on R? and, in the integral (28), they are evaluated at the points p + p© of Sp.
By a Taylor expansion we get

1
huu(p + p@) = h;w[p] + p(DAh;w)[p}@A + §PZ(D?\7,hW)[P}@A®n + 0(02)
1
Trh(p+pO) = Trh[p] + p(DATrh)[plO + 5 p* (DX, Trh) [p]©7" + o(p*)
pAwxr = pAuwapl + P2 (DyAuun)[p|®" + 0(:02)7

where, as always, D, denotes the partial derivative in R? with respect to #*. Thanks to this expansions
we show the following

Lemma 3.6. For spheres of small radius, the Willmore functional I, has the following expansion in €
and p:

1.(59) = 167 — = Ba(p)pPe + o(p)e + ofe),

where

(32) Ry =Y Dyyhu, — ATrh

n%
and where the remainder o(€) is uniform on compact subsets of R @ RT > (p, p).

Proor. Using the previous Taylor expansions we get
I(SE) = 167+ 2 /3 2 [Trh[p] - 3hw[p}@“@”] %,
+2pe /52 [(DATI‘h)[P]@A = 3(Dalyu, ) [p)O*O1O + Ay [p]07 — A, [p]0107 0 dT,
+te [ [(DaTmp1e*e” ~ 3D b il €06 ]

+2p%€ / [(1),7AW)[79]@’79A - (DWAW,\)[p]@"@“@”@’\]dEO
52

+o(p?)e + o(e).
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From the formulas of Brendle (see [Bren] pag. 28):

/@“dZo =0
S2

/ 0revds, = Lo
5 3

/@“@”@Adzo = 0
SQ

/S | 0"0"0%eNdY, = %(WW GG 4 515N,
we obtain
5 Trh[p - 3hw[p}@“@”} S = An(Trh)[p] — 3h,u[p) /S ©"6"dz) =0
5 D,\Tlrh — 3D (h)p ]@A@“eu] dSo =0
/ AP0 — Aualp ]@“@”@A] Sy = 0
and

/ [(DMTrh)[p]@)‘@"— (Dxnhyu)lp ]@A@"G”@”}dilo_ TF(ATrh)[p]—%r(D,\,,h,w)[p](6“”5’\”+6“A5””+5“’76"’\).
S2

Observing that

(Danhyu ) [P)(8#7677) (ATrh)(p]
(Danly)[P)(6"2677 4 6"16°2) = 23 " (Dyuhyw) ]
we can write
[ D2 (1110207 = 3(Ds ) 110> €70" 60y = TE(ATeR)E] = T 5Dyt

We still have to study the last integral:
8 8
2 / (D4 4,0) 1070~ (D Ay [p1©70"67 0| g = = (D Apyir )= 12 (D ) [ (0757 467 51245 51
SQ
Recalling that A, := [D,hyx + Dyhy, — Dyhy,), we have

8w 81 8
?DA(AMM)[p] = E[Diuhw\ + D33y — Diuhm] = gDi,\huu

= 8% A Trh(p)

and, with the same trick,

‘%Dn(AM)[p}(amw TN ) = T ATeh mi ZD

Collecting the previous formulas, we finally obtain

1(89) = 167 — 2| S (DR byl — ATH)p]] + o(p?)e + ofe)

pv
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Remark 3.7. If R, (p) is the scalar curvature of gc = 0 + €h at p, then one has

Ry (p) = eRu(p) + oe).

For the proof see [AM] pag. 80.

It follows that the first non constant term in the expansion of the Willmore functional on standard spheres
of small radius is the scalar curvature of ge. This fact is consistent with the expansion (7) of the functional
on geodesic spheres of small radius.

4 The finite dimensional reduction

In this section we want to prove that the perturbative method described in Section 2.1 can be applied
to our problems of existence and non-existence of critical points: we will take Theorem 2.1 as model and
we will prove it for our special cases. In the first subsection it is studied the case of perturbed standard
spheres S?(w) immersed in (R?, g.) and in the second subsection the case of perturbed geodesic spheres
Sp. p(w) of small radius immersed in the Riemannian manifold (M, g).

4.1 The finite dimensional reduction for /.(S5(w))

Recall that I, is the Willmore functional with ambient manifold R? endowed with the metric g. = 6 + €h,
so we explicitly observe that Iy is the Willmore functional in the euclidean space R3. Thanks to (1),
the standard spheres Sf are critical points of Iy (more, they are the points of global minimum); hence
Iy possesses a finite dimensional critical manifold Z = R? @ RT, in the sense that we identify SP with
(p,p) ER* B RT.

NOTATION: In this Subsection we denote
- P the orthogonal projection

P:L*(S?%) — Ker[Ag2(DNg2 +2)).

Of course it is defined because Ker[Ag2(Ag2 4 2)] is finite dimensional, hence closed.
- B(0,7) the ball of center 0 and radius r in C+*(S5?)L.

Our goal is to find p, p and w such that I/(Sf(w)) = 0. Of course such a sphere satisfies the equation
(called auwiliary equation)
PI/(S5(w)) = 0.
The next Lemma ensures the existence of solutions for the auxiliary equation.

Lemma 4.1. For each compact subset Z. C R3 @ R*, there exist ¢ > 0 and r > 0 with the following
property: for all e| < ey and (p,p) € Z., the auziliary equation PI(Sf(w)) = 0 has unique solution
w = we(p,p) € B(0,7) C C+*(S?)L such that:

1) the map wc(.,.) : Z. — CH*(S?)* is of class C*!

2) lwe(p, p)l|ca.o(s2) — 0 for € — 0 uniformly with respect to (p, p) € Ze;

8) more precisely ||we(p, p)||c.«(g2) = O(€) for € — 0 uniformly in (p, p) € Z..

