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Abstract

Let H be a separable Hilbert space and let A : 2(A) C H — H be a self-
adjoint operator with A < wl, w > 0 and Tr (—A‘l) < o0. We endow H with
the centered Gaussian measure p with covariance operator @) = —%A‘l and
consider a funtion U € C3(H) with bounded derivatives up to the order 3, the
SDE dX = (AX — DU(X))dt+dW (t), X(0) = = and the associated transition
semigroup P,. We define the class BV (H,~) of bounded variation functions
with respect to the probability measure v(dz) = Z~te=2V(®) (dz), where Z is
the normalization constant, through an integration by parts formula and prove
that Pyu € WH(H,~) for t > 0, u € BV (H,~), and that u € BV (H,~) if and
only if the limit of || DPyul| () as t — 0 is finite.
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1 Notations and preliminaries

Consider the stochastic differential equation in a separable Hilbert space H

{ dX = (AX — DU(X))dt + dW (t), (1.1)
X(0) =a, |
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where A : Z(A) C H — H is self-adjoint,
A< -wl, w>0, and Tr(-A47") <oo. (1.2)

We denote by {ex} an orthonormal basis on H and by {ax} a sequence of positive
numbers such that

Aej = —Qek, k € N.

The potential U belongs to C3(H) is convex, DU, D*U, D3U are uniformly continuous
and bounded, and W is a cylindrical Wiener process in H. We denote by Cy,(H; H) the
set of uniformly continuous and bounded mappings from H into H and by FC,(H; H)
the set of cylindrical vector fields from H to H, i.e., those of the form  ;_, frey with
fx dependent only on (z,e;), ..., (x,e,). Asan example, we can consider H = L?(0, 1)
and the potential U given by

U(x) = /0 sin(x(§))d¢, x € H;

in this case, equation (1.1) reduces to the reaction-diffusion equation
dX = (AX — cos X)dt + dW ().

By assumption (1.2) the stochastic integral
t
/ AW (s), t>0,
0

is well defined in H, see Theorem 5.2 in [8] and continuous in H, see [12]. Therefore,
for every x € H equation (1.1) has a unique continuous in H solution defined as a
solution to the integral equation

¢ t

X(t,z) = ex —/ eHADU(X (s, ))ds +/ eI (5), t > 0.
0 0
Since DU € C}(H, H), the proof of this fact is standard. By Theorem 7.3.6 in [10],
for every ¢ > 0 the function H > z +— X(t,x) € L*(Q,.Z,P; H) is differentiable
in all directions and its derivative, denoted {(t,z), belongs to L(H) for all ¢ > 0,
x € H. Moreover, for every h € H the function £"(¢,z) = £(t, 2)h solves the partial
differential equation

% &t x) = (A— D*U(X(t,2)"t,z), £"0,2) = h. (1.3)



Computing the solution of the above equation we find that

(&(t,x)ex, ex) = (e"ey, ex) _/o (e(t_s)ADQU(X(s,x))f(s,:E)ek, ex)ds,

whence, summing on k:
Tr[(t, )] = Tr[e™] — /t Tr [e94D2U (X (s, 2))E(s, )] ds.
0

Since

Tr [etA] = Z e ton,

k=1

o0

the trace of e* is finite for any ¢t > 0 and summable near ¢ = 0. Indeed,

1 1 oo )
1
Tr [ dt = / E e % dt < 2 E —.
A 0 g Ok

k=1

As a consequence of (1.4), we have that £(¢, x) is of trace class and
t
|Tr [6(t, 2)]| < T[] + ||D2U|]Cb/ e =Ty [e=9)4]] ds.
0
Since U is convex we deduce from (1.3) that
€t 2)|| < e, VzeH, t>0.

We denote by P; the transition semigroup,

PtQO(ZE) = E[QO(X@’ I))]’ Y e Bb(H)

and by m(x,-) the law of X (¢, x).

(1.4)

(1.5)

(1.6)

Let p be the zero-mean Gaussian measure on H with the covariance operator
Q= —% A~ We note that from the boundedness hypothesis on DU it follows that U
has at most linear growth as |#| — oo and by the Fernique’s theorem e~2V € L(H, ).

