Graphs of vector valued maps: decomposition of the boundary

Domenico Muccs

Abstract

We consider non-smooth vector valued maps such that the current carried by the graph has finite mass.
We give a suitable decomposition of the boundary of the graph-current, provided that it has finite mass,
too. Every such a component is a nice current whose support projects on a subset of the domain space
that has integer dimension. This structure property is a consequence of a more general one that is
proved for “vertical” integer multiplicity rectifiable currents satisfying a null-boundary condition. As a
consequence, for wide classes of Sobolev maps such that the graph is a normal current, we shall prove
that the singular part of the distributional minors of order k is concentrated on a countably rectifiable set
of codimension k, hence no “Cantor-type” part appears. The corresponding class of functions of bounded
higher variation is studied, too. Finally, we discuss a possible notion of singular set in our framework,
and illustrate several examples.
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In this paper we discuss a decomposition property for the boundary of the graph of suitable classes of vector
valued maps v : Q — RY, where Q € R™ is a bounded domain and n, N > 2.
Following the theory by Giaquinta-Modica-Soucek [19], we shall consider Lebesgue summable maps u
that are approximately differentiable a.e. in €2 and such that each minor of the Jacobian matrix Vu of the
approximate gradient is summable. This class of maps is denoted by A'(£2, R"V). The membership of u to
AY(Q,RY) yields that the area of the graph of u is finite, namely

A(u, Q) ::/J7,,(IdD<1u)d:c<oo,
Q



where J,(Id < u) is the n-dimensional Jacobian of the graph map (Id < u)(z) := (z,u(z)). By the
area formula, it turns out that A(u, ) agrees with the mass M(G,) of the integer multiplicity (say i.m.)
rectifiable n-current G, in R, (2 x RY) carried by the n-rectifiable graph G, of u.

If w is smooth, the n-current G, is defined by the integration of compactly supported smooth n-forms
w in Q x RN over the naturally oriented n-manifold given by the graph G, of u:

Gy (w) :z/ w, we DN xRY). (1.1)

u

Following [19, Vol. 1], see also [20], and writing explicitly the action of w on G, in terms of the pull-back
via the graph map (Id 1 u), the above definition extends to the more general class A'(Q, RY), by using
the approximate gradient Vu.!

We recall that the boundary current 0G, is defined by duality as

G (n) := Gu(dn)

for every compactly supported smooth (n — 1)-forms 1 in Q x RY. If u is smooth, by Stokes’ theorem the
current G, has null boundary inside Q x RY_ as for every n € D"~1(Q2 x RY)

77)=/ dn=/ n=0.
; 0G.,

By a density argument, one then obtains that the null-boundary condition
OGu(n) :==Gu(dn) =0  Yne D" 1 (QxRY) (1.2)

is always satisfied if u is Lipschitz continuous or at least in the Sobolev class W1P(Q,RY), where p =
min{n, N}. However, in general (1.2) is violated, as the following example from [19, Vol. I, Sec. 3.2.2] shows.

Example 1.1 If Q = B", the unit ball centered at the origin, N = n, so that R¥ = R", and u(z) := z/|z|,
then u € WLP(B™ R") for each p <n and det Vu =0 a.e., hence u € A'(B",R™). Moreover, we have

G, = -6y x [S"']  on D" Y(B" xR"), (1.3)

where g is the unit Dirac mass at the origin and [S"~ 1] in the (n—1)-current integration on the (positively
oriented) unit (n — 1)-sphere in the target space R". Notice that u ¢ W1 (B" R").

In this paper, we deal with non-smooth maps in the class A (€2, RY) that satisfy the following additional
assumptions:

(H,) (DIRICHLET-TYPE CONDITION) There exists a convex open subset A of Q, with closure A CC Q, and
a smooth map ¢ : Q — RN such that

(Gy — Gyl (Q\ A) xRY =0; (1.4)
(Hs) (FINITE BOUNDARY MASS) The boundary current G, has finite mass in @ x RV i.e

M((0G,)LQ xRY) < 00 (1.5)

Therefore, G, is a normal current, and by the boundary rectifiability theorem [29, 30.3], see Theorem 3.4
below, property (1.5) yields that the boundary dG, is an i.m. rectifiable current in R,,_1(€2 x RY) that is
supported in A x RY, by (1.4). Notice that we shall not assume that the current G, has compact support
in Q x RV, a condition equivalent to a bound on the L*®-norm of w.

A DECOMPOSITION PROPERTY. We shall prove the following decomposition formula for the boundary
current 0G,, of any map u as above. Each component T in (1.6) is a boundaryless i.m. rectifiable current
in R,_1(Q x RY), with mass controlled by the mass of the boundary of G,,. Furthermore, the set of points
of positive multiplicity of T}, is contained into a “cylinder” S,_i_p x RY, where S,,_1_; is a countably
H™ 1 =*_rectifiable subset of €. For this reason, we may speak of a stratification of the boundary of G,.

For u € A'(Q,RYN), the n-rectifiable set G,, is the subset of Q x RY given by the points (z,u(x)), where = is a Lebesgue
point of both u and Vu and u(z) is the Lebesgue value of w.



Theorem 1.2 (Decomposition Theorem) Let n, N > 2 and Q C R" a bounded domain. Let u: Q) —
RN be a vector valued map in L*(Q,RY) that is approzimately differentiable a.e. in 0 and such that each

minor of the Jacobian matriz Vu of the approzimate gradient is summable, i.e., u € A*(Q,RYN). Assume
in addition that (Hy) and (Hz) hold. Then we have

(0G)LQ xRN =T, n:=minfn—1,N} (1.6)
k=0
where the currents Ty satisfy the following properties:
i) each Ty is an i.m. rectifiable current in R,—1(Q x RY) with finite mass, M(T) < oo;
ii) each Ty has no boundary, 0Ty =0, and support spt(Ty) C A x RY;
iii) the sum of the masses of the Ty ’s is bounded in terms of the mass of the boundary of G,, i.e.,

STM(T}) € C-M((9G,)L Q x BY) < o0 (1.7)
k=0
for some dimensional constant C' = C(n, N);

iv) if k>0, then Tp(n) =0 for every form n € D"~ (QxRN) that only contains less than k differentials
dy’ in the vertical directions y = (y1,...,Yn);

v) denoting by set(Ty) the set of points of positive multiplicity of Ty, then there exists a countably
H" 1~k rectifiable subset S,_1_, of A such that

set(Ty) C Sp_1_x x RY; (1.8)

vi) if N>n and k =n =n — 1, then there exists an at most countable set of points {a;}; C A and of
i.m. rectifiable currents ¥; € R,,_1(RY), with 0%; =0 for every i, such that

Toor =Y 00, x %, M(Tho1) =Y M(Z) < 0,
i=1 =0

where 8, denotes the unit Dirac mass at the point a € A, hence in (1.8) we correspondingly choose

vil) if N <n, hence n =N, we have T,, = Tn =0, so that So =0 in (1.9);
viii) if u € WHP(Q,RY) for some integer exponent 1 <p <n+1, then Ty, =0 for every k=0,...,p— 1.

More precisely, we shall denote by () the restriction of a current T € D, 1 (2 x RY) to the forms in
D" 1(Q x RY) that contain exactly h differentials dy’ in the vertical directions y.2 Notice that if T has
finite mass, the following decomposition in mass holds:

n

T = i Ty,  M(T)=> M(Ty). (1.10)
h=0 h=0

In the proof of Theorem 1.2, we shall estimate the mass of each component T} in (1.6) by

M(T}) <2 3 2" F M((0Gy) gy L Q2 x RY) < oc. (1.11)
h=k

2For example, the above property iv) reads as “(Ty)(ny =0 for every h <k —1".



Therefore, a dimensional constant in the above mass estimate (1.7) is immediately obtained by applying
(1.10) to the boundary current (9G, )L © x RY. Notice however that (1.6) is not a decomposition in mass
itself, as in general

M((0G,)LQ x RY) < iM(Tk) < 00.
k=0

A STRUCTURE PROPERTY. The main tool that will be used in the proof of Theorem 1.2 is a structure
property concerning “vertical” i.m. rectifiable (n — 1)-currents satisfying the null-boundary condition

(OT)LQ xRN =0. (1.12)

Notice that property (1.12) is verified by the boundary T = G, for any w as in Theorem 1.2.
We shall first consider the case of “completely vertical” currents T, i.e., satisfying

Tiny =0 for h=0,...,n—2. (1.13)

Theorem 1.3 (Structure property I) Let Q@ C R™ a bounded domain, and let N > n > 2. Let
T € Ru_1(Q x RN) be an i.m. rectifiable current satisfying the null-boundary condition (1.12) and the
“verticality” property (1.13). Then there exists an at most countable set of points {a;}; C Q and of i.m.
rectifiable currents ¥; € Rn,l(RN) such that

T=> 0, x%i on D" 'QxRY) (1.14)
=1
and
M(T) = M(Z) <o,  9%;=0 Vi. (1.15)
=0

An inspection to the proof from Sec. 6 below gives that Theorem 1.3 extends to maps defined in bounded
domains Q C R™, for any m > 2. As a direct consequence of Theorem 1.3, we also infer:

Corollary 1.4 Let n > 2 and N <n. Let T € R,_1(Q x RY) an i.m. rectifiable current satisfying the
null-boundary condition (1.12) and property (1.13). Then T = 0.

By weakening the null-boundary assumption (1.12) to the boundedness of the boundary mass
M((OT)LQ x RY) < o0 (1.16)
to our purposes we shall correspondingly obtain:

Proposition 1.5 Let T € R,,_1(Q2xRY) an i.m. rectifiable satisfying (1.16) and the “verticality” property
(1.13). Then there exists an at most countable set Sy C Q0 such that set(T) C Sy x RN. Moreover, T =0
if N<n-—1.

A MORE GENERAL STRUCTURE PROPERTY. We now replace the “verticality” assumption (1.13)
with the following more general one:

T(h)ZO for hZO,...J{?—l, (1.17)
where k is any suitable positive integer. We shall then prove:

Theorem 1.6 (Structure property II) Assume that n := min{n — 1,N} > 2, and let k a positive
integer, with 0 < k < n. Let T € R,_1(2 x RN) an i.m. rectifiable current satisfying the null-boundary
condition (1.12) and the “verticality” property (1.17). Assume in addition that the support spt T C A x RN
for some open subset A of Q satisfying A CC Q2. Then there exists a countably H™ ' ~*-rectifiable subset
Sn_1-1 of A such that

set(T) C Sp—1-k X RV,



DISCUSSION ON THE HYPOTHESES. We first point out that we do not require that the current T
in the structure theorems 1.3 and 1.6 have compact support. As a consequence, we do not require e.g. an
L*-bound for maps u in the decomposition theorem 1.2.

The assumption (H;) is technical, and it has been introduced in order to apply the structure theorem 1.6
to the boundary of the graph current G,. In fact, it ensures that the support of (9G,)L Q x RV is
contained in A x RY. On the other hand, the assumption (Hz) that the boundary current dG,, has finite
mass is a necessary condition to the validity of our decomposition theorem 1.2. In fact, S. Miiller [26]
showed that for n = N = 2 the singular part of the distributional determinant, first introduced by J.M. Ball
[10], may in general concentrate on a set of Hausdorff dimension «, for any prescribed 0 < o < 1. More
precisely, there exist bounded Hélder continuous Sobolev functions u in W?(£2, R?) for every p < 2, where
Q= (0,1)? C R?, such that det Vu =0 and |Vu!||Vu? =0 a.e. in Q, but Det Vu =V’ ® V', where V is
the Cantor-Vitali function. Therefore, the derivatives of u have no masses, but the distributional determinant
has a “Cantor-type” part and the role played by V’ in the Cantor set C is here played by Det Vu in C x C.
The “graph” of w is very similar to the graph of the Cantor-Vitali function V' and, actually, has infinitely
many holes. As a consequence, the boundary of the current G, carried by the graph of u cannot satisfy a
property as in our decomposition theorem 1.2. In fact, in [19, Vol. I, Sec. 4.2.5] it is shown that in such an
example one has M((9G,) L x R?) = 400, i.e., the mass bound (1.5) is violated.

Finally, notice that the property viii) in Theorem 1.2 yields that the decomposition (1.6) is non-trivial.
Actually, it is a crucial point in our new results concerning the singular part of the distributional determinant
and minors, see Theorems 1.8 and 1.9 below.

SPECIAL FUNCTIONS OF BOUNDED VARIATION. If u = (u!,...,u") satisfies the hypotheses of
Theorem 1.2, it turns out that each component w’ is a special function of bounded variation. The class
SBV(Q) is given by the BV -functions v with null Cantor part of the derivative, (Dv)¢ = 0,® and it was
introduced by De Giorgi and Ambrosio in [12] in order to provide a weak formulation to a large class of free
discontinuity problems. In fact, the compactness and lower semicontinuity results in SBV, see [3, 4, 1], lead
to an existence theory for e.g. the Mumford-Shah functional [28].

The proof of the compactness in [4] starts from a characterization of the subclass of SBV-functions v
with finite jump sets, H"~1(J,) < co. In fact, the membership of v to such a class is equivalent to saying
that the “horizontal” component (0G, )y of the boundary of the current G, has finite mass in  x R, and
actually, compare [19, Vol. I, Sec. 4.4],

2H" 1 (J,) = M((0Gy)(0) L 2 X R) < 00 (1.18)

Following this approach, Ambrosio-Braides-Garroni studied in [5] the subclass SBVy(Q2) of scalar SBV
functions v such that every component of the boundary of G, is representable by integration, i.e.,

SBVy(Q) := {v € AY(QR) | M((0G,)L Q x R) < o0} . (1.19)

They proved a compactness property of the class SBVy(Q2) and that the traces v* of a function in SBV;y(Q)
are weakly differentiable on J,.

Denote now J, := Ujvzl Jyi. By requiring some mild regularity on the Jump set of u, we have:
Corollary 1.7 Assume in addition to the hypotheses of Theorem 1.2 that the Jump set of u agrees H™ -
essentially with its closure, i.e.,

H (TN Q)\ J,) =0. (1.20)

Then the set S,_1 obtained in Theorem 1.2 agrees H" '-essentially with the Jump set J, and hence

H* 1 (Sp_1) = H" () < 0. (1.21)

3We recall that a Lebesgue function v € L1(Q) is a function of bounded variation if the distributional derivatives D;v are
finite Radon measures. If v € BV (Q2), then v is approximately differentiable at almost every point = € Q, and the approximate
gradient Vv € L1(Q,R™), hence v € A (2, R). Moreover, the vector measure Dv := (Djwv,..., Dpv) decomposes as

Duv=VuL"+ v (z) — v () v(e) K" L Jy + (Dv)€ .

The Jump set J, is a countably H™~ -rectifiable set that is o-finite with respect to the H"®~1-measure, v(z) := (v1,...,vy) is
a unit normal to J, at a point z, whereas the v+ (z)’s denote the one-sided approximate limits of v. Finally, the Cantor-type
part satisfies (Dv)C (L) =0 for every subset L C Q that is o-finite w.r.t. the Hausdorff measure H"~', compare [7].



By Proposition 3.8 below, if v € WH1(Q,RY) we shall deduce that S, 1 = (), see property viii). In
general, we expect that the claim in Corollary 1.7 holds true even without assuming the regularity property
(1.20), but we are not able to prove this fact. Notice that the set J,, being (n—1)-rectifiable, property (1.20)
holds true if e.g. each component u’ satisfies the classical density lower bound in the sense of De Giorgi-
Carriero-Leaci [13], see also [9, 6], a condition verified by minimizers of free discontinuity problems.

THE SINGULAR SET. Our decomposition theorem 1.2 may suggest a definition of (n—1— k)-dimensional
“singular set” of u by means of the countably H" !'~*-rectifiable set S,_;_; from the above property
(1.8), e.g., by (1.9) for Sy. To this purpose, we notice that a part from the case k = 0, where trivially
H*1(S,_1) < 0o, for k> 1 in general we have H"~17%(S,,_;_) < oo, see Example 9.5 below and also [24,
Sec. 7]. However, such an attempt has some drawbacks: namely, we are not able to find a unique “optimal”
decomposition in (1.6), see Sec. 10 below.

In fact, roughly speaking, our construction in Sec. 8 relies on the addition of vertical currents to suitable
pieces of the boundary current 0G,. Such vertical currents are obtained by means of solutions to a mass
minimization problem, Proposition 8.2, which fail to be unique, in general. This yields that the singular set
So in (1.9) is not uniquely determined, as in general it may depend on the choice of the decomposition in
(1.6), see Remark 10.1 below.

Another feature arises even for Sobolev maps u € Wl’"’l(Q,I@”) satisfying the hypotheses of Theo-
rem 1.2. In this case, the sets S, _1_j in (1.8) are all empty but possibly Sy, see (1.9), an at most countable
set that in this case is uniquely determined by the function w. In fact, it may happen that Sy is non-empty,
even if the singular part of the distributional determinant Det Vu is equal to zero, see Example 11.5 below.

This fact does not happen if one restricts to Sobolev maps in W1m=1(Q, R") satisfying the “invertibility
condition” in the sense of Miiller-Spector [27]. In fact, Conti-De Lellis [11] showed that in the framework
of such a theory of elasticity, the singular part of the distributional determinant is a purely atomic measure
concentrated on an at most countable set of points that agrees with the set Sy in (1.9), so that

(0G.,)LQ x R™ C Sy x R, So = {atoms of (Det Vu)*}.

Notwithstanding, in Proposition 10.2 we shall prove that the set Sy in (1.9) is concentrated in the set
of the atoms of the measure
tu(B) == M((0Gy)(n—1)L B x RY). (1.22)

PLAN OF THE PAPER. For the sake of clearness, in Sec. 2 we give two basic examples. The first one deals
with an SBV-map in the case n = N = 2, and the second one with a Sobolev map in the case n = N = 3.
In Sec. 3, we collect some notation and preliminary results. In Sec. 4, we extend the isoperimetric inequality
from [25, Prop. 2.1]. In Sec. 5, we consider a projection argument that allows to recover the action of a
current in terms of the action of the projected currents onto suitable coordinate subspaces. In Sec. 6, we
shall prove the structure theorem 1.3 and its consequences, Corollary 1.4 and Proposition 1.5. In Sec. 7, we
shall prove the more general structure theorem 1.6. In Sec. 8, making use of both Theorems 1.3 and 1.6,
we shall prove Theorem 1.2. In Sec. 9, we shall return to our two basic examples from Sec. 2, and collect
some further examples. In Sec. 10, we shall see that the decomposition in (1.6) fails to be unique. Our
counterexample is based on a classical non-uniqueness property concerning minimal surfaces. As already
remarked, this yields that we are not able to find a good definition of “optimal” singular sets S,—1_x in
(1.8). However, in Proposition 10.2 we shall prove that the set Sy in (1.9) is concentrated in the set of the
atoms of the measure pu, in (1.22).