PrROOF. Using the results in [PV], we wrote the differential of the Willmore functional as in equation
(12). If the ambient manifold is (R3, g.), with an expansion on € one has

ISP (w)) = Ip(Sf(w)) + €G(e, Sy (w))

where G is a function on S£(w) (so via the immersion it is a function on S?) bounded as e — 0; observe
that G depends on (¢, p, p, w, Dw, D*w, D3w, D*w, ©) where D'w denotes the collection of the derivatives
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of order i of w with respect to the coordinate vector fields on S2.
Letting R, ,(w) := I3(Sh(w)) — 15 (SF)[w], the auxiliary equation PI/(Sf(w)) = 0 becomes

(33) PIJ(S0)[w] + PR, ,(w) + ePG(e, S5(w)) = 0
From Remark 3.3 we have 5
Ig(SI’;)[w] = E Ag2 (Ag2 + 2)[w].
Observe that P(I(I),|C4,Q(S2)L) = I(/),|C4,Q(S2)L and
I(/]I|C4=“(S2)i . C4,a(s2)l_ N CO,a(s2)J_

is invertible with continuous inverse.
In fact by Schauder estimates (see [Jost] pag. 264 e pag. 274), if L is an elliptic operator of second order
on S%, f € C*%(S8?) and u € C*+2:2 are such that

Lu=f,
hence there exists a constant C such that

lullgrrza(szy < CUflloras2y + llullzz(s2))-

In our case u, f € Ker[L]*, so the solution u is unique with [[u]|z2(s2) < C| f||lr2(s2); hence we es-

timate |lul|ck+2.0(g2) With [|f]lora(s2). Applying the reasoning twice to Agz2(Ag2 + 2)u = f with
u, f € Ker[Ag2(Ag2 +2)]* we arrive to the desired estimate:

lullca.e(szy < Ol fllcoa(szys

which means that If/(S%)~" exists and is bounded.
Thanks to this observation, the auziliary equation (33) is equivalent to the fized point problem

(34) w = Fepp(w) = —I§(S)) " ePG(e, S (w)) + PRy p(w)].

Once the compact Z. C R? @ R™ is fixed, we want to show the existence of ¢y > 0, r > 0 such that, for
all |e| < €g and (p, p) € Z., F.,, is a contraction of B(0,r) C C**(S?)* in itself.
e Let us show the existence of € and r small enough such that

Fepp:B(0,7) — B(0,r).

o First let us study the second summand of (34): R, ,(w) := I5(Sh(w)) — 15/ (Sh)[w]. From Remark
3.3 we have

1
(35) Ry p(w) = I(Sp(w)) — Ig (SP)[w] = EQ?(“(U))-
The estimate (5), tell us that for all wy,ws € B(0,1) C C+%(S8?)+

(36) [ Rp,p(w1) — Ry p(wa)llcoa(szy < Cllwillcaasz) + [lwallote(sz)) |wr — wallgae(s2).-

Where the constant C' depends on the compact Z, C R? @ Rt.
o The first summand is a little more delicate.
We want to show the existence of a constant C' such that

(37) lwlcrasn <1 = [|G(e, S(w))||co.n(s2) < C-
As noticed above, G (e, Sf(w)) is a function on S$? which depends on (e, p, p, w, Dw, D*w, D3w, D*w, ©).

For ||w||c4.«(s2) small enough, the dependence on the first eight terms is smooth while the dependence
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on O is not only direct (w is function of ©) and needs a little care; however the direct (or partial if we
think in terms of partial derivative) dependence is smooth and the total dependence (in the sense of total
derivative) is a least continuous. Once the compact Z. 3 (p, p) is fixed we can bound the derivatives of w
if ||wl|ga.a(s2) < 1. In this way G(e, Sf(w)) is a continuous function on a compact set, so it is bounded:

G (e, Sp(w))[cogszy < C.

About the Holder regularity, by the Lagrange mean value Theorem, we have for all ©,0 € S?

|G(©) — G(0)] _ |G (e, p, p,w(©), Dw(O), D?*w(O), D*w(0), D*w(6),O)
|© — 6l |© — 6]~
—G(e,p,p,w(@),Dw((:)),D2 ((:)),DSw((:)),D4w((:)),(:))|
CECTE
(VG) - (0,0,0,w(0) —w(©), Dw(O®) — Dw(O), D*w(O)
- [CRNCIE
—D?w(0), D3w(0) — D3w(O), D*w(0) — D*w(O),0 — (:))|
[CRCIE
< Clwllereasz) +Cll© - 6]
< C.

This completes the proof of the estimate (37).
Collecting the estimates (36) and (37), we have

| Feppwllcaeiszy = [IPIG(S)) " [ePG(e, Sp(w)) + PRy,p(w)]ll i (s2)
< NPIGESHTHE (lePGle, Sp(w))lloon(s2) + | PRy p(w)llco.n(s2))
< IPIES) T (Cet ClwlBaas))-

Chosen r and € small enough it is clear that F¢ , , : B(0,7) — B(0,r).

e Let us show that fixed Z,, for ¢ > 0 and r > 0 small enough,
Fep,:B(0,7) — B(0,r) is a contraction.

Ry ,(w) has already been estimated in the right way, let us estimate G(e, S5(w)).
Again by the mean value Theorem

IA

||G(e,p, p,w1(0), Dwy(O©), D*w(0), D3w, (), D*w,(0), G))
—G(gp, 0, w3(0), Dwy(0), D*wy(0), D3w,(0), D wy(0), @) lco(s2)
< (VG) - (0,0,0,w1(0) — wz(O), Dwi(O) — Dws(O), D*w:(O)

—D*w5(0), D*w1(0) — D*wy(0), D*wi(0) — D ws(0),0) | co(s2)
< Cllwy —wallgacs2)-

[G(e, Sp(w1)) — G(e, Sp(w2)) [ co(s2)

In order to estimate the Holder regularity we proceed in the same way; to simplify the notation let
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us call G(e,wy) := G(e, Sf(wy)) and D the collection of the derivatives up to order 4.
IG(e,w1) () — G(e,w2)(©) — (G(e,w1)(O) — G(e, w2)(©))]

lo—el ]
_ IVGE(©) - (D™ (w; — w)(6)) — VG(E(B)) - (D*(w; — w2)(B))]

ool
add £ VG(£(0)) - (D" (wr — w2)(©)) )
[VG(E()) - (D (wn = w2)(©) = D (s — w5)(©))]