We may therefore define a log—concave probability measure

y(de) = 27 e O pu(da),

where Z is the normalization constant. By Theorem 8.6.3 in [9] the measure 7 is the
unique invariant measure for the semigroup P and P; is symmetric in L*(H,~). We

also set



so that
Dlog p(z) = =2U(x).

Moreover, P, is irreducible and Strong Feller, see e.g. [7, Theorems 3.11, 3.13] hence
by the Khasminski theorem P; is regular (see for example Theorem 4.2.1 in [9]). In
particular the law m(z,-) of X (¢, z) is equivalent to v for any ¢ > 0, x € H.

We denote by N the infinitesimal generator of P; in L?(H,~). The generator N
is a perturbation of the Ornstein—Uhlenbeck operator

1
Lo = 5 Tr [D*p] + (z, ADg), V¢ € &a(H),

(where &4(H) is the space of exponential functions, that is the linear span of the set
of all real parts of functions x — ¢“®" with h € 2(A)), that is

No =Ly — (DU, Dy), YV¢ec&(H).

&a(H) is a core both for L and for N, see [7].
Finally, we denote by P, the transpose of P; defined in the dual C,(H; H)" by

(¢, Plv) = (Pip,v), v eC(H),

and use the same notation when acting (componentwise) on Cy(H; H)'.
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2 Functions of bounded variation

For every k € N, set A\, = ﬁ and recall the basic integration by parts formula

[ ue2yir= [ Duzedr- [ wpDiogpzar
H H H

n / (@} Q ) updy, (2.1)
H

which is valid for any u, ¢ € C}(H) and any z € Q'/?(H). Notice that the series in

<Q71/2Z> Qil/z‘f) = Z >‘l;1 <Z7 ek) <:L‘, 6k>,

k=1

(e}



is convergent in L?(H, 1) because

1@ 1220 ) Pudn) = Q2P
H

By (2.1) we have in particular that

1
/uDkgpdvz—/Dkugod'y—/ungklogpd7+—/xkugpd’y.
H H H Mo JH

Setting
. 1
Dyyp = —Dyrp — ¢ Dy log p + TR
k

we can write (2.2) as

/uD}:god’y:/Dkugpdfy.
H H

We shall also introduce the divergence operator div,, defined on FC'(H, H) by

div, F(x) := ZD,";(F, er)(x), x € H.
keN

Lemma 2.1. The gradient operator
D:CHH)— LF(H,v;H), wuw Du,
is closable in LP(H,~) for every p € [1,00).
Proof. Assume that (u,) € C}(H) and F € LP(H,~; H) are such that

lim w, =0, in LP(H,~)

n—o0

and

lim Du, =F, in LP(H,v;H).

n—o0

Then by (2.1) it follows that

/un<D%Z>d’V:—/<Dun,2><pdv—/un90<D10gp,2>d7
H H H

+ [ @taq i e,



Now choose z € Q(H) and ¢ such that 7 € C}(H). Then we deduce

/<F7Z><pd7= 0,
H

which implies F' = 0 because Q(H) is dense in H and the space of all functions
¢ € Cy(H) such that 17 € Cy(H) is dense in LP(H,) by a standard monotone
class argument. O

We denote by H'P(H,~) the domain of the closure of D (which is still denoted
by D) in LP(H,v), 1 <p < 0.

We now define weak gradients and weak Sobolev functions. We say that u €
L'(H,~) possesses a weak gradient if there exists G € L'(H,~; H) such that

/ u(x) div, F(z) y(dx) = / (DF(z),G(z))v(dz), VF € FCy(H;H). (2.4)
H H
In this case we set Du = G. Then we denote by W(H, ) the set of all u € L'(H, )
which possess a weak gradient. Obviously, the inclusion H"(H,v) ¢ WY (H,~)
holds; we don’t if the converse is also true. However, the following holds.

Proposition 2.2. The space WY(H,v), endowed with the natural norm

|MM=LMWM+wamm

1s a Banach space.

The proof is obtained passing to the limit in both sides of (2.4) and using the
completeness of L*(H,~) and L'(H,~; H).