DISTRIBUTIONAL MINORS AND THE CLASS BnV. As an application of our decomposition theo-
rem 1.2, in Sec. 11 below we shall discuss some new properties concerning the singular part of the distribu-
tional determinant Det Vu and distributional minors in our framework, that we now briefly present.
Let u € LYINWLP(Q,R") for some exponents ¢ and p satisfying
1 N-1

N-1<p<N and -+ <1, (1.23)
q p

where we have chosen N = n. De Lellis-Ghiraldin [15] extended a decomposition property first obtained
by Miiller-Spector [27], showing that if in addition the pointwise determinant det Vu is summable, then



Det Vu is a measure, the density w.r.t. the Lebesgue measure being given by det Vu. We shall recover this
property, showing in addition that if (1.5) holds, the singular part of Det Vu is concentrated on an at most
countable set of points, hence no “Cantor-type” part appears. More precisely, we shall prove:

Theorem 1.8 Let n > 2 and Q C R™ be a bounded domain. Let u : Q — R"™ be a Sobolev map in
u e LINWLP(Q,R™), where q¢ and p satisfy (1.23), with N = n. Assume in addition that det Vu € L*(Q)
and that the boundary of the graph current G, has finite mass, i.e., (1.5) holds true. Then (DetVu)® =
(det Vu) L™, and the singular part (DetVu)® w.r.t. the Lebesgue measure L™ is concentrated on the at
most countable set Sy defined by (1.9).

Alternatively, for maps u in L>NA(9, @”) and satisfying (1.5), the claim in Theorem 1.8 holds true if
(and only if) we require in addition that (0G)m—1)L Q% R™ = 0, compare [25]. Under similar assumptions,
we shall then discuss the distributional minors of order m, see [24, 25], proving that their singular set is
concentrated on the countably H"~"-rectifiable set S, _,, obtained from Theorem 1.2, where k =m — 1.

Finally, we shall discuss the corresponding class BNV of functions of bounded higher variation, first
studied by Jerrard-Soner [22], and consequently used in the asymptotic analysis of functionals of Ginzburg-
Landau type. More precisely, for suitable maps u : @ — RY, where n > N > 2, one can define the current
Ju € Dp—n+1(2) given by

(Ju,m) = (—l)NGu(wN AD), ne D NT(Q),

where wy = 3 Z;.Vzl(—l)j_lyj dy’ is a smooth (N —1)-form in RY, see (11.21) below. For example, 7, is
well-defined and has finite mass provided that v € LINW1?(Q, RY) for some exponents ¢ and p satisfying
(1.23). Then u is said to be in BxV(€2,RY) if in addition the boundary current J, = (0j,)_Q has finite
mass. Therefore, each map u satisfying the hypotheses of Theorem 1.2 is a function of bounded higher
variation. In the case n > N, if u € BNV(Q,RY) we can decompose the current J, = 2 ja|=n(Ju)®, where
a ranges on the ordered multi-indices of length N in (1,...,n). Each component (J,)* is a Radon measure
with finite total variation, the density w.r.t. the Lebesgue measure being given by the (N x N)-minor of the
matrix Vu with columns determined by «, compare [22, 15]. In addition, we shall prove:

Theorem 1.9 Let u satisfy the hypotheses of Theorem 1.2, where n > N > 2. Assume in addition that
u € LINWLP(Q,RYN), where q¢ and p satisfy (1.23). Then the singular part ((3.)®)° of each component of
the current J,, is concentrated on the countably H" N -rectifiable set S,_n given by (1.8), where k= N —1.

Finally, concerning Sobolev maps with values into the unit sphere S¥~! of R¥, for the sake of com-
pleteness we shall recover the property first proved in [22] that (up to a real constant factor) the current J,
is i.m. rectifiable in R, n (), Proposition 11.11.

Acknowledgements. 1 thank M. Giaquinta for some useful discussions, and L. Biliotti for giving me suggestions
concerning a previous version of the projection argument from Sec. 5.

2 Basic examples

In this section we describe two basic examples. The first one deals with an SBV-map in the case n = N = 2,
and the second one with a Sobolev map in the case n = N = 3. In both the examples, the Dirichlet-type
condition (Hy) is clearly verified.

AN EXAMPLE ABOUT SBV-MAPS. Let n=N =2, Q= (-2,2) x (=1,1), and u: Q — R? given by

_Joup(x) if 21 <0 _
u(z) .—{ wo(z) if 1 >0 = (1,22) € Q

where P = (—1,0), @ = (1,0), and

up(x) = [ sen(z lx — P+ ( 1:1+1 | — P| — (z1+ 1)

= | sel2) 2|x—P| 2|33—P| ’

U (x = Sgnxz |x7 xlil |x—Q|+ xlil)
2|»’U—Q\ 2lz - Q| '




The maps up and ug glue together on the line z; =0 as

|1£L’2‘+1 ‘11‘2|—1
2/(1, x2)] 2|(1, z2)]

up(0,z2) = ug(0,x2) = (sgn x2)
Moreover, in polar coordinates

up(x) = (cos g,sin g) < z—P=|z— P|(cosf,sinb), 0 €]0, 2|

ug(x) = <cos 371'2— e,sin 37T2_ 9) <— —Q=|x—Q|(cosb,sinb), 0 €|, 3n].

Therefore, up and ug map each small circle around the singular points P and ) onto the “upper” half
circle of the target space R
Si={yeR?: |y =1, y2 >0},

that is parameterized with the positive and negative orientation, respectively.

Furthermore, u is a special function of bounded variation in SBV (2, R?), with jump set J, given by
the line segment Ip g connecting the singular points P, Q). Taking the unit normal v = (0,—1), the one
sided approximate limits of v on J, are

uy(x) =B :=(-1,0), u_(z)=A:=(1,0), zelpg.
We thus infer that the distributional derivative of u is given by
Du=VudL?+(B-A)® (~1,00H' LIpg.

Now, the approximate gradient Vu is summable, whereas by the area formula det Vu = 0, as the image
of u agrees with the 1-dimensional set Y. Then the area of the graph of w is finite,

A(u, Q) ::/ V1 +|Vul? + | det Vu[2 dz < co.
Q

Whence, the current G,, is i.m. rectifiable in Ry (Q x R?) and has finite mass,
M(Gy) = A(u, Q) < 00

Moreover, according to Example 1.1, and integrating by parts, it is not difficult to show that the boundary
current G, is given by

(G )L XR? = [Ipg] x (04 —0p) —6p x [S] + 60 x [Z]. (2.1)

In this formula, ¢, denotes the unit Dirac mass at z, whereas [Ipg] and [X] denote the 1l-current
integration on the positively oriented line segment Ip o and half circle X, respectively, so that

0Ipo] =dg —0p,  O[S] =05 —da. (2.2)
Therefore, the boundary current (9G,)L € x R? is i.m. rectifiable in R, (2 x R2) with finite mass:
M((0G,)LQ x R?) =2(|Q — P|+ H'(Z)) < oo,  see (1.5).

Let now [Ia,p] denote the 1-current integration of 1-forms over the oriented line segment I4 g from A

to B in the target space R2, so that O0[1a,8] =B — 4. Our Theorem 1.2, see Example 9.1 below, yields
to the decomposition R
(0G)LQ xR =Ty + Ty,

where Ty, T} are the i.m. rectifiable 1-currents in Rq(Q X @2) given by

Ty [Ipq] % (04 —6p) + (6g —6p) X [1a,B], (2.3)
T = (0g—0p)x([2]—[1aB])- '



Notice that both Ty and 77 have finite mass,
M(Tp) =2(1Q — P+ [B—A[),  M(T1) =2(H'(Z)+|B - A])

and no boundary, as by (2.2)

Ty = 8[[IP,Q]]><(5A—<53)+(5Q—6p)><5)[[IA73]]
= (6q —6dp) x (64 —0p) + (6g —dp) x (0p —04) =0,
oy = (6 —dp)x0([X]—[1as])

= (g —dp) x ((0p —04)— (6 —04))=0.
We thus have S; = Ipg and Sy = {P,Q}, see (1.8) and (1.9).

AN EXAMPLE ABOUT SOBOLEV MAPS. Let n=N =3, Q= (-2,2) x (=1,1)2, and P = (—1,0,0),
Q = (1,0,0). Let u:Q — R3 given for z = (z1,72,23) € Q by

up(z) if < -1
u(z) :=4¢ wl(x) if —-1<x<1
ug(x) if x1>1

where

_x—P () e (z2,23) () e z—Q
up(@) = i —prs () (o, 7‘(@&;3)‘), Q)= =4 (2.4)

Clearly, u is well-defined and continuous outside the singular set given by the closed line segment Ip g
connecting P to @, as * — P = (0,z9,23) if v1 = —1, and z — Q = (0,29,23) if 1 = 1. Moreover, the
images by u of the three sub-domains of 2 are

im(up) =%7, im(ug) = S*, im(uq) = =*
where, for y = (y1, y2,y3),
SE={y e R fyl=1, 451 >0}, S i={yeR®: |y =1, 4 =0}. (2:5)

Furthermore, up,ug € WH? for every p < 3, whereas by Fubini’s theorem uy € W'? for every p < 2, so
that w is a Sobolev map in W“’(Q,I@B) for every p < 2.

Let adj(Vu) denote the matrix of the adjoints of the Jacobian matrix Vu. Since the unit circle St is
1-dimensional, the area formula and Fubini’s theorem yield that

adj(Vu) =0 if —-1<uz<1,
whereas by the parallelogram inequality
|adj(Vu)| < C|Vup|* if z; < -1, |adj(Vu)| < C|Vug* if 1 >1,

whence |adj(Vu)| € L1(2). Also, the half-spheres %% being 2-dimensional, the area formula yields that
det Vu = 0. As a consequence, the area of the graph of u is finite,

Au, Q) = / V14| Vul2 + | adj(Vu) |2 + | det Vu|? dz < oo,
Q

and the current G, carried by the graph of u is i.m. rectifiable in R3(€ x ]IA€3) with finite mass,
M(G,) = A(u, ) < 0.
According to Example 1.1, and integrating by parts, one also deduces that
(G LOXR = [Ipo] x[S']—dp x [E7 ] —6bg x [ZF], (2.6)

where [X*] denotes the 2-current integration on the half sphere $*, equipped with the induced standard
orientation from the 2-sphere X7 U X~ and [S!] is the 1-current integration on the 1-circle S, oriented



in such a way that 8] %] = £[S']. Therefore, the boundary current (9G,)L 2 x R3 is i.m. rectifiable in
R2(2 x R3) with finite mass, see (1.5),

M((0G,)LQ xR?) =|Q — P|- H' (S + H2(EZT) + HA(Z7) < 0.
Let now [D?] denote the 2-current integration on the 2-disk
D*:={yeR®: |y <1 and y =0}, (2.7)
positively oriented by the 2-vector (0,1,0) A (0,0,1) of the target space. Notice that we have
oID?*]=[S']=0[="]=-9[2"]. (2.8)
Theorem 1.2, see Example 9.2 below, this time yields to the decomposition
(0G )L X R =Ty + T, +T»,
where Ty =0, as u is a Sobolev map, and T3, T5 are the i.m. rectifiable currents in Ro(£2 x @3) given by

Ty = [Ipqlx[S']+ (0p —dq) x [D?],

T, = —dpx ([5°]+[D*]) ~dg x ([SF] - [D?]). (29)

Again, both 77 and 75 have finite mass,
M(Ty) = |Q — P|-H'(SY) +2H*(D?),  M(Tz) = H*(Z7) + HA(Z1) + 2H?(D?)
and no boundary, as by (2.8)

o1y = aﬂ]’pr]] X ﬂSl +(6P*§Q) ><8[[D2]]
= (0g —dp) x [S']+ (0p —dg) x [S'] =0,
0 = —opx0([Z7]+[D?])-dgxa([E"] - [D*])=0.

We thus have Sy =0, S1 = Ipg, and Sy = {P,Q}, see (1.8) and (1.9).

3 Notation and preliminary results

In this section we collect some notation and preliminary results. We refer to [16, 23, 29, 2] for general facts
about geometric measure theory, and to [19, Vol. I] or [20] for further details on currents carried by graphs.

RECTIFIABLE SETS. Let U an open set in R™ and H* the k-dimensional Hausdorff measure on R™.
For 1 < k < m integer, a set M C U is said to be countably HF-rectifiable if it is H*-measurable and
HF¥-almost all of M is contained in the union of the images of countably many Lipschitz functions from R*
to U, compare [16, 3.2.14]. The set M is said to be k-rectifiable if in addition H*(M) < oo.

Remark 3.1 The rectifiability criterium by Besicovitch-Marstrand-Mattila, see [16] or [7, Thm. 2.63], states
that if A C R™ is a Borel set satisfying H¥(A) < oo, then A is k-rectifiable if and only if the k-dimensional
density ©F(H*, A, x) is equal to one for H*-a.e. x € A. This yields that k-rectifiable sets can be “fractured”.

GENERAL AREA-COAREA FORMULA. The following theorem by Federer [16, 3.2.2] subsumes both the
area and coarea formulas, compare [23, 3.13].

Theorem 3.2 Let M C R™ a k-rectifiable set, N a p-rectifiable subset of R™2, where m1 > mo > 1 and
k> p. Let f:R™ — R™ q Lipschitz function such that f(M) = N. Then, for any H* L M-integrable
function ¢ : M — R we have

/M J]{Vl(w) $(w) dH(w) = /N(/Mmfl({z}) %[}deiH) )
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In this formula, JJ{V‘ denotes the k-dimensional tangential Jacobian of fL M : M — R™2 compare e.g.
[19, Vol. I, Sec. 2.1.5], given for k = p by

T (w) := (det[(dM fu)* (@M fu)])'/2, w e M.

RECTIFIABLE CURRENTS. We shall denote by &*(U), &F(U), and D*(U) the spaces of smooth,
bounded smooth, and compactly supported smooth k-forms in U, respectively. The (strong) dual space to
DF(U) is the class of k-currents Dy (U).* If T € Dy(U) has finite mass®

M(T) :=sup{T(w) |w € D*(U), |w| <1} < 00, (3.1)

by dominated convergence it turns out that the action of 7' extends to forms w € EF(U), or even to k-forms
with bounded Borel coefficients in U. In particular, the restriction 7' B is well-defined for each Borel set
B € B(U). Since we shall work with currents with no compact support,5 we shall use the symbol “.” when
referring to subclasses of currents with compact support. A current 7' € Dy (U) is said to be of the type

(M,G,?), say T = T(M,G,?), if T acts as
T(w) = /M w(2). € (2) 0(z) dHF () Ve € DHD),

where M C U is countably H*-rectifiable, the multiplicity 6 : M —]0, +-00] is H*-measurable and locally
(H* L M)-summable and ? : M — AgR™ is H*-measurable with |?| =1 (H*L M)-a.e.. Furthermore, T
is said to be an integer multiplicity (i.m) rectifiable current, T € Ry (U), if in addition T has finite mass, see
(3.1), the density @ takes integer values, and for H*-a.e. z € M the unit k-vector ?(z) € AxR™ provides
an orientation to the approximate tangent space to M at z. Moreover, set(T') denotes the set of positive
multiplicity 0 in M, so that H¥(set(T)) < M(T) < oo for every T € Ry (U). Finally, in this case the
support of T agrees with the closure of set(T'), and in general H*(sptT) < oco.

MAIN PROPERTIES. The fundamental theorem by Federer-Fleming [18] makes i.m. rectifiable currents
very natural and important, especially in connection with the calculus of variations:”

Theorem 3.3 (Closure-compactness) Let {T;} C Ri(U) a sequence of i.m. rectifiable currents satisfy-
mng
sup [ M(T; W) +M((0T;)LW)] <oo VW open, W cCU. (3.2)
J
If T; weakly converges to some current T € Dy(U), then T € Ry(U). Otherwise, there ezists a subsequence
{T;'} of {T}} and an i.m. rectifiable current T € Ry(U) such that Tjr — T.

Since the Deformation theorem holds true for normal currents T € Dy(U), i.e., satisfying M(T) +
M((0T) L U) < oo, compare [2, 1.16], we obtain

Theorem 3.4 (Boundary rectifiability) Let T € Ri(U) a normal current, M(((0T)LU) < co. Then
the boundary of T is i.m. rectifiable, too, i.e., (OT)L_U € Rg_1(U).

The subclass Pi(U) of integral polyhedral chains is the abelian group (with integer coefficients) generated
by oriented k-simplices in U. In a similar way, compare [2, 2.11], arguing as in [16, 4.2.20] one has:

Theorem 3.5 (Strong polyhedral approximation) Let T' € Ry (U) such that M((0T)_U) < co. Then
for each j € N* we can find an integral polyhedral chain P; € Px(U) and a C*-diffeomorphism g; of U
onto itself such that Lip(g;) < 1+1/j, Lip(gj_l) <1+41/j, and M(gjT—P;)+M(0(g;#T—PF;)LU) < 1/j.

4Therefore, Do(U) is the usual space of distributions in U.

5In (3.1) we have denoted by |lw|| the comass norm of w. Using the standard Euclidean norm of w, one obtains an equivalent
notion of mass that agrees with (3.1) for i.m. rectifiable currents.

6The support of T is defined exactly as for distributions.