< \
B - le-o]-
N D% (w1 —w)(©) - (VG(E(O)) = VG(E(O)))]]
©— 0O
< Cllwr —walloaa(szy + [[VG(E(O))llco.a(s2)wr — wallos(sz)
< COllwr —wafcaes2)-

Hence
HG(E, Sg(wl)) — G(€, Sg(wg))nco,a(sz) S Cle — w2||c4,a(52), (38)

where C is a constant depending on Z. C R?® ® R* but not on .
Collecting (36) and (38) we obtain

1Fepplwr] = Fepplwolloae < IPIF(SH) ™ (e PG(e, S (wn)) — PG(e, Sf(w2))llcon(s2)
HIPRy p(w1) = PRy p(w2)|co.e(s2))

< IPIF(SP) I (Cellwr — walleno(se) +
Clllwillca(sz)y + llwellcae(s2) lwr — wallcae(s2))
S ||P16'(S£)71||(Ce||w1 — w2||c4,a(52) + 2TC||’LU1 - w2||c4,a(52)).

We can at least conclude that, fixed Z. C R® @ R > (p, p), there exist €y and r small enough such that
F.,,:B(0,7) — B(0,r)

is a contraction for all |e] < ey e (p, p) € Ze.
So for |€| < €, V(p, p) € Z. there exists we(p, p) € CH*(S?)* such that we(p, p) = Fep ,(we(p, p)), or
equivalently which solves the auxiliary equation

PI/(Sh(we(p,p))) = 0.
e Regularity for we(p, p): fixed w € B(0,r), the map

(€7p7 p) = Fﬁ,p,p(w)

is continuous in (¢, p, p), so the fixed point w,(p, p) is a continuous function in these parameters ( for the
Contraction Mapping Theorem depending on parameters look [Br] pag. 22, 23). For the C! regularity
of w with respect to (p, p) see [AMN] pag. 447 — 449.

e Behaviour of w,(p, p) when € — 0:
For € = 0 the fixed point is we(p, p) = 0. By uniform continuity of [|we(p, p)|c4.(s2) on compact sets in
the variables (¢, p, p) we have

lim [we (P, p)llca.e(s2) =0

uniformly in (p, p) € Z,.
Let us show that we(p, p) not only tends to 0 but w¢(p, p) = O(e) uniformly in (p, p) € Z.. From Remark
3.3, Ry p(w) = I5(Sh(w)) — 15 (Sp)[w] = p%Q@)(‘l) (w), so dividing by € the auxiliary equation (33) we get

1

) Prysp | 2]+

QW (w) = —PG(e, S (w)).
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We have already observed that the right hand side is bounded in C%* norm for |e| < eo.
Now the left hand side: from lim._q ||we(p, p)||ct.« = 0 uniformly in (p, p) € Z. and from the estimate
(see (5))

QP (w)llco.a(s2) < Clluw[|Es.a

it follows that the second summand is of higher order than the first one; so for ¢ — 0, we have that
PI{(S£)[%] is bounded in C%* norm and, by Schauder estimates, % is bounded in C*°.

We can conclude that
[we(p, p)l|lcae = O(e)

uniformly in Z.. &

Thanks to this Lemma, fixed the compact subset Z. C R?® x R*, we can define the C' function
® :Z.—R

(40) ‘I)e(pa ,0) = Ie(Sg(we(pa ,0)))

Using Theorem 2.1 as model, let us prove the following

Lemma 4.2. Fized a compact set Z. C R3 @ R*, for le| < eq consider the functional O : Z. — R.
Assume that, for € small enough, ®,. has a critical point (pe, pe) € Z.. Then Spe (we(pe, pe)) is a critical
point of I..

PROOF. Recall that the L?-differential of the Willmore functional on the hypersurface S£(w) can be
represented by the function I/(S2(w)) € L*(5?) (just using the formula of [PV] and the parametrization
of Sf(w)). Our goal is to show that I7(She(we(pe, pe))) = 0. From Lemma 4.1 we already know that
PI{(She(we(pe, pe))) = 0. Let gf,i = 1,...,4 denote an orthonormal frame for Ker[Ag:(Ag2 +2)] C
L?(S?) (which is the subspace of constant and affine functions on S?). We can write

4

(41) Ié(S;;S(we(peaps))) = ZAi,qua
i=1

where

(42) Ao = (L(Sp: (we(Pe, pe))- G5) 1252

We have to show that 4; =0 for 1 <17 <4.
By assumption, (pe, p.) is a critical point of the map (p, p) — @.(p, p) := I.(Sh(we(p, p))). Varying the ith
coordinate, S?(w.(p, p)) describes a curve of immersed spheres in R®. The derivative 8; S (we(p, p))|(p..pe,w. (pepe))
is a vector field in R? along the surface Spe(we(pe, pe))- To compute the derivative of the Willmore func-
tional I, we are only interested in the orthogonal (to SP<(we(pe, pe))) component of 0;S5(we(p, p))|(p..pe we (pe.pe))
(the tangential part gives only a reparametrization of the surface) which can be identified with a function
D;[SE(we (s ) (pe,pe e (perpe)) times the unit normal vector.
The parametrization of S (w.(p, p)) is given by

p+p(1—w(p,p)[O])O = p+ pO — pw(p, p)[O]0 = SH(O) — pw(p, p)[O]O.