Recalling that the dual of L'(H,~; H) is precisely L°(H,~; H), see e.g. [11,
Corollary 1, page 282], we denote by D* the adjoint of the weak gradient in the
duality between L'(H,~; H) and L®(H,~; H), i.e., F € L*(H,~; H) belongs to the
domain Z(D?,) if and only if

!Lwﬂmmemw

SCLW@M@W

for all p € WH(H,~) and some constant C' > 0. In this case, there is g € L®(H, )
such that

[ugdr== [ (Dupydr, wewhi),
H H

we denote g by D* F and notice that the inclusion FC}(H; H) C 2(D%,) and the
equality D F' = div, [ hold.



Example 2.3. Let F(x) = ¢(x)z, 2 € H, where ¢y € W"“'(H,~) and z € QY?(H),
and assume that ¥ (z)(1 + |z|) € L>®(H, p). Then F € 2(D%) and we have

DI (F)(x) = —(Dy(x), z) — ¥(x)(Dlog p(z), z) + Y(2)(Q™?z, Q71/22).

Let us come to BV functions. We recall that a vector-valued measure M is a
mapping defined on the Borel o-algebra of H such that M(@)) = 0 and for every
sequence (B,) of pairwise disjoint Borel sets we have

DR

where the series converges in the norm topology.
The total variation measure Mpy of M is defined by

Myy(B) =sup » | [M (B,)|, B Borel,

where the supremum is taken over all countable Borel partitions (B,) of B. It is
well known that Mpy is a countably additive positive measure. If it is finite we say
that M has finite total variation. We denote by .# (H, H) C C,(H; H)' the set of all
vector-valued measures defined on the Borel o-algebra of H which are of finite total
variation.

Let F' € By(H; H) and set Fi(z) = (F(z),ex), k € N. We define the integral of
F with respect to M € .#(H, H) by setting

[ (p@) @) =3 [ o),
where My(B) = (M(B), ex). Notice that the inequality

[ P < [ 1P@Mrn) (2.5

holds.

Definition 2.4. A function v € L*(H,~) is said to be of bounded variation if there
exists a vector measure Du € 4 (H; H) such that

/Hu(x) div, F(x) vy(dx) :/H<F(x),Du(dx)>, VF € FC}(H; H). (2.6)

We denote by BV (H, ) the set of all bounded variation functions on H.



If w e BV(H,~) we can easily show that
Dury(H) = sup{/ (u(z),div, F(x))v(dz) : F € FC,(H;H), |F(z)| < 1}. (2.7)
H

Remark 2.5. A function u € L'(H,~) is of bounded variation if and only if there
exists a vector measure Du € #(H; H),

Du(B) =Y Dyu(B)ey, B € B(H),

such that
/Hu(x) Dio(x)y(dz) = /ng(a:)Dku(dx), Vo € CHH), keN. (2.8)

Of course, (2.8) follows from (2.6) simply taking F'(x) = ¢(z)e,. The converse impli-
cation is also clear by linearity.

In order to investigate the space BV (H,~), we need to show that the integration
by parts formula (2.6) holds with a larger class of test functions. Therefore, we
introduce the class & as follows

Definition 2.6. We say that F': H — H belongs to & if

(a) F € CL(H,H) and DF € Cy(H; £ (H)), where £ (H) is the space of trace
class operators. In this case we define the operator div F(x) = Tr [DF (x)].

(b) Q'F € Cy(H, H).
In the class .# the following holds.
Lemma 2.7. If F € &, then
D F(z) = —divF(z) + (Q 'z, F(x)) — (Dlog p(z), F(z)) (2.9)

In addition, if u € BV (H,v) and F € & then the integration by parts formula

/H w(w) DY F(2) 7(dx) = / (F(x), Du(dz)), (2.10)

H

holds.



Proof. Taking into account that equality (2.9) holds for in FC}(H); H), we approx-
imate F with a sequence F), in FC}(H); H) such that F,, — F and div F,, — div F’
pointwise with bounded norms. This allows us to extend (2.9) to 2. The convergence
of F,, to F ensures that (2.10) passes to the limit and holds in Z.