"Recall that the weak convergence T; — T' in Dy (U) is defined in the dual sense by requiring that Tj(w) — T'(w) for every
test form w € DF(U), and that the mass is sequentially weakly lower semicontinuous. Therefore if a sequence {T}} C Dr(U)
satisfies sup M(T}) < oo, there exists a subsequence {T;/} of {T;} and a current T € Dy(U) with finite mass such that
T; — T. Finally, if k> 1 the boundary current 0T € Dy_1(U) is defined by duality for every T € Dy(U) by the formula

AT (n) :=T(dn)  VneDYU).
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NOTATION FOR MULTI-INDICES. Let n, N > 2 integer. If G is an (N x n)-matrix, 3 and « will
always denote the ordered multi-indices of row and column of G, respectively. If e.g. a = (as,...,qp),
where 1 < a3 < --- < @, < n, is a multi-index of length |a| = p < n, we set x4 := (Tay,--.,%a,) and
dz® := dz** A --- A dx®?, where x = (z1,...,x,). We also say that the positive integer ¢ belongs to « if
it is one of the indices o, ..., 0p. If i € a we denote by o — ¢ the multi-index of length p — 1 obtained by
removing i from «. Also, @ is the complement of « in (1,...,n), weset 0:= (1,...,n), and o(a, @) is the
sign of the permutation which reorders « and @, e.g., o(a,a@) = (=1)""1 if a =i. For a =i we finally set
Z; = xq and da? := dz®. A similar notation holds for 8 and dy®, with n replaced by N. Moreover, we
shall denote by (e1,...,e,) and (e1,...,ex) the canonical bases in R® and R, respectively, so that e.g.
€o = €ay N Neq,.

If |a|+|8] =n,and |B| > 1, we define by Gg the square submatrix obtained by selecting the rows and
columns by (8 and @, respectively, and by Mg(G) its determinant

M2(G) :==detGE,  MJ(G):=1. (3.3)
Finally, we define the matriz of adjoints of Gg by the formula

(adj GE) .= o (j, B — j) o(i,@ — i) det G2 jep, ica. (3.4)

a—1

Of course, if n =N and |3] =n, i.e, 8 =0, we simply write adjG for adj Gg = adj G% so that
(adj G)} = (~1)™7 det G, ij=1,...,n. (3.5)

SPLITTING OF CURRENTS. Let  C R" be a bounded domain and U := Q x RY. Every (n — 1)-form
n € D" HQxRN) splits as a sum w = 31w, where n := min{n—1, N} and the w®)’s are the (n—1)-
components that contain exactly k differentials in the vertical y-variables.® Every current 7' € D,,_; (2 xRY)
then splits as

T= ZT(k) , where  T(;(w) := T(w®).
k=0

Notice that the above formula is a decomposition in mass. More precisely, since for every w € D"~1(Q xRY)
ol = sup{||w®]| : k=0,...,n},

by (3.1) we deduce that M(T) = szo M(T(1)). For I =1,...,n, we shall also denote

n

T(Zl) = ZT(k) , so that M(T(Zl)) = ZM(T(]’C)) . (3.6)
k=l k=l

A similar decomposition holds for every (n — 1)-vector field ? in Q xRV, say

n

€= if(k) s €y = Z £ Peq Neg. (3.7)
k=0

|| +|Bl=n—1
1Bl=k

We thus have -
W™, &) = (W, &) = (WP, &) VEk=0,...,n.

8We thus have for some wq g € C°(Q x RY)

wk) = Z wa,g dz® A dy® if w = Z wa,g dz® A dy® .
la|+]B8]=n—-1 la|+]B8]=n—-1
|8l=k
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HoOMOTOPY FORMULA. Let V C R™ be an open set, where m > n+ 1. Let f,g: Qx RY — V be
two Lipschitz maps, and let h: Q x RY x [0,1] — V denote the affine homotopy map

h(z,t) =t f(z)+ (1 —t)g(z), 2z QxRN tec(0,1].

If a current 7' € D,,_1 (2 x RY) has finite mass, by dominated convergence the action of T is well-defined
on smooth forms w € &' '(Q x RY) with bounded coefficients, e.g. for w = f#n for any n € D" }(V)
and for f as above. Hence the image current fzT € D,_1(V) is well-defined by fzT(n) := T(f#n), for
n € D"~Y(V). As a consequence, if T is a normal current, i.e., M(T) +M((0T) L Q x RY) < oo, the image
currents hy (T x [0,1]) and hx (0T x [0,1]) are both well defined provided that f and g are bounded
or the restriction of h to the support of T'x [0,1] is proper. In particular, if T has compact support, and
V = Q x R¥, the homotopy formula [29, 26.22] yields

Ohy (T x [0,1]) = hy (0T x [0,1]) + (=1)" " (f4T — gxT)  on D" HQ x RY). (3.8)

Dealing with currents that are not compactly supported, in the case V = QxRN and for suitable choices
of f and g we overcome this problem by restricting the range of ¢ to intervals of the type [e, 1].

Proposition 3.6 Let € €]0,1[ and h. : Q@ x RY x [g,1] — Q x RN denote the affine homotopy map
he(z,y,t) ==t (z,y) + (1 = 8)(2,0), (2,y) € QxRY, tele1]. (3.9)

If T € Dy—1(2 x RN) has finite mass, the image current hey(T x [e,1]) is well-defined in D, (Q x RY)
and it has locally finite mass, i.e., for every compact set K C  x RN

M((hey (T x [e,1])) L K) < o0

Similarly, if M((OT)L Q xRY) < 0o the image current hey (0T x [,1]) is well defined in D,_1(Q x RY)
and it has locally finite mass. Finally, setting f.(x,y) = (z,ey), if M(T) + M((0T)LQ x RY) < oo, the
following homotopy formula holds:

Ohey (T x [£,1]) = hene(OT x [,1]) + (=1)"" YT — fouT)  on D" HQ xRY). (3.10)

PROOF: Since T has finite mass, we deduce that h.4(T x [&,1]) is well-defined provided that ||h¥w| < oo
for every w € D*(2 x RY). To prove this property, by a density argument we may and do assume that w
is a linear combinations of forms of the type ()% (y)dz® A dy®, where ¢ € C°(Q), ¥ € C*(RY), and
lal + |8 = n. If |B] > 0, we have

W (o) W(y)da® A dy®) = p(a) dz® Ap(he(y, 1)) R dy”
where h. : RN x [e,1] — RY is given by Es(y,t) = ty, and compute
n#Fdy® = dy” — (—=1)° wg Adt, where wg:= Za(j,ﬁ —j)y dy®= € EVITLRY).
Jjep
Since moreover 1 € C2°(RY), there exists R > 0 such that ¥(y) = 0 if |y| > R, hence Y(he(y,t)) =0 for
every (y,t) € RY x [g,1] provided that |y| > R/e. Using that |@wg(y)| < |y, this yields
o R
1% (o) ¥ (y)dz® Ady?)| < elloolltlloe— <00 on Q@ xRY x[e,1].

If 3] = 0, we have [[h# (p(2) d(y) dz®)|| = [l¢(@) & (he(y, 1)) da[| < [[@lloc|t)]|oo- In particular, denoting by
Bpg the closed ball in RY centered at the origin and with radius R, by (3.1) we deduce that for each R > 1

~ R
M((hep(T % [€,1])) Q2 x Bg) < ;M(T) < 00,

and hence that h.x(T x [¢,1]) has locally finite mass. The second assertion is proved in a similar way. As
a consequence, if M(T) + M((0T)L Q x RY) < oo, property (3.10) follows from the standard homotopy
formula (3.8), with 0 replaced by e, using the dominated convergence theorem. O
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Remark 3.7 In general the image currents h.x(T x [e,1]) and h.x(9T x [&,1]) from Proposition 3.6 do
not have finite mass, if 7" does not have compact support.

ORTHOGONAL PROJECTIONS. We shall denote by 7 : R” x RY — R™ and 7 : R” x RV — RY the
orthogonal projections onto the x and y coordinates, respectively. Let 0 < j < min{n,N} and 0 < k < j
integers. Let T € D;(Q x RY) a current with finite mass, M(T) < oo. For any w € D¥(RY), we shall
denote by 7 (TL7#w) the current in D;_x(£2) such that

(mu(T L7 W), @) = TEFw AT Q) =T(wAg),° 0 e DITkQ).
Similarly, for ¢ € D¥(RY), we shall denote by 74 (T L 7#p) the current in D;_,(RY) such that
Fu(TLn%9),w) :=T(r*p AT#w) = T(p Aw), w e DITFRNY.

CURRENTS CARRIED BY GRAPHS. We shall denote by A'(2,RY) the class of vector-valued L!-maps
w:Q — RN that are a.e. approzimately differentiable and such that all the minors of the Jacobian matric
Vu are summable,' i.e.,

AYQRY) := {u € LY(Q,RY) | u is a.e. approximately differentiable and

ME(Vu) € LXQ) for all o, § with |a| + |8] = n} . (3.11)

If ue Al (QJRN ) is smooth, the graph current G, acts on compactly supported smooth n-form w in
Q2 x RN by integration on the naturally oriented graph G, of u, see (1.1), so that by the area formula

Gy(w) = /Q(Id > u)? w YweD"(Q xRY), (3.12)

where Id > u(z) := (z,u(z)). Following [19, Vol. I, Sec. 3.2.1], for general maps u in A (€2, RY), the graph
current G, € R,(2 x RY) is again defined by (3.12), where the pull-back (Id < u)#w is intended in the
a.e. approximate sense. Formula (1.1) holds true, but this time the rectifiable graph is the n-rectifiable set

Gu = {(x,\(2)) : € L,NAp(u) N QY.
As a consequence, the mass of G, see (3.1), is equal to the area of the rectifiable graph of u, i.e.,
M(G,) = H"(G.) = A(u, Q) := / Jn(Id < u) de < oo,
Q

where J,,(Id > u) is the n-dimensional Jacobian of the graph map Id < u.'?
BOUNDARIES. As we recalled in the introduction, graphs of smooth maps u : Q — RY satisfy the null-
boundary condition (1.2). On the other hand, see Example 1.1, if u € A'(Q,RY), in general the interior

boundary of G, is non zero, i.e.,

(OG)LQXRY £0.

The membership of u to Sobolev classes yields the following property on the lower components of the
boundary 9G,, compare [19, Vol. I, Sec. 3.2.3] and also [20, Prop. 4.22].

Proposition 3.8 Let u € WYP(QRY) for some p € N*. Then for every k=0,...,p—1

(0G )y L x RY =0. (3.13)

9We shall often omit to write the action of the pull-back by 7 and 7.

OHence Vu(z) is an (N x n)-matrix, for a.e. = € Q.

n this formula, £, is the set of Lebesgue points, Ay () is the Lebesgue value at x, and Ap(u) is the set of approximate
differentiability points of u. Notice that if u is a Sobolev map in W11 then the approximate gradient Vu agrees with the
distributional derivative Du.

12Using the notation (3.3), we compute Jy, (Id > u)? = Z Mg(Vu)2. For example, if n = N =3 we have

la|+|B]=n

Jn(1d <) = /14 [Vul? + [ adj Vul? + (det Vu)?
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PROOF: For every form n € D"~ 1(B" x RY) we have
3Gu(77(k)) = Gu(dmn(k)) + GU(dyn(k)) )

where d = d, + d, denotes the splitting of the exterior differential d in Q x RY into the horizontal and
vertical differentials. Therefore, (3.12) yields that 9G,(n*)) is written as an integral involving minors of
Vu of order lower than k + 1. Let now {un} C C*(Q,RY) a sequence of smooth maps converging to u
strongly in W'?. By the dominated convergence theorem, one infers that 9G.,, (1)) — 9G, (n*)) provided
that k& < p— 1. Condition (1.2), that holds true for the uy’s, gives (3.13). O

Remark 3.9 The function u from Example 1.1 belongs to WP (B”,fR”) for any p < n, whereas det Vu =
0 a.e., so that u € AY(B™,R"), but v ¢ W1 (B", R"). In particular, (3.13) holds true for k=0,...,n —2.
However, property (1.3) implies that the function u does not satisfy (3.13) for k =n — 1.

Finally, we shall need the following

Lemma 3.10 Let T € R,—1(QxRY) satisfying the null boundary condition (1.12). Then we have T(dn) =
0 for every smooth form n in E""2(Q x RN) with Lipschitz coefficients and with support contained in the
cylinder Q x RN,

ProoF: Condition (1.12) means that T(dn) = 0 if n € D" 2(Q2 x RY). For R > 0, we choose a cut-off
function yr € C°([0,+00)) such that xgr(t) =1 for 0 <t < R, xg(t) =0 for t > R+1, 0 < xr <1
and |x| < 2. Since xr(|y])n € D"2(Q x RY), by (1.12) we have T(d[xr(|y|)n]) = 0, whence

T(dn) =T (dl(1 — xr(lyD)n]) -
Set Ur :={(z,y) |z €Q, |yl > R} and W; :=U; \ Uj41, for j € N. Since T has finite mass,

Jim M(TLUR) =0, liminfj- M(TLW;)=0. (3.14)

J—0

Moreover,
dl(1 = xr(y)nl = =x&(y]) dlyl An+ (1 = xr(y]) dn.

Therefore, taking R = j we estimate for each j
T (dn)| < clinlloc,w, M(T'Wj) + [ldnlloc M(T L Uj) -
Since 1 has Lipschitz coefficients and support contained in Q x RV, we get
In(z,y)llco,w; < 1L+ llylloow;) < ca(l+34),  lldnll <ecs
for some absolute constants ¢; > 0. Hence for each j
T (dn)| < c2(1 4 5) M(T'LW;) + e3s M(T'LU)

and the claim follows by taking a subsequence according to (3.14). g

4 An isoperimetric inequality

In this section we extend the isoperimetric inequality from [25, Prop. 2.1]. The main difficulty is due to the
fact that we do not require the current 7' in Proposition 4.1 below to have compact support.

We let © C R™ a bounded domain, where n > 2, and denote by R™ the target space. Any form
w € D" 1(R") is identified by a compactly supported smooth vector field g € C°(R™,R"™) via the formula

n

wey) =3 (-1 ) Ay, g = (N g, (4.1)

j=1
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where gy\ﬂ =dyt A Ady? T AdYyTTEA - Ady™, so that dwg = div g dy, where dy := dy' A~ Ady™. We
let 114 correspondingly denote the signed measure given on Borel sets B € B(§2) by

(119, B) = (—=1)" " Hmg(T L7 wg), B,
so that for functions ¢ € C°()
(=1)" g, ) = (TLE w) (7% 0) = T(p Awg) .

Proposition 4.1 Let T € R, _1(Q x ]IA%”) an i.m. rectifiable current satisfying the property T(,_2y =0 and
the null-boundary condition R
OTYLOXxR"=0. (4.2)

Then for every xo € Q and a.e. r > 0 such that B,(x9) CC Q we have
(19 Br(20)| < e | div glloo M(T L B, (g) x ™)™/~ (43)
for every g € CSO(I?&",I?&"), where ¢, > 0 is an absolute constant, not depending on g.
PRrooOF: Fix ¢ €]0, 1], define h. : Q x R" x [e,1] — Q x R™ as in Proposition 3.6, where N = n, and denote
H: = heu(T x [£,1]) € D (2 x R™). (4.4)
By Proposition 3.6, we may and do introduce for k € {0,...,n} and 1 € D*(Q) the (n — k)-current
HiLn =7y (Hs _n%n) € Dy i (R™).
Setting %e(y, t):=ty for (y,t) € R" x [e,1], we thus equivalently have:
HiLnw) = (T x [e,1])(n A h#w),  weD" *R"), (4.5)

where we have omitted to write the pull-back of the orthogonal projection maps. Even if in general the
current H5 from (4.4) does not have finite mass, see Remark 3.7, by Proposition 3.6 we deduce that for

every n € DF(Q), the current H5 L7 in Dn,k(f&") has locally finite mass. In the case k = 1, we shall
make use of the following extension of [25, Lemma 2.3], the proof of which is postponed.

Lemma 4.2 Let T € R,,—1( x ]ﬁ”) be such that T(,_o) = 0. Then H5Ln =0 for every n € D*(Q).

Setting now fe(z,y) := (z,ey), we let ug denote for every g € CSO(HAQ”,HA%”) the signed measure given
on Borel sets B € B(2) by

(g, B) = (—)" " Nmp (e T L 7" wy), B)
so that for functions ¢ € C°()
(=1)" g, ) = e T Nwy)

Property (4.2) implies that h.y (0T x [£,1]) = 0 on forms in D"~1(Q x R™). Therefore, using the above
definitions, our homotopy formula (3.10) gives

(g = pig, ) = Hp L dip(wy) + Hi L p(duw,)
for every ¢ € C°(Q) and g € C° (R",R"), whereas Lemma 4.2 yields that H5 L dp(wg) =0, so that

(g — pg, ) = Hi L p(dwy) = Hy L p(div g(y) dy) -

As a consequence, taking a sequence {¢;} C C°(Q) converging in L' to the characteristic function x
of the closed ball B,.(x), and setting B, := B,.(z) for simplicity, we deduce that

(g — pg, Br) = Hp L x5, (divg(y) dy) -

16



In fact, setting f-(y) = ey and K = spt ¢, since llwgll = l9llsc by (3.1) we have
[fe T (0 Awg)| = IT(¢ A fFwg)l < [[0llos llglloc € M(T LK x R"),
so that the measures i, and pg have finite total variation, as

{119, Br)| < lglloe M(T LB, x R") < o0

g Br r X R (4.6)
(15, B,)| < £ lglloe M(TL B, x R") < 0
Dr

On the other hand, for each w € (}R”)7 by (4.4) and (4.5) we have
HiLxg, (W) = (T x [&,1])(xp, Ahfw) = (TLB, xR") x [, 1]) (i w).

Therefore, since by Proposition 3.6 the current H:L ¢ in D, (]ﬁ”) has locally finite mass, and 7' is i.m.

rectifiable in R,_1 (€ x R™), we deduce that the current HE L xg, islocally im. rectifiable in R, IOC(HA{”).
We then proceed in a way similar to the second part of the proof of [24, Prop. 3.1].

More precisely, by using the degree theory from [19, Vol. I, Sec. 4.3.2], for a.e. r > 0 small there exists
an integer valued and locally summable function AS € LlOC(R", Z) such that

H7 L, (00) dy) = [ Ay wln)dy ¥ € CX(RY).
RTL
This yields that for every g € C2° (HAQ”,HAQ”)
(g — 15, Br) = [ As(y) divg(y)dy.