From Lemma 4.1, ||we(p, p)|lc.«(s2) = O(€) for € — 0, so the normal vector to S5 (we(p, p)) is © + O(e).
It follows that

(43) Di[Sh(we(p, p))] = ¢f — Di(pw(p,p)) + O(e),

where D;(pw(p,p)) denotes the derivative with respect to the i** coordinate. Now from the fact that
(Pe, pe) is a critical point of ®., we have

0 | (22055 (welpe p0))) DuLSE (P2l o)) 5
Sg: (ws (ps 7pe))
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From the fact that |Jwe(p, p)||ca.o(s2) = O(e),

= 2 (1052 (e ) DASE (0P ) gy + O

From (43), (42) and using (41)

(44) - pzAi,E - ,03 ZAj7E (qsa Di(pew(ps,pe)))Lz(Sz) + O(E) I<i<4
J

This is a 4 x 4 homogeneous linear system in A; . with matrix p2d;; — p? (q;-, D;(pew(pe, pe)))Lz(SQ) +O(e);

in order to conclude A; ¢ = 0 for 1 < ¢ < 4 it is sufficient to show that the matrix is nonsingular. From
the orthogonality condition (we (Pes pe), q;) =0, j =1...4, differentiating we get

L2(s2)
(Diwe(pevpe)vqje')Lz(Sz) + (we(p€7p€)7Diq§)L2(s2) = 07 Z7.] = 17 s 74'
From lim o ||we(pe, pe)|lca.o(s2) = 0; we can conclude

lgr(l) (q;, Di(pew(pmpe)))Lz(y) =0.

By the continuity of the determinant and observing that p. is bounded away from 0 (by assumption
(Pe, pe) € Z, compact set of R? x RT) we get Det[p?d;; + p? (q?,Di(pew(pe,pﬁ)))Lz(Sz) +O0(e)] #0 for €
small enough; hence the thesis. B

In order to find critical points of I. we are reduced to study stationary points of the reduced functional

D (p, p).
Using the decay behaviour of w, as € — 0, we can further simplify the problem:

Lemma 4.3. Fized the compact Z, C R? ® RY, the reduced functional ®, can be expanded as
(45) Pe(p, p) = 1(S5p) + o(e)
where the remainder is o(€) uniformly on the compact Z,.

PROOF. Let us write the functional as I.(Sf(w)) = Io(Sp(w)) + G(€, Sp(w)). From the formula (7) we
observe that

Io(Sp(w)) = To(S5) = QP (w),
hence for the estimate (5)
[0(Sp(w)) = Io(Sf)llooe < Cllw|[Eaa

and from 3) of Lemma 4.1
110 (S5 (w)) — Lo(Sp) [ co.e = of€)
uniformly on Z..
With similar computations to those of the proof of Lemma 4.1, it is possible to show that

1G(e, Sy (we(p, p))) = G(e, 5| co.e = o(€)

uniformly in Z..
Now we can expand ®.(p, p):

Qc(p,p) = I

The last Lemma suggests to study I.(SJ), that is the Willmore functional on standard spheres Sf
relative to the perturbed metric g. = § + eh. Exactly what we did in the previous Section (Lemma 3.5).
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4.2 The finite dimensional reduction for /(S, ,(w))

NOTATION. In this subsection, the functional space will be C*%(52)+: the perturbation w will be an
element of C*%(5%)1 and B(0,r) will denote the ball of center 0 and radius 7 in C*(S?)~+.

Lemma 4.4. Fizved a compact subset Z. C M, there exist pg > 0, v > 0 and a map w( ) : Zc ¥
[0, po] — CH(SH)L, (p, p) — wyp., such that if Sy ,(w) is a critical point of the Willmore functional I
with (p, p,w) € Z. x [0, po] x B(0,7) then w = wy, ,.

Moreover the map w. y satisfies the following properties:

i)

- the map (p, p) — w,,, is C*,
N plicnacszy = O(52) as p— 0 uniformiy for p € Z,
. Ha%wp,p”N(S?) = O(p) as p — 0 uniformly for p € Z,.

PRrROOF. First fix a compact subset Z. C M; the point p will be an element of Z.. If
I'(Spp(w)) =0 (equality in L*(S?)),
setting P : L?(S?) — Ker[Ag2(Ag> + 2)]* the orthogonal projection, a fortiori we have
PI'(Spp(w)) = 0;

that is, from (11),
(46) P(Asz (Dgz +2)w + Oy (p%) + p° LY (w) + QP (w)) =0.

Since A g2 (A g2+2) is invertible on the space orthogonal to the Kernel and w € C*%(5?)1 := Ker[Agz(Ag2+
2)]+ N C*(8?), setting
K :=[Ag(Dg +2)]71 : Ker[Ag2 (Ag2 + 2)]F C L2 (5%) — Ker[Ag2(Dg2 +2)],
the equation (46) is equivalent to the fixed point problem
(47) w=K[0y(p*) + p* LY (w) + QW (w)] = Fy,p(w).

The projection in the right hand side is included.
We want to solve this fixed point problem using the Contraction Mapping Theorem.
By Schauder estimates,

K = [Ag2(Nge +2)] 71 : CO¥(SHE — o+ (52)+

is a bounded linear operator (see the proof of Lemma 4.1).
Let us study the three summands of the right hand side separately.
o O,(p?): its C%(S?) norm is easily controlled by a constant times p?:

(48) 10(P*)llcoe < C1p”.

. p2L,()4)(w) is a linear function of w and its derivatives up to 4° order with C*°(S?) coefficients.
Taken wy,wy € CH*(S2)L, by definition it satisfies the estimate

(49) LS (w1) — L (w2) || co.e < Callwi — wa|gae.

. Qg)(‘l)(w) is a function at least quadratic in w and its derivatives up to 4° order with coefficients
in C°°(S?%). Taken wy,wy € CH*(S%)L, by definition

(50) QP (w1) = QPP (ws)llco.e < Ca([[wnllcsa + lwallose) Jwr — wsllcra
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when HwiHC4(32) < 1, 1= 1,2.

Now we can show that F}, , of the equation (47) is a contraction on a ball B(0,7) C C**(S?
enough.
Thanks to the continuity of K : C%®(S?)t — C*(S?)+ and the estimates (48),(49),(50), taken p and r
small enough, for ||w||ca.« <7 we have ||F) ,(w)|c4.o <7, that is

)J' small

F,,:B(r) C bt B(r).

Moreover
1Py p(wi) = Fpp(wa)llcie = [K[[p*(LE (wr) — L (w2)) + (QF™ (w1) — QP ™ (w2))]l|co.o
< KRN (wr) = LY (wa)[[ o + QP (w1) — Q™ (w2)]|co. )
< K (p*Collwy — walgae + Ca([lwr[|ooe + [[wa]lgte) lwr — wal|gae).