Let f be in 2. Denoting by P, the projection onto the linear span of {ey,...,e,}
and defining F,(z) = P, (F(P,x)), let us show that F,, — F and div F,, — div F
pointwise with bounded norms. Since P, converges to the identity, the stated con-
vergence of F,, to F is trivial. Coming to the divergence, set fr = (F,e;) and

Z Dy, f
h=1

and notice that G,, — div F' in £ (H) and div F,,(z) = G(P,x). From condition (a)
in Definition 2.6 we deduce that the functions G,, are equicontinuous. Indeed, given
xo € H and € > 0, there is 6 > 0 such that

o —x| <6 = | DF(x) = DF (o)l zn Z|Dkfk — Dy filzo)| < €

and the equicontinuity of the G,, follows. Then, for zg,e,d as above, it suffices to
take n large enough to have |P,zy — x| < § and ||div F' — G| # #) < € to get

\div F(0) — div, Fy(w0)] < |div F(20) — Gu(@o)] + |Gu (o) — Gu(Pazo)| < 2e.
]

Remark 2.8. A function u € L'(H,~) belongs to W'(H,~) if and only if u €
BV (H,~) and Du < ~. In this case, we denote by Du the density of the gradient
measure with respect to v, which is the weak gradient of u, and obviously (2.10) holds
in the form

/H w(z) D*F(2) y(dz) = /H (Du(z), F(z)) 1(dz), ¥ F e 2.

Besides the space BV (H,7), we can consider the space BV (H, p) studied in [1]
and defined in an obvious way setting U = 0. We compare the two spaces in the next
remark. To make clearer the presentation, we denote the two notions of gradient and
their adjoint operators by different symbols, namely D u, D,uand D3 F, D} F'. Let us
start from a result concerning the differentiation of a product. The construction and
the relevant properties of the approximating functions wu,, in its proof are justified by
Theorem 3.4 and Remark 4.3 below. Notice, however, that the argument in Remark
2.10 relies on (2.11) with v = p, hence the results in [1] could be invoked.



Lemma 2.9. Assume that u € BV (H,v) and f € C}(H). Then fu € BV (H,v) and
D.(fu) = fDyu+ uD fd. (2.11)

Proof. Let (u,) C WY(H,~) be given by w, = Py/,u, so that v, — v in L'(H,~)
and Du,, — Du in C,(H; H)' by (4.3). Then

/ fuD: Fdy= lim [ fu,D. Fdy
H H

n—o0

= lim | u,(Df,F)dy+ lim [ f{(Du,, F)dy
n—oo H

n—0o0 H

:/Hu(Df,F>d7+/Hf<F7dDU>-

]

Remark 2.10. Recall that the function U can be unbounded below, but with at most
linear growth. If U is unbounded, there is no relation between the spaces BV (H, )
and BV (H, ). If U is bounded below, a case which is still interesting and non trivial,
then the inclusion BV (H, u) C BV(H,~) holds, and for u € BV (H, u1), the equality
D.u = pD,u holds. Indeed, the inclusion L*(H,u) C L'(H, ) is trivial because p is
bounded. Moreover, observing that by (2.1)

DJF = DF — (F, Dlogp) = D, F(x) + 2(DU(z), F(z))

we have

/D;Fud'y—/ D;Fud’y—/<F,Dlogp>ud’y
H H H

= / Dy Fupdp — / (F, Dpyudp = / p(F,dD,u)
H H H
for every F' € (D), therefore u € BV (H;v) and Dyu = pD,u.

Finally, notice that the inclusion BV (H,~) C BV (H, p) holds only if p is bounded
away from 0, which is equivalent to saying that U is globally bounded, a case which is
not interesting. In fact, the equality D,u = pD,u shows that not even the inclusion
WH(H;~v) Cc WU (H; u) can be true in general.

Example 2.11 (The perimeter of a halfspace). Let us recall that a Borel set B C H
is said to have finite perimeter if 115 € BV(H,~). We show that the halfspace
B ={x € H: (z,h) > c} has finite perimeter for any ¢ € R and h € H. Clearly, we
have 15(x) = 1(¢)({z, h)). Let

mila) = (e h), of = o (- A (- e ) o).