R™

Moreover, by (4.6) the measure p, — pf has finite total variation,
(g — 115, Br)| < llgllse (1 +) M(T'L B, x R™) < 00

Therefore, Af is a function of bounded variation in @”, with

IDAZ|(R?) = sup [ Al(y) divg(y)dy
lglloo<1 JRe B R (4.7)
= sup [{pg — 5, Br)| < (1+e)M(TL B, xR") < c0.
lglloo <1

By Sobolev embedding theorem, and by density of smooth maps in BVlOC(]lAQ”),
||Ai||m/(n—1)(@n) < cn | DAT|(R™)
whereas, taking into account that A:(y) € Z,
— n/(n—1
Loaiwlar= [ 1o ay = 18505057 g -

We thus obtain

(g — g, Br)| < / AL (y) divg(y)|dy < Hdng”oo/@ A% (y)] dy
< [/ divgllos cn (|DAG|R™)™ (1)
and definitively, by (4.7),
[ty — 1, B} < 11 div glloo e (1 + 2)™ @~ DM(T L, x Rryn/(=D) (45)

Finally, since |(pyBy)| < [(g — p§, Br)| + |{1s5, B,)|, using the second line in (4.6), the isoperimetric
inequality (4.3) follows by letting ¢ — 0 in the above formula (4.8). O
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PROOF OF LEMMA 4.2: We have (4.5) with k = 1. Using (4.1), write w € D" 1(R") as w = wy for some
g € C°(R™,R™). By linearity, without loss of generality we may and do assume that ¢’ =0 for j > 1, and
let g'(y) = f(y), so that w, = w := f(y) dy', where f € C>(R™). We compute

n

hfw = fty)[t"tdy" + (~1)"w At 2dt]), where w!i= D (1) y, dy € E77R) .
h=2

Since the form n A f(ty) t"’lgy\l does not contain the differential dt, by definition of Cartesian product of
currents and the dominated convergence theorem we get (T x [&,1])(n A f(ty)t"tdy') = 0 and hence

HiLnw) = (=1)"(T x [, 1])(n(z) A f(ty) w! At"2dt))
= (=D)"T(n(z) Aw'(y) F(y),
1 A~
where F.(y) := f(ty)t"~2dt. Arguing as in the proof of Proposition 3.6, using that w' € £*~2(R")

€
satisfies |w!(y)| < |y|, we deduce that

R An
In(z) At () Fe @)l < lnll - 1 flloo - — <00 on @xR™ x [e,1],

where R > 0 is chosen so that f(y) = 0 if |y| > R. Since M(T') < oo, property T(,_) = 0 and the
dominated convergence yield that T'(n(x) A w'(y) F-(y)) = 0, as required. O

5 A projection argument

Let N >n and u € W 1(Q,RY)NA! a Sobolev map such that the boundary current T := (3G, ) L x
RY has finite mass, see (1.5). For any multi-index 3 of length |3| = n, by Lemma 5.2 below the boundary
TP = 0(Gys) L QX @g of the graph current of the corresponding Sobolev map u” € Wn=1(Q, ]lA%g)OAl has
finite mass, too, hence it satisfies the hypotheses of Proposition 4.1, see Remark 6.2 below. Using arguments
from [24], see the proof of Theorem 1.3 in Sec. 6 below, case N = n, this yields that set(7"”) C Sg x R

for an at most countable set of points S’g C Q. Therefore, making use of the general area-coarea formula,
we aim at recovering the action of T in terms of the action of the currents 7% on suitably related forms,
see Proposition 5.5 below. This would allow to conclude that set(7) C Sy x RN for an at most countable
set of points Sy C €2, Theorem 1.3. However, as the following example from [19, Vol. I, Sec. 3.2.3] shows, in
general the above strategy may fail.

Example 5.1 Let u: B2 — R3 the homogeneous extension u(z) := <p( ) of the Lipschitz map ¢ : St —

-
||
R3 defined in terms of the angle 6 by

(cos 40, sin 49,0) if 0<6<7/2
9) — 1,0,0 — m/2) it w/2<f<m7
wl0) = cos4f, —sin40,7/2) if 7 <6<3m/2
1,0,2m — 0) if 37/2<60<2r.

Clearly u € Wh?(B2 R?) for p <2 and M(Vu) =0 for each |a| =1, hence u € A'(B2,R?). Moreover
(0Gu)L B x R® = —=bg x 94 [S'],  wx[S'] =151~ [27)2],
where for A € R the unit circle ¥} :={y € R® : |(y1,92)| =1, y3 = A} is naturally oriented. Using that
M (p4[S']) = (P op)plS']=0 i |5]=2,

see the notation (5.1) below, we have (9G,5)L Q x fR% =0 for every |3| = 2, even if (0G,)L Q x R® # 0.
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Roughly speaking, the cancellation phenomenon in the previous example is due to the fact that the two
circles Xj and X! /2 have exactly the same shadow on the coordinate planes R%. However, by slightly

rotating the target space R3, this problem can be avoided.
More generally, assume |3| = n, and define the corresponding projection maps

Hﬁ:RNHanRn7 Hﬂ(y):y,@ ::(y517"'7y6'm)7

Wy iR X RN R xRS, Wy, y) = (g 0 117 (3, ) = (2, TP (3)) . (5.1)

For any T € Rp,—1(Q2 x RY), let TP := U, T € D,,_1(Q x R%) the corresponding image current, see
Lemma 5.2 below. Denoting M := set(T'), the cancellation phenomenon previously described is clearly
avoided provided that the multiplicity function H°(M N \1151({2}) is equal to one for H" !-a.e. point z in
the shadow Wg(M). To this purpose, we shall first consider the case of polyhedral chains, Proposition 5.3.

PROJECTION OF CURRENTS. We first point out the following facts:

Lemma 5.2 Let T € R,,_1(2 x RY) satisfying the null boundary condition (OT)L_Q x RN = 0. Then the
image current TP := UguT is i.m. rectifiable in Rp—1(2 x Rg) and satisfies the null-boundary condition

(OTP) L Q x R} = 0.

PROOF: Since T is i.m. rectifiable, the first assertion follows if we show that M(T”) < co. To prove this,
observe that for every w € D"~1(Q) x R%) the pull-back form \I/?w belongs to the class &' ' (2 x RY) and

satisfies ||\I'§w|| < ||w||. Therefore, by (3.1) and by dominated convergence, we estimate
TP (w) = T(Whw) < M(T) e < M(T) ]
that gives M(T?) < M(T). As to the second assertion, for every w € D"~2(Q x R%) we have
0T (w) = TP (dw) = T(V} dw) = T(dV}w) = T(d),

where the smooth (n — 2)-form © := \I/?w has support contained in Q x RV, as sptw = \Ilgl(spt w). Since
lo]] + [|d@]| < oo, Lemma 3.10 gives T'(dw) = 0, as required. O

PROJECTIONS OF POLYHEDRAL CHAINS. Assume N > k > 1 and denote by O*(NV, k) the set of
orthogonal projections p of R onto the k-dimensional subspaces of RYV. There is a unique measure on
O*(N, k) that is invariant under Euclidean motions of RY and normalized to have total measure 1.

Proposition 5.3 Let N >n and P € P,_1(QxRY) be an integral polyhedral chain, and let M := set(P).
Then for a.e. projection p € O*(N,n) and for H* 1-a.e. z € (Idgn > p)(M)

N(Idg» <1 p|M, 2) := HO (M N (Idg~ > p) " *({2})) = 1.

PROOF: Recall that (ej,...,e,) denotes the canonical basis in R® ~ R™ x {0} ¢ R™ x RN. Every
projection of the type Idg~ 1 q, where q € O*(N, N — 1), is clearly determined by a couple v of unit
normals v € R” x RV, ie., v € S"™ =1 and v-e¢; = 0 for each i = 1,...,n. Hence, the couple +v

belongs to the “vertical” (N — 1)-sphere
SN = {(x,y) e SV C R x RN | 2 = 0}.

Using this identification, we write Idg~ < q = 74,.
Since P is an (n — 1)-dimensional integral polyhedral chain, it is readily checked that the property

N(re, M, 2) = H' Mnry, 1({2}) =1 Vz€my, (M)

holds true for every choice of £v € SY~1 except for a “bad” set B C SY~! of null H"-measure, H"(B)=0.
This proves the claim in the case N =n+1. For N = n+m, with m > 2, it suffices to iterate m times the
above argument. a
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Remark 5.4 Proposition 5.3 is clearly false for projections p € O*(N,n—1). If e.g. N =n+ 1, it suffices
to take P = dp x [Q], where Q is an (n — 1)-dimensional cube in R

THE AREA-COAREA FORMULA ON CURRENTS. Let now T € R,_1( x RY), where N > n, and
—
write T := 7(M, 6, £ ). Moreover, for any index § with |3| = m, where 1 <m < N — 1, denote by {3 the
—

component of the tangent (n — 1)-vector field £ corresponding to the base (n — 1)-vectors e, A €4, where
(B contains all the entries of 7, i.e.,

N
= Y Geahs, i €= Y eahs
la|+]v|=n—1 la|+[v|=n—1

YCB

Define

Mg = {(w,y) € M [ &s(z,y) # 0} (5:2)
and observe that the set Mg is (n — 1)-rectifiable, see Remark 3.1. This yields that N := ¥z(Mpg) is an
(n — 1)-rectifiable subset of € x Rj. Let C_é denote an ‘H" ! L Nzg-measurable function such that C—g)(x, y3)

is a unit (n — 1)-vector orienting the approximate tangent space to N3 at H* L-ae. (z,y) € Ng. By
applying the general area-coarea formula, Theorem 3.2, we obtain:

Proposition 5.5 Let [8|=m € {1,...,N —1}. Let |a|+|y| =n—1, with v C 8. Let n) € D"~ HQxRYN)
given by
o = 0(x) f(yz) 9(yp) dz® Ndy”,

where ¢ € C°(Q), f € CEC(R]EV_"L), g € CX(RE). With the previous notation, we have:

() = /N (6(2) B ys) g(ys) dz® A dy, Cp (. ys)) AH (2, y5) (5.3)
B8
where we have set

B(x,yp) = o(2,y) fyz) O, y) dH(x,y),  olw,y) = £1. (5.4)

/Mﬁﬁ(wﬁl({(rvyﬁ)})

PRrROOF: Since v C 3, we clearly have

() = / (1 €5) O A (5.5)

Mﬁ

Moreover, it turns out that the (n — 1)-dimensional tangential Jacobian of Wz agrees with the norm of the
(n — 1)-vector &g, i.e.,

TV (,y) = €p(z,y)|  for H" lae. (2,y) € Mg,
Furthermore, for H" !-a.e. (x,y3) € N3 and (x,y) € Mgn \Ilgl({(:r,yﬁ)}) we have

sl y)
€5 (. y)|

We then apply Theorem 3.2, where M = Mg, N = Ng, k=p=n—1,my =n+ N, mg =n+m,
[=Ys, w=(2,y), z=(x,ys), to the H" ! L Mg-integrable function

O(x,y) = 0(x,y)(b(x) f(y3) 9(ys) dz* A dy”, Ep(,y)) [€s (2, )| "

Since (n2,&3) 6 Jwﬁ -®, by (5.5) we obtain

=o(z,y) C_[;(z) , where o(z,y):==+1.

T() = /M T (2, ) B, ) dHO (1, y)
B
- / / @dHO) dH" 1 (z)
N Mﬁmwg {(y)})
_
= /./\/ .%’ yﬁ) (yﬁ) dx* /\dy77Cﬁ(x7y,3)> dHn_l(xvyﬁ)7
8
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where ® is given by (5.4). O

GOOD PROJECTIONS. We now restrict to the case m = n of our interest. Assume that 7' = P is an
integral polyhedral chain in P,_1(2 x RY). On account of Proposition 5.3, possibly slightly rotating the
target space RY, and denoting without loss of generality by (yi,...,y,) the rotated coordinates, we may
and do assume that

HO(MpN \Ilgl{(w,yg)}) =1 for H" t-ae. (z,y3) € Ns.

This yields that N = set(P?), where PP := U, P € P,_1(Q x R}), see Lemma 5.2. Writing as before
P = 7(M,8, ?), we also may and do choose the orienting unit (n — 1)-vector field C_ﬁ) is such a way

that o(z,y) = 1 in the formula (5.4). We thus have P? = 7(N3, 63, a;), where the multiplicity function
0s(x,ys) = O(z,y) for the unique point (z,y) € Mg such that ¥g(z,y) = (z,y3) € Ng. Since (5.4)
becomes

~

(I)(‘r7yﬂ) = f(yﬁ) eﬁ(xayﬁ) dHO(’J),y),

/Mfmw;l({(z,yﬂ)})

we conclude that (5.3) can be equivalently written as

P(n)) = PP(¢(x) ®(x,ys) g(ys) da™ A dy"),

where we have set

(I)({E7 y,@) = f(yﬁ) dHO(:E, y) : (56)

/Mﬂﬁ(%l({(%yﬂ)})

PROJECTIONS OF INTEGRAL CURRENTS. We finally show the way to extend the previous features
to i.m. rectifiable currents with finite boundary mass.

Proposition 5.6 Assume N >n. Let T € R,,—1(Q x RY) such that M((0T)L Q x RY) < 0o. Following
the notation from Proposition 5.5, write for |G| =n

T=1(M,0,¢), UyuT = 7(N3,05,C5)

Then, possibly by slightly rotating the target space, for |a|+|y| =n — 1, with v C 3, we have

T(ny) = VpxT(d(x) D(x,yp) 9(yp) dz™ N dy?), (5.7)
where ®(z,yg) is defined as in (5.6), with Mg given by (5.2).

PROOF: By the strong polyhedral approximation theorem 3.5, for each j € NT we find an integral polyhedral
chain P; € P,,_1(2 x RY) and a C'-diffeomorphism g; of Q x RY onto itself such that Lip(g;) <141/,
Lip(g; ') < 1+1/4, and M(g;#T — P;) + M(9(g;#T — P;) L Q2 x RY) <1/,

Denote M; = set(P;). By applying Proposition 5.3 to the sequence {P;};, we deduce that for a.e.
projection p € O*(N,n), for each j € N, and for H" '-a.e. z € (Idgn 1 p)(M;)

N (Idg > p|M;, 2) 1= H*(M; N (Idze =0 p) 7' ({2})) = 1.

As a consequence, possibly by slightly rotating the target space, we deduce that for each multi-index § with
|B] = n the projections ¥ are “good” for each P; in the above sense, i.e.,

N(WslM;, 2) = HOM; N85 ({2}) = 1 (5.8)

for each j € Nt and for H" t-ae. 2z € Ug(M,).
Define now P; := f;j»P;, where f; = g;l, and write P; = T(M/i, 6;,&;), where M; := set(P;). Formula
(5.8) yields that for each j € Nt and for H" '-a.e. 2z € Ugo0 g;(M;)

N(¥p0g;|Mj,2) = H(M; N (Tg0g,) ' ({2}) = 1.
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By applying the general area-coarea formula, Theorem 3.2, we thus infer that

o T B = M50 4)4F).

J

By the strong convergence, and again by the area-coarea formula, we also have

lim (W50 4,) ) = M(3sT) < | T(2)00:) ar

J—00

where, we recall, T = T(M,H,?), and we can assume without loss of generality M = set(T). Since

moreover M(lgj —T) — 0, denoting by A the symmetric difference, we also infer that H"’l(//\/T JAM) — 0
as j — oo. Using that Lip(g;) <1+1/j and Lip(gj_l) <1+ 1/j, we thus deduce that

jooo g Yeo9s

/ Jgt(2)0(2) dH" " < lim inf / JM (2)0;(z) dH" !
M M,

and definitively that
M(¢puT) = / J5(2)0(z) dH" "
M
Using again the general area-coarea formula, this yields that for each (3
N(UpIM, z) :=HO(MNTz7 ({2}) =1
for H""l-a.e. 2z € Ug(M). This means exactly that each Wg is a “good” projection in the above sense.

The claim follows from Proposition 5.5 and from the above argument concerning “good” projections. O

Remark 5.7 For future use, we notice that the function ® in (5.6) is bounded and H"! L Ng-summable,
hence it can be extended to a bounded Borel function ® on € x R%. Since moreover T has finite mass,

the action of 7% is uniquely extended to such class of forms w = ¢(z) &)(x, yg) 9(yg) dz® A dy”, namely

TO(w) = [ 05 (w,Go)dH" L.
Ng

Finally, (5.7) can be obtained as the limit of linear combinations of terms of the type

T(o(x) g(yg) dz® ANdy?), ¢ € CZ(Q), ge CF(Rp).

6 The structure theorem 1

In this section we prove the structure theorem 1.3 and its immediate consequences, Corollary 1.4 and
Proposition 1.5.

PROOF OF THEOREM 1.3: We first consider the case n = N, where we directly apply Proposition 4.1.
THE CASE N = n. We follow the notation from Sec. 4, and make use of the following fact:

Lemma 6.1 Let A\ and p be respectively a mon-negative and a signed Radon measure on 2, with finite
total variation, such that for every xo € Q and for a.e. v > 0 for which B,(x9) CC Q we have

[u(Br(z0)| < ¢ A(Br(z0))

for some fixed constants ¢ >0 and a > 1. Then u is purely atomic, and it is concentrated on the at most
countable set of atoms of .
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PROOF: See [24, Lemma 4.4], and also [21, Lemma 6.3], where a gap in the proof (the absolute continuity
of p with respect to A) is filled. O

Now, by Proposition 4.1 we obtain the isoperimetric inequality (4.3). We can thus apply Lemma 6.1 with
a=n/(n—1), p=pg, and A = XT) given by

(NT),B):=M(TL_BxR"), BeB(Q).

Denoting by {a;}; C Q the at most countable family of atoms of A(T), we deduce that for every i there
exists a signed Radon measure A; on R"™ such that for every ¢ € C2°(€2) and g € C2°(R™,R")

T (¢ Awg) = (—1)" " (g, ¢) Zéai “Nilg),

where w, € D"~ L(R") is  given by (4.1). Also, forms of the type ¢ Aw, are dense in the space of forms
=1 in D 1(Q x ]R”) whereas T'(n™) = 0 for h <n — 2. Therefore, setting ¥; € D,,_;(R") by

Si(wy) = Nilg), g€ CTR"RY),

we obtain (1.14). Furthermore, for every = € ©Q and for all but an at most countable set of “bad” radii
0 < r < dist(x,09) the boundary 9B, (z) does not contain atoms of A(T"). Hence, by Lemma 6.1, for
any “good” radius we have (ug,0B,(x)) = 0 for every g € Cfo(]ﬁ”,]ﬁ”) Taking a smooth sequence
{¢;} € C>(Q2) strongly converging in L' to the characteristic function of B, (z), we find that

lim T(¢; Awy) =Y {Si(wy) | iis such that a; € By (x)} Vg e C®R",R).
j—o0

Since T € Rp_1(2 x R") with (9T)LQ x R™ = 0, this yields (1.15), with £; € R,_1(R™).