Hence for p € Z., p and r small enough Fj, , is a contraction and there exists a unique fixed point
wp,, € B(0,7). It is equivalent to say that there exist py > 0 and r > 0 such that

PI'(Sp,p(w)) =0

has w = wj, , as unique solution in B(0,r). This proves the first part of the thesis.
- The argument about the regularity is exactly the same as in Lemma 4.1 so we are left to study the
behaviour of w,, , for p — 0.

For p = 0 the fixed point equation is w = K[Q,(,Q)(4) (w)] which has unique (in B(0,r)) solution w, ¢ = 0.
Since w is continuous in (p, p),

(51) ;ii% wp,p =0

uniformly for p € Z..
- Let us show that w,, , = O(p*) for p — 0.
From the equation (46), omitting the projection P, we have

Ag2(Ngz + 20w+ QPW(w) = 0,(p?) + p* LY (w).

From (51) and thanks to the estimate (50), the quadratic term is of higher order as p — 0 so it can be
neglected.

Applying K = ( Ng2 (DNg2 + 2))_1 to both sides and passing to the limsup of the norms we get

lims(1)1p||w|\c4,a < ||K||lims(l)1p||0p(p2)+p2LZ()4)(w)HCo,u.
p—

p—
So dividing both sides by p?

[w]|ca.e

IN

lim sup

5 1K || lim sup [0y (p°) + LY (w)]| co.
p—0 P p—0

< C.

Since the estimate is uniform in Z., we can conclude that there exists a constant C' such that for all
p € Z, and for p small enough

(52) [wppllcre < Cp?.

- Let us show that ||3%wp,p||L2(S2) = O(p) as p — 0 uniformly in Z,.
By construction, wy, , solves the auxiliary equation PI’(Sy ,(wp ,)) = 0 which can be written, using (11),
" 2 Ny liw L oo
P[EASQ(ASQ + 2wy, + Op(;> L0 wyp) + Q8 (wp,p)} = 0.
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In the following we leave unsaid the projection P. Each summand of the left hand side is differentiable
in L2(S?) with respect to p; differentiating we get

2 0 1 0 1 0
il N . “ @ (2 — 1@ (< -
P Ag2(Dg2 +2) {apwp,p} + pL (apwp,p) + pS Ly (wp,p) Ly, (apwp,p)

0

6 1 1
= s (Bt LD )+ (5

1
L) 45 Q2D (w5 (5o QP )40 (55
Observe that 8‘9 L(4) and 4> Q(Z)(4) are still functions of the same kind. So, remembering that [|w, ,||ct.e(g2) =
O,(p?) and multiplying both sides by p3, we get

0 0 0
2052(Ag2 +2) L%wp p} + PZL(4) (%wp p) + L(4) (wP7P)LI()4) (%wp,p) = Op(p).

Observe that the second and third summand are of higher order as p — 0. From the fact that O,(p) is
an O(p) uniformly on the compact subset Z. and using the continuity of [Ag2(Ag2 + 2)]71, we obtain
the claim. m

This Lemma is the key tool to show the non existence result: it implies that fixed a compact Z. C M,
for small p we can consider the function ®(p, p) := I(S, ,(wp,,)). Moreover if -for p € Z. and p,w small
enough- S; 5(w) is a critical point of I, then w = w; ; and a fortiori (p,p) is a critical point of the
constrained functional ®. Hence it will be enough to prove that ® has no critical points.

5 Existence, multiplicity and nonexistence of critical points

5.1 Existence of critical points in (R?, g.)

In this Subsection, using the expansions computed in Subsection 3.2, we want to apply Lemma 4.2 in
order to find critical points of the Willmore functional with ambient manifold (R3, g.).

Proof of Theorem 1.1.

For simplicity let assume R;(p) > 0 and € > 0, the other cases are analogous. From Lemma 3.6 we have
the following expansion for small radius spheres:

8w
[1(S5) = 167 + = Ra(p)pPel = [o(p?)e + ofe)|.
Choose p > 0 and € > 0 small enough such that
P 8m -2 1 _\ 2
a) [1(Sp) — 167 + ?Rl(p)p €|l < gle(p)p €.

In the sequel p is fixed, while € may be chosen smaller. We want to find a compact K C R? @ RT such
that the point (p, ) is in the interior of K, and on the boundary 0K we have

2
b) sup [I(Sh) — 167| < “nRy(p)pe
(p,p)EOK 3

for e small enough. From the expansion (15), we get
1.(55) — 167] < 2 / D81, 02) + h(0, 02) — 20(v0,0) — p(BHE + 85050 Ay | a0 + o(e)

Setting
1) = sup A ()XY 22,
XY, Z€R?,1=|X |=|Y|=|Z|
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the inequality can be rewritten as
|1.(5%) — 167 < 8¢ /S h(p+ p) 4 + 4¢ /S PllA@+pO)| 4o+ ofe).
We want to find p large enough such that for all p € R3,
) s [ I+ p0)a% < grRipte  and
b)) de /S Pl A + pO)| dSo < %le(p)ﬁ%.

Thanks to the decay assumption on h, for all §, p > 0 there exists r5(p) such that
supps ||kl = {p € R®: |[h(p)|| = 6} C Bo,ry(p) and

1)
{Pe® A 2 0} € Boror

supps [1A]

Moreover it is easy to show that there exist ¢1(6), c2(d) > 0 such that
(53) rs(p) < c1(0) + 62(5)/)1/0‘, a > 2.

Now we show that b;) and bs) are satisfied for p large enough. Taken a sphere Sf consider the solid angle
subtended by the intersection with Bg ,.;(,):

Qz = {@ €s? 'p+p0O € S{; N BO,Tg(p)}'

Setting [Q4| the measure on S? of 9, it is easy to see that
r 2
08 < 4W(M) .
p

From (53) we get

K} 2
8] < 47r(01/()2) +2

Observe that once § is fixed, lim, . p|Q25| = 0.
We can now get the estimates by) and b2). Let us start from by ):

8¢ / Ih(p+ p@)[ldZy = 8 / Ih(p + pO) S0 + 8¢ /
52 Qf 2

e |h(p + pO)||dXo

(54) < 8¢|Q|sup ||h|| + 327ed.
R3
Analogously the estimate by) is
e [ oA+ pO)dss = e [ plA(p+pO)ldZa+ac [ plAlp+ pO)]dSy
52 Qf S2\Qp
(55) < dep|Qp|sup || A + 167ed.
R3
Choose and fix § such that
1
(56) 32med < éle (p)pe.