10



and

Plp(z) = [ Mooy (e +y, b)) pu(dy) = /R]l(c,oo) (mu(z) + 0v2) n(dz)

and therefore

DPIg(x) = ~n (C_—””(x)> e~tAp,

O¢ O¢
Then
1 _
/ |DP g ()| pu(dx) = |e_t’4h| / —n (C Btz) n(z)dz
H R Ot Ot
1 Z— 1 2 2 2
— €_tAh —n ( t) €_C /2(at+ﬁt)
| | R Ot b V2T
_ 1 1 o~ /2(o+57) ‘e—tAh‘
V2m /o + B}
where
1 o? Bic
2:_ —A_12tAhh b2: t _ t )
/Bt 2<( ) € ) >7 t 0_t2_|_5t27 o 0-752“‘/8,52

Then a result from [1] yields Iz € BV (H, p1) and

Al —&2/|(=a)-1/2p|?
|Dlp| (H) = [(—A)~1/2h] ﬁe | | :

Finally,
Dyl = 0z py=cph-
Invoking Proposition 2.10 we obtain

Dy 1p = pdy(any=cyh-

11



3 The semigroup P, in BV (H,~)

In this section we show that for any v € BV (H,v) and any ¢ > 0 we have Pu €
WLL(H,~). For this we need two main ingredients. The first one is the regularizing
power of the semigroup P, that is the fact that P, is Strong Feller.

The second ingredient is the following commutation formula for D P,

DPyp = PDp, o€ W"(H,7), (3.1)
where for any t > 0, P, is the bounded operator from L'(H,~; H) in itself defined by
PF(x) =E[E(t 2) F(X(t.x))], FeL'(H,H).

In discussing the properties of P it is useful to realize that for any (x,h) € Hx H
the process (X (¢, x),&(t,x,h)), with £(¢, z, h) = £(t, x)h, is a Markov process because
it is the solution of the following stochastic differential equation

dX = (AX — DU(X))dt + dW (1)
d¢ = (A¢ — D2U(X)¢)dt

X(0) ==z, £(0)=h.
We denote by V;, t > 0, the corresponding transition semigroup
Vb (2, h) = E[O(X (1, 2), £(t, 2, b)),
where ® € C'(H x H) has a linear growth:

x,heH I+ ‘I| + |h|

Hence,
Vs-i-t:‘/s‘/;v 87t20~

Lemma 3.1. P, is a Co-semigroup on L*(H,~v; H) and BF € Cy(H; H) for every
t > 0. For any F' € Eu(H; H), where &4(H; H) is the linear span of all functions
F:H — H of the form

F(z) = ¢(@)h, he D(A), ¢ € Ea(H),
the infinitesimal generator N 0f13t s given by

NF(z) = N(p(-)h)(x) = Nop(x) b+ p(z)(Ah — D*U(x)h). (3.2)
Moreover 13t 18 symmetric and

DP¢ = P,D¢, ¢ WY2(H,~). (3.3)

12



Proof. Step 1. P,, t > 0, is a Cy-semigroup on L*(H,~; H).

First, we show that f’t is well-defined on L?*(H,~; H). Indeed, let F' be of the form
F(z) = ¢(z)h with ¢ € L*(h,v) (the linear span of such functions is dense in
L*(H,~;H)). Then,

|BF(x)] = [E[E (1, 2)ho(X (1, 2))]| < e ' [Al[E[p(X (1, 2))]| = e™'|h| | Pep ()],
whence

[ 1@ ) < = [ (Ppta)Pa(a) < 0 [ Jela)Pa(a).
Putting ®(x,h) = (G(x), h) for G € Cy,(H; H) we find that

W(D(x7 h) = EKG(X(t? x))v f(t’ Z, h)>]
and (P,G(z), h) = V;®(z, h), and therefore

(PrsGl(@), h) = Vi B(2, h) = V; (V,®) (2, h) = E[(Vi®) (X (¢, ), £(t, w, h)))

= / Vi®(y, z)PX(t’m)’g(t’I’h) (dy,dz)
HxH

= / E[G (X(s,y)),&(s, @, 2))PXEDLEDM (qy dz),
HxH

where PX(:2)£t2.0) stands for the joint distribution of (X (¢, ), &(t,z,h)) on H x H.
Thereby

(PrysG(x), h) = / (P.G(y), 2)PXED €02 (dy dz)
= EKﬁSG(X(ta x)),&(t, @, h))] = <ﬁtﬁsG(x)7 h).