Remark 6.2 Let u: © — R" be a Sobolev map in W1n=1(Q,R") such that det Vu € L'(2), so that
Gy € Ro(Q x R™). If M((0G,)L Q) x R™) < oo, by the boundary rectifiability theorem 3.4, and by

Proposition 3.8, we deduce that the boundary current T := (9G,)L Q x R™ satisfies the hypotheses of
Theorem 1.3.

THE CASE N > n. We make use of the projection argument from Sec. 5. Fix a multi-index (§ of length
|| = n, consider the projection map Wg given by (5.1), and define 7% := W3, T. By the assumption,
Lemma 5.2 yields that 77 is i.m. rectifiable in R,,_1 (£ x Rj) and satisfies (OTP) L Q x R} = 0. Moreover,
it is readily checked that T%(n) = T8 (n"~1) for every form n € D"~1(Q x R%). Then, by using the case

n = N, we deduce the existence of an at most countable subset Sg of € such that
set(T7%) ¢ S5 x R% . (6.1)

We now show that
set(T) C Sp x RN | where Sp:= U Sy (6.2)
1Bl=n
To this purpose, possibly by slightly rotating the target space, we may and do apply Proposition 5.6 with

v =3 —j for some j € 3, so that |a| = 0. The current 77 = 7(N3, 03, C,@) satisfies (6.1), whereas in (5.7)
we have just obtained that

T(6() f(yz) 9(ys) dy® ) = T?(¢(x) ®(x,yp) g(ys)dy” ), (6.3)
with @ given by (5.6). Moreover, we observe that linear combinations of forms of the type
0(@) F(yz) 9(yp) dy”7 , where ¢ € CF(Q), f € CZRY™), g€ CF(R"),

yield a dense subclass of forms n = n(»~1 € D" 1(Q x RN). Therefore, by Remark 5.7, we deduce that
(6.2) follows from (6.1). In conclusion, the structure properties (1.14) and (1.15) are obtained by means of
the same argument that is used at the end of the case n = N. g
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PRrROOF OF COROLLARY 1.4: Assume N =n — 1, otherwise the claim is trivial, and consider the injection
map i:Qx R*""! — Q x R" such that i(z,y) := (x,y,0). On account of Lemma 3.10, it is readily checked
that the current 7 := ixT satisfies the hypotheses of Theorem 1.3. However, the corresponding currents
Y € Rp_1(R") in (1.14) are supported in R"~! x {0} and satisfy d%; = 0. By the Constancy theorem,
see [29, 26.27], any integral (n — 1)-cycle with finite mass in R*~! x {0} is equal to zero. Therefore, ¥; = 0
for all ¢, hence ixT =0 and finally T = 0. ]

PROOF OF PROPOSITION 1.5: Consider again the injection map i : Q x RN — Q x RN*! given by
i(r,y) = (z,9,0). Let BN C RY denote the open ball of radius R > 0 centered at the origin. For
a.e. R > 0, the restriction Tr := TL (2 x Bg) is a compactly supported i.m. rectifiable current such
that M((0Tr)L Q2 x RY) < co. Then, the image current ixTxr belongs to Ry,—1,.(2 x R¥*1) has compact
support contained in QxRN x {0}, and satisfies M((0i4Tr) L Qx RN¥*1) < co. Therefore, by the boundary
rectifiability theorem 3.4, the current Tg := (9igTr) L Q x RV*! is im. rectifiable in R, _2 (2 x RV+1).

~

Moreover, the assumption (1.13) yields that i4Tr = ixTRn—1). Consider the affine homotopy map h :
[0,1] x (Q x RNT1) — O x RN*! given by

h(t,2,y,2) = hy(z,y,2) = (@, ty, t(z — 1) +1), te0,1], (z,9) €QxRY, zeR,

and let T := E#([[O, 1] x Tg), so that Tx is im. rectifiable in Rn—1,(Q x RNT1) At the end of this
section we shall prove the following

Lemma 6.3 The current fR is completely vertical, fR = fR (n—1)-

Now, by the definition we have ﬁo#TR = aﬁo#(i#TR) on D" 2(QAxRN*L) whereas iyTr = ixTg (n—1)-
Since ﬁ()ix,y, z) = (2,0,1) and n > 2, this yields that ﬁo# (izTr) = 0 and hence EO#TR = 0. Therefore,
since (0T g)L Q x RN+! =0, the homotopy formula (3.8) yields

(OTR)L QxRN = hy T —houTr =Tk = (9ixTr) L Q x RN+,

We thus deduce that the current Xg :=ixTg — fR € Rin—1,c(Q x RN*1) is completely vertical, X =
YR (n-1), and it satisfies the null-boundary condition (0Xg)L Q2 x RN+ = 0. By Theorem 1.3, we infer that

set(Xr) C Sg X RN+L (6.4)

for some countable set of points Sr C 2, and by Corollary 1.4 that Sgp = in case N +1 < n.
We now claim that
set(Tr) C S xRY | Tr:=TL(Qx BY). (6.5)

In fact, using that Eo(x, y,z) = (x,0,1), by our construction
set(ixTr) C QxRN x {0},  H" (set(Tr) N (2 x RY x {0})) =0.
Denoting by A the symmetric difference, this yields that
H"(set(ixTr)A set(Tr)) = 0.
Therefore, there is no cancellation in the sum Yg :=ixTx — fR, ie.,
M(Sr) = M(ixTr) + M(Tk)

Using (6.4), we can thus conclude that set(izTr) C Sp x RVF1 and definitely that (6.5) holds true.
Since set(Tr) is increasing with R, and Sg is at most countable, we obtain

set(T) C Sy x RN, So = UjSRj R

by choosing an increasing sequence of “good” radii R; — oo. Finally, in the case N <n—1 we have Sy =0
and hence T = 0. O
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PROOF OF LEMMA 6.3: We first observe that since Tg := (9i4Tr)L Q x RN*! is an (n — 2)-current,
property ixTr = ixTR(n—1) yields that Tr = Tg(,—2), whereas the current [0,1] x T has compact
support. Moreover, for any @ € D"~1(Q) x RV+1)

Tr(@) = ([0,1] x Tr)(h*).

Assume that © = ©®), where 1 < k < n—2, and that @ = nAw, where n € D"~ 17%(Q) and w € D*(RVH).
Setting ¥ = (y,2) € RN*L for simplicity, we can decompose the pull-back of & as

WG = ) A(R(F.6) Adt + U (F,1)),
where the forms ®(-,t) € EF"1(RNH1) and W(.,t) € EF(RNFL) for every t € (0,1). We have

([0,1] x Tr)(n(z) A ¥(7,1)) =0,

as 7 A ¥(y,t) does not contain the differential dt, whereas

([0,1] x Tr)(n(z) A ®(F,t) A dt) = Tr(n(z) A (7))

for some (k—1)-form ® € EF~1(R"). Since k < n—2, property T = (TR)(n—2) gives Tr(n(z) AD(F)) = 0.
The case k=0 being trivial, the assertion follows by linearity and density. O

7 The structure theorem 11

In this section we prove the more general structure theorem 1.6.

PROOF OF THEOREM 1.6: Arguing by induction on p € N, at the p** step we shall prove the claim in
Theorem 1.6 in the case k = n — 1 — p, for any choice of the dimensions n, N. To this purpose, we first
observe that for p = 0 the claim has been proved in Theorem 1.3.

We thus fix p a positive integer, and at the p!* step we assume that we have proved the claim in any
dimensions n, N for k =n —1— v and for each natural v =0,1,...,p — 1.

Let T € R,—1( x RY) be an i.m. rectifiable current satisfying the null-boundary condition (1.12) and
property T(py =0 for h =0,...,k —1, where k =n—1—-p, n:=min{n —1,N} > 2, and 0 < k < n.
Assume in addition that the support sptT C A x RN for some subdomain A, with closure A cC €. Since
n —1—k = p, we have show the existence of a countably HP-rectifiable subset Sp of A such that

set(T) C Sp x RV

Every form n € D" 1(Q x RY) decomposes as 7= = _,n(™), where

™= " e, ma= > (@) dy® Ada®

laj=n—1-m 18]=m

for some n®# € C2°(Q x RY). By the assumption, we have T(n"™) =0 for m < k. For m =k,...,n, we
now analyze the action of T on the component 7("™). We shall make use of arguments from slicing theory
of i.m. rectifiable currents, see e.g. [19, Vol. I, Sec. 2.2.5] or [29, Sec. 28].

We first consider the case m < n — 1. Denote by 7, : R® — R"~!=™ the orthogonal projection onto the
a-components of z, i.e., m,(z) = 4, and by Q,_ the (m+1)-dimensional section of © with the (m+1)-plane
7, (2s). For H" 17™.a.e. 2, € R"717™ such that €, _ # (), we define the sliced current

T, = (T,7mo =< 1dgn,zs) .

Remark 7.1 As before, recall that linear combinations of forms with coefficients of the type n®?(z,y) =
d(z) P (y), where ¢ € C°(Q) and ¥ € C°(RY), yield a dense sub-class of smooth forms. Since moreover

sptT C AxRY and A CC €, possibly by enlarging the domain (2, we deduce that () is the strong limit

of linear combination of functions in C2°(2) that agrees with the product ¢(zz)@(x,) on A, for some
p € C®(R™) and ¢ € C®°(R"™~1). In particular, ¢ € C>(€,, ) for each z, as above.
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By assumption, and using that the slicing map is an orthogonal projection only involving the “horizontal”
coordinates x, we then deduce, for H*~'~™-a.e. 2, € R?~17™:

(1) T,, belongs to R, (2, x RY);
(2) the boundary of the slice agrees (up to the sign) with the slice of the boundary, hence

(0T, )y, x RY = (=1)"1"™((AT) L Q x RN | 71, b Idgw, 24) = 0
(3) if ¢ € C(Q2) agrees on the closure of A with p(r5)$(7,), see Remark 7.1, for any ¢ € C2°(RY)

T(p(za) P(xa) P(y) dy® A dx®) = /

Rn—m—1

(Ton (plam) 6(0) dy”)) Blea) daas  (T)

(4) Ty, (n™) =0 for every h <k and n € D™(Q,, x RN).

This yields that the sliced current T, satisfies the hypothesis of Theorem 1.6, with the dimension n
replaced by m + 1, and hence with

k=n—-1-p=m-—-v, vi=p—(m—-n-1).

By the assumption 0 <m —n —1 < p, hence 0 < v < p. Therefore, by the inductive hypothesis, we find
the existence of a countably HP~("—"—1_rectifiable subset Sp—(m-n—1) of AN, such that

Set(Txa) C Sp—(m—n—l) x RV

Using the slicing formula (7.1), we deduce that the claim is proved if N < n — 1. In this case, in fact, there
are no forms 7 € D"~ 1(Q x RY) with non-zero vertical components 7(™~1),

Therefore, it remains to consider the action of 7' on forms of the type n = n(»~1). We distinguish among
the cases N=n—1, N =n,and N > n.

THE CASE N =n — 1. We have 7"~V = ¢(z,y) dy for some ¢ € C°(Q x R*~1). By a density argument,
we may and do assume ¢(z,y) = () f(y1) g(71), where ¢ € C(Q), f € C®(R), and g € C>(R"2).
We thus denote by F' a primitive of f, and set

&= (@) F(y1) 9(51) dy* € &1 (Qx R,
Using the usual convention of summation on the repeated indices, we clearly have
€ = ¢ 0, (x) F(y1) g(51) da* A dy* + (@) f(y1) 9(51) dy -

Since ¢ has support contained in the cylinder © xRY and bounded Lipschitz coefficients, the null-boundary
condition (1.12) and Lemma 3.10 yield that T'(d€) = 0, hence

T(p(x) f11) 9(G1) dy) = ~T(p 0, () Fy1) g(ii) da’ A dy?) .

Therefore, the argument that we used for the component 7("~2) applied this time to the (n — 1)-form
¢, () F(y1) g(71) dx® A dy', yields the assertion, thanks to the dominated convergence theorem.

THE CASE N =n. Fix j € {1,...,n}. For t; < ta, denote
{tl < Yj <t2} ::{(a:,y)eQx]lA%”\t1<yj <t2}.

By slicing theory, for a.e. choice of ¢; < t5 it turns out that the current T'L {t; < y; < t2} is i.m. rectifiable
and with boundary of finite mass. Write as usual

TU{ti <y <t} =7(M,0,€), M=set(TL{t; <y; <ta}).
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Proposition 7.2 For a.e. real numbers t; < to there exists an (n — 1)-rectifiable set M C Qx I@", with
M Cset(TL {t; <y;j <ta}), and a countably HP-rectifiable subset S, of A satisfying

MVCSPXI@”

such that for every (n — 1)-form w of the type w = ¢(z,7;) Ey?, where ¢ € C° (0 x jo_l), we have

N
TU{ty <y < ta}w) = /~<w, EVodH ",
M
PROOF: By slicing theory, for a.e. radius R > 0 the i.m. rectifiable current
TR =T {(x,y) € Q x R” | lyn] < R for any h # j}
satisfies M((OT7 1)L Q x H?R”) < 00. Moreover, for any such “good” radius R it turns out that the current

757 Z:TL{({L'7y)EQX]§n|81<’yj<82, lyn] < R for any h # j}

51,52

satisfies M((OT2%,)LQ x R") < oo for a.e. s; < sp. This yields that for a.e. &1 < t» we can find
an increasing sequence of good radii R, — oo such that the compactly supported i.m. rectifiable current
Tgl’ff; € Rpn—1,(22 x R") satisfies M((@thl’ff;) L x R") < oo for each h.

Consider the affine homotopy map h/%n : (€ x R™) x [0,1] — Q x R™

WP (2, y,t) o=t (2, y) + (1= t) [ (2,y),

where fifn(x,y) == (x,Rp +1,...,Ry + 1,y;,Rn + 1,..., Ry, + 1). The current h;ﬁRh’ (thllfzh x [0,1]) is
compactly supported and i.m. rectifiable in R, (€ x R™). Similarly, both the currents

R, . _ j, Rh j, R j, R, j, R,
gglﬁ’z T (_th;ﬁ }'I(zathl’t; X [[0’ 1]]) o ‘Tgf ’ (thl,t; ) ’ (7_2)
Thay = T + S0

are compactly supported and i.m. rectifiable in R,_1 (2 X HA%”) Moreover, by the homotopy formula (3.8)
it turns out that (87}31’,1};) LOXR"=0.
We claim that ‘ A
H™ ! (set(T) M) Aset(S] 1)) = 0. (7.3)

In fact, set(f#Rh (thllf;)) is contained in {(z,y) | y» = Rrn + 1 for any h # j}, hence it is disjoint with

set(T,f;”If;). Since moreover M ((8Tgllf;‘) LQ x I?K") < 00, by our construction we also get
H (set(T9 ) A set (b (9T % [0,1]))) =0
(set(T7; i ) A set (A" (9T} > [0,1]))) :
By (7.3) we infer that there is no cancellation in the sum in the second line of the definition (7.2), i.e.,
i Ry Ry Ry
M(thlﬂfzi ) = M(th1,t;) + M(Sght}z) :
Therefore, writing as usual
. — ~ . ~ —
thl’,lt%; :T(thav f)a thf,lff :T(thev C)?
and assuming without loss of generality that 6 % 0 on M) and 575 0 on ANy, this yields that
H™ LN = H 7 H M) + HP L (NG \ M) (7.4)

Ife.g. j#1,setting 7 := Y by a density argument we may and do choose ¢(x,7;) = ¢(x) f(y1) 9(¥),
where p € C2(Q), f € CX(R), and g € C(R""2). Denote by F a primitive of f, and let

¢ = (@) Fly) 9@ dy,  dy:=dy™,
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so that € € £2(Q x Rg;l) satisfies d§ = w + @, where

wi= (@) fy) 9@ dy , @ 1= o0, () Fly1) 9(§) da* A df.

The null-boundary condition (67:,5]1?2’1) LQ x R" yields ijllf; (d€) = 0, whence ftjl]f;’ (W) = —ftjli’l (@).
Now, denote

?(2): Z P (2)ea Neg, z € My,

_ lal+[Bl=n—1

C(z) = Z ¢ P(2)ea Neg, zeN,
lee|+[Bl=n—1

and correspondingly define

/E/lvh = Mu\{z €My |£4P8(2) =0 foreach a and B st. B=7 or B=(1,5) }
Ny =Ny \{z €N, | (*P(2) =0 foreach a and B st. B=7 or B=(1,5) }.

On account or Remark 3.1, the set A, is (n — 1)-rectifiable and moreover

T = [ Oimet, The) - [ @ Oame.
N N

Since @ “contains” the differentials dz?, by applying to the term i{’ff; (@) the slicing argument that we
used for the component 1™~2) we thus deduce the existence of a countably HP-rectifiable subset Sg of A
such that N} C Sg x R™. Since moreover the property (7.4) yields

HY L NG) = HYH(My) + H LN \ M),

we also obtain that /T/Th C SI’; x R™.
Finally, since T'L {t; < y; < t2} has finite mass, we deduce that thllt%; — T {t: <y; <t2} weakly in

D x f@") as h — oo. Therefore, the claim follows by taking M = Up M}, and Sp := UhSl’;. O

Now, if n = N, any completely vertical (n — 1)-form in D"~1(Q x ]I?R”) can be written as

N0 =N "y, y) dyd v € CX(Q xR,
j=1

Fix j € {1,...,n}. By a density argument, we may and do assume that v;(z,y) = ¢(z,y;) f(y;) for some
¢ € C(QxRY™) and f € OF(R).

For v € N and h € Z, denote t} := h27". Possibly by slightly moving the points ¢}, we may and do
assume that for each v and h we can apply Proposition 7.2 to the restricted current 7'L {t <y; <t ;}.