Since at ¢ fixed lim, . p|Q2| = 0, for p large enough

{ 8€|Q6| supgs [|h]| < $7R1(p)p%e  and
4ep|2| supgs || All < gmR1(p)pe.
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Collecting the estimates, we can conclude that for p large enough b;) and by) are satisfied.
Now we want to fix the compact K. We search it of the form

1
Krpi={(p.p) eR°&R": 5 <p< R, |p| <7}

that is a "cylinder” in R3® @ R*. For R large enough, thanks to b;) and bs), on the upper face of the
cylinder (p = R) the condition b) is verified:

2
(57) [I.(SF) — 167| < §7TR1 (p)p°e.
On the lower face (p = 1/R) we can use the expansion of Lemma 3.6 :

|1.(SY/R) — 16| = %Rl(p)%e +o(1/R%)e + o(e)|.

Taken R large enough and e small enough, for all p € R3:
2
(58) [I.(SY/7) — 167 < gle(ﬁ)ﬁ%,

and b) is satisfied also on the lower face of the cylinder.

Now the lateral face: fix r so large that the spheres of center p with |p| = r and radius p = R are
disjoint from By ,;(g). Of course also the spheres with the same center and radius p < R are disjoint
from By ,,(r). Hence on the lateral face we have

11.(5) ~ 167]

IN

se [ 1+ 9010 + 4¢ [ pl A+ p0) aSo +of
52 S2

(59) 32med + 16med + o(e)

A

which, using (56) and taken e small enough, can be bounded by %TFRl (p)p2e.

Collecting the estimates (57), (58), (59) we finally can say that b) is verified taking K = Kp, with
R,r large enough and € small enough. Taking R,r even larger we can assume (p, p) € K.

Fixed the compact K, we can apply the Reduction Method described in the subsection 4.1 and find
critical points of ®.(p, p) := I(Sf) + o(e). Since the remainder is of order o(¢) uniformly in (p, p) € K,
thanks to b), taken e small enough we have

4
(60) sup |Pc(p,p) — 167| < §7TR1 (p)pe,
(p,p)€EOK

and from a)
o 8 9 2 9
(61) (P, p) — 167 + =~ Ru(p)p"el < gmR1(p)p7e.

Now we have all the information to show that ®. : K — R has got a global minimum point in the interior
of K. First of all ®.(p,p) < inf(, pycarx Pe(p, p):

O.(p,p) = 16w+ (Pc(p, p) — 167 + %le(ﬁ)ﬁ26) - gle(ﬁ)ﬁQ
< 167 — gﬂ&(ﬁ)ef + %le (p)ep®
< 167 — gwR1(ﬁ)6ﬁ2~
From (60) it follows

4
inf  ®.(p,p) > 16w — =Ry (p)ep>.
. (P, p) T3 1(p)ep
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Hence, as we wanted,

®.(p,p) < inf  D(p,
(P, p) s (P, p)

and the global minimum of ®. is in the interior of K, so it is a critical point of ®.. In other words for €
small enough the reduced functional ®, has a critical point (pe, pe); from Lemma 4.2 it follows that the
perturbed sphere Sf<(we(pe, pc)) is a critical point for the Willmore functional /.

The case R1(p) < 0 is similar, one must take the modulus in the inequalities and observe that ®. has an
interior global maximum instead of a minimum. W

Proof of Theorem 1.2.

Let n > 0 be such that Ri(p1) > n and Ry(p2) < —n. For simplicity assume € > 0.
Let us repeat the proof of Theorem 1.1 replacing Ry (p) with 7.
Let p > 0 and € > 0 be small enough such that

- 8 1

ar) |I(Sp)) — 167 + gﬂ'Rl (p)ep?| = |o(p?)e+o(e)| < gﬂnepQ and
5 8 1

az) |I(S),) — 167 + gﬂ'Rl(pg)eﬁQ\ = lo(p?)e+ole)| < gwneﬁQ.

In the sequel p has to be considered as a fixed constant, while € may be chosen smaller.
Exactly as in Theorem 1.1, one constructs the compact K C R* @ R* such that on the boundary

2
b) sup [I(Sh) — 167| < “anple.
(p.p) €DK 3

Taken the compact large enough, the points (p1, p), (p2, p) are in the interior of K. Fixed the compact
K we can apply the Reduction Method and study the reduced functional @, : K — R. Since ®.(p, p) =
I.(8Sp) + o(e), taken € small enough

8 2

(62) |®c(p1,p) — 16m + §7TR1(p1)€ﬁ2| < §7T77€ﬁ27

_ 8 9 2

(63) |®(p2, p) — 167 + §7TR1 (p2)ep”| < 3m™ep"
4

(64) sup |®(p,p) — 167 < mnpe.
(p.p) EOK 3

Now we can show that the points of global maximum and minimum of ®. : K — R are in the interior of
K. From (62)

Oe(p1,p) < 167+ (Pe(p1,p) — 167 + gle (pr)ep”) — gle(pl)e/f
< 167+ %7”76/32 - %'R—Rl (p1)ep”
< 167 — gwneﬁz‘
Similarly, using (63)
D, (pa,p) > 167 + gwneﬁQ.

Hence the global minimum (resp. maximum) of ®. on K is less than 167 — gm)eﬁQ (resp. bigger than
16w 4+ Smnep®); from the estimate (64) it follows that the points of global maximum and minimum
are in the interior of K so they are critical points of ®.. Call these two distinct points (pl,pl) and

(p?,p?) € R3 ® RT. From Lemma 4.2, the perturbed spheres Sé‘ (we(pl, pl)) and Sgé (we(p?, p?)) are
distinct critical points of I. for € small enough. B
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5.2 Symmetries of the metric and multiplicity results

Since the results of this subsection are rather easy and standard, the proofs will be quite sketchy.
We start this subsection with a general property of the Willmore functional: the invariance under isome-
tries of the ambient manifold.