This completes the proof of the semigroup property for Pt, t > 0. Since, in view of
(1.6), |[P.F| < |F| and t — &*(t,z)F(X(t,z)) is continuous, the semigroup P, t > 0,
extends to a semigroup on L?(H,~y; H) and the strong continuity follows by a standard
argument.

Step 2. Proof of (3.2) and symmetry of the semigroup.
For F' = @h € & (H; H) we consider

PF(z) = F(x) _ E[(¢(t,z) = I) F(X(t,2))] L EFX(t2))] - F(z)
t t t '
Then, using the It6 formula and the equation satisfied by £(t, ) we find that

lim ~ (BF(z) — F(z)) = Ne(2)h + o(x)Ah — o(z) DU (x)h.

t—0 t

13



Taking into account that N is symmetric in L?(H, ), it is easily seen that
(NF,G) = (NG, F), F,G¢c &(H;H),

and since &4 (H; H) is dense in L?(H,~; H), it follows that
(P,F,G) = (PG, F), F,GeL*H,~;H).

Finally, using the definition of the semigroup JSt, t > 0, we find easily that (3.3)
holds. O]

Lemma 3.2. Assume that F € 2(D%.) andt > 0. Then P,F € 2(D~,) and we have
D*.P,F(z) = P,D* F(z), € H. (3.4)

Proof. We have to show that for some constant C' and all ¢ € WH1(H,v), we have
K= | [ (Dota). BF@) (o
H

We have in fact, thanks to (3.1),

<c /H (@) (dz). (3.5)

K =

/H (B.Dy(x), F(2))(dx) /H (DPyo(x), F(x))y(dz)]

On the other hand, since F' € Z(D},) there exists C' > 0 such that

K<C /H |Pap() () < C /H o(@)(dz).

So, (3.5) holds and (3.4) follows. O

In order to prove that Pyu € Wh(H,~) for u € BV (H,~) we need to know that
the class & is invariant under P;. This is proved in the next lemma; we stress that
this is the only point where we need C? regularity for U.

Lemma 3.3. If ' € & then ZStF belongs to Y for every t > 0.

Proof. Let X (t,z) be the solution of Problem (1.1) and, for h € H, let " be the
directional derivative of X as in Section 1. By Theorem [10, 7.3.6], the function
H > x — X(t,x) is twice differentiable along all directions. Let us denote by ( its
second derivative and, for every h € H, set (" = ((t,z)(h,h). Then, (" solves the
problem

Lorta) = ACH(tx) — DUK(ta)CH(E.2)
_DMUX (1, 2)) (€ (1, ), €4 (1, ) (3.6)
<h<07x> = 0.

14



Notice that for h = ¢;, we have

t t
¢ (t, ) :/ e(t_S)ACe’“(t,x)ds—/ e(t_S)AD?’U(X(S,x))({e’“(s,x),fe’“(s,m))ds,
0 0

whence, setting

T(tx) =Y (*(t ),
k=1
we get, summing on k,

T(t,z) = /0 AT (5, x)ds — /0 Tr (€% (s, 2)e A D3U (X (s, 2))E(s, )] ds.
Notice that by (1.5) the last integral is meaningful.
Fix now F € 9, and set G(t,z) = (P,F)(t,z). We claim that
Tr [DG(t,z)] = E[Tr [£*(¢t,2) DF (X (t, 2))&(t, 2)]] + E[(F(X (¢, x)), T(t,x))], (3.7)
whence condition (a) in Definition 2.6 holds for G. In order to prove (3.7), write
(G(t, ), ex) = B[(F(X(t,2)),£* (¢, x))],
from which
Di(G(t, ), ex) = E[{DF(X (2, 2))§(t, w)er, E(1, w)ex)] + E[(F(X (L, x)), (¢, x))].
Since
<DF<X(t> x))é“(t, m)eka f(t, x)€k> = <€* (tv x)DF<X(t> l‘))f(t, m)ekﬂ €k>7

identity (3.7) follows summing up over k.
Condition (b) in Definition 2.6 follows from the equality