Writing T = T(M,Q,?), we then find an (n — 1)-rectifiable set M,”l C Qx ]IAQ’K with ./W;”L C M, and a
countably HP-rectifiable subset Sp(v,h) of A satisfying

MY C Sp(v,h) x R™

and such that (the sliced current being with finite mass) for every ¢ € C°(Q x R;l;l)

Tt < vy <t 0. 5) ) = [ (0,5 d, €y

M,

Since moreover f € C2°(R), there exists a sequence {f,}, of piecewise constant and bounded functions
fo i R — R satisfying:

i) f, is constant on I} :=]t}, t} [ for each h;

ii) f, has compact support contained in the support of f;
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iii) f, — f uniformly as v — co.
As a consequence, using that T = 7(M, 6, Z)) is i.m. rectifiable, we have
T(f(y) #lw, G) dy?) = lim T(f,(y;) S(w, 5j) dy?) (7.5)
Also, using that f,(y;) = a € R for each y; € I}/ and for each h, we have

T(f, (y;) () dy?) Zah TL{t <y < th (e, G5) dy)

where the sum in h is finite for each f,. Setting MY := U, N;’L and Sp(v) := U, Sp(v, h), it turns out
that MY is an (n—1)-rectifiable subset of M, and Sp(v) a countably HP-rectifiable subset of A satisfying
MY C Sp(v) x R™ and such that

TU05) 6.5 d) = [ (hloy) 60,5 80 € oar .

Therefore, setting M) := U, M” and 57 =, Sp(v), again M@ is an (n — 1)-rectifiable subset of
M, and Slj) a countably HP-rectifiable subset of A satisfying MO ¢ Slj) x R" and such that

(foly;) 6, 5y) dy?, €)0dH™™ Vv eN.

T(f, (y;) Sz, ;) dy) = /

By (7.5), we thus obtain

—

~ : N7 n—
T 0y) o5 d0) = [ () ol . € 0
J
By linearity and density, letting M= UjMv(j) and Sp :=J ; Sg” we have just shown that
70" ) = [, ot
M

where M is an (n — 1)-rectifiable subset of M, and S, a countably HP-rectifiable subset of A satisfying
Mc Sp % R™. This concludes the proof in the case N = n.

THE CASE N > n. Exactly as for the case N > n in the proof of Theorem 1.3, we make use of the projection
argument from Sec. 5. We thus fix a multi-index § of length |5| = n, consider the projection map ¥g given
by (5.1), and on account of Lemma 5.2 define

P =g, T €Rp1(Q x RY).

By the assumption, we deduce that T satisfies the hypotheses of Theorem 1.6, with k =n —1—p. Then,
by the case n = N, we find a countably HP-rectifiable subset Sg of A such that

set(T%) c Sf xR,  RjCRY. (7.6)
It then remains to show that
set(T) C Sp x RN, where Sy := [ S5 (7.7)
18]=n

To this purpose, we again apply Proposition 5.6. The current 77 = 7(\ 3,03, C—é) satisfies (7.6), whereas

(5.7) holds true, with ® given by (5.6). By Remark 5.7, we conclude that (7.7) follows from (7.6), as
required. O

We finally point out that on account of Proposition 3.8, we can apply Theorem 1.6 to the boundary

current T := (0G,)L Q x RY for any Sobolev map u € WH*(Q,RY) satisfying the hypotheses of our
decomposition theorem 1.2.
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8 Proof of the Decomposition Theorem

In this section we shall prove the decomposition theorem 1.2 and Corollary 1.7. In order to discuss some
properties of the singular part of the distributional determinant and minors, see Sec. 11 below, by slightly
modifying the proof of Theorem 1.2 we shall also prove the following

Corollary 8.1 Under the hypotheses of Theorem 1.2, assume in addition that (0G) )L 2 X RN =0 for
some integer p. Then we can choose the components Ty in such a way that T, =0 and (Ty)p)y =0 for
every k <p and h > p.

To this purpose, recall that the condition (9Gw.)(,) L 2 X RY = 0 is automatically satisfied by Sobolev
maps u in WHPHH(Q RY) compare Proposition 3.8.

In order to apply the structure theorems 1.3 and 1.6, the components T} will be defined by “filling the
holes” of suitably defined vertical components of the boundary current 0G,. This will be done by choosing
solutions to a related minimum problem that we now illustrate.

A MINIMUM PROBLEM. If u satisfies the hypotheses of our decomposition theorem 1.2, by the boundary
rectifiability theorem 3.4, the boundary (9G,)LQ x RY is im. rectifiable in R,_;(Q x RY). Write

(0G,) L xRN = T(@QU,G,?), where we assume that 6 # 0 on 0G,, and recall that £;) denotes the

component of the (n —1)-vector ? corresponding to (n — 1)-vectors eq Aeg, for any a and § with |5] =h
and |a] =n—1—h, see (3.7). For k=1,...,n, where n = min{n — 1, N}, define

(0G.)} = T((0G.)5,0, €), where (9G.)} = {z € 8G, |Epy =0 Vh <k}. (8.1)

Since the set (0G,)}; is (n — 1)-rectifiable, see Remark 3.1, we deduce that the current (0G,); is im.
rectifiable in R,,_1(Q x RY), with finite mass

M((0G.)}) < M((0Gy) (51 L Q2 x RY) < o0, (8.2)
compare (3.6) for the notation. We then define the integral flat chain
By, = (0(0G ) LA xRN € D, »(Q x RY). (8.3)

In general, By may not have finite mass, even in u € L°°, see Example 9.5 below. However, we always find
a mass-minimizing current in the (non-empty) class

Fio ={T € Ru1(QxRN) | Ty =0 Vh <k, (0T)LQ x RY = By}.
Proposition 8.2 The minimum of the variational problem inf{M(T) | T € Fi} is attained.

PRrROOF: The class Fj, being non-empty, as (0G,)} € Fk, we consider a minimizing sequence {T;} C Fy
for the given problem. Setting fj =1T; — (0G,)}, the sequence {TJ} belongs to the class R,_1(2 x RY)
and satisfies the null-boundary condition (8?‘]) LQ xRN =0 for every j. Therefore, possibly passing to
a (not relabelled) subsequence, by closure-compactness, Theorem 3.3, we deduce that fj weakly converges
in D,_; to some im. rectifiable current T € R,_1(Q x RY) satisfying (0T)LQ x RY = 0. Let now
n € D" 1(Q x RY). By the definition ’fj(n(h)) =0 for every h < k and every j. Passing to the limit, we
get T(n(h)) =0 for h < k. Finally, setting T := T+ (0G,)?, we have T € Fj, and T; — T weakly in

D,,—1. The lower semicontinuity of the mass yields the assertion, as M(T) = inf{M(T) | T € Fj}. O

Definition 8.3 We shall denote by Ty € Fi a minimum point to the variational problem from Proposi-
tion 8.2.
Remark 8.4 As we shall see in Sec. 10 below, it may happen that the above minimum 7T is non-unique.

Remark 8.5 For example, if N >n and Kk =n =n — 1, we have

(0G.)" 1 == T7((8Gu)"_1,0, €), where (9Gu))_ ={z€ 0G| € =En_n)}- (8.4)
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The current (0G,)%_; € Rn_1(22 x RY) is “completely vertical” and with finite mass
M((0Gw)4_1) < M((0Gw) (-1 L2 x RY) < co.

Notice that we cannot replace (0G.);,_1 by (0Gu)n-1), as in general the current (0Gy)(;—1) is not i.m.
rectifiable in R,,_1(Q x RY). In fact, for any 7 € D"~}(Q x RY) we clearly have

(0G0 s (1) = DG (™)) = /A7 (0 Ensy) O dH™,

u

where

M., = set((0G,, Y-y LU X RY) = {2 € 0G, | {(n—1)(z) # 0} .

However, writing (0G4 )(n—1)L Q2 X RN = T(Mm@,u,g(n_l)/u), where p := [{,_1)|, even if the set /\//Tu
is (n — 1)-rectifiable, in general the unit (n — 1)-vector {(,_1)/p does not provide an orientation to the

approximate tangent space at ./K/lvu, see Example 9.3 below.

PROOF OF THEOREM 1.2: We divide the proof in n+ 2 steps, where n := min{n — 1, N}. At the first step,
we define the “completely vertical” component 7, and apply Theorem 1.3. At the intermediate steps, we
define by iteration the component T}, for k=n+1—j and j =2,...,n, and apply Theorem 1.6. At the
(n + 1)t" step, we define the remaining component Tp. At the final step, we conclude the proof.

STEP 1: THE COMPONENT T,,. In case of codimension N < n, we observe that any integral (n — 1)-cycle in
RY with finite mass is equal to zero. For this reason, we set T,, := 0, see property viii).

If N > n, and hence n = n — 1, using the notation from (8.4), we choose T, _1 € R,,_1(2 x RY) a
minimum of the variational problem from Proposition 8.2, where & = n — 1, and define

Tp1:=(0G,)!_; —Tn1 € Ru1(QxRY). (8.5)
By our construction we immediately deduce the mass estimate
M(T,—1) < 2M((0G)5_1) < 2M((0Gu) (1)L Q2 x RY) < o0,
see (1.11), the null-boundary condition (97,,_1)L Q x RY =0, and that T},_; is “completely vertical”, i.e
Tooi(n) = Troa(n™™ D) Ve D1 Q x RY).

Therefore, T, satisfies the hypotheses of Theorem 1.3, that gives the structure property vi). In fact, the
assumption (H;) ensures that the support of (9G,)L Q x RY is contained in A x RY. The set A being
convex, by applying a projection argument to the minimum problem in Proposition 8.2 we deduce that the
current T,_; is supported in A x RN, too.

Remark 8.6 If u is a Sobolev map in W1 n=1(Q,RY), then T}, = (0G,)LQ x RN, In fact, by Propo-
sition 3.8 we infer that (8G.)n) L x RY = 0 for every h < n — 1. This yields that (8G W, =
(0G,)LQ x RY hence B,_; = 0 and finally T,,_; = 0 in Definition 8.3. Also, if u € W1 (Q,RY),
Proposition 3.8 yields (0G,)L Q x RY =0, whence T,,_; = 0, compare property viii) with k = n.

We now proceed by iteration. For j =2,...,n, we have:

STEP j: THE COMPONENT T} FOR k=mn+1—j. At the previous steps, we have defined the components
T;, for i=k+1,...,n, and proved the related structure properties, namely:

(a) T, € R_1(Q x RY);

(b) 0T; =0 and spt(T;) C A x RY =0;

) T;y(n™) = 0 for every h < i and every form n € D"~ (Q x RN);
)

(c

(d) set(T;) C Sp_1_i x RN for some countably H"~!~i-rectifiable subset S,,_1_; of A;
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(e) M(T}) <2 izl—iM((aau)(l) LOxRY) < 0.

=i
Let (0G,)Y € Rn—1(2 x RY) given by (8.1), choose T) € Fj a minimum point to the variational
problem from Proposition 8.2, see Definition 8.3, and set

Ty := (0G)} — T . (8.6)

The current T} belongs to R, _1(£2 x RY), satisfies the null-boundary condition (afk) LQ xRY =0, and
also Ty(n™) = 0 for every h < k and 7 € D" 1(Q x RY). Moreover, by (8.2) and (3.6) we deduce the
mass estimate

M(T}) < 2M((0G,)Y) < QiM(@Gu)(i) LQxRY) < oo. (8.7)

M(T}) <2 32 F M((0G,) @y L @ x RY) < oc,

see (1.11). Moreover, as in Step 1, by the assumption (H;) we may and do assume that the current T, is
supported in A x RY. Therefore, by (a)-(c), and by the above properties of Tk, we infer that the current T}
satisfies the hypotheses of Theorem 1.6. Hence, there exists a countably H"~!~F-rectifiable subset S,_1_j
of A such that set(Ty) C S,_1-x x RY. The properties i)-vii) are verified.

Remark 8.7 Notice that by (8.8), for k <7 we have

> T;=Tis1, hence Ty =Ty — Ths1. (8.9)
i=k+1

Due to the possible lack of uniqueness of the minimum point T’ from Definition 8.3, if (8Gy)} = (0Gu)}, 1.
see (8.1), we choose T} = T}41, so that T, = T}C+17 by (8.6), and hence T} = 0, by (8.9).

STEP n + 1: THE COMPONENT Tj. Define

Ty := (0G,)LQ x RN — iTk, (8.10)
k=1

so that the properties i)—vii) and the mass estimate (1.11) are readily checked, for k = 0.
FINAL STEP: CONCLUSION. Assume now that u is a Sobolev map in WP(Q, R") for some positive integer

p, and let 0 <k < p integer. Proposition 3.8 yields that (0G.))L £ x RN =0 for each h < k. Therefore
(0G,)} = (0G,) L Q x RN see (8.1), hence By, =0, see (8.3), and definitively T = 0 in Definition 8.3, so

that Ty = (0G,) L Q x RY. By (8.9) and (8.10), we get

T,=(0G,)LQxRY = " T,  Tp,=0 Vke{0,...,p—1},
1=p+1

see property viii) and Remark 8.6. O

PRrROOF OF COROLLARY 12 Let © denote the open set Q\ J,. Since the restricjion of u to Q belongs
to the Sobolev class W' (€, RY), by Proposition 3.8 we deduce that (0G.)()L Q2 x RY = 0. Therefore,
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by (8.10) we deduce that Tj LQ xRN =0, and hence that S,_; C J,. The regularity assumption (1.20)
yields the claim, on account of (1.18). O

PROOF OF COROLLARY 8.1: Assume that (0G.),)LQ x RY = 0, condition automatically verified if
u € WHPHL(Q,RY), see Proposition 3.8. Using the notation (3.6), denote

Sp = (0Gu)(zp) LOUX RN € D1 (2 x RY).

Since (Sp)(p) = 0, it is readily checked that (8S5,)LQ x RN = 0. Therefore, S, being concentrated on a

countably H"l-rectifiable set, see Remark 3.1, by the rectifiable slices theorem [8, 14], it turns out that the
normal current S, is i.m. rectifiable in R,_1(Q x RY). We thus modify the proof of Theorem 1.2 by setting

T, = Sp, so/tgat (fp)(h) =0 for h < p. Furthermore, for 1 < k < p, we may and do replace (0G,)}; in
(8.1) with (90G,)}, := (0G.)}, — Sp, and consider the class

Fro={T € Rp1(QxRY) | Ty =0Vh < kor h>p, (AT)LQ xRN = By}
where, according to (8.3), the integral flat chain By, is defined by
By, = (0(0G,)Y) LA xRY € D, _»(Q x RY).

Since ((‘3AG/u)}; € .7?;.3, similarly to Proposition 8.2, it is readily checked that the minimum of the variational
problem inf{M(T) | T € fk} is attained. Denoting this time by fk a corresponding minimum point, we
correspondingly define N - R L

Tk = (aGu)}; - Tk , Tk = Tk - Tk+1 .

This yields that (Tx)) = 0 for h > p. Using (8.10), the same property holds true for Ty, as required.
Finally, if the condition (9G.)() L x RN = 0 is verified for more than one integer p, say for p €

{p1,---,Pm}, where n > p; > py > -+ p,, > 0, we iterate the above argument, sicﬁing fpj =S, for
j=1,...,m, whereas for p;11 < k < pj, where j =1,...,m and pp41 :=0, welet (0G,)} = (0Gw)}—Sp, .

J

We omit any further detail. O

9 Further examples

In this section we consider some examples concerning our decomposition theorem 1.2. In all these examples,
the Dirichlet-type condition (Hp) is readily checked.

Example 9.1 In our first example from Sec. 2, by (2.1) we have
(0G.)} = =6p x [E]+ ¢ x [2],
see (8.4), where n = N = 2, hence by (8.3) and Definition 8.3
By = (6g —6p) x (0 —84), T1=(0g—6p)*x[Ian]-
Using (2.1), (8.5), and (8.10), we readily obtain the formulas from (2.3).
Example 9.2 In our second example from Sec. 2, by (2.6) we have
(0G,)s = —6p x [E7] =g x [Z1], (9.1)

see (8.4), where n = N = 3, hence by (8.3) and Definition 8.3, using (2.8) we get

By = (0p —6g) x [S'], Ta=(6p—3dg)x[D?]. (9.2)
Since u € Wl’l(Q,H/éS), in (8.1) we also have

(0G,)! = (0G,) L Q x R? (9.3)
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whence By =0, T1 =0, and Ty = (0G,) L Q X R3 — Ts. This gives the decomposition
(G )LOX R} =Ty + Ty + Tp, (9.4)
where Ty =0 and T3, T» are the i.m. rectifiable currents in Ro(Q X @3) given by (2.9).
Example 9.3 We slightly modify the previous example, by taking
up(z) if 3 <-1
u(z) =< wglx) if —-1<xz<1
ug(z) i x1>1

where again P := (—1,0,0), @ :=(1,0,0), but instead of (2.4)

x—P ~ (22, 73) T —Q
=, = — 17 —, — .
wele) = g W@ = (Il - L) e =y
Similarly to (2.6), this time we obtain
(G, LQ x R® =T4[(=1,1) x (0,2m)] — dp x [S7] — 6o x [ZT], (9.5)

where T': (—=1,1) x (0,27) — Q x R3 is given by I'(t,6) := (t,0,0, |t| — 1,cos 6, sin 8). Notice that
OT4[(~1,1) x (0,2m)] = (6q — bp) x [S].
In this case the current (0G,)(2) is not i.m. rectifiable in Ro(£2 x I@d), see Remark 8.5. More precisely,
using the notation (9G,,)L Q x R3 = 7(0Gu, 0, E)), according to (3.7) we have
M, = 5et((0G,) 2y L Q@ x R?) = {z € 8G,, | 2 (2) # 0} = 8G,,

so that (0G4 )) L 2 X RS = T(./K/lvu,9,u,§(2)/,u)7 where g := [{(2)]. Therefore, the unit 2-vector £(4)/u does
not provide an orientation to the approximate tangent space at the points in the support of the component
I.[(-1,1) x (0,27)] of the boundary current.

However, the formulas (9.1), (9.2), and (9.3) continue to hold, so that we obtain the decomposition (9.4),
where Ty = 0 and T3, T» are the boundaryless i.m. rectifiable currents in R2(€2 x @3)

Tn = Ty[(=1,1)x (0,27)] + (6p — 6g) x [ D*],
T, = —opx([Z7]+[D?])=dg x ([Z*] - [D?]).

We thus have Sy =0, S1 = Ipg and Sy = {P,Q}.