Theorem 5.1. Let (M, g) be a Riemannian manifold of dimension 3 and (M,g) a compact, orientable,
isometrically immersed submanifold of dimension 2.
Then the Willmore functional

(65) I(M):= [ H%%

is invariant under isometries of M.

PROOF. Fix an isometry ¢ : M — M; we have to prove that I(¢p(M)) = I(M)

Fix a point p € M and coordinates z' ,i = 1,2 on a neighbourhood (in M) of p; obviously (¢~1)¢ are
coordinates on a neighbourhood (in ¢(M)) of QS( ). Of course in these coordinates the first fundamental
form is invariant:

9a1,, (P) = Gy(ary,, (2(P))
because ¢ is an isometry. With a simple computation it is possible to show that also the second funda-
mental form is invariant:

Pty () = Py, (6(2)):

Hence also H := ;Lijéij is invariant and we get the thesis with an integration. B

Remark 5.1. Since the Willmore functional I is intrinsic (i.e. invariant under reparametrizations), the
reparametrizations of the same surface have no geometrical relevance, hence in the sequel we identify two
immersions with the same image.

Theorem 5.2. Let G < Iso(M) be a subgroup of the isometries of M.
Let (M, g) — (M, g) be an isometrically immersed compact orientable surface which represents a critical
point for the Willmore functional I. Then the surfaces of the set

G(M) := {¢(M) : ¢ € G}
are critical points of I. Moreover, setting
Crit(I) = {M < M : M is a critical point of I}
and Stabg(M) ={peqG: (M) = M}, the action of G on M induces an injection from the cosets
G/Stabg (M) — Crit().

PRrOOF. Fix ¢ € G. First we want to show that if M is a critical point of I also ¢(M ) € Crit(I). Denote
the normal unit vector to M with v; the normal unit vector to ¢(M) is ¢, (v) and a normal perturbation
to ¢(M) can be written as

S(D)[t] = $(M) + tf . (v)
with f € C*°(M). For [t| small enough, the sum has to be intended in coordinates (for |¢| small enough,

by compactness of M the points of ¢(M) and of ¢(M) + tf¢.(v) are in the same chart). With a Taylor
expansion in t, we get

Ot = (M +tfv) + of1).
By definition, ¢(M) is a critical point of I if for all f € C°°(M) one has %Iw(]\o@[t]) =0.
With a Taylor expansion of I,

L(@(M)[t]) = I($(M + tfv)) + o(t).
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Hence the derivative in ¢t of the functional is

o LG0T 470~ 16OD) o)
t—0 t t—0 ¢

Of course the second summand is null. Let us consider now the first summand: since ¢ is an isometry,
from Theorem 5.1 it follows

o HOOM +tfv)) — I(¢(M)) _ | I(M +tfv) — I(M)
t—0 t t—0 t

But by assumption M is a critical point, so also the first summand is null for all f € C’OO(J\DJ) and c;S(M)
is a critical point of I.

o

For the second part of the corollary, denote ¢pStabg (M) the left coset of ¢ in G. It is sufficient to
observe that the map

¥ : G/Stabg (M) — Crit(I) t(¢Stabg(M)) := ¢(M)
is well defined and injective. ®

Now let us apply these results to the studied case of perturbed metric § + eh in R3.
We know from Theorem 1.1 that, if Ry is not identically null and h is asymptotically null in an appropriate
way, then the Willmore functional I, for small ¢, has as critical point a certain perturbed sphere Sf(w).
If h has symmetries which do not fix Sf (w), thanks to Corollary 5.2, we can find other critical points.
Let us examine some simple examples:

Example 5.1. h invariant under rotations: Assume that
VA € SO(3) haw)(Av, Aw) = hy(v,w) Vp,v,w e RR3.

1t follows that VA € SO(3) is an isometry of g. = 0 + €h.
From Corollary 5.2, if S§(w) is a critical point of I there is an injection

SO(3)/Stab(Sf(w)) — Crit(I).

In particular, if the center of the sphere p # 0, it is easy to see that there is the injection S? —
SO(3)/Stab(Sf(w)); in this case we have a non countable set of critical points.

Example 5.2. h invariant under rotations around an axis:
Assume there exists an azis v such that the rotations SO(2) around r are isometries of h:

VA€ SO2) hagp(Av, Aw) = hy(v,w) Vp,v,w € R%.

It follows that YA € SO(2) is an isometry of g. = 0 + €h.
From Corollary 5.2, if Sf(w) is a critical point of I., then there is an injection

SO(2)/Stab(Sf(w)) — Crit(I.).

In particular, if the center of the sphere p & r, it is easy to see that Stab(S§(w)) = {Id}; also in this case
the set of critical points is not countable.

Example 5.3. h even: Assume
B () = by (—2) Vo € R,
It is immediate to show that the reflection with respect to the origin is an isometry of ge. If Sf(w) is a

critical point of 1. not invariant under the reflection, then there are at least two critical points.
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Example 5.4. h invariant under reflections with respect to a plane or an axis:
Assume there exists an azis v (or a plane w) such that the reflection A with respect to r (resp. ©) is an
isometry of h:

hA(P) <A,U’ Aw) = hp(v,w) vpa”ﬂ” € R3~

If S8(w) is a critical point of I. not invariant under the reflection, then there are at least two critical
points.

Remark 5.2. Using the method studied in [AMYam] it should be possible to find metrics h (with far
away concentration bumps) such that the critical points of the functional are not invariant under all the
isometries.