(Q 'z, G(t,2)) = E[(Q&(t,2)Q 'z, Q F(X(t,2)))], (3.8)

which we are going to prove. First, let us check that the term Q&(t, x)Q 'z is mean-
ingful. For, setting

v () = QE(t)Q 1% = Q€3 (1, ), (3.9)
we have
vi(t,x) = ety — /t IADU (X (s, 2))v* (s, x)ds. (3.10)
0

Since by (3.9) we have Q¢(¢,x)Q 'z = v*(t,x), it is enough to notice that equation
(3.10) has a unique solution. Then, we have

(2,Q7'G(t,2)) = E[(z, Q7'¢(t, 2) F(X(t,2)))] = E[£(t, 2)Q "z, F(X(t, 2)))],
(3.8) follows and the thesis is proved because the right hand side is in Cy(H). O
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Theorem 3.4. Let u € BV (H,~). Then for allt > 0 we have Pau € WYY(H,~) and

limsup/ |DPu|dy < Dugy(H). (3.11)
H

t—0

Proof. Let u € BV (H,~) and t > 0. Then by the definition and applying (2.6) with
F € & we have

/Hu(x)D:;oF(x)y(dm) = /H<F(x),Du(d:E)>, VFec9.

We first prove that P,u € BV(H,~). In fact, from (3.4) and Lemma 3.3 it follows
that

/H (Pu)() D2 F () (d) = /H u(z) D% F(2)(dz) (3.12)
- /H u(a) D% (BF) () (dr) = /H (BF(x), Du(dz)) = /H (F(x), B/(Du)(dz)).

~

This shows that P.u € BV (H,~) and DP,u = P/(Du). We claim that
P/(Du) < 7. (3.13)

Let in fact B € #(H) be such that v(B) = 0, and take h € H. Write

(F/(Du)(B) ) = [ s, PiDu) ) = [ (Piah) (o), Dutie)
— [ (BI€ (. ha(CX )], Du(ds)
< [ BIE (b k(X (1. 0)]| Dur ()
< e @Y /H E[15(X (t,z))]Dugry (dzx)
ey /H 7(w, B) Dupy (dz) = 0,

because m(x,-) < v and y(B) = 0.
From (3.13) and (3.12) we deduce that P,u € W(H,~). Moreover

/H |DPu()(dx) = (P}(Du))ry (H) < Dugy(H)
and (3.11) follows. O
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Remark 3.5. Since by (2.7) the total variation of u € BV (H,~) is L'-lower semi-
continuous and P, is strongly continuous, for u € BV (H,~) we have

t—0

Dury(H) < lim 1nf/ | D Pyu|dry,
which, combined with (3.11), gives that

Dury(H) = 11_{%/]{ | D Pyu|dry.

4 Sufficient condition for v € BV (H,~)

In order to prove the converse of Theorem 3.4, we first prove that the measure vy admits
a disintegration with log-concave fibers. Let us fix some notation. For k& > 1, consider
the orthogonal decomposition H = Hj, & H;-, where Hj, = spane;. Accordingly, for
y € Hit, we define the sections B, = {s € Hy : (s,y) € B} for every B C H,
where we have identified © = s+ y with the pair (s,y). Denoting by 7 the orthogonal
projection onto Hj-, set o = my(7). By disintegration (see e.g. [5, Section 10.6]), for
o-a.e. y € Hi- there is a measure 7, such that

v(B) = / Yy(By)o(dy), B C H Borel set.
Hy

Lemma 4.1. For o-a.e. y € Hi- the measure v, is log-concave and non degenerate.

Proof. We begin by noticing that, for finite Borel measures A\, v in Hj-, A > v if and
only if A(A) > v(A) for all open convex sets A C Hi-. In the finite dimensional case
this is trivial, as the inequality holds on cubes, hence all open sets and eventually
on Borel sets. In the infinite dimensional case we are dealing with, we may consider
products of finite dimensional open balls with subspaces and deduce that all finite
dimensional projections 5\, v of X\ and v satisfy >0 Therefore, A > v.