Example 9.4 Again we slightly modify the second example from Sec. 2, see Example 9.2. For A € R, set
yx = (1,0,0) € R® and

ﬂp(x) if x <-1
ux(z) == yx + u(z), u(z) =14 wolzx) if —-1<z <1
ug(x) if a1 >1

where this time, instead of (2.4), we set

o= (). = (025 s = (222

|z — P (w2, 23)|

the function ¢ : R3 — R3 being ¢(y1,y2, y2) := (0,92, y3). We have ou[X*%] = £[ D?], whence
(0Gu,)LQx R® = [Ipq] x [ya + S'] + (9p — 6g) x [yr + D] (9.6)

Since (0Gy,)s = (6p—06g) x[yx + D?], and [yx + D?] is a mass-minimizer, this time we readily obtain the
decomposition (9.4), where Ty = 0, Ty = 0, and T} := (0G,,, )L Q x R3. We thus have Sy =0, S = Ipg
and Sy = 0.
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Example 9.5 Let again n = N =3, Q = (=2,2) x (=1,1)2, and u : Q — R3 the function of the second
example from Sec. 2, see Example 9.2. Let j € N* and

1. 1
uj(x):}u(f(x—aj))» xGQj::aj—l—j—QQ,
j—1
where a; :=0 and q; ::Zj ) 2,f01rj>2
i=1 42

The Sobolev map u; : Q; — R3 is smooth outside the line segment connecting the points P; := a; +
772(~1,0,0) and Q; :=a; +j2(1,0,0), and it satisfies the hypotheses of our decomposition theorem 1.2.
In fact, using that det Vu; = 0, by a change of variable we find that A(uj,Q;) < j~* A(u, ), whereas by

(2.6) we check that (0G.;)L Q; x R3 = T + T4, where

j:lj = I:[IPj7Qj]] X [[j_l Sl]]’ TQ] = _6Pj x [[j_lz_]] _6Q7 x [[j_12+]]a
so that
< ¢

M((0G, )10 x B < 55 (101 = Pi|- (") + HA(T) + HE(ET)) < 5.

.

The family {€;},en+ is pairwise disjoint, and its union is contained in the bounded domain Q= (—2,8) x
(—1,1). Therefore, one can easily define a bounded map u :  — R? that is smooth outside each open set
Q;, agrees with u; in Q; for each j, and such that its graph has finite area:

. oo oo 1
A@,Q) < C+ > A(u, ) <C+ A, Q) >
Jj=1 Jj=1

This yields that Gz is i.m. rectifiable in Rg,c(ﬁ X @3), with finite mass, and its boundary is given by

oo

(0G) QxR = > (T +T§).
j=1
Notice that - -
M((0G5) L0 x B%) = S M(F +T9) Z%
j=1 j=1

so that property (1.5) holds true, the boundary current is well defined in terms of the mass convergence,
and actually it is i.m. rectifiable in Ro (0 x R?). Following (8.3), where k =2 and u = @, we have

By := (8(8G3)5) L Q x R? = ZB

where ‘ N
B} = (8(5)Guj)'§) L, x R = (6pj - (5Q].) X [[j_lsl]].

Therefore, the integral flat chain By does not have finite mass, as

o

1
M(B3) st = 0.
-3 M~ 2 Y S
=
However, Theorem 1.2 leads to the decomposition

(aGﬂ)LﬁX@ngo—FTl + T,

where Ty =0 and T3, T (according to (2.9)) are the i.m. rectifiable currents in RQ’C(Q X @3)

T ;:Z([[IP]_VQ],]]X[[ NS+ (5p, — 6g,) x [571D?]),
Ty =Y (=0p, x (175714 D2 ]) = dg, x (L7271 = 17" D*])
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Notice that both 77 and 75 have zero boundary and finite mass, as

1
52

NE

<

M(Th) = (|Q1 — Pl - H'(S") +2H*(D?)) -

< o0,
1

.
Il

M(Tz) = (H*(27) + H*(ST) + 2H*(D?)) -

S|~
A
8

<
Il
—

Finally, this time we have Sy =0, S; = U;i1 Ip, q,;,and Sy = U;’;I{Pj, Q;}, so that

1
711(‘511):|C21_-Pl|'z:32007 HO(S()):
7j=1

10 Non-uniqueness of the singular set

In this section we discuss an example in dimension n = N = 3 showing that in general the decomposition in
Theorem 1.2 fails to be unique. Our construction is based on a classical example of non-uniqueness concerning
minimal surfaces. This yields that the optimal singular set Sy in (1.9) is not well-defined. Moreover, see
Example 11.5 below, it may happen that the singular part of the distributional determinant may be equal
to zero, even if the singular set Sy in (1.9) is non-trivial. Notwithstanding, in Proposition 10.2 we will show
that the set Sp in (1.9) is concentrated in the set of the atoms of the measure

tu(B) == M((0Gy)(n-1)L B x RY). (10.1)

NON-UNIQUENESS. For A > 1, denote by X, the catenoid surface of revolution in R3 with equation

1
\/y§+y§:Xcosh(>\y1), —ay <y < ay,

where ay > 0 is chosen in such a way that cosh(Aay) = A, i.e., ay := A7! log(A + VA2 — 1). Therefore, 2,\
is a minimal surface with boundary given by the union of the two unit circles (Zay,0,0) + S, where Sl i
defined by (2.5). Moreover, one has

f(A) :=area(X)) = 4; /aA cosh?(\t) dt = i—g (log(A + VA2 — 1)+ A/A2 = 1) <oo.
0

Since for A > 1

FO) = 4”(\&3* log(A+ VA2~ 1)),

we find A > 1 such that f’(\) > 0 if and only if A\ €]1,\[. Using that f(\) — 27 as A — oo, we get
f(A) > 2. Therefore, since f(\) — 0 as A — 1, there is a threshold ). €]1, \[ such that the area of the
catenoid Xy is greater than 27 (that is the area of two unit disks) if and only if A > A..

Correspondingly, let B3 C R3 the unit ball centered at the origin, and u, : B> — R?® given by

(—ay,0, 0)—&—@,0(‘ |) if 21 <0

x = (x1,T9,13) € B3
(ak,OO)Jrga(' ‘) it 2> 0

up(x) ==

where ¢ : R3 — R3 is the map ©(y1,v2,¥3) := (0,y2,y3). We now check that wu) satisfies the hypotheses of
Theorem 1.2. In fact, uy € SBV (B3 ,R?) N L, with jump set J,, = {z € B® | z; = 0}, and choosing the
unit normal v = ey, the approximate limits at the Jump points are

T2 963)

Moreover, Vuy € LP for every p < 3, and det Vuy = 0 a.e., so that M(G,,) = A(uy, B®) < cc.

x € Jy, \ {0}.
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Furthermore, it turns out that the boundary of the graph current G, satisfies
(G, )L B® x R® = 8y x Ay + Sf — 55 .
In this formula, we have set
Ay = (T)\_#HDQ]] - T;'#[[Dz]]) € Rlc(RB),

where D? is the (positively oriented) 2-disk given by (2.7), and 7i(y) := (£ax,0,0) + y. Moreover,
SE € Ry o(B? x R?) is the i.m. rectifiable current

S)% = 7,%#[[ (07 1) x (07 271')]] ’
where ~3 : (0,1) x (0,27) — B3 x R? is defined by
'y)j\[(p, 0) := (0, pcosb, psin b, +ay,cosb,sinf) .

Therefore, the assumption (1.5) is verified, whereas the Dirichlet-type condition (H;) can be obtained by
smoothly extending wy to a larger ball, without affecting the discussion.
Using (8.4) and (8.3) we get (0G., )5 = do x Ay and hence By = §p x I'y, where

Ty =7 [ 8] — 7, S'] € Rio(RY),

the (naturally oriented) unit circle S being given by (2.5). Notice that the currents Sf are concentrated
on J,, x R? and that
ISy —Sy)LB? xR = =0y x 'y = —9(dp x Ay) .

Therefore, the current Ty from Definition 8.3 is given by To = 6y x Ry, where Ry € Ro (@3) is a mass-
minimizing current in the class R
Gr = {R € Ry(R%) | OR =T} .

Since moreover (0G,,)} = (0G,, )y, by Remark 8.7 we correspondingly get 77 = 0. By (8.5), we deduce
that Theorem 1.2 yields to the decomposition (0G,,)L B? x R3 = T + T + T3, where

Ty =00 x (Ax—Ry), T} =0, Tg:=8f S, +d xRy. (10.2)

Choosing a suitable orientation on the catenoid surface X, the corresponding i.m. rectifiable current
satisfies the boundary condition 9] Xy] =T, hence [X,] belongs to the class Gy, and its mass M([Zx])
agrees with the area of X,. By the previous construction, this yields that for A > A, the unique mass-
minimizing current in Gy is Ay, and hence

Ty =0, Tg=55 -5y 48 xAy.
Similarly, for 1 < A < A, the unique mass-minimizing current in G, is given by [, ], whence
T3 =00 x (Ax—[2x]),  Tg =55 -5y +d x [Za].

For A\ = )\, instead, it turns out that both Ay, and [X,.] are mass-minimizing in the class Gy, . As a
consequence, the decomposition of the boundary current in (10.2) fails to be unique, for A = A..

Remark 10.1 According to (1.8), for any choice of A > 1 we have S; = 0 and Sy = J,,. Moreover, by
(1.9) we have Sy =) for A > A., whereas Sy = {0} for 1 < A < A.. However, due to the lack of uniqueness
of the decomposition, for A = A\, we do not have a unique choice for the set Sy.

THE SINGULAR SET Sj. In general it may happen that the singular part of the distributional determi-
nant is zero, even if the singular set Sy in (1.8) is non-trivial, see Example 11.5 below. Moreover, we have
yet seen that the set Sy is not well-defined, in general. Notwithstanding, we have:

Proposition 10.2 Let u : Q — RN satisfy the hypotheses of Theorem 1.2. Then the singular set Sy in
(1.9) is concentrated in the set of the atoms of the measure ., defined by (10.1).
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PROOF: The claim is trivial if N < n, as Sy = (), see property vii). In the case N > n, by the structure
property vi) we have

Tn,1225aixzi, Soz{al€Z|Zl7£0}
=1

We recall from Sec. 8 that at the first step of the proof of Theorem 1.2 we have chosen 1), := G — T,
where G € R,,_1(2 x RY) denotes for simplicity the current (0G,)"_, in (8.4), and T :=T,_; is a mass
minimizing current in the class

Foo1 i ={T € Ryt (2xRY) | Tsy =0 Vh<n—1, ((T —G)LQxRY =0},

see Definition 8.3. Assume by contradiction that e.g. the point a; € Sy does not belong to the set of atoms
of . By (8.4) and (10.1), we thus have

i B, Ny < B =0. :
}{%M(GLBV(UJ)XR )—}%MU(BT(al)) 0 (10.3)

Moreover, we can choose a decreasing sequence {r;} of positive radii such that r; < dist(a1,09), r; \, 0,
and for each j the boundary 0B, (a1) does not contain points of the set Sy. Denoting B; = B, (ay) for
simplicity, this yields

(0(G-T)LB; xRN = (0T,,_1)LB; xRN =0 Vj. (10.4)

Consider the currents B - L
S; =T+ (G-T)LB; xRY ¢ R, 1(QxRY).

We clearly have (S;),) =0 for all h <n —1 whereas, using (10.4) and that T € F,_1,
O(S; —GNLOXRY = (0T -G)LQxRY =0  Vj.
Therefore, the sequence {gj} belongs to the class F,,—;. Writing
S; =T (Q\B;)xRY +GLB; xRV,

formula (10.3) yields that S; weakly converges in D,,_1 to a mass minimizing current S in the class F,_1.
The corresponding sequence S; := G — S satisfies S; = (G —T)L (Q\ B;) x RN, where G —T = T,,_,
and hence S; weakly converges to the current 7j,—1 — d,, x X1. Since S; = G — S;, we get

S=G—Ty 1464, xT1=T+08,, x 31, M(%;) > 0.

Since both S and T are mass minimizing in the class F,_1, this yields a contradiction, as required. O

11 The distributional minors and the class BNV

In this final section we discuss some new results concerning the distributional determinant Det Vu, first
introduced by J.M. Ball [10], and the distributional minors, see [24, 25]. We also deal with the class BNV of
functions of higher bounded variation, first studied by Jerrard-Soner [22].

THE DISTRIBUTIONAL DETERMINANT. Let ©Q C R™ a bounded domain and n = N. Under suitable
assumptions, the distributional determinant of a (non-smooth) map w: Q — R”™ is defined by

n

Det Vu := 1 Z

n =
i,j=1

oz, (v (adj Vu)f) , (11.1)

where adj Vu is the matrix of the adjoints of Vu, see (3.5). More precisely, if u belongs to L“(Q,I@")
the above formula is well-defined (in the distributional sense) provided that |adjVu| € LY(Q), e.g. if
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u € Wl’"_l(Q,ﬂi") or u € AYQ, R" ), see (3.11). If w is not essentially bounded, (11.1) is well defined
provided that u € LN WYP(Q,R") for some exponents ¢ and p satisfying
1 n-1

n—1<p<n and -+
q p

<1. (11.2)

Moreover, Det Vu = det Vu L™ if u is Lipschitz and hence if v € W (Q, @") by a standard density
argument. In all these cases, moreover, Det Vu is a signed Radon measure with finite total variation.
Denote by w,, the smooth form in £"~1(R")

n

1 ' — — ) .
Wy 1= fZ(fl)jflyj dyl , dyi ==dy* A ANdy? TP AdyTEA - A dy™ (11.3)
n
j=1
so that
d(wn A ) = dwp Ao+ (=1)"w, Adp, dw, =dy* A--- Ady™. (11.4)

By computing the pull-back u#w,, and using that

(—l)j’lu#gy?/\dg):(—l)” Z(adJVu) ggp det A+ AN dx™,

=1

see definition (3.5), we equivalently have

(Det Vu, @) := (—1)"/ wo, Ndp, e CX(Q).
Q

Therefore, by (3.12) it turns out that
(Det Vu, @) = (=1)" Gu(wn A dyp) (11.5)

where we have omitted to write action of the pull-back of the vertical and horizontal projections 7 and 7
on the forms w, and dyp, respectively.
If uwe L>*nNAYQ,R"™), so that the graph current G, is compactly supported and i.m. rectifiable in

R, (82 x HAQ"), by (11.4) and (11.5) we readily obtain that
(Det Vu, ¢) = Gy (dw, A @) — G (wn A @), (11.6)

where by (3.12)

Gu(dwn, A @) = Gu(ody' A Ndy™) = / o(x) det Vu(z) dz .
Q

If moreover the boundary of the graph current G, has finite mass in 2 x ]ﬁ", i.e., (1.5) holds true, with
n = N, by the boundary rectifiability theorem 3.4 it turns out that the second addendum in the right-hand
side of (11.6) agrees with the singular part (Det Vu)® with respect to the Lebesgue measure L£", compare
the first part of [24, Prop. 4.2]. We thus deduce the decomposition

((Det Vu)?, @) = ((det Vu) L™, o) , ((Det Vu)?, @) = —0G,(wn A @) (11.7)

into the absolute continuous and singular parts, for every bounded Borel function ¢.

Miiller-Spector [27] studied the distributional determinant in the setting of a theory for nonlinear elastic-
ity, showing that the singular part is concentrated on an at most countable set of point. In the same spirit,
we now extend [25, Prop. 3.1] in our framework, by removing the L°°-condition.

Theorem 11.1 Let u : Q — R™ satisfy the hypotheses of Theorem 1.2. Assume in addition that u €
LINWLP(Q,R™), where q and p satisfy (11.2), or u € L® N WL =LQ,R"). Alternatively, assume that

u e L™ and (0Gy)m—2)L QX R" = 0. Then (DetVu)® = (det Vu) L™, and the singular part (Det Vu)?®
w.r.t. the Lebesgue measure L™ is concentrated on the at most countable set Sy defined by (1.9).
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PROOF: We argue exactly as in the proof of Theorem 11.6 below, where we choose RY = @”, m = n,
wg =Wy, Yg =y, u’ =u, Divgu = Det Vu, wg = ¢, Mg(Vu) = det Vu, and we use (11.7) and (11.5)
instead of (11.14) and (11.12), respectively. For this reason, we omit any further detail. O

Remark 11.2 Theorem 1.8 readily follows by observing that for Sobolev maps u in W'"~! we do not
make use of the assumption (H;) in the proof of Theorem 1.2. In this case, moreover, the condition
(0Gw) (n—2) L Q2 x R® =0 is automatically satisfied, see Proposition 3.8. As we already observed in the
introduction, the example by S. Miiller [26] shows that the bound (1.5) on the mass of the boundary
current is a necessary condition to the validity of Theorem 1.2.13 As a consequence, we deduce that for
maps u € AYQ,R™) N L, the bound (1.5) is as stronger property than requiring that the distributional
determinant Det Vu is a measure with finite total variation, even for Sobolev maps in Wl’p(Q,HA%") for
every p < n. As we shall see in Proposition 11.11 below, the two properties are equivalent for Sobolev
Whn—lmaps that take values into the unit sphere.

EXAMPLES. We now recover the above features in some of the examples from Sec. 9.
In Example 9.1, we have det Vu = 0, whereas by (2.1) and (11.7)

((Det Vu)*, o) = (0p x [2] = dg x [E]) (¢ Aws) = (¢(P) — 0(Q)) - [S](w2) ,

and a direct computation gives [X ](wz) = 7/2, so that Det Vu = (7/2) - (dp — dg).
In Example 9.2, we have det Vu = 0, whereas by (2.6) and (11.7)

(Det Vu)*, ) = (5p x [Z7 ]+ 8 x [S1)(p Aws) = o(P) - [E [(ws) + (@) - [T+ (ws),

and a direct computation gives [X* ](w3) = 27/3, so that Det Vu = (27/3) - (6p + 60).
In Example 9.3, we again have det Vu = 0. However, this time by (9.5) and (11.7) we find that

(Det Vu)®, ) = —Tx[(=1,1) x (0,27) J(¢ Aws) + 2% (0p + 90, ¢),

where T': (—1,1) x (0,27) — Q x R3 is given by I'(¢,0) == (¢,0,0,|t| — 1,cosf,sin ). Since
I#dy =sgn(t)dt, T#dy*> =—sinfdf, T#dy>=coshdb,

we have )
I'#(p Aws) = -3 sgn(t) ¢(t,0,0) dt A df,

whence
1 27
_F#[[ (_1? 1) X (Oa 27T) ]](50 A w3) = 5 [[(_L 1) X (Oa 27T) ]] (Sgn(t) @(ta 07 O) dt A de) = ? </”'a <P> )
where p is the signed Radon measure
1
ng)i= [ snlt) o(t.0.0)dt.