5.3 A non existence result in general manifolds

In this subsection we want to prove Theorem 1.3. We start with a Lemma, which asserts that for small
perturbation v € C**(S?) and small radius p, the perturbed geodesic sphere S, ,(u) can be obtained as
a normal graph on an other geodesic sphere S 5 with perturbation @ € C**+: S, ,(u) = S; ;(W).
Lemma 5.3. Let (M,g) be a Riemannian manifold of dimension three and fix p € M. Then there exist
B(0,71) € C%*(S?), p1 > 0, a compact neighbourhood U of p and three continuous functions

“p(.): B(O,r1) = U C M,

: p(7 ) : (O,Pl) X B(Oarl) - R+7

cw(.,.) U x B(0,r]) — CH(S%)+,

such that for all p < p1 and v € B(0,71), all the perturbed geodesic spheres Sy 5(u) can be realized as

Sp,5(1) = Sp(u),p(p. W (p(w), w)].

PROOF. Recall that fixed p € M and a compact neighbourhood U of p there exist p’ > 0 such that the
exponential map Ezp, is defined on the ball B, C T, M for all pc U.

Observe that there exist an even smaller neighbourhood U’ C U and B(0,7') € C*%(S?) such that for
all p e U', uw € B(0,r') and p < p’ there exists a unique w = w(p,u) € C**(S?) such that

Sp,p(u) = Sps(w(p, u)).

Our aim is to show that for u € C*%(S?) small enough, we can choose p and vary p in the right hand
side so that w € C*(S?)+.

Call P : C*%(S5?) — Ker[Ag2+2] the orthogonal projection; we want to choose p so that P[w(p, u)] =
0. Observe that the map w : U’ x B(0,r") — C*%(S5?), (p,u) — w(p,u) is C1. Of course also the map

F:U x B(0,r) — Ker[Ag2 +2], (p,u) — Plw(p,u)]

is C''. We have the following facts:

(i) F(p,0) =0

(i) 55(p,0) : T,M — Ker[Ag: + 2] is invertible.
(¢) follows from the definitions, let us prove (7).

Recall that Ker[/Ag: +2] is the three dimensional space of affine functions on S?, whose base is made
of the coordinate functions z#, u = 1,2,3 of R?. Without loss of generality we can assume that U’ is
contained in a normal coordinate neighbourhood p* of center p. In order to obtain 88712(]5, 0), observe
that the infinitesimal generator of the translation of Sp 5 in the direction of ap% is a vector field along
Sp,p Wwhose component along the normal unit vector © is the affine function p*, so as we claimed

oF

@(ﬁa 0) = p*

and %—I;(p, 0) is invertible.
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By the Implicit Function Theorem there exist a neighbourhood U” C M of p, B(0,r1) C CH%(S5?)
and a C! function p(.) : B(0,71) — U"” such that F(p(u),u) = 0, that is Plw(p(u),u)] = 0.

Now it is sufficient to observe that, if w(p(u),u) has a non null component along Ker[Ag:] =
{constant functions on S? }, we can make it vanish with a small variation of the radius p: just
subtract to w its projection on Ker[Ag:] and choose the appropriate new radius. We denote with
p(p,u) = p(p,w(p(u),u)) € Rt the modified radius and with abuse of notation we still denote with
w(p(u),u) the modified perturbation. A direct check shows that the map p(.,.) : (0, p') x B(0,7") — R
is continuous. At last we can conclude that

Sp,5(1) = Spw),p(p,u) [W(p(u), u)]  with w(p(u),u) € 04’“(52)L.

Now we are in position to prove the non existence result.

Proof of Theorem 1.3.
Since R(p) # 0, there exists n > 0 and a compact neighbourhood Z. of p such that |R(p)| > n for all
pE Z.

From Lemma 4.4 there exist pg > 0 and a ball B(0,7r) C C*%(S?) such that- for w € C**+ N B(0,r),
p € Z. and p < po- if the perturbed geodesic sphere S, ,(w) is a critical point of I then w = wj, , with
good decay properties as p — 0. Moreover, for p € Z. and p < py we can consider the C'* function

®(p, p) = I1(Sp,p(wp,p))-

Observe that if S5 5(wp 5) is a critical point for I then a fortiori (p, p) is a critical point of the constricted
functional ®(.,.).
We have an explicit formula for ®(p, p): from the expansion (7) we get

8w
®(p, p) = 167 — ?R(p)PQ + /52 (Q;2)(2)(wp7p) + PQL;(oQ)(wnp))d@ + O;D(Pg)-

Differentiating it with respect to p and remembering (from Lemma 4.4) that as p — 0 one has ||wp ,||c1.« =
O(p?) and ||8%wp7p|\L2 = O(p) uniformly for p € Z., we get

167

a%‘b(p, p) = ——-Rp)p+0(p*)

and

0 16
(66) ‘a—pq)(p, p)‘ > %np—}— O(p?) forallpe Z.
Where the remainder O(p?) is uniform on Z,.
From this equation we can say that there exist ps €]0, po[< such that for all p € Z. and p < po, (p, p) is
not a critical point of ®.
Hence

(67) Vw € CH*(SHE N B(0,r), p< ps and p € Z,
= Spp(w) is NOT a critical point of I.

Now from Lemma 5.3, if u € B(0,r1) C C**(S?) and p < p1, any perturbed sphere S; 5(u) can be
realized as

S;E,ﬁ(u) = Sp(u),p(ﬁ,u) [w(p(u),u)], w(p(u),u) € C47a(52)L'

From the continuity of the functions p(.), p(.,.) and w(.,.), there exist p3 €]0, min(p1,p2)[ and ro €
10, min(r, r1)[ such that for all u € B(0,72) C C**(S?) and p < p3 we have:
- plu) € Z,,
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- p(p,u) < pg and

~w(p(u),u) € CH*(S%)+ N B(0,7).

It follows that if u € B(0,72) and p < p3, the sphere Sp 5(u) can be realized as Sp(u),p(p,u) [W(P(), u)]
which satisfies the assumptions (67); so it is not a critical point of 7. B

Remark 5.3. Observe the difference with the flat case: thanks to (1), in R® the spheres of any radius
are critical points of the Willmore functional I; on the contrary, in the case of ambient metric with non
null scalar curvature we have just shown that the geodesic spheres of small radius are not critical points.
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