Let now A C Hi" be an open convex set, Ay, Ay C Hy open, t €]0, 1[. Identifying
H with Hy ® Hj-, the inclusion

(=) + A) + 1y + A2)) x AD (1= 1)((y + A1) x A) +1((y + Az) x A))

together with the log-concavity of v gives
[ =0+ A0+ 1ty + 4ol
A
t

> ([ o+ Aetan) ™ ([ outy + Aot
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By applying Holder’s inequality we get

/Avy((l —t)(y+ A1) +t(y + Az))o(dy) > /A(vy(y + A1) T (7 (y + A2)) "o (dy).
Now, the arbitrariness of the convex open set A gives

W (L=1)(y + A1) + ty + A2)) > (3 (y + A1) (7 (y + A))’ (4.1)

for o-a.e. y € Hit. A priori, the exceptional set depends on ¢, A;, Ay, but the
separability of H and a simple density argument allow to find a o-negligible set
N C Hit such that (4.1) holds for all y € Hi* \ N and A, A, C H open.

In order to prove that -, is non degenerate for a.a. y € Hj-, let us recall that
(Tkt)#(7) < 7, where 7 4(z) = = + tey, is the translation along e,. Moreover, since
the translation acts orthogonally to H;-, the disintegration of (73)4 () reads

(e B) = [ aldydB,),

with the same measure o = m4(7). Therefore, if the measures v, were degenerate for
a non-negligible set of y, (75:)4(7) could not be absolutely continuous with respect
to 7. O

We are now in a position to show the following

Theorem 4.2. Let u € L'(H,v) and assume that Pu € WY'(H,~) for t > 0 and
that

L :=lim inf/ | D Pu|dy < 4o0. (4.2)
t—0 H

Then, w € BV (H,v) and Dury(H) = L.

Proof. Using the notation introduced above, since for o-a.e. y the measure -, is non
degenerate and log-concave, then (see [6] or [3, Theorem 9.4.11]) there is a convex
function v, such that 7, (ds) = e *®ds. For any ¢ € C}(R), setting f(x) = ¢(xs),
we get

t—0

/Dkf )y(dx) —hm/Dkf )Pu(x) —llm/f ) Dy Pyu(x)y(dx)

t—0

= lim a(dy)/ ©(s) Dy Pou(s,y)e " 9ds. < L
HE Hy,
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This proves that the function u,(s) = u(y + sej) has (weighted) bounded variation
in R for o-a.e. y € Hj-, with derivative D, u,. Let us check that the measure

/ D, uy(By)o(dy)

gives the partial derivative Dyu of u. Indeed, for F' € Z(D%), setting f = (F ex),
we have

P = [ [ Disty+ sexyuty + senylas)o(@

- /HkL ” f(y + sex) D,y uy(ds)o(dy) = /Hka(dx)-

Repeating the argument for every & we construct an H-valued measure D.u such that
(2.6) holds. Finally, from (4.2) and Remark 4.3 it follows that D.u has finite total
variation and the equality DuyV (H) = L holds. O

Remark 4.3. Let us point out that DP,u — Du weakly* as vector measures, as
t — 0. In fact,

/H (F(x), DPau(a))(de) / DY F(2) Pa(e)y(dz) — / ), Du(dz))

for every F € FC}(H; H). In order to show that

lim [ (F(x), DPu(x))y(dx) = /H(F(J;),Du(dx)> (4.3)

t—0 H

for all F € Cy(H; H) we may argue componentwise and check the tightness condition
presented in [2, Lemma 2.1], whence compactness follows from Prokhorov Theorem.
Therefore, taking (3.11) into account, we have only to show that

hmlnf/ | Dy Pou(x)|y(dx) > |Dyul(A), A C H open, k € N. (4.4)

Let A C H be open, and notice that for every y € Hj the section A, is open as
well. Using the disintegration as in theorem 4.2 and the L!'-lower semicontinuity of
the total variation on open sets in R, we have

D) = [ 15l otan) < [ it [ 1D, Pt vy (as)etay

k

< liminf/ / | Dy Pru(s, y) |y (ds)o(dy) :hminf/ | Dy, Pyu(x)|y(dx).
HkL A, t—0 A

t—0

Then the family of measures (DyP;u) is relatively compact and, since (4.3) holds on
a dense set, the proof is complete.
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