-1

In conclusion, this time we obtain
2
Det Vu = (Det Vu)® = g (n+6p+ (5@) )

Remark 11.3 This example shows that the additional assumption (9G.)(—2) L 2 X R™ = 0 cannot be

dropped in Theorem 11.1. In fact, u ¢ W2(Q,R?), (0GW) (1)L x R3 £ 0, and the singular part of the
distributional determinant of w is concentrated on the closed line segment connecting the points P and Q.

13Tn fact, he showed the existence of bounded Sobolev functions u in W1hP(Q,R2) for every p < 2, where Q = (0,1)2 C R?,
such that det Vu = 0 and |Vu!||Vu?| =0 ae. in Q, but Det Vu = V/ ® V’, where V is the Cantor-Vitali function. Hence,
the distributional determinant is a non-negative Radon measure concentrated on C' x C where C' is the Cantor set. According
to our results, this clearly yields that the boundary current 9G, does not have finite mass, i.e., property (1.5) is violated.
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As to Example 9.4, since det Vuy =0 and
2 A2 2 3 A
[yr + D7 J(ws) = g[[D [(dy” A dy®) = 37

by (9.6) and (11.7) we obtain that Det Vuy = A(7/3) - (dg — dp).

Remark 11.4 Therefore, in this framework our definition (11.1) of distributional determinant differs from

the classical one DetVu := Zn ) 8i (ul (adj Vu)ll) In fact, for maps in L, similarly to (11.6) one
1= in
obtains - -
(DetVu, ) = (det Vu L™, @) — (0G,)(y dy A o).
0 1 0 — —
Now, setting wy ::< 0 0 1 )u,\, by (9.6) we get 9Gz, (y'dy! A p) = —0G,, (y*dy* A ¢) = 0, hence
1 0 O

DetViiy = 0 for every A € R, whereas Det Viiy = Det Vuy = Am/3) - (dg —dp).

Finally, in Example 9.5 we similarly deduce

o

2m 1 ~ A =1
(Det Va)* =35 Zj—z (0p;, +9q,) |(Det Vaui)® =35 2372
Jj=1 j=1

Example 11.5 In general it may happen that the singular part of the distributional determinant is zero,
even if the boundary current 9G, is non-trivial. Take e.g. n = 2 and u : B2 — R? the homogeneous

extension u(z) := @(ﬁ) of the Lipschitz map ¢ : St — R? defined in terms of the angle 6 by
x
(0) = (-1+cos20,sin20) if 0<f<m
PV (1 cos20,sin20)  if w <6< 27
Clearly u € Wl’p(Bz,IQQ) for any p < 2 and det Vu = 0, hence u € Al(BQ,H/@). Moreover
(3Gu)LB2XR2:750X¢#[[Sl}]a (p#ﬂSlﬂ:HZi}]fHZi_]]’

where X1 = {y € R2 : |y — (+1,0)| = 1}. Since [2% J(ws) = 7, by (11.7) we deduce that (Det Vu)* =
even if (0G,)L B% x R2 # 0, and the singular set Sy = {0}, see (1.8).

DISTRIBUTIONAL MINORS. Let us fix the order 2 < m < min(n, N). Also, let a and 8 be any
multi-indices with length |a| = n —m and |8| = m. In a similar way, if u: Q — RY is sufficiently smooth,
the distributional minor of indices @ and 3 of Vu is well-defined by

Div2 y := =G ZZ uj (adj( Vu)g)z),

JEB IEQ

where adj(Vu) is the (m x m)-matrix of the adjoints of (Vu)f see (3.4). More precisely, if u € L>(Q,RY)

the above formula is well defined in the distributional sense provided that |adj(Vu)g| € LY(Q), eg. if
u € AYQ,RY) or w € WHm=H(Q,RN). If u is not essentially bounded, it is well-defined provided that

ue LINWhP(Q, HA%") for some exponents ¢ and p satisfying

m—-1<p<m and -+

<1. (11.8)

In all these cases, Divgu is a signed Radon measure with finite total variation. Moreover, it turns out
that Divgu = Mg(Vu) L™ if u is Lipschitz or even u € Wh™(Q,RY), where we recall by (3.3) that
ME(Vu) := det((Vu)l).

Denote by w3 € D"~™(Q) the (n — m)-form associated to a and ¢ € CZ°(Q) by
wl(z) == (=)o (a, @) p(z) da® (11.9)

«
©
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and set wg := ¢ if m =n. Moreover, denote by

> 03,8 —j)y;dy® (11.10)

JjEB

W5:

1
]
the form in €™~ 1(RY) associated to 3, so that

d(wg Awl) = dwg Awl + (1) wg Adwl,  dwg = dy® . (11.11)
Using the notation (3.4), since

, i 0
# 7. 6— _ -1 ; B Y o1
u"dy” ™ A dwi = (—1)™ Ee (adj(Vu)z)] oz, dz A--- Ndz",

we deduce that equivalently

<Divgu,g0> = (—1)’”/Qu#wg Adwg , p € CZ().

Therefore, by (3.12) we similarly obtain
(Divlu, @) = (~1)™ Gulwp A dws) . (11.12)
If ue L*NAYQ,RY), by (11.11) and (11.12) this time we get
(Diveu, @) = Gu(dy® Aws) — 0G(wp Aw?) . (11.13)

Moreover, by (3.12) we have

Guldy® o) = [ ola) ME(Vu(w) do.
Q

Therefore, compare the first part of [24, Prop. 4.9], if the boundary of the graph current G, has finite mass

in Q x RV i.e., (1.5) holds true, by the boundary rectifiability theorem 3.4 we deduce the decomposition

(DivEw)®, ) = (ME(Vu) L™, @),  ((Diviu)®,¢) = —0Gy(ws A wl) (11.14)

into the absolute continuous and singular parts, for every bounded Borel function .
We now extend [25, Prop. 5.3] by removing the L -condition, showing in particular that Divgu has no
“Cantor-type” part, its singular part being concentrated on a countably H™ ™-rectifiable subset of €.

Theorem 11.6 Let u: Q — RN satisfy the hypotheses of Theorem 1.2. Let 2 < m < min(n, N). Assume
in addition that w € L9 N WYP(Q,RN), where q and p satisfy (11.8), or u € L™ N WLm=1(Q,RYN).
Alternatively, assume that u € L™ and (0Gy)(m—2) L X RY = 0. Then for each o and (3 such that
o] =n—m and |G| = m, we have (Divgu)“ = (Mg(Vu)) L™. Moreover, the singular part (Divgu)S w.r.t.
the Lebesgue measure L™ is concentrated on the countably H™ ™ -rectifiable set S, given by (1.8), where
k=m—1.

PROOF: Assume first that v € L> and (0Gy)(m—2) L 2 X R” = 0. By Corollary 8.1 we may and do choose
the components T}, in such a way that T,,,_o =0 and (Tk)(h) =0 forevery 0 <k <m-—2 and h >m—2.
Using property iv) in Theorem 1.2, this yields that Ty(ws Awg) =0 for k # m — 1. By (11.14) and (1.6),
we thus obtain
(DivEu)*,¢) = —Tr—1(wp AwS)

and hence the claim follows from the property v) of Theorem 1.2, where k = m — 1.

Assume now that v € LI N WLP(Q,RY), where ¢ and p satisfy (11.8), or u € L>® N WHm=1(Q,RN).
Property iv) in Theorem 1.2 yields that if k& > m — 1, then Ty(n™~1) =0 for every n € D"~ 1(Q x RV).
By the properties v) and viii), where p = m — 1, we thus obtain that

(OGN ™Y =T (™ D), set(Th1) C Sp_pm x RY (11.15)
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where T,,_;1 is a boundaryless i.m. rectifiable current in R,,_1(2 x RY) with finite mass, M(T},,_1) < o0,
and S,,_1 is a countably H"~™-rectifiable subset of ().

For R > 0, choose a cut-off function xr € C°([0,+00)) as in the proof of Lemma 3.10. By (11.12), for
every p € C°(Q) we have

(DivEu, ¢) = (~1)™ Culxrlyal) ws A dwl) + (~1)™ Gul(1 — Xallysl) ws A d) (11.16)

The form xr(|ys|) ws Awg has bounded Lipschitz coefficients in 2 x RY, is compactly supported inside the
cylinder Q x RY, and

d(xr(lysl) ws Awl) = d(xr(lysl) ws) Awl + (=1)" 'xr(lys]) ws A dwl .
Using that M(G,) + M((0G,)L Q x RY) < 0o, we can write

(=)™ Gu(xr(lysl) wp A dwg) = Gu(d(xr(lysl) wa) A w3) — OGu(xr(lysl) ws A w3) (11.17)

compare (11.13). Now, we have

d(xr(lysl) wp) = xr(lysl) dws + Xr(lysl) dlys| A ws
whereas by (11.10)

Yi , 1
dlys| Awg = (Z ﬁdyj) Nwp = — [ys| dwp .
JjEB
By (3.12), and using that
u? dwg A wg = Mg(Vu) o(x)dr,

where Mg(Vu) € LY(9), we find

Guldlcnlysh ) 1) = [ ola) (xala’)+ 23’ u*]) ME(Vu(@)) do.

We claim that there exists an increasing sequence {R;} of integer radii R; — oo such that
Jim Gdl, (sl ws) A ) = [ la) ME(Vala)) da (11.18)

In fact, since u® € L', we have that yr(|u’|) — 1 a.e. in Q, whereas by the hypothesis Mg(Vu) € LY(Q).
Whence, by the dominated convergence for every bounded Borel function ¢

im T u” B(Vu(z)) de = z) M2 (Vu(z)) d .
Jin [ (@) xau) ME(Tu(e)) de = [ ole) ME(Tu(a) d

Moreover, Y’z(|u|) is uniformly bounded and supported in Ag := {z € Q | R < |[u’(x)| < R+ 1}. Setting

o= [ MAVu@)ds,  R=jeN,

J
condition Mg(Vu) € L'(Q) yields that > a;j < oo, whence liminf(j + 1)a; = 0. Therefore, the claim
]*?OO
(11.18) follows by observing that

[ #(0) D 10| ME(T ) ] < ol G-+ D).

On the other hand, by (11.15) we have

(0G.) (xa(lysl) s A w?) = Tons (xr(y5]) s A ). (11.19)
Similarly, we get
Gul(1 — xr(ys]) ws A dut) = /Q (1 = xr(lu®])) wws A dw?.
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Since u € LI N WLP(Q,RY), where ¢ and p satisfy (11.8), or u € L= N WHm=1(Q RY), by dominated
convergence, and using that (1 — yr(|u”])) — 0 a.e. in Q as R — oo, we deduce

Jim Gu(1— xa(lys])) 0 A dl) = 0. (11.20)
By (11.16), (11.17), (11.18), (11.19), and (11.20), we obtain that
O ) = [ MATue)) (o) do+ T (i, ).
Q J]—00 X

where the increasing sequence R; /" oo is chosen as in (11.18) and

(R, ) == —Tm—1(xr,(lys|) ws Aw3) -

Since by (11.15) all the measures pr,; are concentrated on the set Sy, the claim is proved. O

Remark 11.7 In the case m = 1, if § = j and @ = 4, we have (ad]j Vu)g =1 and Divgu = Dy,
Therefore, Theorem 11.6 is the higher order counterpart of well-known features concerning the class SBVj
in (1.19), compare Thm. 3.1 and Thm. 3.4 from [5], and also (1.18).

Remark 11.8 If u: B> — R3 is the map from Example 5.1, we have seen that (0G,s)L Q x HAQ% =0 for

every |B| = 2. Moreover, by the area formula we infer that Mg(Vu) =0 for |a| =1 and |B| = 2. This
yields that all the corresponding distributional minors Divgu =0, even if (0G)1)LQ x R3 £ 0.

FUNCTIONS OF BOUNDED HIGHER VARIATION. Assume now n > N > 2. Jerrard-Soner [22]
introduced the class ByV(Q,RY) of functions of bounded higher variation. On account of Remark 11.4, in
our setting the corresponding definition is the following one.

According to (11.3), consider the (N — 1)-form in RY

N
D (=1 hyydyd (11.21)

Jj=1

1
UJN::N

so that dwy = dy* A--- AdyY. Notice that it agrees with wg in (11.10) when 3= (1,...,N).
If ue AY(Q,RY)N L%, the current j, := (—].)Nﬂ'#(Gu L7%wN) € Dp_n41(Q), given by
(Gusn) = ()N Gulwn Am),  neD"NHY(Q),

is well defined and has finite mass. The same property holds true if v € WEN="L(Q RN) N L>® or u €
WP (Q,RN)N L4, where the exponents p,q satisfy (11.8), with m = N. Consider the boundary current

Ju = (05,)LQE Dy_n(Q).
Definition 11.9 We say that u € BNV(Q,RY) if the current J, € Dp—n(Q) has finite mass.

We now see that the current J, corresponds to our notion of distributional minors of higher order. In
fact, for every form ¢ € D"~V (Q) we have

(3w, &) = (—1)NGulwn A dE).

Therefore, by (11.5) we get
<3u7§> = <Detvu7§>a if n=N.

In a similar way, if n > N, we can always write

€= D wh, " eCI(), (11.22)

|la|=n—N
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where w% € D"~V (Q) is given by (11.9), so that
E=(=0"N Y o(a,@) ¢ (z)da”
la|=n—N
By (11.13), where we choose =0 = (1,...,N) and m = N, this time we obtain the decomposition
Fu) = Y (@6,  where ((37),€) = (Divgu,¢") (11.23)
|la|=n—N
if £ is written as in (11.22). As a consequence, compare Theorem 1.9, we readily obtain:

Corollary 11.10 Let n > N > 2 and u : Q — RN satisfy the hypotheses of Theorem 11.6, where we
choose m = N. Then u is a function of bounded higher variation. Moreover, each component (J,)¢ of the
current J,, in (11.23) can be written as

(Fu)® = M2AVu) L + ((Fa))*,

where the singular part ((J.)®)° w.r.t. the Lebesgue measure L™ is concentrated on a countably H" -
rectifiable set. Finally, ((3.)%)* =0 if u is Lipschitz-continuous or at least in W1 (Q,RY).

MAPS INTO THE SPHERE. As we have seen in Remark 11.2, the membership of u to the class
BxV(2,RY) does not imply the bound (1.5) on the mass of the boundary of G, even for maps u €
L>® N AY(Q,RY) that belong to the Sobolev class WP for every p < n. Denote now

WhP(Q, SV = {u e WHP(QRY) : |u(z)| =1 for L -ae. z € Q}

the class of bounded Sobolev maps that take values into the unit sphere SV—! of the target space. Also, let

BV the unit ball in the target space, and equip SV~ with the natural orientation, so that
[SY"'(wn) = [ BN [(wn) = [ BN [(dwn) = [ BN J(dy* A--- AdyN) = LY (BY). (11.24)

Following the argument from [22, Sec. 6] that is due to M. Giaquinta and G. Modica, we finally recall
that the converse of Corollary 11.10 holds true, provided that u € W1N=1(Q,S¥~1) see Proposition 11.11.
To this purpose, notice that in this case by the area formula M2(Vu) =0 for each multi-index a of length
|a] =n — N, ie., for each minor of maximum order N of Vu. As a consequence,

WEN=LHQ, sV ¢ AYQ,RY) N L™, (11.25)
Moreover, using that for ¢ € D"~V (Q)
dwn AE) =dwy A€+ (—1)Vwy A dE,

and that
doy NE=(D)VNVendoy,  wyAE= (1) DI p gy

for each u € AY(Q,RY) N L>® we have

= (—)NWN=G(ENdoy) — (~1D)N"DIN=9G (£ Awy). '
Proposition 11.11 ([22, Sec. 6]) Let n> N >2 and u € WHN=1(Q SN=1). Then
1
(OG)LOXRYN = —g(n,N) - — - J, x [SV ], (11.27)

aN

where o(n,N) = (=1)N"D0=N) gnd ayn := LN(BN). Therefore, u is a function of bounded higher
variation in BNV, i.e., M(J,) < oo, see Definition 11.9, if and only if M((0G,)L QxRY) < oo, see (1.5).
In this case, moreover, the current ozl_vl - Ju 18 i.m. rectifiable in R, n ().
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PROOF: The inclusion (11.25) yields that G, € Ry (Q x RY) for every u € WLN=1(Q SV=1). Moreover,
Federer’s flatness theorem [17] yields that actually G, is an i.m. rectifiable current in R, (2 x SV—1).
Arguing as in Proposition 3.8, one has G, (1) = 0 for every form n € D"~ (QxS¥~1) such that V=1 = 0.
Therefore, for every (N — 2)-form v € DN=2(Q x S¥—1), condition (d,v)N~1 =0 yields dG,(d.v) = 0.
Denote by d, the tangential differential in SN-1. Since d, od, = dyod, =0 and d; od, = —d, od,, we
thus obtain

0G(dyy) = Gyu(dy o dyy) = —Gy(dy 0 dyy) = —0G,(dzy) =0. (11.28)

By Hodge decomposition theorem, see e.g. [19, Vol. I, Sec. 5.2.5], for every (N — 1)-form a € DV~1(SN-1)
there exists a real number A € R and an (N — 2)-form 8 € DV=2(S¥~1) such that o = Awy + d3. Using
(11.28), for every (n — N)-form & € D"~V (Q) we thus deduce

G (EN Q) = 0G,(NEAwy) + 0GL(EANB) = X - 0G4 (€ Awn) +0.

Therefore, by (11.26), and observing that by the area formula

Gu(g/\dwN):Gu(f/\dyl/\---/\dyN):/f/\dul/\~--/\duN:O,
Q

as M2(Vu) =0 for each multi-index a of length || = n — N, we obtain

G (ENa) = —a(n,N) - A+ Qu,§) -

On the other hand, since [SY~1](dB) =[SV ~1](B) = 0, using (11.24) we have

Jux [SYTH(E A ) = (Fu, &) - (A ISV (wn) + [SYTH(dB)) = Aaw - (Ju, €) -

By density of forms & A a as above among the forms 7 = nV=1 € DN=1(Q x S¥~1), this yields (11.27).

Since G, € R, (Q x SN¥71), the last assertion follows from the boundary rectifiability theorem 3.4. O
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